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COMPLEX COBORDISM CLASSES OF HOMOGENEOUS SPACES
VICTOR M. BUCHSTABER AND SVJETLANA TERZIC

ABSTRACT. We consider compact homogeneous spaces GG/ H of positive Euler characteristic en-
dowed with an invariant almost complex structure .J and the canonical action # of the maximal torus
T* on G/H. We obtain explicit formula for the cobordism class of such manifold through the
weights of the action 6 at the identity fixed point eH by an action of the quotient group W¢ /Wy
of the Weyl groups for G and H. In this way we show that the cobordism class for such man-
ifolds can be computed explicitly without information on their cohomology. We also show that
formula for cobordism class provides an explicit way for computing the classical Chern numbers
for (G/H,J). As a consequence we obtain that the Chern numbers for (G/H, J) can be computed
without information on cohomology for G/H. As an application we provide an explicit formula for
cobordism classes and characteristic numbers of the flag manifolds U (n) /T, Grassmann manifolds
Gn = U(n)/(U(k) x U(n — k)) and some particular interesting examples. This paper is going to
have continuation in which will be considered the stable complex structures equivariant under given
torus action on homogeneous spaces of positive Euler characteristic.

1. INTRODUCTION

In this paper we consider the problem of description of complex cobordism classes of homo-
geneous spaces G/ H endowed with an invariant almost complex structure, where GG is compact
connected Lie group and H is its closed connected subgroup of maximal rank. These spaces are
classical manifolds and have a very reach geometric structure from the different points of view
and our interest in these manifolds is related to the well known problem in cobordism theory to
find the representatives in cobordism classes that have reach geometric structure. Our interest in
research of the homogeneous spaces GG/ H with positive Euler characteristic, is also stimulated by
well known relations between the cohomology rings of these spaces and the deep problems in the
theory of representations and combinatorics (see, for example [9]). These problems are formulated
in terms of different additive basis in cohomology rings for G/H and multiplicative rules related
to that basis. We hope the research of the cobordisms of the spaces GG/ H to give the new relations
and bring the new results in that direction.

We use the approach based on the notion of Chern-Dold character originally introduced in [3]
and the notion of universal toric genus introduced in [4] and described in details in [6].The uni-
versal toric genus can be constructed for any even dimensional manifold //2?" with a given torus
action and stable complex structure which is equivariant under given torus action. Moreover, if the
set of isolated fixed points for this action is finite that the universal toric genus can be localized,
which means that it can be explicitly written through the weights and the signs at the fixed points
for the representations that gives arise from the given torus action.

The construction of the toric genus is reduced to the computation of Gysin homomorphism of
1 in complex cobordisms for fibration whose fiber is M 2" and the base is classifying space of the
torus. The problem of the localization of Gysin homomorphism is very known and it was studied
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by many authors, starting with 60-es of the last century. In [4] and [6] is obtained explicit answer
for this problem in the terms of the torus action on tangent bundle for M?". The history of this
problem is presented also in these papers.

If consider homogeneous space G/ H with rk G = rk H = k, then we have on it the canonical
action @ of the maximal torus T* for H and G, and any invariant almost complex structure on GG/ H
is compatible with this action. Besides that, all fixed points for the action # are isolated, so one can
apply localization formula to compute universal toric genus for this action and any invariant almost
complex structure. Since, in this case, we consider almost complex structures, all fixed points in
the localization formula are going to have sign +1. We prove that the weights for the action 6
at different fixed points can be obtained by an action of the Weyl group W up to an action of
the Weyl group Wy on the weights for # at identity fixed point. On this way we get an explicit
formula for the cobordism classes of such spaces in terms of the weights at the fixed point eH.
This formula also shows that the cobordism class for G/ H related to an invariant almost complex
structure can be computed without information about cohomology for G/ H.

We obtain also the explicit formulas, in terms of the weights at identity fixed point, for the
cohomology characteristic numbers for homogeneous spaces of positive Euler characteristic en-
dowed with an invariant almost complex structure. We use further that the cohomology charac-
teristic numbers s,,, w = (i1,...,%,), and classical Chern numbers ¢ = c}! - - - ¢i» are related
by some standard relations from the theory of symmetric polynomials. This fact together with
the obtained formulas for the characteristic numbers s,,(7(G/H)) proves that the classical Chern
numbers ¢ (7(G/H)) for the homogeneous spaces under consideration can be computed without
information on their cohomology. It also gives an explicit way for the computation of the classical
Chern numbers.

We provide an application of our results by obtaining explicit formula for the cobordism class
and top cohomology characteristic number of the flag manifolds U(n)/7" and Grassmann man-
ifolds G, = U(n)/(U(k) x U(n — k)) related to the standard complex structures. We want
to emphasize that, our method when applying to the flag manifolds gives the description of their
cobordism classes and characteristic numbers using the technique of divided difference operators.
Using our method we also compute all Chern numbers for the all invariant almost complex struc-
tures on homogeneous spaces U(4)/(U(1) x U(1) x U(2)). This example was given in paper [7]
where it is proved that it admits two different invariant complex structure by computing their Chern
numbers c5.

This paper comes out from the first part of our work where we mainly considered invariant
almost complex structures on homogeneous spaces of positive Euler characteristic. It has continu-
ation which is going to deal with the same questions, but related to the stable complex structures
equivariant under given torus action on homogeneous spaces of positive Euler characteristic.

2. UNIVERSAL TORIC GENUS

We will recall the results from [4], [5] and [6].

2.1. General setting. In general setting one considers 2n-dimensional manifold M 2" with a given
smooth action § of the torus 7. We say that (M?", 0, c,) is tangentially stable complex if it admits
f-equivariant stable complex structure c,. This means that there exist [ € N and complex vector
bundle £ such that

(1) e (M) @ RM- ¢
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is real isomorphism and the composition

ao)S1

@) r(): € o (M) @ RH) F(MP) @ R ¢

is a complex transformation for any t € T*.

If there exists ¢ such that ¢, : 7(M?") — £ is an isomorphism, i. . [ = n, then (M?*",0, ¢, ) is
called almost complex T*-manifold.

Denote by €;[[u1,. .., ux]] an algebra of formal power series over 2, = U*(pt). It is well
known [17] that U*(pt) = ), = Z[y1,...,Yn,...], where dimy,, = —2n. Moreover, as the
generators for ()}, over the rationales, or in other words for €2;; ® Q, can be taken the family of
cobordism classes [CP"| of the complex projective spaces.

When given a f-equivariant stable complex structure ¢, on M?", we can always choose 6-
equivariant embedding i: M?" — R2(™*™) where m > n, such that c, determines, up to natural
equivalence, a f-equivariant complex structure ¢, on the normal bundle v(7) of i. Therefore, one
can define the universal toric genus for (M?", 0, c,) in complex cobordisms, see [4], [6].

We want to note that, in the case when c; is almost complex structure, an universal toric genus
for (M?",0, c.) is completely defined in terms of the action ¢ on tangent bundle 7(M?").

The universal toric genus for (M?", 6, ¢,) could be looked at as an element in algebra Q3 [[u, . . . , u]].
It is defined with
(3) (M, 0,c;) = [M"] + > [Go(M*")]u
|w|>0
where w = (iy,...,4) and u® = u}' - - - uF.

Here by [M/?"] is denoted the complex cobordism class of the manifold M/?" with stable complex
structure ¢, by G, (M?") is denoted the stable complex manifold obtained as the total space of

the fibration G, — B,, with fiber M. The base B,, = Hle B;j , where B;j is Bott tower, i. e. ;-
fold iterated two-sphere bundle over By = pt. The base B, satisfies [B,] =

k .
w| = > ;.
j=1

2.2. The action with isolated fixed points. Assume that the action of 7% on M?" has isolated
fixed points. We first introduce, following [4], the general notion of the sign at isolated fixed point.
Let p be an isolated fixed point. The representation r,: T* — G L(I, C) associated to (2) produces
the decomposition of the fiber {, = C’ as £, = C'™" & C". In this decomposition r,, acts trivially
on C'~" and without trivial summands on C". From the other hand the isomorphism crp from (1)
defines an orientation in the tangent space 7,(M ). This together leads to the following definition.

Definition 1. The sign(p) at isolated fixed point p is +1 if the map
(MQn) 190 (MZn) @ R2(—n) RN fp ~Cn g cl-n =, c» :
preserves orientation. Otherwise, sign(p) is —1.

Remark 1. Note that for an almost complex T*-manifold M 2", it directly follows from the defini-
tion that sign(p) = +1 for any isolated fixed point.

If an action # of 7% on M?" has only isolated fixed points, then it is proved that toric genus for

M*" can be completely described using just local data at the fixed points, [4], [6].
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Namely, let p again be an isolated fixed point. Then the non trivial summand of 7, from (2)
gives rise to the tangential representation of 7% in GL(n, C). This representation decomposes into
n non-trivial one-dimensional representations of r,, 1 &. .. ®r,,, of T*. Each of the representations
Tp,; can be written as

2miz omizg,, _ 2mi(A;(p)x
rpyj(e yee-y € )U—e (Aj(p) >’U,

for some Aj(p) = (Aj(p),...,Al(p)) € ZF, where x = (x1,...,2;) € R¥ and (A;(p),x) =
k
>~ Al(p)z;. The sequence {A1(p),. .., An(p)} is called the weight vector for representation 7, in

=1
the fixed point p.

Let F(u,v) = u+ v + Y a;u'v’ be the formal group for complex cobordism [18]. The cor-
responding power system {[w]|(u) € Q*[[u]] : w € Z} is uniquely defined with [0](u) = 0 and
[w](u) = F(u, [w — 1])(u), for w € Z. Forw = (wy,...,wy) € Z*¥ and u = (uy, ..., u;) one
defines [w](u) inductively with [w]|(u) = [w](u) for £ = 1 and

[w](w) = Foy [w) (ug) = F (= [wg) (ug), [wi] (ur))
for k > 2. Then for toric genus of the action # with isolated fixed points the following localization
formula holds, which is first formulated in [4] and proved in details in [6].

Theorem 1. If the action 0 has a finite set P of isolated fixed points then
) (M, 6,c,) = sign(p)

and it is equal to [M*"] + (u), where £(u) € QF[[u1, . .., u;]] and £(0) = 0.

2.3. Chern-Dold character. In overviewing the basic definitions and results on Chern character
we follow [3].
Let U* be the theory of unitary cobordisms.

Definition 2. The Chern-Dold character for a topological space X in the theory of unitary cobor-
disms U* is a ring homomorphism
5) chy : U (X) — H*(X,Q ®Q) .

Recall that the Chern-Dold character as a multiplicative transformation of cohomology theories

is uniquely defined by the condition that for X = (pt) it gives canonical inclusion 2}, — Q}; @ Q.
The Chern-Dold character splits into composition

(6) chy :UY(X) — H'(X,Q4(Z)) - H(X,Q,; 2 Q) .
The ring Q2},(Z)) in (6) is firstly described in [3]. It is a subring of Q}; ® Q generated by the
elements from ;" ® Q having integers Chern numbers. It is equal to
Q5 (Z) =Zby, ... by, .. ],

[CP"]
n+1

(7) chy ([M?"]) = [M?"],

and chy is the homomorphism of {2;;-modules

where b,, = . Then the Chern character leaves [M?"] invariant, i. e.
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It follows from the its description [3] that the Chern-Dold character chy : U*(X) — H*(X,Q5,(Z))
as a multiplicative transformation of the cohomology theories is given by the series

chyu = h(z) = , where f(z)=1+ Z ax’ and a; € Q7 (Z) .
i=1

x
f(x)
Here u = c{(n) € U*(CP>), z = cl(n) € H*(CP>,Z) denote the first Chern classes of the
universal complex line bundle n — CP*°.

From the construction of Chern-Dold character follows also the equality

(3) chy([M?")) = [M*") = ) su(r(M*")a” ,
[wll=n
where w = (i1,...,i,), |lwl| = Y-, liiand a* = ai' - - - ai». Here the numbers s,,(7(M?")), [|w| = n

are the cohomology characteristic numbers of M?".
If on M?" is given torus action 6 of T and stable complex structure ¢, which is §-equivariant,
then the Chern character of its toric genus is

9) chy (R(M?",0,c.)) = [M*"] + > [Gu(M*")](chyu)* ,
l[w][>0
where chyu = (chyuy, . .., chyuy) and chyu; = %
We have that F(u,v) = ¢~ (g(u) + g(v)), where g(u) = u + go [S—}jz]u”“ (see [18]) is the

logarithm of the formal group F(u,v) and g~ '(u) is the function inverse to the series g(u). Using
that chyyg(u) = z (see [3]), we obtain chy F'(uq, us) = h(x; 4+ x2) and therefore

chu[A;(p)](u) = %

Applying these results to the theorem (1) we get

n

10) chu (DM .0, ¢,)) = Zsign(p) H W '

peP j=1

The formulas (9) and (10) gives that

(1) 3 sign(p) [T 212X (<<AAJ$) ’X’;)) = (M) + Y [Gu(M*)](chyu)”
‘ T >0

If in the left hand side of this equation we put ¢x instead of x and then multiply it with ¢" we
obtain the following result.

Proposition 1. The coefficient for t™ in the series in t

Zsu.»;n(p)jlj[1 (A;(p),x)

peEP

represents the complex cobordism class [M*"].



Proposition 2. The coefficient for t! in the series in t

ft<AJ< ), X))
Zpg H 05 (0), %)

is equal to zero for 0 <[ < n — 1.

3. TORUS ACTION ON HOMOGENEOUS SPACES WITH POSITIVE EULER CHARACTERISTIC.

Let G/ H be a compact homogeneous space of positive Euler characteristic. It means that G is
a compact connected Lie group and H its connected closed subgroup, such that rk G = rk H. Let
T be the maximal common torus for G and H. There is canonical action §# of T'on G/H given by
t(gH) = (tg)H, wheret € T and gH € G/H. Denote by N¢(7T') the normalizer of the torus 7" in
G. Then Wg = Ng(T')/T is the Weyl group for G. For the set of the fixed points for the action 6
we prove the following.

Proposition 3. The set of fixed points under the canonical action 0 of T on G/H is given by
(Ne(T)) - H.

Proof. Tt is easily to see that gH is fixed point for 6 for any g € Ng(T). If gH is the fixed
point under the canonical action of 7" on G/H then t(¢gH) = gH for all t € T. It follows that
g 'tg € Hforallt € T,i.e. g-'Tg C H. This gives that g~ 'Tg is a maximal torus in H
and, since any two maximal toruses in H are conjugate, it follows that ¢ 'T'g = h~'Th for some
h € H. Thus, (gh) 'T(gh) = T what means that gh € Ng(T). But, (gh)H = gH, what proves
the statement. 0J

Since T' C Ng(T) leaves H fixed, the following Lemma is direct implication of the Proposi-
tion 3.

Lemma 1. The set of fixed points under the canonical action 0 of T on G/ H is given by W¢, - H.
Regarding the number of fixed points, it holds the following.

Lemma 2. The number of fixed points under the canonical action 0 of T on G/ H is equal to the
Euler characteristic x(G/H).

Proof. Let g,g € Nq(T) are representatives of the same fixed point. Then g'g~' € H and
g 'Tg =T = (¢)"'Tg, what gives that g'g"'T'g(¢g')~! = T and, thus, g'g~' € Ny(T). This
implies that the number of fixed points is equal to

) 152wl
(12) H H = = x(G/H) .
HOLENE
The last equality is classical result related to equal ranks homogeneous spaces, see [19]. U

Remark 2. The proof of the Lemma 2 gives that the set of fixed points under the canonical action 6
of T"on GG/ H can be obtained as an orbit of e H by an action of the Weyl group W up to an action
of the Weyl group Wy;.
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4. THE WEIGHTS AT THE FIXED POINTS.

Denote by g, h and t the Lie algebras for G, H and T' = T* respectively, where k = 1tk G =
rk H. Let aq,...,qa,, be the roots for g related to t, where dimG = 2m + k. Recall that the
roots for g related to t are the weights for the adjoint representation Ad; of 7" which is given with
Ady(t) = d.ad(t), where ad(t) is inner automorphism of G defined by the element ¢ € 7. One
can always choose the roots for G such that a1, . . ., o, gives the roots for h related to t, where
dim H = 2(m — n) + k. The roots a, . . ., o, are called the complementary roots for g related to
b. Using root decomposition for g and b it follows that 7.(G/H) = g5 & ... ® g5 , where by g,,.
is denoted the root subspace defined with the root «; and T,.(G/H ) is the tangent space for G/H
at the e - H. It is obvious that dimg G/H = 2n.

4.1. Description of the invariant almost complex structures. Assume we are given an invariant
almost complex structure J on GG/ H. This means that .J is invariant under the canonical action of
G on G/H. Then according to the paper [7], we can say the following.

e Since J is invariant it commutes with adjoint representation Adr of the torus T. This im-
plies that .J induces the complex structure on each complementary root subspace g, ;- - -, 8, -
Therefore, J can be completely described by the root system ¢ v, ..., £,a,, Where we
take ¢; = 41 depending if J and adjoint representation Adr define the same orientation
on g, or not, where 1 < i < n. The roots ey, are called the roots of the almost complex
structure J.

e If we assume J to be integrable, it follows that it can be chosen an ordering on the canonical
coordinates of t such that the roots €1, . . ., £,a,, which define J make the closed system
of positive roots.

Let us assume that G/H admits an invariant almost complex structure. Consider an isotropy
representation . of H in T,(G/H) and let it decomposes into s real irreducible representations
I.= 1!+ ...+ I?. Thenitis proved in [7] that G/H admits exactly 2% invariant almost complex
structures. Because of completeness we recall the proof of this fact shortly here. Consider the
decomposition of T,.(G/H)

T.(G/H)=01&...87,

such that the restriction of I, on J; is [ ; The subspaces Jy,...,J are invariant under 7" and
therefore each of them is the sum of some root subspaces, i.e. J; = Bo;, - D o, > for some
L Z]'

complementary roots «;, , ... a;;. Any linear transformation that commutes with /. leaves each of
J; invariant. Since, by assumption G/H admits an invariant almost complex structure, we have at
least one linear transformation without real eigenvalue that commutes with /.. This implies that
the commuting field for each of [ é is the field of complex numbers and, thus, on each J; we have
exactly two invariant complex structures.

Remark 3. Note that this consideration shows that the numbers ¢4, . . ., ¢, that define an invariant
almost complex structure may not vary independently.

Remark 4. In this paper we consider almost complex structures on G/ H that are invariant under
the canonical action of the group G, what, as we remarked, imposes some relations on €4, . . ., €,,.
If we do not require G-invariance, but just 7-invariance, we will have more degrees of freedom on
€1, ...En. This paper is going to have continuation, where, among the other, the case of 7-invariant

structures will be studied.
7



Example 1. Since the isotropy representation for CP" is irreducible over reals, it follows that
on CP™ we have only two invariant almost complex structures, which are actually the standard
complex structure and its conjugate.

Example 2. The 10-dimensional manifold M'° = U(4)/(U(1) x U(1) x U(2)) is the first example
of homogeneous space, where we have an existence of invariant almost complex structure that is
not complex. We will in the last section of this paper also described cobordism class of M/ 1 related
to such structure.

4.2. The weights at the fixed points. We fix now an invariant almost complex structure J on
G/H and we want to describe the weights of the canonical action 6 of 7" on G/H at the fixed
points of this action. If gH is the fixed point for the action #, then we obtain a linear map
d,o0(t): T,(G/H) — T,(G/H) for all t € T. Therefore, this action gives rise to the complex
representation d,60 of T in (1,(G/H), J).

The weights for this representation at identity fixed point are described in [7].

Lemma 3. The weights for the representation d.0 of T in (T.(G/H), J) are given by the roots of
an invariant almost complex structure J.

Proof. Let us, because of clearness, recall the proof. The inner automorphism ad(¢), fort € T
induces the map ad(t) : G/H — G/H given with ad(t)(gH) = t(gH)t~* = (tg)H. Therefore,
0(t) = ad(t) and, thus, d.0(t) = d.ad(t) for any t € T. This directly gives that the weights for
d.0in (T.(G/H), J) are the roots that define .J. O

For an arbitrary fixed point we prove the following.

Theorem 2. Let gH be the fixed point for the canonical action 0 of T on G/H. The weights
of the induced representation d,0 of T in (T,(G/H),J) can be obtained from the weights of the
representation d.0 of T in (T.(G/H), J) by the action of the Weyl group W up to the action of
the Weyl group Wy.

Proof. Note that Lemma 1 gives that an arbitrary fixed point can be written as w/ for some
w € We/Wy. Fixw € W /Wy and denote by [(w) the action of w on G/ H, given by [(w)gH =
(wg)H and by ad(w) the inner automorphism of G given by w.

We observe that 6 o ad(w) = ad(w) o . Then d.0 o d. ad(w) = d.ad(w) o d.0. This implies
that the weights for d.0 o d. ad(w) we get by the action of d. ad(w) on the weights for d.6. From
the other hand 6 (ad(w)t)gH = (w='twg)H = (I(w™') 0 6(t) o I(w))gH what implies that d. (6 o
ad(w)) = dwl(w™!) o dy0 o d.l(w). This gives that if, using the map d.,l,,-1, we lift the weights
for d,0 from T3, (G/H) to T.(G/ H), we get that they coincide with the weights for d.6 o d. ad(w).
Therefore, the weights for d,,6 we can get by the an action of the element w on the weights for
d.b. O

5. THE COBORDISM CLASSES OF HOMOGENEOUS SPACES WITH POSITIVE EULER
CHARACTERISTIC

Theorem 3. Let G/H be homogeneous space of compact connected Lie group such that Tk G =
tk H = k and dim G/H = 2n and consider the canonical action 0 of maximal torus T = T* for
G and H on G/H. Assume we are given an invariant almost complex structure J on G/H. Let

A = gja, 1 < j < n, where €1, ..., e,0, are the complementary roots of G related to H
8



which define an invariant almost complex structure J. Then the toric genus for (G/H, J) is given
with

(13) OG/H,J)= Y H

weWeg /Wy j=1

Proof. Rewriting the Theorem 1, since all fixed points have sign +1, we get that the toric genus
for (G/H,J) is

(14) O(G/H,.J) ZH

peEP j= 1 ]

where P is the set of isolated fixed points and (A(p),... ,An(p)) is the weight vector of the
representation for 7" in 7,,(G/H) associated to an action ¢. By Theorem 2, the set of fixed points
P coincides with the orbit of the action of W /Wy on e H and also by Theorem 2 the set of weight
vectors at fixed points coincides with the orbit of the action of W /Wy on the weight vector A at

eH. The result follows if we put this data into formula (14). ]
Corollary 1. The Chern character of the toric genus for homogeneous space (G/H, J) is given
with

(15) chy®(G/H, J)= > H FUw(Ay), x)) )’ ) |

(w(A,),x)
WEWG/WH] 1

, k
where f(t) =1+ > a;t’ for a; € Q> (Z), x = (x1,..., %) and by (Aj,x) = Y Aiay is denoted
i>1 =1

the weight vector A; of T*-representation at e - H.

Corollary 2. The cobordism class for (G/H, J) is given as the coefficient for t" in the series in t

(16) 3 Hf ).

WEWG/W j=1

6. CHARACTERISTIC NUMBERS OF HOMOGENEOUS SPACES WITH POSITIVE EULER
CHARACTERISTIC.

6.1. Generally about stable complex manifolds. Let //*" be tangentially stable complex mani-

fold whose given action 6 of the torus 7"* on M?" has only isolated fixed points. Denote by P the

set of fixed points for # and set ¢;(p) = (A;(p),x), where {A;(p), j = 1,...,n} are the weight

vectors of the representation of T* at a fixed point p given by the action § and x = (z1, ... 7}).
Set

(17) [Lr@) =1+ fultr,. ta)a
=1

Using this notation the Proposition 2 could be formulated in the following way.

Proposition 4. For any 0 <1 < n — 1 we have that

(18) Z Z&gn Ju(ti(p), - ,En(p)) —0.

=t peP flp)- b
9




Note that the Proposition 4 gives the strong constraints on the set of signs {sign(p)} and the set
of weights {A,(p)} at fixed points for some tangentially stable complex manifold. For example
[ = 0and ! = 1 gives that the signs and the weights at fixed points have to satisfy the following
relations.

Corollary 3.
1
19 ign(p) ———— =0,
" 2 ) )
thj (p)
20 ign(p) — =L =0.
20 20 e

As we already mentioned in(8) the cobordism class for M 2" can be represented as

21 (M) = ) su(r(MP)a®
[wll=n
where w = (iy,...,4,), [|w| = Y., 1 -3 and @ = af' - - - air.

If the given action 6 of T on M?" is with isolated fixed points, the coefficients s,,(7(M?")) can
be explicitly described using Proposition 1 and expression (17).

Theorem 4. Let M>" be tangentially stable complex manifold whose given action 0 of the T* have
only isolated fixed points. Denote by P the set of fixed points for 6 and set t;(p) = (A;(p),x),
where A;(p) are the weight vectors of the representation of T* given by the action 0 and x =
(x1,...x1). Then for |w| =n

(22) su(T(M™) = sign(p) -

Example 3.

Example 4.

ti(p) - ta(p)

Remark 5. Note that the left hand side of (22) in the Theorem 4 is an integer number s,,(7(M?"))
while the right hand side is a rational function in variables x1, ..., x,. So this theorem imposes
strong restrictions on the sets of signs {sign(p)} and weight vectors {A;(p)} of the fixed points.

peEP

6.2. Homogeneous spaces of positive Euler characteristic and with invariant almost complex
structure. Let us assume M?" to be homogeneous space GG/ H of positive Euler characteristic
with canonical action of a maximal torus and endowed with an invariant almost complex structure
J. All fixed points have sign +1 and taking into account the Theorem 2, the Proposition 4 gives

that the weights at the fixed points have to satisfy the following relations.
10



Corollary 4. For any 0 < | < n — 1 where 2n = dim G/ H we have that
fw(tlv s 7tn)
23 <—> =0,
@ Sy w(let)y
|w||=l weWea /Wi
where t; = (\;,x) and \;, 1 < j < n, are the weights at the fixed point e - H.

In the same way, the Theorem 4 implies that

k
Theorem 5. For M*" = G/H and t; = (A;, x), where (Aj,x) = > Alwy, x = (21,... 2x), k =
=1
rk G =1k H, we have
fw(th s 7tn)
24 (T (M) = <—>
o R S
weWe /Wy
for any w such that ||w|| = n.

Example 5.

and, therefore, s,

Corollary 5.
5
s@,.1)(G/H,J) = s,(G/H, J)) = Z W(tj...t >
weWa /Wh ! "

Example 6. In the case CP" = G/H where G = U(n+ 1), H = U(1) x U(n) we have
action of 7" and related to the standard complex structure the weights are given with (A;, x) =
Tj— Tpt1, j=1,...,nand Wg /Wy = Z,, is cyclic group. So

1 2 (T — xy)"
(25) A(CP™) Z ”’“ —n41.

J#Z

Example 7. Let us consider Grassmann manifold G422 = G/H where G = U(q + 2), H =
U(2) x U(q). We have here the canonical action of the torus 7772, The weights for this action at
identity point related to the standard complex structure are given with (A;;, x) = z; — x;, where
i=1,2and 3 < j < g+ 2. There are |Wygi2)/Wu@xu@l = % fixed points for this
action. Therefore

qi? ((z1 = 25)% + (w2 — 7))
(26) S9q(Gyr22) = Z W<]:3 q+2 ) ’

WEW(g+2)/Wu(2)xU(a) [T(x1 —2))(z2 — ;)
=3

11



The action of the group Wy (412 / Wi 2)xu(q) on the weights at the identity point in formula (26)
is given by the following permutations w = wy;:
woo = Id
wio(l) = k, wgo(k) =1, where 3 < k <
wo(2) =1, wu(l) =2, where3 <1< qg+2,

Wkl(l) =k, Wkl(/f) =1, Wkl<2) =1, Wkl(l) =2 for3<k<qg+1, k+1<I<qg+2.

As we remarked before (see Remark 5), the expression on the right hand side in (26) is an integer,
so we can get a value for sy, by choosing the appropriate values for the vector (z1,. .., x,2). For
example, if we take ¢ = 2 and (z1, 29, 73,x4) = (1,2,3,4) the straightforward application of
formula (26) will give that s4(G,2) = —20.

Example 8. In the case Gy, = G/H where G = U(q+ 1), H = U(q) x U(l) we have

(27) sGort) = ) 0 (M)

7€Sy41/(SgxS1) (@i =)
where 1 <i< ¢, (¢+1) <j<(¢+1) and S, is the symmetric group.

We consider later, in the Section 7, the case of this Grassmann manifold in more details.

6.2.1. Chern numbers. We want to deduce an explicit relations between cohomology characteris-
tic numbers s, and classical Chern numbers for an invariant almost complex structure on G/H.

Proposition 5. The number s, (7(M?")), where w = (i1, ...,i,), |w|| = n, is the characteristic
number that corresponds to the characteristic class given by the orbit of the monomial
2 2
(ug - 'Uz‘1)(“z’1+1 o 'Ui1+z‘2) T (UZ+...z‘n71+1 o u?ﬁ-zn) .

Remark 6. Let & = (jy, ..., jn) and u¢ = uJ* - - . wJ». The orbit of the monomial ué is defined with

O(u®) = Z ut,

where the sum is over the orbit {¢’ = o0&, o € S,} of the vector { € Z" under the symmetric
group S, acting by permutation of coordinates of .

Example 9. If we take w = (n,...,0) we need to compute the coefficient for a and it is given as
an orbit O(u; - - - u,) and that is elementary symmetric function o,,. If we take w = (0, ... 1) then
we should compute the coefficient for a,, and it is given with O(u}) = >°7_ 7, what is Newton
polynomial.

It is well known fact from the algebra of symmetric functions that the orbits of monomials give
the additive basis for the algebra of symmetric functions. Therefore, any orbit of monomial can
be expressed through elementary symmetric functions and vice versa. It gives a expression of the
characteristic numbers s,, in terms of Chern characteristic numbers ¢ = ¢! - - - ¢i» for the almost
complex homogeneous space (G/H, J).

Theorem 6. Let w = (iy,...,1,), ||w|| = n, and assume that the orbit of the monomial
() (U gy o) o (U U,

12



is expressed through the elementary symmetric function as

(28) O((u1 o 'Uh)(UiH o '”121+z'2) T (u?1+-..’in71+1 T UZJrzn)) =
= Z ﬁfo-lll O-izn )
lEll=n

for some B¢ € Z and ||€|| = > 7_, 7 - 1j, where £ = (i, ..., l,). Then it holds

9) @ = Y w(As )y s
weWa /Wi Lo lgll=n

where c; are the Chern classes for the tangent bundle of (G/H, J).

Remark 7. Let p(n) denote the number of partitions of the number n. By varying w, the equa-
tion (29) gives the system of p(n) linear equations in Chern numbers whose determinant is, by (28),
non-zero. Therefore, it provides the explicit formulas for the computation of Chern numbers.

Remark 8. We want to point that relation (29) in the Theorem 6 together with Theorem 5 proves
that the Chern numbers for (G/H, J) can be computed without having any information on coho-
mology for G/H.

Example 10. We provide the direct application of the Theorem 6 following Example 9. It is
straightforward to see that s(,, . 0)(G/H) = ¢,(G/H) for any invariant almost complex structure.
This together with Example 5 gives that ¢,,(G/H) = x(G/H).

We want to add that it is given in [16] a description of the numbers s; that correspond to our
characteristic numbers s, but the numerations / and w are different. To the partition 7+ € [
correspond the n-tuple w = (i1, ... ,1i,) such that i is equal to the number of appearances of the
number k£ in the partition .

7. SOME APPLICATIONS.

7.1. Flag manifolds U(n)/T". Consider invariant complex structure on U(n)/T™. Let us note
(see [7]) that U(n)/T™ admits up to equivalence, exactly one invariant (almost) complex structure.
Recall [1] that the Weyl group Wy, is symmetric group and it permutes the coordinate xq, ...z,
on Lie algebra t" for 7. The canonical action of the torus 7 on this manifold has ||[Wy || =
X(U(n)/T™) = n! fixed points and its weights at identity point are given by the roots of U(n).

We first consider the case n = 3 and apply our results to explicitly compute cobordism class and
Chern numbers for U(3)/T3. The roots for U(3) are z1 — x9, 1 — 23 and x5 — x3. Therefore the
cobordism class for U(3) /T is given as the coefficient for ¢* in the polynomial

[U(3)/T3] _ Z O_(f(t(fE1 - 1172))f(t(931 — $3))f(t(:£2 — $3))) 7

(21 — 22) (21 — 23) (22 — T3)

oES3
where f(t) = 1 + ait + ast* + azt®, what implies
[U(3)/T?] = 6(a} + ajas — as) .
This gives that the characteristic numbers s, for U(3)/T? are

53,00 =0, 8110 =6, S@01)=—6.
13



By the Theorem 6 we have the following relations between the characteristic numbers s, and the
Chern numbers ¢

c3 =0, cicog — 3c3 = 6, czl)’ — 3ci1c9 + 3¢5 = —6, what gives cyco = 24, c:f =48.

Theorem 7. The cobordism class for the flag manifold U(n)/T" is given as the coefficient for
n(n—1)

t— 2 intheseriesint

(30) O Zs1gn ( IT s —xj>,

1<i<j<n o€Sn ISi<jsn
~

where f(t) =1+ Y a;t" and sign(c) is the sign +1 of the permutation o.
i>1

7.1.1. Using of divided difference operators. Consider the ring of the symmetric polynomials

Sym,, C Z[xy,...,x,|. There is a linear operator (see [15])
L: Z[ml,...,xn] — Sym,, :
Lx® = sign(o
I (zi—zy) UEZS
1<i<j<n
where € = (j1,...,jn) and x¢ = ', ... aln.

It follows from the definition of Schur polynomials Shy(xy,...,z,) where A = (A > Ay >
> A\, = 0) (see [15]), that
LxM0 = Shy (x4, ..., 2,),
where 6 = (n—1,n — 2,...,1,0) and Lx% = 1. Moreover, the operator L have the following
properties:
o Ix*=0,ifj; =jo=-=j,=0andé# N+ dforsome A=A\ =X > =\, >
0);
. L)x5 = sign(o)Lo(x%), where £ = (ji,...,j,) and o(x¢) = x&, where 0 € S, and
E=Gr=az 27,20
e [ is a homomorphism of Sym, -modules.
We have
(31) I ret@i—x) =14 Pelar,... an,.. )%,

1<i<j<n [€]>0
n .
where |£| = leq.
q:

Corollary 6. Set m = % The cobordism class for the flag manifold U(n)/T" is given by the
formula

(32) n)/T"] = Y Pelar,... a,,...)Lx".
|§l=m.
The characteristic number s, for U(n)/T™ is given as
(33) sm(Un)/T") = Y Lz —z;)"
1<i<j<n
14



Remark 9. The first property of the operator L gives that for any £ such that |£| = m, we will have
Lx® = 0, whenever x¢ # o(x%) for every o € S,,. In other words, in order to have Lx¢ # 0, we
need x¢ to contain n — 1 variables and with different degrees.

Remark 9 together with (33) and Corollary 6, implies the following:
Corollary 7. s,(U(2)/T?) = 2; s3(U(3)/T3) = —6 and
(34) Sm(U(n)/T™) =0,

n(n—1)

5 andn > 3.

where m =

We can push up this further:

Corollary 8. Let w = (i1, ... ,4,,) such that i,,_; # 0 for some 0 < | < n — 4, where m = "("2_1).
Then
(35) su(Un)/T™) = 0.

Remark 10. From the second property of the operator L. we obtain that LP(x4,...,z,) = 0,
whenever o(P(z1,...,2,)) = ¢P(z1,...,x,) for a permutation ¢ € S,,, where ¢ = +1 and
¢ -sign(o) = —1. This, in particular, gives that L(P(x1,...,x,) + 04j(P(z1,...,2,))) = 0 for
any transposition o;; of z; and x;, where 1 <17 < 7 < n.

Using Remark 10 we can compute some more characteristic numbers of flag manifolds.

Corollary 9. Let n = 4q or 4 + 1 and w = (i1,...,im), ||w| = m, where iy_y = 0 for
I=1,...,%. Then s,(U(n)/T") = 0.

Since o12((z1 — 20)® ]  f(t(zi — x5))) = (1 — 22)* [ f(t(zi — x;)) we have, also

1<i<j<n 1<i<j<n
(4,)#(1,2) (,5)#(1,2)

because of Remark 10, that

H f(t( —:L‘J)—L<f 1 — Ta)) H Ft( ))

1<i<j<n 1<i<j<n
(4,5)#(1,2)

where fv(t) = " ag_1t* 1. Using this property of L once more we obtain
i>1

Theorem 8 For n > 4 the cobordism class for the flag manifold U(n)/T" is given as the coeffi-
cient for "5 in the series in t

(36) L(f(t(xl —e) (@ —2) I - a)).
1<i<jsn
(6,0)#(1,2),(n—1,n)
The Theorem 8 provide a way for direct computation of the number s, for w = (i1,...,in)
such that |w| = 2, where |w| =iy + ... + i,,. For n > 5 we have that s,,(U(n)/T") = 0 for such
w. For n = 4 and n = 5 these numbers can be computed very straightforward as the next example

shows.
15



77777

From the formula (36) we obtain immediately:
5100010 (UA)/T?) = L((w1 = 22)(3 = 22)° + (a1 — 22)" (5 — x4>) -
= 10L<($1 — m9) (w3 — 24) (2223 + x%xi)) =
= 20L (wle( T3 —x4) + (71 — xg):chi)) =
=40L <x?x§x3 + x1x3x4> = 80.

Remark 11. We want to emphasize that the formula (36) gives the description of the cobordism
classes of the flag manifolds in terms of divided difference operators. The divided difference
operators are defined with (see [2])

1
8ijP(:1:1, RN ,Sl}n) = (P(.’L‘l, RN ,.Z’n) — Uijp('rla RN ,an)),

JI,‘—IJ’

where ¢ < j. Puto; ;41 = 04, 0;,41 = 0;, 1 <i < n — 1. We can wright down operator L as the
following composition (see [9, 14])

L= (00 0p1)(010s - Op_s) - (0102)0.

Denote by w, the permutation (n,n—1,...,1). Wright down a permutation w € S,, in the form
W = Wo0y, - -+ 0, and set Vy, = ; ---0;,. Itis natural to set V,, = I — identity operator. The
space of operators V, is dual to the space of the Schubert polynomials &, = & (z1,...,2,),
since it follows from their definition that &, = V,x°. Note that By, = x°. For the identity
permutation e = (1,2,...,n) wehave e = wo - w, '. So V, = Land &, = V.x° = 1.

Schubert polynomials were introduced in [2] and in [8] in context of an arbitrary root systems.
The main reference on algebras of operators V, and Schubert polynomials &, is [14].

The description of the cohomology rings of the flag manifolds U(n)/7T"and Grassmann mani-
folds G, = U(n)/(U(k) x U(n — k)) in the terms of Schubert polynomials is given in [9].

7.2. Grassmann manifolds. As a next application we will compute cobordism class, character-
istic numbers s,, and Chern numbers for invariant (almost) complex structure on Grassmannian
Gi2 =U@)/(U2) x U(2)) = SU(4)/S(U(2) x U(2)). Note that, it follows by [7] that, up to
equivalence, (G4 2 has one invariant complex structure .J. The corresponding Lie algebra descrip-
tion for Gy o is A3/ t' ®A; & A;.

The number of the fixed points under the canonical action of 7% on G, 5 is, by Theorem 2, equal
to 6. Let zq, x9, x3, x4 be canonical coordinates on maximal abelian algebra for A3. Then zq, o
and x3, x4 represents canonical coordinates for A; & A;. The weights of this action at identity
point (T.(G42), J)are given by the positive complementary roots x1 — 3, &1 — T4, Ty — T3, Ta — T4
for As related to A; @ A; that define J, see [7].

Corollary 2 gives that the cobordism class [G4 5] is the coefficient for ¢* in polynomial

(37)

ij(f(t(l"l —x3)) - f(t(x1 —x4)) - f(t(v2 — 23)) - f(t(202 — 954))) 7

(5E1 - 13)@1 - 254)@2 - $3)($2 - I4)

where w; € Wy /Wu@ysxue and f(t) = 1+ ait + ast® + ast® + ast™.
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The Weyl group Wy (4) is symmetric group of permutation on coordinates xy,...,z4 and the
Weyl group Wy 2)xv(2) = Wu2) X Wy (g) is the product of symmetric groups on coordinates z1, xo
and x3, x4 respectively.

Expanding formula (37) we get that

[Gao] = 2(3a] + 12a%ay + Ta3 + 2a1a3 — 10ay) .

The characteristic numbers s,, can be read off form this formula:

54,000 =6,  S@100 =24, S0200 =14, Suo10 =% Swooo01n =—20.
The coefficients 3¢ from the Theorem 6 can be explicitly computed and for 8-dimensional man-
ifold give the following relation between characteristic numbers s,, and Chern numbers:

4 2 2
5(0,00,1) = €] — 4cjco + 2¢5 +4deieg — 4ey,  S21,00) = c163 — 4oy

5(0,2,0,0) = Cg —2c1c3+ 2¢1, S(1010) = 0%02 —ccgt4dey — 20;; 5(4,0,0,0) = €4 -
We deduce that the Chern numbers for (G4 2, J) are

ey =6, cie3=148, =98, Ccicy =224, c‘l1 =512.
In the general case we obtain the following result.

Theorem 9. The cobordism class for Grassmann manifold G ;. is given as the coefficient for t“4
in the series in t

@ > =)

UESq_H/SqXSl
where 1 <i<gq, (¢+1) <j < (q+1)and S,y is the symmetric group.

7.3. Homogeneous space SU(4)/S(U(1) x U(1) x U(2)). Following [7]and [13] we know that
10-dimensional space M'° = SU(4)/S(U(1) x U(1) x U(2)) admits, up to equivalence, two in-
variant complex structure J; and .J; and one non-integrable invariant almost complex structure J5.
The corresponding Lie algebra description for M 10 is A3 / t? ®A;. Let 21, 29, T3, 24 be canonical
coordinates on maximal Abelian subalgebra for A3. Then z1, x5 represent canonical coordinates
for A;. The number of fixed points under the canonical action of 7% on M'? is, by Theorem 2,
equal to 12.

7.3.1. The invariant complex structure J;. The weights of the action of 7 on M at identity
point related to J; are given by the complementary roots x1 — 3, T1 — T4, Ty — T3, To — Tg, T3 — T4
for Aj related to Ay, (see [7], [13]). The cobordism class [M?, J;] is, by Corollary 2, given as the
coefficient for > in polynomial

(Il - $3)($1 - $4)($2 - $3)(I2 - $4)($3 - 134)

ij<f(t(171 —x3) - f(t(z1 —24)) - f(H(w2 —23)) - f(H(72 — 24)) - [ (R(23 — $4))) ’

where w; € Wy /Wy and f(t) = 1+ a1t + aot? + azt® + ast* + ast®.
Therefore we get that
[M*°, J1] = 4(3a3 + 12a3ay + Taras — 5a’as — 2azas — 10aia4 + 5as) .

Then Theorem 6 gives the following relations between characteristic numbers and Chern num-
bers s, for [M0) J;].
17



5 3 2 2
5(0,0,0,0,1) = —20 = ¢] — dcjeg + dejez + deyc; — deyey — Heacs + s

2
8(1,2,0,0,0) = —28 = a3 — 3c1¢4 + 3¢5, S(2,0,1,00) = 20 = cfe3 — ¢16q4 — 20203 + O¢s
2 2
5(0,1,1,0,0) = 8 = —2¢| 3 + €165 — CaC3 + DC1C4 — 5C5,  8(3,1,00,0) = —48 = c1c4 — Des
=40 = c?cy — ?c5 — 3crc2 + + 5coc3 — 5 =—-12=
5(1,0,0,1,0) = = C1C2 — C1C3 C1Cy T C1C4 CaC3 Cs,  5(5,0,0,0,0) = =Cs .

This implies that the Chern numbers for (M1, J;) are as follows:

cs =12, ciey =108, coc3 =292, cles =612, cics =1028, ciey = 2148, ¢ = 4500.

7.3.2. The invariant complex structure J,. The weights of the action of 7" on M '° at identity point
related to J5 are given by the positive complementary roots x4 — 1, T4 — X2, T4 —T3, T1— T3, To— T3
for Aj related to Ay, (see [7], [13]). The cobordism class [M*, J5] is, by Corollary 2, given as the
coefficient for > in polynomial

ij(f(t(:m — 1)) [(H(xa —x2)) - f(t(xa — 23)) - f(t(x1 —23)) - f(t(12 — 553))) |

= ($4 - $1)($4 - $2)($4 - $3)($1 - $3)($2 - $3)

where w; € WU(4)/WU(2) and f(t) =14+a1t+ &2t2 + Clgtg + a4t4 + a5t5.
Therefore we get that
(M Jy] = 4(3a3 + 12a3ay + Taras — 5a3as + 8azas — 10a1ay — 5as) .

Applying the same procedure as for above we get that the Chern numbers for (M1, .J;) are:

cs =12, ciey =108, coc3 =292, cles =612, cics = 1068, ciey = 2268, ) = 4860.

7.3.3. The invariant almost complex structure J3. The weights for the action of T on M at
identity point related to .J3 are given by complementary roots xy — T3, To — X3,T4 — T1, L4 —
T9, T3 — T4, (see [13]). Using Corollary 2 we get that the cobordism class for (M0, J3) is

(M, J5] = 4(3a3 — 12a3ay + Taya; + 15ajas — 12asa3 — 10a1a4 + 15a5)

The characteristic numbers for (M1, J3) are given as coefficients in its cobordism class, what,
as above, together with Theorem 6 gives that the Chern numbers for (M0 J3) are as follows:

cs =12, cieq =12, coc3 =4, 0%03 = 20, clcg = —4, C?CQ = —4, c‘;’ =-20.

Remark 12. Homogeneous space SU(4)/S(U(1) x U(1) x U(2)) is provided in [7] as one of the
first examples of the manifold admitting non-equivalent complex structures. It was done in [7] by
computing ¢ for the invariant complex structures J; and .J, on this space. Further work on the
styding of Chern numbers and the geometry for the generalizations of this example is done in [10]
and in [13].

18



REFERENCES

—

. J.F. Adams, Lectures on Lie groups. W. A. Benjamin, Inc., New York-Amsterdam 1969.

. I N. Bernstein, I. M. Gelfand and S. 1. Gelfand, Schubert cells and cohomology of the spaces G/ P., (Russian)

Uspekhi Mat. Nauk 28 (3) (1973), 1-26. (english translation in Russian Math. Surveys 28 (3) (1973), 3-26.)

V. M. Buchstaber, The Chern-Dold character in cobordisms.I Mat. Sb. (N. S.) 83 (125) (1970), 575-595.

4. V. M. Buchstaber and N. Ray, The universal equivariant genus and Krichever’s formula. (Russian) Uspekhi
Mat. Nauk 62 (1) (2007), 195-196. (english translation in Russian Math. Surveys 62 (1) (2007), .)

5. V. M. Buchstaber, T. E. Panov and N. Ray, Spaces of polytopes and cobordism of quasitoric manifolds. Moscow
Math. J. 7 (2) (2007)

6. V. M. Buchstaber, T. E. Panov and N. Ray, The universal toric genus, to appear in IMRN

7. A. Borel and F. Hirzebruch, Characteristic classes and homogeneous spaces, I & II, Amer. J. Math. 80 (1958),
459-538 and 81 (1959), 315-382.

8. M. Demazure, Désingularisation des variétés Schubert généralisées, Ann. EIN.S. (4) 7 (1974), 53-88.

9. W. Fulton, Young Tableaux with Application to Representation Theory and Geometry., Cambridge, Cambridge
University Press, 1997.

10. E. Hirzebruch, The projective tangent bundles of a complex three-fold, Pure and Appl. Math. Quarterly 1 (2005),
441-448.

11. F. Hirzebruch, Topological Methods in Algebraic Geometry, Third edition, with appendices by R. L. E. Schwan-
rezenberger and A. Borel. Volume 131 of Grundlehren der mathematischen Wissenschaften. Springer Verlag,
Berlin-Heidelberg, 1966.

12. F. Hirzebruch, T. Berger and R. Jung, Manifolds and Modular Forms. Second edition, Max-Planc-Institut fiir
Mathematik, Bonn, 1994.

13. D. Kotschick and S. Terzi¢, Chern numbers and geometry of partial flag manifolds, to appear.

14. 1. G. Macdonald, Notes on Schubert Polynomials., Laboratoire de combinatoire et d’informatique mathématique
(LACIM), Université du Québec 4 Montréal, Montréal, 1991.

15. 1. G. Macdonald, Symmetric functions and Hall polinomials., 2-nd edition, Oxford University Press, 1995.

16. J. Milnor and J. Stasheff, Characteristic classes. Annals Math. Studies 76, Princeton University Press, 1974.

17. S. P. Novikov, Homotopy properties of Thom complexes. (Russian) Mat. Sb. (N. S.) 57 (99) (1962), 407-442.

18. S. P. Novikov, Methods of algebraic topology from point of view of cobordism theory, Math. USSR Izv. 31(4),
1967, 827-913.

19. A. L. Onishchik, Topology of Transitive Transformation Groups, Johann Ambrosius Barth Leipzig, Berlin, Hei-

delberg 1994.

[\

et

STEKLOV MATHEMATICAL INSTITUTE, RUSSIAN ACADEMY OF SCIENCES, GUBKINA STREET 8, 119991
Moscow, RUSSIA
E-mail address: buchstab@mi.ras.ru

FACULTY OF SCIENCE, UNIVERSITY OF MONTENEGRO, CETINJSKI PUT BB, 81000 PODGORICA, MONTENE-
GRO
E-mail address: sterzic@cg.ac.yu

19



