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Abstract

We consider structured matrix groups arising in the context of nondegenerate bilin-
ear or sesquilinear forms on R™ or C", which remain invariant under similarities by
matrices in their associated automorphism group. We develop a MATLAB toolbox
for generating random matrices from these automorphism groups with, wherever pos-
sible, prescribed condition numbers. The matrix groups considered are the complex
orthogonal, real, complex and conjugate symplectic, real perplectic, real and complex
pseudo-orthogonal, and pseudo-unitary groups.

We outline all necessary background theory before presenting a self-contained
treatment of each group, outlining some applications of the group and deriving an
algorithm for their random generation. We first focus our attention on the groups for
which a structured SVD or CSD is available, and show that this allows for precise
control of the condition number via numerically stable algorithms. We then consider
the groups which lack such a decomposition, where we construct matrices via products
of generalized G-reflectors. We perform tests which model the behaviour of the
condition number in these cases, allowing for its approximate control, and finally we
consider the effect of rounding errors on the resultant matrices.

The implementation in MATLAB of these algorithms is hoped to be beneficial for

researchers developing structure-preserving algorithms for structured problems.
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Chapter 1

Introduction

Structured matrices arise in various problems with intrinsic symmetries or periodicity
occurring in areas of engineering, physics, and statistics. For example the eigenvalue
problem for Hamiltonian matrices arises in many algorithms of control theory and
in computational physics and chemistry problems. Another example is Toeplitz ma-
trices, which arise in estimation theory and signal processing and have many further
applications in physics. Many such structures remain invariant under similarities by
matrices in an appropriate matrix group, and preserving the structure when trans-
forming these problems is very desirable, for reasons including minimizing computa-
tional cost and storage demands, and maintaining inherent physical properties and
matrix properties. As a result, new structure-preserving algorithms have been devel-
oped in recent years for factorizing and transforming structured problems.

We will consider structured matrices occurring in the context of nondegenerate
bilinear or sesquilinear forms on R" or C". Each form gives rise to three classes
of matrices: an automorphism group, a Lie algebra, and a Jordan algebra. The
important relationship between these classes is that the Lie and Jordan algebras
remain invariant under similarities by matrices in their associated automorphism
group, and thus these automorphism groups in particular are vital to the further
study and development of structure-preserving algorithms.

In this thesis, the automorphism groups considered are the complex orthogonals,

10
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real pseudo-orthogonals, complex pseudo-orthogonals, pseudo-unitaries, real perplec-
tics, real symplectics, complex symplectics, and conjugate symplectics. The algebras
associated with these groups include complex symmetric, pseudo-symmetric, persym-
metric, pseudo-Hermitian, Hamiltonian, and J-symmetric matrices. For example the
Lie algebra associated with the real symplectic group encompasses Hamiltonian ma-
trices, and hence we have invariance of Hamiltonian matrices under real symplectic
similarities.

Our aim is to develop a MATLAB toolbox for generating matrices from the auto-
morphism groups listed above with, wherever possible, prescribed condition numbers.
It is expected that this work will be beneficial towards the development of structure-
preserving algorithms for structured problems. The random structured matrices gen-
erated by the toolbox will be useful for generating random test problems to ensure
robustness and quality of newly-derived algorithms before they are made available to
users.

The thesis is organized as follows. The following section introduces notation and
the background theory required for the development of algorithms for structured ma-
trix generation. In Chapter 2 we consider the groups for which a structured SVD
or CS decomposition is available, which allows us to develop numerically stable al-
gorithms for generating random matrices in these groups involving multiplication by
orthogonal or unitary matrices, and furthermore allows for precise control of the con-
dition number. The groups which lack a structured SVD or CSD are then considered
in Chapter 3, where we form matrices via products of elementary matrix transforma-
tions known as G-reflectors, and consider empirical results to model the behaviour of
the condition numbers of the resultant matrices and the effects of rounding errors on
their structures. In Chapter 4, we draw our conclusions, and all necessary MATLAB

code is included in Appendix A.



CHAPTER 1. INTRODUCTION 12

1.1 Preliminaries

1.1.1 Scalar products

The following is a brief outline of the definitions and properties of scalar products.
A more detailed review can be found, for example, in Jacobson [10] or Shaw [17].
Let K denote either the field R or C. Consider a map (x,y) — (z,y) from K" x K"

to K. If the map is linear in each argument, i.e.

<061$1 + Qoxo, y> = o (xl,y> + 042<9C273/>7

(z, Bry1 + Baya) Bz, y1) + Ba(x, y2),

then it is called a bilinear form. If K = C and the map is conjugate linear in the first

argument and linear in the second, i.e.

(xy + oz, y) = a1, y) + az(2a, y),

(z, Biyr + Bay2) = Bulx, 1) + Bo(x, y2),

then it is called a sesquilinear form.
Given a bilinear or sesquilinear form over K", there exists a unique M € K™*"

such that for all z,y € K",

2T My if the form is bilinear,
(z,y) =
x*My if the form is sesquilinear.

Here, the superscript * is used for conjugate transpose. We call M the matrix asso-

ciated with the form, and will denote (z,y) = (x,y)  as required.

M
A bilinear form is called symmetric if (x,y) = (y,z) and skew-symmetric if
(xr,y) = —(y,z), and it can be shown that the matrix associated with a (skew-)

symmetric form is itself (skew-)symmetric. A sesquilinear form is called Hermitian

if (x,y) = (y,x) and skew-Hermitian if (x,y) = —(y, ), and the matrices associated
with these forms are Hermitian and skew-Hermitian respectively.
A bilinear or sesquilinear form (-, -)M is nondegenerate if M is nonsingular, and

from now on the term scalar product refers to a nondegenerate bilinear or sesquilinear
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form on K". We will also use the associated quadratic functional ¢, (z) = (z, ) ,
the natural analogue of the quantity z*x for vectors in K™ in Euclidean space. We
say a nonzero vector x € K" is isotropic with respect to a given scalar product if
q,,(z) = 0, and non-isotropic otherwise.

For any A € K™ " there exists a unique matrix A*, the adjoint of A with respect

to (-,-),,, defined by
(Az,y) = (x, A%y) , Vo,y e K"
We obtain an explicit formula for A* as follows. If (-, ),, is bilinear, then

(Az,y) = aTA"My =" MM A" My = (z, M~ A" My)

M’

and hence A* = M~1ATM. Similarly, when (-,+),, is sesquilinear, we have that

A* = M~TA*M.

1.1.2 Automorphism groups, and Lie and Jordan algebras

As mentioned previously, there are three important classes of structured matrices
associated with every scalar product:

the automorphism group G, defined by

G = {GeK™":(Gz,Gy), = (v,y),}
— {GGK”M:G*ZG_I};

the Jordan algebra J, defined by

J = {AeK"": (Az,y) = (m,Ay)M}

= {AGK"X":A*:A},
and the Lie algebra L, defined by

L = {AeK™:(4z,y), = —(r,Ay),}

— {AeK™".A* = —A}.
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The automorphism group G, despite not being a linear subspace, always forms a
multiplicative group. L is closed with respect to the Lie bracket [A;, As] = A1 As —
AyAq, and J is closed with respect to the Jordan product {B;, Bo} = B1By + By By,
and both groups are linear subspaces.

The key result is that for any G € G we can show (see [13] for a proof) that
AeS = G 'AG €S, where S=G,L,orJ,

which establishes the fundamental relationship that the automorphism groups G are
the natural classes of structure-preserving similarities for matrices in G, L, and J.
Since the aim of this thesis is to develop algorithms to generate random matrices in a
selection of automorphism groups, we now switch our attention solely to matrices in
G. Table 1.1 shows the structured matrices under consideration in this thesis (along
with the orthogonal and unitary groups (see Section 1.1.6)), associated with their
underlying scalar products. These scalar products use one of the following matrices

for M: the n xn identity matrix I,,,

0o I, 1 I, 0
J = , R= , Ypg = , with p+ ¢ = n.
-1, O 1 0 -1,

The automorphism groups will be defined individually later as we consider each group
in turn in Chapters 2 and 3. Table 1.1 also introduces notation for each automorphism

group that will be used throughout.

1.1.3 G-reflectors

Using the terminology of Householder [9], we define an elementary transformation as a
linear map 7' : K" — K" of the form T' = I+uv* for some nonzero u,v € K". It is easy
to see that 7" has an (n—1)-dimensional fixed point subspace H = {z € K" : Tz = z},
i.e., a hyperplane H on which T acts as the identity. In Chapter 3, we will be
interested in elementary transformations in automorphism groups G associated with

certain scalar products.
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Definition 1.1 Let G be the automorphism group associated with a scalar product
on K". The elementary transformations in G will be referred to as generalized G-

reflectors, or G-reflectors for short.

As G is a group, any G-reflector G must be invertible. G~! is also a G-reflector,

as if ‘H is the hyperplane of GG, we have
H={rcK":Gr=a}={zcK":2=G "2},

hence G~! fixes the same hyperplane as G. The set of G-reflectors is thus closed
under inverses. However, it is not closed under products, as although a product of
G-reflectors fixing a common hyperplane is a G-reflector, a product of G-reflectors
fixing different hyperplanes is not.

The following result gives a complete representation of G-reflectors belonging to

a general automorphism group G of a scalar product on K" (see [13] for a proof).

Theorem 1.1 Any G-reflector G is expressible in the form

I+ Buu™M if {-,-)  is bilinear,
I+ BuuwM if (-,-)  is sesquilinear,

for some B € K and uw € K". Not every G characterized by (1.1) is in G; the
parameters 3 and u must satisfy the following relation:
bilinear forms: G € G < (M + (1 + Bgu(u))M")u = 0. (1.2)

sesquilinear forms: G € G < (BM + (B + |8 qu(w))M*)u = 0. (1.3)

An important subset of the set of elementary transformations are Householder

reflections. These are elementary matrices of the form
Hu)=1+puu*, 0#£uecK" 0#pck, (1.4)

which are symmetric orthogonal if K = R and we take 8 = —2/(u?u), and unitary
if K = C and g lies on the circle |3 — r| = |r|, where r = —1/(u*u) (furthermore,

B € R on the circle yields a Hermitian H(u)).
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Now, considering the real orthogonal group G = O(n,R), we see by solving the
conditions for # and w in (1.2) that any G-reflector can be written in the form
G = I — 2uu” with uTu = 1, which is precisely the symmetric Householder reflector
described above. Similarly, G-reflectors formed from an non-isotropic v in the unitary
group G = U(n) can be written exactly in the form described above for unitary
Householder reflections. These results are a consequence of the following theorem
(we refer to [13] for the proof), which further characterizes G-reflectors, assuming

properties of the matrices M associated with the underlying scalar product.

Theorem 1.2 (G-reflectors for standard scalar product classes).
(a) Symmetric bilinear forms (M* = M, q,,(u) € K)
G=I1+puuM e G & wu is non-isotropic, and 3 = —2/q,,(u).
(b) Skew-symmetric bilinear forms (M* = —M, ¢, (u) = 0)
G =14 Buu"M € G for any u € K*>" and any 5 € K.
(¢) Hermitian sesquilinear forms (M* = M, q,,(u) € R)
G=1+4+puu*M € G < wu isisotropic and 3 € iR, or u is non-isotropic
and (3 € C lies on the circle |G —r| = |r|, where r = —1/¢q,,(u) € R.
(d) Skew-Hermitian sesquilinear forms (M* = —M, q,(u) € iR)
G=1+puu*MeG & wu isisotropic and 3 € R, or u is non-isotropic
and (3 € C lies on the circle |G —r| = |r|, where r = —1/q,,(u) € iR.
Finally, for completeness, we include the following theorem (again referring to
[13] for a proof) which states necessary and sufficient conditions for the existence of

a G-reflector G such that Gx = y.

Theorem 1.3 (G-reflector mapping theorem).

Suppose K™ has a scalar product (-, -)M that is either symmetric bilinear, skew-symmetric
bilinear, Hermitian sesquilinear, or skew-Hermitian sesquilinear. For distinct x,y #

0 € K", there exists a G-reflector G such that Gz =y if and only if q,(z) = q,,(v)
and (y — x, x)M # 0. Furthermore, whenever G ezists, it is unique and can be speci-
fied by taking u =y —x and f = 1/(u,z)  in (1.1). Equivalently, G' can be specified
by taking u =1 —y and 8 = —1/(u,z) in (1.1).
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1.1.4 Norms

A martix norm is a function || - || : C™*" — R that satisfies
1. ||A|l > 0 with equality < A = 0.
2. [[aA|| = |af||A|| for all @ € C, A € C™*™.
3. |A+ B|| < ||Al| + || B]| for all A, B € C™*™ (the triangle inequality).

In this thesis, we refer to and use two specific matrix norms: we define the Frobe-

nius norm by

m n 1/2
1A = (ZZmP) = (trace(ATA))"? (1.5)

i=1 j=1

and the 2-norm (or spectral norm) by

/2

1A]l2 = (p(ATA)) " = 0 (A), (1.6)

where the spectral radius p(A) = max {|A| : det(A — AI) = 0} (i.e., the largest eigen-

A) denotes the largest singular value of A.

value of A), and o, (

The 2-norm condition number of a matrix A is given by ka(A) = [|Al2[|A7Y2,

and satisfies ko(A) > 1 (but can be arbitrarily large).

1.1.5 Orthogonal and Unitary matrices

A matrix Q € R™" is orthogonal if QTQ = QQT = I,,, where I,, is the nxn identity
matrix. Similarly, a matrix Q € C"" is unitary if Q*Q = QQ* = I,. As the
orthogonals are merely a subset of the unitaries, we shall often refer to both the
orthogonal and unitary groups under the collective term of the unitaries, in cases
where the context applies to both groups.

Unitary matrices are perfectly conditioned, i.e., ko(Q) = 1, for @ unitary. Also,
the 2-norm and the Frobenius norm are both unitarily invariant norms, that is, for

unitary U,V € C"*"  we have

[UAV |2 = [ All2, IUAV || = [|A]lF.
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1.1.6 The Haar distribution

The Haar distribution is a natural distribution associated with the space of orthogonal
matrices O(n, R), defined with respect to a measure called the Haar measure. On R,
the Haar measure is the same as the Lebesgue measure, which has the key property
of “translation-invariance”: the measure of any open set U is equal to the measure of
any ‘shifted” copy of U. The Lebesgue measure is thus in a sense a uniform measure,
as it preserves the area of all mapped sets, and is associated with the statistical notion
of the uniform distribution. The Haar measure replaces this notion of translation in
R with group multiplication, resulting in the Haar distribution being in a sense a
uniform distribution on groups. The following theorem illustrates what it means for
an orthogonal matrix @ to belong to the Haar distribution (we refer to [20] for further

background theory and a proof of the theorem).

Theorem 1.4 If X € R™ ™" with elements ~ N(0,0?), for any variance o, and
X = QR is the QR factorization of X, normalized so that the diagonal elements of

R are positive, then QQ is an orthogonal matriz from the Haar distribution.

The computation of @ in this manner costs 2n® flops. Another method of gen-
erating orthogonal matrices from the Haar distribution, which is often favoured as
it can be implemented to require less flops, is based on the following theorem stated

and proven by Stewart [20].

Theorem 1.5 (Stewart) Let the independent vectors x; ~ N(0,1) over R*™*1 for
i1 =1:n—1. Let P, = diag([n,i,ﬁi), where P; is the Householder transformation
that reduces x; to ryey. Then the product QQ = DP\Ps ... P,y is a random orthogonal

matriz from the Haar distribution, where D = diag(sign(ry;)).

This theorem allows us to form an orthogonal ) from the Haar distribution using
an appropriate product of random Householder matrices, multiplied by a diagonal
signature matrix. If () is formed explicitly, the computational cost of the method is
O(n?) flops. However, the explicit formation is not usually necessary — the majority of

algorithms for multiplication by an orthogonal matrix simply apply the Householder
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matrices and signature matrix to the original matrix. As a result, this method is
more efficient, saving on storage and forming the matrix at the cheaper cost of O(n?)
flops.

The concept of the Haar measure and Haar distribution applies not only to the
orthogonal group, but more generally to “any locally compact topological group” and
“homogeneous spaces like the Grassmann and Stiefel manifolds” [11]. The concept
can thus be extended to the unitary group U(n), although a theorem for generating
unitary matrices in the Haar distribution which is as specific as Theorem 1.5 has yet
to be written, if it is indeed possible. The following proposition, however, put forward
by Mackey [11], describes the method we will use in Section 2.2 to generate random
unitary matrices from the Haar distribution. It is yet to be proven but carries a large

weight of supporting evidence, which is discussed later in the section.

Proposition 1.6 Let the independent vectors x; € C* "1 have elements with real
and complex parts both from the N(0,1) distribution for i = 1:n — 1. Let P, =
diag(l,—, ?i), where P; is a Hermitian Householder transformation that reduces x; to
sie1, where |s;| = ||x;||2. Then the product Q = DP,P,... P, 1 is a random unitary
matriz from the Haar distribution, where D = diag(d;;), with each dy, 1 = 1:n a
complex number of unit length chosen randomly with respect to a uniform distribution

on the unit complex circle.

This result gives us an algorithm for forming a unitary () from the Haar distri-
bution using a sequence of complex unitary Hermitian Householder matrices, and an
appropriately chosen complex diagonal matrix. To understand the reasoning behind
the algorithm, we consider the parametrization of the group of unitary reflectors that
align 0 # x € C with e; (the unit vector in the j-direction) discussed in [13]: for each

a € C with |a| = Va*x, the unitary reflector

G 1+ (x — aej)(z — ae;)

a(r; —a)
has the property that G,x = ae;. Limiting ourselves to Hermitian reflectors forces

a = =£sign(z;)va*x, where sign(x;) = x;/|z;|, and these choices are marked by
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Figure 1.1: Circle of a’s corresponding to unitary reflector G, with the property that
Gox = ae;.

x in Figure 1.1 (all other a-values, |o| = r, yield non-Hermitian reflectors). In
other words, the angular direction of a depends on the angular direction of x;, the
component of x that is not being zeroed by the reflector. Hence, as the method
outlined by Proposition 1.6 uses Hermitian reflectors that reduce a random vector x;
to s;e1, nothing can be specified about s; other than its length.

Now, consider the factorization of a unitary matrix () into a product of Hermi-
tian reflectors, using the usual column-wise algorithm for the QR-~decomposition of a
general matrix. As discussed above, the best we can do at each step is to reduce the
i-th column to d;x;, with d; unit complex, forced by the use of Hermitian reflectors
and uncontrollable apart from a + sign. Thus the factorization into a product of
Hermitians can only reduce @) to a diagonal matrix D = diag(d;). This explains
the expectancy to require the multiplication of () by the random diagonal matrix D
in Proposition 1.6 if we are to construct a random unitary matrix from Hermitian
reflectors and generate from the entire group.

The above intuitive argument parallels the reasoning in [20] for the real orthogonal
case, and it is clear from the above factorization argument that any unitary matrix
can be constructed via this method. It needs to be proved, however, that the resultant
unitaries are indeed Haar distributed. Further evidence supporting Proposition 1.6 is
the fact that the routine in the LAPACK [1] test suite for generating Haar distributed
random unitaries described in [4] uses this exact algorithm, with reference only to

Stewart [20]. On this evidence, after consultation with Mackey, we decided that the
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algorithm is widely accepted enough for its use in this thesis.

1.1.7 Singular Value Decompositions (SVDs)

Each matrix A € C™*" has a singular value decomposition (SVD), defined by
A=U%XV* Y =diag(oy,02,...,0,) € C™*"  p=min(m,n),

where 0y > 09 > -+ > 0, > 0, and U € C™™, V € C"™" are unitary. We refer
to the o; as the singular values of A, and the columns of U and V' as the left and
right singular vectors of A respectively. For A real, U and V' can be taken to be real
orthogonal.

For any unitarily invariant norm, we have | A|| = ||X||, and thus, from (1.5)-(1.6),

we gain

n 1/2
1All2 = a1(A),  [[Allr = (Z 0?) :
i=1

Using the notation of op,;,(A) denoting the smallest singular value of A, op,.x(A)

denoting the largest, the 2-norm condition number is given by

01

— Jmax
ra(A) = [All2f A7 = == =

min On
In Chapter 2, we consider structured SVDs for the real symplectic and real perplectic
groups. These structures have the basic properties of the general SVD described
above but with additional constraints on the singular values to limit the matrices

encompassed by the decomposition to the specific group.

1.1.8 The Exchange Operator

Let K denote either the field R or C. Consider ) € K"*™ and the system
1 p q 1
2 OO p | Qu Q2 Ty p

Yy = = = Qux, (1.7)
q | Yz q | Qu Qo o | p
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with ()17 nonsingular. If we solve for x; in the first equation from (1.7), then substi-

tute the solution for z; in the second equation, we obtain

T
e exe@ | M
Y2 Ta
where
Q' —Q1 Q12

exe(Q) = 1 1
Q21Q7; Qo2 — Q21Q17 Q2

We refer to exc as the exchange operator, and use its properties in proving results in

Section 2.2. It can be easily shown that

ex¢(p,gQXp.g) = Lpgexc(Q) Xp,g = exc(Q")". (1.8)

A more detailed discussion of the operator can be found in [8].

1.1.9 The Least Squares Problem

In Chapter 3, we shall consider the groups from Table 1.1 which lack a structured SVD
or CSD, and random matrices will be generated by taking products of G-reflectors
from the specific group. Control of the condition number will be based on empirical

findings and the solution of a least squares problem, which is introduced here.

Definition 1.2 The range of A € C™*" is the set of vectors that can be expressed

as Az for some z, i.e., range(A) = {Az : x € C"}.

Consider a linear system of equations with m equations for n unknowns, with
m > n. We wish to find a vector x € C" that satisfies Axr = b, with A € C™*"
and b € C™. A suitable solution vector z exists only if b lies in range(A), and since
b is an m-vector, whereas dim(range(A4)) < n < m, such a solution exists only for
exceptional choices of b. We refer to the system of equations as being overdetermined.

The vector known as the residual,

r=b—Axr e C™,
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cannot be made to equal zero, but we can ‘solve’ the problem by choosing a vector
norm | - || and taking our solution to be the vector x for which ||r| is as small as
possible. If we choose the 2-norm, we gain the general least squares problem, having

the following form:

Given A € C™*", m >n, b e C™,

find x € C" such that ||b — Az||2 is minimized.

The choice of the 2-norm leads to much simpler algorithms for the solution of the
least squares problem than for other norms, and its use can be justified by statistical
arguments. Taking a linear problem as an example, suppose an experiment yields a
large number of data points (z;,y;), i« = 1: m, and there is reason to believe that the
points should lie on a straight line. Supposing the data fails to lie on this straight
line because of errors in the observed values y;, with the errors are independent and
distributed ~ N(0,0?), then the solution of the least squares problem using the
2-norm is the maximum likelihood estimator of the true solution.

Consider the problem of fitting a data set (z;,v;), ¢ = 1:m, with a polynomial of

degree < n — 1. The task is to seek a polynomial

p(z) = ag + a1x + agx® + - + ap_ 12"t

such that
p(z;) =y, 1= 1l:m. (1.9)

However, since the number of data points will typically be large and the polynomial
having relatively low order, it is generally the case that m > n, and we cannot find
p which satisfies (1.9) exactly. Such a polynomial is a least squares fit to the data if

it minimizes the sum of the squares of the deviation from the data,

m

Z p(:) — il (1.10)

i=1
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b

r=h— Az

y = Az = Pb

range(A)

Figure 1.2: Geometric interpretation of the solution of the least squares problem, in
terms of orthogonal projection.

This sum is equal to ||r||2 for the rectangular system Az = b given by

1 A e x?_l - = yl
1 0
1 xg -+ xy” Y2
a1
1 w3 - a2y ! ~ |y |- (1.11)
an—1
I o - Y

The key to deriving algorithms to solve (1.11) is orthogonal projection, the idea
of which is illustrated in Figure 1.2. We aim to find the closest point Az in range(A)
to b, thus minimizing ||7||s. Geometrically, we can see this will occur when Az = Pb,
where P € C"™*™ is the orthogonal projector that maps C™ onto range(A). In other

words, we must have r orthogonal to range(A), that is, A*r = 0, or equivalently
A*Ax = AD. (1.12)

The nxn system (1.12), known as the normal equations, is nonsingular if and only
if A has full rank, hence the solution is only unique if A has full rank. In this case,
(1.12) is a Hermitian positive definite system of equations, and the standard method of
solution is by Cholesky factorization (see, e.g., Golub and Van Loan [6]). This method
constructs a factorization A*A = R*R, with R upper-triangular, reducing (1.12) to
R*Rx = A*b. Tt then remains to solve the lower-triangular system R*w = A*b for w,

followed by solving the upper-triangular system Rz = w for z.
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Another method of solution of the least squares problem is based on reduced
QR factorization. One can construct a factorization 4 = QR, then the orthogonal

projector P can be written P = QQ* and we gain

y = Pb=QQ"b. (1.13)

Now, since y € range(A), the system Ax = y has an exact solution. Combining (1.13)

and the QR factorization, we gain Q]A%x = QQ*b, which simplifies to
Rz = Qb (1.14)

an upper-triangular system, nonsingular if A has full rank, which is easily solvable
by back substitution.

A further method of solution of the least squares problem is based on the reduction
of A to its reduced SVD A = USV*. Now, P can be written P = UU*, yielding
y = Pb = UU*b. The analogue of (1.14) is then

SV*a = U*h, (1.15)

which can be trivially solved from the diagonal system Sw = U*b, setting r = Vw.
Numerical analysts recommend the QR factorization method as the standard
method for least squares solution, but each of the methods is advantageous in certain
situations. The Cholesky factorization method is better when speed is the dominant
consideration, but solution of the normal equations is not guaranteed to be stable in
the presence of rounding errors. If A is close to rank-deficient, the QR factorization
method also has stability considerations, and the SVD method is preferable, especially
if m > n, in which case the cost is approximately the same as that for the QR

factorization.
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Decompositions

We first consider the subset of the groups from Table 1.1 that have a structured
SVD or CS decomposition (CSD) available, namely the pseudo-orthogonals, pseudo-
unitaries, real symplectics, and real perplectics. Random matrix generation in these
cases involves choosing some form of basic structured matrix, such as a diagonal
matrix with constrained singular values, followed by multiplication by orthogonal or
unitary matrices. We shall see that these methods yield perfectly numerically stable

algorithms, and allow for precise control of the condition number.

2.1 Real Pseudo-Orthogonals: O(p, ¢, R)

A matrix Q € R™™ is pseudo/Y,, ,-orthogonal if Q7'%,,Q = Q%,,QT =%, ,, where

¥, , = diag(£1) is a signature matrix. Throughout, we take ¥, , to have the form

Ypo= ., p+qg=n. (2.1)
0 -1,

The group O(1,3,R) is known as the Lorentz group, and has great importance in
the theory of special relativity. It is the group of time-preserving linear isometries of
Minkowski space RV of the quadratic form dt? — dz? — da2 — dx?, which defines the
relative space-time distance (with the convention of a system of units in which the

speed of light equals one). Each element G of O(1,3,R) corresponds to the Lorentz

27
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Figure 2.1: The Lorentz cone and an illustration of the Lorentz transformation.

transformation
t t

— G

T X
which maps between the space-time frames of two inertial observers (¢, xy, s, x3)
and (', 2, z), x%). G is time-preserving in the sense that the unit time vector ey =
(1,0,0,0) is transformed to Gey = (t,x1,xe,23), with ¢ > 0. The purpose of the
Lorentz transformation is to relate the frame of reference of an observer (t,z1, 2, z3)
to the skewed perception of the observer (¢',x},z%, %), which is moving relative to
(t, 1, x9, x3) at velocity v along a different ‘worldline’.

The transformation preserves the Lorentz cone of equation t? — 3 — 23 — 23 =
0, as shown in Figure 2.1 along with a space-time diagram illustrating a Lorentz
transformation between the space-time frames of two observers (marked as white
dots), drawn with only 2 space dimensions for simplicity. The key point is that both
observers are at the centre of the lightcone, according to the way they perceive space
and time. For further description of the Lorentz group, see, for example, [16, Sec.
7.5.2].

Higham [8] describes some properties of pseudo-orthogonal matrices and further
applications of the group, such as the downdating problem of computing the Cholesky
factorization of a positive definite matrix C = ATA — BT B, where A € RP*" (p >
n) and B € R?7". He then derives an algorithm for generating random pseudo-

orthogonal matrices with a user-specified condition number. His method to do so is
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to develop a “hyperbolic” analogue for ¥, ;~orthogonal matrices of the CS decomposi-
tion for orthogonal matrices, then use this decomposition to express a X, ;-orthogonal
matrix in terms of four “half-sized” orthogonal matrices along with 2p scalars to de-
termine the condition number of the matrix. The M-file randjorth.m (see Appendix
A.1), is Higham’s implementation of the algorithm in MATLAB.

The orthogonal matrices required for Higham’s algorithm are generated by his
MATLAB function gmult.m (full pathname matlab/toolbox/matlab/elmat/
private/qmult.m). This function, when applied to matrix A € R™*"  generates a
random orthogonal matrix ¢ € R™*" from the Haar distribution, and returns Q) A.
Entering A as a scalar p, say, sets A = I,,, and hence returns ) € RP*?. The random

orthogonal matrix ) € R™*™ is generated by qmult via two possible methods:

e The default method uses Stewart’s method as described in Theorem 1.5, ap-
plying n — 1 random Householder matrices to A, followed by multiplication by

the diagonal signature matrix, thus avoiding explicit formulation of Q).

e The second method forms @ explicitly via a QR factorization of a random
real nxn matrix, with elements from the N (0, 1) distribution, taking @ as the

normalized orthogonal factor, as described in Section 1.1.6.

To assess the speeds of both methods, we performed a timing experiment on
gmult, ran on a 1400MHz AMD Athlon terminal, running MATLAB 6.5, Release 13,
on Redhat Linux 6.2. For selected values of n between 10 and 1000, we used the
in-built function cputime to time the generation of an n-by-n orthogonal matrix @)
via both the Householder method and the QR method. For small values of n, we
generated () several thousand times to avoid clock resolution difficulties. We then
evaluated the ratio of the Householder speed to the QR speed, the plot of which can
be seen in Figure 2.2.

It was observed that the QR factorization method employed by gqmult was faster
than the Householder method for all matrix sizes examined between 10 and 1000,
ranging from approximately 5 times faster for n around 10-50 to approximately 25

times faster for n around 800-1000. This result was initially surprising, as the QR
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Comparing speeds of QMULT methods
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Figure 2.2: Ratio of speeds of Householder and QR method in gqmult.m

method uses more flops (as discussed in Section 1.1.6).

The reason behind the superior performance of the QR method is the incorpora-
tion of LAPACK code into the recent MATLAB 6.5 release. The original MATLAB
was built on top of LINPACK and EISPACK, the state-of-the-art Fortran subroutine
libraries for matrix computation in the late 1970s. LAPACK is the modern replace-
ment for these packages, using block algorithms which operate on several columns of
a matrix at a time, offering a significant speed advantage. The speed improvement is
related to the speed of the Basic Linear Algebra Subroutines, or BLAS. LINPACK
used Level 1 BLAS, operating on one or two vectors of matrix columns at a time,
and EISPACK didn’t use any BLAS. LAPACK’s algorithms make use of Level 2 and
3 BLAS, operating on larger portions of entire matrices. As a result, most floating
point operations are now done in optimized BLAS and are no longer the most im-
portant factor in execution speed, with memory references and cache usage now the
dominant factors.

The time taken for the QR method increases roughly linearly with n, whereas

the Householder method suffers almost exponential increase for large n, say n > 200.
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Despite the QR method performing up to 10 times faster for n between 1-200, the
differences are hardly noticable at face value in this range. It is thus advisable to
use the QR method for matrices of large dimension, but use whichever method is
personally preferable for smaller dimensions.

The gmult M-file is included in Appendix A.1.

2.2 Pseudo-Unitaries: U(p,q)

A matrix @) € CY" is pseudo/ X, ,-unitary it Q*%,,Q = Q%,,Q" = X,,, where
¥, , = diag(£1) is a signature matrix.

An example of an application of ¥, ,-unitary matrices is the hyperbolic eigenvalue
problem Ax = ABzx, where A and B are Hermitian, A is positive definite, and B is
nonsingular. Through the use of a congruence transformation, the problem can be

reduced to

Hx = )\%, x, (2.2)

where H € C™" is a Hermitian positive definite matrix. We can always find a ¥, ;-
unitary matrix X such that X*HX = D = diag(d;) (for a proof of existence, see [21,
Thm. VI.1.15] and [21, Cor. VI.1.19]), and hence the eigenvalues of (2.2) are given
by the diagonal elements of DX, ,.

Further applications of the pseudo-unitary group arise from the hyperbolic singular
value decomposition (HSVD), as discussed in [18], [19]. We temporarily use the
notation J for ¥, , as in [19], to avoid confusion with the diagonal matrix . Let
G € C™" be of full column rank, and let J = diag(£1) € R™"™. The HSVD of
the pair (G,J) is given by G = UX X*, where U is unitary, ¥ = diag(o;), o; > 0,
and the hyper-ezchange matriz X is pseudo-unitary (i.e., X*JX = J). This HSVD
decomposition is closely related to two eigenvalue problems: the Hermitian eigenvalue

problem

GJIG* =UAU*, A =%J%",
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and the pseudo-Hermitian eigenvalue problem for the pair (G*G,J), given by
X'G'GX =¥"%, X*JX =

The HSVD is also useful in computing a numerical solution to the downdating
problem: the Hermitian eigenvalue problem for a matrix C = AA* — BB*, with
A e C™P (p>mn), Be C"™1 can be solved as the hyperbolic singular value problem
for the pair (G,J), where

I, 0

G:[AB]’ = 0 I,

For the remainder of the section, we revert back to the >, , notation for our
signature matrix, and again take 3,, to have the form as defined in (2.1). The
following two results are required for the main theorem of the section, which will
give us the decomposition of pseudo-unitary matrices necessary for developing an
algorithm for their random generation. We use the exchange operator defined in
Section 1.1.8 for mapping from X, ,-unitary matrices to unitary matrices and vice
versa. The results are analogous to the results in [8] for the pseudo-orthogonal case,

but are adaptated to the complex unitary case.

Lemma 2.1 Let

Q= Q1 Q2 c o

QZl Q22

Then exc(Q) is nonsingular if and only if Qaa is nonsingular. If Q is nonsingular

and exc(Q™') ewists then exc(Q) is nonsingular and

exc(Q) ! = exc(Q).
Proof. Identical to proof for real case—see Higham [8, Sec. 2]. O
We note that either of @ or exc(Q) can be singular with the other being nonsin-

gular, and that a necessary and sufficient condition for both exc(Q) and exc(Q™!) to

exist and be nonsingular is that @, Q)11 and ()22 be nonsingular.
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Lemma 2.2 Let ) € CY". If Q is X, ,-unitary then exc(Q) is unitary. If @Q is

unitary and Q1 is nonsingular then exc(Q) is ¥, ,-unitary.

Proof. Assume first that @ is unitary with ); nonsingular. We see that
exc(Q*) = exc(Q 1) exists, from the derivation of the exchange operator. By Lemma
2.1, we have that exc(Q) is nonsingular and further that exc(Q)™ = exc(Q™') =

exc(Q*). Thus, using (1.8),

I = exc(Q)exc(Q) = X, 4exc(Q)" %, , - exc(Q),

and hence exc(Q) is ¥, ,-unitary.
Next, assume @) is X, ;-unitary. This implies Q7,Q11 = I + Q35,Q21, thus @y is

nonsingular and exc(Q) exists, and we have, using (1.8),

exc(Q) ' = exc(Q7) = exc(X,,,Q X)) = Xpgexc(QF)X,,, = exc(Q),

which shows that exc(Q) is unitary. 0O

We now have the tools to prove the following theorem, which describes the hyper-
bolic analogue for 3, ,-unitary matrices of the CS decomposition for unitary matrices

and is analogous to the result of Higham [8] for orthogonal matrices.

Theorem 2.3 (hyperbolic CS decomposition) Let

p q
S AT -
q Q21 QQZ

be ¥, ;-unitary and assume that ¢ > p. Then there are unitary matrices Uy, Vi € CP*P

and Uy, Vo € C9*9 such that

p p q—p
r - 0 p
Uur 0 Qu Q2 Vi 0
1 = |- |r 0| » . 23
0 U; Q21 Q2 0 V
0 0 Iy a—p
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where T' = diag(y;) € RP*P, ¥ = diag(o;) € RP*P, and T'? — X2 = [. Without loss
of generality we can take v; > o; > 0 for all i. Any matriz Q satisfying (2.3) is

2p g-unitary.

Proof. From Lemma 2.2 we have that P = exc(Q) is unitary, and further, from the
proof, that its leading principle p X p submatrix is nonsingular. On partitioning P
conformably with @, the complex CS decomposition (see, e.g., Stewart and Sun [21,

p. 37]) yields

‘/1* 0 P11 P12 U1 0

I

|
\g
N
[a)
S

0 U Py Py 0 Vs

for unitary Uy, V) € CP*P and U,, V, € C9%9) where [ and ¥ are real, nonnegative

diagonal matrices, with r nonsingular and [24+%2=1 Itis simple to show that

! S 0
U, 0 — — Vi o0
Q = exc(P) = -3t | T+3riy 0
0 U, 0 v
0 0 I,

Now, we can show by simple trigonometry that I~! = ' + 2713, as [2 4+ 22 = ]
constrains that I' = diag(cos6;), & = diag(sin6;) for 8; € [0,27), i = 1:p. Hence (2.3)
holds with ' = I = [ + XY and ¥ = '3, which can be easily checked to
satisfy ['? — X2 = I, and ; > o; > 0 for all i. The converse is straightforward to

prove, by simply solving equation (2.3) for (), and checking Q%, ,Q* =%,,. O

The hyperbolic CS decomposition (2.3) defines a unitary mapping of the ¥, -
unitary matrix () to a real symmetric matrix. Thus we see the singular values of @)
are equal to the eigenvalues of the symmetric matrix on the right-hand side of (2.3),
ie.

M EOL .Y oy 1, with multiplicity ¢ — p.

Moreover, the condition 72 —o? = 1, for all 7, dictates that the first 2p singular values
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of () are reciprocal pairs, giving a rewriting of the singular values as

Vi + o; and , 1= 1:p; 1, with multiplicity ¢ — p. (2.4)

Vi + 0
It follows from the properties of singular values that the 2-norm condition number is

given by

52(Q) = 1QINQ N = QI = max (v + /52 = 1) (25)

We have now developed the theory required to enable us to generate a random %, .-

unitary matrix. An algorithm for doing so is as follows:

Algorithm 1 Let 3, , be defined as in (2.1). The following algorithm generates a
random X, ,-unitary @ € C™" having singular values given by (2.4), with the ;
and o;, © = l:min(p,q), chosen freely subject to the constraints ~; > o; > 0 and

v —of=1
1. If p > q, swap p and gq.

2. Generate random unitary matrices Uy, V; € CP*P and U,, Vo € C?7%7 from the

Haar distribution (see Section 1.1.6).

3. Choose I' = diag(v;) and ¥ = diag(o;) according to the constraints.

r - 0
Uy 0 Vi o
4. Form @ = - T 0
0 U, 0o vy
0 0 I,
‘[q
5. If step 1 resulted in a swap, Q = PQPT, where P =
I, 0

After observing (2.5), we see that the condition number of @) is determined solely
by its largest singular value. Thus, to generate the specified condition number, we
may set v as the largest singular value by setting it as a specific value and generating
all other singular values randomly, forcing them to be less than vy i.e. y1 > y2, ..., Yp.

The specific value for 7y, for k3(Q) = ¢, say, is then given by (2.5) as follows:

5 2 1+4+c¢
(D) = e
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The above method for selecting the singular values is the exact same method as is
used by Higham in randjorth.m, hence the only difference between the cases is the
multiplication by unitary matrices rather than orthogonals. A method of generating
random unitary matrices was thus required, and my implementation was to develop
gmult unit.m, a unitary analogue of qmult.m. When applied to a matrix A € C"*",
gmult unit generates a random unitary matrix () € C**" from the Haar distribution,
and returns QA (again, entering A as a scalar p sets A = [,, and Q € CP*? is
returned). The random unitary matrix @ € C™*" is generated by gmult unit via

two possible methods:

e The default method uses the extension of Stewart’s method described in Propo-
sition 1.6, applying n — 1 complex unitary Hermitian Householder matrices to
A, followed by multiplication by a diagonal matrix of uniformly-distributed

complex numbers of unit length, chosen by
dii = 627”0, 0 e [0, 1]

The inbuilt function rand is used to generate 6 from the uniform distribu-
tion on [0,1]. The function house (full pathname matlab/toolbox/matlab/
elmat/private/house.m), written by Higham, is used to generate the House-
holder matrices, although they are not explicitly formed: when applied to a
complex vector z € C!, house returns v € C!, 3 € R such that H = I — Bvv*
is a unitary Hermitian Householder matrix, and the (3,v are applied to the

relevant rows of A accordingly.

e The second method forms @) explicitly via a QR factorization of a random
complex n xn matrix, with real and complex parts from the N(0,1) distribu-
tion, taking () the unitary factor multiplied by the usual diagonal matrix of

uniformly-distributed complex numbers of unit length.

We performed the exact same timing experiment as seen in Section 2.1 on qmult_unit,
timing the generation of an n-by-n unitary matrix via both the Householder and QR

methods, and evaluating the ratio of the Householder speed to the QR speed, the plot
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Comparing speeds of QMULT_UNIT methods
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Figure 2.3: Ratio of speeds of Householder and QR method in qmult unit.m

of which can be seen in Figure 2.3. Again, it was observed that the QR factorization
method employed by qmult_unit was faster than the Householder method for all ma-
trix sizes examined between 10 and 1000, this time ranging from approximately 5-10
times faster for n around 10-50 to approximately 40-45 times faster for n around
800-1000. The Householder method appears to be very slow for large n, possibly a
result of the repeated use of the house function. The strange dip between n = 10-70
is due to the variability of the speed of the QR method, which is exceptionally fast
for small n. The unexpected dip at n = 900 is possibly a result of “cache resonance”,
interactions between the memory access patterns of the algorithm and the location
in cache memory of the matrices involved — if time had allowed, it would have been
interesting to consider a wider range of n values between 700-1000. We again con-
clude that for large n, it is advisable to use the QR method, but personal preference
prevails for smaller dimensions.

My implementation of Algorithm 1 in MATLAB can be seen in the M-files
rand pseunit.m and gmult unit.m (see Appendix A.2). The function house.m is

also included for completeness.
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2.3 Real Symplectics: Sp(2n,R)

A matrix A € R>?" is real symplectic if ATJA = AJAT = J, where matrix J is

the 2nx2n skew-symmetric matrix defined as
J = . (2.6)

Symplectic matrices arise often in a variety of important scientific applications. For
example, the eigenvalue problem for Hamiltonian (or J-symmetric) matrices (the

matrices of the Lie algebra associated with Sp(2n,R)),

A G
H= , (2.7)
Q —AT
with A,G,Q € R™"™ and G, @ are symmetric, arises in many algorithms of control
theory, as well as in computational physics and chemistry amongst other applications.

For example, consider the continuous-time control problem of choosing a control

function u(t) € R™ to minimize

J(x,u) = / r(t)TQu(t) + u(t)” Ru(t) dt,
0
subject to
& = Az + Bu, z(0) = o,
where Q = QT € R™" is positive semi-definite, R = RT € R™*™ is positive definite,
A e R B e R™" and z(t) € R". Generally, we can find a unique optimal

solution from a linear feedback law
u(t) = —R'B X,

where X € R™ " is the symmetric positive semi-definite solution of the algebraic
Riccati equation
0=Q+A"X +XA—- XBR'B'X. (2.8)
Numerical methods for solving (2.8) are often based on computing invariant subspaces
of the related Hamiltonian matrices
A BR'BT
Q AT
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and developing efficient numerical stable algorithms which preserve the Hamiltonian
structure is still an open problem. We refer to [2], [3] and the references therein for

further details.

Definition 2.1 The real symplectic orthogonal group, denoted SpO(2n,R), is the

intersection of the real orthogonal and real symplectic groups, that is
SpO(2n,R) = O(2n,R) N Sp(2n, R).

The following theorem gives a complete description of the form of matrices in the
group SpO(2n,R). Using this result, we then describe an isomorphism to U(n), the

complex unitary group, which will be useful for generating symplectic orthogonals

later.
Theorem 2.4
A B
SpO(2n,R) = € O(2n,R), A,B € R™"
—-B A
Proof. Let

A B
M = € SpO(2n,R), A,B,C,D € R"™".
C D

As M € O(2n,R), we have MT M = I,, which yields equations
ATA+c'c =1, B'B+D'D=1, A"B+C"D=0. (2.9)
Now, as M € Sp(2n,R), we have MT JM = J, giving
DTA-BTC =1, A'C=0TA, B'D=DTB. (2.10)
Further, from the fact MT € Sp(2n,R), we have M JM?T = J yielding
DAT — 0BT =1,, AB" =BA", CD"=DC". (2.11)
Then, combining (2.9)—(2.11), we obtain

C=C(B"B+D'D)=(DA" —1,)B+DC"D = D(A"B+C*'D) - B=-B,
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and similarly
A=AB"B+ D"D)=BA"B+ (I, + BC"\D =D+ B(A"B + C"D) = D.

Hence, as required, we have

A B
M = , A BeR™™ [ (2.12)
-B A

Theorem 2.5 The map SpO(2n,R) — U(n) between the group of 2nx2n real sym-
plectic orthogonal matrices and the group of nxn complexr unitary matrices is an

1somorphism, given by the relation

A B
SpO(2n,R) > < A+iB €U(n).
-B A

Proof. Let M € SpO(2n,R) as in (2.12). The conditions (2.9)—(2.11), with D = A,

C = —B, boil down to the conditions
ATA+B"B=1, A'"B=BTA. (2.13)
Consider the matrix A +iB. Using (2.13), we have

(A+iB)*(A+iB) = (A—iB)"(A+iB)

= (ATA+B"B)+i(ATB—-BTA) =1,
hence A+ iB € U(n). Let 0: SpO(2n,R) +— U(n) be the mapping given by

A B
= A+1B.
-B A

This mapping is clearly 1-1 and onto, and we have

A B C D ) AC —BD AD+ BC
-B A||-D C —BC — AD AC — BD
— AC — BD+i(AD + BC)
= (A+iB)(C+iD).
A B, C D
B A -D C
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hence 0 defines an isomorphism. 0O

The structured SVD for real symplectic matrices is described by the following

theorem.

Theorem 2.6 For any real symplectic A € R*2"  there exists an SVD A =UX VT

such that U and V are real symplectic orthogonal, ¥ = diag(oy, ..., 09,) satisfies
012022+ 20y 202, 2 O2p1 2 *** 2 Opl, (2.14)

and ¥ is diagonal symplectic, that s,

D 0

Y= , D =diag(c;) € R™".

0 | D!

Proof. See [11]. O

The above structure for ¥ is achieved by taking

1
Opsk = —, k=1n. (2.15)
o

The string of inequalities (2.14) is merely an ordering convention to ensure unique-
ness of 3, analogous to the convention for the general SVD of unstructured matrices
to have decreasing singular values. These conventions are not essential, but can be
applied without any loss of generality, as a consequence of the proof of the theorem.

We can convince ourselves of this generality by considering the effects of permuta-
tions on the diagonal entries of 3. If we first consider the case of 2 x 2 diagonals, we

can interchange the diagonal entries by using a similarity with the signed permutation

0 1
52 -
-1 0

The crucial point is that Sy is symplectic-orthogonal, and as a result, the transformed
matrix Sy 357 remains symplectic. Now, extending to the 2n x 2n case, we can

symplectically embed S into I, (or two copies of S to work on the upper and lower
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halves of ¥ simultaneously) to form, say, S, as described in [14, Sec. 4.5.1], enabling
us to reorder the diagonal entries of ¥ as desired via SX.S7, whilst maintaining
symplecticity. Now, as UST, SVT € SpO(2n,R) (by closure under multiplication),
we can permute the real symplectic matrix A = UXV7T to USTSESTSVT to re-order
the elements of ¥, without affecting the structure of the matrix.

From Theorems 2.5 and 2.6, and (2.15), we have the necessary theory to enable
us to generate a random real symplectic matrix, and an algorithm for doing so is as

follows:

Algorithm 2 The following algorithm generates a random real symplectic A € R*<?n,

with singular values o;, © = 1:n, chosen freely according to o1 > 1, 091 > 09 > -+ >

On, and o;, 1 = n+1:2n, fizred by (2.15).
1. Generate random unitary matrices A, B € C™*" from the Haar distribution.

2. Form symplectic orthogonal matrices U, V € R?"*?" as

. Re(A4) Im(A) v Re(B) Im(B)
“Im(A) Re(4) | “Im(B) Re(B)

3. Choose ¥ = diag(o;), according to the constraints.

4. Form A=UXVT,

We note that the “symplectic” ordering convention given by (2.14), combined with
(2.15) and the positivity of the singular values, implies that oy,..., 0, are all > 1.
Thus, in our implementation of the above algorithm, we can take 0y > --- > 0, > 1,
which makes the task of controlling the condition number simple, without rendering
any real symplectic matrices inaccessible to the algorithm. To generate A with the
specified condition number, say x2(A) = ¢, we simply set o1 = /¢, as combining the
constraint that oy is the largest (or equally large) singular value of A and o, the

smallest (or equally small), and equation (2.15), we have

_ g g
ra(A) = A2 A7 o = % = —— =0 =c.

min On+1
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As an afterthought, due to the particular importance of the real symplectic group
in applications, my initial implementation was altered to allow the option of entering
an n-vector containing the first n singular values instead of a value for the desired
condition number. My implementation of Algorithm 2 in MATLAB can be seen in the
M-file rand rsymp.m (see Appendix A.3). The function gmult unit.m (see Section

2.2) is used to generate the random unitaries required for the algorithm.

2.4 Real Perplectics: P(n)

A matrix A € R™" is real perplectic if ATR, A = AR, A" = R,,, where R, is the

nxn “reversed” identity matrix defined as

1
R,=| .= | eRrR™™ (2.16)

Definition 2.2 An nxn matrix A is called centrosymmetric if R, AR,, = A. Equiv-

alently, A = (a;;) is centrosymmetric if a; ; = ap—iy1n—j+1 for 1 <i,j <n.
Definition 2.3 The real perplectic orthogonal group, denoted PO(n), is the set
PO(n)={P€O(nR) | R,P=PR,},

where O(n,R) is the n xn real orthogonal group. It is equivalent to the set of all

centrosymmetric orthogonal matrices.

Definition 2.4 The “flip” operator [15], which transposes a matrix across its an-

tidiagonal, is defined by: A" = R, ATR,,.

Real perplectic matrices play an important role in the numerical solution of doubly
structured eigenproblems involving matrices that are symmetric or skew-symmetric
about the anti-diagonal as well as the main diagonal. Such matrices arise in the
control of mechanical and electronic vibrations, for example, involving evaluating
the eigenvalues and eigenvectors of Gram matrices symmetric about both diagonals

[15]. The Jordan algebra associated with P(n) comprises of the matrices symmetric
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about the anti-diagonal, known as the persymmetric matrices, and the associated
Lie algebra consists of the matrices skew-symmetric about the anti-diagonal, known
as the perskew-symmetric matrices. In [12], perplectic orthogonal similarity trans-
formations are discussed as tools for the numerical solution of persymmetric and
perskew-symmetric eigenproblems.

The structure of the SVD for real perplectic matrices is described in the following

theorem.

Theorem 2.7 For any real perplectic A € R™ ", there exists an SVD A = UXVT
such that U and V' are real perplectic orthogonal, 3. is perplectic diagonal

D

D 0
XY= for n even; X = +1 for n odd,

0 |DF

D—F

with D = diag(o;) € R¥* where k = 5 for n even, k = "T_l for n odd, and

012092+ 20y, 01 > 1.

Proof. See [11]. O

The above structure for X is achieved by taking

1 1 oniy = g% if n even,
— — 2
Op=—, Op1=—, ..., X (2.17)
o1 02 Onis = if n odd.
2 Un;

It can again be shown via a permutation argument similar to that in Section 2.3
that the ordering convention given in Theorem 2.7 does not lead to loss of generality.
Let P be the centrosymmetric embedding of the conventional permutation matrix
P, = [0 1;1 0] and Py in I,, as described in [14, Sec. 4.4.1]. The perplectic-
orthogonality of P enables us to reorder the diagonal elements of > as desired via
PY PT, whilst maintaining perplecticity. Hence we can permute any real perplectic
matrix A = UXVT to UPTPYXPTPVT to reorder elements of ¥ without affecting

the overall structure.
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To implement an algorithm to generate random real perplectic matrices, a method
of generating random real perplectic orthogonals is thus required. The following
results for real perplectic orthogonal generation split into two cases: n odd and n

everl.

Theorem 2.8 Let n = 2k + 1, and let I, R, € R*** be the identity and “reversed”

wdentity respectively. Define X € R™ ™ blockwise by

I, 0 —R
1
X=—|0v2 o | (2.18)
R, 0 I

Let P € REHDXEHD “0) ¢ R¥¥k pe two independently generated orthogonal matrices,

random with respect to Haar measure (as in Theorem 1.5), and define B € R™" by

P 0
0 @
Then X BX" is a random nxn perplectic orthogonal matriz, random with respect to

the Haar measure on the perplectic orthogonal group PO(n).

Proof. Using the fact that R?2 = I, we observe that X X7 = [,, and X is thus
orthogonal. The orthogonality of both X and B implies that XBX" is orthogo-
nal. It remains to show that X BX7” is centrosymmetric and random over the Haar

distribution. Let

k 1
k Pk T

P = ,
1Yy «

and consider the explicit evaluation of X BXT:

[ I, 0 —R, I, 0 R,
. 1 P 0
XBX' = 5| 0 V2 0 0 V2 0
0 @
R, 0 I _R, 0 I
P, ¢ —ROQ I, 0 Ry
1
= 5| V2y V2o 0 0 V2 0
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Pi+ RiQR,  V2z PRy — RiQ
1
RiPy — QRy, V2Rix RyP.R,+Q

Now, for A € R¥** as R, A transposes A across the horizontal symmetry axis and

ARy, transposes A vertically, we have

P.+ RQR, 2z PR, — RiQ
R,(XBX™R, = = R, V2y 20 V2yR, R,
RiP. — QR, V2R,x RyP.R,+Q

N | —

[ Ru(RiPy— QRy) VZR2z Ri(RuPuRi+ Q)
= % V2y 20 V2yRy, R,
| Ri(Py+ ReQRy) V2Rix Ry(PiRy — RrQ)
[ Ru(RiPuRy + Q)Re V2R2z Ri(RpPr — QRy)Ry
= % V2yR} 2 V2yRy,
| Ri(PiRp — RQ)Ri V2Rix Ri(P.+ RQRy)Ry,
[ Po+ RQR.  V2r PRy — RiQ
= % V2y 2 V2yR; = XBX",
| R Py — QR V2Ryz RpPiR;+Q

hence X BX7 is centrosymmetric and, by Definition 2.3, X BXT € PO(n). Assurance

that this matrix is random with respect to Haar measure can be found in [11]. O

Theorem 2.9 Let n = 2k, and let I, Ri, € R**¥ be the identity and “reversed”
identity respectively. Let P,Q € R¥** be random orthogonal matrices constructed in
the usual way (via Stewart’s algorithm [20]), so that P and Q are random with respect

to Haar measure on the orthogonal group O(n,R). Then the block matriz

1 A B
U=2Z= , with A=P+ R,QR,, B= PR, — R.Q,
2| R.BR. R.AR,

18 a real nXn perplectic orthogonal matrix, random with respect to Haar measure on

the perplectic orthogonal group PO(n).
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Proof. Consider the matrix X in (2.18). By removing the middle row and column,

P 0
we obtain a 2k x 2k orthogonal matrix W, say. Defining B = , we see that
0 @Q
[ no—r [P o] o R
wew? - 1 k k k k
2| Re I 0 Q|| -R I
B P+ RyQRy PRp— RpQ
| RiP— QR, RyPR,—Q
A B ' A= P+ RyQRy
= = , with :
> | RiBR: R.AR, B = PR, — RyQ

By the same logic as in the proof of Theorem 2.8, we have U = W BWT orthogonal
and centrosymmetric, and thus U € PO(n). Again, assurance that this matrix is

random with respect to Haar measure is found in [11]. O

With Theorems 2.7-2.9, and (2.17), we have developed the necessary theory to
enable us to generate a random nxn real perplectic matrix. Two algorithms, one for

n even, and the other for n odd, give methods of doing so as follows:

Algorithm 3 (n even) Let n = 2k. The following algorithm generates a random

real perplectic A € R™ " with singular values o;, 1= 1:2, chosen freely according to

27

01> 092>+ >o0n, and 0y, i = 5+1:n, chosen as in (2.17).

1. Generate random orthogonal matrices P, Q1, P>, Q2 € R¥* from the Haar

distribution.

2. With Ry € R¥* as in (2.16), form matrices X, Y], Xy, Yy € R¥*F a5

Xi=P +R,Q Ry, Y1 =PR,— R,
Xo =D+ RpQ2Ry, Yo = PR, — RiQo.

3. Form perplectic orthogonal matrices U, V € R™™" as

- 1 X4 Y V= 1 Xy Y,
RiYiRy RuXiRy 2| RYaR, RiXoR)
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4. Choose ¥ = diag(o;), according to the constraints.

5 Form A=UXVT,

Algorithm 4 (n odd) Letn = 2k+1. The following algorithm generates a random
real perplectic A € R"™", with singular values o;, 1= 1: "T_l, chosen freely according
n+3.

tooy >0y > 200, 04, 1 = "3, chosen as in (2.17), and Onp = +1, chosen

at random.

1. Form Rj, € R¥* asin (2.16), and X € R™" as in (2.18).

2. Generate random orthogonal matrices P, P, € REFUX(E+D) 0 0, € RF*k

from the Haar distribution.

3. Form By, By € R™" as

P 0 P 0
BIZ ' 7B2: ’

0 @ 0 Qo
4. Form U,V e R™" as U = XB, X1,V = XBy, XT.
5. Choose ¥ = diag(o;), according to the constraints.

6. Form A=UXVT.

In both cases, to generate to the specified condition number, we use the same
idea as in the sympletic case (see Section 2.3). Setting oy = /p, with the constraints
o1 > 09> -+ >0, and (2.17), we gain the required value k2(A) = p.

For both cases, we used MATLAB matrix re-ordering commands to imitate the
the effect of multiplying by Rj. For example, as we know that R P transposes P
across horizontally and PRj transposes P vertically, we used commands such as
P(:,k:-1:1) rather than P*R, and P(k:-1:1,k:-1:1) rather than R*P*R. For the
odd case, we used the structure for X BX7 derived in (2.19). As a result, we formed
U in both cases with all matrix multiplications replaced by simple re-ordering of
vectors and matrix rows and columns, cutting down on memory usage and flop count

to produce two fast, efficient routines.
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My implementation can be seen in the M-file rand perp.m (see Appendix A.4).
The function gqmult.m (see Section 2.1) is used to generate the random orthogonals

required for both algorithms.

2.5 Numerical Stability of Algorithms

The algorithms for random matrix generation described thus far follow a similar
pattern: a basic structured matrix > is chosen according to certain constraints on
the singular values, followed by multiplication by orthogonal or unitary matrices U, V'
to form the “filled in” product A = UXVT. Each algorithm generates from the entire
group, attaining the desired condition number through straightforward constraining
of the values of the elements of >.

The essential property which allowed this relative ease of condition number se-
lection is the unitary invariance of the 2-norm, as described in Section 1.1.5. This
property ensures that ko(A) = ka(UX V™) = ko(X). Another important implication
of this property is for error analysis, as it means that multiplication by unitary matri-
ces does not magnify errors in the initial matrix. Consider A € C"*", contaminated

by errors £, and ) € C™*™ unitary then
QA+ E)Q" = QAQ™ + F,

with [|Fl|l2 = ||QEQ*||o = ||E]]2 (this is analogous for the Frobenius norm). In
contrast, if we take a general, nonsingular similarity transformation for general X €
C™*™ then

XA+E)X'=XAX"'+ @,

and [|G|ls = [|[XEX Y|y < ka(X)||E||2, which can be arbitrarily large.
To analyze the numerical stability of the algorithms developed in this chapter, we
present a number of results from Higham [7], to which we also refer for the proofs.

We make use of the notation

ku cku

’ykzl—k:u’ 1 cku’

Yk
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where ¢ denotes a small integer constant and u is the unit roundoff. Firstly, we
consider square matrix multiplication in R: C' = AB, where A, B € R"*". We have

the following normwise bound
IC = Cllr < Wl AllrIBlr, (2.20)

where C' is the exact result of the computation and C is the computed matrix. We

also have the following matrix norm inequality
[A]l2 < [[Allr < v/nl|All2- (2.21)
Applying (2.20)—(2.21) to our scenario, forming A = ULVT| we have

~ 3
1A= Ally < wllUeIZelVlle < n2llU[lSllV ],

< 02y S, (2.22)

by the unitary invariance of the 2-norm. In words, for the four cases considered in
this chapter, the 2-norm of the difference between the computed A and the exact
result A is less than or equal to a small constant dependent on the matrix size n,
multiplied by n%, multiplied by the 2-norm of the matrix ¥. We assume this bound
can be extended to A € C, in U(p,q) specifically, as the matrix ¥ is always real
in our algorithms, making the only difference multiplication by unitaries rather than
orthogonals. Of course, (2.22) assumes no rounding errors occurring in the generation
of unitary matrices U and V. We will consider the Householder method of generating
orthogonal matrices in greater detail later.

The appropriate measure of the numerical amount of structure for each group
considered in this chapter is shown in Table 2.1.

We performed some tests, generating ten matrices for each combination of matrix
size n = 10,100,500 for O(p,q,R), U(p,q) and P(n), n = 5,50,250 for Sp(2n,R),
with condition number ¢ = 10, 10%, 107, 10'°. We then calculated the relevant measure
of structure from Table 2.1 in each case, and took the mean average of the ten matrices
generated for each [n, ¢| pairing. We expected to see a decrease in the accuracy of the

. . . : 3
approximation as n and c¢ increase, as our error bound (2.22) involves a factor of n2
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G Structure Measure for A € G
O(p7Q7R) ||ATEP,11A - ZP:QHQ
U(Z% CJ) ||A*Ep,qA - ZJp,q||2
Sp(2n,R) |ATJA — J|2
P(n) |ATRA — R||;

Table 2.1: Measures of numerical structure for O(p,q,R), U(p,q), Sp(2n,R) and
P(n).

and the 2-norm of ¥, dependent on the requested condition number. We used the QR

method for generating unitaries, and simplified by taking p = ¢ = 5 in the pseudo-
orthogonal and pseudo-unitary cases. We believe making these choices differently will
have only a small effect on the numerical measure of structure, perhaps multiplication
by a small constant k£ ~ 1. The results of the tests are shown in Table 2.2. We see that
all four cases behave similarly and as expected, with excellent numerical structure.
Finally, for completeness, we consider the stability of the process of multiplication

by a random orthogonal matrix using the Householder method, using further results

from [7].

Lemma 2.10 Let x € R". Consider the “usual” construction of 3 € R and v €
R”, used by qmult.m, such that Px = oe;, where P = I — Bvv? is a Houscholder
matriz with 3 = 2/(vTv). In floating point arithmetic, the computed B and U satisfy
9(2:n) =v(2:n), B=B(1+6,), and By = vi(1 + 6,), where |6n] < Fn.

For convenience, we will write Householder matrices in the form I —vv?, requiring
|v]l2 = v/2, amounting to redefining v := +/Bv and § := 1 in Lemma 2.10. We can

then write, from Lemma 2.10,
T=v+Av, |Av| <Al (weR™, |v]y=V2). (2.23)

Next, we consider a sequence of Householder transformations applied to a matrix.
Each Householder matrix P; is arbitrary, and since the P; are applied to the columns
of A, columnwise error bounds are attained. We assume r73, < %, where 7 is the
number of Householder transformations, and write the jth colums of A and AA as

a; and Aaj, respectively.
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O(p,q,R) c = cond(A)
n 10 10* 107 1010
10 42x1075[35%x102[25x10°[28x10°°
100 87x 1071 | 56x 10712 [53x 1072 | 7.0x 10°¢
500 20x107 [ 1.0x 107" [ 1.1x 108 | 1.1 x 107°
U(p,q) c = cond(A)
n 10 10? 107 101
10 44 %1075 [45%x102[33x10°[38x10°°
100 1.3x107 191 %1072 1 94x107% | 9.4x 1076
500 45x 107 123 x 1071 | 29x 1078 | 2.5 x 107
Sp(2n,R) c = cond(A)
n 10 10* 107 10%
5 23x107B [1.7x1072[12x109[1.3%x10°C
50 6.7x 107 | 51x 1072 | 51x 1072 | 44 x 106
250 15107 [ 1.1x 107" | 1.1 x 1078 | 1.2 x 107°
P(n) c = cond(A)
n 10 107 107 1010
10 3.0x10°5[28x102[24x10°[32x10°¢
100 9.1x107% | 7.0x 1072 | 7.6 x 1072 | 7.7 x 10~¢
500 16x107% [ 15x107 " | 1.5x 1078 | 1.4 x 107°

Table 2.2: Experimental results for numerical structure for selected matrix size n and
condition number c.

Lemma 2.11 Consider the sequence of transformations
Ak+1 = PkAk, k= 137’7

where Ay = A € R™" and P, = I — vv} € R™" is a Householder matriz. Assume
that the transformations are performed using computed Householder vectors vy, = vy

that satisfy (2.23). The computed matrix /Alrﬂ satisfies
A1 = QT(A+ AA), (2.24)

where QT = P.P,_y ... P, and

(2.25)

|Aajll2 < 79mllaj]]2, j=1n.

The above lemma gives us a bound on the column-wise norms of A € Rvn

calculated by QT A with Q € O(n,R) computed via the Householder method. The
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difference between each column of the computed A and the same column of the exact
result QT A is less than or equal to a small constant dependent on n and u, multiplied
by the number of Householder applications involved in generating () and the 2-norm
of the same column in the original matrix A. We assume the above derivation can
be applied to the complex case for an analogous bound on the columns of A formed
via Q*A with @ € U(n) via the Householder method.

The combined results in this section show the perfect numerical stability of the al-
gorithms developed in this chapter. For each case, the computed A satisfies
A — Alls < cqul|A|2, where u is the unit roundoff, ¢, is a constant dependent

on n, the size of the matrix, and A is the exact result of the computation.
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Using G-reflectors

We shall now consider the groups from Table 1.1 which lack a structured SVD or CSD,
namely the complex orthogonals, complex pseudo-orthogonals, complex symplectics,
and conjugate symplectics. Random matrix generation in these cases will involve
taking a product of £ random G-reflectors, where k£ will be decided by the matrix size
and the desired condition number. In this scenario, condition numbers are impossible
to control precisely, due to the nature of the method of construction, namely products
of matrices with highly variable individual condition numbers. However, for each
group, we shall perform tests to seek patterns in the condition numbers of matrices
of a range of sizes, formed via differing numbers of products of G-reflectors, and
attempt to “fit” a polynomial to the pattern of empirical data. We can then use
the coefficients of this polynomial to estimate the number of G-reflector products
required for a specific matrix size to gain a condition number approximately close to
the desired value.

We shall also consider the effects of rounding errors on the numerical structure of
the generated matrices, and the numerical stability of the G-reflector method.

All computations were done using MATLAB Version 6.5 Release 13 on a 1400MHz
AMD Athlon terminal, running Redhat Linux 6.2, with IEEE double-precision arith-

metic and machine precision € = 2.2204 x 10716,

o4
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3.1 Complex Orthogonals: O(n,C)

A matrix A € C™" is complez orthogonal if ATA=AAT =1,,.

Complex orthogonal transformations can be used when solving complex symmet-
ric eigenproblems of the form Axr = ABx, where A, B are complex symmetric, A
is positive definite, and B is nonsingular, since similarities involving complex or-
thogonals preserves the complex symmetry of the problem. Eigenproblems of this
form arise in quantum physics, in the solution of differential equations such as the
Schrodinger equation, some explanation of which can be found in [22].

In O(n,C), we have the symmetric bilinear form (z,y) = 27y € C and ¢(z) =
'z € C. By Theorem 1.2(a), with M = I,,, we characterize complex orthogonal
G-reflectors G € C™*"™ by

T U'U,T

uu
G=l-2—=1—-2——
q(u) uTu

| (3.1)
with 4 € C" non-isotropic (as q(z) = xTx, this merely implies u # 0). Hence, to
generate a random G-reflector in O(n,C), we can form a random 0 # u € C" and
construct G as in (3.1). In our implementation, we use the MATLAB function randn
to generate u with elements with real and complex parts from the N (0, 1) distribution.

After implementing the method for constructing a single G-reflector G, the next
step is to consider the problem of predicting the condition number of G. We will work
towards modelling the condition number of a matrix A = G1G, . .. Gy, a product of k
G-reflectors, for varying k and matrix size n. The aim is to allow the user to request
A € O(n,C) with condition number ¢, with the algorithm deciding how many G-
reflectors to apply to generate A with the condition number = c.

To get a feel for the problem, we firstly investigate the behaviour of the condition
number of a single complex orthogonal G-reflector GG. For selected values of n between
10 and 1000, we ran a routine gref in MATLAB which generated G € C"*" via (3.1)
from u € C™ as described above. For each n-value, we constructed a number of
G-reflectors (ranging between 5-50, dependent on matrix size and the resultant time

taken to compute) to try and counteract the variability of the condition number by

viewing a range of values. We evaluated the condition number of each G and observed
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what appeared to be a general exponential increase as n increased. We plotted the
natural logarithm of the condition number of each G against n, and observed a slight
curve in the data points. As a result, we fit the data set with a quadratic polynomial.
Suppose we observed m data points [n;,log(c;)], i = 1:m, where n; is the matrix size
and ¢; is the condition number of G € C"*". We used the MATLAB function 1sqr

to find the least-squares solution of the rectangular system Ax = b given by

1 ng n? 1

Qo
2

1 ny nj Co
ai = log
a2

1 n, n? c

m m m

The function 1sqr calculates the solution of the least-squares problem via the con-
jugate gradient method on the normal equations (1.12). The plot of the resultant
polynomial p(z) = ag + a1n + asn?, evaluated for the observed values n;, is shown
in Figure 3.1. The fact we can fit the natural logarithm of a single G' with such a
simple curve is encouraging for the first step in developing the required model for an
approximate condition number formula.

Next, we consider the behaviour of the condition number of A = G1G>... Gy, a
product of k G-reflectors, for increasing k. We ran a routine grefnk which constructed
ten matrices A = G1G5 ... Gy (to view a range of values), for each value of k = 1: 40,
for a select fixed matrix size n. For each n tested, we observed an exponential increase
in the condition number as k increased. For n = 50, we performed a similar process of
fitting the data set [k;, log(c;)], where k; is the number of products of G-reflectors and
¢; is the condition number of A = G1Gy ... Gy, € C* with a quadratic polynomial
using 1sqr. Before we fit the data, we removed any data points with ¢; > 10'°, as
we are then working outside the machine precision, rendering these results useless.
This time, we gained a polynomial p(z) = ag + a1k + ask?, which is plotted along
with the data points [k;,log(c;)] in Figure 3.2. The variation in the data points is
well illustrated in Figure 3.2, emphasizing the difficulty of the problem of obtaining
an accurate formula to approximate the condition number for a given n and k.

Finally, we can formulate a model for generating A € O(n,C) with condition
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Figure 3.1: Least-squares fit of the condition number of G-reflectors in O(n, C), from

routine gref.
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Figure 3.2: Least-squares fit of the condition number of A = G1G ... Gy in O(50, C),

from routine grefnk.
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number approximate to the required value, combining the insight gained from the
previous two experiments. We constructed A = GG ...Gy € O(n,C) for k = 1:40,
for NV values of n ranging between 10 and 1000. For each n;, k;, we repeated this
matrix generation five times and evaluated the condition number ¢;; of each matrix to
gain a large set of data. Now, suppose we observed m = 55N data points [n, kji, ¢;ji],
i = 1:N, 7 = 1:40, | = 1:5. As before, we then removed any data points with
Ciji > 10'6 to ensure we worked with valid data. We were then left with m data
points (with m < m), which we will denote [n;, k;, ¢;] for ease of notation (clearly,
some n; values are the same, likewise for some k;).

From the behaviour observed in the previous test for select values of n, it was

intuitive to seek a quadratic polynomial of the form
p(n, k) = ag + ayn + ask + ask®. (3.2)

such that it minimizes N
Z p(ns, ki) — log(ei)]?. (3.3)
i=1

We again used 1sqgr to solve the least-squares problem (3.2)-(3.3) by minimizing the

residual of the rectangular system Mz = b given by

1 T ]fl k’% B 7] C1
ag
1 N9 ]{ZQ k’g Co
ay
1 ng ks K3 = log | ¢35 |- (3.4)
5]
as
1 N km k’% - - Cm,

The solution gained by lsqr was

ap, Gy, as, a3}=[2.0344, 0.0044, 1.9239, —0.0249 | - (3.5)

Figure 3.3 shows the fit of the solution curve to the relevant data points for n = 50
and n = 500, along with an illustration of how the solution curve varies over k for a
selection of n-values. The solution curve appears to be an excellent fit to the data,

and can now be used to calculate the number of G-reflectors to multiply to generate
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Condition numbers for A = G,G,,...G, in O(n,C) for various matrix sizes (n).
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Figure 3.3: Least-squares fit of the condition number of A = G1G; ... Gy in O(n, C),

for n = 50, n = 500, and a comparison of selected n, from routine test_corth.
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A € O(n,C) with condition number = ¢, the requested value. We have developed
the empirical data required to present the following algorithm for the generation of

complex orthogonals.

Algorithm 5 The following algorithm generates a random complex orthogonal
A € C" with condition number approximately equal to c. Let [ag,ay,as,as] be

given by (3.5).
1. Solve the following quadratic for k, gaining two solutions [k, ks]:

ask?® + agk 4+ ain + ag = log(c).

2. Let r be equal to 7 rounded to the nearest integer, where 7 = min{k1, k2}.

3. Form uy,us,...,u, € C" with elements with real and complex parts from the

N(0,1) distribution.

4. Form A = G1G,...G,, where

T

Gi=1-2

, 1= 1:7.

My implementation of Algorithm 5 is case 1 in the M-file rand cstruct, which

can be seen in Appendix A.5.

3.2 Complex Pseudo-Orthogonals: O(p,q,C)

A matrix A € C™" is complex pseudo/, ,-orthogonal if ATS,, A = A%, AT =

Y, 4 where ¥, , = diag(£1) is a signature matrix, here taken as defined in (2.1), i.e.,

I, 0
Ypg = , D+q=n.
0 -1

In O(p,q,C), we have the symmetric bilinear form (z,y) = 273, ,y € C and
q(z) = 273, ;o € C. By Theorem 1.2(a), with M = %, ,, we characterize complex
pseudo-orthogonal G-reflectors G by

T T
uu’ Xy g uu’ Xy g

G=1-2 =72
q(u) uTgp,qu,

(3.6)



CHAPTER 3. USING G-REFLECTORS 61

with u € C" non-isotropic.
For u = [uy, ug, . .., u,) to be isotropic, we must have ¢(u) = u’%, ;,u = 0, which

is equivalent to

zp:u?ui = z": ul ;. (3.7)
i=1

i=p+1

Hence we can generate a random G-reflector in O(p, ¢, C) by forming a random 0 #
u € C" and constructing G as in (3.6), as it is virtually impossible that (3.7) would
hold exactly for a random vector. Of course, if ¢(u) = u'%, ,u &~ 0, the condition
number of the G-reflector generated would be very large, but this just an example of
the extreme variability involved with using random G-reflectors. As in the complex
orthogonal case, we use the MATLAB function randn to generate u with elements
with real and complex parts from the N(0,1) distribution.

For the remaining automorphism groups, we employ almost the exact same anal-
ysis strategy as for the complex orthogonal case. We consider the problem of predict-
ing the condition number, with the aim to allow the user to request A € O(p, ¢, C)
with condition number approximately ¢, with the algorithm deciding how many G-
reflectors to apply.

For the ease of analysis in the complex pseudo-orthogonal case, we make the
assumption that for pM, p@ ¢M ¢@ > 0 with p® + ¢V = p@ 4+ ¢@ = n, the
condition number for AM) = Ggl)Gél) e G,(:) € O(p, ¢V, C) will behave in the same
way as the condition number for A® = GG G,(f) € O(p?,¢?,C). This fact
is not proven, but time requirements make it impossible to investigate the effects of
varying p and ¢ values in our analysis, and can only be mentioned as an improvement
which could be made to the procedure. As a result of this assumption, we can take
q = |3], p = n —q when formulating ¥, ; in our routine for modelling the behaviour
of the condition number.

As we are now familiar with the type of problem we are modelling after the
extensive analysis of O(n, C), we skip straight to formulating a model for generating
A=GG;y...Gy € O(p,q,C). We again constructed A = G1Gs ... Gy, for k = 1:40,

this time in O(p, ¢, C) using (3.6) (with ¥, , as described above), for N values of
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n ranging between 10 and 1000. We used the same procedure to the O(n,C) case,
repeating the construction of A five times and omitting data points with the condition
number > 10'%. We were then left with a different m data points (m < m), which we
will again denote [n;, k;, ¢;], i = 1:m.

After inspecting some plots of k; against log(c;) for specific n; values, it was evident
that the condition number of A behaves almost identically to the complex orthogonal
case. As a result, we chose to refit the same quadratic polynomial p(n, k) from (3.2),
and use lsqgr to solve the problem by minimizing the residual of our new rectangular

system Mx = b of the same form as in (3.4). The solution gained by 1sqr was

ap, ai, as, ag}:[1.9510, 0.0058, 1.9080, —0.0245 |- (3.8)

Figure 3.4 shows the fit of the solution curve to the data points for n = 100 and
n = 500, and an illustration of the behaviour of the solution curve as n changes.
Again, the solution curve is an excellent fit to the data, allowing us to present the

following algorithm for the generation of complex pseudo-orthogonals.

Algorithm 6 The following algorithm generates a random complex pseudo-orthogonal
A € C™" where n = p + q, with condition number approximately equal to c. Let

[ao, a1, as, as] be given by (3.8).
1. Solve the following quadratic for k, gaining two solutions [k, ks]:

ask® + ask 4+ ain + ag = log(c).

2. Let r be equal to 7 rounded to the nearest integer, where 7 = min{k1, k2}.

3. Form uy,us,...,u, € C" with elements with real and complex parts from the

N(0,1) distribution.

I, 0
4. Form Y, , =
0 -1,

5. Form A = G1G,...G,, where

T
TRTEDY .
GZ:I—2T1—M, 221:7‘.
u; X g
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My implementation of Algorithm 6 is case 2 in the M-file rand cstruct, which

can be seen in Appendix A.5.

3.3 Complex Symplectics: Sp(2n,C)

A matrix A € C*"*?" is complex symplectic if ATJA = AJAT = J, where matrix J
is the 2nx2n skew-symmetric matrix defined in (2.6).

Complex symplectic matrices are useful for transforming J-skew symmetric eigen-
problems (that is, involving matrices from the Jordan algebra associated with
Sp(2n,C)), which arise in quantum mechanical problems with time reversal sym-
metry (see [5] for background and further details). These problems have a simpler
numerical solution than that of non-skew problems: zeros in these structures can be
exploited by symplectic similarities, to fragment the problem into smaller, easier to
solve problems.

Also, near-best uniform rational approzimation (see [3] and its references) involves
the computation of a symmetric SVD, which leads to a J-symmetric eigenproblem
(that is, involving matrices from the Lie algebra associated with Sp(2n,C)). Other
such problems arise in linear response theory and various mechanical problems.

In Sp(2n,C), we have the skew-symmetric bilinear form (z,y) = z7Jy € C and
q(x) = 27Jx = 0. By Theorem 1.2(b), with M = J, we characterize complex
symplectic G-reflectors G by

G =1+ Buu’J, (3.9)

for any 4 € C*" and any 3 € C. Hence, to generate a random G-reflector in Sp(2n, C),
we can form random u € C?", 3 € C, and construct G as in (3.9). Again, we use
randn to generate u and ( with elements with real and complex parts from the N (0, 1)
distribution.

It was observed from initial inspections (using routines such as grefnk applied
to the complex symplectic case, descriptions of which are omitted for brevity) that
the condition number behaves in a similar pattern as for the previous two cases,

but increases much faster as k increases. It was thus only required to form A =
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Condition numbers for A = G,G,...G, in O(p,q,C) for various matrix sizes.
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Figure 3.4: Least-squares fit of the condition number of A = G1G5 ... G in O(p, q, C),
for n = 100, n = 750, and a comparison of selected n, from routine test_cpseorth.
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G1Gs ... Gy, for k= 1:20, as a product of £ > 20 generally results in the condition
number being > 106 for any n.

We can now formulate a model for generating A = G1Gs...Gy € Sp(2n,C). We
constructed A = G1Gy ... Gy, for k = 1:20, using (3.9), for N values of n this time
ranging between 5 and 500. We observed m = 5jN data points [n, kj, ¢;ji], i = 1: N,
j =1:20, [ = 1:5, using almost the same procedure as in the last two sections. After
removing data values with ¢;; > 10, we were left with a different m data points
(m < m), denoted [n;, ki, ¢;], @ = 1:m.

We chose to again refit the quadratic polynomial p(n, k) from (3.2) and used
1sqr to solve the least-squares problem by minimizing the residual of our rectangular
system Mz = b of the form in (3.5), with our new m data points. The solution gained

by lsqr was

[ao, ai, as, a3]=[3.9794, 0.0249, 5.8397, —0.2311]. (3.10)

Figure 3.5 shows the fit of the solution curve to the data points for n = 25 and
n = 100, and an illustration of the behaviour of the solution curve as n changes.
Again, the solution curve seems to be a good fit to the data, but perhaps further
research could investigate different polynomials to seek a closer fit (see Section 4.1).
The ease of applying the quadratic data fit in an algorithm for generating a complex
symplectic matrix is a major advantage of using this fit rather than seeking a new

fit. We present the following algorithm for the generation of complex symplectics.

Algorithm 7 The following algorithm generates a random complex symplectic A €

C2nx2n - with condition number approzimately equal to c. Let |ag, a1, as,as] be given

by (3.10).

1. Solve the following quadratic for k, gaining two solutions [k, ks]:

ask® + azk + ain + ap = log(c).

2. Let r be equal to 7 rounded to the nearest integer, where 7 = min{k1, k2}.
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Condition numbers for A = G,G,,...G, in Sp(2n,C) for various matrix sizes (n).
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Figure 3.5: Least-squares fit of the condition number of A = GG, ... G in Sp(2n, C),
for n = 25, n = 100, and a comparison of selected n, from routine test_csymp.
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3. Form uy,us,...,u, € C**, 3 € C with elements with real and complex parts

from the N (0, 1) distribution.

0o I,
4. Form J =
-1, O

5. Form A = G1G,...G,, where

Gi = I+ Buul J, 1=1:r.

My implementation of Algorithm 7 is case 3 in the M-file rand _cstruct, which

can be seen in Appendix A.5.

3.4 Conjugate Symplectics: Sp*(2n,C)

A matrix A € C*?" is conjugate symplectic if A*JA = AJA* = J, where matrix J
is the 2nx2n skew-symmetric matrix defined in (2.6).

Complex control problems arise from the solution of discrete-time linear-quadratic
optimal control problems, analogous to those in the real continuous case described
in Section 2.3. These problems lead to eigenvalue problems for J-Hermitian matrices
(the matrices of the Lie algebra associated with Sp*(2n, C)), and occur in the control
of rotor systems. We refer to [3] and the references therein for further details.

In Sp*(2n,C), we have the skew-Hermitian sesquilinear form (z,y) = x*Jy € C
and ¢(z) = x*Jx € i{R. By Theorem 1.2(d), with M = J, we characterize conjugate
symplectic G-reflectors G' by

G =1 + Buu*J, (3.11)

for u isotropic and § € R, or u non-isotropic and 3 € C on the circle |§ —r| = |r|,
where r = —1/q(u) = —1/(u*Ju). The possible (-sets are illustrated in Figure 3.6.
Now, for u = [uy,ug, ..., us,| to be isotropic, we must have q(u) = u*Ju = 0,

which is equivalent to

n n
* _ *
Upy Uk = U Un+ks
k=1 k=1
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lm g(u) =0 glu) =10 Im g(u) < 0

Figure 3.6: [-sets (thick lines) for a skew-Hermitian sesquilinear form, r = ﬁ}).

which holds if and only if u € R or u € i{R. As a result, taking u isotropic produces
G € Sp(2n,R) (clearly a subset of Sp*(2n,C)). Taking u € C™ with real and complex
parts from the N(0,1) distribution will thus ensure u is non-isotropic and G € C*"*2"
conjugate symplectic.

We skip straight to formulating a model for generating A = G1Gs...Gy €
Sp*(2n,C). As we expected the conjugate symplectic case to behave similarly to
the complex symplectic case, we performed the exact same procedure as in Section
3.3, only forming A = G1G, ... Gy, for k = 1: 20, for N values of n ranging between 5
and 500. We amassed a different m data points (m < m), denoted [n;, k;, ¢;], i = 1: m.

We were surprised to see the conjugate symplectic case did not show the same
behaviour as the complex symplectic case. Plots of the natural logarithm of the
condition number of A for a specific n and varying k showed only a very slight curve,
almost linear even. However, we decided assuming the behaviour to be linear would
be an over-simplification, and chose to fit the usual quadratic polynomial p(n, k) from

(3.2). The least-squares solution gained by lsqr was

[ ag, ai, Qg, as ] = [ 3.6339, 0.0063, 2.0899, —0.0274 ] . (3.12)

Figure 3.7 shows the fit of the solution curve to the data points for n = 25 and
n = 100, and an illustration of the behaviour of the solution curve as n changes. The
solution curve again appears to be an excellent fit to the data, despite what appears
to be an even larger variability of the condition number than in previous cases. We

present the following algorithm for the generation of conjugate symplectics.
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Condition numbers for A = G,G,...G, in Sp*(2n,C) for various matrix sizes (n).
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Figure 3.7: Least-squares fit of the condition number of A = G1G5...G, in
Sp*(2n,C), for n = 25, n = 100, and a comparison of selected n, from routine
test_consymp.



CHAPTER 3. USING G-REFLECTORS 70

Algorithm 8 The following algorithm generates a random conjugate symplectic A €
C2x2n with condition number approzimately equal to c. Let |ag, a1, as,as] be given

by (3.12).

1. Solve the following quadratic for k, gaining two solutions [k, ks]:
ask?® + ask 4+ ain + ag = log(c).

2. Let r be equal to 7 rounded to the nearest integer, where 7 = min{k1, k2}.

3. Form uy, us, ..., u, € C*", with elements with real and complex parts from the

N(0,1) distribution.

0o I,
4. Form J =
—I, O
5. Form 3; € C, i = 1:7, on the circles |3; — ;| = |r;|, where r; = —+

6. Form A = G1G,...G,, where

G; =1+ puu;J, 1= 17

My implementation of Algorithm 8 is case 4 in the M-file rand cstruct, which

can be seen in Appendix A.5.

3.5 Rounding Errors

Consider the formation of A = G1G5...G € C™™ in any of the groups considered

in this chapter. From (2.20), we have the normwise bound
1A= Allr < wllGillelGelle - - Gellr, (3.13)

where A is the exact result of the computation and A is the computed matrix. Ap-

plying the matrix norm inequality (2.21), we gain

~ k
A=Al < wllGillrl|Gellr .. NGrllr < n2yl|Gill2l|Galle - - [[Grlla- (3.14)
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G Structure Measure for A € G
O(n,C) HATA — 1|2
O(p7 q, (C) ||AT2P,‘1A - ZPJZH?
Sp(2n,C) |ATJTA — J|2
Sp*(2n,C) |A*JA — J||2

Table 3.1: Measures of numerical structure for O(n,C), O(p,q,C), Sp(2n,C) and
Sp*(2n, C).

The above error bound is the best we can hope to acheive, but the methods of
generation of the G; leads to extreme variability in ||G;||. With the added factor of
ng, it is clear that this bound is highly unlikely to retain the structure in each case.

The appropriate measure of the numerical amount of structure for each group
considered in this chapter is shown in Table 3.1.

We performed further tests, generating ten matrices for each combination of ma-
trix size n = 10,100,500 for O(n,C) and O(p,q,C), n = 5,50,250 for Sp(2n,C)
and Sp*(2n,C), with a number of G-reflector applications k = 1,5,10,20. We then
calculated the relevant measure of structure from Table 3.1 in each case, and took
the mean average of the ten matrices generated for each [n, k] pairing. We expected
to see a huge decrease in the accuracy of the approximation as n and k increase, due
to our error bound (3.14) involving the factor n%, and the 2-norm of each G;. We
again simplified by taking p = ¢ = % in the O(p, ¢, C) case, believing this choice will
have only a small effect on the numerical measure of structure. The results of the
tests are shown in Table 3.2.

The O(n,C) and O(p, q,C) cases behave similarly, taking until around 20 appli-
cations of G-reflectors in the generation of A for n = 100,500 before the effect of
rounding errors is such that the structure of A is ruined. The Sp(2n,C) case is much
worse, with the structure ruined after 10 applications for n = 10, and after a mere
5 applications for n = 100,500. After 20 applications, the structure is completely

unrecognisable for the desired structure for all n. In the Sp*(2n,C) case requires 10

G-reflector applications before the structure breaks down for all n tested.
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O(n,C) No. of G-reflectors applied
n 1 5! 10 20
10 8.0x107% |84 x 107" | 2.2 x 1077 | 3.2 x 107*
100 7.9x 107 | 1.1x 1071 [ 22 %1077 | 8.0 x 10°
500 1.1x107"2 | 1.8x107® | 2.1 x 1076 | 1.3 x 10?
O(p,q,C) No. of G-reflectors applied
n 1 5} 10 20
10 3.0x107" [ 28 x 1071 [ 25x107% | 8.9 x 1072
100 1.8 x 107 | 3.7x 107 | 6.2 x107° | 1.4 x 107"
500 49x 1072 [ 33x10719 | 1.4 x107%| 2.6 x 10°
Sp(2n, C) No. of G-reflectors applied
n 1 5 10 20
5 1.0x 107" | 3.8 x 1077 | 1.8 x 10" | 4.6 x 10%7
50 1.4x10712 | 1.2x10° | 5.4 x 10" | 4.8 x 10%
250 6.5x 10712 | 1.3x10* | 1.9 x 10 | 6.7 x 10°
Sp*(2n,C) No. of G-reflectors applied
n 1 5 10 20
5 3.6 x107% | 44x107" | 1.6 x 107! | 5.8 x 10*
50 23x1078 ] 1.8x 107 | 1.1 x 10° 1.2 x 10°
250 3.5x 107 | 3.1 x 1077 | 1.5 x 10% | 5.6 x 10*

Table 3.2: Experimental results for numerical structure for selected matrix size n and
number of G-reflector applications k.

While this behaviour was expected, it was disappointing to observe. All algo-
rithms appear to behave poorly numerically from our experiments, with the effect of
accumulating rounding errors making applications of a large number of G-reflectors,
required to generate with a large condition number (i.e., in the range ¢ = 101°-10%), a
possibly worthless procedure. This loss of numerical structure is the main motivation

for further work, as discussed in Section 4.1.
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Conclusions

We have presented a MATLAB toolbox for generating random matrices in 8 automor-
phim groups, associated with structured nondegenerate bilinear or sesquilinear forms
on R™ and C", that we believe will be useful in practice for generating test matrix
problems for testing the quality of newly-developed structure preserving algorithms.

Each automorphism group is presented in as parallel a manner as possible, by
defining the group, discussing its applications where the matrix group arises and
where random generations will be useful, and developing the theory and/or empirical
data required to present an algorithm generation from the group.

The algorithms developed in Chapter 2 for the groups with a structured SVD or
CSD available were shown to be perfectly numerical stable, and were designed to be
as efficient on speed and memory usage as possible. Chapter 3 tackled the problem
of the groups which lacked such a decomposition, utilising a method of forming the
required matrices as a product of G-reflectors. This approach suffered from a number
of shortcomings, in particular poor numerical structure, and is an obvious area for

further research.

4.1 Further work

There were a number of limitations to my methodology in Chapter 2 which could be

remedied given further time to research.
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Firstly, the method for testing the O(p, ¢, C) case could be improved by studying
the effects of varying the p, q values rather than simplifying to just take p = 3, ¢ = p.

Secondly, there were two major problems arising in the implementations of the
four G-reflector algorithms. One problem was the inability to generate large matrices
with small condition numbers. For example, it would be difficult to generate A €
0(1000, C) with condition number 100, as the algorithm has to take at least one full
G-reflector € C090%1000 which has been seen from Figure 3.1 to itself have a condition
number ~ 8x103. The second problem is the breakdown in structure caused by taking
a large number of G-reflector applications in generating A, especially for large n.

In an attempt to solve these problems, we could research different ways of generat-
ing matrices in the four groups considered in Chapter 3. Possible alternatives include
using products of embedded Givens-like actions, or products of non-full G-reflectors
to “fill” A without taking full matrix products. Another possibility is to research
controlling the vectors u € C" and scalars 3 € C used to generate each G-reflector

G, in an attempt to reduce the variability in the values of ||G||s.
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Appendix A
MATLAB M-Files

A.1 Random Pseudo-Orthogonals

The following function, written by Nicholas J. Higham, generates random ¥, ,-orthogonal
matrices with user-specified condition number. It is intended to appear in the next
release of MATLAB (R14), to be called from gallery.

Note: ¥, , = J here.

function A = randjorth(p,q,c,symm,method)

%RANDJORTH Random J-orthogonal matrix.

% A = GALLERY(’RANDJORTH’,P,Q,C) forms a random (P+Q)-by-(P+Q) J-orthogonal
% matrix A, where J = BLKDIAG(EYE(P),-EYE(Q)) and COND(A) = C.

%  J-orthogonality means that A’*JxA = J, and such matrices are

%  sometimes called hyperbolic.

% If omitted, C defaults to SQRT(1/EPS).

h

%  GALLERY (’RANDJORTH’,N) and GALLERY(’RANDJORTH’,N, [],C)

%  both produce an N-by-N matrix with P = CEIL(N/2), Q = FLOOR(N/2).
h

%  The full calling sequence is

b GALLERY (’RANDJORTH’ ,P,Q,C,SYMM,METHOD) .

% If SYMM is nonzero symmetry is enforced and a symmetric positive
% definite matrix is produced.

%  The argument METHOD specifies how the underlying orthogonal

%  transformations are carried out. If METHOD is nonzero

% a call to QR is used, which is much faster than the default

% method for large dimensions, though it uses more flops.

%  Reference:

% N. J. Higham, J-orthogonal matrices: Properties and generation,
%  Numerical Analysis Report No. 408, Manchester Centre for

%  Computational Mathematics, Manchester, England, Sept. 2002.

h

% Nicholas J. Higham

78
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if nargin < 2 || isempty(q), q = floor(p/2); p = p-q; end
if nargin < 3 || isempty(c), c = sqrt(1/eps); end

if nargin < 4 || isempty(symm), symm = O; end

if nargin < 5, method = 0; end

% This function requires q >= p, so...
if p>q

A = randjorth(q,p,c,symm,method); % diag(eye(q),-eye(p))-orthogonal matrix.
A = A(C [g+1l:p+q 1:q], :); % Permute to produce J-orthogonal matrix.
A =A(:, [g+l:p+q 1:q]1);
return
end
if c>=1
c(1) = (1+c)/(2*sqrt(c));
c(2:p) =1 + (c(1)-1D)*rand(p-1,1);

elseif p "= 1
error(’Illegal value for C. To specify COND set C >= 1.7)
end

s = sqrt(c.”2-1);
A = blkdiag([diag(c) -diag(s); -diag(s) diag(c)], eye(q-p));
if symm
U = blkdiag(gallery(’qmult’,p, method),gallery(’qmult’,q, method));
A = UxAxU’;
A= (A+4)/2; % Ensure matrix is symmetric.
return
end
A = left_mult(A,p,q,method); % Left multiplications by orthogonal matrices.
A = left_mult(A’,p,q,method); % Right multiplications by orthogonal matrices.

function A = left_mult(A,p,q,method)

SLEFT_MULT Left multiplications by random orthogonal matrices.
A(1l:p,:) = gallery(’qmult’,A(1:p,:), method);

A(p+1l:p+q,:) = gallery(’qmult’,A(p+1l:p+q,:), method);

The following M-file is called by randjorth.m to generate random orthogonal ma-
trices. It is part of the MATLAB distribution, with pathname matlab/toolbox/
matlab/elmat/private/qmult.m.

function B = gmult(A,method)

%QMULT Pre-multiply matrix by random orthogonal matrix.

% QMULT(A) returns Q*A where Q is a random real orthogonal matrix

% from the Haar distribution of dimension the number of rows in A.

%  Special case: if A is a scalar then QMULT(A) is the same as QMULT(EYE(A)).
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%  QMULT(A,METHOD) specifies how the computations are carried out.
% METHOD = 0 is the default, while METHOD = 1 uses a call to QR,
% which is much faster for large dimensions, even though it uses more flops.

% Called by RANDSVD.

%  Reference:

% [1] G. W. Stewart, The efficient generation of random

b orthogonal matrices with an application to condition estimators,
b SIAM J. Numer. Anal., 17 (1980), 403-409.

h

%  Nicholas J. Higham

%  Copyright 1984-2002 The MathWorks, Inc.

%  $Revision: 1.4 $§ $Date: 2002/01/18 15:07:53 $

[n, m] = size(d);

% Handle scalar A.
if max(n,m) ==

n = A;

A = eye(n);
end

if nargin == 2 & method ==
[Q,R] = gr(randn(n));
B = Q*diag(sign(diag(R)))*A;
return

end

d = zeros(n);
for k = n-1:-1:1

% Generate random Householder transformation.
x = randn(n-k+1,1);

s = norm(x);

sgn = mysign(x(1));
S = sgn#s;

d(k) = -sgn;

x(1) = x(1) + s;
beta = s*x(1);

% Apply the transformation to A.
y = x’*A(k:n, :);
A(k:n,:) = A(k:n,:) - xx(y/beta);

end

% Tidy up signs.
for i=1:n-1
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A(i,:) = d(i)*A(i,:);
end
A(n,:) = A(n,:)*mysign(randn);
B = A;

The following M-file is called by gmult.m for the true sign function. Again, it is
part of the MATLAB distribution, with pathname matlab/toolbox/matlab/elmat/
private/mysign.m.

function S = mysign(A)
ZMYSIGN True sign function with MYSIGN(0) = 1.

% Called by various matrices in elmat/private.

h

% Nicholas J. Higham, Dec 1999.

% Copyright 1984-2002 The MathWorks, Inc.

%  $Revision: 1.4 $§ $Date: 2002/04/08 20:21:15 $

S = sign(A);
S(find(S8==0)) = 1;

A.2 Random Pseudo-Unitaries

The following function generates random 3, ,-unitary matrices with user-specified
condition number. The only differences between the following routine and the routine
randjorth.m are the comments, the use of the notation ‘sigma’ rather than J, and
the calls to gmult_unit.m rather than gqmult.m.

function A = rand_pseunit(p,q,c,symm,method)

%RAND_PSEUNIT Random complex pseudo-unitary matrix.

% A = RAND_PSEUNIT(P,Q,C) forms a random (P+Q)-by-(P+Q)

%  complex pseudo-unitary matrix A, with COND(A) = C.

%  Pseudo-unitary means that A’*SIGMA*A = SIGMA, with A complex,
%  where SIGMA = BLKDIAG(EYE(P),-EYE(Q)).

% If omitted, C defaults to SQRT(1/EPS).

h

%  RAND_PSEUNIT(N) and RAND_PSEUNIT(N, [],C)

%  both produce an N-by-N matrix with P = CEIL(N/2), Q = FLOOR(N/2).
h

%  The full calling sequence is RAND_PSEUNIT(P,Q,C,SYMM,METHOD) .
yA If SYMM is nonzero symmetry is enforced.

%  The argument METHOD specifies how the underlying unitary

%  transformations are carried out. If METHOD is nonzero

% a call to QR is used, which is much faster than the default
% method for large dimensions, though it uses more flops.
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if nargin < 2 || isempty(q), q = floor(p/2); p = p-q; end
if nargin < 3 || isempty(c), c = sqrt(1/eps); end

if nargin < 4 || isempty(symm), symm = O; end

if nargin < 5, method = 0; end

% This function requires q >= p, so...
if p>q

A = randjunit(q,p,c,symm,method); % diag(eye(q),-eye(p))-unitary matrix.
A = A([g+1l:p+q 1:q9],:); % Permute to produce pseudo-unitary matrix.
A = AC:,[g+l:p+q 1:q9]1);
return
end
if c>=1
c(1) = (1+c)/(2*sqrt(c));
c(2:p) =1 + (c(1)-1D)*rand(p-1,1);

elseif p "= 1
error(’Illegal value for C. To specify COND set C >= 1.7)
end

s = sqrt(c.”2-1);
A = blkdiag([diag(c) -diag(s); -diag(s) diag(c)], eye(q-p));
if symm
U = blkdiag(qmult_unit(p, method) ,gmult_unit(q, method));
A = UxAxU’;
A= (A+ A)/2; % Ensure matrix is symmetric.
return
end
A = left_mult(A,p,q,method); % Left multiplications by unitary matrices.
A = left_mult(A’,p,q,method); % Right multiplications by unitary matrices.

function A = left_mult(A,p,q,method)

%LEFT_MULT Left multiplications by random unitary matrices.
A(l:p,:) = gqmult_unit(A(l:p,:), method);

A(p+1:p+q,:) = gmult_unit(A(p+1l:p+q,:), method);

The following routine is called by rand pseunit.m to generate random unitary ma-
trices.

function B = gmult_unit(A,method)

%QMULT Pre-multiply matrix by random unitary matrix.

% QMULT_UNIT(A) returns Q*A where Q is a random unitary matrix

% from the Haar distribution of dimension the number of rows in A.

% Special case: if A is a scalar then QMULT(A) is the same as QMULT(EYE(A)).
%  QMULT_UNIT(A,METHOD) specifies how the computations are carried out.

% METHOD = O is the default, while METHOD = 1 uses a call to QR, which
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T

is much faster for large dimensions, even though it uses more flops.

[n, m] = size(h);

T

Handle scalar A.

if max(n,m) == 1

n =
A

end

A;
= eye(n);

if nargin == 2 & method ==

F
[Q,R] = qr(F);
B

= randn(n) + randn(n)*i;

= Q*diag(exp(rand(n,1)*2*pi*i))*A;

return

end

for

k =n-1:-1:1

% Generate random complex unitary Hermitian Householder.
x = randn(n-k+1,1) + randn(n-k+1,1)*i;
[v, beta]l = gallery(’house’,x);

% Apply the transformation to A.
y = v’*A(k:n,:);
A(k:n,:) = A(k:n,:) - beta*vxy;

diag(exp(rand(n,1)*2*pixi))*A;
A;

The following M-file is called by gmult unit.m to generate random complex uni-
tary Hermitian Householder matrices. It is part of the MATLAB distribution, with
pathname matlab/toolbox/matlab/elmat/private/house.m.

function [v, beta, s] = house(x, k)
%HOUSE Householder matrix that reduces a vector to a multiple of e_1.

h
h
hh
h
h
h
h
h
h
h
h

[V, BETA, S] = GALLERY(’HOUSE’,X, K) takes an N-by-1 vector X
and returns V and BETA such that H*X = Sxe_1,
where e_1 is the first column of EYE(N), ABS(S) = NORM(X),
and H = EYE(N) - BETA*V*V’ is a Householder matrix.
The parameter K determines the sign of S:
K = 0 (default): sign(S) = -sign(X(1)) ("usual" choice),
K=1: sign(8S) = sign(X(1)) (alternative choice).
If X is real then a further option, for real X only, is
K = 2: sign(S) = 1.
If X is complex, then sign(X) = exp(i*arg(X)) which equals X./abs(X)
when X "= 0.



APPENDIX A. MATLAB M-FILES 84

% In two special cases V = 0, BETA = 1 and S = X(1) are returned

% (hence H = I, which is not strictly a Householder matrix):

pA - When X = 0.

% - When X = alpha*e_1 and either K = 1, or K = 2 and alpha >= 0.

% References:
% [1] G. H. Golub and C. F. Van Loan, Matrix Computations, third edition,

% Johns Hopkins University Press, Baltimore, Maryland, 1996, Sec. 5.1.
% [2] N. J. Higham, Accuracy and Stability of Numerical Algorithms,

% Society for Industrial and Applied Mathematics,

% Philadelphia, PA, 1996; Sec. 18.1.

% [3] G. W. Stewart, Introduction to Matrix Computations, Academic Press,
% New York, 1973, pp. 231-234, 262.

% [4] J. H. Wilkinson, The Algebraic Eigenvalue Problem, Oxford University
% Press, 1965, pp. 48-50.

h

%  Nicholas J. Higham

%  Copyright 1984-2002 The MathWorks, Inc.

%  $Revision: 1.11 $§ $Date: 2002/01/18 15:07:53 $

[n, m] = size(x);
if m > 1, error(’Argument must be a column vector.’), end
if nargin < 2, k = 0; end

vV = X;
nrmx = norm(x);
if nrmx == 0, beta = 1; s = 0; return, end % Quit if x is the zero vector.

s = nrmx * mysign(x(1));

if k ==
if “any(imag(x))
if s < 0, k =0, else k = 1; end
else
k
end
end

0;

if k ==

n O

g = —
v(1)
else
v(1) = -norm(x(2:n))"2 / (x(1)+s)’; % NB the conjugate.
if v(1) == 0 % Special case where V = 0: need H = I.
beta = 1;
return
end
end
beta = -1/(s’*v(1)); % NB the conjugate.

3

v(l) - s;
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A.3 Random Real Symplectics

The following routine generates random real symplectic matrices with user-specified
condition number, and allows for entry of an n-vector specifying the first n singular
values instead of the condition number argument.

function A = rand_rsymp(n,c,method)

%RAND_RSYMP Random real symplectic matrix.

% A = RAND_RSYMP(N,C,METHOD) forms a random 2N-by-2N real symplectic
% matrix A, where C determines COND(A) via three possible cases:

% - If C is a scalar, then COND(A) = C.

% - If C is a real N-vector with all elements >= 1, C specifies

% SIGMA(1) >= SIGMA(2) >= ... >= SIGMA(N), the first N singular
yA values of A. The remainding singular values are calculated

b according to constraints: SIGMA(N+K) = 1/SIGMA(K).

% - If omitted, C defaults to SQRT(1/EPS).

% Real symplectic means that A’*J*A = J, where

%» J = [ZEROS(N) ,EYE(N) ;-EYE(N) ,ZEROS(N)].

h

% The argument METHOD specifies how the random complex unitary

% matrices are generated. If METHOD is nonzero, a call to QR is used,
% which is much faster than the default method for large dimensions,
%  though it uses more flops.

if nargin < 2 || isempty(c), ¢ = sqrt(1/eps); end
if nargin < 3, method = 0; end

s = zeros(1,2#n);
p = length(c);
switch p

case 1

if ¢ >=1

s(1) = sqrt(c);

s(n:-1:2) = sort(1 + (s(1)-1)*rand(n-1,1));

s(n+1:2xn) = 1./s(1:n);
else

error(’Illegal value for C. To specify COND set C >= 1.°)
end

case n
c = sort(c);
if c(1) <1

error(’Illegal value for C. All values must be >=1.7)
else

s(1:n) = c(n:-1:1);

s(n+1:2xn) = 1./s(1:n);
end
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otherwise
error (’Vector of singular values must be of length 1 or N.’)

end
U = symp_orth(n,method); V = symp_orth(n,method) ;
A = Uxdiag(s)*V’;

% subfunction

function U = symp_orth(n,method)

%SYMP_ORTH Random symplectic orthogonal matrix
B = gmult_unit(n,method);

Re = real(B); Im = imag(B);

U = [Re,Im;-Im,Re];

A.4 Random Real Perplectics

The following routine generates random real perplectic matrices with user-specified
condition number.

function A = rand_rperp(n,c,method)

%RAND_RPERP Random real perplectic matrix.

% A = RAND_RPERP(N,C,METHOD) forms a random N-by-N real perplectic
% matrix A, where COND(A) = C.

% If omitted, C defaults to SQRT(1/EPS).

% Real perplectic means that A’*R*A = R, where R defined by

% R = ZEROS(N); R(N:N-1:N"2-N+1) =1 (R =1 if N = 1)

%  The argument METHOD specifies how the random orthogonal

% matrices are generated. If METHOD is nonzero, a call to QR is used,
% which is much faster than the default method for large dimensions,
%  though it uses more flops.

if nargin < 2 || isempty(c), c = sqrt(l/eps); end
if nargin < 3, method = 0; end

p = floor(n/2); s = zeros(l,n);

if ¢ <1
error(’Illegal value for C. To specify COND set C >= 1.7)

elseif rem(n,2)

s(1) = sqrt(c);

s(p:-1:2) = sort(1 + (s(1)-1)*rand(p-1,1));
s(p+1) = mysign(randn);

s(p+2:n) = 1./s(p:-1:1);
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U = perp_orth_odd(p,method); V = perp_orth_odd(p,method);
A = Uxdiag(s)*V’;
else

s(1) = sqrt(c);
s(p:-1:2) = sort(1 + (s(1)-1)*rand(p-1,1));
s(p+tl:n) = 1./s(p:-1:1);

U
A

perp_orth_even(p,method); V = perp_orth_even(p,method);
Uxdiag(s)*V’;

end

% subfunction 1

function U = perp_orth_even(k,method)

%PERP_ORTH_2N  Random perplectic orthogonal of size 2k

P = gallery(’qmult’,k,method); Q = gallery(’qmult’,k,method);
X =P+ QCk:-1:1,k:-1:1); Y = P(:,k:-1:1) - QCk:-1:1,:);

1) (1/2)*[ X Y ; Y(k:-1:1,k:-1:1) X(k:-1:1,k:-1:1) 1;

% subfunction 2
function U = perp_orth_odd(k,method)
%PERP_ORTH_ODD2 Random perplectic orthogonal of size 2k+1

P = gallery(’qmult’,k+1,method); Q = gallery(’qmult’,k,method);
U = zeros(2xk+1);
U= (1/2)*[ P(1:k,1:k) + Q(k:-1:1,k:-1:1) sqrt(2)*P(1:k,k+1)

P(1:k,k:-1:1) - Q(k:-1:1,:) ;

sqrt (2)*xP(k+1,1:k) 2*P(k+1,k+1) sqrt(2)*P(k+1,k:-1:1) ;
P(k:-1:1,1:k) - Q(:,k:-1:1) sqrt(2)*P(k:-1:1,k+1)
P(k:-1:1,k:-1:1) + Q J;

A.5 Random Complex Structured Matrices

The following routine generates random matrices in the following groups:
e Complex Orthogonals
e Complex Pseudo-Orthogonals
e Complex Symplectics

e Conjugate Symplectics

function A = rand_cstruct(f,n,c)

%RAND_CSTRUCT Random complex structured matrices

% * A = RAND_CSTRUCT(1,N,C) forms a random N-by-N complex orthogonal
yA matrix A, with COND(A) approximately equal to C.

% * A = RAND_CSTRUCT(2, [P Q],C) forms a random (P+Q)-by-(P+Q)

87
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% complex pseudo-orthogonal matrix A, with COND(A) approximately

b equal to C.

% * A = RAND_CSTRUCT(3,N,C) forms a random N-by-N complex symplectic

% matrix A, with COND(A) approximately equal to C.

% * A = RAND_CSTRUCT(4,N,C) forms a random N-by-N conjugate symplectic
% matrix A, with COND(A) approximately equal to C.

h

% In each case, X contains the LS solution [AO,A1,A2,A3] for

b LOG(C) = A0 + A1xK + A2*N + A3%K"2 from empirical data, where

% K is the number of G-reflectors applied, N is the matrix size, and
b C is the observed condition number of the matrix.

h

/A QUAD contains the co-efficients of the quadratic

T A3xK™2 + A1xK + (A2#N + AO - LOG(C)).

% QUAD is solved for K, and K is rounded to the nearest integer to
yA formulate how many G-reflectors to apply.

if nargin < 3 || isempty(c), c = sqrt(1/eps); end
switch f
case 1

I =cye(n); A=1;

X =1[2.0344 0.0044 1.9239 -0.0249 ]1;

quad = [ X(4), X(3), X(2)*n + X(1) - log(c) 1;

k = round(min(sort(roots(quad))));

if k<1, k =1; end

fprintf (’Number of G-reflectors being applied : %g’, k)

for j = 1:k
u = randn(n,1) + randn(n,1)*i;
G=1I- (2/(u.’*u))*u*u.’;
A = AxG;

end

case 2

[a,b] = size(n);
if axb "= 2

error (’Must enter vector [p q] for matrix size.’)
end

p=n(1); g=n(2); n=p+q; I=ceyelm; A=1I;
X [ 1.9510 0.0058 1.9080 -0.0245 1;

quad = [ X(4), X(3), X(2)*n + X(1) - log(c) 1;

k = round(min(sort(roots(quad))));

if k<1, k =1; end
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fprintf (’Number of G-reflectors being applied : %g’, k)

for j 1:k

randn(n,1) + randn(n,1)*i;

sig = blkdiag(eye(p),-eye(q));

G =1 - (2/(u.’*sig*u))*u*u.’*sig;
A = AxG;

u

end
case 3

I =eye(2*n); A = I;

X =1[ 3.9794 0.0249 5.8397 -0.2311 ];

quad = [ X(4), X(3), X(2)*n + X(1) - log(c) 1;

k = round(min(sort(roots(quad))));

if k<1, k =1; end

fprintf (’Number of G-reflectors being applied : %g’, k)

for j = 1:k
u = randn(2*n,1) + randn(2+*n,1)*i;
beta = randn + randn*i;
J = [zeros(n) eye(n) ; -eye(n) zeros(n)];
G = I + betakxuxu.’*J;
A = AxG;
end
case 4

I =eye(2*n); A = I;

X = [ 3.6339 0.0063 2.0899 -0.0274];

quad = [ X(4), X(3), X(2)*n + X(1) - log(c) 1;

k = round(min(sort(roots(quad))));

if k<1, k =1; end

fprintf (’Number of G-reflectors being applied : %g’, k)

for j = 1:k
u = randn(2*n,1) + randn(2*n,1)*i;
J = [zeros(n) eye(n) ; -eye(n) zeros(n)];
q = uw=x*xJ¥u; r = -1/q; r = r - real(r);

beta = r*exp(2*pixi*rand) + r;
G I + betaxuxu’*J;
A = AxG;

end

89
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otherwise
error (’Must choose matrix type 1-4.°)

end

90



