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NEW RELATIONS IN THE ALGEBRA OF THE BAXTER
Q-OPERATORS

A. A. Belavin,! A. V. Odesskii,! and R. A. Usmanov!

We consider irreducible cyclic representations of the algebra of monodromy matrices corresponding to
the R-matrix of the six-vertex model. At roots of unity, the Baxter Q-operator can be represented as
a trace of a tensor product of L-operators corresponding to one of these cyclic representations, and this
operator satisfies the T'Q) equation. We find a new algebraic structure generated by these L-operators and
consequently by the Q-operators.

1. Introduction

Baxter [1] introduced the Q-operator and used it to solve the eight-vertex model. The @Q-operators
form a family that commutes with a family of the transfer matrices T'(u) provided the TQ equation is
satisfied. The latter equation relates the two families to each other and is a key for solving the model.

The expressions for the chiral Potts model Boltzmann weights that are solutions of the star—triangle
relation were found in [2] (also see [3], [4]). The R-matrix S of the model can be represented as a product
of four such Boltzmann weights.

The algebraic structure of the Q-operators in the particular case of the six-vertex model and its relation
to the R-matrix of the chiral Potts model was revealed by Bazhanov and Stroganov [5]. At the Nth root
of unity (N is prime), they found the N-dimensional cyclic representation £ of the Yang-Baxter algebra
related to the R-matrix of the usual six-vertex model. The trace over the N-dimensional quantum space
of a tensor product of L-operators has the properties of the (Q-operator. In particular, it satisfies the T'Q)
equation. Tarasov [6] described irreducible cyclic representations of the algebra of monodromy matrices
corresponding to the R-matrix of the six-vertex model at roots of unity.

The Q-operator recently returned to the center of attention. It was shown [7]-[10] that for some models
in statistical physics, the Q-operator is a quantum analogue of the Bécklund transformation. In [5], the
R-matrix S of the chiral Potts model was derived as an operator that intertwines tensor products of two
cyclic representations of the algebra of monodromy matrices being multiplied first in one order and then in
the reverse order.

The four factors generating the R-matrix S of the chiral Potts model are actually intertwiners that
provide for special cases of some elementary isomorphisms of cyclic representations of the algebra of the
L-operators and their tensor products. In this paper, we clarify the conditions under which two cyclic
representations are equivalent and find the corresponding intertwiner. We also solve the same problem for
two tensor products of a pair of cyclic representations. The obtained intertwiners generalize the well-known
vertex weights of the chiral Potts model and satisfy a modification of the star—triangle equations.

The plan of the paper is as follows. In Sec. 2, we introduce the notion of cyclic representations of the
algebra of L-operators. In Sec. 3, we discuss different versions of cyclic representations. In Sec. 4, we derive
the TQ equation. In Sec. 5, we discuss some special cases of elementary isomorphisms acting on cyclic
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representations of the algebra of monodromy matrices. In Sec. 6, we find these isomorphisms in the general
case. We show that the intertwiners of these elementary isomorphisms satisfy a generalized star—triangle
equation of the chiral Potts model. In Sec. 7, we present some relations in the algebra of Q-operators. In
Sec. 8, we discuss perspectives for possible future investigations. In the appendices, we prove some formulas
used in the paper.

2. Cyclic representations of the Yang—Baxter algebra

Following [6], we define the R-matrix

1 —uw 0 0 0
0 wl—u) u(l—w 0
R(u) = ( ) u( ) . )
0 1l—w 1—wu 0
0 0 0 1 —uw

It is related to the algebra Uq(sl2) [11]-[13] and can be obtained from the R-matrix of the standard six-vertex
model by a simple transformation (see Sec. 3). For brevity, we let M = End C?, and then R(u) = M ® M.

The algebra of monodromy matrices A is generated by A(u), B(u), C(u), D(u), H, and H~! subject
to the relations

R(u) L(uo) L (v) = L(v)L(uv) R(w),

@®H,L(uw)] =0, HH '=H'H=1,

A(u) B(u
L(u):< (W) Bl)

C(u) D(u)) EM®A, w = diag(l,w).

The indices 1 and 2 over L label the two-dimensional space in which the corresponding L-operator is
multiplied by the R-matrix. Both L-operators act in the same quantum space.
As shown in [6], the algebra A admits the coproduct A,

A(L(u)) = Li(u)La(u) E M@ A® A,
A(H) = H® H.

The subscripts 1 and 2 here label the quantum spaces in which the corresponding L-operators act. The
L-operators considered as two-dimensional matrices (each matrix element is an operator in one of the two
quantum spaces) are multiplied according to the standard matrix multiplication rule. A tensor product of
some representations of the algebra A is therefore a representation of A itself.

We now define the quantum determinant

det, L(u) = D(u)A(uw™") — C(u)Bluw™). (3)

It can be verified that H ' det, L(u) is a central element of the algebra A. Hereafter, we set w™ = 1. As
shown in [6], the center of the algebra A is enhanced in this case because the operators

(O)(w) = [] O(w*),  ©=A,B,C,D,
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become central, and we can define the matrix of central elements,

It can be shown [6] that L = L1 L, satisfies the equation

A((L)) = (La)(La),  (det L) = det(L).

The N-dimensional [cyclic] representation 7 of the algebra A is defined by [6]

ClCQZ — blbzu —u(bldg — clagZ)X
L(uvplaPQ) = ’

X_l(dlbz — alch) dids — ar1aswu”s

Hﬂ—:hZ, pi:(aiabiaciadi)a i=1,2.

The action of the operators X and Z on the standard basis in C¥V is

Z|k) = w*|k), X|k)=|k+1), k=0,...,N—1, |N)=]0).

We also have
(L)) = [ F3 WY Ol - ofad)

—ay ¢ 1 @' v

Although formulas (4) contain eight parameters (in addition to the spectral parameter), the N-dimensional
representation depends only on six of them because the substitution

ar — a1,  az — A las,
1 — )\Cla Cy — A_lcQ)
bl—>b17 b2_>b2) dl—>d17 d2_>d2)

where A is an arbitrary number, does not change the operator L(u,pi,p2). The same is true for the
substitution

by — Abi, by — A" tby,
di — M, do — A" tds,

a; — ay, az — az, c1 — €1, C2 — C2.
Moreover, the projective equivalence class of the L-operators depends on only four parameters because
L(Ap1,p2) = AL(p1,p2),  L(p1, pp2) = pL(p1, p2),

where A and p are arbitrary numbers.
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The two representations Li(u,p1,p2)Lo(u,ps,ps) and Lo(u,ps,ps)Li(u,p1,p2) are equivalent if and
only if p;, i = 1,2, 3,4, can be chosen such that they satisfy the conditions

——— % = s, (5)
c: L
where the Ay are independent of ¢ (see Appendix B). The intertwiner given by the equation

S(p1,p2, p3,pa)L1(w, p1,p2)La(u, p3, pa) = Li(u, ps, pa)La(u, p1,02)S(p1, P2, P3,Da) (6)

can be explicitly expressed through the Boltzmann weights W, and qu of the chiral Potts model:
S(p1,p2,ps,pa) = PF(p1,pa; X1 X5 )G(p1, ps; Z1)G(p2, pa Za) F (p2, ps; X1 X5 1),
N R—
Gp,wk) = Wye(k),  Flp,go®) =Y wMWy,(0),
1=1

where P is the standard permutation operator interchanging the spaces 1 and 2.

3. Cyclic representations of the Yang—Baxter algebra in the
Bazhanov—Stroganov form

Together with the L-operators introduced in the previous section, we can consider their version related
to another choice of the R-matrix. We now consider the standard R-matrix of the ice model,

zw; — 2ty ! 0 0 0

0 r—x Tt w - wfl 0
Rice(x) = 1 1 (8)

0 w1 — W] Tr—x 0

0 0 0 Twi — a:_lwfl
and the corresponding relations in the Yang—Baxter algebra,
1 2 2 1

Rice(x)Lice(xy)Lice(y) = Lice(y)Lice(xy)Rice($)~ (9)

The N-dimensional representation of algebra (9) can be written as

y’lclczZl — blbgyZl_l —(blngl_l — Clagzl)X >

Lice(y, p1,p2) = _ -
leil(dlbgzl T alchl) y71d1d221 L alagwfyZl

where the operators Z; and X satisfy the relations

Substituting
Riy — C7 Hay)Cy ' (y) R12Ca (y) Cr (),
Li(zy) — C; Hzy)Li(xy)Cr(zy),  La(y) — Cq ' (y)La(y)Ca(y),
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where

10
Cly) = <0 y)

and the subscript of the matrix C' indicates the space in which this matrix acts, we find that the equation
RLL = LLR remains valid. We then have

zw; — o wp ! 0 0 0
0 r—a ! (w1 —wy 0
R(z) = e , (10)
0 7w —wih) r—a! 0
0 0 0 zwy — ooyt

and the L-operator is

y~leieaZy — bibayZyt —y(b1daZy ' — c1a271) X ) (1)

E b b =
(y P p2) (wllel(dlngl_l — alchl) y71d1d2Z1_1 — alagwfyZl

Exactly this L-operator was found in [5]. We call it the cyclic representation of the algebra of monodromy
matrices in the Bazhanov-Stroganov form.
We now multiply L(y) by yZ; and introduce the notation

v =1 Z =73 w=wi.

We then obtain operator (4). For the equation RLL = LLR to hold, we must multiply the R-matrix as
follows:

R(u) = —w1z K\ R(z) K5 !,

2 10
u =2, K:wi‘y—l)m: -
0 wy

The subscript of the matrix K indicates the space in which this matrix acts. It is easy to see that the

where

matrix R then coincides with (1) and the operator L coincides with (4).

We stress that hereinafter we let L denote the Tarasov cyclic representations and £ denote the cyclic
representations in the Bazhanov—Stroganov form. The matrix elements of the L-operators are denoted by
L% and £2°i,j=0,1and o, =0,...,N — 1.

(Te'Rs

4. The Q-operator and the T'Q equation

The transfer matrix constructed from L£(u),

Q(U) = tI‘() ElO (U)EQO (u) e EnO (u),

where the trace is evaluated in the N-dimensional space, has a very important property that makes it the
Baxter Q-operator [5]. Namely, this matrix satisfies the T'Q equation. We prove this statement.
We consider the equation

RIrI2 (U)Lklg(uv)/:?;g(v) = Ei25(uv)£gig(U)Rklk2 (w), (12)

i1 Jix i2c J1J2



1 '\l
uv kg
= L3 U
g k
is J2 !
2}
v ¢
3

Fig. 1

which is shown graphically in Fig. 1. If the indices ¢; and k; are fixed, both sides of Eq. (12) are operators
in the tensor product C2 x CN. We act with these operators on the vector Yk,~, Which belongs to the kernel
of the operator La3(v), that is, on the vector satisfying the equation

L_];;g(v)¢k2’y =0.

A kernel of £o3(v) is nontrivial only at some special values of the spectral parameter v = v,: v2 = ¢1d; /a1b;
or v2 = cada/asby. It can be seen from Fig. 1 that the kernel of the operator L3(v.) is a subspace that
is invariant with respect to the tensor product £13(uv.)Ri2(u). In this case, the complement of the kernel
considered as a coset space is also an invariant subspace. The matrix of the operator Li3(uv.)Ri2(u)

therefore has a block-diagonal form,

Pl *
ng(uv*)ng(u) = < 0 PQ) ’

where all blocks are N-dimensional square matrices and stars denote the matrix elements inessential for us.
We introduce the ordering of the basis vectors as follows: the first IV vectors generate the kernel, and the
remaining N vectors generate its complement.

Let the equations
Py = ¢1L(uv. ), Py = ¢poL(uv A1) (13)

hold for some values of the parameters of £(v,). After multiplying n copies of the operator £i3(uv.)R12(u)
in the spaces 2 and 3 (see Fig. 2) and evaluating the trace, we then obtain the equation

Quv,)T(u) = ¢ Q(uvi ) + ¢ Quv A~1), (14)

where

Quwvy) = trz Liz(uvs) L1z (uvy) - - Lynyg

328



u u U
2 /] /] /]
1 v 1)
Fig. 2

and T'(u) is the standard transfer matrix of the ice model. Substituting Q(u) = Q(uv,), we obtain the T'Q
equation.

Unfortunately, we cannot realize this scheme for the given definition of the operator £(v), because it
is impossible to satisfy conditions (13) for any set of the parameters. But we can redefine the operator
L(v) such that condition (13) and hence Eq. (14) do hold [5]. For this, we make p; depend on the spectral
parameter v and ps remain unchanged:

p1(v) = (@101, by, 1, dyv), p2(v) = (az,ba, c2,dz).

It is shown in Appendix A that Q(u) = Q(u,p1(u),p2) does satisfy the T'Q equation,

Qu)T(u) = (u—u )" Q(uw) + (uw — v rw™H"Q(uw™1),
where T'(u) is the standard transfer matrix of the ice model.
5. The elementary isomorphisms: The special case

We consider two representations of the L-operator algebra: L(u,p1,p2) and L(u,pe,p1). Let the
parameters p; and ps be such that these representations are equivalent. We introduce the operator G
satisfying the equation

G(Z)L(’U,,pl,pg) = L(”vPZaPI)G(Z)a (15)

where G(Z) acts in the N-dimensional space.

We now counsider two tensor products of a pair of cyclic representations: Lq(u,p1,p2)La(u,ps, ps) and
Ly (u,p1,p3)Lo(u,p2,ps) (note the permutation py <> ps). Let the parameters p1, p2, ps, and ps be such
that these two representations are equivalent. We introduce the intertwining operator F,

F(Xle_l)Ll(u7p17p2)L2(u7p37p4) = Ll(uapl7p3)L2(u7p27p4)F(X1X2_1)7 (16)

where F(X;X, ') acts in the N-dimensional space.
It turns out that conditions (5) certainly suffice for G and F' to exist. These two operators are

k .
G(p1,pa;wh) H d1by — aycow’

G(p1,p2;1) jop brdz — cragw’’

k .
F(p1, pa;w") _ H waydy — dyasw?
F(p1,p2;1) jop Cb2— bicawd
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where we let G(p1,p2;w”) and F(p1, p2;w”) denote the diagonal matrix elements of the N-dimensional
matrices G(p1,pe; Z) and F(p1, p2; Xngl) in their respective eigenvalue bases (G and F' cannot be brought
to the diagonal form simultaneously). We calculate these two operators in a more general case in the next
section, but now we merely note that formulas (17) and (18) coincide with formulas (7).

The existence of elementary isomorphisms of G and F' explains the factoring of the R-matrix of the
chiral Potts model. Permuting the pairs, we obtain the chain

F G1,G F
(plapz)(p?nm) = (p1,p3)(p2,p4) = (psvpl)(pz;,pz) = (p37p4)(p1,p2)-

The factoring of the R-matrix then becomes evident.

6. The general case

6.1. The G-operator. We consider the two representations L(u,p1,p1) and L(u,pe,p2) of the L-
operator algebra. We want to find the conditions for these representations to be equivalent and find the
corresponding intertwiner, which is a generalization of the operator GG introduced in the previous section
(formula (15)). For simplicity, we let the same symbol G denote this generalized intertwiner. The two
representations are equivalent if the equations

N-N _ N-N N7N _ ;N3N

a; a; =ay ay , by by =05 by,

_N N N N _N N N N

¢ dq ) ds Cy dy _ G dq

NN — NpN>’ _NIN — _NpN

ay' by as b ay by ay by (19)

N N N 7N
dirdi  dydy

N-N — _N-N°
ay ay ay a3

NZN N=N _ jNIN N =N
diby —ay ey =dyby —aycy

hold (see Appendix C).

We consider the simplest case where we extract the Nth roots by simply erasing the letter N. As a
result, we obtain the system

a1a1 = a2G2, bll;l = bQBQ,

516771 _ Cady 526722 _adi (20)
a1by agbz7 aobs a1b17

dlgl = dQC?Q, d{VB{V — CL{VE{V = dé\fl’)é\f — aévéév.

We find the operator G satisfying the equation

GL(uaplvf)l) = L(uvaapQ)G'

If conditions (20) are satisfied, then the operator G exists. We now prove this. Using the ansatz

G =G(2),
we obtain the system of equations
G(Z)A; = A:G(2),
G(Z)B1 = B,G(Z),
G(Z)C1 = C2G(2),
G(Z)D1 = D2G(Z).
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We choose a basis |k), k=0,...,N —1 (mod N):

ZIk) =w*|k),  X|k)=|k+1).

It is clear that the matrix G(Z) is diagonal in this basis. We now find its nonzero matrix elements.
The first equation of the obtained system is

G(Z)(Clélz — bli)lu) = (CQEQZ - bngu)G(Z)

Acting on the vector |k) with the left- and right-hand sides of this equality and comparing the coefficients
at the same powers of u, we obtain the parameter restrictions

C1C1 = C2C2, b161 e bQBQ. (21)

From the fourth equation,

G(Z)(dlafl — alalwuZ) = (dgCZg - GQELQWUZ)G(Z),

we similarly obtain
didy = dads, a1a1 = a2az. (22)
The second equation is
G(Z)X Mdiby — a161Z) = [daba — a262Z)G(2),

and it implies that

A =, k+1
k41y dlbl—alclw +

G(w G(w"), (23)

n dQBQ — agézwk"—l
where we let G(w*), k =0,..., N — 1, denote the diagonal matrix elements of the matrix G(Z). From the
third equation,

G(Z)[blgl — lel1Z]X = [bQJQ — CQ@QZ]XG(Z),

we can easily derive

G(warl) . bg(ig — Cg(lgwarl

=== = = QW 24
bidy — ciajwkt? (w ) ( )
in the same way.
Because the function G(w*) is single valued, we obtain
k+1)(

k+1) kJrl)'

(dli)l —a1Clw b1J1 —Ccla1w = (dgi)g — agégwarl)(bgCig — CoQoW

Comparing coefficients at the same powers of w and taking (21) and (22) into account, we obtain the
additional condition

cidi  cdy eady  codo

_ = = . 25
a1by ai1by aobs azbsy ( )
Further, we obtain

dYby —ayel =dyby —a)c) (26)
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from the periodicity condition G(w™N*!) = G(w). Using the gauge symmetries of the L-operators, we can
set

a) = as, by = 62. (27)

It then follows from (20) that (21), (22), (25), and (26) are valid. The matrix elements G(w*) therefore
exist and are given by recursive relation (23).

We can easily rewrite G(w”) in terms of p; and p;. Substituting

_ c1C1
Co = ——
C2

in (26) and expressing ¢ in terms of p; and py,

BNGN — NaglN
_ N[0T Oy 14 N
2 =0\ oxpN v = AMpupan
di'b) —a'e
where we introduce the new function
bNAY — eNal¥
Aprp2) = §/ Sxgv—or oy
di'by —ai'c

G(p1,p1;w") _ Alpy, )" ﬁ diby — a1é1w?

G(p172§1; 1) Jlbl — ELlcle.

we obtain

J=1

We stress that G depends on only p; and p;.
The operator G just found generates an isomorphism of two representations L(u, p1,p1) and L(u, pa, P2)
of the algebra of monodromy matrices with the parameters ps and ps depending on p; and p; as follows:

as = ay, az = aj,
by = by, by = by,

(28)
c2 = A(p1,p1)c1, ¢ = A(p1,p1) ter,

dy = A(p1,p1) " "da, dy = A(p1,p1)ds-

The operator G obtained is a generalization of the operator G in (7), (15). In that special case, we
must set po = p1 and pa = p1, thus obtaining the additional constraint A(p1,p1) = 1 on the parameters pq
and p1-

Remark. We extract the Nth roots by simply erasing the letter N. FEvidently, the general case
reduces to this. A complete investigation, however, can be performed as follows. For two representations
to be equivalent, their centers must coincide. But we do not compare all central elements when deriving
our conditions. We must add the condition of equality of the corresponding quantum determinants to
our system of equations. We have not completely investigated what this additional condition leads to.
Apparently, it can be used to clarify how the Nth root can be extracted, and it strongly restricts the
number of possibile variants.
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6.2. The F-operator. We now consider two representations of the L-operator algebra: L (u,p1,p1) X
Lo(u,pa,p2) and Lq(u,ps,ps)La(u,ps,ps). We find the conditions under which these two representations
are equivalent and calculate the corresponding intertwiner. The latter is a generalization of the operator F’
introduced in formulas (7) and (16).

The matrix of the central elements is

eNeN —bNpNy —u(VdN — cNalY)
(29)

L u, 77 = 7 I
< ( pp)> (dNbN_aNCN dVIN — oNaNu

The necessary condition for the equivalence of the two representations is the coincidence of their centers.
Therefore,

<L1(uaplapl)><L2(uap2552)> = <Ll(u7p37p3)><L2(u7p47p4)>5
From this, we have
det<Ll(u7plvpl)> det<L2(uap25132)> = det<Ll(uap3ap3)> det<L2(u,p4,f)4)>. (30)

We show in Appendix C that these conditions yield the following relations between the parameters (we
do not consider the trivial case where ps = p1, P3 = P1, P4 = P2, and pg = Pa):

NiN _ ;NiN NiN _ ;NiN
by’ by = b3 by, by by = by by,
N=N N-N N-N N-N
ayay =agas, Ay Ay =Gy Ay ,
N7ZN _ jNIN N=-N _ NN
di by =ds'bs, Ay Cp = Ay Cy
NN  =NJN N N N N
ey dy _ G ds ¢ dy _ G ds
N}N — ~NIN° N}N — NpN°
ay by as by ay by az' by
N N N N N N N N (31)
Cy dy _C4d4 cy dy _ G di
_NIN — =NIN>’ N}N — =NiN°’
ay by ay by ay by ay by
N=-N _ -NN
NN — JNpN by ¢y —ay dy
2% — %2 Y1 NIN N JN °
e’ by —ay dj
N=N _ =N N
aN g — JNaNb2 c1 —aj dy
1 %4 — %1 Y2 "NIN N IN °
c' by —ay dj
We again erase the letter N and obtain
biby = b3b3, babsy = b4by,
a161 = azas, Q203 = 404,
dyby = d3bs, a2Cy = A4C4,
_ (32)
Cada . c3ds c1dy . c3ds
agby  asbs’ aiby  agbs’
Cada . Cady cqdy . c1dy
Q2ba fl4b47 aqby fllbl.
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Recalling the gauge symmetries of the L-operator, we observe that the substitution

a — Aa, a— A" "a,
c— e, ¢ — \71¢,
b — b, b—b, d—d, d—

b— \b, b— A1,

d— M, d— "4,

d

a— a, a— a, c —c, c — C.
Using the gauge degrees of freedom, we can set
by = bs, bz = by, a; = ag, az = ag.
From this and from (32), we find that
Bl 263) b2_647 al :a3) a2:a4)
dy = ds, dy = dy, €1 = cs, Ca =104
Moreover, we have the equations
asb - ash
C3d3 = nggﬂ cqdy = 61d12—72.
agby’ arby
From formulas (31), we now obtain
7N:cévl;{vb§v§ —aNdy
CTO A - aa

IN, N N=N _ =N N
di'ay by'e) —ay dy
~N NN NN *

c'by —ay dj

N _
d4 -
ay

(34)

(35)

(36)

(37)

We now find the matrix F' intertwining the two representations in question. In particular, we prove
that conditions (33)—(37) are not only necessary but also sufficient for the existence of F. We start with

FLq(p1,p1)La(p2, p2) = L1(ps, p3)La(pa, Pa)F.

(38)

We now find the operator F in the form F(X;X, '), where X; and X» are the shift matrices acting in the
respective first and second N-dimensional spaces. As shown in Appendix D, F' does exist and is expressed

through P1, 2517 b2, and ]527

F(ﬁlap?;wk)

F(p1,p2:1) e
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where we define the new function

Qp1,p2) = —bgc% — dga%
cr by —ay dy

for further convenience. We stress that F' depends on only the parameters p; and ps. The action of F' is

then given by the formulas

as = ay, as = ay, a4 = ag, a4 = ag,
bs = by, by = by, by = bo, by = ba,
c3 = c1, ds =d, €4 = Ca, dy = da,
] (39)

c2b c1b
&3 = Qp1, pa) ——, ca = QUpr,pa) 22,

b2 bl
- daa dia
dz = Q(pr, pa) " =L, dy = Q(p1, p2) ——.

ag ai

It is clear that the expression obtained for F' is gauge-invariant.
We recall that in addition to the gauge symmetry, the tensor product of two L-operators has another

symmetry, namely, the unity can be inserted between these two operators:

L1(p3,P3)La(pa, pa) = L1 (p3, p3) M~ M Lo(pa, ),

where M is an arbitrary 2x2 matrix. We set

b,
M= b

0 &

as

and apply this additional symmetry to our L-operators. As a result, we obtain the product of new L-

operators, whose parameters are expressed through py, p1, p2, and P2 as

az = ai, asz = az, a4 = ay, a4 = a2,

by = b, b = b, by = by, by = b,

c3 = c, ds = du, C4 = C2, dy = do, (40)
¢3 = Qp1,p2)ca, ca = Qp1,p2) e,

ds = Q(p1,p2) " da, dy = Q(p1,p2)ds.

The expression for F(w*) remains unchanged.
The case in [6] was a special case of the approach in question and can be obtained by setting
D3 = P1, D3 = P2, D4 = D1, D4 = D2

in all formulas. In particular, we can easily derive the F-operator in relation (7). For this, we must impose
the additional restriction

Qp1,p2) =1
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on the parameters p; and po.
The obtained operators G and F satisfy the relation that generalizes the star—triangle relation of the
chiral Potts model [2]. Namely, we have

G((jaf7 Zl)F(ﬁ7r7X1X2_1)G(p7q7 Zl) = MF(plaqlele_l)G(pa T/7Z1)F(q7T7XlX2_1)7 (41)

where g is a constant and the intertwiners depend on the parameters that are expressed in terms of p, g,
and r by the formulas

a. = ar, ay = ag,

b =b,, b, = by,

c. = Qq,r)er, cy =g, ) Legs
d. = Qq,r)""d,, dy = Q(q,7)dy,
a, = ap, aq = Qq,

b, = by, by = by,

c, = Ap,r') ey, ¢q = AP, q)cq,
dy, = A(p,")dy, Iy = A(p.q)~"dy,
ap = Ay, ar = Qp,

by = by, by = by,

& = A(p,q)"tep, ér = Qp,r)er,
dp = AP, q)dp, dr = Q(p, 1) d;.

The proof of these statements is in Appendix E.
Remark. The above statement suggests a new algebraic structure related to the cyclic representations
of the monodromy-matrix algebra.
We now consider a Hopf algebra with the generators L] (p1,p2), i, = 0,1, p1,p2 € C*. The coproduct
is
A(L]) = (L)1 (L7)s-
The relations in the Hopf algebra are
G(plapQ)L:Z (p17p2) = L:Z (]51;]52)(;(]917]92);
F(ﬁhpQ)(Lf(plaﬁl))l (L‘]i(p27]52))2 = (Lf(plaﬁl))l (Li(ﬁ27]§2))2F(ﬁlap2)7
(LE1,51), (L7 (02, 92)) = (LE(p1, 1)) My (M) (L3, (02, D2)) 1

where an arbitrary two-dimensional diagonal matrix is denoted by M and the parameters in the right-hand
sides of the relations are expressed in terms of the parameters in the left-hand sides by formulas (28)
and (40). Repeated indices imply summation.

7. The algebra of the Q-operators

In addition to the operator Q(u) introduced in Sec. 4 and related to the cyclic representations of the
algebra of monodromy matrices in the Bazhanov—Stroganov form, we can consider the operator

Q(U) = tI‘() Llo(u)Lzo(U) < ~Lk0(u),
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where the trace is calculated in the N-dimensional space and L;o(u) are the cyclic representations of the
monodromy-matrix algebra in the Tarasov form. The operators Q(u) generate the algebra with the relations
following from the properties of the operators L(u),

Q(\p1,p1) = X Q(p1, p1), (42)
Q(p1, 1) = 1 Q(p1, p1), (43)
Q(a1,by,c1,dy, a1, by, ¢1,d1) = Q(Aay, by, Aey, dy, A ay, by, A e, dy)), (44)
Q(ar, by, c1,dy, a1, b1, 61, dv) = Qag, by, c1, pdy, Gy, by, &1, dy), (45)
Q(a1,by,c1,dy, a1, by, e1,d1) = Q(ar, by, Aci, A" dy, a1, b1, A" ey, Ady), (46)

Q(ay, b1, ¢1,dy, a1, by, ¢1,d1)Q(az, ba, 2, da, Gz, by, €2, da) =

= Q(a1,b1,c1,d1, Bay, aby, acy, Bd1)Q(B  az,a by, a ey, B dy, G, ba, oy dp), (A7)
Q(ay, by, c1,dy, a1, b1, 61, d1)Q(az, by, ¢2,da, ag, b, Ea, d2) =

= Q(ay, b1, c1,dy, a9,ba, Qea, Q1 d2)Q(ay, by, 2161, Qdy, ao, ba, Eo, da), (48)

where A = A(p1,P1), Q = Q(p1,p2), and «, B, A, and u are arbitrary numbers. The derivation of all these
relations can be found in Appendix F.

8. Discussion

We note some questions relevant for future investigations.

The approach used in this paper can be applied to more general cases. In particular, it would be
interesting to study the elementary isomorphisms intertwining the cyclic representations of the monodromy-
matrix algebra related to the elliptic R-matrix and also to the R-matrix corresponding to the quantum
algebra Uq(sl,,).

The spectrum of the transfer matrix of the six-vertex model at roots of unity is degenerate [5], [14].
Some finite-dimensional representations of the @Q-operator algebra correspond to multidimensional eigen-
subspaces of the transfer matrix. The @-operators act on these spaces nontrivially because these operators
do not commute with each other in general. Therefore, investigating finite-dimensional representations of
the @Q-operator algebra given by (42)—(48) can shed light on the properties of the transfer-matrix spectrum.

It would also be interesting to clarify the relationship between the algebra of Q-operators and the
U(A}) symmetry found in [14].2

Appendix A: The T'QQ equation

We find the kernel of the operator, Lo (v; p1(v), p2) = L23(v), where

p1(v) = (a1v™ 1, b1, c1, dyv), p2 = (az,b2, c2,dz).
We have
LN ( ) v_lclch — bleUZ_l —U(bldzz_l — Cla2Z)X
SN WL X " (dibovZ 7t — ajeavT12) dids 27 — arasw?Z .

2 After this paper was sent to the journal, we learned that isomorphisms between representations of a monodromy algebra
at roots of unity were studied by Pakulyak and Sergeev for the case of the relativistic Toda chain [15].
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Hereafter, we use the following basis |a), « =0,...,N —1 (mod N):

Zla) = wa), X|a) =|a+1).

v (),
Dy

where ®; and ®5 are N-dimensional vectors. We act on ¥ with the operator fzg(v) and equate the result

We consider a 2/N-dimensional vector ¥

to zero, thus obtaining

(c1c9Z — bibov? Z 1Dy — 02 (b1deZ ™t — c1a22) X Py = 0,
WX M N dybovZ Tt — a1covT  Z2) @y 4 (dydaZ Tt — arasw?Z) By = 0.

It is easy to see that this system has a solution if and only if

coda
’U2 = U2 = —.
agbz

The vectors generating the kernel are
—da|ov)
v, = :—d2|0,a>+b2|1,a—1).
b2|a — 1>

We must now act on the vectors ¥, with the operator £13(uv,)Ri2(u) (it is especially useful that we
can use the ordinary matrix multiplication in the two-dimensional space here). Let

. A(uvy)  B(uwy) a(u)  blu)
Lrsuos) = (C’(uv*) D(uw)) ’ Rialw) = < ( ) .

Then

a(u)C(uvy) + c(u)D(uvy)  b(u)C(uvy) + d(u)D(uwvy)

Acting on the vector ¥, with each of the four matrix elements, for example, we obtain

L13(uv,)Rya(u) = (“(“)A(“U*) + c(u)B(uvy)  b(u)A(uvy) + d(u)B(uv*)> '

(LR)W,, = la(u)A(uvy) + c(u) B(uvy)] [—d2]0, a) + ba|1, o0 — 1)] =
= —do(uw — v w ) (W u T e cow® — bibyuv.w™ )]0, ) +
+wbo{(u—u (v u e eow® ™ = bibyuvw' )| a — 1) +
+ u(w — w™ ) (—uvy) (bidew™* — crazw®)|0,a) } =
= (u—u N u e ew®™ — bibv,uw! T,
Analogously,
(LR W, = (u—uY)(dydow™ — ayasw? )T,
(LR) W, = (u—u™ ) (—veu) (brdaw™ 1 — cr1aow )Wy y,

(LR, = (u — v Hwo tu™ (dibyuv,w' = — arcou ot H W, .
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It is clear that the kernel 523(0*) is actually an invariant subspace with respect to the operator
ElB(UU*)Rm(U). It is easy to see that the obtained N-dimensional matrix is proportional to E(uv*w),

L13(uv,)Ri2 = (u—u Y L(uvw).

(u) | Ker E23

We now consider the vectors that belong to the complement of the kernel. If we factor by the vec-
tors of the kernel itself, then this complement must be an invariant space with respect to the operator
L13(uvy)R12(u). We choose the basis ¥/, = |0, a). Performing all calculations, we obtain (mod¥,)

(LR, = (uw — v w™ ) (v 'u"tereaw® — bybovauw™ )W,
(LRI = (uw — v tw ) (dydow ™ — aragw!T) W,
(LR)V!, = (uw — u™ w™ ) (—vww) (brdow ™ — craw®™) VW, 4,
(LR, = (uw — v tw ™ Hwo tu ™ (dibruvsw™ — aycou™ o tw®) W, .
As in the previous case, it is easy to see that the obtained N-dimensional matrix is proportional to
L(uv,w™1),
Laa v Raa(u)] g oy = (00— w0~ o ) E i),

We thus find that conditions (13) are satisfied. Then,

A=w, b1 =u—u"t, G0 = uw —u twL,

and the T'() equation holds,

Qu)T(u) = (u—u )" Quw) + (uw — v rw™H"Q(uw™1),
where
Q(u) = trz Li3(w) L1z (u) - Lz (u).

Appendix B: The conditions for the equivalence of representations:
The Fermat curve

Let N be odd. We now prove that in the general case, the representations L (u,p1,p2)La(u, ps,ps)
and Li(u,ps,ps)La(u,p1,p2) are equivalent if and only if we can choose p;, i = 1,2,3,4, satisfying the
conditions

alN +bY
cN+dlN

which determine the Fermat curve. For convenience, we hereafter substitute

= A,

N N N N
a; — Qag, bl — bi, C; — Gy, dz — di.

We have
C1C2 — blbg’u —u(b1d2 — Cla2)>

d1b2 — aics d1d2 —aijau

<L(u7p17p2)> - <

C3Cq — b3b4u —u(b3d4 — C3CL4)>

d3b4 — ascC4q d3d4 — asaqu

<L(u7p37p4)> - <
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Two representations L, and L,/ are equivalent if there exists an isomorphism P such that

L. =PL.P !,

that is, elements of L, and L,/ are in a one-to-one correspondence. The central elements (L) and (Lr/)
must coincide [6]. If 7 = 71 X w2 and 7’ = w2 X 71, then

<L7r1 > <L772> = <L7r2 > <L7r1 >

It hence follows that
(L(u,p1,p2))(L(u, p3,pa)) = (L(u, p3, pa)){L(u, p1,p2))-
Multiplying the matrices, we obtain five equations. Only three of them are independent:

bldg — C10a2 b3d4 — C304

3

diby —ajca  dsbs — asey

ajaz — b1b asay — bsb
162 12: 3U4 34:(], (B.l)
bldg—clag b3d4—C3CL4

cicg —dids  cgeq —dzdy
= =T
bldg — C10a2 b3d4 — C304 ’

where s, ¢, and r are arbitrary constants.
We now find the constraints on p; under which this system has solutions. We have

bldg — C1a9 = S(dlbg — alcz),
araz — bibe = q(b1d2 — c1a2), (B.2)
C1C9 — d1d2 = ’r‘(bldg — Clag).

It turns out that (B.2) holds if p; and ps are points on a curve obtained by intersecting two planes (the
projective symmetry of the operator L):

aya; + Bib; +yic + 01d; = 0,
aoa; + Bab; + yac; + 0od; =0, 1=1,2.

We find these manifolds. From the last system, we have

a; = A\ic; + pid;,
(B.3)
b; :I/Z'Ci—F??idi, i =1,2.

We substitute (B.3) in (B.2) and obtain the system of equations for the coefficients,

m = Sne, Ao = 5, v = 2, Ve = i1,
1=—rl, —1=rn, V1 = U2,
Aty — V1V = —qla, H1fl2 — M2 = qN1,

Al — V12 = qV1 — qli2, 1A — vam = 0.
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Solving the system, we obtain

V= p2 = W, H1 =2 =V,

7]12)\22)\, /\12772277,

1
/\:—;, vip=(q+ A, s=1.

Moreover, because the points p; and ps lie on the same curve, we have

Consequently,

As a result, we have

ai+by  az+bo a; —by  az—bo

ci+di ca+dy’ ci—di  cp—dy
Similarly, we can obtain

a3 +bs  as+by a3 —bs  as—by

c3 + ds cqg +dy’ c3 —ds ey —dy

Returning to the old notation
plﬁpiva 7;:17273747
we find that by virtue of (B.1), the points p1, pa, p3, and ps can be related in two different ways:

ay + b :aévibév :aévzlzbév :aflvzlzbiv
eNxdYy L xdy L +dY Y +d)

a £l _aévzlzbév :aéV:Fbév :aflV:FbiV
Nxadl LN rdy  LFdy N Fd)

This pertains to the existence of two roots of the equation

But recalling the symmetries of the operator L(u, p1,p2), we can substitute

by — Aby, by — A" tbo, dy — Ady, dy — A" tda,

and L(u,p1,p2) must remain unchanged. With such a substitution for A = —1, case b is reduced to case a
(we recall that N is odd).
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Appendix C: The conditions for equivalence of representations in
the general case

We introduce the notation

p=a"p¥,  p=aVe,  p=pVdY,

N N =N N
NN c'd _c'd
d=a"a N A—W

Then (L(u,p,p)) can be written as

1By 5 (/\65 u55>
— —pu —u

(Lwpp)=| ° N
o-v s

We consider two representations L(u,pi1,p1) and L(u,pe,p2) of the L-operator algebra and find the
conditions under which they are equivalent. The necessary condition for the equivalence of the two repre-
sentations is a coincidence of the centers of these representations. We have

<L(u7p17]51)> = <L(uﬂp27ﬁ2)>' (Cl)
By equating the coefficients of the same powers of u, we hence obtain
61 = 02, B = P, 1 — V1 = P2 — o, (C.2)
A1 Ao
= . C.3
L1 (> (C:3)

In addition, it follows from (C.1) that

det(L(u,p1,p1)) = det(L(u,p2,p2))-

In this equation, the left- and right-hand sides are second-degree polynomials in w. The roots of the left
polynomial are

Ul = A1, Ul = 41,

and the roots of the right polynomial are

Uz = A2, U = 2.

The roots of the left- and right-hand sides must coincide. We consider the case where

A1 = g, Ao = fi1. (C.4)
Rewriting (C.2)—(C.4) in terms of a;, b;, ¢;, and d;, we obtain
ayay =ayay, by =b3by,
ady _o'dy  &dY  dY
a'bY  adby7 abby  alb}

didy’  dydy
N-N — N-N’
ay ay as ag

NiN _ N_-N _ gNiN _ N-N
diby —ay ¢y =dyby —ay ey .
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We now consider two representations L1 (u, p1,p1)La(u, p2, p2) and L1 (u, ps, ps)La(u, pa, ps) of the L-
operator algebra. We find the conditions under which these two representations are equivalent. We have
det<Ll(u7plvpl)> det<L2(uap25132)> = det<Ll(uap3ap3)> det<L2(u,p4,f)4)>. (05)

Each determinant is a second-degree polynomial in u. The roots of these polynomials are

U= A, U= [

The left-hand side of (C.5) then vanishes at w3 = A1, 41 = p1, us = Ag, and 4y = ug, and the right-hand
side vanishes at us = A3, U3 = 3, ug = Ay, and 4q = pg. It is then clear that the left and the right roots
coincide. We consider the case where

H2 = A3, H1 = U3, A2 = A4, AL = Ha.

We have

(L1 (u, p1, p1)){La(u, p2, p2)) = (L1(u, ps, p3) )(La(u, pa, Pa)), (C.6)

and we find the roots that correspond to the separate multipliers in the left- and right-hand sides of (C.6):

/1417)\17 /1'27)\27 M1, 12, )\17)\2~

We see that the two roots A\; and ps are interchanged.
Let u = Aa. We act on the vector ¥; (the right zero vector of the operator <L2 ()\2,]92,]52)>) from the
left with both sides of Eq. (C.6):

— X209
Uy = ( " ) ; (La(A2,p2,72))¥1 = 0.
2

This vector is also the right zero vector for <L2 (A2, pa, ]54)>. We hence obtain the equation

b
Yo s
Now let u = pu1. We act on the left zero vector W5 of the operator <L1(,u1,p1,]31)> from the right with
both sides of Eq. (C.6):

\IJQ — ( ¢1 > , \IJQ<L1(,U1,p1)pl)> = 0
1B

Because this vector is the left zero vector of the operator <L1(u, 3, 133)>, we have

¢ o3

Bi Bs
It is clear that (C.6) holds if we insert the unity 1 = MM ~! between the two factors in the right-hand
side, where M is a two-dimensional matrix,

mi 0
M = .
0 mo
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Using this gauge symmetry, we can set

B3 = B, 04 = b2,
whence it immediately follows that

¢3 = ¢1, g = o.
Multiplying the matrices in (C.6) and equating coefficients of the powers of u, it is easy to see that
Ba = B2, 03 = 01,

_ gl
¢3—¢4/\1¢27

P3fa — d1s = Y182 — 61¢2.

Two last equalities imply

_ A1¢2(B21pr — 01¢2)
Boprathr — Md1¢o

_ o1 (B2ipr — 01¢2)
Bapiothr — Ad1¢o

Collecting all the obtained equations, in addition to (C.7), we have

P4

3

Pr=P0s,  P2=Pa 1 = 03, b2 = 04,

p1 =103,  Y2=1hs,  p2=As,

p= s e =AML=
Appendix D: Calculating the operator F

Matrix equation (38) can be written in the form of a system of equations corresponding to the four
matrix elements. We have

I ( B )L ( B ) A, By As By Ai1As + B1Cy A1Bs+ B1Dy
WPLPUERPeP) =N I\ ey Dy T\ CiAy + DGy CuBy+ DDy |

As a result, we obtain the system

F(X1 X5 1) (A1 Ay + B1Co) = (Azas + B3Cy)F(X1 X5 1),

F(X1 X5 1) (A1 By + B1D3) = (A3By + B3Dy)F(X1 X5 1), .
F(X1X5 ")(C1As + D1Cs) = [Csaq + D3Cy|F(X1X5 1), o
F(X1 X5 ) (C1By + D1Dy) = (C3B4 4+ D3Dy)F(X1 X5 1).

We choose a basis |k1, k2), k1,ke =0,...,N —1 (mod N),

Xk, ko) = WP [k, ko), Xolk1, ko) = wk? ki, ko),
Z1|k1,k2> = |k1 — 1,/€2>, Z2|/€1,/€2> = |/€1,/€2 — 1>.
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The matrix F'(X; X5 1) is diagonal in this basis. We now calculate its nonzero matrix elements. Substituting
the expressions for A;, B;, C;, and D;, i = 1,2, for the first equation in (D.1), for example, we have

F(X1X2_l) [(Clélzl — blBlU)(CQéQZQ — bQBQU) — u(b1J1 — ClELlZl)Xle_l(dQBQ — GQEQZQ)} =
= [((3363Z1 — nggU)(C4E4Z2 — b4l34u) — u(b3J3 — Cgﬁng)Xngl(d4B4 — a464Z2)]F(X1X;1).

Opening the parenthesis and acting on the vector |kq, ko) with the left- and right-hand sides and equating
coefficients of the linearly independent vectors and of the same powers of u, we obtain

€1C1C2Cy = C3C3C4Cy, b1b1baby = b3b3bsby,
bidydaby = bzd3daby, €1G1a3Cy = 303040y,

E+1y b364(J3a4wk+1 — BBC4)F wk - 0152(&1d2wk+1 — Elbz)

F = _ — = —
(UJ bica (dlazwk“ — blcg) Cgb4(@3d4wk+l — 53b4)

F(w"),

where F(w¥), k = 0,...,N — 1, are the diagonal matrix elements of the matrix F. Using the obtained
restrictions on a;, b;, ¢;, and d;, we can reduce this system to the system

C1Co = CsCy4, didy = d3dy,
7. k+1 7 = k+1 =
k41 d3a4w +1_ 5304 k aldgw +1_ Clb2 k
B = 2o The @) T Godao T by )
dlagw +1 b102 a3d4w +1— Cgb4

It can be easily seen that the second equation can be derived from the first if the constraints

- &363 _ - aby
Cadsz = C2d2ﬁ7 cady = Cldld——
202 11

are used. Because F(wF) is a single-valued function, we must equate the two fractions in terms of which
F(w") is expressed. We then obtain

(J3a4wk+1 — 5304)(d3d4wk+1 — 6354) = (cilagwk“ — 6102)(a1d2wk+1 — Elbg).
Equating the coefficients of the same powers of w, we obtain

a1dyaxdy = Gzdzasds, bic1bacy = bzczbycy,

- c1d- d _ [Esd d
a1byazby fl——l L 2% _ a4byasbs ?‘—73 4 Gda)
aiby  asby asbs = asby

If we again take the restrictions on a;, b;, ¢;, and d; into account, we obtain
C1Co = C3C4, (D.2)
that is, the same equation as before. From the obvious equation
PV = Fwh),

we also have

VoY —ala) = el —alady. (D.3)



We now prove that (D.2) and (D.3) follow from (33)—(37). We have

NN, N i1N=N _ NN
N_N _ €2 bi'ay by ¢y —ay dj
= N NN NN
) ey by —ay dj

FN NFN 1N=N _ =N N
di ay’ by by'ep —ay dy

¢4 = dflvz’iv = N NI N NN *
ay e’ by —ay dj

Expressing ¢ and d}Y from this equation and substituting them in (D.3), we obtain an identity. Moreover,
we have

C3 caaib;

di  dy asby’
Multiplying the last equation by
- agb
cydy = C1dy —?2—27
a1b1

we obtain (D.2). Therefore,

IN,N _F7N_.N = - k+1
FloFtly = « d a3’ —bi'cy’ c1by — ardaw™* F(or
(W) = NGN _ NN & gkt (™).
al ) _Cl b 1C2 — a102W

Appendix E: The star—triangle equation

Here, we prove the star—triangle relation

G(q,p; Z0)F (B, r; X1 X5 )G (p, ¢; Z1) = pF (0, ¢'s X1 X5 )G (p, 7' Z1)F (g, 1 X1 X5 ) (B.1)

and find p. We start with the diagram

(o) (ry8) —— (p,7")(dr5) —S— (", 9)(d,5)

e r|
(@5)(r,8) —— @7 @",s) —— (",¢")(@",9).

Now, if "/, ¢", and p” obtained in two different ways coincide up to gauge transformations, then we prove
that Eq. (E.1) is valid. We recall the definition of the functions A(p1,p2) and Q(p1, p2):

N N N, N NpN N N
N[0 dy — ¢ ay vjc by —aydy

A(plap?) = ) Q(plap2) =
by — ai'cy

We perform all calculations for the first chain of the diagram. For (p, ¢)(r, s) £, (p,7") (¢, s), we have

a, = ay, ay = aq,
b= b, W, = by,
¢ =Qq, 1)y, =g, r) " eq,
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For (p,7')(¢, s) G, (r",p)(d,s), we have

"o g1
b’r‘_br7

¢ = Ap,r')e),

=

dy = A(p,r’'

For (7,//7}7/)((1/7 S) i, (7‘”, (]H)(p//, 8)7 we have

"o__
aq = Ag;
" o__ 3t
bq _bq’
/! / !
cg =90 q

di =Qp', ¢

) ld,,

)¢q»

)~Hdy,

a, = ap,
W, = by,

¢ = Ap, 1) ep,
d,, = A(p,r")d,,
ay = aj,,

by = by,

¢ =00, ¢)

p)
Q' q')d,

" o__
d, =

We now perform all calculations for the second chain of the diagram. For (p, q)(r, s) “, (G,p)(r,s),

we have

Qg = Qgq,
by = by,
cq = Ap,q

For (g,p)(r, s) il (G,7)(p",s), we have

ar = Qy,
by = by,

& =Q(p,r)er,
d, = Q(p,r) " d,,

For (g,7)(p",s) <, (", ¢")(p",s), we have

dp = A(p, q)d,
all = ap,
b = by,
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It remains to verify that the obtained L-operators actually coincide. Comparing the parameters 7/,
q", and p” obtained in the two different ways, we conclude that Eq. (41) is satisfied if

Alp, ™)' q') = AMp, QB 7),
Qq, ) A(p, ") = Qp, 7)A(G, 7).

It is easy to show that (E.2) is satisfied identically.
We have thus proved (E.1) for some as yet unknown . We now find p'V. It is clear that

N det G(p, q) det F(p,r)det G(q,T)

~ det F(q,r)det G(p,r'")det F(p',q')"

The determinants of matrices G(p1,p2) and F(p1,p2) can be easily evaluated. Each of these matrices can
be individually reduced to the diagonal form (not simultaneously), and in each case, the diagonal matrix
elements are

G (p1,p2; w") (b{VdN — C{Vaév)k/N ﬁ d1by — aqcow?

G(p1,p2;1) dVbY —alV el bids — craswi’

F(p1,p2§wk) b{VCN - dN N\ RN ﬁ c1by — aldguﬂ
F(plva; 1) bN — a3 dN bica — dlazuﬂ

We set
G(p1,p2;1) = F(p1,p2; 1) = 1.
Then

BN AY — ¢ Naév)(N—l)/ZN 1k

diby — U«1C2wj
det G(p1, = S
€ (pl PZ) (d{VbN a{VCéV H bidy — Cla2w7

k=1 j=1

pr.p2) = eNbY — alVadl iop o e — diasw?’
Appendix F: The relations in the Q-operator algebra

The relations in the Q-operator algebra follow from the properties of the cyclic representations of the
L-operator algebra. We now prove this.
Relations (42)—(45) become evident if we recall that

Q(u) = tl“o LlO (U)Lgo(u) o 'LnO (u)
and that we have the symmetries
L(Ap1,p1) = AL(p1,P1),

L(phuﬁl) = ML(plaﬁl)a

L(aflablacladladlaglaélagl) = L()\alabla)\cladla)\ildlagla A7lcqad71)7
L(ay, by, c1,d1, @, b1,¢1,d1) = L(ay, pbr, e1, pdy, ar, = 'y, e, p~tdy),
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where A and p are arbitrary numbers. Relation (47) follows from another symmetry:

L1(p1, p1)La(p2, ) = L1(p1,p1) MM ™" La(pa, s),
or, in more detail,

Li(ay, by, c1,dy,a1,b1,¢1,d1)La(az, ba, c2,dz, 2, b, E2,da) =
= Ly(a1,b1,c1,d1, Bay, aby, acy, Bdi)La(B  ag, o tba, @ e, B da, a2, ba, G2, da),

where « and (§ are arbitrary numbers. Here,

Relation (46) is obtained from the equation

GL(a1,b1,c1,d1,a1,b1,¢1,d1)G" = L(aq, by, Ay, A dy, @1, b, A1 e, Ady),

bVNaN — NV
A:A(plvf)l): Y ! 71 L ,1 )
d{va{V—a{Vc{V

and relation (48) is obtained from

where

FLi(a1,bi,c1,d1,a1,b1,¢1,d1)La(as, ba, ca, do, G2, bo, G2, do) F ™ =

= Ll(al, by, c1,dy,az, b, Qco, Qildz)Lz(Cfll,Bl, Qilél, QCZl, ELQ,BQ, Co, CZQ),

where

_N}N _ =N N
cr by —ay'dy

Q= Q(p1, = V= = .
(pl p2) b{vcé\/ _d{vaé\]
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