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Preface

I  became interested in the matrix exponential during the prePar-

at ion of  a  t ,a lk  I  gave on the subjecL in  L974 here at  Manchester .  S ince

then I  have been mot ivated by the work of  B.N.  Par le t t fZOlana by C.B.

Moler  wi th  h is  "n bad r rays to compute the matr ix  exponent ia l  (n  >,9)" .

Although this numerical analysis report is more analysis than

numericaL, I  hope that i t  wi l t  provide a framework within which more

pract ica l  research on the subject  can take p lace.  To fh is  end I  have

included in the references some papers of a computational nature whicht

though not actua). ly ci ted in the text r Day be worth scrutinizing in

the future.

Readers wil l  f ind that the Schur decomposit ion f igures heavi ly

in  th is  repor t .  t r t  was ParLet t  who,  wi th  h is  a lgor i thm for  comput ing

fr - rnet ions of  t r iangular ,matr ices,  convinced me that  th is  decomposi t ion

6ad an important role to play in the analysis and computation of Ehe

inatr ix  exponent ia l .  This  v iew is  consis tent  wi th  one of  the most  basic

Lenegs of numerical algebra, namely, anything that the Jordan deeotr

pc>sition ean do, the SeVur deeontposition ean do betten!



Ab s trac t

This report brings together a wide variety of facts concerning

the matrix exponentiaL. Againet a background of femil iar resul"ts'  we

present an analysis of matr ix functions (the exPonentiat in part icu-

lar) which exploits the Schur decomposit ion' theorem., This helps us

explore the behavior of 4 function of a matrix whose eigensystem is

poorly condit ioned. Final ly, ne investigate Pad6 approximation of the

matrix exponential and feature in the discussion, a potentialty use-

fuL inverse error analysis.
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Tr A E (uii) ffnxTl

i : r ,enFn*  =  { { r }  ,  la i  €  ( i * r j i ; : ; ;a .q* l [e  =  {  A  lo r r i *  J t  "  Not - ice
{ ' l

t, i ,re,r [{n[t* = [[ lA[HB , Fer nxn umatni.aes A air:r,r i Hn i"f l  '< iW[ m€ans t 'hat

|  :  I  c  . .  - a  - ;  :  
A

ie ; i  i  \  io i j  !  fer r "  a tL i .  and j  and # 
dener ter i  / tn* l  {prov ided E as iEr*

\ J e r ' - r l - : r b t e " ) '  

" l  
i s  r d i f f e n eTf f  ( ,e)  d,s  Ci f ferent iabtc,  d t  

f  { 'e)  5  f  ( t )

, {K
*r , rder  derr .vat ives ex is t ,  # ;  

f  ( t )  E e 
(k)  ( t )  "  

- r f ,  
a( r )  bs (a l j tc) ) -  € ' : f  

i ' j !

qdhere E is  a reaL var i .ab l ,e ,  then *$ 
,Utn;  = A(r . )  #  (* t j  (c) )  and

*$"n 
A(r )dt  = (uf  *  

n i j  ( r ldr  )  .  S i .mi .Lar  def  i .n i r i .ons hold for  nrectsors"
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I  "  Func t ions  o f  Mat r i ces .

Le t  A  be  an  nxn  comp lex  mat r i x  w i th  e igenva lues  l t  ' . - r ,  t r r ,  .  We

shal1 def  ine the matr ix  f  (A)  by

( 1 . 1 ) r (A )  =  -  1  
6 r r r ) ( z r -A ) -Ld "

2I[ i  t,

Here f  consis ts  of  a  f in i te  number of  s imple,  c losed eurves In wi th in-

ter iors  0t  such that  (a)  f  (z)  is  analy t ic  on Xt  and,  f )U and . (b)  each t r :5 is

con ta ined  in  some nk .  Equa t ion  (1 .1 )  i s  j us t  the  mat r i x  ve rs ion  o f  Cauchy ts

integral formula and we refer tbre reader to Dunford and Schwartz

r - l
L g  , p p . 5 6 6 - 5 7 t  f o r  a  d i s c u s s i o n  o f  i t .  

e D

There are other ways of def ining f (A) .  For example, i f  t  (z) = {J .kr*
k=o

and each e igenvalue of  A l ies ins ide the c i rc le  of  convergence for

th i s  se r ies ,  then  

*
( 1 . 2 )  f ( A )  =  L  t ' - A k

k=O 
K

A discussion of  th is  power ser ies representat ion can be found in  Mac-

Duf fuu f i7 ]  .

Sorne leadi.ng examples of matr ix functions are

A Z A k
e = I ' -

k=O k:

vrh ich converges for  a l t r  A wi . th  spectra l  rad ius less than one.

. t

Suppose A = X B X* l  represents e i ther  the Jordan or  Schur  decompois i t -

ions of  A.  As wi l l  be shororr  in  Lhe next  fwo sect ions,  i t  is  possib le to

expres$ f  (B)  in  "c l -osed" f  orm, This  impl- ies Ehat  an expl ic i t  repres.entat ion

of f  (A) can be given because

( 1  . 3 )  A = [ B X - l  = +  f ( A ) s x f ( B ) x - l  .

which converges for al l  A and

. s , .- 1  |
( r - A ) '  . =  h  A o

k=O



2 .

2.  The Jordan Canon ica l  Form and f (A)

The Jordan Canonical

an inver t ib le  matr ix  X such

Form (JCF) Theorem guarantees the existence of

that

( 2 .L )  x - l e  *  =

wher e on the r ight \re have

J t r ( r r )  o  " '  o

the direct sum of

J  ( r )  =  J
m p

p

Jordan t tbLocks t t :

( 2 . 2 )  J ,  =  J  ( 1 ,  )K % K
(mO x mO)

The matrix X in (2,L) is not unique , but bJe shaLL alwagts assulne fint' it as

eVnsen to minimize r (X) = l lxl l  l l  *-1ll . We say that the eigenvalue ri occurs

wi th  aLgebra ic  mul t ip l ic i ty  n ,  ( \  +  . . .  *  *n  =  n)  .  Because J  has such

s imple  s t ruc ture  i t  i s  poss ibLe to  d i rec t ly  spec i fy  f (J )  and hence '  f (A)  =

x  f  ( J )  x -1 .

T h e o r e m  1 .  ( S e e MacDuff"" frz] )

of  A is  g iven by (2.1)  and (2.2)  and i f  f  (A)  is  def  ined byIf the JCF

( 1 . 1 )  ,  t h e n

( 2 . 3 )

where

f (A)

f 
(mk-l) (rk)

' : " '

t

r  (1)  (1r )

f  ( rk )

I

),.
K

a \

o

I

0

0 0
o

1 o

\ c

\
\

1
\

. . O 1 , ,
K

f  ( rk )

o

t

= x  f  rCr r t  t

r  (1)  (At)

f ( r -  )- \  
k '

\
t

a

e r (rp)] x-l

( 2 . 4 ) f  (Jk) =
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As an appl icat ion of

Theorem 2.

Theorem 1 , rrc prove the f o llowing result :

(2 .L )  and  (2 .2>  andI f

if f (A)

( 2 . 5 )

where

P r o o f .

the Jordan decornpo s it ion o f A is given by

is  de f ined  by  (1 .1 ) ,  then

I t f  G) l l

fm  =  n a x l \  , . . . ,

I f  c  €  C" f j )

Thus ,  f rom (2 .4 )

K (X) m aax
z e 1(A)
O5r5r1

le  
( r t  (z)  |

can be shown that

I r 
(r) (^k) |

! r  
( t )  , " ,  I

l r  
( r )  (z )  |

r !

r l

t u l '

is a qxg matrix, i t

llcla 1 '""1"13 I

ll rc.rolll a % nax
OSr(mk-1

L r(x) m max
01r"<u-1

z e A(A)

r !

,1 m nax
0 {rsn-l

z  c  I (A )

The theorem now fol lows because f , rom (2.3)

r l

i1 e trl ll + ll xll [x lt,ffi:r[t t;ol ll

Q . . 8 .  D "
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3 .  T h e Schur DecomposiElon and glA) .

The Schur decomposit ion provides an interesting alternative when i t

comes to the speci f icat ion and analys is  of  f (A) .  This  decomposi t ion s tates

that  there ex is ts  a uni tary matr ix  Q such that

( 3 .  t 1

where

S i n c e

It can be shovrn that

"tr i  *rj
where  E .  .  =

1J
l .  t r .

r . J

=  T  ' ' '  d i a g ( l i )  + N
*

Q A Q

T =  ( t i j )  i s  upper  t r i angu la r  ( t i j  =  0  ,  i

Qo  =  Q- l ,  (3 .1 )  rep resen ts  a  s in i l a r i t y  t rans fo rmat ion  and  thusn

l ( A )  =  { l r r . . . r l - } .  W e  a l s o  o b s e r v e  t h a t  t h e  m a t r i x  N  i n  ( 3 . t ;  i s  s t r i e t L v
I N

upper tr iangular and hence, Nt = O . The matrix a can be chosen such that

the e igenvaLues f i  appear  in  any order .  A d iscussion of  the Schur  decomposi -

t ion can be found in Stewart fZOl "

In  order  to  obta in an expl ic i t  representat ion of  f (A)  us ing (3.1)  we

must  invest igate f  (T) .  To mot ivate the genera l  resul t  r i re  consider  the ex-

T
arrple e^ where

\ 2

o

TLI'tLz t r3

T
g =

" n l

0

o

t23

^ 3

t- f,'" Lz- Lz

" ^2

o

and Etzg

t t3Et3  +  t te t23Et23

tz3Ezg

"13

= Etz - Ezg( i

r t  ^ g

From this example we observe that uT is an upper tr iangular matrix

whose entr ies involve d iv ided d i f ferences of  the " I i  .  As we shal l  f ind,



similar remarks apply f or general Jl (T) . To urake t.il is prec:ise ror-,: qh{rl"l

need some definitions and a lemma,

Def  in i t ior r  1 .

Suppo s e

U O  r r | . r  F k  t

these points

(k >. 1)

If any

to f ro

0t  F" , . . . ,u ; l  
.  r .€ .

f uo  '  . . . r  oJ  =  f ' uo

t, (z) is anatytic on some open set s.} eontaining points

We denote the k*th order divided df,fference of t ar

r r . . ,  i - t 1 o - 1 J  f t o  ,  , ' 1 ,  , ' k J

Ha, F uk

( t = O ) I uo] =- r fun)

ts are repeated, then & Limit argument can give meaning

(see ost rowski  [ rg ] .  )

o f  the p i

r 4 . , ,  u J .

Def in i t i on  2 .

For i  I  I  ,  t i j  denotes the set of al- l  str ict ly increasing sequences

of integers which begin at i and end at j :

s . .  =  {  c r l  o =  C o o  r . . . r r i )  r  i =  o '
LJ

F o r  e x a m p l e ,  S 2 5  =  {  C 2 r 5 )  ,  ( 2 r 3 r 5 )  ,  ( 2 r 4 1 5 ,  ,  ( 2 r 3 , 4 r 5 )  }

D e f i n i t i o n  3 .

I f o = ( o' o

t t  l  engthrt  of  o .

Def in i t ion  4  "

, r , , r  oo)  e * i j  ,  then t , (s)  Er  k  .  That  is ,  f , (o)  is  the

s!T) =
r-J {  o  6  t r j l s ( o )  F  k  l

f t  s lP .
rIr uS , ,  =

lJ
Thus,



A

Lemma 1. (Partett [zol )

Suppose T

( f i j )  i s  de f ined

( 3  , 2 )

= (t i j  )  is

b y  C l  . 1 ) .

rucn upper tr iangular

the diagonal entr ies

an

If

matrix and that F = f (T) =

t r "  =  \ *  a re  d is t inc t , ,  t hen
L].  1

t . .  =
IJ

o

fc^ i )

( i  >  j )

( i ,  + ' j  )

( i  <  j )
f  . .

].1
t s  f  . .

J J

I .  - ' I  .
1 J

f €
& a .

*  -4 JJ_-
l - 1  A .  A .

J

f  . r t , .  *  t . , f , .
] - K  K l  T K  K I

1 ,  * ' I  .

iJ F r r F
+ Z 

' ik"ki -  ' ik 'kj

L= i+1  X.  l  .

j .*$ |
+ z

k=i+L

P r o o f .

From C1 .1) we trave that dz . Since

(zT T) -1  is  upper  t r iangutar  for  a l l  zE f  r  k ,e  have tha!  t i j  =  O for  i  >  j .

r  - r l  r  - l
s i n c e  [ ( z r  r ) ' J i i =  ( z  - A i )  r  

r  w € o b t a i n f i i = f ( l i )  T h u s ,  f i j  i s c o r -

ree t l y  spec i f i ed  $or  a l l  L  >  j  e

Now assume i  < j  and equate the ( i r j )  ent r ies of  the ident i ty  f f  ' '  TF

wh ich  fo l l ows  f rom (1 .1 ) .  We ob ta in

f it tt3 t . ,  f ,  .
lK  KJ

whereupon

2
c

rJ

J= z
k=i

Jz
k=i

I
'rr fL

t  Q) fc"r - r)-{ i j

f . .
lJ

Q . E . D  .

Two remarks are in  order .  F i rs t ,  sense can be made of  (3.2)  i f  any of

ctre I .  are repeated" I lowever, for our purposes we do not have to worry about].

th i s  poss ib i l i t y .  Second ,  Q.2 \  i nd ica tes  a  ays temat ie  way  in  wh ich  f  ( r )  can

be computed "superdiagonal at a t ime". We rof et '  the rea,ler to Parlett fZOJ tor



v .

more  de ta i l s

of  F ( f  .-  \ - i r i + P  '

superdiagonals

For now we remark thaL an element on Ehe p-th superdiagonal

t : t r .  ' . ; r r -p  )  is  a l inear  combinat ion of  e lernents f rom the

O  , c o . ,  p - l  "  S c h e m a t i c a l l y :

This  observat ion fo l lows f rom

We are nstil read] to give

Theorem 3.

( i <  j )  c a s e  o f  ( 3 . 2 1

exp l i c i t  express ion  fo r  f (T ) .

( tZrr  is  a l inear  combinat ion

of  f22,  f23,  f44,  and tyr  )

Iire see that the theorer.n

we f irst assume t,hat

when we set i = i+tr in

x x x x

o E3+*
o  o  x r q
o  o  o t d
o 0 0 0

x

x

x

x

x

the

an

Let  T = ( t i j )  be an upper  t r iangular

f (T )  i s  de f ined  and  g iven  by  (1 .1 ) .  I f  F  =

t i j  =  O ;  for  i  =  j  ,  t i j  =  f  (A i )  ;  and for

s( 3 ' 3 '  f i j  =  
c o o , * r o o l  e  r i j  

t * o r o .

P r o o f .

By observations made

cor rec t l y  spec i f i es  * i j  f o r

rne ,I- are d ist inc f. . Henc.e ,- t -

thaf, formrrla we obtain

f i*r- , i+t

with tr. = ti i . Suppose

= f  (T) ,  then for  i  >  j  ,

{ t  r o z  
'  ' . '  1 s k - l r o l } c r g  t ' " ' r  ^ o n J

matr ix

( f i j )

i <  j

in the proof of Lernrna 1,

i  ?  j .  T o  v e r i f y  ( 3 . 3 )  n

(3 ,2 )  i s  app l i cab te  and

f . .
a 1 ^rnr lC

r-J
* i ,  i * 1 * i , i * r  f  x i  )

l .
a + I

This shows that  (3.3)  is  t rue whenever  1 =

whenever  1 {  j * i  *  p  fo r  some pb .  1  .  To

nrust show that i t  holds whenever L I j - i  *

i t y ,  i t  s u f f i . c e s  t o  s e t  i  =  1 ,  j  =  n ,  a n d

Z
x S

t e , .
0 0 f 0 1

j - i  .  Now assume (3 .3 )  i s  t rue

es tabL ish  (3 .3 )  by  induc t ion  we

p+l  .  I r r i thout  loss of  genera l*

p = n 2. and show

ok-L rok f too tn"' l  ^ool

rJ

( 3 . 4 ) f .
I R



L

From (3 .2 )  we  have

( 3 . 5 )  f  
t n

( 3 . 6 ;

and

( 3 . 7 )
qn

S u b s t i t u t i o n  o f  ( 3 " 8 )

f -  t
rq qn t , f

rq  qn
t l r ,  r l ' I . ,

i l-l

+ X
q=2

By the inductive hypothesis,

I t - t n

'  c "  ' oo -1  
nok  f  l t ' o  t  '  c  "  ^ to  ]f .

L q

tr
{-t

o e S -
I q

oo r o]

z
e S

T o r T l

o e S -
I q

r  [ r/r 'r E-' k - l  t  ' k T g t  
" ' 3  ^ t n I

f  c r r  q  =  2 1 .  . .  1 o - 1

n-1
9

( 3 " 8 )  L  f . , _ t - _
q=z rq qn

Sirni lar manipulat ion

n-1
<fl

( 3 ' 9 )  { * t  t ,  f  =

g = 2  
I q  q n

Now in

n-1

= X
Q=2

qn

each term of (3.6) rg = 1 and ok = q and thus

t  , d .  t  t  [ i  . " , . . 1  1o 0 r 0 I  o k - l . , o k  
- q n $ -  

o 0 " -  o k *

z
e S

u ,  r  t -  
10gr  01  *ok - l  

rok  L loo  r .  .  .  ,  ^on_ ,
1n

R , ( a ) > 1

o f  ( 3 , 7 )  g i v e s

o e S .
In

g ( a ) > 1

and (3 " 9; i n t o  ( 3 . 5 )  g i v e s

t -  ^ .  r * .  t ^  A  f l , - . r r . . ,  I r "  l0 o , c t l  o k - ' r o L *  u l  t l k -

T
o k - 1 t ' k  '

f  r r ,  
=  [11 ' rJ E .

l n
z

e S
t  ' o a  t

0 0  r C [ l
=9---1.-i^oo r .-  r^oo-J -f^o, " ' � 'nooJ

1n
& ( o ) > 1

f

c r f l q  C [ 0  r 0 l" l n
' o n * r r o n f ^ n o ' ' " ' ^ * n l

which completes the proof of the inductive step,
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There .l'ema i-.1: i:

urr t t r ,  T s r l : r , .ag(. \ i )  .+.

t i o n  o f  T  ( n  =  t l
i j  \ +

mat r : i ces  T^  by
ut

such that (a) l inn Tn = T and

.  (q, !  . ,  l 'n  I
i i = '  ,  r ,  r ,  t r o - '  .  C l e a r l y  w e

the  eon tour  f  i n  (1 "1 . ) ,  Thus ,

r ( r )  s  [  
6 r r " ) ( z r

2Tr i 
-r

l im f (T

tl:to

Another

the sle;t,ai. i * 1, rrr- '#rr;t.*t-ed iri:. i .1CBav€itrues " -(ul,oupi1se $irs

N vrher' 's bi i"s Lh.*: sl.r; ictly rt[]Fic:i... t.r ianguXar pcx"*

t 5 - : ) t . . :  j  ) .  D e f r n e  &  $ j e q l l e n e e  o f  u p p e r  t r i a n g u l a r
l J  I J  

- r '

' \  

:  ^ i

q 
= d iasc i f :q) l  n  N

( b )  e a c h  T

can. ehoose

has el ist ine eq.
/ ^ \

the I  ) ' r '  to  be
t

e i g e n v a S u e s

i n t e r l o r  t o

1

T )  * d s  * l im j

q.t#a 2"ffi i
( z T  r * ) *  i a z

f  (Tq) .  then

$r e"r
r

cont inuit

l im

tr@

t,hat

=  
' [ ^

o0 "" " )

,nJ
r I
. ^ t

o . e
IC

( f  19)  )
L.j

v

r
I&.

shows

i  
(q {
ok

' I 't*.,

( t <  j ) "  T f

t d

s " ,  
o 0 t c t l

l J

= l im
\ 4e  0

u,
g

r  [ ' ^ t e )
ok-L ru'k * cr0

, ( q ) J
i .  

" - -  
l l

J r l u  1  O -  " - t
t t <

o o r o r  c " r ,  t o n - r r o n  [  ^ o o ' c "

*T
_3

s . .
r-J

argument

,  / q )
" o o  l * c  e  I

for  any (cI6 1.n,  I  ot*)  e t r j

we c lear ly  ob ta in

{  r  - ( s )
I l m  t . : "

! l
qtd)

Z
e

This shows that (3.3) holds even though T might have repeated eigenvaLues.

a  . E o  D .

(Professor Parlett  has mentioned in private correspondence that Theorem

3 was knor'm to hirn al thotrgh the resu lt does not appear i" [eOJ" )
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As a prel iminary appl icat ion' of" Theorem 3 n we prove the foLlowing re-

su l t  "

Theorem 4.

Let Qoe Q = T = diag(l i)  + N be the Schur decomposit ion of

A where N is the str ict ly upper tr ianguLar port ion of T. Suppose f (A)

is defined by (1.1) and that the contour I  in that expression encloses

CI ,  a  convex set  contr i in ing the spectrum l (A) , I4 ,  for  r  = O1. . . r r l -1

s u p  l t ( t ) ( " ) l  =  s -  
'

z € 0 t

then 
, n-l

( 3 . 1 o )  l r C r t l  ( z  6 r l N l '
r=O ir :

and

( 3 . 1 1 )  l l  r c e l l l ,  +  6 l l ( r F  I n l  ) - 1 [ r

where

5 =  m a x  5
ogrgn-l r  I

P r o o f .

J -l /'-\
Se t  F  =  C f i j )  fCT) .  S ince  S i i  =  L l  S ) : /  ( see  De f in i t i on  4 )

u F r r J
we have frorn (3.3)

i - i
( 3 ' t 2 ;  ' r j  =  

H  R l : )  
t o o r o r " "  t o r - t , o r [ 1 o 0 " ' ' ^ " J  ( i ' j )

r-J

where N = (r i j ) .  Norr because fL is convex, i t  is possibl"e to bound the

divided dif ferences which make up F:

( 3 . 1 3 )  l I r u o  , . . . , ^ o J l  s  
u r l n n  l { ( ' ] ( r l 1  =  

+

(s""  ost rowski  t f  gJ )  .  I t  is  possib le to  g ive an expl ic i t  express ion



1 1 .

fo r  the ( i r j )  ent ry  or  lu t r  wh ich we denote  by  ln i j l  
( r )  

"  From par ler r

[ro] we obrain, (r r,, 1')

/ o
( 3 . 1 4 )  l r r j l n , = (  = q

\  " f  s  !T)  f  
'og,o1

j " i + r

Taking absolute values in (3"t2) and applying (3,13) and (3.14) for

i  < j  g ives

i - i

I  r i j  l  4 
,1,  " | r f : )  f  'oo,or " '  'or-1,or l  

l  I^o0 ,  ."  .  ,^o] i
l - J  - v  

r

n*1
t Z  + l ' . , ; ( r ) =  Z  d '  1 , , . . 1 ( r )

t  =  1  r !  
'  l J '  

,  =  1  ;  
' - - i j '

Th is  resul t  together  wi rh the facr  that  t r j  =  O ( i

( i  =  j )  p r o v e s  ( 3 . 1 0 )  .

n tn r - l  r o r l  J ' , ,  i + r
rJ

To  es tab l i sh  (3 . t t ;  no t i ce  f rom (3 . t0 ;  rha t

n-1

l r c r l l  "  6  Z  I n l '  =  6 ( r  l u l l - 1
r = O

and consequently,

Q .  E .  D ,

1f  r te l l l ,  = l lq ro lao l t ,  = l l r ( r ) l l r  = l [ l rc r l l l l ,  4  \ \  ( r  l r , r l r - t l !  u



t . L .

4. Pgr-i*_gfg.:. og lbg {*.trix [xp*og.enrial .

The exponential of an nxn complex matrix A sh;r i- tr" be denoted try

A I
e--- and caTl be d.ef ined tn a nr-rmber of equi.valent ways:

(4. 1) *At = I 
6 *ut 7rr - A.) 

-_Ld,u

2 il'i J*.
I

gL)

i4"2) *AL = X -4o !o
k=O k :

( 4 . 3  ) o A '  =  l i m  { t * + r - f
krffi t kl

t | . / + i  X ( L ) = u A *  ̂ 4 s  S  - A { { r - ) , : { i o } i * - }
d r

( 4 . 5 )  x ( r )  - - i  * A n  @  c { D } x ( t i  , -  o  ;  x t o ) ( o )  =  A k  ,  k = o ! . r c r t r - r  e

( e ( x )  =  d e , f i ( A  -  x I )  r  D  =  
#  )

I ' o r rau las  (4 ,1 )  and  (4  "ZJ  a r i . se  d i rec r l y  f  rom the  de f  i n i t i ons  in

l is , : r : t i r :n  1-  ( t l f  crourse)  the Epectr :um o1'  l \  i .s  ene i rc led by the c le ised con*

; i { } r . . i r  l = , }  I , :< , i lmu l - ; , r  {4 ,1 }  i s t  r i i sc t r$$ed .  : r - l l  f . a r "a t l4  ,F , ta? , f } f f l  ,  i /+ . , ! }  i . n

i3e lLnarr  [2  ,F.165f  f  J  ,  a .nc{  i .4  " i i }  in  Z j .en i r rL ib i  ,?

As  (14 ,4 ) - (+ .S)  sugges t r  the  mat r i x  exponen t ia l  *A t  has  a  c teep

connect ion wi th in i t " ia l  va lue prohle{ns.  t ' t r is  connect ion wi l l  be exp. [o i t -

ec l  i "n  the next  few sect ions as we invese: igate.  the proper t ies of  *A*,



n-3.

5. Lar.v-geinF k +99tt*ige 3Lo3g1gg.

Unfortunately, not- al l  of the properbies of f ,he scalar exf lonential"

at  - - -er  Lo *A*"  The leading e.xample of  such a proper ty  is  " (a+b) t*e carry o\r

a t  b t
e g r

tF.ggTgg 5 "

If A and B are. nxn. maLri-ces Lhen * 
(n+n) t E "At'"Bt f,or all t if and

only i f  AB * BA.

't'u -f- " 

r Bu ,
( ,=ry ) Substi tut ing uhe power serr ies t 'er;resentations of *At, c 

- 
and

^{a+n)t lntu *(e+n)t F eALeBt and then ecqr.r,at i-r .rg che coeff icients cf tz

g ives

* ( e * " 8 ) 2  *  A B +  r x /  + * B Z

whenee, AB :r Bl".

(F ) 
"If 

A and B eornrnute t,hen

a I- nt nrJ = o\eAreBt + *A*B*B* = (r\ + B)*Ar"tsr .
; ; L U  

E  J

Thr rusn  X(L )  =  eAteBt  sc , l ves  X( [ )  =  AX( t ]  ,  X (o )  f , ;  I  and  f rom t4 ,4 ] ,  th i s

i"mptri .es rhar x(t) = *(A+B)r ,

Q .  H "  D . ,

i:*r;*L*:"{ :i'
At *AE ,-  a i '

e""*  e ;$ - t  and thus, E'""-  ' i -s r loTtsingulnu f ,err  *1.1 t -u

.*H,*L!#. 3:"
As At  A  (s+ t  )

e e = e

In  ehe nonco$f inu ta t i ve  caser  t€Ja t inp"  ^ (A+x) t  LL . ,  .A*  and uBt  be*

s-*m*s cornpl icated, I loweverr  som.e traetabJ-e nestr lLs ean be obt,ained hv

rNpJ-* . l  e i .ng  { l+  ,4 )  ,
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*issrrsg "9-"

*(a+n)t & uAt n&.' I  wh.ere z(t) is t ,Fle 6.ni.que ,e,olrdt- lsn ta

zo { , t - }  *= * -AtB *A* n( . t }
( 5 " t r )

'A(O> = I

P r o o f .

I f  Z(.t)  s;rf i i "sf ies the above i"nit ial .  value pz'ob}-emo Ehen

at-[ *A'zc-il = A *,At z(n) + *AL z' (t]

= A *A* y^ {,{:) + */L'i- *-*'AtB *Au z(t)

= (.A + *) [ uo"*rn*>]
,'

B ' , r  ( 4 "4 i ,  o tA+B ' !h  =  *A*z ( r )  s i -nee . [ *o t * i . r J  =  r  e
I' =i")

n Q , ] ; .  f i ,

iu  is  F)oss ib le te i  ge. f  an expl ie i "e reBreserntat ie i ,n  of  '  ( "6+B)t  
by ieerae ing

the f ol lowing reeu i  t  :

l..enuma 2,

( : ) ,2> u ( A + e ) r  =  u A .  +  [ "  " R ( r * - i )  B  * t * + n ) r  d ,
(")

Li*tl-,

i l i t ' f€rr ' : . tr"r l-r ,a,L: i icl-nr,, , .r f  x( 'ei  :L *on * 
' , l ( \"  

o,A(l :-r) B 
(p'+F"}r '  

d"f
{}

r e v e a l s  
#  

x ( r )  =  ( A + B ) x ( r )  "  s i . n e e  x ( o )  : . j  t r n  x ( r )  s  * ( a + n l t  b y  ( 4 , / + r  "

Q .  E ,  D ,

Theorem 7 ,

I f  Ro(r )  = uA* and Ak(*)  (k  a r )  ie  def ined by

au(r  )  *  
J-  5 t t . " '  J tu- l  , ,A( t * t ' I lB  * ,u(* l - tz )  o ,o ,  B*Atk  d*k" . "  dr r
0 0 0

tr)

rh.en .(a*n;t = x \(*) "
k=O
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P r o o f .

Thus

i t  i s

u,)ll

Since

the ab

maj or

il
I t
l l

i l.o'lt * "iinsll it is easy ro show lio" <r)lt a l|B.!|U
K  k :

ove series converges uniformly on bounded sets of

Setll
g .

t  because

Lzed
@z

k=O

!F

L .lirtlt L llnrlk
- 

k=o k:
=  " ( i l e l l  +  $s [ ) t

( t = 0 )

(k >, 1)

. The Theorem now

Q . E . D .

and 7 can

d iscusses

set t ing of

Thus,  d i f ferent ia t ion ins ide the summand is  a l lowable and s ince

!o

.  d 7
we nave 

et t-r
k=O

fo l lows  f rom (4 .4 )

/  
^  eo( t )

# \ ( . ) = (
\ e n t r l  +  B \ - 1 ( r )

rT
( a , + B )  L  \ ( r )q k=O
L A\-(o) = r .
k=O 

A

Lenma 2 can be found in Bellman [Z] . Theorems 6

essential ly be found in Gantmacher [ fZ ] where he

t tmatr izer t t .  The analys is  there is  in  the more genera l

va r iab le  coe f f  i c ien t  p rob l "em A( t )x ( t )  =  X( t ) .

We conclude with some rather dif ferent approaches to the prob-

lem of salvaging the addit ion law. Trotter [29J proves the fol lowing

t tproduct  f  ormulat t :

" ( l + n ) t  =  l i m l - " o . l o e
kJ.p 

'

(5.3)  of  course g ives "  
(A+r)  t  =  eAteBt

not coqrnute, i t  i .s not surprising that

involved in expressions for "(e+n)t and

this are the Campbell-Baker-Hausdorff

ao (r) =

because

the

the

Br / {  k
( 5 . 3 )

When A and B cormute,

W h e n A a n d B d o

mutator b, gJ becomes

Two results confirning

the com-

AT Bt
e e .

formula
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(s .s)  c( r )  = (A+s)r  + l [e ,n]  E2 .  #b, r r ,  *1 - [ [a ,n l  ,  ^ f )  13 + i . .

( s . 7 )  c e  = - * [ A , B , t r  ,  e 3 - t [ t o , B ] , A l - t t u , B f , - l  , c 4 = . . . .

( 5 . 4 )  * A t  " B *  =  * C ( t )

where

and the related Zassenhaus formula

( 5 . 6 )

wher e

. 
(A+n) t = eAteBt "czr? "c3t3 ua4ao 

' '  '

We ref er the reacler to Weiss and MaraeludinlgO] tor a complete specif icat ion

of  e(r )  in  (5"5)  and ro fe l lman f3 ,p"363 for  a technique whieh can t re

u s e d  t o  d e r i v e  t h e  m a t r i c e s  C Z ,  C g  , . . .  i n  ( 5 . 6 )  .
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9..The Growth of "A'

For the scalar exponential (U e C) we haveu te

++

In  th is  sect ion we prove a corresponding resul t  for  "At  .  To th is  end

def ine the scalars o (A) and U (A) by

( 6 . 1 ;

( 5 . 4 )

This  fo l lows

Ax = ).x with

sup  l " u t l  =  1
r>o

Re(u)  S o

(6 .2 )  o (A )  =  max  tne ( i )  |  ae t (1 ,  -  f I )

1 ^ *
( 6 . 3 )  u ( A ) =  m a x t r l  a " t ( o ; +

\ -

These two quant i t ies obey the fo l lowing inequal i ty :

= O )

^ ' ) = o 3

- u ( - A )  ( o ( A )  ( p ( A )

directly from Rayleigh quotient theory and the fact that i f

Re( I )  = cr (A)  and l lx l l  =  1 ,  then o(A)  = ***(eo* l ) *  .

The scalar U (A) is an example of a " logarithmic normt'  ,  a con-

cept which is useful in the study of errors which arise during the num-

er ica l "  soLut ion of  systems of  ord inary d i f ferent ia l  equat ions.  The

reader  should consul t  Dahlquis t  [8 ]  and Strom fZZ,ZAl  for  a d iscuss-

ion of U (A) in this connection.

Now as wi th the scatar  case '

( 6 .  5 )

This can

however,

negat ive .

A

a nd thus,

l in [[ "Atl l  = o
t i @

be proven,  for  exar tp le,  by us ing (7.

sup i l"Atl l  may ue str ict ly greater th
t " O
For example,

I  t  1o(e-1 " - t l - t \= l  
) +  e

\ o  - z  /

sup |i "At[|> lt"All > 10 even though
t>.. o

s (A)

.  Unl ike the sealar  case

1 even though cl(A) is

( " - r  1 0  \
= l  I- \ o  

. - ' I

(A) E!  -1

1 )

an

A

0h
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sinee lt rl l = 1 r w€ alwa.ys have sup ll *At![ ,* ]. . The following
r)0

resul r  ind icates exact ly  r* t rer l  we have equal : i . . ty  and Lhr :s  const ieutes a

g e n e r a l i z a t i o n  o f  ( 6 . 1 ) .

Theorem 8.

( 6 .  6 )

P r o o f .

sup |\.otll = I <+ u (A) \< o
r lo

For  any  un i t  vec to r  v  s  Cn ,  de f i "ne  the  func t iona l  $ , , r ( t )  bV

*
(6.7) O,,r(r) = l l"At.r l l2 * ,uo oA t uAt v (r > 0)

and no t ice  tha t

(b . B) Oi tr ) = (*,Ato) 
n 

(nu + a) (eAtv)

Now,

u ( A ) { o ' = +  y o ( A * + A ) y

= +  O j ( t l a o  a l l u n i t v E c n , t ) o

=+ Ov(t) 6 I .  al l  unit  v s cn , t lo

=+ li *A*ll2 a sup $,,, (t) { 1 r >. o

l lvh =1

(Ttre f ,h i rd l . ine fo l tows f rom the facf i  that  Sv(O) a t  " )  The eonversc? fo l*

lows wi th comnarable ease:

, u y p 1 1  " A t l i  =  1 +  O v ( r ) { 1  a l l u n i r v E c n , r
I >ra

-+ Oitol (  o al l  unit  v e cn

- - \  * .  *  r \  . ^  - nq v (e + A)v -< O al l  unit  v E C

+ u(A) (  0

Q . E . D .
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^_t
7,  Representat ions of  e"

@ 8 , f f i

A . -
.  \  t L L(a) e 

- 
and the Jordan Carronical

F f f i _

I f  ( 2 . L )  a n d

(2  .3 )  and  (2  .4 )  to

( 7  . 1 )

rvtrere

Form.

(2 '2)  represent  the JcF of  A then the appl icat ion of

the exponential gives

A t  =  x { e . l ' r t 0 e "rkt ] *-t

rlk-1

( 7  . 2 ) " J k t = . l k t

o

I

l
(

I

C)

t

I

I

I
I

0  O  r  r r  0

/ m , - 1  \ t
\ ' -  K  

" t  I

t

I
I
I

I

,,
a

E
o t
t t

t

1

= o )

eD(r , - r l )u .D(r r - r r ) ,

n/-
t
It

\
t

\
\

\ \

t \
\

i

0 , .

\.\\ \
\ \\ .. \

\". \
1 *
I L

I

o

we can eertainly apply ghe results ' f  section

fn terms of *T* where T is the. schur eanonical. Forrr

shal  1  obtafn a s l fg t r t ly  more e legant  representat ion

Theorem 7 .

Ttr.eorem 9.

A +
(b) e^' and the Schur

+ q r y r .

L e t  Q o a Q = T = D

D and N the diagonal and

ive ly .  I f

e anorrica I Form .

3 and express "A'

o f  A ,  Ins tead ,  we

_ A r
or  e  hv  us lng

+ N be the Schur  decomposi t ion (3,1)  of  A wi th

st r ic t ly  upper  t r iangul"ar  por t ions of  T respect-

( 7  . 3 > rnG)

Dt,e ( k

( ' ' . .  ( t k - t '
i 6

then

N"Dt d.d 'd r l  {w u ti



:r

( 7 " / + )

kgl'
! 'rom Theorem 7

TT

Herwever, the proclue t of n

is zeto and the integrand

we elear ly have

&t
st
L r. (r)
k=o 

K

\
\, $i' r l '  ; s - t  t  , i ]

L, ,  ! .  ' . ,  
. !  |  

.  , "

i / l

t
fi

T.n

d

A u i
(: .Lr t.I I

i
L

rr * -1.
o!' '

Ii*C

(A a D r B * N )

* 
(n+u) t E

or more nxn st r ie t ly  upper  t r iangular  matr iees

o f  T , , ( t )  ( k  > ,  n )  i s  j us t ,  sueh  a  p re rdue t :
K

[--

T'i'r.-l g ,

Ar.
e

f t  i c i  pn-qs ib le

ences invol"ving the

f u,, (tp- 1 *es)* 
ut*,4D (r-r1)NJ 

L.n Crr-rz)wf,

ll'*' *

a e.-" e
IU " '  \

E a { 4^ tu.{r) 
}

t k * 0  j

Q ,  E . D .

to relate thc una"tr: iees ' I lk(t) to d-ivided dif fe.r-

f ,unet i -on t (z)  s  *ut  .

1 i + k "  >  j )

r ,
t .

E l  l A" o * - l  
r C I k  L  " n n d " ' l ^"3 ( i+r 4 i>

\ .. . r A n  a n d  t h e

f u n c t i o n  f ( z )  =  u " t "

uv I r  , '
to thc

We delc t ,e  the proof  of .  r ,h is  eCIrCI l larv  s inee i t  essent , ia l ty  involves

the same r-e.chniques use<l i .rr  the proof of Ttreorem 3.

/ o
/= (

\ ;t . '?$5f )

t lo re iJ  la ry .
a-ffiGFEe

t t=  * \

\ { " 5  /

n r e e
o'o r 01.

1 � J

where t.he eigenvalues elf  A (and T) are given

d . i , v ided  d i f fe rences  in  (7 .5 )  a re  w i th  respec t

I tu cr)],i.i
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/ \ A t
L c )  e  a s Pglyj].gm.i3l i.t

The Jordan and Schur decomposit ions have enabled us to express "At

expl ici t ly through the canonical forms J and T " Quite a dif ferent repre-

sentation can be obtained by expressing "At as a polynomial in A having

analyt ic  coef f ic ients in  t .  Such a representat ion is  possib le because of

the Cayley*Hamilton Theorem:

c ( r ) = d e t ( A F l r ) =? c(A)  =  o

a A"

By us ing (7,6)  i t  is  possib le to  show that  Ak is  a (not  necessar i ly

unique)  l inear  csnbinat ion of  I r  Ar  . . .  r  At - l  r  sBY

n-1

( 7 . 7 )  A k  =  Z  c r - :  A j  K = o 1 l 1 e ' r a
j=D KJ

By substi tut ing (7 .7 ) into (4,2) i t  can be shor'nr that

n-1

(7 .8)  .At  =  Z on( t )  Ak
k=O

where

( 7  . 6 )

( 7  . g ) 0o ( t )

a,

= / -
j =o

1
? f J

KJ

The detai ls of this analysis can be found in Mirsty l fgf .  one cant

in f  act, work with the minimum polynomial of,  A(instead of c (f  )  )  when

d e r i v i n g  1  !  a  -  -  - - r  - r - ?  ̂ -  - E  - A t  L -a potynomial "  representat ion of  e ' -  ,  but  th is  is  not  necessary

for  our  purposes.

purzer IZZ]

in  (2 .8)  "  He has

has developed a way

shor,rrn that if c (x)

c ( D ) z ( t )  -  o

, ( k ) (o )  =  o

, (n :L)  (o)  =  1

the funct ions S U(t )
n*l rq 1 K=  Z  c L x '  a n d
k=O

n-2

of  se lec t ing

s det (A -  xI)

f n  =  + \\ "  d t ,

k  E  O  , c 0 6 ,

then
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l o o
I

( r )

S ,  ( t )

" I * z  r

" 2 " 3 '

I . _ r '
l -

./ ./
c . 1

D.*I

I O . ,

"  
(n-2)  

1 t ;

,  
(n-1)  

( r )

. ,  i , are the

j  =  I  r r "  n - l

r ,  { r )

r r ( t )

o
o

' * r ,

A t

. " 3

t :
T}-I

I
J.

"r/ 0

i
' o

" 0

z ( r )

( 1  )  , .  . .
z  t E /

:
o

d

t

Suppose t,he

c n x n a s r r A r .

r -  r  A  I  s r ! ,  A t * I

rnatr ie  es A

a .  ,  A t * l  .

,  i t  must

c )  
t o c r

Sinu,e

ai" stl t)

n*1
Y.
d-a
k'=0

,  A*_I span Uhe same subspace of

*A* is a l . inear eombinaL-ir:r :  t- l f

€ a l i rrear combi.nation of the

Pn t*,1

A .
a
A

At
Ak

B3r choosing ttre

spee i f  ied ,

For exampJ"e, Putzer:ftZ1

e igenva l .ues  o f  A ,  then

r,vhere

;.rnd

ju r l i e ious ly ,  the c :oe f f i c ien ts  
\ ( t ) ean  be  eas i l yA .

1"

has shown t . t ra [  i  f  ]1  ,

A + .
n - L

r i ' 0 1 ( t ) D f * \
I

6)
I,

' l

.J

lT (n
k*l-

0
9
I

I

I

,\I

L r

.,

o
o
a)

t
o

C)

n'*1

. i *0

f*
I

i  " t
I
I
I

l 1
I

I
N ,
I

t ?
a '
I

t " '
t
I
I
I e-r
t* -

t"

r , ,  t t  j
I

r  r ( t )

s
a

,*

r  ( t )
11. 

-

s

I
I
I

I

I

t

I
I
l -
t

I
I
I
I
I
I

I
J

{)

, . 2
\

, \kx )

' v i l '

p g

a

tr

j  ' *  2 ,r^r i th r,  (0) * I anel (o)  'Y  0  !
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A j
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r d d +
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wietr  mul .  L  i "p  l ie i r i .es
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l q t r ) J

Ila r,;

: i
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;  - . 1

.  _ r t\,
f  ̂  i '  ( A  . -  r - i ; r $  € :

s, ' -  I  * .
a

' t  
1 , L

rr-here A has distl, 'rtct" eigen';a'i,.u,r:s

i i . ,  *  o  o  o  q S i ,  i l f l : . i
r "  k -

i :  { x )  s i  1 +
r

i .  n l + i
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, : i t  A.  i  s  et igt" , r r iu,aiules {nlrr  r . t : ip l" . i  rat- . ie:s j  n.c Lude-d} .

i t l i .q lnnE,  +  : , , , - " r  
' l  , t v t rJ , l f i r - : I t }1 i l  j i j , i , , . i " i  i z i l l g .g

-�;,1

ru. :s l r . j  t .  { ,1. .5)r  "  Fur c: la. i : " i . t -3r

f ; : i  n c t -  e i g e n r i i i r l i : . ' . $  r . 1 ,  . , ,  n , \

f . t le  : i : - f - t * renuxa i  eq t r , i i t i on

^ kr,
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The in i t iaL condi t ions

give us the

the unknonm

C V S  I )

ar?rere the tcnsor product is

A S B  =

and V is the Vandermonde mat

c 
(k) (o) = Ak ( k = O r . , r r n - t )

requisite number of ( l inear) equations in order to solve for

matrices C., r In tensor language we in fact have
r  

t " o l  " n  '

c 1

cz

c
n

At-1

I

A

def ined

t l  rB

a

t

a  - B
N I

by

^LzB

a

a

o

a ^ Bnz

a . B
I N

a

C

a

a B
nn

, 2  2 .
t n x n  )

1 l

i l
I

t l

I^r'J

r].x

1 1

) 1" 1  " 2

g t

J j

,  n- l  .  n- l
4 1  A . t

b I L

we have

a o

( a

Sinee  (V  6  I ) -1  =
- 1

v e r

c t

cz
a

t
e

c

= (u-tu

We refer the reader to fuLmer for

case.  Not  surpr is ing l ,y ,  conf luent

a d iscussion of  the muLt ip le e igenvalue

Vandernonde matrices are involved.
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B. Bounds tor ll*At l l

rn rhe preceeding sections rre have seen that ti"At i l (t > o) behaves

in i^ t ia l ly  l ike eu(A) t  and asymptot ica l ly  l ike "cr ' (A) t  .  In  th is  sec-

r ion we add ro our knowledge of l t*Att i  by obtaining several dif  f  erent

bounds of the form

uAt l l  & "$t  M(r)( 8 . 1 )

fuoong other things, these bounds wil l

at ion theorens in the next section.

Our f i rs t  resul ts  arc obra ined

decompus i  Lions .

Theorem 10.

enable us to present perturb-

by applying thc Jordan and Schur

If the Jordan decoryos it ion s f  A  i s  g i ven  by  (2 "  1 )  and  (2 ,2 )

then

{ s . 2 ; l[ "o* t[ & *a(A) t r*
\

t r
rn4K -

0-<r{mr l  r t

o .  - l  , "

t [x  - [ [ .w h e r e  * * r " * f A , . . . ,  * u l  a n d d ( x )  * t t x [ [

F n o o f .

K (x)

,AE ,grves

& r: (x) !o *a 
(A) t' 

max i
0  q rg r I  r  1

f  ( a )  s  c

r zt.
E E

t :

Apptr y ing (?.5) wirh

!t *At[[ sr(x) m max
z  e  l (A )
osr+m-1

Theorem 11 "

Q .  E .  D .

A  i s  g i ven  by  (3 '1 )

t!rytl!:1
k :

then for t. )- Othe Schur decoryosit ion of

n-1

tt *At [i & **(a)t Z
k*O

( 8 . 3 )

and

( 8 . 4 ) 11 , l l l l  t  11l [  *  l i F  ' '

I,f

tl .ot tl a ll*At ll 3" a *a (A) t



2 6 .

{:is.s..
l8, l i t '  'J ir l l . j ln, i) . ,  l r , l , . ,r i  ! ,1-n$ -.  {7.3} and irsi 'hB r i  he r l

i s: ,,:, C j ? 'u,Ttl ebrai..tl

. L  - U *

[ l r i . ( r ) i l  * (  I ' "  
"  

i - * - t  i l  * t ( t - t t ) i i  [ ru i i " - "
o 0

i*
.  , " k  r n '  r v f g \ t
i[ u 3q* *L eLt 

\'!d/ !

* l
K , ,

iicr. ir-lear [t*D'u [i = *,.rx 
(a] s

[| N lN lluu**l[ drr- - drl

(Tme isafftlc rest'r.rl}t, hell"ds for k d! O') F'ror"t (7.14) we thus have

n-tr I1-J v

1r Acuo ?n ff i r" rrr l l  r .  , .c '(A)'  ; i  f , l :qh.f Jt .  . ,  tr  * . I_-" nl ' i ' ' ,  t  :  l  ;  ' :  'L:

[<.*0 
iii' 

k.=0 Le 3

p t-{]"w;!n

h t

I q:]

Y
r{' 

-

? " 9

{g  l l ,  ,

e s { , a b . 1 i s h (E,gr i ,  jusu appl- \ i  Tt let ' r l iemr 4 '  p.r i ' t . ' i i l  t i
* t A l t

Ti i r r  s;  guve:s

,;Uhr€ r e{lpt}{}

rr"* [.
n i .  K t

i  i l a l  - ,  . z -
t e  i k  { . - "a

k.=O
*o(ar l r  u l } ' \ lur i r  i r ^ * l k

r - "  L ' : : - -
K ;

ex (A) e
g

ili Tt $I'= i l  r& ix^[,
n i  i l l l t i [
t $ , $ q '  p t p

(fi ,
d !  Id itil I t+;

J't- ' t l i
lBii" \-

rv (A) t
g:

( t l .  [  , J ) .

For ma6riees ,uui,fh tLIl eon<lit i.orreri erigearsvsten'ts K(Xl $.!6y be extreJne*

X v  t a r g e  i s e e  W , i t l s i n s e n [ 3 1  , p , E 7 f f " ]  ] .  T h t s  f a - e t -  J e a d s  o n e  L c  b e l i e v e

frhat f elr sLqf.l l  unatric'.es , t he. he'rn-d s (8. :* and (8 . 4 .are superior to t 'he

t ro r , rnd  (E .Z) .  We shat r  l  show .La ter  on  LhaE t la i .s  i s  no t  a lways  the  ease.

TrJ"+ i ir i.CI,&ir : l;p,en..i.f,,r,o,r!, ' t lper araa.l .1ewer bounds fer t\*^*lt.: i-nwol'ving the eon-

rsr=cu:t  u { ,A) s{e, f"  i . tned i ,n (6r,3) .
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Theorem L2,

( 8 . 5 )

( 9 .  6 )

P r o o f .

( 8 " 7 3

[t*At tl < eu (A

Itr "Ao ll > u-u (

) r

-A) t (coppt" [o J )

(DAhlquisr IaJ )

r f  0 , , r ( t )  =  [ "At . r l l2  ( t tv i l2  != 1)  ,  then f rom (6.8)  h 'e  have

0i( t )  < 2 r r (A)  0. ,0( t )

since 2 U(A) is  the most  posi t i .ve e igenvatrue cf  .A*+ A .  Thus,

tr, (t) * [!*A*il2 s "2u {a) t

Inequal i ty  (8.5 i  now fo i "Lows s i -nce the above resul t  ho lds for  a l l

u n i t  v e c t o r s  v .  T o  p r o v e  ( 8 . 6 ) ,  j u s t  o b s e r v e  t h a t

I *� il uot u-At l\ e tl uot ll \! u-At l\ " lt "At l[ uu (-A) t

Q . E . D .

We remark in  passing that  the lcwer bound in  (8"5)  is  in fer ior  to

the obviaue resul t

t\ .on t[ >1 uex 
(A] e

(Thi .s foLlows from the fact  that l lc t l> max {  l l l  I  det(C tr I1=g }

for any square matrix C and cx(A) ) -u(-A) . )



z c j .

I r  is  po$sib le for  a(A)  to  ber  posl t ive even rhough " [ (A)  is  negat ive

I  - r  a \
as t?re exarnple A =. (-;  .- ;  J 

shou's. (ry(A) = *i-  ,  P(,4) "= "!" ' )  Wirt i  euch ex*

anrptres, the bound irr (8.1) becomes less meaningfutr i*s i l  { .nereases. IE is

possib le fo  somewhac correct  th is  s i tuaf ion as the fonlowing Lheorem wi . l i -

show ,

twQrgq 13.

For any invert ibtre matrix S

(8"  8)  r [  *A* l [  A K (s)  uu {S- '1AS) ' �

For any E

{ [ j , . 9 ]  u l s - l es l  S  a (A )  +  r

, : lerre,  i . f  r , (A) .  0 ,  i .L is possi i , t . [e Iet  r . :hoose. S strctr  t "h 'a[ :  L] te upper

b,DLx.nd . i "n (  8.  E) decays as t  ine reases .

Hgg'
r q  s - l A s t t i  r r ( s * x , q s ) n  ,

F r o m  ( 8 , 6 )  [ i e *  l t * e  a n c i  t h u s

* 1  1  - 1

{ l  *A*th = t i  ,  ns" 'Ast s". t  ! [< l ls l i .  l ]  s"t t [  [ !  , . -$ 
'45; r  

i f  r .  o { i i )  eu(s 
-AS)

e s t a h t i s h i n g  ( 8 " 8 ) .

To  p ro \ re  (E .9 ) ,  l e r  Q*aQ s  d i -ag ( l l )  +  t {  be  the  Sehur r  e lee .ompos i t i en

i - j . I l  r r f  fu .  l r in iee f t  . is  s t , . r ie i ! -y  uppe-v: '  t . r la .ngui i l t : ,  r t  . ls  p t l€ ; -e ib. te  to  f ind

f !  r l - ieg i :n .a! .  matr ix  T e e l iag( l  1  0 ,  . . .  ,  CI In ' '1 . )  sn-u l rs  f t ra-e

l [ t"r N rll "s u. '

F o r e x a m p l e ,  i f  o s * i n { r ,  g  (  t h e n'  
l l * \ l *

fi r*rmltz4 tlr 
lrld( *�

n-'trz
i * 1

n

Z "ii oz (i-i ) *. nz u xilfr + ,2
i * i i t r  

'  J

Fr:om Dahtquiu t [aJ we have the prCIBert ies
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u ( A  +  B )

l u ( a ) l s  l t A l t

and thus if S = QT we have

r r  (s - tOt )  =  p  (c l iag  ( l i )  +  t - lN t )

,( CI,(A) n itr-lr'rt ll " 0(A) + e

Q . E . D .

We refer the reader to the work of Strom lZlJ for a more detai led

d iscuss ion  o f  1og  norms and  re la ted  resu l t s " l i ke  (8 .8 )  and  (8 ,9 ) .

We next present an upper bound f or ! [  "Atl t  by using the def ini t ion

{/$.3}. This bounui mey b,e found in maro [ l+ ,Chagrter lCi l  where the di.s:

cussi-on takes place in a considenatrtry mCIre generai setr ing than just

nxn nat,r iees.

Ttreorem L" t+,

Ler ?,

for  evcry  yr  Re(y)  >  B,  we have

l l  tvr A)-kl[ { u l(v st-kl

for  aLl  k  greater  than ,$ome ko = kn(y) .  Then

l [  .o t l l  aM *8{
P r o o f .

Fix t and choos" k" such that 
+

ll (' f) 
-ll = (;)--ll [i' t 1l -(*) 

--' (: ,-- = M(l - T'-n
From (4.3)  we thus have

[ "o'li = rim lft - g)--lt L. M rim ft t\-o = M "B' '�
k . r a l ' \  k l  

r r  
k + e \  k t

Q.  E ,O,
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Theorem L4 is  not  a par t icu l "ar ly  usefuL resul t  in  that  i t  rep laces one

diff icult  probLem (that of bounding l l"Atl l  )  wit tr  an equalLy dif f icult  prob-

lem (that of determining M and B above) .  I , le mention in passirg, however,

that this theorem points to the deep connection between the exponential and

the resoLvent  funct ion n(y)  = (y I  -  A)-1.  This  connect ion is  expressed by

the foLlowing ident i ty :

We conclude this section by contrasting some of the bounds which have

thus far  been presented.  Consider  the matr ix

The Schur  and Jordan resul ts  (8.3)  and (8.2)  g ive us respecEiveLy

(a) i l  .ot  l l  (  . ( -1+6)t  (1 + 4r)

(b) l["At l l  \< " (-1+6) c (4 * 106)

on the other  hand,  s ince u(A)  : r  -1  + (4 + O2) l  and u(s- les)  =

* 1  +  ( . 2 5  +  O 2 ) *  ( S  =  e l i a g ( 4 , l )  )  r  w e  h a v e  f r o m  ( 8 . 5 )  a n d  ( 8 . 6 )  r e s p e c t -

i v e l y

The  fo l l ow ing  tab le  compares  theee  bounds  fo r  t  *  Or1 r . . ,  r3O .  I r l e  no t i ce

that  in  th is  example the constant  K(X)  in  (8.2)  is  large making the bound (b)

considerably  weak.  This  is  in  contrast  to  the Schur  resul t  (a)  which prov ides

very accurate upper  bounds as the table ind icates.  The log norm resul ts  (c)

and (d)  are a lso in terestdng.  Beeause U(A) is  posi t ive,  the exponent , ia l  bound

(c)  deter iorates wi th increasing t ,  but  by per forming the ind icated s imi lar -

i ty  t ransformat ion s- lgs abover  w€ can der ive a decaying bound (d) .

f 6

( y r  A ) - 1  =  J  " ( A - u r ) t d r  R e ( v )
o

We shal1 not  pursue the mat ter  fur ther .

(c) ll "At ll

(d)  l l  "At  l l  s  +. f  
-1 + ( '2s + o2)*J '
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;  a  +  +  +  +  +  +  +  +  +  +  +  +  +  + +  +  +  +  +  +
|.{' rl Lt' t& lr tr. tI, tr lr rr t|. t! ll. ll t'L lr |J. tr lr tr^ u tr

u1 a'. :  f ' ]c. '  r ' ) 'q.:  r i  r  L, l  Fn (:  r{ r  € € r ' i  L. l  r 'J t-  C: t--

rJtf e�C e t\t *C Cn C \C -f lfl rro (} t* tn €, {e \(} '�':C CF f-f C!

"A O^ .$ -S rO btn ru {'* N *t n'lQ\ € lt1 \C 't :fS 
-f *S {S

. i .ncC F4€h cC t>CdCi  f \ l  { \ JOTC C r rC €  t f l  v -cc  - { r  -g

c-t \g c bg <- f . ig rI  - i  rJ l . \ . . :c *f ,  tr t ' -  c? t l  L' l  r" "f ,

{ \ r r 1  r \ f  r r v c g  { \ I r n  - - \ $  r l 4 o C I  { \ J  " ' s  3 ' s  r * F " l  C r '  c J

r ! - r
f . a c ]
+ + +

l L t r . u .
(: r: '?
c: f\i c]
{}cs o\
C  r C C
C l^* Ft
r- (\i i\

U

t".

7

bo

Fl

}{
on

t l

(n

f\ N .C \$ Vn ..l'1 -5n -.f *S f4 t'*^. fiif f\.! r rF- Td 6 6 tr- rr- {\J f,\^l {\f fvl fdl '{f, *? t'{ {'n ua rf

. -  fT f :  t  c ;  ( }  { :  {a( -1 r :  f : ' :  { :  { :  { :  !T fa  4 { :  " l  { l  *  - : ' : ' : :  f : :  r *  * - '  f l  {

* - +  + + + + i i + + + + * + + + + + l l  I  t  *  t  t  t  i  {  t  I  r

L,.t vtt 'a, Ltt lll L13 11J \$ tl; lr4 ttJ ul rr, t.l"t uJ ru let tl"t lrJ iei trJ '$ tl.l Lt'i \ri ;'{J '"ri Lit u'i :'LJ li'i

C  C \ t f \ S € C I .  f \ -  s h . \ C  \ * r \ i L f l  q - * t \ C  r d t c r :  { : C \ C ( X : C F .  * U :  C l {  f \ J C F  f \ * ' f  t ; " f i

(a rn - j ,  * l | .  r 'J i--* rn.:  -e tn* l"* -1 ; ' .S ' f  t  ' r-  i f  ' "  Cri  (*:  ( :  ?a J l ic: L' \  {*

C., rr- Fe r \O tfr tn E\- r* \ct rQ r:, f'.- t- rG Fl r rO l\J t- -sP y'Fl r/.\ -JP f) r'\ 'fi t{ u.1 f!" rr1

c f\ r $ {ai} r -f -f, l\rt il. sO ut \t r\ fu 4} en Q^ t$ 
{ i] 

r (} r-'lr1 "f r--€ r' ;f,

C -t .t (t' fq \C G \O 1vl1 Cn cC \C \6l Q tr' f\t rfl 'O i:: t\l fiJ 11i '- t- r'1 t,1 C rti h C} f\'

. {  r - g 1  f  F -  r J C  1 1  e \ t  r . $  r u +  * t  e * { }  . - ' . c  r ' J C t  } a  r * ?  r L n  t " J n . ' e ' l  c ' ' *  l a

a l  r  a - a a  l l } * a t t  a t l '  o  t s t  " l G '  * l €  t

s*l#lvl

. * -  . - . - O 4 ) C a *  r . - q .  f \ l f \ . t { ' u 1  f q  ! / " 1  - f  * f  t n U ' l  t n €  S t \ * f - q | r C  . C  C  q { 3  A C

e . : ( i } c ) c l r J c a r G c c c c ( i r ) o e c c c c c ' { : ( ) c * r f } c ' r * f t *
+ + + + + + 1  t  r 1 t r t  t  ! r t  r  I  t t  I  I  l I  I  !  ! l t  t r  r

L: ,,t trl !.J lll uj u! ru irr ut L: lrj fr:r lL! trl f,u Lt t-LJ t\.i u.i lrt ttl L'nj tu t-t 'r: l':'t tlj rlt Lj'i rr':'

( ?  o , . v . 1 . r \ c g  f t r c c  * f  o r v r n  c r g f ?  r . }  { } r * r - f  f r  e r e f r " t \  ^ t f Q  * f  s  ( 4  -

c- \$ f: Fisc|, c,. -s cfi*'-tc| t- b r\. Gct "c (f f\�f lq "cP.- c' F' \c 3' \f, f '  }f

D C f: aJ tt .S .) -.jl l* -4; i* Lr1 O f,"C. ';3 if .3 *- *f C' La t''l r? F r'r "f '; F/: {} ^J

( : -  r r r  r -F-  r r*C . . f  c , \Ct \c i  r - r {  r . . l "O r lJ ' l  i r - -b -+l { :  f  € cr  \c* ' t  r l "*  Fr l

C  oC t \ . . t  r - . $  e \O  r rnd .  l n  C  - - | \ oC  le ioC r r i r€  r?  * f  \ n  *  . t  i ' l  c {  { }  t -

! F  i F  r r S  F  F \ i 0  { \  f  . i l  r r t \  f 4  r * {  r t \  { \ l  r : *  r r f ,  f \ ( }  i l  r  r , r ' ( l d f t '  f \  r

f  
'  

a '  I  t .  a  a '  t  t '  '  ' '  t '  t  '  t  q '  '  '  4  t  t  t  t  t  t  t '  t  l "  s  t  '  I

f,l

qJ

irl \0 \G !\ f\*, rv-* r{: f"{ Cl c- a f} (:

t  +  O  , }  3 ' : '  *  o ' ] ' ) i : } q *  t *  t -

1 t  r  t  [  |  |  t  t  t  I  r  i
tg. [t.l f,Lr L!! LrJ tu t".lj tr,? tir' ltl u- Lj^i lL

* -f y*J C, C !l*'|"* C: f-' i) \ 'S fdi

il, .r r; Ir -* :-.i ..a l. : .: *- i :'
.C ic c* r:l tn t"i '$ tq 'f (: 'f t:- !'r;

c i  *  -1  r -  r l 1  r t  : J :?  r i 1  {  1 ' r  r r

bc',r.; rt -f; \t + F ] 14 c'l '- :- --

c-.f r' $ ft{Jtu fn 1- f' \'f l\- 
-v c*

t a a a i l l * ; t t ' o r

r f- r- O (: Cl r (* r* f\,1 t"d fn ft'i F'l \1" -f ff in

i  c  a  :  * i : :  c )  ( >  c } c  *  G ' )  3 r }  : : ' ' 3 :  c '
1 + + + + . i t t r l t f t l t t t l
u-, lr-' uj L- fu t|i ru tr.l t; trj til tJi til t'L! tii 1!' t.u tIJ

C" \c, ..t t\- t".l'g tft *t 'f niu"L |\f .f fd T**l'1' !\'i r*
4 rA '6 ^. & ^. FF' fi i./1 ru e i) fr1 jC tr-CF. r,S

J  r ' l  , " )  v  v -  v '

a C i ri L 
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'o -t *c r\' n'i c) tr\ eE Ln \$ rt'

: Lr 6, "- *f L-t ua fr I\* -f t- t1 Lrr ::* L't i"1 a) r-

cl -ri ?J cl: Ff', ;* Ln ct *'f t:A lrr * ' e $ r; rv €
tr- r rS rV*rn \t r -f rt\ ^I r.f rF- sl
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The Schur result (8.3) does not always produce a bound as superior

the above exmple would indicate. For exaryle, if

*1 *6

o - 7

o 0

4 _ 6 4 - 6 r

5 - 7 5 - 7

- 2 - 6 4 - 6

0 - 8 5 * . 7

0 0 - 3 - 6

0 0 0 - 9

0 0 0 0

0 0 0 0

0 0 0 0

o 0 0 0

0 0 0 0

o 0 o o

- 6 4 - 6 4

- 7 5 - 7 5

- 6 4 - 6 4

- 7 5 ' 7

- 6 4 - 6 4

- 7 5 - 7 5

- 6 4 - 6 4

- 1 0 5 - 7 5

o - 5 - 6 4

o 0  -11  5

0 0 0 - 6

0 0 0 0

o

o

4

5

4

5

4

5

-4

0

0

o

0

o

-6

- 7

-6

- 7

-6

-7

-6

-7

-6

-7

-6

-L2

A r r

then f,g,rcer[ be'shown thdt ll "A flt .52 . However, f rom (8,3) rte obtein

"-1 (2.0 r 1010)

wherees (8.3) readere

l l  *Al[  s e-l  r?o

since K (K) * 70 for this cholce of A,

Ar the rbove exennp!.er ahorerf,f, is iryonnible to rcnlc the uppsr

trcl"mde in thc preceedlng psges in terus of ef fectivenees. ThG ehrrpne*o

of a given inequrlity will dcpend upon A and t. However, if A Lr s u$rffiel
* *

matr{x (A a * AA )* then eLt the reeulta of this seetion poinc &o tb* ss&e

fae. f * nmely

t$j ,  t1) A normstr + [ *a* il r .s (a) r

There &re nany $sys of proving (8,11) Bor exeryle* {psb€ cds lhs tt(A) ",

o {A} End than apply (8 . 5) and (8 . 7) .

ll .oll \<



9. F'eruur'bati"on Bounds f,or *A*

. l i--yl t ' ' l .r i,- i se,i:t, i t ln we exarnint: Ll 'ne pfoll.!.e;m tti ' f , F:;orlri.d:lr igr, g u'(A+Elt *Ott i,,

fr:,r- t .t. ;..t " bJrle:r:r. A alld E e;elulruute-n t-t i is Lg X.rarIi.t:uta:."n.yr sasy"

TE:*JS 15-"

{s.l } AE e Fra *4 !! uiA+n)t ,-*AL !! . !} n*u \\ t* [\E [t nur t[[r 
) (s )r, o]

@['- l 'n51{ '  
. .Ea 1.

tr (A+H) r Ar i[ ir Ar , Hr i: 4Et! l- Utg l$k r 'k
t [  o t ' "  ' " '  e - - " r i  tE  ! l  * ' "o(e*"  *  t i t [  - l (  [ \e" 'Un 

#  

t -=h*

n-Jt F ;)

t l ' /  t, 'snn;€r {8. 2,! and (€i , }.} respecf;irr-e;1"5'r we o}r,tain, une . 'oii owiing tlrre ico?:o,*.

' i- 
i+1,', i..t 'rs 3

Ig-[g--1*-]*e-],]: ]. "

I f  AE * :  EA and th ' r r  Jordan decomposi t i .on c f  A is  gfven by (2"1)  end

{ , ' ; . , ' t : ) ,  w;,r}r  r i ,$ � r  a f iFax {nn-. , .  "uur }  * f lhen fr : r '  t -  E L}
. L p

, .n .3g2. .1  
l l t : ,  

"  €u , , :  l l i i  ; "  e - ' " ' -  (  t [ !  t1  ! [  u r i lu " ' i ,uo  mi<(x ]  r&8x  - . ;  , ) )
r y r g - ' * T i * t  g :

- l - :  - t -1: : - r t . i l  , r :

j,J' l tE :.= l:1;lr a'nd t.t ler ,Sc{rtrr Ceeomposititom r,f, "4 J;. gtr;+:,t i l  bv i;J.i} "

t-ti+,n f,eir t :>* {.)

F l  (A+ l i ) t  A tRn  ry , (A ) t  i r  l " ' ! r , r .  q+  
t k t \ r r shk

t : ; . 1 )  ! [  " ' -  ' '  -  
e - ' { l  ; t -  c  ( t "  t f r  F , [ g  6 . ' ' ' ' i ' o '  A t  L - J ] " : ! t *  )

k = 0  k :

The problern of derivi .ng perEurbati ,eln bounds i ,s e{rnsiderably m*re

d"if f icult  when A and H do not eommute. In"qt.*:a.d of maniprr laLing ttre power

"serler; for t tre exponeRfl ials *.(a+u)c i lnd uA't {a verv eunbersome approar:?l;  "

we  w iL "L  use  equa t ie rn  (3 .21  "  Ih i s  g i ves  us

s ll .oo !n (r- tE n 6 *slEllt )



j 4 .

i 9 . , r , l

,*=i:ortr w.h:r-tr.rt uht:

' ' u  h \

lir i+.,*.hl.r 
'r.

U t e
A  +  i !

* i L  I I" - e l t =

t cJ .  Loq+ in f i  -  bas lc :  inequa.L i ty

1tr * (A+n) t *At t[ *{ \[ br qq

t-
if
\ ,ri
\  ^ ' " t \ r  " r r . r

J  i :  i . i

t-,:

/ r , ! A t

^ 1".r+ t; j i ^1 --

can be dedueed:

{
i  t \  A ( : * t ) n \  t i ,  ( a + u l r t l
. " ;  l u e  

' $ U  
[ \ e  $ [ d " t

;,1/ r-.otrp.l, i .rr.g. (9..: j) lsl,.t ] ir th,e regutr-,t,g of,. I lrLt] ri]r i, i \ i ' irr ' t lsr

l  : r .ee. ! .y ob,taim ;some pertr t rhat ion b,ournds.

.*:,::lPq .K'

:iru,pgi,;rse t.fie Scll'ur d.e*oruEposlLL:i,a;:rlis oli. A anri A.'.8:',

seat,:.0fl1 \"ri+ ca:i1 f'rutrm,e,il*-

sii:e givc+'n respe-i: l ' j  i  r; 'e13r

.1-f r-i

[! * 
(l*''-r; I s L' 1i6

*) tll /:

1'' lrl

'.l:r^ui P'/"xr\

p { M t i " ' $ t H r t )

Q A Q

Ac"E l ()

=; d.r.erg (,). , )

@1 ii
; 1  l 1 l
\ - i  . 1 .  c

L\ d. aa,ql {)t" ) .t iii
r l

d *  " - t r i  , t  * '  ' , t /
.i ltl.3X r, .\. -Yr l,l ,t; * 1{l I

?i

:il.r -*,.,r{{y l.A.l rq, (A*.8 )

,''nl

l$ Etb i ![ *A{n-'-t") !p li u.,i '*tnu}'' !|or,,
0

r t

[ lF iJ i *edA] {n't }F*'* '* ' ! i  t .r . f i  *r { 'A+E)r r,Tl, ir
t t

lr ='1i ,
"q iu  - ,L ' '

./ i!

_A--.-l;

!e*0, L".:

*Ji

\ ' r  [ ,1 . "' - il

*st it *f [ 5 r[ft m- rl (t-tfi *F- [k ] e.
0

;-r, ,ir

e

Irr orde:l: tc preiciiretr i lr1di.fr-: lonall

ir:eve ';rne f o,LIow.r.ng resrri. f l  :

)
(t p {}r,r")' !i.ri i1

{ ) .  s .  U ,

colrvenienL ii.eipercfunb*fii.on bounCs:, .r.[ :d.s



3 5 .

Lenma 3 .

P r o o f .

Theorem L7 .

( 9 . t 1

A 1 s o ,

( 9 , 8 ;

P r o o f .

rr  [ l "At[ l  {  M "Bt ( t  > o) ,  rhen\1"(a*u)t l [  {  M "(B+tul l r [ l ) t

From Theorem 7 (B = E) \^re have for k >7 L

7 t  r t r -  . ,

t i  \(r)[ l  1 J '  r  " 
)  

K-r 
l l  "act-tr) l l  r iu11 ..-  [Et l l l "Atkl l  u.u, -- d. l

0 0

L

I "k+L li Ellk "Bt t--

k !

Since the s€lme result holds when k = O we have
&

[ l  "(o*,). l l  L Z l l t(r) l l  I
R=o

d)

M "8. 7 Mk ||nok rk = M "(B+utnil)t
k=0 k!

Q . E . D .

s u p p o s e  l " A t l i  \ < M l  e o t t  a n d  1 l " G + E ) t l l  5 r , r r e o z t  f o r a r . l

t )- o . If M = maxtMlrM2) and o = max{e LraZ} 
then

f [  . (a+n) t  .At i l  L  "o .  (u2r lE l t t )

l l  * ( e + n ) t  " A t l l  a " ( o ' + u r l i E [ ) t  ( M ?  [ n l l t )

On the other hand, by using we obtain

, ' t

i [  " (a+r)t  "A. l l  -< l l r lu]  J eor(t-r)  "(or+Mllr l l ) t  dr
r o

il "
F r o m  ( 9 . 5 )  

, . t
(A+E)t  

"At l l  * t lE[J Mr esr( t - r )  Mzeozr dr  *  "dt  ( i ln l l  r , t2r)

= ll n 11 *i eut t 5 
t 

"urtln ll d.r
o

t ll n rl uf * (or +\\lril) t'

Q . E  . D .
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9'gqsll-aTy !.

I f  the Jordan decomposi . t ion of  A is  g i "ven by (2.1)  and (2,2)  and i f

J  i s  d i a g o n a i  ( i . e .  n = l  ) ,  t h e n

( 9 . 9 )  i [  " ( A * r ) t  " A t l l  \ <  K ( x ) ' i l u t l ,  " ( o ( A ) + K ( x ) [ r l l ) t

CoroLlary 2- .

( e . r o )  l \  u (A+n ) t  uA t l t  . < \ \ s l l  r  " ( u (a ;+ l l n l t ) t

Q o r g l l a r y .  3 .

I f  A and A+E are both normal, then

( e . 1 1 )  t [ * ( A + r ) t  u A t l l  s \ \ E g r  * ( u ( A )  
+ t l  E t l ) t

One can a lso at tempt  to  der ive per turbat ion bounds f rom (4.1) .  I f

f  is a contour encLosing the spectrums of A and A+8, then we have

t l

\ \*(A+e)t *A' l l  = 
* f  

." f",

= 1 6 ""  (zr (A+n))- l  E {zr -  A)-1 dz
2'Ii-i r

Pertuy:taat:.E:n borrnCs e-an be obUained by taki"ng, Eloruls in the above expres-

si"on and then trounding the r ight hand eide, Wc dc,leEe the resul ts of this

approach because the inequali t ies so obtained are no better than the ones ^' .

a' tready givem.

We conelude this seetion with a word atrout the relat ive perturbation

i t  (A+n) t  
.A* l l  /  |  uAu11 .  rn  par t icuLar ,  th is  quant i ty  does not  necessar i lyl l  e  (

decay even though *At and *(A+r)t do. For example, i f

/ - 1  e \
A  - { - L  o \  a n d  A + E  = { r  

c ' }  
a v , D

t o  - L i  \ o  * L l

rhen {1 " 
(A+n) t uAt ll / ll *At 11 = er .
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10. App:gxigration gf g Function, of a. Matr ix .

Suppose the matrix functions f(A) and

approxi mate s e k) on a s et containing ), (A) ,

g(A) .  We ean quant i fy  th is  by us ing e i ther

Theorern 18.

If  the Jordan decomposit ion of A

if  f  (z ' l  and e(z) are analyt ic functions

(10. L) [[ r Cn> s (A) ll \< n r (x) 
#iL,

O(r(m-1

P r o o f .

U s e  ( 2 . 5 )  w i t h  f  e  f - g

Theorem 19.

Q . E  . D .

g(A)  are def  ined.  I f  f  (z)

then f (A) wiLl approximate

( 2 . 5 )  o r  ( 3 . 1 1 ) .

1 S  9 1

de f i

ven by

ned on

I t t ' >

(2 .  1)  and (2 .2> and

I (A) , then

(z) e (') (") I
r !

Suppo se

S? is a convex

tions on fl and

the

s e L

Schur deuomposition

containing f (A). I f

of A is given by (3.1) and that

f (z) and eU) are analyt ic func-

(oSrsn-l)

then

(r.o. z) \l r tO s (A)llr {

where 6 is  a constent  sat is fy i ing 6

P r o o f .

6 l l  r r  l u l ) - t l l  u

> . . !  t  r  n  O 1 " ' r o - 1
r !

Use (3.11)  wi th f  = !  f -g  .  (Not ice that  i f  N ' .  0  we need onSy re-

qu i re  6> ,S0 .  )  Q .  E  .D .

By using Cauchyts integral formula we can obtain an interesting

var ia t ion of  (10.2)  which does not  requi re in format ion on how welL the

der ivat ives of  f (z)  approx imate the der ivat ives of  g(z) .
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Theorem 2A.

Suppose  Lhe  $chur  decermpos i t i on  o f  A  i s  g i ven  hy  (3 ,1 )  and  tha t  A

is  a  eonvex  r$e t '  eon t "a ing  A(A) .  In  add i t i on  assuTne  tha t  f  ( z )  and  g@)  a re

"rnai .y t ic  fuqrcr- ie ins ins id,e and on a e loeed contour  I 'whose in ter ior  con-

t a i n s  n  ,  I f

d  E  i n f  l z  * r l

zcn
wsf

L( f )  t  the  " l -ength ,  o f  I '

dIi eil

|  ' +  ' u s x  l r ( * )  e ( * ) l
wF, J.'

t Xlert

' i l r tel 
s(A)it r,4 €- '$ i l  tr Si*' t  l i  n

l n e i  d

l*i:{.

For z € 5i antl  r  i ;"  0 we have the fol lowing inequali ty from Gauchyf s

r . r ,Legr .1  fo rmu la :

! . ( ' ) , ,  -  ̂ ( r ) , . r [ =  l s l  $ t . : . * t , : F J * ]  . , * l  L  : . 1  L ( r )
i T: (:"; g '.7. ) 1. = t ;;-i .r "*.=-'"'- ,",;; i Lrh.'� I *

{ * ' 4  l '  ( z - " r 1  I * t  i  
'  

2 v  d -

l3y  us inp ;  i3  "  i  0 )  we < ;b t -a in

tr(r) - s,(rlq 4 H ':-::-S+ q' = /l..!5') (r Etr-t
r * i t  2 n  d ^  r :  r 2 n  d  I  d

and t,hus

[{  rrnl e(A)t!  u 4 '  
# [ [  (T l :J r-t l l  u

Q . E  . D .
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11. P.*{u @eP{ "1:.

The (prq)  Pade funct ion *nO(r)  is  a rat ionaL approx imat ion to

u '  o f  the form

(11.1)  *no( r )  =  "nn3

uno ( ')

where

p

(11 .2)  ,nn( r )  =  z  
I rPT. j ) :  p :  z i

j = o  ( p + q ) :  j :  ( p - j ) !

and 
+

(1r .3)  uun(")  = 
A f f i ;F ' t  

.

The error  of  th is  apprerx imat ion is  g iven by

( r r .4)  *uo(r)  a "u *nu(")  = ( -1 
I 'e . : l l  | f t .z(1-u) , re(r-o)Pdo

(p+e) ! Uo 
n(z) 

'o

vio

en

n*e
d

e

h

-tn view of the pr

dpq (A-) i  s invert ibl-e, t

unu (o) s

ect ion,  i f  A is  a matr ix  such that

* 'nn (o) luno (A)J - 1

u s 8

q 
(A)

(A)
pcl

Davies ttn] " They extended the work of Vargat44l and Fair and Luke f381

and showed Eha[ for any matrix A

nnay be regarded as an approximation to *A. The convergence propert ies

of t ,he"se. approximants for general matr ices was estabL ished by Wragg and

tim RDq (A) = "A (f  ix d p)
q {@ "

l  im R-- (A) = "A (f  ixed q)

P*?G 
Pq

l i m  R -  - ,  -  ( A ) =  " A  ( a  =  O , ! 1 )
o'{cc P r P+a
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ul,rue :i.rnproriE;.o;r {-h"tt. { n 1 . 5J :i"s; u'slirarpn' . Ree ogtrizing uhat

he [-.h, i . t  i : i tsc-, i t{ ; i&$S 'anr].  [ lJ; ' rrr l+-"s e]tPr€-:Ss & d'eeife fof

on L. ia,e €ir l r i t . '  t f  F"--Cg: , . :ud{ "  ' r 'o th is end t .hey devetroped
rlq '

r;c:: i i i : irrri{:.. -t,n ' i . ihe 2s? {:a-qe rorh. eh did fi,#f invotrve the fac-
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tor  K(x) .  For  genera l  nxn natr ieesr  orr  exact  express ion for  l l "A R-^(A) l lpq
wouLC be a very d i f f icu l t  resul t  to  obta in.  However,  some interest ing
"r (X)- f ree"  upper  bounds can be der ived and these wi l l  be presented on the

fo l lowing pages.

B u t  f i r s t ,

f act that *nO (O)

to the numerical

i t  is  wor th ment ion ing the re levance of  th is  pursui t .  The

approximates "A has important rami.f ications when it comes

solut ion of  the in i t ia l  va lue problem

( 1 1 . 6 )
Au ( t )

u (0)

A E Cnxn

r o E c n

i, (t)

to

This is  because wi th t ime step At

u (kar) = "o*tuo = ("Mt) oro s (*nn (Mt) ) 
kro = 6(kAr)

Precisely how one impl,ements Pad6 approxirnati ,on to soLve (11.6) (and i ts

general izations) depends upon the f o::ur of the matqix A.

If A is Large and sparse, then the comrnents which appear in Varg" [$41

SiemiRiuch and GladweLt [ZS] , and Blue and Gunurel lal(and the ref erences in

these papers) are relevant. These types of problems arise in connection with

the solut ion of  parabol ic  par t ia l  d i f ferent ia l  equat ions whieh have been

d isc re t i zed  in  space .

The system (11.6)  aLso ar ises in  the study of  l inear ,  t ime invar iant ,

dynamical syst**r [4:l . The matrix A may often be regarded as small and

dense in these applications. I^lhen this is the case, the i .deas espoused in

Wragg and Davies l fg l ,  Scraton[eal r  and Zakian[SS] . r*  o f  in terest"  For  the

special case of Uno approximation ( i ,e. truncated TayS.or series approxim-

at,ion) we rnention the papers of Gal1 [f f.l , Lioulf O] , [*Ol , and Pl,ant [Zd .

Our rernarks on the subj ect of Pad6 approximation of the ruatrix expo-

nential are ostensibly theoreti"caL although they mey be of practical" i .rr ter-

est in those situations where A has l" i .mited dimension. !{E begin by bounding
"  

A A t i l  r A  r  A At l

l l n (aAt) .* 
-fiF us ing Theorems 19 and 20 in the e*O and q>0 eases re-

pq
specti .vely .  Sush bounds could represent a preL iminary step in the r igorous

bounding of, rhe gl,obal e.rror ll( tRpq (Mt;k *AMt;,roll . Ilowever, we shall

mainly regard the two theorerns which follow as merely a specifi.c dernonstra-

t ion of, howi our Schur analysis can be appli .ed.
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Theorem 21.

f rom (11.4)  we can deduce that

If the eigenvaluee of AAt lie in the hal{ Aisc 0 defined by

0 = {  x  + iy  |  <*2 *  "2)  .<  1o At )2 ,  x  {  o ,  a 'zoJ

and i f  the Schur decoryosi t ion of  A is given by (3. ]") , - then

1rr.z; l lnnorA^t) - eA^t u , u 
$t x,o, * l*l)n*t[r. t$|sllr 1"l*la'[,

Proof .

since Roo(z) = 
A i ;  

n j f  )  t r l  = Rp-j  
,o(r)  

( j { , .  .  .  ,p) and rhus

where

j  =  O r 1 r . . . ; p * t

j  =  P * 2 r . . .

I f  the Schur  decomposi t ion of  A is  speci f ied by (3 .1) ,  then f rom Theorem L9

n-1

I n - ^ ( r ^ r ) - * r A t l  s  Z  e .  l * o : l '' p o  
j = o  J J I

I f  (p+1)  < (n-1)  then by subst i tu t ion of  the def in i t ion of  r j  r i le  obta in

P + l  . r  .  .  n - l

l n - ^ ( r ^ r ) - " r ^ t l  (  Z  g o t " t - j F o t l j  +  Z  l w r t l j' P o  I  -  
j a  ( p + l - j ) l  j !  j = p + 2  j l

/  (u  At ;  P+l - j

/ 6
\

\ 1

9o*t 1or * lnl 1p*1 * lNat lp*2 " Inat I
(p+1) ! (p+2) !

Result (11.7) foll.owe by taking the F-norro of both sideg of the ebcve inequelity.

The teader can check thet the saue result holds vhen (p+l) > (n-l). (ttinc:

l n lP*2  =  o  . )
Q . E . D .
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I t  ls aLso possLbJ-e

when q7 1. However,

necessary bounds on

Theorem 20,

Theorem 22.

ro use Theorem 1-9 ro bound ll *nn (Art) "aot I r

when q * o tt is quLte awkr,rard to obtain the

Inj{) t"l " '  I . A sl,mpler approaeh ls to use

Suppose the eigenvalues of AAt lle Lnside ttre hat( &Sc, n

defined by

n  :  {  + * r y  |  { * 2 +  r 2 ) - .  ( o  n t ) 2  q  >  o  r  x r (  o  }

If A a t) I IZ , g7, 1 , and the Schur decomposLtlo.n of A ls glven by

( 3 .  t ; ,  r h e n

ll RPq (AAr ) - "oot l[ * I 4 (2o At)P+q+l q!

ffi
( r  $ l - t l ,

4 J

(L1_ .  g )

Proof.

Let the contour f be def lned by f = { wl fnf f ?-wl ," oAt
Ze0

In accordance with Theorem 20,

L (r) s L2 crAt
( 1 1 .  g )

d e  o A t

Now Saff and VargahgJhave

when yZ 1 4 (q+L) (-:erq+f)

shown that dnn (x + fy) cannot be zeto

Graphically we have

3t= 4 (gtr) (- xtq+ r)
3

X

t+lX :

By using this result r  w€ can produce a lower bound for I  a^^ (r) |  (w e f) .' p q
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I f  wef  and ann(u)  = O ,  then one can show that  l r - " l t  q  .  Hence,  l f

z L r , . .  r " q  a r e  t h e  z e r o s  o f  d n ' ( z ) ,  t h e n

wer + luoor') l  = 
l ,r+* * *t- ' ) I ,  t#,

Thus,  for  wef  we have f rom (11.4)  that

.( (2aAtyP+9++ .t6 ol = = e
(pt+l) ! qe

With this result and (11.9) we can employ Theerrem 20 whlch gLves:

It .** Rpq(A^t)[F a (3il4t)e+q11 q:.gS 
li <, l-^:l )-1ll rqtl (p+q+J-) ! zclTAt 
'' 

aAt

1 a'i'l'lll.l' lr, -l{J )-'$,
q- (p+q+l) I

Q .  E . D .

Although the upper bounds (LL. 7) and (11.8) do not involve the tf actor

K(X), they nay nevertheless be very Large. We dlscussed thls klnd of behav-

iour with an example on page 32. It ostensLbly arlses from the fact that po!r-

ers of N may be large ln norm.

AS we mentioned earll,er, t(tclt) = *nO(AAt)kro represents an approxlmaLe

solut lon to (LL . 6) at t = Mt . S ince

l[ u(kat) - t(lcAr)ll - ll ("AkAt *oo(*.yky,rolle li.*nt *no(M.)k li[.,o[

,{re see that an upper bound on the error can be obtqined by boundlng

U eAk^t Roo(Mt)kl. l,lanlpulatLon of Theorems 2L and 22 c sr be used for thls
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s-nd. However, a ullore i l=Lumlnatfng

Rpq (AAr)

for some perturbation natrLx E"

sul"t ln thls dLrectLon (Theorem

temma 4.

anal-ysis results by showlng that

= e 
(A+E) At

To slmpll fy the proof of our maln re-

23) , we s tate the f ollowing two Lenmnas .

H) exists and

H)$ {  {
00 Hfi

I - l t tr l t

r f  U H [ [ <  1

( 1 1 , 1 0 )

Proo f .

By taklng norms we

f,[ roe tr + H) flfr "<

then 1og( I  +

l! los (r +

r f  l f lmqq < 1 then log(r  + H) can

ser ies :

1og (I + H)

be expressed l"n terxns of a

q3

Y Hk /  , \ k+1=  L j  -  ( - t i

k=I k

power

f tnd
[A'

{e-
k=1

n!g$ o
k

\<

0
'fr

ttull A Irtik
k=0

li nlt
1 -  ln t t

Q .  E . D .

Lenma 5.

rf l !  nlh nr

Proo f .

I{tren q !!

F m r  g t p  I  e  w e

e l-3-\
(p+q I

I[ uoo (aa t)
- lh 

\<
A  A t  e

I and thus the above

that

t*)
O , d  ( A a t ) E r- p q

see f relnn (:!"1 .3)

d (eat)
pq

where

I + F

inequal i ty  holds,
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.q

E :  
s #  ( P " g - J ) l  q l  / - a A r . r j

r f  /  -  
z^ . t  _ '  tu  

r t

j * l  ( p + q ) :  l :  ( q - j ) :

' I 'hus, 
q"

nr rnhh _.  
"3 q(q-.L) .  { ,  *  (cX^ j+l  )  eAt J

!$ a $B q- 4'-a

j * l  ( p " q )  d  6 .  .  ( p + q * j + l )  j :

S { \ i
d -  7 '  l q  n '  Q

^{.... . {/ @ i:t n ,1git6Jj _:_ t 1_ IIAATU e
j * L  h p * g  

i l * '  
f  ; v  p + q

" X "

1,1 ,:1 t  l t  : t  &t= 
nl .  1

Srnce }[ A (r"&u), '  ' [ [  ,r  [ \  ( t  + F) 
'  

o* . .
IPE r . , , ,  in:nhn

-L l||J f I!

Q .  E . D .

'ThLeore.triu 23, s

r f  $agat  ,e  < # o ut rher i  R 
o(Aar)  

:  " (A*:E\at  nnzher :e

/ 1 . n  1 - i i .  r * {  r n r i \  "  5 1 , t r a X 1 u t " t + i  p l  o l  , * - r . F * g.  t .  .  _ - )  L l [  r P .  j t j  ;

(p*q)  I  (p+q+1) I

P-'!9e5.

By sett-ing E Ei *4, r wB siee t.hat the tLieorenn holdls wf\en. p*e*O. Henee,

we unrast  F?rovcl  t .he Theore,m for uhe eia$e p+q ?- 1.  .  Frcm {11.4)

-1 r i  r  2) R* - (aAul a "M* :c:sy l{{.P_u: '  ( '  utu\t  
( t- 'u),r{(1-,r)Fd',

tti ' i tp+.x ) I o! iA'AL,r ,,. ',
F,q

Bv sulb,s,Ii"tuti.ng

^  1 r  EAe(rt.]" il:i) R** (Aar) = e* e

iLir irs, ( t l r ] ,2) and teft  nmutt ipLying by **M* we obtain

( l r I " 1 4 )

"l;here

( r 1  . 1 5 ) bx

e E A t  a r + H

(:r-iqJ+Atll:q+1 
51 **uAar .,e (r,*,,)pan,

(e+q) l  d  (AAt )  0
pq
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since ltnAthl e

' z ul ![Aar[gr+o+1 .( z .l dt::]*-  
\z* , i

)By usi,ng l.,ernma 5

I  agAt  e

and so by taking norms in (11.15) we obtain

( 1 1 . 1 6 ) ! l  Hii .< z [ ieAdip+q+tr" ** p: '9: - ---* '
(p+q)  !  (p+q+l)  !

and t.hus frorn (1"1-.1-6) i t  ean be shorrn that

( L 1 . 1 7 ) [[ tttl -. (2")-1 \< 
t,,

This inp l ies that  log( I  + H)  ex is ts  and,  so f rom (11. i .4)

(rr..18) E = 3{t,1-U
At

The nee essary bound on l ig l t  can be obtained by (11.16) ,  (11.17) and Leuma

5 :

I t  n $ <  - l  , i l q $ - .  ( , l '  1  z * l 1 1 A 1 r t t P * q * l  l : q l
A r  l , - l n h  A t  4 (p+q) !  (p+q+l) I

(At) P+es 1}a11P+q*L 0t qI

(p+q) !  (p+q+l) I

prom (Xn". . ! .5) and (n1" 18) ,  i . t  is clear that E coumutes with A and hence

i i le  BDay arrange ( i l  . i3)  as Rno(Mt)  = u(A+E)at .
i a .E  . 8 .

I

\<
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::--,1-:*.'*gg"

X f l n e 1 r A r € ( * , i L , l h e n

,(r,.!- , i 9) $g R,*^ (,Aar)k x.r^ uo*nrn$fln i[i*n****\\[(]<ac(il.qil[e$e]dxat,p q o

.lL',l,dl

(nri..zio) $x n-^(slt)k *AkAt [ l  ,!= [[*^**i l  (knrurglul$Et{kae )
p q '

: : l -q-t '

f f i  R tA^r)ku nAHt* [ l  G [t  (u*k*t - ] ' \eAbt' ,  [ \r
u[ *pq r-*-  /  * ( i ]  -  

0 
r l ,  \ ' -  -c

* [i *A* **. j i l (krc[n{t*lrE$ ua''-)
\,

. l$ee  l lheorennr  n5 , )  The,  g r t , r lo f  u l f  (1 t "20)  i s  3 { ren  eas le r "

Q  ' 8 .  i / ) .

Theoremu 23 :represenLs &u ii lverse error arflral.ys"s (, Fade aBptox:iut:aie,:Lo,n

itt] tbie ,m.a1Lri-x exponent,ial , nt shews that CIuti. a'pproximate soil. lr,t i t:,ui t( l 'rr l,U) *

,R (Aut,)ku t.r, l (tn"6) is t,he cxaet sotr-,i,rtf ion t-el rshe p,eiruurlb)ed system
l'J]:jl O

( A  +  E ) v ( t )  =  i r ( t ' !

i r L l L " 6 , v )
v ( O )  =  u ^

i r !  t  e . - j  lu f ,  ( l< . * *J r1n , , . )  *  I f  the  en t r ies  o f  ,A  are  c ,o r recB r :n j .5 r  to  t ;he  r - ' th

' , i : , i i rn la l  p l .ar ;en them the,:re woutr t  see!& to be tr  i te le j ruL,sr . i f  icat ie ln i r r  chosing

ii.,,, e, arlri1 r,,. s,ucla th*.c i lUt[,4 XO*r , for then the acc"uirecy CIf the rraettr,odl

i , , , l l u [ r l  no t  be  cons j -s ten t  w ieh  the  acc le racy  o f  g ]ae  da t ,e r .  T t t  v iew o f  ( , I I 'XX)n

,1.)x.1€, $treulc un'tus expecL uhat

s f f g f i P n q * l  ' . f  n r  n + n i
_ _- j '  Y '  ,bt) ,o 

" '  yr '  t0 
!

(p*q) ! (p,+q+'i i) 5

f-ll,r.r .:tti:)I pt:i:rf .tLrcrLt .ri,arf iruEptem1,emLat:]-c:ni Cf )Fad.e, Sp,pfro)iiuteiirlag.

lihre, cct,oLX.a:r'v gi.ves a,,fli r.rTr)petr Lr,ound lFe,r the r-e.1-a,tjlve error of crirlr eI)-

rp rox imate  sc t ruc i .e rn  te l  the  sys tem (1L .6) :
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t l  r .
ll *no (elr) ^uo "oMt'o lf

4 o<nt lnll uilrllMt )

It "AHt'o lt

By manipulat ion of  th is  inequal i ty  and the upper  bound (11.11) '  one

can ascertain the vAlues of pr gr and At which are necessary to keep
l

the re lat ive error  below a prescr ibed to lerance.  Techniques based upon

this type of error bound controL have been discussed in connection

wi th R approx imants ( i .e .  t runcated tayLor  ser ies approx imat ion) .
po

The method of Liou 16 is an example of this. However, his concern

is with absolute error. Because "At can grow init ial ly even though

d(A) z. Or w€ feeL that the relat ive error is the more proper quanti ty

to contro l .
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