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Abstract

In this thesis, we consider polynomial eigenvalue problems. We extend results on
eigenvalue and eigenvector condition numbers of matrix polynomials to condition
numbers with perturbations measured with a weighted Frobenius norm. We de-
rive an explicit expression for the backward error of an approximate eigenpair of a
matrix polynomial written in homogeneous form. We consider structured eigen-
value condition numbers for which perturbations have a certain structure such
as symmetry, Hermitian or sparsity. We also obtain explicit and/or computable
expressions for the structured backward error of an eigenpair.

We present a robust implementation of the HZ (or HR) algorithm for symmet-
ric generalized eigenvalue problems. This algorithm has the advantage of preserv-
ing pseudosymmetric tridiagonal forms. It has been criticized for its numerical
instability. We propose an implementation of the HZ algorithm that allows sta-
bility in most cases and comparable results with other classical algorithms for ill
conditioned problems. The HZ algorithm is based on the HR factorization, an
extension of the QR factorization in which the H factor is hyperbolic. This yields

us to the sensitivity analysis of hyperbolic factorizations.

11



Declaration

No portion of the work referred to in this thesis has been
submitted in support of an application for another degree
or qualification of this or any other university or other

institution of learning.

12



Copyright

Copyright in text of this thesis rests with the Author. Copies (by any process)
either in full, or of extracts, may be made only in accordance with instruc-
tions given by the Author and lodged in the John Rylands University Library of
Manchester. Details may be obtained from the Librarian. This page must form
part of any such copies made. Further copies (by any process) of copies made in
accordance with such instructions may not be made without the permission (in

writing) of the Author.

The ownership of any intellectual property rights which may be described
in this thesis is vested in the University of Manchester, subject to any prior
agreement to the contrary, and may not be made available for use by third parties
without the written permission of the University, which will prescribe the terms

and conditions of any such agreement.

Further information on the conditions under which disclosures and exploita-

tion may take place is available from the Head of the Department of Mathematics.

13



Statement

e The material in Chapter 4 is based on the technical report ”Perturbation
Bounds for Hyperbolic Matrix Factorizations”, Numerical Analysis Report
469, Manchester Centre for Computational Mathematics, June 2005. This

work has been submitted for publication in STAM J. Matrix Anal. Appl.

e The material in Chapter 6 is based on the technical report ”A Robust
Implementation of the HZ Algorithm” (with Frangoise Tisseur), Numerical
Analysis Report, Manchester Centre for Computational Mathematics. In

Preparation.

14



Acknowledgements

[ am extremely grateful to my supervisor Francoise Tisseur for her help, guidance
and for sharing with me her expertise.

I would like to express my gratitude to Nick Higham for his many helpful
suggestions and constructive remarks.

Many thanks to my fellow students and friends Matthew Smith, Harikrishna
Patel, Craig Lucas, Gareth Hargreaves, Anna Mills and Philip Davis for the
enjoyable 3... years in Manchester.

evxyaptoTw moAv Maria Pampaka, Maria Mastorikou, Panagiotis Kallinikos
("Dr, elare”), mucha gracias to the spanish crew, Big Hands,...

Mariella Tsopela thank you for everything, ¢gilaktia.

Thanks to my father Berhanu H/W who gave me in my childhood the thirst of
knowledge. T am extremely grateful to my sisters Bethlam (Koki), Deborah (Lili),
Myriam (Poly). Thanks Lili for your patience and help. Finally, a lot of thanks
goes to my mother, Fiorenza Vitali, for her encouragement and unconditional

love. I dedicate this thesis to her. Merci beaucoup.

15



Chapter 1

Introduction

We consider the matrix polynomial (or A-matrix) of degree m
P(AN) = \N"Ap + X" A+ -+ Ay, (1.1)

where A, € C"™ k = 0: m. The polynomial eigenvalue problem (PEP) is to find

an eigenvalue A and corresponding nonzero eigenvector x satisfying
P(A, Nz =0.
The case m = 1 corresponds to the generalized eigenvalue problem (GEP)
Ax = \Bx
and if Ay = I we have the standard eigenvalue problem (SEP)
Az = Az (1.2)

Another important case is the quadratic eigenvalue problem (QEP) with m = 2.
The importance of PEPs lies in the diverse roles they play in the solution of

problems in science and engineering. We briefly outline some examples.

16



1.1 Applications of PEPs

QEPs and more generally PEPs appear in a variety of problems in a wide range
of applications. There are numerous examples where PEPs arise naturally.
Some physical phenomena are modeled by a second order ordinary differential

equation (ODE) with matrix coefficients

MzZ+Di+ Kz = f(t), (1.3)
2(0) = a, (1.4)
2(0) = b. (1.5)

A

The solutions of the homogeneous equation are of the form e*u, with u a constant

vector. This leads to the QEP

(MM +AD+K)u = 0. (1.6)
da_| | % s |
K4 ks
k1 ko § k3
W e Mo {

Figure 1.1: A 2 degree of freedom mass-spring damped system.

A well known example is the damped mass-spring system. In Figure 1.1, we
consider the 2 degree of freedom mass-spring damped system. The dynamics of
this system, under some assumptions, are governed by an ODE of the form (1.3)-

(1.5). In this case z = (x1, Y1, T2, y2) denotes the coordinates of the masses m; and

17



meo, M = diag(mq, my, ma, mso) is the mass matrix, D = diag(d; + da, dy+ dg, da +
ds3, ds + d7) is the damping matrix and K = diag(ky + ko, ks + k¢, ko + k3, ks + k7)
is the stiffness matrix with d; > 0, k; > 0 for 1 <7 < 7.

QEPs arise in structural mechanics, control theory, fluid mechanics and we
refer to Tisseur and Meerbergen’s survey [73] for more specific applications. In-

teresting practical examples of higher order PEPs are given in [52].

1.2 Notations

1.2.1 General Notations

K denotes the field R or C.
e The colon notation: “¢ = 1:n” means the same as “2 =1,2,...,n".
e & denotes the conjugate of the complex number a.

o K™*™ denotes the set of m x n matrices with coefficients in K.

e M, (K)™ denotes the set of m-tuples of n x n matrices with coefficients in

K.
o For v € K", x = (x))1<k<n = (Tk), x5 denotes the kth component of z.

e ¢;, denotes the vector with the kth component equal to 1 and all the other

entries are zero.

o For A € K™ A= (qj)i1<i<m, 1<j<n = (Qj), a;; denotes the (i, j) element

of A.

e We often use the tilde notation to denote a perturbed quantity and the hat

notation to denote a computed quantity.

18



1.2.2 Matrix Notation and Special Matrices
Let A e K™ A= ().
e A is a square matrix if m = n.
e AT € K™ ™ is the transpose of A and it is defined by AT = (a;).
e A is symmetric if AT = A.
e Ais J-symmetric if JA is symmetric for some J € R™*™.
o A is skewsymmetric if AT = —A.
o A* € K™ is the conjugate transpose of A and it is defined by A* = (a;;).
e A is Hermitian if A* = A.
e A is skew-Hermitian if A* = —A.
e Ais diagonal if o;; = 0 for i # j.

e The identity matrix of order n, I,, or simply I , is the diagonal matrix that

has all its diagonal entries equal to 1.

e A permutation matrix is a matrix obtained from the identity matrix by row

or column permutation.
o A c K™ with m # n is upper trapezoidal if a;; = 0 for ¢ > j.

e A square matrix A is upper triangular if a;; = 0 for ¢ > j and lower
triangular if ¢ < j. If all the diagonal elements of A are equal to 1 then A

is called a unit upper or lower triangular.

e Ais an upper Hessenberg matrix if o;; = 0 for ¢ > j + 1.

19



A is a tridiagonal matrix if A and A7 are upper Hessenberg matrices.

e For a square matrix A, A~! denotes its inverse. It is the unique matrix such
that A=*A = A=! = I. A is also said to be nonsingular when A~! exits.

Otherwise A is singular.
e For B = (b;;) € K™*" the Schur product is defined by A o B = (a;;b;;).

e For B = (b;;) € KP* the Kronecker product is defined by A ® B = (a;;B).

1.3 Mathematical Background

We recall in this Section some mathematical properties of norms, linear spaces
and differentiable functions. A particular attention is given to the linear vector
spaces K™ and K™*™. In the rest of this chapter, £ denotes a linear vector space

over K, K" or K"*™,

1.3.1 Linear Algebra

Let V= {v1,...,v,} where vy € € for 1 < k < n. The linear subspace generated

by V is defined by

spanV = {Z QpUg, Qf € K} )

k=1

A linear combination is a vector of the type

n
E AUk,
k=1

where (a1, ...,as) € K". The vectors in V' are said to be linearly independent if

Zakvkzo = q=0for k=1:n.

k=1

20



The number of linearly independent vectors is the dimension of spanV in K and
it is denoted by
dim(V) = dimg (V).

Let V; and V; be two linear subspaces of £. If ViNV, = {0} and £ =V +V;
then & is said to be the direct sum of Vi and V5 and the direct sum decomposition
is denoted by

E=Vid Vs

Let A: & — & be a linear map or a matrix.

e The range of A is the linear subspace defined by

range(A) ={y € & 1y = Az, x € &1} = A(&).

The null space of A is the linear subspace defined by

null(A) ={z € & : Axr =0}.

The rank of A is the dimension of range(A),

rank(A) = dim(range(A)).

With these notations, it follows that
dim(&;) = rank(A) + dim(null(A)).

o A e K™ ig of full rank if rank(A) = min(m,n). If rank(A) < min(m,n)

then A is rank deficient.

1.3.2 Normed Linear Vector Spaces

Definition 1.1 Let £ be a linear vector space. A norm is a map || -||: € — R

satisfying the following properties:

21



1. ||z|| = 0 with equality if and only if x =0,
2. V(A x) e Kx & | hxf| = [A[|l=]],
3. V(z,y) € €2 llz+yl < =] + Iyl

For x € £, V, denotes an open neighborhood of z. The open ball of radius € > 0

centered at x is defined by
B(x,e) ={y € &, |y — x| < e}.

In this thesis, only £ = K" and & = K"™*" are the spaces considered. Thus, all
the norms are equivalent meaning that for any norms || - ||, and || - ||3 on &, there

exists pq > 0, po > 0 such that

pall - lla < 1= Ml < pall - ll-

1.3.3 Scalar Product and Scalar Product Spaces

In this thesis, (-,-) denotes a bilinear form (respectively a sesquilinear form) over
E x & if K =R (respectively K = C). Let M € K"*" be nonsingular. The
form (-, -),, is defined by (z,y),, = (x, My) = y*M*z for all z,y € K". In what

follows, we assume that the form (-,-),, is symmetric if K = R, that is

&y = W 2)y

or Hermitian if K = C

<y7x>M = <x7y>M

Definition 1.2 In this thesis, we say that the symmetric or Hermaitian form

(+,+)as 15 a scalar product if (-,-),, is positive definite, that is,
Vo e £\ {0}, (z,z),, > 0. (1.7)
Otherwise, we refer to (-,-),, as an indefinite scalar product.

22



In the rest of this paragraph, we only consider definite positive scalar products.

The Cauchy-Schwartz inequality

V(z,y) € &, [{x,u) | < V{z,2)v/(y,), (1.8)

applies to any definite positive scalar product. Then, following Definition 1.1
and using (1.8), x — +/(z,z) defines a norm over £. This norm is known a the

2-norm and it is usually denoted by || - ||2.

Definition 1.3 For a given scalar product, matrices that preserve the scalar
product are called orthogonal if K = R or unitary if K = C. O, (respectively
U, ) denotes the set of n X n orthogonal matrices (respectively the set of m x m

unitary matrices). It follows immediately that

QTQ = Ina QE Ona
Q*Q = Ina QEMn

For F C &, F* denotes the orthogonal complement of F and it is defined by
Fr={xc&: (z,y)=0, Yy € F}.
If F is a linear subspace of £ then we have the direct sum decomposition

E=FaF".

1.3.4 Matrices, Vectors and their Norms

(x,y) — (z,y) = y*x is the usual scalar product over K". The induced vector

2-norm is denoted by || - || and it is defined by

n
r|x||2:<2|xk\2> = Ve,

k=1

[N
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Other useful norms over K" are given by

n
Izl =Y laal,
k=1

7]l = max |zgl|.
1<k<n

Let A = (a;;) € K™*". The subordinated matrix norm of A is defined by

Azl
[Allap = sup :
T wdo lzls
where || - ||, is a norm over K™ and || - || is a norm over K". It follows that
m
IAll = gj&g; |aij
1=

[All2 = p(A*A),

n
Ao = max > layl,
7j=1

1<i<m 4
where for X € K"*" the spectral radius p(X) is
p(X) = max{|\|, det(X — AI) = 0}.

The matrix subordinated 2-norm is invariant under orthogonal or unitary trans-
formations,
Q1 X Qa2 = [ X[]2,
for all X € K™*™ and orthogonal or unitary @1, @s.
The trace of a square matrix is the sum of its diagonal elements and for

X e K" X = (x;;) it is denoted by
trace(X) = Zxkk
k=1

(X,Y) — trace(Y*X) is the usual scalar product over K"™*". The induced matrix

norm is known as the Frobenius norm and it is defined by

Al = (iz)

i=1 j=1

24



The Frobenius norm is invariant under orthogonal or unitary transformations,
IUXV][r = [IX][r,

for all X e K™*", U € Uy, and V € U,,.

Definition 1.4 Let u = <u_1k)0§’f§m’ with p, > 0. The p-weighted Frobenius

norm is induced by the inner-product over M, (C)™+1,

1
(A, B) = trace (Z —BZAk>

o Mk

and it is denoted by || Al p, = / (A, A).
The p-weighted 2-norm is defined by,

[All2, = <Zm:

k=0

Ak
223

1
2\ 2
2)

Let f : & — F, where £, F are two normed vector spaces. f is differentiable

1.3.5 Differential Calculus

or Fréchet differentiable at x € V, C &, where V, is an open neighborhood of =

if there exists a linear map df (x) : £ — F, such that

i(f(a: +h) — f(x) — df (z)h) = 0.

o T
In this thesis, we only consider the case where £ has a finite dimension. Thus, if
f is linear, then f is differentiable and df = f. All the vector spaces are vector
spaces on R and thus all the functions are considered as functions of real variables
and the differentiation is real. The following theorem is the well-known implicit

function theorem [4], [63] that we are going to use several times in this thesis.

Theorem 1.1 Let
f: ExF — G

(x,y) — flz,y)
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be differentiable, where E,F and G are mormed vector spaces. Assume that
f(xz,y) = 0 and that g—g(as,y) is nonsingular for some (z,y) € E x F. Then,
there exist a neighborhood of x, V., a neighborhood of y, V, and a differentiable
function ¢ : V, — V, such that y = ¢(z) and for all T € V,, f(T,¢(z)) = 0.
Moreover,

o) = (Liww) L

Definition 1.5 Let f : R" — RP. Assume that rank(df(z)) = p whenever
f(x) =0. Then, f~1({0}) is a (n — p)-dimensional manifold in R™.

We now give a fundamental result from optimization, the Lagrange multipliers

theorem [4].

Theorem 1.2 Let g : E — R be differentiable, where E is a normed vector
spaces of finite dimensionn. Let S C E be a differentiable manifold of dimension
d defined by

S={yekE, fily)=0, k=1:n—d}.

Assume that x € S is an extremum of g on S. Then, there exist n —d scalars ¢y,

k=1:n—d, such that
n—d

dg(x) = Z cedfi ().

k=1

We refer to [4] and [63] for a more detailed presentation of differential calculus

and manifolds.

1.4 Special Matrix Subsets

A(K) denotes the set of upper triangular matrices in K™*" with a real diagonal.
Sym(K) and Skew (K) are the linear subspaces of symmetric matrices and skew-

symmetric matrices, respectively, with coefficients in K. Herm and SkewH
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are the linear subspaces of Hermitian matrices and skew-Hermitian matrices,

respectively. dim denotes the dimension of a linear space in R. We recall that

2
dimAR) = dimSym(R) = 2 ;" (1.9)
dim A(C) = dim Herm = dim SkewH = n?, (1.10)
. n?—n
dim Skew (R) = 5 (1.11)
dimSym(C) = n®’+n, dimSkew(C)=n*—n. (1.12)

Note that SkewH = iHerm. For x € K", diag(z) denotes the n x n diagonal
matrix with diagonal z. For X € K"*" we denote II4(X) the diagonal part,
I1,,(X) the strictly upper triangular part and II;(X), the strictly lower triangular

part of X.

~ ~

1.5 (J,J)-Orthogonal and (J, J)-Unitary Matri-
ces

We denote by diag”(41) the set of all n x n diagonal matrices with k diagonal
elements equal to 1 and n — k equal to —1. A matrix J € diag®(£1) for some k

is called a signature matrix. A matrix H € R™" is said to be (J, J)-orthogonal
it HTJH = J, where J, J € diagl(£1). We denote by O,(J,J) the set of
nxn (J, J )-orthogonal matrices. If J = J then we say that H is J-orthogonal or
pseudo-orthogonal and the set of J-orthogonal matrices is denoted by O,,(J). We
say that a matrix is hyperbolic if it is (J, J )-orthogonal or pseudo-orthogonal with
J # +1. We recall that if J = +1, then O, (+I) = O, is the set of orthogonal
matrices.

We extend the definition of (J, J)-orthogonal matrices to rectangular matrices

in R™" with m > n. H € R™™" is (J,J)-orthogonal if HTJH = J with
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J € diagh (£1) and J € diag?(£1). We denote by O,.,.(J,J) the set of (J, J)-
orthogonal in R™*".

The definition of signature matrices can be extended and generalized to com-
plex signature matrices. Let U = {z € C: |z| = 1} denote the unit circle in C.
We define the set of complex signature matrices as diagonal matrices such that
each diagonal entry is in U and we denote the set of n x n complex signature
matrices by diag,,(U).

(J, J )-unitary matrices are the complex counterpart of (.J, J )-orthogonal ma-
trices and we say that a matrix H € K"*" is (J, j)—unitary matrix if H*JH = .J
where J and J are complex signature matrices. We denote by U, (J, J) the set of
nxn (J, J)-unitary matrices. A similar set is the set of complex (.J, J)-orthogonal
matrices that we denote by O,,(/J, J, C). We say that a matrix H € K"*" is com-
plex (J, J)-orthogonal if HTJH = J, where J, J € diag,(U). Similarly, we
denote by U, (J, J) we denote the set of m x n (J, J)-unitary matrices and by
Opn(J, J, C) the set of m x n complex (.J, J)-orthogonal matrices.

We show that O, (J, J), Unen (J, J) and Op(J, J, C) can respectively be iden-

tified to R%, R and R, with d = ”22_ " We show that each of these sets are

manifolds and we compute their dimension. Then, the introduction of local co-

ordinate systems enable us to make the identification mentioned above.

Lemma 1.3 O,(J, j), Uy, (J, j) and O,(/J, J, C) are manifolds with respective

TL2 —nNn
P .

dimension d, n? and 2d with d =

Proof. Let ¢ : R™" — R™" and ¢o,q3 : C"*" — C™*" be defined by
@(X) = XTIX — J, o(X) = X*JX — J and ¢3(X) = XTJX — J. We recall
that O, (J, ) = ¢ ({0}), Un(J,J) = g5 '({0}), and On(J, J,C) = g5 ({0}). For
1 <k <3, g is clearly differentiable. We have that

dg(H\)AH, = H{JAH,+ AH]JH,,
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dQQ(Hg)AHQ = H;JAH2+AH;JH2,
dgs(H3)AH; = Hji JAH3;+ AH; JH;.
To compute the dimension of the three manifolds, we need to determine their

tangent spaces that is the null space of each dgy(Hy), k = 1:3, with Hj, being in

one of these manifolds. We have that

null(dg, (H)) = JH "Skew(R),
null(dgx(H)) = JH *SkewH,

null(dgs(H)) = JH "Skew(C).

Thus, following the dimensions given by (1.9)-(1.12), O, (J, J) is a "22_ 2 dimen-

sional manifold, U, (.J, J) is a n? dimensional manifold and O,(.J,J,C) is n® —n
a dimensional manifold. 0
Let X € Opn(J,J), Y € Upn(J,J) and Z € Opn(J,J,C). There exists dif-

ferentiable one-to-one functions ¢y, 1 < k < 3, open sets V; C R?, V, ¢ R™,

Vs C R¥M Yy c R™" Vy € C™" and V,; C C™ " such that

Hn(V1) = VxNO,(J,J), (1.13)
(Vo) = Wy NU,(J, ), (1.14)
d3(Vs) = VzNO,(J,J,C). (1.15)

Moreover, the differential of these maps ¢, have full rank over the entire space

where they are defined.

1.6 Matrix Operators Properties

For an operator or a linear map 7 defined on K"*", the 2-norm is defined by

1712 = sup [[T(X)]r.

X1 =1
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Some authors denote this norm by || - || r. The choice of this norm is justified by
its differentiability properties and its computational simplicity. We now present

some notations and we give some results that are needed throughout this thesis.

Theorem 1.4 Let A, B, X € K"". We define the operators T,X = X o A and
71X = AXB. Then,

1Tl = mi;ix‘&iﬂ, (1.16)

1Tl = I(A® B)lla = [[All2[|Bll2; (1.17)
If A and B are nonsingular then

min [Ti(X)[r = A7 IB L (1.18)

Xl p=1
Proof. It is straightforward to show that the right hand side of (1.16) is an
upper bound for ||Z3||]2. Let |a,,| = max;; |a;;|. Then, the bound is attained by

€p€y -

Let A= Q151 Z and B = Q25,77 be the singular value decompositions of
A and B. Then (A® B) = (Q1 ® Q2)(S1 ® S9)(Z] ® ZI') so that

(A® B)ll2 = [|(S1 @ S2)l2 = [|All2[| Bll2
proving the second part of (1.17). We have

IO = [(A® B)vec(X)2,

I7ills = l[(A® Bl = [[All2]| B2

Similarly, for (1.18), we have

i T (X = i S1 ® Sy)vec(ZoX ZH) ||,
i (B le = min 1050 @ Sy)vee(ZX20) | r
= [[ATHZHIBTHIR O
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We now focus on particular matrix equations that arise in the following chap-

ters. Let A € R™*™ be diagonalizable with the eigendecomposition
A=VDV~' with D =diag(\).
For X € Skew(K), we consider the equation
AX £+ XAT = 7,

where Z, € Skew(K) and Z_ € Sym(K). The two matrix operators that arise

naturally are then defined on Skew (K) by
T (A)X = AX £ X AT, (1.19)
Let F and G be the linear subspaces of Sym(K) defined by

F = {Y € Sym(K): I,(V'yv-") =0},

G = {Y e Sym(K): II4(Y) = 0}.

We define M, € C**"

1
My = . 1.2
8 ()\ii)\j)zj ( O)

Theorem 1.5 Let A € R™™" be diagonalizable, A = VDV~ with D = diag(\x)
and let TL(A) be the operator defined by (1.19). Then,

(i) T,(A): Skew(K) — Skew(K) is invertible if for all ki, ks, such that
1 < ki, ko <n and ky # ko, we have \g, + A, # 0.

(ii) T_(A): Skew(K) — F is invertible if the eigenvalues of A are distinct.
Then, when TL(A)™! exists,
To(A) ' Ze =V((VZV ) o My)VT,
where Z, € Skew(K), Z_ € Sym(K) and My is defined by (1.20).
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Proof. We consider the equation 75 (A)X = Z,. We have
VDV X £ XV TDVT =Z,, DX+ XD=7.,

where X = VXV and Z. = V12, V-7, Since X is complex skew-
symmetric and D is diagonal we have II;(DX + XD) = 0. Also II4(Z.) = 0.
Thus, if the eigenvalues have the properties required in each case then the solution
exists and is unique. It is given by X4 = V(Zi o M )VT,

If K =R, we need to show now that X, is real. Without loss of generality,

assume that

= (Vi Vo Vo], VT=[UF UF TU,] and

= diag(Dl, DQ, EQ),

where Vi, Uy and D; are real and V5, Uy and Dy are complex with a nontrivial

imaginary part. Then, V = VP and VT = PV*, where

I 0 0
P=10 0 I
0 1 0

is partitioned conformably to V. For Y € C™*", PYP =Y if and only if
Yiin Y Yo
Y=Y Y Y|,

Y21 Y23 ?22

with Yi; real. Note that

PZ.P = Z. and PM.P = M.,

PZ:EOM:EP = Z:I:OM:I:‘

Hence, X = X and X is real. 0
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Theorem 1.6 Let A € R™" be diagonalizable, A =V DV ~! with D = diag(\).
Then,

(i) T.(A): Sym(K) — Sym(K) defined by T,(A)X = AX + XAT is in-
vertible if for all ki, ko, such that 1 < ki, ko < n and ki # kg, we have
>‘k1 + >\k2 75 0.

i) T_(A): G — Skew(K defined by T (A)X = AX — X AT is invertible if
(i)

the eigenvalues of A are distinct.
Then, when To(A)™" exists,
TL(A)' 2 = V(' 2V ) o MoV,
where Z, € Skew(K), Z_ € Sym(K) and M. is defined by (1.20).

Proof. The proof is similar to Theorem 1.5. O

Applying the vec operator to 7o(A)™! and 7o(A)~! in Theorems 1.5-1.6, we

obtain
ITe(A) ™ o = 1T2(A) 7 2 = |(V @ V)diag(vee(Mx) (VT @ Vo
Note that if A is symmetric then V' is orthogonal, thus

IT-(A) e = 1T-(A) o = [Ivee(Mo) e

~ _ _ 1 _
IT (A e = T (A) o = 51147 o

Furthermore, the adjoint operator of 7_(A) is given by T7(A) = TT(AT). F is
the orthogonal complement of {X € Sym(R), ATX = X A}. This is a general-

ization of the orthogonal direct sum decomposition of Sym(R) given in [6].
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1.7 Condition Number and Backward Error

We briefly describe the concept of condition numbers and backward errors. For

that, we consider f : R — R to be twice differentiable and for x € R, we let
y = f(z).

The condition number is a measure of the sensitivity of the output y when
the input x is subject to perturbation. Let Az be a perturbation of x and

g = f(xz + Az). By Taylor’s theorem, we have
g —y = f(2)Az + O(|Az]?).
Thus
9=yl < f'(@)]|Az| + O(|Az?), (1.21)

and if f(x) # 0, we have

15—yl _ Jof' ()] Al
Wl = TG ]

The condition number or the idea of conditioning is to quantify the first order

+ O(|Az]?). (1.22)

variation, that is, the coefficient of |Az| in (1.21) or the coeflicient of % in (1.22).

The value |f'(x)| is known as the absolute condition number and ‘Tﬁg?‘ as the
relative condition number. We expect g to be close to y if | f'(z)| is small, which
we qualify as well-conditioned. If |f'(x)| is relatively big then for a given Ax,
small enough, we can have a large |§ — y|, which is by analogy the ill-conditioned
case.

Let ¢ be an approximation of y. The aim of backward error analysis is to find

Az such that y = f(z 4+ Az). Az might not be unique. Thus, we try to find Az

that has the smallest absolute value. We can define the backward error by,
n(g) =min{e: § = f(z+ Az), |[Az| <e}.
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The condition number and backward error can be used to bound the forward
error. They are related by the following inequality [37], at the first order in the

backward error
forward error < condition number x backward error.

We conclude this paragraph by a necessary definition that will be used through-

out this thesis.

Definition 1.6 We define the condition number of a matrix with respect to in-

version, generally called the condition number of the matrix by
Fa(X) = [ X[l X o (1.23)

where || - || is a norm over K"*".

1.8 The Polynomial Eigenvalue Problem
Let P(A, ) be an n x n matrix polynomial of degree m as in (1.1).
Definition 1.7 We say that P(A,\) is reqular if

det(P(A,\)) £ 0.

We will assume throughout this thesis that P(A, \) is regular.

PEP is to find scalars A and nonzero vectors x and y satisfying
P(A, Nz =0, y"P(A\)=0.

A is called an eigenvalue and, x and y are the corresponding right and left eigenvec-

tors. Equivalently, the eigenvalues are the roots of the characteristic polynomial

det(P(A,\)) = 0.
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Let d be the degree of the scalar polynomial det(P(A,\)). The d roots of
det(P(A, \)) are called the finite eigenvalues. If d < mn, then we say that
P(A, A\) has mn — d infinite eigenvalues. Let A,, be singular. We consider the
PEP associated to P(A, 1), where p = . We see that the value p = 0 is an
eigenvalue of the PEP and the eigenvectors are the vectors that generate null(A).
The 0 eigenvalues of the PEP associated to A™P(A, 1) correspond to the infinite
eigenvalues of the PEP associated to P(A,\).

We now give several definitions in order to characterize the eigenvalues.

Definition 1.8 Let A be an eigenvalue of P(A,\).

The algebraic multiplicity of A denoted by p is the multiplicity of A as a root
the characteristic polynomial det(P (A, \)).

The geometric multiplicity of A\ denoted by q is the number of linearly inde-
pendent eigenvectors spanning nullP(A, \).

Let p be the algebraic multiplicity of A and let q be the geometric multiplicity
of X. The eigenvalue X is ssimple if p = 1. When p > 1, X\ is a multiple eigenvalue.
In the case where p > 1 and q = p, X is semi-simple. Otherwise, A is a defective

eigenvalue.

Remark 1.7 For the standard eigenvalue problem Ax = Az, A is diagonalizable
if its eigenvalues are simple or semi-simple. Otherwise A admits a non trivial

Jordan form.

While the polynomial eigenvalue problem is usually written as P(A, \)x = 0,
this representation has a disadvantage because it gives special emphasis to zero
or infinite eigenvalues, which leads to difficulties in characterizing and computing
condition numbers and backward errors. For example in [71] the condition num-
ber is not defined for zero eigenvalues. For the infinite eigenvalues, the condition

number and the backward error can be obtained by computing the limit of the
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appropriated quantity as |A| tends to infinity. With the homogeneous form of the
PEP, finite and infinite eigenvalues are treated on the same footing. This facili-
tates the characterization and computation of condition numbers and backward

errors. This alternative is discussed in the next section.

1.9 Homogeneous PEPs

Let A = (Ao, A1,...,Ay) € M, (C)"!. We define the homogeneous matrix
polynomial P(A, «, 3) by

P(Aa,B) =) ofpmFA, (1.24)
k=0

that is, P(A, «, 3) is homogeneous of degree m in («, 3) € C2.

We assume that P(A,«, ) is regular, that is det P(A,«,3) # 0, for all
(o, 8) # (0,0).

The homogeneous polynomial eigenvalue problem (PEP) is to find pairs of

scalars (a, 5) # (0,0) and nonzero vectors x,y € C™ satisfying
P(A 0, )z =0, y P(Aa,0)=0. (1.25)

The vectors x, y are called right and left eigenvectors corresponding to the eigen-
value (, 3). Hence, an eigenvalue is now any line through the origin in C? of
solutions of det(P(A, «, 3)) = 0.

For 8 # 0, we define \ = g Thus, we can link the non-homogeneous matrix

B
polynomial P(A, A) to the homogeneous one by

P(A,X) = "P(A,a, ).

We see that solving the homogeneous PEP is equivalent to solving the non-

homogeneous PEP.
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For example, we have the well-known form
(BA—aB)x =0, (1.26)

for the homogeneous generalized eigenvalue problem [68].
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Chapter 2

Condition Numbers for

Eigenvalues and Eigenvectors

Let A = (Ag, A1,..., Ay) € M, (K)™"!. We consider the homogeneous matrix
polynomial P(A, a, 3) defined by

P(A,a,8) =) ofpmr A
k=0

2.1 Introduction

The condition number of an eigenvalue reveals the sensitivity of the eigenvalue
to perturbations in the data. Assume that P(A, a, 3) is regular and that («, )

is a simple eigenvalue of P. Let

A = (Ao, Ay, ... A,

= (Ag+AAg, A+ AAy, .. A, + AA,) € M, (C)mH

be a perturbation of A and let (&, 3) be the corresponding perturbation of («, 3).

Two approaches can be taken to define condition numbers.

39



1. Generalization of Stewart and Sun’s approach for the GEP
We can use Rice’s definition of condition numbers [61]. The condition

number ¢(a, 3) of a simple eigenvalue (a, 3) can be defined by

de((a, ), (@, 3))

e 5) = ligsup{ YLES

where d. is the chordal distance given in Definition 2.3. It follows that in

first order approximation the inequality

de((ev, B), (@, B)) < (e, B)[| B

holds. Stewart and Sun [68] and Sun [69] derive an expression for ¢(a, 3)

by bounding d.((, 3), (&, 3)).

2. Dedieu and Tisseur’s approach
Dedieu [25] and Dedieu and Tisseur [26] first define a map from a matrix
m + 1-tuple to an eigenvalue. Then they define the condition operator of

the differential map. The norm of this differential is the condition number.

Dedieu [25] showed for the GEP that approaches 1 and 2 are equivalent. The
second approach has several advantages.
The differential calculus approach is described in more detail in the next

section.

2.2 A Differential Calculus Approach

2.2.1 Preliminaries

In [25] and [26], the authors apply the implicit function theorem to the equation
f(A7$7a7/6) = 07
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where f(A, x,a,3) = P(A, o, 3)z. The aim is to find a function g that maps A, in
a neighborhood of A to the corresponding eigenpair (Z, @, B), in a neighborhood
of (z,a, ). The implicit function theorem can not be applied as it is since the
dimension of f(A,z,a,8) € C" and (z,a,3) € C"2 do not match. A way to
overcome this problem is to introduce projective spaces. The use of these spaces
for this problem arises naturally as we show below.

Let p € C\ {0}. We consider the PEP defined by (1.25). We see that p(«, )
is also an eigenvalue which is another representation of (a, (). Thus, it becomes

natural to work with projective spaces.

2.2.2 Projective Spaces

Definition 2.1 Let R be the equivalence relationship on CF\ {0} defined by
V(z,y) € C* x C" 2Ry <= (Fpc C\ {0} y=pz).
The quotient space C* /R is called the projective space and it is denoted by P(CF).
It follows immediately from Definition 2.1 that
dim(P(C*)) = k — 1.

Thus, we denote P(C¥) = P,_;. Note that P(C*) can also be identified to the

quotient space of the unite sphere of C*
S={zreC:|z]3=1}
for the equivalence relationship R defined by
Y(z,y) € C* x C* TRy < (y = ez, 0 ¢ R).

The quotient space associated to the eigenvalue (v, (3) is the projective space

P(C?) = P, of dimension 1. For the eigenvectors, it is more familiar to consider
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projective spaces, since the eigenvectors span a linear subspace of C". Also, pro-
jective spaces avoid the problem of choosing a normalization for the eigenvalues
and eigenvectors (see [3, Sec. (4)] where several normalizations are discussed).

Thus, we take
(2,0, B) € Py x Py, (2.1)

which has now dimension n. Let T,P,_; be the tangent space to P,_;. This

tangent space is identified with
vt ={yeC": (y,x) = 0}.

The scalar product over T,P,_; and the induced norm are then given by

_ (Y1, y2)
(yl,y2>xL = <]J,:E>’
[yller = /(W 9)ue (2.2)

and it is independent from the chosen representatives.

2.2.3 Condition Numbers

In this section, we compute the condition operators and the corresponding con-
dition numbers of a simple eigenvalue and the associated eigenvector. We define
a function g on V4 a neighborhood of A € M,,(C)™*! that maps to A eV, to
the corresponding eigenpair (7, «, /3), such that P(ﬁ, a, 5)% = 0. The function g
is not explicitly accessible but its differential can be computed. To characterize
g we proceed as follow. As in [26], the main tool for this analysis is the implicit

function theorem. Let

f : Mn(C)m+1 X Pn—l X Pl — Cn)
(A, 2,0, ) — P(A, a, )z,
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and let
Ve ={(A,z,a,8) € Mp(C)"™ x P,y xPy: P(Aa,B)z=0}

be the set of polynomial eigenvalue problems. We define the following projections

H1 : VP — ./\/ln((C)mH, H2 : Vp — Pn—l X Pl,
Hl(Avx7avﬁ):A7 HQ(A,Z',OZ,ﬁ):(.T,Oé,ﬁ).

Definition 2.2 [26] (A, x,«, ) is defined as a well-posed problem when 11,

is invertible. Otherwise, we refer to (A, x,a, 3) as an ill-posed problem.

We now focus on well-posed problems for which we can compute the condition
operator and the condition number. In what follows, we see that a well-posed
problem is equivalent to the eigenvalue (o, 3) being simple. We define the vector

v that is used throughout this section by

. (_6P(A,a,ﬁ) _8P(A,a,ﬁ)) N 2.4

e YT a3

In the following theorem [26], we summarize the necessary results for the rest of

this section.

Theorem 2.1 Let (o, 3) be a simple eigenvalue, let x,y be associated right and

left eigenvectors and v be defined by (2.4) . Then,
1. v € range(P(A, «, 7)),
2. Il,L P(A, o, 3),1 is nonsingular,
3. y*v #£0,
where 11,1 denotes the projection onto the orthogonal space to v.

We write dy f = % + % + % where f is defined by (2.3). The following theorem

states a property of daf (A, x, «, §) for a simple eigenvalue (a, 3).
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Theorem 2.2 Let (a, 3) be a simple eigenvalue of P(A, «, 3) and let z and y be

the corresponding right and left eigenvectors. Then,
de(A, x,Q, ﬁ) . T:c]P)n—l X T(oc,ﬁ)]P)l — C"

18 nonsingular.

Proof. Let Az € T,P,_, and (Aa,ASB) € TiagP:1. Then (Az,z) = 0 and

(Aa, AB) = p(B, —a), where p € C. Assume that
dgf(A,QE, O{,ﬁ)(ALE, AO{, Aﬁ) =0.

We have

g—i(A, a, B)x + Aﬁa—P(A, a, Bz,

dgf(Zl)ZQ = P(A,Oé,ﬁ)Al"i‘AOé 85
= P(A a,0)Ax+pv = 0,

where Z; = (A,z,a,0) and Zy = (Ax,Aa, AS), so that premultipication by
y* gives py*v = 0. By Theorem 2.1, y*v # 0. Thus, p = 0 and therefore
(A, AB) = 0. On the other hand Az € zt and 11, P(4, a, 3)|z+ is nonsingular.
Thus, Az = 0. 0

Note that when dyf(A,z,a, 3) is nonsingular then the problem is well-posed,
that is, I1;(A) is invertible. In this case, from the implicit function theorem, we
know that there exists V4 a neighborhood of A, V, x V4, a neighborhood of

(z, (e, 8)) and a differentiable map
g VA — Vw X V(aﬁ)

such that for all A € V4, we have

=y
=
I
=
el
=
3
=
=
=
=
I
o
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The differential at A, dg(A) is then given by

d9(A) =~ (A .00 2 (4,2,0.0),
dg(A)AA = —(dof (A z,0,8)) ' P(AA, o, B)x. (2.5)

We set g = (g1, g2) such that for all A € Vg,

gl(A) = :%7 92(121) = (&7 B)

We can now define the condition operator for the eigenvector and for the eigen-
value to be

dg, and dgs.

We set Az = dgi(A)AA and (Aa, AB) = dg2(A)AA. We have that Az € TP,
and (Aa, AB) € T(a,5)P1. Thus, Az € 2+ and (Aa, AS) = p(B, —@). From (2.5),

we get
P(A,a,B)Ax + pv = —P(AA, a, f)x. (2.6)

The condition numbers for the eigenvector z and the eigenvalue («, 3) are defined

by
|dg1(A)AA]]
c A’a7 ’x et d A T — - - z
1( B, x) ldgr(A)l+ 1aAl<1 2|2
||dg2(A)AA||2
c A,Oé, , T = d A o = max ————> -
o B, x) 1dg2(A) @0 laaj<t (e, B)|l2

where the norm on AA is arbitrary and the Hermitian structure of the projective
spaces is defined by (2.2).

We now focus on computing the condition operator and condition number
of the eigenvector and eigenvalue. We will take for the norm on M, (K)™*!
the p-weighted Frobenius norm of Definition 1.4. For a weight p € R™ |||z,

measures the perturbations of the coefficients of the matrix polynomial P(A, o, 3)
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relative to the weights in p = (i) The absolute condition number is obtained by
setting all the components of u equal to 1 whereas the relative condition number
is given by setting pp = ||Agllr if ||Akllr # 0, for 0 < k < m + 1. The case
| Ag||F = 0 is discussed at the end of this paragraph.

The following theorems give the condition operator and condition number of
the eigenvector and eigenvalue. The method to obtain the condition operators
is similar to [26] although here we apply the implicit function theorem directly.
The condition numbers and the corresponding optimal perturbations (where the
condition number is attained by dgg(A), k = 1,2) are computed with some
differences from [26] since we use a weighted Frobenius norm. We define the

scalar 7 that is used in the following two theorems by

v =(, B8, ) (ZIO&P’“W\“’" g ) : (2.7)

Theorem 2.3 Let (o, 3) be a simple eigenvalue of P(A,«,[3), © and y be the
corresponding left and right eigenvectors and v be as in (2.4). The eigenvector

condition operator is given by
dgi(A)AA = —(I1,. P(A, a, 3),.) 1,1 P(AA, a, B)x. (2.8)

The condition number of an eigenvector of P(A, x, «, 3), with perturbations mea-

sured in the weighted Frobenius norm is given by

1

ci(A, o, B,2) = (Z Ia\2k|ﬁ\2(m_’“)ui> (Lo P(A @, B) ) M2 (2:9)
k=0
Proof. Applying the orthogonal projection onto v+ to (2.6), we obtain
I, P(A o, 3) = —11,. P(AA, o, B)x,

where T = dg,(A)AA. We recall that € z+ and by Theorem 2.1, we know that

I+ P(A, , 3);1 is nonsingular. Thus,
dgi(A)AA = —(I1,L P(A, o, 3),2) 'T,o P(AA, o, b)x.
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Tacking norms and applying Cauchy-Schwarz inequality, we get

112 .

o S M0 PCA 807 2 3 Lol 181" 1A A v
k=0
< (e P(A, @, B)o0) Il AA| £, (2.10)

where 7y is defined by (2.7). Let u € C™ with ||ul|s = 1 be such that

1L, P(A, @, B)o1) " ullz = (T, P(A, o, B)51) 2.

Note that u € v*. The inequality (2.10) is attained by

AA, = a*pmfuz*, k=0:m. 0O

HZL"HW

Theorem 2.4 Let («, 3) be a simple eigenvalue of P(A, «, 3), x andy be the cor-
responding left and right eigenvectors and v be as in (2.4). Then, the eigenvalue
condition operator is given by

y*P(AA, o, fB)x

dga(A)AA = "
y*v

(-3, a). (2.11)

The condition number of a simple eigenvalue (a, 3) of P(A, a, 3), with perturba-

tions measured in the weighted Frobenius norm is given by

=

vl

(A, B 2)  Jlallvlz (Z\ 2k g2 ) | 219

Proof. Let (a,3) = dgs(A)AA. Since (@, () € T(a,3)P1, then there exists a

p € C such that

(a7 ﬂ) = p(ﬂ7 —d),
and since (a, 3) is an eigenvalue, we obtain from (2.6)
py*v = —y"P(AA, a, B)x.
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Thus, from Theorem 2.1, y*v # 0 for a simple eigenvalue and

y*P(AA, o, B)x
y*u

dga(A).AA = (-3, a). (2.13)

We have

oA e B r) = s (@ 0)lag = sup \/M‘ (2.14)
IAA|p,<1 ’ aAle,<1 | le? + 18]

Then we obtain

G241y P(AA, B
P+ 182 PR

y*P(AA o, B)x = Z kR A A,
k=0

)

Using the triangle inequality, we obtain

* S m— * 1
" P(AA, o, B)z <> pulal*|B™Fy (EAAJC)SE\,

k=0

and by applying the Cauchy-Schwarz inequality gives

* “ m— 1
[y P(AA, o, B)z| < [l]2[lyll2 (Zukla\k|ﬁ\( k)llﬁAAkllF> :

k=0

where |- || is the usual Frobenius norm. Applying once more the Cauchy-Schwarz

inequality, we have
[y P(AA, o, B)| < vllzl2llyll2l| AAl £y,
where v is defined by (2.7). Hence
(A o, B,x) < %7.

By using the matrices

—k
S:[L , o] and AA, = 2P Hig
H?/||2



with ||[AA|/ g, =1, we show that co(A, v, B, x) reaches Mv. Thus
yru

NI

z||2 ||y “ —
A B0) = 12l (ZWW wz) .0

ol \ =

Note that the condition number ¢1(A, o, 3, x) and co(A, a, [, x) are well defined,
since the right-hand side in (2.9) and (2.12) is independent of the choice of rep-
resentatives of the eigenvector x and the eigenvalue (a, 3).

The condition number given in Theorem 2.4 measures the absolute sensitivity
of a simple eigenvalue if we choose pr = 1, k = 0: m or the relative sensitivity if
e = m with Ay # 0, k = 0:m. This means that all the coefficient matrices
are subject to a perturbation. An interesting approach, physically meaningful,
is to allow some of the matrices to not be perturbed. In order to compute the
condition number, we see that dg,(A) is constant along the direction that are not
perturbed. Thus, it is equivalent to allow the components of y that correspond
to the unperturbed directions to be zero in Theorem 2.4. We therefore define the
weights by

1/ pw, if gy # 0,

fe =

2.3 Perturbation Analysis

In this section, we investigate the first order variation of the perturbed eigenvalue

(av, B) by extending results in [25] for the GEP to the PEP. The following theorem

enables us to work in a Hilbert space instead of a projective space.

Theorem 2.5 Let (o, 3) be a simple eigenvalue of P(A,x,«, [3), normalized so

that ||(a, B)]l2 = 1 and x be a right eigenvector of unit norm. Let AA be a
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perturbation of A and (T, (@, 8)) € P(C?) be the perturbed eigenvalue. We choose

the following representatives of x and (&, (3):

(@p) = (a,p)+ (" 35),

r = x—l—xL,
where

((,B), (o™, %)) = 0,
<x,xL> = 0.

Then, we have
T = x+dg(A)AA+ O(H),
(@ 8) = (o,8)+dg(A)AA+O(),
where € = |AA] g,

Proof. Let (er,ez) be an orthonormal basis of C? with e; = («, 3). Recall

that (o, 3) # (0,0). We introduce the local chart:

V = {5161 + &en, (61,&) € C? & # 0} C P(C?),

¢(€l€1+§2€2) = %62 e 2.

We have

92(A) = (Oz,ﬁ)G]P’((C2),

@p(A+AA) = (a,p) € P(C?),

pog(A+AA) = (Ozl, l).
On the other hand, we have
¢ 0 ga(A+AA) = ¢(g2(A)) +d(¢o go(A)AA + O(€?)

50



and
d(¢ 0 g2(A)) = do(a, 5) o dga(A)).
We obtain finally
d(¢ 0 g2(A)) = dga(A)
since dgs(A) takes its values in (o, 3)* and d¢(a, 8) is the identity for unitary
(ar, 3). Thus,
(@, 8) = (v, B) + dgs(A)AA + O(€?).

The perturbation expansion for the eigenvector is found in a similar way by
considering the following local charts

Vo= {Zsk% (6) e Cn, snéo} c B(CY),
k=1

30S _ & by o
¢(;£k€k) = (61,...,61) eC ,

where e; = x and the vectors e, kK = 1:n form an orthonormal basis of C".

O

Definition 2.3 We consider the projective space P,,_1(C) with the usual scalar-
product (.,.) over C". The angle between (u,v) € C" x C" is the Riemannian
distance and it is defined by
d,(u,v) = arccos (M) :
[[ull2[v]]2

We define the chordal distance between (u,v) € C" x C" by

do(u,v) = sin(d,(u,v)),

_ (1 \<u,v>|2)%
FulBlelE)

Forn=2,u=(a,0) and v = (&, B), the chordal distance becomes
o3 — ap|
(v, B)l2ll(e, B[

d.(u,v) =
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Corollary 2.6 Let («, 3) be a simple eigenvalue of P(A, «, 3) and = be the cor-
responding right eigenvector. For AA small enough, the perturbed polynomial
P(A+ AA «,3) has a simple eigenvalue (@, 5) with associated eigenvector I.

Then, we have

d(Z,r) < ci(A o, B,2)e+ O(?),

d((a,0), (a, B)) < (A @, B,2)e + O(€),
where e = ||AA]|.

Proof. For any vectors u,v € C¥, we have the following identity

2\ 2
sney = (1-LEABY e )
[ullzl[v]12 [l flull2l[vll3 |,

Thus, by applying Theorem 2.5 to

T nd D

]| 1z (2]l
we obtain

T =x+dg(A)AA+O().
Thus,
do(Z,7) < c1(A, o, B, 2)e + O(e?).

The second inequality for the eigenvalue is obtained similarly. 0

We know that for 0 < 0 < 5, we have
sin(f) < 6 < tan(h).
Applying this fact to the distances in Definition 2.3, we have

dcgdr Sdt,
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where d;(u,v) = tan(d,(u, v)). Thus, if we apply Theorem 2.5 to

(0576) H(O‘76>”2(a75)

and —
H(a76>”2 <(a>ﬁ)a(a7ﬁ>>
and to
L and anﬂ,
]| (z,z)
we get the following inequalities
dt(‘%?x) S Cl(A,Oé,ﬁ,JI>€+O(€2),

d((@,B), (a, ) < ca(A a,B,2)e+ O(2).

Note that d; is not a distance since it does not satisfy the triangular inequality
[25].
2.4 Link to the Non-Homogeneous Form

Generally, matrix polynomials are considered in the non-homogeneous form. For

ﬁ%O,A:%,wehave

P(A,\) = P(A,\1). (2.15)
Corollary 2.7 For A\ = % and \ = %, we define the chordal distance by
. A=A
X(A ) = | |

VAT VAN

Then, we have x(\,\) < c2(A, a, 3, x)e + O(e?).

Proof. The result is obtained from Corollary 2.6:
3 @g—apl A=A

d.((a, B), (a, = — = .
D) =G Bl s ppyiTTT

Thus, we have

XA A) < (A, B,z)e+ O(€%). D
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2.5 Particular Case: the GEP

The generalized eigenvalue problem corresponds to the case of a matrix polyno-
mial of degree m = 1in (1.26). We consider the pair (A, —B), where A, B € C"*".
We now focus on computing the condition number for the eigenvalue for the ma-
trix polynomial

P((A7 _B>7Oé7ﬁ) = 6‘4 —aB.
From Theorem 2.4, the absolute eigenvalue condition number is given by

_ (e + 182 [1«ll2lyll>
e2((A, =B),a,8,z) = T rad (2.16)

where x and y are the right and left eigenvectors. We have

(BA—aB)z = 0,
Oy*Ar = ay*Buz.
Thus,
(o, B) = ply*Ax,y"Bx) € P, pe C.
By tacking the representative (y*Ax,y*Bzx) for the eigenvalue («, ), we obtain

]2yl
Ve +5[?
which is the condition number given by Stewart in [67, p. 140]. Now, for the
(2.16)

(A, —B),a,B,z) =

standard eigenvalue problem, B = I and 3 # 0 always. Letting A = %,
becomes
_=lellyll: 1

62((A7_I)704767x)_ ‘y*x‘ \/TW

We recall that
|ly*|
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is the standard condition number of a simple eigenvalue for Ax = Az [78]. If A

is normal, we can take x = y so that

and

oy
NGEEE

Note that ¢y and x have different interpretation: ¢ bounds the angle between

(A, =1),a,p,2) =

the exact and perturbed eigenvalue whereas x bounds the distance between the

exact and perturbed eigenvalue.

2.6 Hermitian Structured Condition Numbers

We consider a Hermitian PEP P(A, a, 3), which means that all the coefficient
matrices are Hermitian. Let x be an eigenvector associated with («, 3). Then,
y = x is an eigenvector associated with (@, 3).

The Hermitian structured condition number for a simple eigenvalue (a, 3) is

defined by

||d92(A)AAH2
CcoHerm (4, 0, B,7) = max — =
2pterm ) I BT

AAcHerm™ 11! || AA|I<1

Clearly

Corerm (4, @, 0, x) < co(A, o, B, ).
Let (a, ) be real. We see that in the proof of Theorem 2.4, the equality above
is attained by the Hermitian perturbations

akﬁm—kuz Tt

v leld

AA;, = k=0:m.

Thus, as for the standard eigenvalue problem, for real eigenvalues, we have
CQ,Herm(A7 «, ﬁ7 ZL') - C2(A7 Q, ﬁv l’)
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2.7 Conclusion

This chapter focused on eigenvalue and eigenvector condition numbers of matrix
polynomials. We generalized the work of Stewart and Sun, and Dedieu on the
GEP to arbitrary degree matrix polynomial. The use of a weighted Frobenius
norm allows flexibility on how the perturbations are measured. It enabled us
first to define relative condition numbers. Then, by modifying the definition of
weights, we showed that it also covers the case where of some the coefficient
matrices are not perturbed (by setting to 0 the corresponding weights). In [69],
this condition number is called the partial condition numbers since it corresponds
to the norm of a partial differential.

Moreover, the results in this chapter and the results on backward errors in the
next chapter contributed to the development of MATLAB’s function polyeig. A

pseudocode that computes the condition number (2.12) is given in Section 5.3.
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Chapter 3

Backward Errors

3.1 Introduction

In backward error analysis, we consider that an approximate eigenpair (@, B, z)
of P(A,«a, 3) is the exact solution of a perturbed PEP P(A + AA, «, 3). Note
that the perturbation AA may not be unique. We aim to characterize AA by
focusing on perturbations that minimize the 2-norm or the Frobenius norm. If the
backward error is in some sense small then the approximate solution is an exact
solution of a nearby problem. The normwise backward error analysis is the study
of perturbations that minimize a given norm. If we restrict the perturbations
that minimize the norm to some subset of structured matrices, then the analysis
is called structured normwise backward error analysis. The structures that we
encounter in this chapter are symmetric and Hermitian.

In the first part of this chapter, we extend the results on backward error for
nonhomogeneous PEPs [71] to homogeneous PEPs. The homogeneous form of P
allows to treat on the same footing both finite and infinite eigenvalues. Then, we

move on to structured backward errors.
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3.2 Normwise Backward Error

The results on the backward error hold for the 2-norm or the Frobenius norm.
Let A = (AA)ockem € My(C)™H and let (@, 5) be an approximate eigenvalue
of P(A,«, ) and let Z, ¥ be the corresponding right and left eigenvectors. The

vector p = (uy) € R™*! contains the nonnegative weights p, that allows flexibility

on how the perturbations are measured. We define

-~

Esu(@,8,7) = {e: P(A+AA,E,0)F =0, | AAlls < e, k =0 :m},

~

Eu@,3,77) = {e: T P(A+AA G, B) =0, || AAklls < e, k = 0 : m},

-~ ~

55”“(6[\, 67 3:\7 :/U\*) = 55,#(627 ) /,I'\) N 55,u(a7 B? @\*) (31>

Definition 3.1 The d-norm backward error of (@, B\, x) is defined by

M5,(Q, 0,7) = min & (@, 5, T).

AN

By analogy, the §-norm backward error for the triplet ((a, B\),ﬁs\, y) is defined by

~ o~

N5.,(@, 8,2,Y") = min & (@, 3,2, 4").

Definition 3.2 For z € C, we define its sign by

o uf 2#0,
1 if z=0.

sign(z) =

Theorem 3.1 An explicit expression for the 2-norm or the Frobenius norm back-

ward error for the approzimate eigenpair ((, E),ﬁc\) is given by

o o P(A, @, 3)%
Mou(@, B,7) = nru(@, 8,7) = — H v(n ~ k)A|r|j—k ’
12112 > k=g [l 18

Proof. One can easily show that the right-hand side of (3.2) is a lower bound

(3.2)

for n. This bound is attained by the following perturbations,

-~

P(A, &, B)Fw

1 o
AA, = —=sign(a* 8™ %) s, — ,
Y 1215
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where v = 3" [a[* 31" *. O
k=0

-~
A

Theorem 3.2 The 2-norm backward error for the triplet (@, 3),7,y) is given
by
7]2,u(a7 57 /.7}'\, :/y\*> = max(n2,u(a7 67 3‘1\)7 7]2,#(&7 57 @\*))

-~
AN

The Frobenius norm backward error for the triplet (@, 3),2,y) is given by

1
a5 = (1 Lo _ 12y

i o 71 R G |

-~ -~

where r = P(A, @, B)T and s* = y*P(A, a, B).

Proof. Let € € & (@, B, Z,y*). As in Theorem 3.1, it can be shown that

~ ~

772,u(aa ﬁa /.73\) S €, 772,u(a7 67 ?//\*) S €.

Thus, we obtain that

o~

max(ng,u(a, ﬂu 3,’\), 7]2,#(@7 ﬂ? @\*)) S €.

In order to show that this bound is attained, we use a result from [41]:

min{||H|»: Hi=r, §°H = s*} = maX{HZ”Q’ ||§Hz}, (3.3)
1Zl[2" (17l

Let H be the optimal matrix in (3.3) and for 0 < k < m, let

1 ~
AAk = ——sign(akﬁm_k),ukH,
v

where v = Z |a|k|g\m_k,uk. We have that
k=0

-~ -~

P(A+AAG )7 =0, §°P(A+AAG,J) =0

and

o~

||AkH2 = Mk maX(%,p(& ﬁa 53\)7 ’172#(&, ﬁ? ?//\*))
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The backward error with the perturbations measured with the Frobenius norm

is obtained by solving the optimization problem
min{||H||p: Hr=r, y¥H =5"}. (3.4)
€ ~ DA
Let % € &pula, 5,2,y"). Then,

nF,H(a7 ﬂ? 5)2 + nFM(a?ﬁa@\>2 < 62-

Then, the H that achieves (3.4) is given in [41] by

rx* ys* sS* T .
H=— —— — ——— 7",
[ e 7] [ 1
with
2 2 732
= o el - e g
1Z12 - llwllz  IZ120103

We measured the perturbations individually in the definition of the backward
error at the beginning of Section 3.2. In the previous chapter, when we computed
the condition number, the perturbations are measured globally by the norm given
in Definition 1.4. In order to be consistent, we need to compute the backward
error using the same norm as for the condition number so that we can use the

first order bound of the forward error. We define

E,@,8.7) = {e: P(A+AA,Q,B)7 =0, ||AAs, < €}

Definition 3.3 The d-norm backward error of (@, B, x) is then defined by
T5,u(@, 0, %) = min&,(@. 5, 7).

We measure the perturbations with either the weighted 2-norm ||AA||5,, or the

weighted Frobenius norm ||AA|| g,,.
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Theorem 3.3 The normwise backward error of an approximate eigenpair (@, B, z)

for the weighted 2-norm || - ||2,, or weighted Frobenius norm || - ||, is given by
~ na e
s, (Oé,ﬂ,]}) - ~ (35>
8 Yzl

~

where § =2, F, r = P(A,a, f)x and

L (z \aw%ww—wz)
k=0

NI

Proof. We have

m

T2 ~1k| Bm—
”J' < 3 B Al
z k=0
[7[l2 gk et L
B < APl Al

2 =0 HE

where || - || in the inequalities above is 2-norm or the Frobenius norm. Using

Cauchy-Schwarz inequality, these inequalities become

[7[l2
== <[ AAlls,
[P "

This bound is attained by the following perturbation

rllz  oxnzmk

AAg = s H B
Vz3"

O

3.3 Normwise Structured Backward Error for

the Symmetric PEP

In this section we consider structured backward errors for symmetric PEPs for
which the coefficient matrices are symmetric or Hermitian. Our analysis is mo-

tivated by the development of structure preserving algorithms. It enables us to
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check if an approximate eigenpair of a symmetric PEP is the exact eigenpair of
a nearby symmetric PEP.

Let

Es5,(@,B,7) = {e: P(A+ AA,&,B)7 = 0,AA € Sym(R)"™, | AA|5, < e} .

Definition 3.4 The normwise structured backward error for an approximate eigen-
pair (@, B, T) is defined by

o~

Ns0,(@, 3, %) = min&s;,(@, 06, 7). (3.6)

We measure the perturbations with either the weighted 2-norm ||AA||5, or the

weighted Frobenius norm ||AA| gy with g = = (Definition 1.4).

Theorem 3.4 The structured normwise backward error of a real eigenpair for

the weighted 2-norm || - ||2,, or weighted Frobenius norm || - ||z with i = p/v/n

15 given by
oy Il
sule, 8,7) = ==
UL u( s M ) ’Yl|xH2’
where

1
m 2

T:P(Avaaa)/x\ and v = <Z|a|2k|ﬁ|2m k,uk>

k=0

Proof. We have

T n m—
Iz > @Al

1]

172 R
= < > jaff|gl ’mkHEAkn,

1]

IA

where || - || in the inequalities above is 2-norm or the Frobenius norm. Using

Cauchy-Schwarz inequality, these inequalities become

lIrlle
Tl =

|” '|'|2 < 7| AAl| e

Y[AA]:

M

%2>
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Let S be a symmetric matrix such that ST = r. We can take S = ”;l'l'z H, where

H is Householder matrix if » and 7 are linearly independent, otherwise H = 1.
Then, the optimal perturbations are given by

aa—

IRGEE

,uiakam_kH. 0

We see that the unstructured backward error (3.5) and the symmetric structured
backward error in Theorem 3.4 are equal. Hence, imposing symmetric structures
does not change the backward error.

In Chapter 6, we analyze the HZ algorithm that computes the eigenvalues of
a real symmetric pair (A, B). Complication occur when (A, B) are real and the
eigenpair is complex. In this case computing the symmetric structured backward

error is an optimization problem that we solve in the next section.

3.4 Normwise Structured Backward Error for

the Symmetric GEP

We consider the GEP in the nonhomogeneous form
Az = \Bz, (3.7)

where A and B are n X n real symmetric matrices. We assume B nonsingular

which justifies the use of the nonhomogeneous form.
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3.4.1 Real Eigenpair

~

Suppose that the approximate eigenpair (A, Z) is real. Then, Theorem 3.4 with
X=a/3 and m = 1 gives
5 5 1 (A= AB)z].

e PR
1A+ [APug

This explicit expression for the backward error differs slightly from the one de-

, (3-8)

rived by D.J. Higham and N.J. Higham [32], where a different measure of the
perturbations is used. If we restrict the perturbation to be real for a complex
eigenvalue with a non trivial imaginary part, we face an optimization problem

that is treated in detail in the next section.

3.4.2 Complex Eigenvalues

To compute 7g 5, we can use the Kronecker product approach described in [32]
but the disadvantage of this technique is its computational cost. Our aim is to
compute the structured backward error in O(n) operations if the residual vector
r=(A- /):B)f is given or in O(n?) otherwise.

Let (X, 7) be an approximate complex eigenpair of the GEP (3.7). We know
then that (i, 7) is also an approximate eigenpair of the GEP . Thus, we have the

following system
(A+AA)Z = XB+ AB)Z, (3.9)
(A+AA)T = AB+AB). (3.10)
We write A = 7 + v, T,v € Rand T = w + iz, w,z € R". By adding first (3.9)
to (3.10) and then by subtracting (3.9) to (3.10), we get the following equivalent
system
(AA—TAB)w+vABz+r = 0, (3.11)

(AA—-7AB)z —vABy+ry = 0, (3.12)
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where r; = (A — 7B)w + vBz and 1y = (A — 7B)z — vBw. We define
AA—-T1AB vAB

M(AA,AB) =
—vAB  AA—1AB

and we rewrite (3.11)-(3.12) as

M(AA,AB)a+r =0, (3.13)

-2 o)

We recall that v # 0 and that at least one of the components of z is non-zero.

where

We define the map
g: Sym(R) x Sym(R) — R,
(AA,AB) — M(AA,AB)a +r.
The perturbations are measured with the weighted Frobenius norm
|AA] ||AB||%)?

npa niB

[(AAAB)| 5 = (

We rewrite the problem of computing the structured backward error as a con-

strained optimization problem. We define the objective function by
N(AA,AB) = ||(AA, AB)H%W
and the feasible set
Q0 ={(AA,AB), g(AA,AB) = 0}.
Thus, the problem becomes to minimize the objective function N on €2,

min N(AA, AB) subject to g(AA,AB) = 0.
(AA,AB)eSym(R)?

The Lagrange multipliers theorem 1.2 is the main tool to solve this optimiza-
tion problem. Thus, we need to show that €2 is a differentiable manifold and
then compute its dimension. The following lemma will help us to compute the

dimension of 2.
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Lemma 3.5 Let A = 7 +iv and T = w + iz be an eigenpair of (A, B) = (A +
AA, B+AB). If the pencil A—)\B is reqular and v # 0 then w and z are linearly

dependent.
Proof. Let v # 0 and let the pencil (/T — Xé) be regular. Assume first that
w = 0. Then, (A — Xé)fﬁ = 0 implies

Bz=0and Az = 0.

Thus 2z € nullANnullB and (A—\B) is nonregular which contradicts the assump-
tion. Since v # 0 then w # 0. Similarly, we show that z = 0 implies (ﬁ - Xé) is
nonregular. Thus, w # 0 and z # 0.

Assume that z = w, for some £ € R\ {0}. Then,

Aw = rBw + ivBuw.
Thus, ¥ = 0 which contradicts the hypothesis. Hence, w and z are linearly
independent. 0
Theorem 3.6 Q is a (n? — n)-dimensional differentiable manifold, that is, the
components of the gradient of g are made up 2n linearly independent functionals.

Proof. Since g is linear, it is differentiable and
dg(AA,AB) =g —r.

Thus, applying the vec operator, dg(AA, AB) becomes

_ vec(E)
dg(AA,AB)(E,F) = M(y,z)® I,

Y

vec(F)

where



By Lemma 3.5, w and z are linearly independent. Thus,

—~

rank(M (w, z) ® I,,) = 2n.

2

Hence, 2 is a (n® —n)-dimensional differentiable manifold by Definition 1.5. O

We recall that N and g are differentiable and we denote respectively their
differentials by dN and dg. By the Lagrange multipliers theorem we know that
if N has a minimizer (AA,, AB,) on 2 then there exist 2n constants, (¢;)i1<i<on,

such that

2n
AN(AA,,AB,) = ) cadgi(AA,., AB,), (3.14)

i=1
where NN reaches its local extremum. We define

u=—7w+rz and v="71z-+rw.

We identify the coefficients in (3.14). We have

Aa; = %(Ciwi + CnyiZi), (3.15)

Ab; = MTB(CW@ — Cntili), (3.16)
Ha

Aaij = —(eiw; + ¢wi + easizj + Cagy2i), (3.17)

Ab; = LB (it + Cjui — CatiVj — Cng ;). (3.18)

Since (AA,AB) € €, we have g(AA, AB) = 0. Also (3.15-3.18) are equivalent

to
_ ka T T T T
AA = Z(clw +wey + ezt + 20y), (3.19)
AB = %(cluT +uch — cpu” —wel), (3.20)

where ¢; = ¢(1:n) and ¢ = ¢(n + 1:2n). Then, using (3.19-3.20) in (3.11-3.12)

and factorizing the Lagrange multipliers out gives
Tc=(Sy® I, + Sy)c = 4r, (3.21)
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where ¢ = [T I']"

Y

[ pallwl3 + psllald e fw,2) — oo <u,v>] »
0= e R**

poa (w, z) — pp (u,v)  pallzl|3 + psllv|3

and

c R2n><2n‘
T T

HAWZ" — ppuv pazzl + pgov

paww? + ppuu®  pazw? — ppou®
L T

Theorem 3.7 The problem of minimizing N on Q has a unique solution.

Proof. Let X = (X1, X5),Y = (Y1,Y3) € Sym(R)? and let ¢ be such that

0 <t<1. We have

[tX0 + (1= NlF < CIXE+ Q=% VillE + 260 = X FYille
< HXallE + (1 = OlYalf

Similarly,

[tXo + (1= )Yal7 < tIXalF+ (1= 1)[Ya]7
Thus,

NtX+(1-1t)Y) < tN(X)+(1—-t)N(Y).
N is convex. Assume that X,Y € Q. Then, by definition

g(X)=0 and ¢g(Y)=0.

Thus,

tg(X)+ (1 -t)g(Y) = 0,
MEX+(1=Y)+((1—t)+t)r = 0,

gtX+(1—-t)Y) = 0.

Hence, 2 and N are convex and lim N = +o0o. Thus the solution to the opti-
+00

mization problem exists [20].
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Assume now that the optimization problem has several solutions. For each
of these solutions, Equations (3.14)-(3.21) are valid. In particular, 7" in (3.21) is
singular and the solutions are of the form ¢ = ¢y + ¢ with ¢ € null(7"). Thus, for
all £ € R, ¢ = ¢y + £¢ is a solution. Let AA(E) and AB(E) be the corresponding

optimal perturbations. Since,

lim N(AA(E),AB(&)) = +oo,

E—o0

the minimization problem cannot have a solution. Thus, null(7")) = 0 and T is

nonsingular and the solution to the minimization problem is unique. 0

In order to compute the structured backward error, we just need to solve (3.21).
Now, if we know the values of {(¢x, w) and (¢, z), for k = 1,2, we can obtain the
optimal perturbations. Thus, we just need to apply successively w’ and 27 to

(3.21). We obtain a 4 x 4 linear system

Ta=r, (3.22)
where

i = [len,w) (c1,2) (eo,w) (e, 2)]",

T o= [(r,w) (ry,2) (r,w) <r2,z)]T. (3.23)

Note that 7 is nonsingular since 7' is nonsingular. Let
51 C1
Cy Cy

a1 = {ey,w) ((wa+ 72up)w — puptvz) + (e, 2) up(v?z — Tvw)

(e, ) (a + P pi) + pTvw) — (ea, 2) (P + 702),
Gy = {ey,w)pp(tvw —v22) + (c1, 2) ((pa + T2 pp)w — ppTr2)
+ {ea, w) pp(V*w + Tv2) + (co, 2) (A + T2up)z — ppTrw).
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By apply successively w” and 27, T = (f;;) is given by

tn = @pa+Tup)lwl3+ ps(ulll - v w, 2)),

te = ps(V* (w,z) —Tv|wl3),

tis = (2pa+72us) (w,2) + ps(rvllw|3 — (u,v)),
ty = —ps(Pllw|3 +7v (w, 2)),

tn = (pa+7ps) (w,z) — pprv|2l3,

tyy = us(W?|23 + llull3 — v (w, 2)) + pallwl3,
by = (pa+72up)2l5 — psTv (w, 2)

ta = palw,z) — ps(rlz)3 + (uw,0) + 02 (w,2)),

ty = paw,2) + ps(rvlwll; —v* (w, 2) — (u,v)),
tss = (pa+7up)|wl;— psmv(w,2),

tss = pallzl3 + ps(lv]3 +7v (w, 2) + v |w]}3),
tss = (pa+7ps) (w,z) — pprv|wlf3,

tn = (pa+7vps)(w,2) — pp(Prv|2|3 + (u,v)),
tr = (ua+7us) (w,z) — pp(rvllzll3 + (u,v)),
tis = ps(rvl2l3 + v (w,2)),

tu = Qpa+ T up)ll2ll + ps(oll} + v (w, 2)).

Now that (3.22) is solved, the values of (¢, w) and (cg, z) are known for k = 1, 2.
Assume that a,b € R" with a = (ag),b = (bg). Let U(a,w,b,2) = aw” + wa® +
bzt + 2bT. Then,

U (a,w,b, 2)|[3 = (aw; + wia; + biz; + 2b;)°,

4,j=1

= 2(llal3lwl3 + 1631213 + (@, w)® + (b, 2)”

+2({a, b) (w, z) + (a, z) (w,b))). (3.24)

70



Applying formula (3.24) to (AA, AB), the norm of the optimal perturbation are
easily computed in O(n) operation. Hence the structured backward error can be
computed in O(n) flops and if the optimal perturbations are required, they can

be computed in O(n?) flops.

Algorithm 3.8 Given an approzimate eigenpair (X, x), the residual vector (A —
/):B)ff and the weights pa, g, this algorithm computes the symmetric structured

backward error in O(n) flops.

Set 7 =R(\), v = S(N). Set u = —7w + vz and v = 72 + V.
Compute (w, 2), (u,v), [lwllz, |22, l[ull, [v]l2-
Compute r; = R((A — XB)%), ry = S((A— XB)%) and set 7 = [r;  ry].

Compute 7 in (3.23) and form 7.

Solve T¢ = T.
Using (3.24), compute
~ AA |AB||% . .
1o (0 7) = (A4, AD)| \/ 12200 I2BIE i 5= (7.
A B

If in practice the structured and normwise backward error are of the same
order then the algorithm in this section would be only of a minor theoretical
interest. Thus, in order to justify our work in this section we present a numerical
example where the structured and unstructured normwise backward error have a
large ratio. Our example is generated by the function mdsmax from N.J. Higham’s
Matrix Computation Toolbox [33]. Note that the size of the problem is small. The

GEP was solved by the QZ algorithm (see Chapter 5) implemented in MATLAB
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as eig. For n =5, we obtained the symmetric pair (A, B) given by

[ 147 =255 2015 76 —40.57
—25.5 74 —109.5 96  46.5
A = 201.5 —-109.5 —-227 —40 -30.5 |,
76 96 —40 36 1
| —40.5  46.5 —30.5 1 —4

[—211 1465 —-95 =12 —4.5 7
146.5 57 —96 127 3.5
B = -95 -96 218 —43.5 -50.5
—-12 127 —-435 41 —35.5

-45 35 =505 —-355 159

The pair (A, B) has three real eigenvalues and a complex conjugate pair. For
the complex eigenpairs (/):, 7) and (i, ), we found for the unstructured backward
error nps(X, Z) = 2.10726 and for the structured backward error ngs(, Z) = 1072
which gives

U56 5108, 6= (F f).

NFs

This result is not surprising since QZ destroys any symmetry in the matrix
pair. The HZ Algorithm (see Chapter 6) preserves the symmetry of the problem.
On this example, the unstructured normwise backward error for the eigenpairs
computed with HZ is the same as the one for the eigenpairs computed with QZ.
But, for the structured backward error, there is a slight improvement, 7g s (X, T) =
10713, which gives a ratio

180 > 102,

Nra

The results of this chapter are used in Sections 5.3 and 6.9.
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Chapter 4

Matrix Factorizations and their

Sensitivity

4.1 Introduction

In this chapter, we show how to introduce zeros in a vector or a matrix using
(J, j)—orthogonal matrices defined in Section 1.5. In Paragraph 4.2.1, we start
by recalling results on the so called unified rotations, then we describe gener-
alized Householder reflectors. In the last part of Paragraph 4.2.1, we present
zeroing strategies combined with a careful monitoring of the condition number
of the hyperbolic transformations used. We also present an error analysis of the
computation of hyperbolic rotations. The rest of this chapter focuses on matrix
factorizations in which (//, J )-orthogonal factors are involved. We describe each

factorization, we give the optimal first order perturbation bound, the condition

number of the factorization and we present numerical experiments.

73



4.2 Zeroing with (Ji, J;)-Orthogonal Matrices

4.2.1 Unified Rotations

Unified rotations include orthogonal and hyperbolic rotations. We present a brief
summary; for a more detailed presentation see [11], [74].

Let = [z, 29)7 and J = diag(oy, 02). Unified rotations have the form

c Zs
o2
-5 c

with 0y¢% 4+ 0352 = +1. The aim is to find a matrix H such that

€ R**?, (4.1)

P
Hx = [ ] and H'JH € diag}(+1),
0

when o1|z1| # o3]zs|. Unified rotations can be classified into three types. The

first type is the well known Givens rotation, when J = £/[. In this case, we have

X1 X2
c=—=—, §=———— and 02+82:1.

Vi ad Vi + 23
If J # +1 and |x;| > |22, we say that H is a hyperbolic rotation of type 1 and
we have

xy T2
c=—— g=—=" and Z-s=1.

)
Vi — a3 v} — 3

Finally, when J # +1I and |z1| < |z2|, we say that H is a hyperbolic rotation of

type 2 and we have

X1 X2
c=—— g=—= and *—-¢=1.

)
Vit — a2 N
We recall that while orthogonal rotations are perfectly well conditioned, hy-

perbolic rotations satisfy

]+ s
H) =195
w2(8) = (=l

which means they can be arbitrarily ill conditioned.
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4.2.2 Householder Reflectors

Let J € diag?(£1) and v € R such that (u,u), # 0 where (u,u), = (Ju,u)
and (w,v) — (w,v) denotes the usual inner product over R". For u € R", a

hyperbolic Householder reflector [60] has the form

2 T
m u)Juu . (4.2)

H(u)=J-

H(u) is J-orthogonal and for any permutation P, H(u)P is (J,J)-orthogonal
with J = PTJP. The first purpose of this section is to solve the problem given:

x,y € R" find u € R" such that
H(u)r = ay, (4.3)

for some av € R\ {0}. In the second part of this section, we focus on the numerical
stability of hyperbolic Householder reflector mainly by computing the condition
number of these transformations.

Assume that (4.3) is satisfied. Then, since H (u) preserves the indefinite norm,

we have

(x,2), = (H(u)z, H(u)z), = o’ {y, Y); -

If (x,x), = 0 then it implies that (y,y), = 0 since H(u) is nonsingular. In this
case it is still possible to define H(u) if (x,y) # 0. But in most applications,
y = ey which implies (y,y), # 0 for all J € diag;(£1). Thus, if y = e, and
(z,z),; = 0, we have to look for a permutation matrix P such that (Pz, Pz) , # 0.
Finally, if both (z,z) ; # 0 and (y, y) ; # 0, we still need the sign of each quantities
to agree in order to work with real matrices.

We are now able to give the following theorem that ensure the existence of

hyperbolic Householder reflectors in some cases.
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(z,z)
(y,y>j > 0. Define

. Then, the hyperbolic Householder reflector

Theorem 4.1 Let J € diagt(+1) and let z,y € R™ such that

(z,2) 5
<y7y>J

u=Jr—ay € R" witha =+
H(u) satisfies H(u)xr = ay.

Proof. We have that
<U,U>J = 2(<$7x>J - <£B,y>) and <$7U’> = <$,$>J o Of<£li’,y> :

Thus,

H(u)z = (1 EPRCAD, ) Ji + 200 “>>Jy = ay.

(u,u), (u,u
Finally, note that for any constant pu, H(pu) = H(u) and if H(u)z = ay then u

belongs to the linear subspace spanned by Jxr — ay. 0

We are interested in computing the condition number of H(u) for some u €

R™. Since H(u)? = H(u), we focus on the spectral properties of H(u).

Theorem 4.2 The eigenvalues of H(u) are

3 lulz
)
<U7U>J <u7u>3

M=
corresponding to the eigenvectors vi o = A\ su+ Ju and n—2 eigenvalue equal £1

corresponding to the n — 2 eigenvectors that lie in the n — 2 orthogonal directions

to V1,2-

Proof. Let (A, v) be an eigenpair of H(u). If (v,u) = 0 then A is one of the

diagonal element of J. Otherwise, we have that

=Jv— <U’u>u
H(u)v=J 2(u,u>J ;

which leads us to assume that v = au + fJu where a, 3 € R. We have

H(u)v=aJu+ (ﬁ —2 (v, w) ) u = Aau + A\GJu.
(u, u);
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Since J # £ (otherwise H(u) will be the usual orthogonal Householder matrix),
we have that u and Ju are linearly independent. Thus, we have to solve the

system

a = Aj, (4.4)
5_2M — (4.5)
<U>U>J
From Equation (4.4) we have that o # 0 and § # 0 since A # 0. Thus, by

substituting A = 5 in (4.5), we get the quadratic equation

2
ool

(u, u)J
Since % > 1, the solution are real and they are given by
N AT
’ <U, u>J <u7 u)?]

Note that /\% = Ag. We get that v; is orthogonal to v, and any vector orthogonal

to v; and vy is orthogonal to w which proves the theorem. 0

The following corollary gives the condition number of a hyperbolic Householder
matrix and shows that they can be arbitrarily ill conditioned as much as hyper-

bolic rotations.

Corollary 4.3 The condition number of H(u) for the 2-norm is given by

lull3

) PERERY
Iig(H(U» - <‘ <U,U>J‘ + <u,u>§ 1)

4.2.3 Error Analysis

We start by presenting the standard model for floating point arithmetic. We

assume the existence of the fl operator that satisfies

fifzoy) = (@oy)(l+ea), laf<u

fIVE) = Vil +e), el <u,
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where ¢ denotes one of the algebraic operations +, —, X,/ and u is the unit
roundoff.

It is well know for the orthogonal case that the computed values of ¢ and s in
Givens rotation satisfies fi(c) = c¢(1+¢.) and fi(s) = c¢(1+€5) with |e.| = O(u) and
les] = O(u). For an orthogonal Householder reflector H, the computed matrix
satisfies ||fI(H) — H||2 < 10u. All these classical results and a more detailed
presentation of a model for floating point numbers can be found in [31, 78|.
In the hyperbolic case (with J # +I), several authors noticed that the way
hyperbolic transformations are applied to a vector is crucial for stability and also
the method of computing the ¢ and s is of first importance to ensure a small
relative error. We analyze this problem for a 2 x 2 hyperbolic rotation of type
1. The main problem in computing the values of ¢ and s is how to compute the
indefinite scalar product p = 22 — 2. First, we consider the two following ways

of computing p:

P1= x% - 953 and po = (21 — 22) (21 + 22).

We have

fllp) = (@31 +e)—23(14e))(1+e),
| f1(p1) — p1 (1+u)>
‘Pl| |/)1| ’

where |e;| < u for k = 1:3. We see that the relative error for p; is unbounded as

u(l + |3

x1 becomes closer to x5. For the second approach, we have

fllp2) = p2(l+e)(1+e)(l+e),
‘fl(P2) _p2| < u(3+3u+u2)
|pa| B ’

where || < u for k = 1:3. It is clear that the second method is numerically
stable although it may suffer from overflow. Note that if |z1] > |zo| and ¢ = 22

1

then the corresponding p3 = z1(1 —t)(1+1) is still unstable like the first method.
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Another way of computing ¢ and s is through the eigenvalues of H. For

example, the eigenvalues of H in (4.1) (type 1 rotation) are given by
Tt x
Ar =cts=4/ ! 2.
T+ X2

D
2 2
Ay — A 1=X2

S = =

2 2)_

Thus, we obtain

(4.6)

(4.7)

We chose A_ in the expression of ¢ and s because in this case |A\_| > |\, | and
thus the computation of A_ is more stable than the computation of A\,. The error

analysis for A\_ gives

[fIA-) = A

= |’Yl_1|7
A-]
(]_ -+ €2)(1 + 63)
= (1
M ( +€1)\/ 1+e )
where |ex| < u for k = 1:4. We have that
3 -3
1—1 < u +u’ 1-M < u +u,
1—u I+u
3+u —3+u
_1] < e
=1 < umax(l_u, 1—|—u>’
3
1] < u1+u<3u+8u2
—u

Thus, fI(A_) = (1 + a;)\_ where |a;] < 3u + 8u?. Moreover, we have

14+ (14 e)(14aq)222
V2 N )
(1+e)(1+e)
(1+e)(14+ o)

fl(e) =

Y2 =
where |e;| < u for k = 1:4. We have
Vo —1] < Tu+cau?, =14+, e <7u+cu?
1+e)14+m) = 1+as, |ag| <Tu+ e,
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where c¢1, ¢y are constants. Thus,

|f1(c) — ¢

" < ay+az+0?) < ldu+O®?).
c
Note that the computation of s with this method is unstable if A\, or A_ are close
to 1. But [AL] — 1if £ — 0 or £ — 0 and thus in this case the other methods
mentioned at the beginning of the paragraph are stable.

We compare numerically the relative error of the computed ¢ and s with the

different methods. Let

L) ).

¢1,51) = (fl
) = U= =

X1

\/(xl — 19) (21 + 2)

X2

Cy,52) = (fl :
(62.0) = (1l ——)

) FI(

(689) = (50, U2,

The corresponding relative errors are denoted by

Re, = & — ¢ and Rs, = |5 — 5|
|| ||

Ry = max(Rey, Rsy).

Jk=1:3,

We compute the values of ¢ and s for z = [ € —§]" where £ € R and ¢ is small

parameter. The exact values of ¢ and s where computed in extended precision.
log(d)
log(10)
the last to strategies are more stable numerically. They have acceptable residues,

Let p =|

|. The numerical results are displayed in Table 4.1. We see that

which confirms our analysis.

4.2.4 Zeroing Strategies

Let 2 € R* and J € diagh(£1). Our aim in this paragraph is to discuss the

different zeroing approaches. We start with rotations. We can apply n — 1
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Table 4.1: Relative errors for ¢ and s.

P E=1 £=100 £ =10*
R, R, Rs R, R, Rs R, R, R;

1 0 0 0 5.10~14[3.10~%3.10~1*|| 3.10~2[2.10 12]2.10~ 12
2 0 0 0 5.10713(2.1071%|2.1013 || 3.1071%|6.10"17|1.10~16
316.1071616.10716(5.10-16 || 3.10~12(2.10~2|5.10~16 || 2.10~19|7.10-17|8.10~ 17
41 5.107146.1071|5.107 || 2.107'2|1.10716]2.107 2 || 5.107°|6.10~'7[6.10~ 17
51(2.1071212.10712(2.107 2 || 1.10719(3.10~'7|4.10~'7 || 1.1079 |6.1017|1.10~16
61(4.107%4.10718(2.107 || 2.107? [5.10~'7|9.10~'7 || 1.10"7 |1.10~6|1.10"16
7118.10717(8.10~17|2.10~ 10 || 1.107% |5.10~17|2.10~16 || 1.1076 |4.1017|8.10~ 17
812.10°1712.10717(2.10- 16 || 2.1077 [6.10~7|9.10~'7 || 4.107619.10-17|9.10~ 17
9(7.10°177.10717(9.10"7 || 2.107%{7.10717|6.10"'7 || 6.107° |8.10"17|8.10~ 17

rotations Hy, with 1 < k <n — 1, such that

n—1

H=]]Hi and Hz = pe,.

k=1

Since hyperbolic rotations can be ill-conditioned, we need to monitor their con-
dition number and minimize their number. For example, consider this case in
R3:

= [1’1 T2 'r3]T7 J = dlag(_]-?_]-a 1)7 |‘T1| < ‘(L’g‘ < |ZE3‘

If one chooses to annihilate x5 first and then x5 one needs two hyperbolic ro-
tations. On the other hand, x5 can be zeroed first with an orthogonal Givens
rotation in the (1,2) plane and then a final hyperbolic rotation in the (1, 3) plane
is used to eliminate x3. This strategy has two main advantages. First, it reduces
the number of hyperbolic rotations used to at most 1. Secondly, it minimizes the
risk of having two hyperbolic rotations acting in the same plane. This tends to
reduce the growth of rounding errors and increases the chance that the largest
condition number of the individual transformations H; is of the same order of

magnitude as the condition number of the overall transformation H.
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Thus, the best strategy is to apply first all the orthogonal rotations and to
apply last the hyperbolic rotations. With this strategy we only apply at most
one hyperbolic rotations during the zeroing process. The following algorithm is

the implementation of this strategy.

Algorithm 4.4 Given x € R" and J = diag(oy) € diagh(+1) the following
algorithm compute H € R™" such that Hx = pe, and HT JH € diag"(+1).

Set H=1
Find 7, the list of indices such that o; =1if 7 € I,
Find 7_ the list of indices such that o; = —1if i € [_
Let ny, ny be the respective lengths of I, and I_
Let i1, i1 be respectively the first elements of I, and I_
fork=1:n
Apply a Givens rotation Hy in the (i1, k) plane such that
Hy [z, 2] = pres
H{([ir, k],2) = HiH([ir, k], ), 2([ia, k]) = Hy([i, k])
end
for k=1 :n,
Apply a Givens rotation Hy, in the (i1, k) plane such that
Hy [ x5 o )" = prer
H([iy, k],:) = HyH([i1, k], 2), 2([i1, k]) = Hya([i1, k])
end
Set k = (1, max(iy, i1))
Apply the hyperbolic rotation H,,_; in the (1, k) plane such that
H, [fEl xk]T = Pn—-1€1

H([1,k],:) = Hor H([L, K], 2), ([, k]) = Hyz([1, )
In [9], the authors noticed that the way hyperbolic rotations are applied to a
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vector is of first importance to maintain accuracy and stability. This method can
be described as follows. Let x =[x 9 ]T, let H be given by (4.1), a hyperbolic

matrix of the first type and define y = Hz,
U1 CT1 — ST2
Yo —Sx1 + CT2

MR N |

H is a Givens rotation which suggests that the computation of y, is likely to be

We have

more stable than the computation of y;. Now that we have the value of y, we

can apply the same method for y;. We have that

% ~ | T - 1|1 -s
= H 5 H = — .
To Y2 Cls 1

We recall that H and H are related by the exchange operator H = exc(H) defined
in [38]. The exchange operator maps hyperbolic matrices to orthogonal matrices
and it satisfies exc(exc) = exc.

We can also apply a Householder hyperbolic matrix described in Paragraph
4.2.2 to a vector to introduce zeros. In order to monitor the condition number of
these transformations, we need the same type of strategy described in Algorithm
4.4. Let I, and I_ be defined as in Algorithm 4.4. Let y = x(I;) € R™ and
z=z(l_) e R™. Let G; = (I — 2uu’) € R™*™ and Gy = (I — 2vvT) € R"2*™
be the orthogonal Householder matrices such that Giy = pie; and Goz = poes.
We define u € R™ and v € R" by

U it kel vr_ ifkel_,
=4 W P and g=4 % (4.8)
0 otherwise, 0 otherwise.

Then, let G, = I — 2aa? and Gy = I — 2097. We have that
G1Gox = GG = prey + paey,
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where jy1, oo € R and k = max(iy,%,) where i, and #; are the first elements of I,
and /_. To finish the zeroing process, we just need to apply one 2 x 2 hyperbolic
Householder reflector (or one 2 x 2 hyperbolic rotation) in the (1, k) plane. The
following algorithm describes the implementation of the zeroing strategy using

Householder type transformations.

Algorithm 4.5 Given x € R" and J = diag(oy) € diagh(+1) the following
algorithm computes H € R™™ such that Hx = pe; and H' JH € diagk(%1).

Find I, the list of indices such that o; = 1if 1 € I,

Find I_ the list of indices such that o, = —1if¢ € I_

Let ny, ny be the respective lengths of I, and I_

Let 4y, 1, be respectively the first elements of I, and I_

Sety =a(ly), z=a(l_)

Compute orthogonal Householder matrix Gy = I — 2uu’ such that Gy = pe;
Compute orthogonal Householder matrix Gy = I — 2vv? such that Goz = pes
Compute @ and ¥ using (4.8) and

the associated Householder matrices él and 52

Set k = max(il,gl), H=G,Gyand v = Hy = pre1 + paey

Apply hyperbolic Householder transformation G in the (1, k) plane.

Set H =GH

One can easily see that using the first method seems a good choice to introduce
zeros in a sparse matrix with unified rotations whereas the second approach with
the Householder reflectors is a better choice to introduce zeros in a full matrix.

In the following sections, we investigate several matrix factorizations that

have a hyperbolic or an orthogonal factor.
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4.3 Introduction to Matrix Factorization

Matrix factorization is a common tool in different branches of mathematics. A

general definition is given in [5]:

A matrix factorization theorem is an assertion that a matrix A can
be factorized into a product A = A;A,, of two special matrices Aq,
As. Some conditions may be necessary for such a decomposition to
exist, and some further conditions may ensure the uniqueness of the

factorization.

Throughout this chapter, we encounter matrix factorizations in which more than
two matrices are involved. The aim of this work is to analyze the sensitivity of
some matrix factorizations that involve at least one hyperbolic matrix and to give
a first order perturbation bound for the factors. The optimal first order perturba-
tion bound yields a condition number of the relevant matrix in the factorization,
which measures its sensitivity to perturbations in the data. For A, XY € R™"*",
let p(X,Y) = A be a factorization of A, where ¢ is a function describing the
factorization. For instance for the QR factorization, ¢(X,Y) = XY, where X is
unitary and R upper triangular. The classical theory of condition numbers [61]

employs the definitions

Kx = li_r)r(l)sup{e_lﬂAXH? P(X+AX,Y+AY) = A+AA, |AA]l < €},

Ry = li_r)r(l)sup {eAY], p(X+AX,Y+AY) = A+AA, ||AA| <€}

This definition has the advantage of being simple to present, although in most
cases the necessary computations to bound the condition number or to show it
is attained are far from being trivial. The method used in this thesis is quite
different. Our aim is to define a function g in a neighborhood of A such that

o(X,Y) = A+ AA with (X,Y) = g(A+ AA). We define the condition number
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as the norm of ||dg(A)||, the differential of g at A. The main tool for this analysis
is the implicit function theorem. Our method is described in detail in Section
4.4.

Several results that we cite later on are available concerning orthogonal matrix
factorizations. In most cases, these results are only bounds and not the condition
number. In the literature, condition numbers for hyperbolic matrix factorization
have not been reported. In the rest of this chapter, we investigate some matrix
factorizations and for each of them we compute the condition number. Our proof
technique is not new. It was used in [5] and [24] to investigate perturbation
bounds for several matrix factorizations.

The HR factorization is the generalization of the usual QR factorization when
the orthogonal factor is allowed to be (J, J )-orthogonal. Perturbation bounds of
the QR factorization are given for example in [5], [17], [24], [45] and [65]. We
compute the condition number of the HR factorization and show that the classi-
cal perturbation bounds for the QR factorization are very weak. Our analysis (of
the HR factorization) is closer to the ones presented in [5], [24] and [45]. For the
singular value decomposition (SVD), it is well known that the condition number
for the singular values is 1 (see for example [66]). Perturbation bounds for the
singular vectors are also available in [64], [76]. In our case, we compute the condi-
tion number of the hyperbolic SVD (see Section 4.7), which is the generalization
of the usual SVD. In several papers, the polar factorization have been analyzed
(see for example [16], [34], [36], [44], [51]). Once more, we compute the condition
number of the indefinite polar factorization and apply our results to the usual
polar factorization, which allows us to give a short and easy computation of its
condition number. We also refer to two surveys, [5] where perturbation bounds
for several matrix factorizations are given and [36] where various conditioning

problems are treated.
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4.4 A General Method for Computing the Con-
dition Number

Let S be a linear subspace of K"*" X € S and let Vx C S be an open neighbor-
hood of X. S can be regarded as a set of matrices that have a particular structure
such as symmetry, Hermitian or a sparse structure such as upper triangular. In
this section, let H denote either Oy (J,J), Opn(J, J,C) or Upn(J, J). Let € be

a linear subspace of K™*™. A (.J, J)-orthogonal or (.J, J)-unitary factorization of

a matrix A € £ can be described by a function
(X, Y)=A, Xe€Vx and Y e H

Our aim is to derive perturbation bounds for the X and Y factors when A is
subject to some perturbation AA. The main tool for this analysis is the implicit
function theorem. This technique was also used by Bhatia in [5]. This method is

divided into three steps.
Step 1 Using (1.13), we define

fiVaxVxxKP — &,

(AX.5) = o(X.Y) -4
where Y = ¢(j) is defined according to H in Lemma 1.3 and p is the
dimension of H. Note that f(A, X,y) =0, with Y = ¢(y). Assume that f
is differentiable. We denote the differential of f in the X and y direction
by
of | of

df2(A, X, y) = ax oy

For all the factorizations, dfa(A, X,y) can be easily computed because ¢ is

linear in X and at most quadratic in Y.
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Step 2 In order to apply the implicit function theorem to f at (A4, X, y), df2(A, X, y)
has to be nonsingular. Thus, null(df;(A, X, y)) needs to be computed, that

is we need to solve the equation
dfs(A, X, y)(AX,AY) =0, AX € €, AY = dp(y)Ay,

with Ay € KP. Using Section 1.5, AY is in the tangent space of H. Assume
that null(dfs(A, X,y)) = {0}. Then, by computing dp(X,Y’), we have that

) N (57)
0} = range | — range | — .
{0} = rang (aX e (5]

Additionally, using (1.9)-(1.12) if dim€ = dimS + p then we have that
df2(A, X, y) is invertible and the following splitting of £ into a direct sum

decomposition of the type

O O
& = range (—) range <—) : (4.9)
0X /s D %/ o

holds, where T'(H,,) is the tangent space of H, at Y. The advantage of
(4.9) is that it enable us to invert dfs(A, X,y) by using the corresponding
projector to the direct sum. Then, by the implicit function theorem, there
exists a differentiable function g = (gx, gy) and an open neighborhood V4

of A satisfying

g:Va — Vx XVy, (4.10)

A = (gx(A),g9v(A)),

where Vx x Vy is an open neighborhood of (X,Y"). Moreover, g satisfies

9x(A) =X, gy(A) =Y and

dod) = ~(fAX )

F(A, gx(A), gy(A) = 0, forall AeVy, (4.12)



Step 3

4.5

that is A = (g1(A), g1(A)) is the factorization of A. Let Ilg and e,y
denote the projectors corresponding to (4.9). We have that g—£ = —1I. Thus,
(4.11) becomes

_ (99
oo\ "

The condition number of the factorization is given by the norm of the linear
map dg(A). In some cases, only a bound for the norm of dg(A) will be given.
Finally, for A€V, and go()N( , }N/) = A, the first order perturbation bounds

and expansion are obtained using Taylor’s theorem

IX = X[lr < lldgx(A)ll2¢ + O(*), (4.15)

IV =Yllr < |ldgy(A)ll2e + O(e*), (4.16)

where € = | A — A||p

The HR Factorization

We say that A € R™"™ admits an HR factorization with respect to a signature

matrix J € diagh(£1) if

A=HR, ReAR), He0,(J,J),

where J € diagf(41). The next theorem from [14] shows that almost every

matrix has an HR factorization with respect to J.

Theorem 4.6 Let A € R™™ be nonsingular and J € diag;(41). There exist

H,R € R™™ such that H'JH € diag; (£1), R is upper triangular and A = HR

if and only if all principal minors of ATJA are nonzero.
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Proof. The assumption that all principal minors of AT JA are nonzero ensures

that AT JA has an LU factorization
ATJA = LU,

with L a unit lower triangular matrix and U a nonsingular upper triangular
matrix. Let D = diag(U) and U = DLT, where L is a unit lower triangular
matrix. Since AT JA is symmetric, we get that L = L. We define J = sign(D) and
we have ATJA = L|D|2.J|D|zLT. By Sylvester’s inertia theorem .J € diagy (£1).
We define R = |D|2L7 and H = AR™. We have

HT'JH = RTATJAR™ = RTL|D|Y2J|D|"2LTR™* = J.

Hence A can be factorized into A = HR with H such that H"JH € diag] (£1)
and R is upper triangular.
We suppose now that A = HR, where H is a (/J, J )-orthogonal and R upper
triangular. Then
ATJA=R'H"JHR = R"JR.
Since A is nonsingular, R is nonsingular. Moreover, for A=ATJ A,

ALk 1:0k) = RT(1: b, 1: k) J(1: k, 1:K)R(1: k, 1: k), k = 1:n,

which shows that all the leading principal submatrices of AT JA are nonsingular.

O

For nonsingular matrices the HR factorization is unique up to a signature matrix.
We can make it unique by insisting that R has positive diagonal entries.

For A € R"™" with m > n, the HR factorization with respect to J €
diagy'(£1) is A = HR, where H € R™™, H"JH € diag;'(£1) and R € R™*" is
upper trapezoidal.We now give two theorems that we shall use later on. We need
the following result for the implementation of the HZ algorithm (see Chapter 6)

in the eventual case where a shift might be an eigenvalue.
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Theorem 4.7 Let A € R™ " with m > n having full rank and J € diagy'(+1).
A has an HR factorization with respect to J if and only if all the principal minors

of AT JA are nonzero.

Proof. Assume that all the principal minors of AT.JJA are nonzero. Then,

like in Theorem 4.6, ATJA can be factorized as
ATJA = L|D|2Jy|D|L",

where L € R™" is unit lower triangular, D € R™*" is nonsingular diagonal and
Ji € diagy; (+1) for some integer ¢;. Let R = |D|2L" and R = [RT0]T € R™*"
and define H; = AR™' € R™". We have that HI JH, = J,. Let Hy € Rm™*(m=n)
such that H = [H;, H,| is nonsingular. Hy can be chosen such that its columns
are J—orthogonal to the columns of Hy, that is, HI JHy = 0. We now apply
a Gram-Schmidt type process to the columns of Hy = [h,41, -+, Ay which is

define by

-1

Z (WL Jh)hy,

for n +1 <i<m. Then, we set Hy = [hn+1 -+ hy,) and we have
J 0
HT'JH = 1,
0 J
where J, is diagonal. By Sylvester’s law of inertia, none of the diagonal entries
of jg can be zeros. Thus, we can normalize the columns of H, such that j2 €
diag,” (+1) with ¢ = ¢1 + g2. Thus A has an HR factorization.

The converse is similar to the one in the proof of Theorem 4.6. 0

Theorem 4.8 Let A € R™", with k = rank(A) < n and assume that the first
k columns of A are linearly independent. Write A = [A;, As], Ay € R™* and
assume that Ay has an HR factorization with respect to J. Then, A has an HR

factorization.
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Proof. We are given that A, = H R, where R is upper trapezoidal and
H is (Ji, Jo)—orthogonal for some J;,J; € diag;. We have that range(A4;) C
range(A;) and since A; has full rank, there exists a unique P € R**("=%) guch
that
Ay = A P.

Thus, we define R = [R, RP] and we have HR = H[R , RP] = A. 0

Corollary 4.9 Let A € R™", with ky = rank(A) < n, J € diagy (£1) and let k;
be the rank of AT JA. If ky < ki, A does not have an HR factorization.

Proof. The proof is a consequence of Theorem 4.8. O

The theorems and the corollary given above deal with HR factorization of real
matrices. These results are needed in Chapter 6 for the implementation of the
HZ algorithm. In the rest of this section, we focus on computing perturbation
bounds for the HR factorization. The following theorem is a trivial extension of

Theorem 4.6 to complex matrices.

Theorem 4.10 Let A € C™™ be nonsingular and J € diagh(£1). There ewist
H,R € C™™™ such that H*JH € diag}(£1), R is upper triangular and A = HR

if and only if all principal minors of A*JA are nonzero.

For rectangular matrix A € C™*™, the HR factorization with respect to a signa-

ture matrix J € diag” (£1) is defined by

A=HR, Re A(C), H € Upn(J, ),

where J € diag? (+1).
In the rest of this section, we use the following theorem to define the HR
factorization for rectangular complex matrices. It enables us to investigate the

perturbation of the HR factorization.
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Theorem 4.11 Let A € C™ ", withm > n, rank(A) = n and let J € diagh (£1).
A has an HR factorization with respect to J if and only if all principal minors of

A*JA are nonzero.

Proof. Assume that all the principal minors of A*JA are nonzero. Then, like

in Theorem 4.6, A*JA can be factorized as

A*JA = L|D|?J,|D|z L,
where L € C™" is unit lower triangular, D € R"*" is nonsingular diagonal and
J € diag?(£1) for some integer ¢. Let R = |D|2L* and define H = AR €

Cm*n_ We have that H*JH = .J. The converse is obtained like in Theorem 4.6.
0

4.5.1 Perturbation of the HR Factorization

Now that the definition of the HR factorization is given, our aim is to derive
perturbation bounds for the H factor and the R factor when A is subject to
some perturbation AA. In this section, we first generalize the results on the per-
turbation bounds for the HR factorization of square matrices in [5] to complex
rectangular matrices and then we extend the results concerning the QR factor-
izations in [17, 65, 45] to the HR factorization of complex rectangular matrices.
We also compute the condition number of the HR factorization.

Let V), C RP with p = "22_ " and according to Section 4.4 H = ¢(h). Following

the general method developed in Section 4.4, we define
f:C™x A(C)x V), — C™"
(A,R,h) — HR- A,
where from (1.13) H = ¢(h). We have that o(H, R) = HR. We get
dof (A h, R)(Ah,AR) = AHR+ HAR, (4.17)
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H*Jdyf (A h, R)(Ah,AR)R™' = H*JAH + JARR™, (4.18)

where AH = d¢(h)Ah. Note that H*JAH € SkewH and JARR™ € A(C).
We define the two projectors II; and Ily by

I, : C™" — A(C), 1L =11, + 10, + 11},

I, : C*" — SkewH, II, =1II;, —II}.

Note that X = (II; + IT) X and range(II;) Nrange(Ily) = (). Hence
C™" = A(C) & SkewH.

We have [[TI(X)||% = 2||IT;(X)||%, thus, since II; is an orthogonal projection
ITIy)l = v/2. It is straightforward to show that ||II;||s < +/2. This bound is
attained by X = g(eief +e;el). Thus, from (4.17) and (4.17) and using (4.13)

we get

dgr(A)AA = TL(H*JAAR YR
If m = n then

dgp(A)AA = HJI,(H*JAAR™).

If m > n, then there exits G = [H Hy] € C™*™ such that G*JG € diag® (+1) for

some integer k. Note that G and k are obtain by a Gram-Schmidt type process.

Thus,

Oy (H* JAAR™)
H;JAAR™!

ldgu(A)AAllr = Glla((ITLI3] HI3 + | HolD I R IBIAANR)?,

dgr(A)AA = JG*

Idgr(A)ll2 < V3ra(G)|IR™ 2
Finally, we obtain the bounds

ldgr(A)lls < V2ra(R)[|H], (4.19)

ldgu(A)l> < V263(G) R (4.20)

IN
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Following (4.15) and (4.16), we obtain the following theorem.

Theorem 4.12 Let A= HR, H € U, (J,J) be the HR factorization of A and
for AA € C™™ such that € = |AA|p is small enough, let A+ AA = HR be the
HR factorization of A+ AA. Then

IR = Rlr < V2ra(R)|[H||2¢ + O(*), (4.21)

|H — H|p < V2ks(H)||RY |26 + O(3). (4.22)

Theorem 4.12 generalizes the result in [5] to complex rectangular matrices and
also extends the results concerning the QR factorizations in [17, 65, 45] to the HR
factorization of complex rectangular matrices. The bounds are similar to those
obtained in [5, 45].

If we apply our result to the particular case of the QR factorization, then we

get the well-known bounds

IR— Rl < V2kry(A)e+ O(?), (4.23)

|H—H|s < V2||A7Y|se + O(). (4.24)

(4.19) and (4.20) give a bound on the condition number of the HR factoriza-
tion. The exact condition number can be obtained by using a Kronecker product

approach. Let My, M,, C and 7 be defined by

M, = (I®RJ)+ (R J®I)CT,
My = I®AJ)+ (A" J®I)CT,

vec(A*) = Cvec(A).
From (4.18) or by differentiating (A, R) — R*JR — A*JA, we get

R*'JR+ R*JR = A*JAA + AA*JA. (4.25)
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Applying the vec operator to (4.25), we obtain

M7 = Msyvec(AA),
r o= (Ml)fAl(C)Mgvec(A),

ldgr(A)ll2 = [[(M1) )Mo=, (4.26)

where (M;)|a(c) is the restriction of M; to vec(A(C)). Combining (4.26) with

the direct sum decomposition, we obtain

dgr(A)AA = AAR™' — H(dgr(A)AA)R™,

ldgu(A)ll2 = IR @1 — (My)jxc) Mo, (4.27)

Using (4.26) and (4.27), we have the following theorem.

Theorem 4.13 Let A= HR, H € Uy (J,J) be the HR factorization of A and
for AA € C™*" such that € = ||AA|p is small enough, let A+ AA = HR be
the HR factorization of A+ AA. Then, the sharpest perturbation bounds to first

order are given by

IR=Rlr < (M) Mall2e + O(e), (4.28)

IH—Hlp < |RTT® 1= (M) e Mlae+ O(). (4.29)

Theorem 4.12 is a generalization of the HR and QR factorization perturbation
bounds that can be found in the literature. Although Theorem 4.12 and 4.13
are similar, the bounds in Theorem 4.13 are the best possible. In Table 4.3, we

compare the bounds that are stated in these two theorems.

4.5.2 Numerical Experiments

The sensitivity of the HR factorization of A with respect to a signature matrix

J # =£1 is closely related to the minors of A*JA. If one of the minors of A*JA
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vanishes or is close to zero, then R is ill conditioned which implies that H is also ill
conditioned or does not exist (if R is singular). To illustrate this fact numerically,
we construct a sequence of matrices A, such that their first column a, = A.(:, 1)
is almost isotropic, that is, a’ Ja. — 0 as ¢ — 0. We denote d, = ||A, — Acl|r
and A, = H., R.,. The results are in Table 4.2. In the second column of Table
4.2, the values of d. are relatively small. We see that the values of |R. — Re,||r
in the third column and the values of |H. — H||r in the fourth column do not
depend on §.. They depend instead on the values of al Ja,, in the sense that the
bounds in the third and the sixth column get more accurate when a’ Ja, increases
and in the meantime the value ¢, increases slowly. It confirms the fact that the
sensitivity of the HR factorization depends on the minors of A*JA. Note that
the errors in R, in the third column (respectively H in the fifth column) are very
close to the expected value in the fourth column (respectively the sixth column).
This is due to the fact that we use the condition number. In the next numerical

experiment, with the QR factorization, we see that if the bound is not sharp,

then the expected values do not reflect the errors that are obtained.

Table 4.2: Perturbation bounds of the HR factorization.

al Ja Je |Re — Rl|r | [[dgr(A)|20 | [[He — Hl|F | [[dgu(A)]l20
—T7e—8 | 2e—15 || 1.77e —4 5.98¢ — 4 6.3¢ — 4 2.37¢ — 4
—be—6|2e—14 | 2.14e—6 2.97¢ — 6 52le — 7 2.02¢ — 6
—2¢—4 | 2e—13 1.34e — 7 2e — 7 3.78e — 8 1.51le—7
—Te—3|2e—12 || 4.67¢—8 6.61le — 8 1.88e — 8 1.36e — 7

For the QR factorization, we compare numerically (4.19) and (4.26). We

consider the following 2 x 2 example

A, =

1—c¢ 1

1

1+e

Ko(A) = € 2(14+ V1 + )2
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Let Q.R. = A, be the QR factorization of A, and let AA, = Ayg—A.. We have that
|AA.|l = |e[v/2. The numerical results are in Table 4.3. Note that the expected
values in the second column, computed with our condition number, are just twice
the error on the R factor. Note that ||Ag||r = 2. Thus, if we use relative errors
our bounds are the same as the computed values. The expected values obtained
with the usual bound are quite poor since the bound given by (4.23) is very poor.
These results suggest that in this example the QR factorization of A is a well
conditioned problem independent of the condition number of the matrix that is

factorized.

Table 4.3: Values of ||dgr(A)||2||AAd||r and v/2k2(Al)||AA| F as € — 0.

€ || IR = Rllr | lldgr(A)ll2¢ | V2ra(Ac)e
1071 || 1.00le—1 | 2.107e —1 8el
1072 le — 2 2.0le — 2 8e2
1073 le — 3 2e — 3 Se3
1074 le — 4 2e — 4 8ed
107° le — 5 2e — 5 8eb
1076 le—6 2e — 6 8eb

4.6 The Indefinite Polar Factorization

We say that A € R"*" admits a polar factorization if A = HS with H orthogonal
and S symmetric definite positive. The indefinite polar factorization (IPF) is a
generalization of the usual polar factorization, that is, we want to generalize the

polar decomposition with H (J, J)-orthogonal.

A=HS, H"JH = J,
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The following theorem from [38] allows us to define this decomposition and it

gives necessary conditions for the existence and uniqueness of the IPF.

Theorem 4.14 If A € R™" and JATJA has no eigenvalues on the nonpositive
real azis, then A has a unique IPF A = HS, where H is (J, J)-orthogonal and S

1s J-symmetric with eigenvalues in the open right half-plane.

In this thesis, we define the IPF as in Theorem 4.14. Throughout this section,

we assume that S is diagonalizable.

4.6.1 Perturbation of the IPF

We start by a preliminary result that will enable us to give the direct sum de-
composition like in (4.9). We assume that A is nonsingular and that it admits
the IPF A = HS, H € O,(J,J). Our aim is to derive perturbation bounds for
the H factor and the factor S when A is subject to some perturbation AA. Using
(1.13), we define

f:R”" x V), x JSSym(R) — R™"

(A,S,h) +— HS—A,

where H = ¢(h) and H = ¢(h) and ¢ is defined by (1.13). Note that f(A, h, S) =
0. We define dy f = % + g—é. We have

dof (A, b, S)(Ah,AS) = AHS + HAS,

HYJdyf (A, b, S)(AR,AS)S™Y = HTJAH + JASS™,

where AH = d¢(h)Ah. Note that H JAH € Skew(R). In the following lemma,

we establish the direct sum decomposition as in (4.9).
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Lemma 4.15 Let J € diagl(£1) and let S be nonsingular, J-symmetric such

that the eigenvalues of JS are positive. Then,
R™" = Skew(R) @ Sym(R)S .

Furthermore, let 11y be the projector on Skew(R) and Ily be the projector on
Sym(R)S~t. Then,

,(2) = T.(S") " (zS - 5"7), (4.30)

My(Z) = T(ST)(ST(Z+2Z")8)s ™, (4.31)
where T.(ST) and T..(ST) are defined in Theorem 1.5.

Proof. Let Z € R™™ and consider the equation X +YS™! = Z with X €
Skew(R) and Y € Sym(R). We have that —X + S~7Y = Z7. Thus,

STX+XS = 7Z5-81Z,

STY +YS = ST (zZ" + Z)S.
We see then the solutions are given by

X =T.(8") " 25-5"Z) and Y =T, (ST)"'(ST(Z+2")5)s'. O

To characterize g, we proceed as follows. We have ﬁ(A, S,h) = —AA. We set

0A
(H,8) = (dgu(A)AA, dgs(A)AA). Thus,
HS+ HS=AA and H"JH + HTJH = 0.
Let X = HTJH € Skew(R) and AA = HT JAA. Thus,

STX+XS = A AA (4.32)
STJS+ 8775 = STAA+AA S. (4.33)
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Thus, we obtain

dgu(A)AA = HITG(HTJAA - AATTH),

dgs(A)AA = JT(ST)(ATJAA + AATJA).
Let ST = VDV ! be the eigendecomposition of ST. We define

M, = (Ve Vhdiag(vec(M))(V o V1),
My = —(H'J@I)T+I® H"/J,

My, = (A"JeDT+1A"J.
Then, applying the vec operator, we obtain

ldgu (Al = (I ® HJ)M M|, (4.34)

ldgs(A)lla = || M1 Ms]|s. (4.35)
Using (4.34)-(4.35), we have the following theorem.

Theorem 4.16 Let A= HS, H € O,(J) be the IPF of A and for AA € R™"
such that € = | AA||p is small enough, let (A+AA) = HS be the IPF of A+ AA.
Then,

IS =Sle < (1M Mslze + O(e),

|H = H|p < [|MiMo]se + O(),

where My, My and Mg are the matrices involved in the differential of the implicit

function in (4.34) and (4.35)

The above theorem gives the perturbation expansion of the IPF for a nonsingular
A. If A is singular and 0 is at most a simple eigenvalue of A then it is possible to
give the perturbation bounds of the factor S. We just need to apply the implicit
function theorem to (A, S) +— STJS — ATJA. Also, from (4.34)-(4.35), we can
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give bounds of the condition number that less expensive to compute that the

exact condition numbers:

ldgra(A)llr < 2mug(V)*ka(H),

ldgs(A)llr < 2mra(V)?[[ A2,

where m = max;; [mj;| and M = (m};) is defined by (1.20).

4.6.2 The Polar Factorization

The polar factorization is the particular case that is obtained when J = £1. Thus,
A = @S is the polar factorization of A, with @) orthogonal and S symmetric.
Note that if A is complex then the perturbation bounds remain the same for the
unitary @ factor and the Hermitian factor S. In [5], a perturbation bound for the
Hermitian factor that involves the 2-norm of A is given but in [34] and [35], the
author found a constant bound /2. With our method, we obtain the condition
number for the Hermitian factor and for the unitary factor in a simpler way than

[16]. We proceed as follows.

Lemma 4.17 Let the two matriz operators T, and Ty be defined by T X = (X —
XTYo M and T,.X = (DX + XTD) o M where M is defined in (1.20) and D real

diagonal matriz with positive entries. Then

2

||Tl||2 = m> (4-36)
VAZ 4 N
1Tl = \/57A +A11, (4.37)

where \,_1 and X, are the two smallest diagonal entries of D and Ay the largest

diagonal entry of D.
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Proof. Let X = (z;;) € R™" and assume that ¥ = 7;(X) with Y = (y;;).

We have
(2 — ) ~ o+ ad
1Y% = s <4y
" Jz::l (Ai + )2 ; (A 4+ X)?2
2
Y{r < mHXHF

T

1
The bound in (4.36) is attained by F = ﬁ(enen_1

— ep_1el) where ¢y, is the
k-th column of the identity matrix.
We now focus on (4.37). Assume that ¥ = 7;(X) with Y = (y;;). We have

that Yij = ()\Z.TZ] + )\jx]’i), Yii = Ly5- We define

1
XN+ N

>\2+>\2
p=mex m

2 2
and we have that y7; < p(z7; + 23;). Thus,

n i—1
A+ A
VI = Yo+ 3 < 2 (G VI,

i=2 j=1
[T2ll. < \/ﬂ‘
Let
= ﬁ ()\pepeg + )\qeqeg)

with (p, ¢) the indices where p is attained. Note that ||E||r =1 and ||72(E)|F =
1. Without loss of generality, assume that A\, < A, and define ¢ = f\—p, with
0 <t <1 We have that p = % It is straightforward to see that i :t —

1+t . . _ o :
m is monotone and decreasing for 0 <t < 1. Thus, j attains its maximum
for t = 0. Thus, (p,q) = (n,1). 0

Note that if A is nonsingular A\; = || 4[| and A, = 0, thus ||T3||> = v/2. Otherwise

if A is nonsingular A\, = ||A7!||5' and we obtain

I JAE /1T (@
Tl = va VAl 2=V —— 4.38
122l = v 2 A, 1+n2<A> (4.38)
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We consider (4.32)-(4.33), with H orthogonal, S symmetric and S = VDV
the eigendecomposition of S. Let Z; = VAAVT and Z, = VTAAV. Then,
(4.32)-(4.33) become

DX +XD=2—2" and DY +YD = DZ,+ ZI'D,

where X = VXVT and Y = VSVT. Since || Zi||r = || Zs|lr = |AA| r, applying
Lemma 4.17 and using (4.38) , we obtain

and dgs(A)]ls = VIV R2AR g )

Idgn(A)]> = eyt

2
)\n—l + )\n

Note that 1 < ||dgs(A)||2 < v/2. Both of these bounds are attained. If S is of
the type S = Al or S is orthogonal, then ||dgs(A)||2 = 1 and if A is singular then
|dgs(A)|l2 = V2. We have the following theorem.

Theorem 4.18 Let A= HS, H € O, (1) be the polar factorization of A and for
AA € R™™ such that ¢ = ||AA||p is small enough, let (A+ AA) = HS be the

polar factorization of A+ AA. Then,

2
< -
o )\n—l + )\n
IS=Slr < ac+0(),

|H — H|p e+ O(e),

V1 A)?
where o = /2 if A is singular or a = ﬁﬂ otherwise.
14+ K9 (A)

The bounds given in the above theorem are the sharpest possible to first order.
Using the classical definition of condition number for the Hermitian factor, the
same condition number as in (4.39) is obtained in [16]. Our method has the
advantage of giving a shorter proof than [16] of several pages. Our method
allows us also to compute explicitly the Fréchet derivative of the factors. In [51],

the condition number in (4.39) for the orthogonal factor is given.
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4.6.3 Numerical Experiments

To compute the indefinite polar factorization and the usual polar factorization,
we used the iteration described in [38, Thm 5.2]. We recall that the iteration for

the J-orthogonal factor is given by

1
Hy = A,  H,,= i(Hn + JH;TT).

This iteration is guaranteed to converge if JATJA has no eigenvalue with a
negative real part. We present two series of numerical tests. The first ones are
quite standard, their purpose being to illustrate the perturbation bounds given in
Theorem 4.16. We generated a matrix Ay using the function randn of MATLAB.
Then, we build a sequence of matrices A, that converges to Ay as € tends to zero.
We denote 6 = ||Ag — Ac||r and Ay = HoSo, Ac = H.S, the indefinite polar

factorization of Ay and A.. J was obtained by
J =(-1) ."randperm(n)

using MATLAB. We shifted all these matrices so that JAT JA, has all its eigen-
values in the open right half-plane. The results are displayed in Table 4.4. We see
that our perturbation bounds follow closely the computed values which confirms

that in this case the bounds obtained by Theorem 4.16 are sharp.

We denote by ¢y and cg the bounds of the condition number of the hyperbolic
and symmetric factors given by (4.36)-(4.36). Table 4.5 shows the first order
perturbation bounds obtained by using ¢y and cg. The bounds obtained by
using c,and ¢y in the first 4 rows in Table in 4.5 are accurate. In the last row, we
see that the bound for the J-symmetric matrix is weak whereas the bound for the
hyperbolic factor is more reliable. We conclude that the bounds cg and cy given
by (4.36)-(4.36) should be used carefully when the norm of the perturbation is

small.
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Table 4.4: Perturbation bounds of the indefinite polar factorization.

Oc [Se = Sollr | [ldgsy(Ao)ll20e | [|He — Hollr | [dgm,(Ao)l|20c
le —15 le — 15 le — 14 le — 15 2e — 15
le—9 le—9 2¢ —9 2e — 8 5e — 8
le—5 3e—5 9e — 5 2e — 5 6e — 5
le—3 Te —3 1.6e — 2 5e — 3 2e — 2
le — 2 le —2 23—2 2e — 2 3.4e — 2

Table 4.5: Perturbation bounds of the IPF using bounds for the condi-

tion numbers cy and cg.

Oc c50, crd A,
le—15 || 3.7e — 13 | 7.5e — 14
le—9 3.7e—7 | 7.be—38
le—5 3.7e—3 | 7.be—4
le—3 3.7e—1 | 7.5e—2
le — 2 3.7 7.5e —1

The aim of the second numerical experiment series is to give an example where
the bounds given by (4.36)-(4.36)) are very poor approximations of the exact
condition numbers. The test matrices are Hilbert matrices, built in MATLAB
and they can be called by the function hilb. The (i,j) element of a Hilbert
matrix is given by 1/(i + j — 1). These Hilbert matrices are symmetric and very

ill conditioned. The signature matrix J € diag”®(41) is given by
J = diag(—]Ln/gj s ]Ln/gj).

The logarithm of the condition number log,(||dgs(A)||2) for the J-symmetric
factor is represented by x and by + for log,(||dgr(A)||2), the logarithm of the
condition number of the hyperbolic factor. The logarithm of the bound denoted
by ¢s in (4.36) is represented by [J and by o the bound cy in (4.36). We see

in Figure 4.1, in all the test matrices the exact condition number is very small
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compare to cg, the biggest ratio being of order 10'8. For the hyperbolic factor,

the difference is less, the biggest ratio being of order 10%.

221 jL i
Lot
L *
20 % %
4+ X
18} .
+ [
16} 0]
O
4y + % O 1
8’8 12 + % 0 ]
S % O
101 Y . .
8 + 0 :
+ * O
or * O 1
4+ Ht O —
1 O o
O 3
g A o0 o0 9 0o @ 9 0o o © ‘
4 6 8 10 12 14
n

Figure 4.1: Condition number and perturbation bounds of the IPF of Hilbert

matrices with logy,([|dgs(A)ll2) (O), logig(lldgu(A)ll2) (B), logig(cs) (x) and
logyg(cr) (+)-

4.7 The Hyperbolic Singular Value Decomposi-
tion

Let A € R™"™ with m > n. We say that A admits a hyperbolic singular value
decomposition (HSVD) if
A=QDHT
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with D diagonal, @) orthogonal and H € O, (J, J ). The hyperbolic singular value
decomposition (HSVD) and the indefinite least square problem were analyzed in
[10], [12] and [55]. Ep denotes the set of real diagonal matrices. The following
theorem establishes the existence of the HSVD. The theorem and the proof are

similar to those in [12, Sec. 2].

Theorem 4.19 Let A € R™ " with m > n be a full rank matriz, J € diagh (£1)
and assume that rank(AJAT) = n. Then, there exists a positive nonsingular
diagonal matriz D € R™" Q orthogonal, J € diag®(£1) and H € U,(J, J) such
that

A=QDHT.

Proof. Let AJAT = QSQT be an eigendecomposition. Assume that AJAT
is nonsingular. We define D = |S|z and J = sign(S). Let

D—l
H=ATQ
0
We have
D11" D1 _
HTJH = [ QTAJATQ ] =J. 0
0 0

In the definition of the HSVD, we see that only the n first columns of () are
necessary to define the decomposition. Thus, in the rest of this section, we

consider that the HSVD of A € R™*" is given by

A=QDH", Q € On.(I), H € O,(J,J), J,J € diagh(+1).
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4.7.1 Perturbation of the HSVD

The linear subspace of n x n real diagonal matrices is identified with R™ and it
is denoted by £p. Let
fiR™" X Ep x VY, xV, — R
(A,D,q,h) — QDHT — A,
with Q = ¢1(q) and H = do(h), where ¢1 and ¢, are defined by (1.13). Note
that f(A,D,q,h) = 0. We define dof = % + ?9_{; + %, AQ = do1(q)Aq and
AH = dpa(h)Ah. We have
dof (A, D,q,h)(AA,AQ,AH) = AQDH" + QDAHT + QADHT,
QTdyf(A, D, q,h)(AAAQ,AH)H™" = QTAQD+ DAH"H™" + AD,

with QTAQ and AHTHTJ skew-symmetric. The following lemma establishes

the direct sum decomposition (4.9).

Lemma 4.20 Let D = diag(\g). If the diagonal elements of JD? are distinct,

then we have the following direct sum decomposition
R™" = £, & Skew (R)D & DSkew (R).J.

The corresponding projector I1; on Ep is just 11 whereas for all Z € R™™ the

projector on SkewHD 1is I, D and the projector on DSkewH J is DH3j where

,(Z) = (JZD+DZ"J)oA, Ts(Z)=(DZ+ Z"D)oA, (4.40)
0 if i =7,

A = (ny), py= 1 (4.41)
=3 =32 Otherwise,
Uj)‘i — Ui)\j

where D = diag()\;) and J = diag(s;) Moreover, the norms of the operators,

IMall> and |TTs]l; are given by

\J AT A
Il = s, = vV2max —Y——— (4.42)

T2 — 72|
i ‘UZA]- a]Ai‘
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Proof. Let Z € R™*", Z = (z;;) and assume that AD + XD + DYJ =12
where AD € £p and X,Y € Skew(R). Since X and Y are skew symmetric, we
have II4(X D + DY) = 0. Thus,

AD = T1,(2).

By computing the elements of (II; + I1,)(X D — DY J), we get "22_" 2 x 2 linear

systems
Eij [xz'j yz‘j]T = [Zij Zji]Tu
where Ej; is defined by

We have det Ij; = 5;5,(5;\2 — 5;A?) # 0. Hence, for i # j, we obtain the 25"

solutions

UiAjZij + 5inZji
PP I L 1 4.43
i O'j)\l2 — O'Z)\? ( )
)\izij + )\ijZ'
y] O'j)\l2 — 07)\? ( )

With (4.43) and (4.44), we obtain

= —(JZD+DZ"J)oA, (4.45)

Y = (DZ+Z"'D)oA, (4.46)

where A = (y;5) is given by (4.41). Finally, we obtain II; = II,, [I5(Z) = X and
I3(Z) =Y.

Using the Cauchy-Schwarz inequality, we have that

A2 4+ )2
2 i J 2 2
r; < ==z + 7)),
J O'i)\?—gj)\? J J
N+ )2
IX1F < 2max ——" || Z][}

el A O ~ \2
ij,i7] }ai)\j — Uj)\i‘
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The bound (4.33) is attained by

TpAgCpq + TqApCop
VA A

with ||E||r = 1 and where (p, q) are the indices where

/AT A

Max ~———5———57
ij,i#] }ai)\j — 0 ; ‘

B =

is attained. Similarly, using the same method, we show the second part of (4.33)

and that the bound is attained by
E— Ap€pg + AqCap
W ESv A
with |E|z=1. O
To characterize g, we proceed as in (4.11) and (4.13-4.14). We have g—f‘AA =
—AA. We set (D,Q,H) = (dgp(A)AA, dgo(A)AA, dgg(A)AA). We obtain the

linear system
QDH” + QDH" + QDH = AA, (4.47)
Q"QD+DHTJHJ+D = QTAAJHJ,
Q"O+Q"Q = o,
H"JH+H"JH = 0.

Thus, by Lemma 4.20,

dgp(A)AA = T (QTAAJH), (4.48)
dgr(A)AA = JHTJI4(QTAAJH ). (4.49)

If m = n, then
dgo(A)AA = QIL(QTAAJHY). (4.50)
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If m > n, then we know that there exist G' = [@Q, Qo] € R™*" such that GTG = I.

G is obtained as in Section 4.5 by the classical Gram-Schmidt process. Using

(4.47), we have

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

L, (QTAAJTHJ)
dgo(A)AA =G .
QYAAH-TD!
Let l~zk denote the k-th column H.J. We have
ldgp(A)AAll; = sup  [[T(QTAAJHT)|p,
IAAlp=1
= sup ||TII4(AAHJ)| g,
IAAlp=1
= ”W”%
where W € R™"” has its k-th row defined by k% ® €. Thus,
Idgp(A)AA[l2 = [[W]s = max il = max [ H (K, )2
We define
M, = JH'JoQ",
My, = DeJ+(J®D)T, My=I®D+ (DoI)T.
Applying the vec operator to (4.49) and taking norms, we obtain
ldgsr(A)ll2 = ||(I ® H".J)diag(vec(A)) My M, .
Similarly, for @ factor, we obtain from (4.51)
||diag(vec(A)) My M, ||z, if m =n,
ldgo(A)ll2 =

(4.56)

|diag(vec(A))MoM; + (D' H™Y) @ Lo, if m > n.

We are now able to give the first order expansion of the three factors of the

HSVD.
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Theorem 4.21 Let A = QDHT, H € O,(J,J) be the HSVD of A and for
AA € R such that € = |AA| p is small, let (A+ AA) = QDHT be the HSVD
of A+ AA. Then, using (4.56-4.55) and (4.52-4.61)

ID-Dlr < max || H (k, )||2¢ + O(€”), (4.57)
1Q =Qllr < lldgo(A)|lze+ O(e?), (4.58)
IH = H|r < |ldgu(A)ll2e + O(e*), (4.59)

where ||dgg(A) and ||dgu(A)||2 are given by (4.55) and (4.56). These bounds are

the sharpest possible to first order.

Using (4.50) and (4.49), note that the condition number of the HSVD can be

bounded by
) .
—[[Dllal[ A2, if m=n,
m
ldga(A)]l2 < 1 (4.60)
4 T — 2
(o IDBIHIE + 1D 1) it m >
2
ldgr (Al < — (| Dll2rz(H), (4.61)
where m = min|5;\} — 6;A3| = ||diag(vec(A))|l>. These bounds are less sharp
ij

than (4.56) and (4.55) but they are easily computable. We also can give better
bounds than (4.60)-(4.61), using (4.42),

OKHH”Q, lfm:n7
[dgo(A)]2 < (4.62)
(OPHHH§ + IIHjD‘1H§>§, it m > n,
|dgru(A)ll2 < aks(H), (4.63)
where o = ||TIg||2 = ||TI5]|2 is defined in (4.42).
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For the usual SVD, H is orthogonal. We get the well-known result (see for

example [66]) for the singular values
ldgn(A)ll: = 1, |D =Dl < e+ O().

The condition numbers of () and H can be easily computed since H is also

orthogonal

«Q, if m =n,

ldga( )l = < 1 (464)

ldgr(A)ll2 =« (4.65)

where a = ||Il]|2 = ||II3]|2 is defined in (4.42) and A, is the smallest singular
value of A. In [42] and [64], a bound for the singular vectors is proposed. This
bound is obtained by applying the fact that H is orthogonal in (4.60) and (4.61).

4.7.2 Numerical Experiments

We consider a 3 x 3 example with
Dy = diag(10,9.9,1) and Ay = UyDoVy,

where (Up, Vp) is a randomly generated orthogonal-hyperbolic matrix pair and

the signature matrices (.J,.J) such that VZJV = J are defined by

J = diag(—1,-1,1),

J = diag(—1,1,-1).

We construct a sequence of matrices A, = UyD. V| with D, = Dy + eegel where

es denotes the second column of the identity. The results are in Table 4.6 for the
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singular values and in Table 4.7 for the orthogonal and hyperbolic factor, with
A, = UD.VZT be the HSVD of A, 6. = |49 — Ac||r. We see that the expected
bound for the hyperbolic singular values are very close to the computed values.
It is due to the fact that the bound on the hyperbolic singular value depends only

on the norm of the hyperbolic factor
‘/e = AZUeDg_la

with ka(D.) = 10. The orthogonal and hyperbolic factors are more sensitive to
the fact that one of the hyperbolic singular values is becoming double which does
not appear easily in Theorem 4.21. But, we see in the expressions of dgg and dgg
in (4.49) and (4.50)—(4.51) that the sensitivity of the orthogonal and hyperbolic
factors depend on I, and I3 in (4.40). Moreover, the norms of these projectors
(4.42) vary proportionally to the inverse of min;; ||A;| — |A;|| which explains the
numerical test in Table 4.7. The bounds in the last row of Table 4.7 (column 3
and 5) are quite poor. The first explanation is the fact that the value of §. = 107°
is big, the corresponding perturbation is not in the required neighborhood V4 (see
Section 4.4) in order to apply the implicit function theorem. Consequently, the
result on the condition number and the perturbation expansion in Theorem 4.21
are not valid. Another fact that we need to keep in mind is that the perturbation
expansion given in Theorem 4.21 gives a bound for the predicted result but it
does not guarantee any accuracy of these bounds.

In Figure 4.2, we plot the logarithms of the exact condition number of the
orthogonal and hyperbolic factor, the bounds given by (4.60), (4.61), (4.62) and
(4.63), against the value of e. The exact condition number for the orthogonal
factor ||dgg(A)||2 and the condition number for hyperbolic factor ||dgy(A)l2 are
represented by o and L. We denote by cg 1 and cg; the bounds of the condition

numbers given by (4.60), (4.61) and we denote by cg 2 and cp the bounds defined
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by (4.62) and (4.63). In Figure 4.2, the symbols + and < represent the logarithm
of the bounds given by cg; and cg,; whereas the symbols x and > are for the
logarithms of ¢g o and cy 2. These values are labeled by log;y(c) on the y-axes.

We see that the condition number and the bounds are of the same order and

seem to be the same asymptotically.

Table 4.6: Perturbation bounds for the singular values from HSVD.

0 || [Do = De[lF | |ldgp(Ao)|l20
10°13 9.10° 10°13
10719 2.10710 3.10°10
1076 9.1077 1.1076

3.107° 3.107° 3.107°

Table 4.7: Perturbation bounds for the orthogonal and hyperbolic fac-

tors.
Oc 1Qc — Qollr | [|dga(Ao)ll20e | [|He — Hollp | l|dgn(Ao)||20
10~13 10~ 1077 10~ 1.4.107°
2.10719 10~12 1076 10~12 1076
107° 410712 1071 410712 1.1071
107 10~12 4 10~ 12 4

The behaviour of the usual SVD and HSVD can be quite different and unex-
pected. For n = 2, if the two singular values are close then the condition number
of the singular vector is large since the condition number for the orthogonal fac-
tors, (4.64)—(4.65) is unbounded. In the hyperbolic case, with J = diag(1, —1),
the condition number for the orthogonal factor and the hyperbolic factor is uni-

formly bounded on any subset of R?*%\ {0} at a positive distance of the zero

matrix.
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Figure 4.2: Comparison between the condition number and its bounds with

logio([ldgo(A)ll2) (O), logio(lldgu(A)ll2) (B), logio(cqa) (+), logi(cmr) (<),
logyo(cq.2) () and logyg(cr2) ().
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4.8 Sensitivity of Hyperbolic Eigendecomposi-
tions

In this section, we consider a pair (.S, j) with S € R™ "™ symmetric and J €
diag® (£1). Throughout this section, we assume that the eigenvalues of JS are
simple. We say that S is diagonalizable with respect to J if there exists H €
Opn(J, J,C) with J € diag, (U) such that

S = H'DH, (4.66)

J = H'JH. (4.67)

Note that
J'S =H Y(J'D)H,

that is, J1S and J~'D are similar. If J = 41, then this process is the usual
diagonalization of a symmetric matrix, with H orthogonal and the existence of
this decomposition is well known and understood. For J # +1, we need to justify
the existence of (4.66)—(4.67). When the eigenvalues of J 1S are simple, Lemma

2 in [70] tells us that there exits a nonsingular matrix X € C"*" such that

X*(S, )X = (D,%),

where ZN), Y are block diagonal matrices with 1 x 1 blocks corresponding to real

eigenvalues and 2 x 2 blocks corresponding to complex conjugate eigenvalues.

The k-th 2 x 2 diagonal block (Dy,, %) of (D, ) has the following form
- 0 dy 0 bk
D= |= , Y= __ .
dp. 0 Bk 0
Let (z, Tx) be the k—th and (k + 1)-th columns of X. We have
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or equivalently by taking conjugate,
oL (S, D)7 = (0,0), (S, Dar = (du Br).
Hence, XTJX = diag(B). Let J € diag, (U) be such that ¥ = |$|J and define
H=[92x"'  and D = diag(dy)|3).
Then,
HT'DH = XT3 2D||"V2X ! = X Tdiag(d,) X~ = S.

Also HTJH = J. Therefore, H satisfies (4.66)—(4.67).

Note that the the derivation is still valid if the eigenvalues of J~1S are semi-
simple. In Chapter 6, we present a method, the HZ algorithm, to compute
Y € R such that (S,J) = YT(Dy,Jy)Y, with Dy € R™" block diagonal
(with 1 x 1 and 2 x 2 blocks) and .J, € diag®(#1). The decomposition defined by
(4.66)—(4.67) is obtained by splitting the 2 x 2 blocks with normalized eigenvector

matrix V such that VT.JoV € diag,(U).

4.8.1 Perturbation Analysis of the Diagonalization by Hy-

perbolic Matrices

The sensitivity of the eigendecomposition of the standard eigenvalue problem is
analyzed in [2] where no structure in the perturbations is taken into account.
Their analysis depends on the pseudospectra of the matrix and the distance to
the nearest defective matrix. The HZ algorithm described in Chapter 6 computes
the eigendecomposition (4.66)—(4.67). For this reason, we concentrate in this
section on decomposition of this type only. We also analyze some cases where

supplementary structures are imposed to S in (4.66).
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We consider the decomposition (4.66) and (4.67). Let ny be the number of real

eigenvalues of (S, J) and 2ny the number of complex eigenvalues of S. Without

loss of generality, we can assume that
D = diag(D1, Dy, Dy), J=diag(Jh,)a,J2), H' =[Vi Vo V,],

where D; € R">™ D, € C2*m2 J; € diagh (£1), J, € diag,, (U), V; € R
and Vo € C"*"2. Dy is the diagonal matrix that contains the real eigenvalues of
(S, J ) that corresponds to the eigenvectors in J Vi J1 whereas D, is diagonal and
contains the complex eigenvalues of (S, J ) that corresponds to the eigenvectors

in J Vaods. Let A C C™*™ be the linear space of matrices that are partitioned as

in (4.68), that is,
A:{AGCHXHZ AT:[Al Ay A_2]’ AlERﬂXm’AQGCanz}'
We define

Ey = 0,(J,J,C)N A,

Ep = diag(C") N A. (4.68)

We recall that £y is an ”22_ " dimensional differentiable manifold. Moreover, the

function ¢ defined in Section 1.5 has the following property
H"Jdg(h) € Skew(C).
Lemma 4.22 [f the eigenvalues of J1S are simple, then
Sym(R) = range(7_(SJ)) ® H EpH,

where T_ is defined in Theorem 1.5 and Ep is defined in (4.68). Moreover, the
projector Tlg,, on Ep is given by Tle, (X) =Ty(H-TXH™').
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Proof. The proof is a consequence of Theorem 1.5. O

We define

f:Sym(R) x Ep x &y — Sym(R),

(S,D,h) — H"DH -,
where H = ¢(h). Note that f(A, D,h) =0, with H = ¢(h).

Lemma 4.23 dyf (S, D, h) is nonsingular if the eigenvalues of J=1S are distinct.

Proof. Let AD € £p and Ah € R™F" be such that dof (S, D, h)(AD,Ah) = 0.
Set AH = d¢(h)Ah and X = HT' JAH € Skew(C). Thus,

daf(S,D,h)(AD,AR) =0 < AH'DH+ H"DAH + H'"ADH =0,
& AHTJHSJ + SJHTJAH + HTADH =0,

& SJX —XJS+HTADH = 0.

Since DJ is diagonal, Lemma 4.22 implies AD =0 and AH = X = 0. 0

When the eigenvalues of JS are simple, ds f(S, D, h) is nonsingular and the
implicit function theorem shows there exists a differentiable function g = (gp, gr)

and an open neighborhood Vg of S satisfying

g:Vs — VDXVH,

S = (g9p(5),gu(9)),

where Vp x Vy is an open neighborhood of (D, H) with H = ¢(h). Moreover, g
satisfies gp(S) = D, gu(S) = H and

VS eVs,  f(S,90(5),9u(S)) = (0,0),

that is, S = gu(S)Tgp(D)gu(S) = HTDH is the diagonalization of S with

respect to J. To characterize g, we proceed as follows. Let dyf(S,D,h) =
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g—g(S, D, h). The differential of g at A is then given by
We have d; f(S, D, h)AS = —AS. We set (D, H) = (dgp(S)AS, dgr(S)AS) and

thus
d2f (S, D, h)(D, H) = AS.

Hence,
H'DH + H'DH + HTDH = AS. (4.69)
Let X = HTJH € Skew(C) and Y = H-TXH~!. Then, (4.69) becomes
ASJ = SJX —XJS+ D, (4.70)

HTASH™' = DJY —YDJ+D. (4.71)

Using Theorem 1.5, we obtain the condition operators

~

dgp(S)AS = D=4 H TASH™"), (4.72)

dgp(S)AS = H=JH TT-Y(SJ)(AS). (4.73)
One can show that

Idgp(S)ll2 = [[W]l2,

where W € C™” has its k-th row defined by uy ® wy, with u, = o H(k,:)J.
Note that ||W{]y < |[H||3. Thus, we obtain the following theorem that gives the

first order perturbation bound of D and H.

Theorem 4.24 Let S = S + AS be such that € = |AS||p is small enough. Let
S = HTDH be the diagonalization 0f§ with respect to j, where H € O,(J, j, C).

Then,
ID-Dlr < [W|3e+0(), (4.74)
|H—Hlp < ye+0(e), (4.75)
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where v = ||(I @ JH™T)(H" @ H'diag(vec(M_))H"T ® HT||y and M_ is given
by (1.20).

The bounds in the above theorem are the sharpest possible to first order. Since
W ||s < ||H||%, the condition numbers of all the eigenvalues of (S, J) are bounded
by ko(H) = ||H||3. The expression for v in Theorem 4.24 is long and complicated.
Thus, we give a bound for v that is easy and less expensive to compute. The first

bound can be obtain by tacking norms

Ko (H)?[| H |2

~ min ‘)\ZO'Z - )\jaj| .
i#j

But, using (4.71), we can obtain a better bound. Let Y = (y;;) and let Z =
(2;;) = HTASH™' — D. We have

|2 < 2351
= min |\;0; )\]0]|2
||Y||F < HQ(H)”AS”F

min |>\zaz — )\jO’j| ’
i#]

Using Theorem 1.4, we get

a2k (H) | AS| e

H|p <
H HF - min |>\zaz — )\jO’j| ’
i#]

ldgu(S)|l. < V2 || H |52 (H)

min ‘)\zo-z — )\jo-j‘ ’
i#j

Similar results can be found in [18, Thm 4.2.1] for the standard eigenvalue prob-
lem.

We apply our results to the standard symmetric eigenvalue problem. We
consider (4.66) and (4.67) with J = 1. Then, H is orthogonal. Equation (4.72)
and (4.73) become

ldgn(S)[2 = 1, (4.76)
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V2

in A — M|
Join |A; — Ay

A consequence of (4.76) is that gp(S + B(0,¢)) C D + B(0,¢) for e sufficiently

1dgr ()]

small.

4.8.2 Condition Number Theorems

The matrix factorization that we analyzed in this section is the eigendecompo-
sition of a symmetric-diagonal pair when the eigenvectors are normalized such
that they form a (J, J )—orthogonal matrix. In this paragraph, we use the result
on the sensitivity of the eigendecomposition (4.66)—(4.67) to deduce structured
eigenvalue and eigenvector condition numbers. We specialize to the case of a
simple eigenvalue of (.5, J ) and we compute real structured condition numbers.

Consider the decomposition (4.66)-(4.67). Let A = Ay be an eigenvalue of
(S, J ), the k—th diagonal element of D. The corresponding eigenvector is given
by

v =H ey = oy JH e, = o, JH(k,: )7

From (4.73), we have that the condition number for the eigenvector is given by

c(x) = llegdgu(S)exlls
= sup 1Y (k,:)H]2,
ASeSym(R),|AS||F=1
= sup 2" ASH diag(M-_(k, ) H||2,

ASeSym(R),|AS| p=1

where Y satisfies (4.71) and M_ is defined by (1.20). Let P and ¢ be defined by

P = H‘ldiag(M—(kﬁ))H’
1
5 — diag(M_(k,:))) = lohe — o]
max( 1ag( ( ) ))) %i% |O’k>\k - Uj)‘j‘
Thus, we have that

0 < c(x) < |lzllaf[Pllz < Ofl]l2r2(H).
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Note that the above inequalities hold for the unstructured eigenvector con-
dition number for the problem Az = Az [18]. The condition number for the

eigenvalue is given by

c(A) = lekdgp(S)erl2 = sup [H(:, k)" ASH(:, k)|,
ASeSym(R),|AS||F=1
c(A) = sup |z ASz|, (4.77)

ASeSym(R),[|AS| =1

where dgp(S) is given by (4.72).

Theorem 4.25 Let X\ be a simple eigenvalue of the symmetric diagonal pair
(S, j) and let x be the corresponding right eigenvector normalized so that \ijx| = 1.

Then, the structured condition number c(\) in (4.77) is given by
cA) = |lzlz
Proof. We have that
2" ASz| = | (27 @ 27 )vec(AS)].

n2+n

Let As € R™5™ such that vec(AS) = Tsym(R)As where Tgym(R) € RY**27 is

an isometric mapping. We have that

() = [l(" ® 2") Tsym(R)]|2

and
vec(AS) = Tsym(R)As,
n n—1 n
1
= Z Asii(ek X €k> + —2 ASZ']'(EZ' & €; + €; X 62').
=1 i=1 j=2
Thus,
n 1 n—1 n
(27 @ 21 ) Tsym(R) = Z ri(er @ ep) + 7 rixi(e; @ej+e; @e;),
k=1 i=1 j=2
n n—1 n
I" ® ") Toym®)E = D leal + DD foaay
k=1 i=1 j=2



Hence, c¢(\) = ||(IT & xT)TSym(R)||2 = ||x||§ O

In [43], Karow, Kressner and Tisseur use a different normalization for z, ||z||s =
1 and they obtain a different expression for the structured condition number:
c(\) = 1/]zT Jz|.

In [15], the authors analyze the condition number of complex eigenvalues of

real matrices under real perturbations. They prove inequality

where kg (A) is the condition number computed for which the perturbations are
forced to be real and k() the usual condition number. That is, the real structured
condition number is within a small factor of the standard (complex) condition
number.

We now focus on eigenvalue condition numbers where supplementary struc-
tures are imposed to the perturbations. Let S C Sym(R) be a class of sparse
symmetric matrices. We recall that S is a linear subspace of Sym(R). Let IIg be
the orthogonal projection on S and let m = dim(S). We define Ts € R”*™ the

injection from R™ on R such that
vec(Z) = Tsz and | ZllF = 2|2,
for all Z € S and z € R™. The structured condition number is defined by
c(\,S) = sup lzT ASz). (4.78)

ASES,||AS| p=1

For Z = (z;;) € S such that ||vec(Z)||2 = ||T52]]2 , we know that

1
7 = Z zkkeke;‘f + — Z Zz’j(eief + eje?),
V2,

keK1 1,J)EK2
1
V€C(Z> = Z zkk(ek X €k> + 7 Z zij(ei X €; + €; X 61'), (479)
keK, 2 (i,)€K2
vee(Z) = > Ts(,k)z+ Y Ts(:.k)z, (4.80)
keKy keKs
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with vec(Z) = Tsz and the number of the elements in K; and K, being m.

Theorem 4.26 Let A be a simple eigenvalue of the symmetric diagonal pair
(S, j) and let x be the corresponding right eigenvector normalized so that \ijx| = 1.
Then, for a symmetric sparse structure S, the structured condition number c¢(\,S)
in (4.78) is given by

c(A,S) = [[Ts(za") ||,

where Ilg is the projector on S.

Proof. We apply to (4.78) the result in (4.79)-(4.80) which gives

c(\S) = [(&" ®a")Tsll,
= |(z" ®2") ZTs +ZTS Nll2;
keKy ke

1

= H(xT®xT) Z (6k®ek)+ﬁ Z (ei®ej+e;@e) | |2,

kEKl (i,j)EKz

_E

= Z || * + 2 Z e

keKy (i,5)€eK2
Thus, from the last equation above, we obtain ¢(\,S) = ||Ts(z2T)]| . 0

From Theorem 4.26, we can easily deduce the condition number when S is the
class of symmetric tridiagonal matrices. In this case the condition number is
given by the Frobenius norm of the tridiagonal part of xz?. Similar results are
n [54], where the authors analyze the structured eigenvalue condition numbers
with sparsity structure for the standard eigenvalue problem.

We now give an algorithm that allows us to compute structured condition
numbers for any symmetric linear structure that has m < "2% degree of freedom.
Note that if m = ”2% then the computed condition number is the one given by

Theorem 4.25. We represent a symmetric linear structure S with m matrices
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M;, € R**2 with k = 1: m. The columns of M, are the indices of the elements of
the matrix S € S that are equal, that is, for all (i1, j;) and (42, jo), entries of M,
S(i1,j1) = S(iz, j2). Using MATLAB’s notations, we obtain that the elements of
S(My(:,1), My(:,2)) are equal.

Algorithm 4.27 Given an eigenvector x of a symmetric-diagonal pair (S, J)
such that |x¥Jz| = 1, m matrices My, defining the structure S, this algorithm

computes the structured condition number C(\,S).

Get p the number of rows of M;

Set t =0

For q=1:p
i = My(q,1), j = Mi(q,2)
L =1t+ x;x;

end

C(\,S) = C(A\g,S) + |t]?

end

C(Ax,S) = VO (A, S)
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Chapter 5

Numerical Solutions of PEPs

5.1 Introduction

The standard approach for the numerical solution of GEPs is to reduce the ma-
trices involved to some simpler form that reveals the eigenvalues, for instance the
generalized Schur form for a pair (A, B). Unfortunately, these canonical forms
do not generalize to A-matrices of degree greater than one. This is a major
complication for the numerical solution of PEPs.

There are two major divisions in numerical methods for solving PEPs.

1. The first division is into methods that tackle the problem in its original
form and those that linearize it into a GEP of larger dimension and then

apply GEP techniques.

2. The second division is into methods for dense, small to medium size prob-

lems and iterative methods for large scale and sparse problems.

3. Particular cases that can be directly transformed into GEPs or can be solved

by alternative ways.
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In the first part of this chapter, we focus on QEPs with a rank one damping
matrix and we describe a method to solve it. Then, we concentrate on methods
for general PEPs based on linearizations. We also present a method to access the
quality of computed eigenpairs that is based on the concepts of condition number
and backward error presented in Chapters 2 and 3 and we give some numerical

experiments. Finally, we give an overview of three methods for solving symmetric

GEPs.

5.2 QEPs with a Rank one Damping Matrix

5.2.1 Preliminaries
We consider the quadratic eigenvalue problem
(VM — douu” + K)x = 0, (5.1)

where M, K are n X n nonsingular symmetric matrices, 0 = £1 and u € R".
We assume that the pair (M, K) is diagonalizable, in the sense that there exists

nonsingular matrices (@, Z) such that
Q(M, K)Z = (D, D),

where D and D are diagonal matrices, possibly complex. We transform the

problem (5.1) into an equivalent problem by multiplying by ¢ and Z and we get
(AD — Aovd* + D)y = 0, (5.2)
where v = Qu, v = Z*u and y = Zz. From (5.2), we have
(XD + D)y = o (y,0)v. (5.3)

We know that if the £ component of v is zero then Z'e, is an eigenvector of

the QEP associated to the eigenvalue A solution of A\2dj, + Jk =0.
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We assume for the rest of this section that (y,v) # 0, A? is not an eigenvalue
of (D, D). Then, we know that (A\2D + D) is nonsingular. Thus, Equation (5.3)
becomes
y = Mo {y,5) (\’D + D)o,
(.5) = Ao (y,) (\D+D)'o,7).
ViU

Y P L | (5.4)
= \2dy + dy

where D = diag(dy), D = diag(dy), v = (uz) and ¥ = (3},). Equation (5.4)

3

is similar to the secular equation in the divide and conquer algorithm for the
symmetric eigenvalue problem. In the symmetric case, the secular equation has
several nice properties. The roots are all real and they satisfy an interlacing
property with the poles. We refer to [46] and [48] for efficient solutions to the
secular equation. In our case, the zeros of (5.4) are usually complex and there is
no apparent link between the roots and the poles. In what follows, we first solve
a particular case of (5.4) with M positive definite and K negative definite. In
this case, all the eigenvalues are real. We then describe a method to solve (5.4)
in the general case.

In the rest of this section, we derive global bounds for the eigenvalues of the

QEP define by (5.2). These bounds allow us to localize the roots of (5.4).

Theorem 5.1 Let (A, x) be an eigenpair of (\2A + AB + C)z = 0 with ||z|js =
1. We assume that A and C are nonsingular. Then, there exist two positive

constants r1 and ro such that
r1 <A <y, (5.5)

with

(6_,0,) if 6. <.,
(r1,72) = ~ " (5.6)
(0_,04) otherwise,
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where

1 1Al
oy = —||Bll2 & «/ || B||2 + 4 , 5.7

N ||‘1_1H2 ||C||2
+ 2 || ||2 ” ||2 H 4_1||2 ( )

Proof. On one hand, if the quadratic matrix polynomial has a zero eigenvalue,

then r; = 0, otherwise we know that there exits r; > 0 such that |A| > 1. On the

other hand, M is nonsingular, thus there exits always an upper bound r, such

that |A| < re. Our purpose is to evaluate these bounds for the eigenvalues.
Since (), x) is an eigenpair of the QEP, we have (\>A + C')z = —ABx, which

implies
|IN*[[Az]l2 = [Cxll2| < Al Bl2.
Thus, we obtain
—[MIBll2 + ICz ]2 < [N Azll2 < [A[[|Bl2 + [ C]l2.

By using (1.18) in Theorem 1.4, we get the following inequalities

1
2] A Blas]A| = ——— > 0 5.9
IAHA]l2 + (B[] Al [C= Y2 — (5.9)
A

By solving each of these inequalities (5.9) and (5.10), we obtain the values the
values of 04 and 0y defined in (5.7)—(5.8). The solution of these inequalities
are given by R\ (6_,d,) for (5.9) and by [6_,d,] for (5.10). We know that the
intersection of these sets is not void since the bounds for the eigenvalues exist.

Thus, by tacking the intersection of the solution sets, we obtain the solution

132



of the system defined by the inequalities (5.9)—(5.9) and the bounds r; and ro
defined by (5.6). 0

A more general version of this theorem is given in [40, Lemma 3.1], with a different

proof.

5.2.2 Real Eigenvalues with M >0, K <0

We consider the case where M is definite positive, K is semi-negative definite and
the eigenvalues of (M, K') are distinct. We recall that in this case the eigenvalues
of (M,K) are real. Let M = GTD;G be the eigendecomposition of M, with
G, orthogonal. Define K = D;*GiKGTD;"? and let K = GITDG, be its
eigendecomposition, with G5 orthogonal. We define ) = G2D; Y °Gy and Z =
Q~'. Thus, by left and right multiplication by @ and Z, the QEP (5.2) becomes
with D =1,
(X2 + Moov” 4+ D)y = 0.

The associated secular equation is given by

fA) =0,
where f is defined on R by
FO) =2 zn: Uy (5.11)
= Ao — — 1. .
1 A2+ dy,

Note that by Sylvester’s theorem, D~Y2GKGTD~'/2 is semi-definite negative.
Thus, f has 2n poles given by + —dj,. On each interval (v/—dg \/—dgs1), the

derivative of f has a constant sign equal to —o. f is monotone in each interval
(v/—dy \/—dg11). Thus, we know that f has a zeros in each of these intervals.
We first apply the bisection method in each interval to approximate the zeros

of f. The approximate solutions can then be used as starting points for Newton’s
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method. Without loss of generality, we choose 0 = 1 which implies that f is
decreasing. Let zg € (\/—di \/—dyy1) be a zeros of f for some k and let € be a
given parameter to locate the zeros of f within the interval (zg — €, zg + €). The

iterations of the bisection method are then given by

Gy = —dy, by = \/—dk+1,

an+bn : an+bn >
(@pt1s brgr) (an, S2g) 3 f(B2) 20,

(2afte p,)  otherwise.
We perform the above iterations until b,, — a,, < €. For e = 1077, one can easily
see that the number of bisection iterations that are required is given by n € N

such that

log(v/—dy11 — v/—dy,) log(10)
log(2) Plog(2)
A global number of bisection iterations can be given using the bounds obtained

n >

in Theorem 5.1,

+ 1.

_ Llog(m —71) +plog(10)J
log(2)
Newton’s method in this case is the classical method for finding the zeros of a

nonlinear scalar function. The Newton iteration is defined by

_ f(zn)

T T PG
n

In the next section, we analyze the general case where the eigenvalues can be

complex.

5.2.3 General Case

We describe a basic method to solve (5.4) that consists of transforming (5.4) into
a root finding problem of a scalar polynomial. We consider the secular equation

(5.4) and we define the scalar polynomials

H dkz + dk q] H de + dk) = 1:n.



By multiplying (5.4) by ¢, we obtain an equivalent equation
q(z) — oz kaacﬁ;(z) =0. (5.12)
k=1
We define the scalar polynomial p by
p(z) =q(z) — oA Zvljquk-
k=1

Our aim is to obtain the coefficients of p in its developed form. Let

2n

p(z) = Z apz®.

k=0

p is a 2n degree polynomial and thus we need 2n + 1 distinct values of p in order
to determine ay, for k£ = 0: 2n. Then, the coefficients of p are obtained by solving
a linear system Az = b, with A € Ce+Ux@+l) " — () € R?™! is a vector
containing the 2n + 1 distinct values of p and x = (ay) is the vector containing
the coefficients of p. The entries of b are of the form by = p(zx), where 2z, € C
and k = 1:2n+ 1. Our aim is to minimize the condition number of A so that the
solution x is accurate. We chose

. 2qm
zq:exp(12n+1), q = 0:2n.

We have

2n 2kqm
p(zg) = Zak exp <i2n+ 1).

k=0

Thus, we obtain the matrix A = (ay,) with

. 2kqm
o =exp |1
g+1,k+1 p o+ 1

), k,q = 0:2n.

We see that (2n+41)71/2A is unitary which is the best possible choice to solve the

system Ax = b by dividing each side by v/2n 4+ 1. Once we have the coefficients
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of p in its developed form, any method that finds the root of a polynomial can
be used. We refer to [8] where the author uses the Erhlich-Aberth method (see
Section 5.5.1) and Rouché’s theorem to approximate the zeros of a polynomial.
We believe more efficient methods can be derived to solve the secular equation

(5.4).

5.3 Solving PEPs Through Linearization

5.3.1 Different Linearisations

In order to solve numerically PEPs of order higher than one, we transform them
into GEPs of larger size (mn). This is the same idea as transforming an ordinary
differential equation (ODE) of order higher than one into an ODE of order one.
These transformations are known as linearizations, and they are not unique for

a given PEP.

Definition 5.1 [30] We say that the pair (A, B) is a linearization of the n x n
matrixz polynomial P(A, \) of degree m, if there exist two matrices E(\) and F()),
of size mn, with a constant non-zero determinant such that
P(A,\) 0
U

EO(A = AB)F()) =

After the linearization of the PEP, we end up with the new problem
(BA—aB)z. =0, z(BA—aB)=0, (5.13)

where («, 3) are the eigenvalues of the PEP, and we still need to recover x and
y, the eigenvectors of the PEP from z, and z;.

In the following subsections, we focus on numerical methods and algorithms
for GEPs and then for PEPs, analyzing different types of linearizations. We first

state a well known theorem: the generalized Schur decomposition.

136



Theorem 5.2 Let (A, B) € M, (C)?. There exist two unitary matrices Q and
Z such that Q*AZ =T and Q*BZ = S are triangular. For i = 1:n, we denote
;i and By, the diagonal elements of T and S. If there exists an i such that
;i = By = 0, then the spectrum of the matriz polynomial defined by the pair
(A, B) is the entire complex plane C, which corresponds to the non-regular case.

Otherwise the eigenvalues are given by (ay;, Bi), for i = 1:n.

Proof. We refer to [18] and [68] for two different proofs . O

The standard way of solving the GEPs is via the QZ algorithm of C.B. Moler
and G.W. Stewart [53]. For a given matrix pair, this algorithm computes the
generalized Schur decomposition from which the eigenvalues are recovered as in
the above theorem.

We now focus on some linearizations.

5.3.2 Companion Linearization

Let
Ay 0 0
0o I,
A - )
0
0 - 1,
—-A —A —A,,
1, 0 0
B pu—
0
0 I, 0

The pencil A—AB is a linearization of P(A, \) called the companion linearization.

A left and right eigenvector of P(A, \), say y and z can be recovered from a left
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and right eigenvector of A — AB. We first assume that o # 0 and g # 0. We

define A = 3. For a vector z € C™, we write & = z(nk + 1:n(1 + k)), for

0<k<m-—1. Let z and z, be the left and right eigenvectors satisfying (5.13).
We have

(BA— aB)z)’ = BAyz + a Z A2k

k=1
and for 1 <k <m —1,

((BA—aB)z,)" = BT — azk.

By induction on 2 < k < 'm — 1, when (5.13) is satisfied, we show that

koo yk—11
z, = ANz,

m

E "B ALE =0,

k=0

Thus, we can choose r = z,’f, for some 0 < k < m—1. We choose the zf for which
the backward error is minimal.

For the left eigenvector y, we can show by induction on m that y = z?, that
is, we can recover y by reading off the n leading components of z;.

Let’s assume now that 3 = 0. Then, we have for 1 <k <m — 1, z2F =0 and
r = 2™, with z € null(4,,). In the case @ = 0, we have for 2 < k < m, zF =0
and x = 2z}, with € null(A4y).

More generally, we can show [50] that z is an eigenvector of P with a finite

eigenvalue A if and only if

)\m—2

)\m—l
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is an eigenvector of A — AB with eigenvalue A. If \ is an infinite eigenvalue then
x is a right eigenvector of P if and only if e; ® x is a right eigenvector of A — \B

[50].

5.3.3 Symmetric Linearization

Let
0 0 Ay
A Ay

A = Ay 5
0 A A2
Ay Ay - Ape Ap
0 0 A 0

0 Ay A

B = 0
Ay Ay - Ape O
0 - -~ 0 —A,

If A,, is nonsingular, one can show that A4 — AB is a linearization [30]. We see
that in the case where all the matrices A are symmetric, the matrices A and B
are symmetric. The main difference (with the companion linearization) is that
the left eigenvector has the same structure as the right one, which is 2 = A1z}
for 2 < k < m. For the zeros and infinite eigenvalues, the eigenvector is obtained

using the same analysis that was done for the companion linearization.

5.3.4 Influence of the Linearization

Amongst the two linearizations defined in Sections 5.3.2 and 5.3.3, the companion

linearization is the most used in practice. Several open questions remain in the
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numerical solution of PEPs. It is clear that the linearization should have an
influence on the computed eigenpairs, it is a fact that we illustrate with a QEP
example in the second part of this paragraph. The first question is how to choose
the best linearization so that the eigenpairs are computed the most accurately.
The second question is how to describe all possible linearizations of a matrix
polynomial.

Let P(A,\) be a matrix polynomial and A — AB be one of its linearizations.
The condition number of A as an eigenvalue of the PEP should be less than the
condition number of A as an eigenvalue of the GEP obtained after the linearization
process. There is no proof of this result. The heuristic argument is that the
class of possible perturbations for the PEP is smaller than the class of possible
perturbations for the corresponding GEP. An interesting question is how to find
the "best” linearization, that is, a linearization for which the condition number
of \ as an eigenvalue of the GEP is minimal.

In [71], Tisseur analyzed three linearizations of QEPs and found bounds for
the corresponding condition numbers based on the norms of the coefficient ma-
trices and the modulus of the eigenvalue. More recently, a wide class of lineariza-
tions is described in [50]. The conditioning of these linearizations is analyzed in
[39]. When the problem is not too badly scaled, two particular linearizations are
shown to be almost optimal: they are about as well conditioned as the original
polynomial. Balancing or scaling matrices is common for SEPs and GEPs, [31],
[67]. In [39] and [71], the authors analyze the effect of scaling a PEP on the
condition number.

We consider a quadratic eigenvalue problem (A2M + AD + K)x = 0 where
M,D,K € R™" are symmetric, with n = 200. In this example, D = ezel
with s = 100 and M and K are positive definite. The problem is stable, all the

eigenvalues are in the left half plane. This problem is described in more detail in
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Section 7.8.2.

Figures 5.1 and 5.2 illustrate the sensitivity of the linearization process. We
plotted in the complex plane the eigenvalues of a QEP that we first solved by the
companion linearization in Figure 5.1 and then by the symmetric linearization in
Figure 5.2. After the linearization, we used the QZ algorithm. We see in Figure
5.1 that some eigenvalues computed using the companion linearization have a
positive real part whereas those computed with the symmetric linearization have
a negative or 0 real part. Thus, in this case the symmetric linearization per-
forms better than the companion linearization. This fact can be explained by the
fact that the symmetric linearization preserves the symmetry structure whereas
the companion linearization destroys it. In Section 7.8.2, using the symmetric
linearization, we compare the eigenvalues obtained by a symmetry structure pre-

serving algorithm (the HZ algorithm, see Chapter 6) and the QZ algorithm.
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Figure 5.1: Spectrum computed with the companion linearization.
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Figure 5.2: Spectrum computed with the symmetric linearization.

5.3.5 Pseudocode

The following pseudocode solves the PEP by a companion linearization, then

gives the condition number cy(A4, o, 7).

Form (A, B) such that S A — aB is a companion linearization of P(«, [3).
Compute the generalized Schur decomposition
S=Q*AZ, T =Q*BZ.
For k=1:nm
S/ ik i trr # 0,
inf if ¢z, = 0.

A =

Solve u} (tyrS — s T) = 0, 2 = Q*wy.
yp = z(1:n).

Solve (txxS — spxT)u, =0, 2z, = Z*u,.
if s, = 0,

xr = z(1:n),
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end if.
if tgr =0,

zp = z.((m—1)n+1:nm),
end if.
% For the finite non zero eigenvalues, we take the right eigenvector
% of the PEP from the big eigenvector of the GEP. We choose the right
% eigenvector that has the minimal residual.
if (sgpr # 0 and g, # 0),

1= [|P(spk, tiw) 2(L:m) |

Fori=1:m-—1

riv1 = ||[P(Skk, trk)2(in + 1: (i + 1)n)||
o ) A= Dnt Laan) i firaf] < iriall,
. z(in + 1 : (i + 1)n) otherwise.

end.
end if.
% Compute ¢, = c2(A, Sk, trk)-
Set ¢, = 0.
Fork=0:m

k= ¢ + || B
end

cx = [lzl2llyll2ce-
v=pB""1 A
Fork=2:m
v=uv+ kB 1AL
end.

Fork=0:m-—1

v=uv+(m—k)aakBm 1A
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5.4 Numerical Examples with condpolyeig

5.4.1 Lack of Numerical Tools

In Table 5.1, we give numerical tools for eigenvalue problems available in different
software. In the second row, polyeig is a MATLAB function that solves PEPs.
We see that polyeig is the only routine available for PEPs and that there are no
other routines (routines for the SEP) such as psa (computation of pseudospectra),
condeig (condition number). There is a lack of numerical tools for solving PEPs

and analyzing their sensitivity.

Table 5.1: List of eigentools.

Problem MATLAB built-in | MATLAB other | Scilab

A— M\ eig(A), psa(A) (Wright), | spec(A),
eigs(A), fv(A), bdiag(A),
condeig(A), gersh(A), htrianr (A)
schur (A)

MA+AB+ C || polyeig(C,B,A)

In an earlier version of MATLAB (version 6.1.0.450 (R12.1)), polyeig failed
to return the right eigenvector corresponding to infinite eigenvalues. Here is an

example of a MATLAB output:

>> A=rand(3) ;B=rand(3) ;C=rand(3);
>> C(:,3)=0;

>> [X E]l=polyeig(A,B,C)
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Warning: Divide by zero.

> In /opt/matlab6.1/toolbox/matlab/matfun/polyeig.m at line 76

X =

Columns 1 through 4

NaN -0.
NaN 0.

NaN 0.

Columns
-0.4799
0.1084

0.4340

Inf
18.4943
2.3520
-1.3149
-0.1048

-0.1048

This problem is fixed in the new version 7.0.1 of MATLAB by analyzing
separately the right eigenvectors corresponding to zero or infinite eigenvalues.

In the next section, we present a MATLAB routine, condpolyeig, in our

4726 - 0.06611  0.6889 + 0.20371

4687 + 0.05561

7369 + 0.08751 -0.4369 - 0.1292i1

5

+

through 6
0.2784i  0.4033 + 0.3811i
0.4092i -0.1993 + 0.3735i1

0.56971 -0.2918 - 0.65401

0.00001
0.00001
0.00001
0.66471

0.66471

-0.0728 - 0.09841

-0.5042 - 0.1490i -0.3683 - 0.49771

-0.4614 - 0.62351

quest of filling this lack of numerical tools for the PEP.

5.4.2 condpolyeig

Let (Ao, cee

ing PEP, we would like to know how sensitive the eigenvalues are to perturbations

,Am) € M, (C)" L e C™tL. Once we have solved the correspond-
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in the data. For this reason, we present a MATLAB routine, condpolyeig, that
computes the condition number of a simple eigenvalue.

The call
>>[X,Y,E,s]=condpolyeig(A0,....,Am)
in the MATLAB prompt, returns the right and left eigenvectors in the n x mn
matrices X and Y. The eigenvalues, % are in the mn vector E and the corresponding
condition numbers in s. If the number of output is one then condpolyeig returns,

by default the condition numbers. These condition numbers are computed by

using the formula (2.4) where the default vector of weights p is given by

1
s L 70,
Hj =
1, E] — 0
The call
>>[X,Y,E,s]=condpolyeig (A0, ....,Am,mu)

allows to compute the condition number using the weight defined in mu.

In order to solve a PEP of degree m, for n x n matrices, we use a companion
linearisation, described in Section 5.3.2. Then we use the gz function of MATLAB
that returns the right and left eigenvectors and the eigenvalues. We select the
left and right eigenvectors as explained in Section 5.3.2. Finally, we compute the

condition number.

5.4.3 Numerical Examples

We consider the quadratic eigenvalue problem with

a? — 3af + 232 —a? + af —a? + 932
P(Ap, a0, ) = 0 a? —af(1+6) 0 ,
0 0 af — 33
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where 6 is a positive parameter. Since P(Ay, o, ) is upper triangular, the exact

eigenvalues are readily available. They are given in Table 5.2.

Table 5.2: Eigenvalues of P(Ay, a,b).

k 1 2 3 4 5 6
(o B) | (0,1) (L,1) (1+6,1) (21) (3,1) (1,0)
A=270 1 1+90 2 3

Our aim is to analyze the behaviour of the eigenvalues, when the parameter 6
tends to —1. The condition number for the infinite eigenvalue is 1. The eigenvalue
0 becomes double when § = —1. Tables 5.3 and 5.4 give x(\, \) (see Corollary
2.7), where A is computed by condpolyeig, A = )y the exact eigenvalue of
P(Ay,a, 3), the eigenvalue condition number cy(Ag, o, 3, x) in (2.12) and the
backward error 7(d, 3,#) in (3.5). Recall that from Corollary 2.7, for small
¢ = [[AA]F,

XA N) < es(Ag, a, B, 0)e + O(),

where y(\, \) is the chordal distance between A and A. We see that

CQ(AGa «, ﬁa 37)77(077 Ba -fj)
is in most cases of the same order as X(S\, A). This is an illustration of the formula:

forward error < condition number x backward error.

Table 5.3: Condition number and backward error for A = 0.

4 XA, 0) [ca(Ap, o, B, ) [n(&, B, %) |ca(Ag, o, B, 2)n(&, B, )
—1+107*|8.10°* 1.10* 7.10°1% 7.10~4
—1+10°%[4.10°12 1.106 410718 3.10~12
—1+107%[1.107° 9.107 1.10°%7 1.107°
—1+10"19]9.10°1° 1.10° 7.10°Y 9.10~10
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Table 5.4: Condition number and backward error for A =1 + 6.

0 XA, A) |ca(Ag, o, B, ) |n(&, B, &) | ca( Ay, o, B, 2)0(&, 5, T)
—1+10"*{7.107* 9.10'! 7.10°1% 7.107°
—1+107%][4.10712 2.10! 41018 1.107¢
—1+107%]1.107° 7.108 1.10717 1.1078
—1+10"19[9.1071° 1.10° 71071 8.1071°
—1+10716{[2.107° 6.108 7.10718 2.107°

5.5 An Overview of Algorithms for Symmetric

GEPs

We consider the generalized eigenvalue problem Ax = ABx, where A € R"*",
B € R™"™ are symmetric. For such problem, the eigenvalues A can be real or
complex but they come in pairs (A, \). Symmetric GEPs arise as intermediate
steps in a variety of eigenvalue problems. For example, the quadratic eigenvalue
problem (A2M + AD + K)x = 0 with symmetric coefficient matrices is frequently
encountered in structural mechanics [73]. The standard way of dealing with
this problem in practice is to reformulate it as a generalized eigenvalue problem
(GEP) Ax = ABx of twice the dimension. We recall that this process is called
linearization as the GEP is linear in A\. Symmetry in the problem is maintained

with an appropriate choice of linearization. For example, we can take

K 0 U
, T = )
0 —-M AU

The resulting A and B are symmetric but not definite, and in general the pair

0 K
A: y B:

K D

(A, B) is indefinite. Thus the Cholesky-QR algorithm [22], [31], or the symmetric
Lanczos algorithm in the sparse case, cannot be applied. Usually, the symmetric
indefinite GEP is solved by applying general GEP techniques that destroy any
symmetry in the problem; for example the QZ algorithm or an Arnoldi process

if A and B are large and sparse. Though symmetric indefinite GEPs do not
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have any special spectral properties there are some advantages to preserving the
symmetry, such as reductions in storage and the computational cost. When
A — AB is of small to medium size, it can be reduced to a symmetric tridiagonal-
diagonal form T"— AS using one of the procedures described by Tisseur [74]. For
large and sparse matrices the pseudo-Lanczos algorithm of Parlett and Chen [56]
applied to A — AB yields a projected problem of the form Az = ABux.

Tridiagonal-diagonal pencils arise also when solving nonsymmetric eigenvalue
problems Az = Az. In the dense case, A can be reduced to nonsymmetric tridi-
agonal form T [29], and in the sparse case, the nonsymmetric Lanczos algorithm
produces an nonsymmetric tridiagonal matrix T. Assuming that T has no zero
subdiagonal and superdiagonal entries, one can easily construct two nonsingular
diagonal matrices Dy, Dy such that T'— \J = D, (T — M) D, with T' symmetric
tridiagonal and J diagonal with diagonal entries £1.

We are interested in robust and efficient algorithms that compute all the eigen-
values and eigenvectors of T'— AS while preserving the structure of the problem.
When applied to the nonsymmetric tridiagonal matrix S—!7T, the QR algorithm
[31] does not preserve the tridiagonal structure: the matrix S~!7 is considered as
a Hessenberg matrix and the upper part of S™!7 is filled in during the iterations.
Therefore the QR algorithm requires some extra storage. Two alternatives appli-
cable to ST are the LR algorithm [62] for nonsymmetric tridiagonal matrices
and the HR algorithm [13], [14]. Both algorithms preserve the tridiagonal form of
S~1T but may be unstable as they use non-orthogonal transformations. Another

alternative is the Erhlich-Aberth method.
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5.5.1 The Erhlich-Aberth Method

We start by describing a method to compute roots of a polynomial. Let p be a
scalar polynomial of degree n and z = (z;) € C". The Erhlich-Aberth iterations

given in [1] and [28], are defined by

Pz
Pz
zj(»kﬂ) = z](-k) - m 51] ) , j=1lin. (5.14)
BECRES S _
P(=") LK) (k)
q=l,q#j ~Jj q

These iterations converge locally to the n roots of p allowing to approximate
simultaneously all the roots. A detailed presentation and implementation is given
in [8], where the starting approximations are obtained by Rouché’s Theorem.

D. Bini and F. Tisseur proposed a method to compute the eigenvalues of a
symmetric GEP in [7] based on the Erhlich-Aberth iterations. An efficient and
robust implementation of these iterations depends on the set of starting values z(®
and how the Newton correction p(A)/p/(\) are computed. Let T' be symmetric
tridiagonal and J be a signature matrix. The Erhlich-Aberth method is then

applied to p(\) = det(T" — AJ). The Newton correction is given by

p(N\) 1

PN trace(T — \J)-1

They propose a robust method to compute the Newton’s correction based on the
QR factorization of T'— AJ. The initial approximations for (5.14) are obtained

using a divide and conquer strategy.

5.5.2 LR Algorithm

The LR algorithm [62] is an iterative process to compute the eigenvalues of a

matrix based on an LU factorization. The LR iterations are given by
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Ty, = LyUy (LU factorization),

Tit1 = UpLy.

If T is tridiagonal, the LR iterations preserve the tridiagonal form. Note that
a successful implementation needs a pivoted LU factorization [78]. A detailed
analysis of the LR algorithm, its implementation and the first step that consists

of reducing a general matrix to a tridiagonal form is presented in [57] and [23].

5.5.3 HR Algorithm

The HR algorithm of Brebner and Grad [13] and Bunse-Gerstner [14] is an it-
erative procedure that begins with the pseudosymmetric matrix T o= J . It
produces a sequence of similar pseudosymmetric matrices T, r = JiT} obtained

from an HR factorization with respect to Ji_1,
pi(Tio1) = Hy Ry, H Jy_1Hy, = J, (5.15)
where pj, is a polynomial. It sets
Ty = H;'Ty_1 Hy. (5.16)

Note that T, = (JkH,?Jk_l)fk_lHk, which implies that if Tj_; is pseudosym-
metric then Tk is pseudosymmetric. Also, T, L= RkTV k_lR,Zl (with Ry upper
triangular) which implies that if Tpo_y is tridiagonal then Ty is tridiagonal. Hence
the HR iterations preserve pseudosymmetric tridiagonal forms.

This algorithm is analyzed in the following chapter.

151



Chapter 6

The HZ Algorithm

6.1 Introduction

Our aim is to derive an efficient and robust implementation of the HZ algorithm
[13], [14]. We consider the symmetric pair (A, B). We assume that the pencil
A — AB is regular, that is, det(A — AB) # 0 and that B is nonsingular. For
nonregular pencils or singular B we refer to Lucas [49] who shows that the pencil
can be deflated and reduced to a regular pencil A — AB, where B is nonsingular.

The method we consider consists of three main steps.

6.1.1 Symmetric-Diagonal Reduction

We present briefly two methods that reduce the symmetric pair (A, B) to a
symmetric-diagonal pair (A, B) = M*(C, J)M.

We can use the eigendecomposition of B = QT D(Q, where @ is orthogonal and
D diagonal. Then, J = sign(D), C = |D|~Y2QAQT|D|~"/? and M = QT|D|~1/2.

Since B is indefinite we can also use a block LDL” factorization [37, Ch.11]
P'BP =LDL", (6.1)
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where P is a permutation matrix, L is unit lower triangular and D is block

diagonal with 1 x 1 or 2 x 2 blocks on its diagonal. Let
D = X[AI"2TIAIM2XT, T € diagh(+£1), (6.2)

be the eigendecomposition of D, where X is orthogonal and A is the diagonal

matrix of eigenvalues of D. The pair (C, J) with
C=M"AM, M =PLTX|AI7Y? (6.3)

is congruent to (A, B) and is in symmetric-diagonal form. This reduction is not
as stable as the one based on the eigendecomposition of B since it uses non-
orthogonal transformations. We refer to [74] for an analysis of its numerical
stability. It is however a lot less expensive than computing the whole eigende-

composition of B.

6.1.2 Tridiagonal-Diagonal Reduction

The symmetric matrix C' in (6.3) can be tridiagonalized using a sequence of
congruence transformations Q1Qs - - - Q,—2 = () that preserve the diagonal form

of the second matrix J, ,
QTcQ =T, QUJQ=J, J e diagl(+£l).

For the @;, Tisseur [74] suggests to use a product of two Householder reflec-
tors followed by a hyperbolic rotation. We refer to [74] for the details of the

implementation.

6.1.3 HR or HZ Iterations

The HR algorithm [13], [14] is an iterative process that begins with the pseu-

dosymmetric matrix Tg = J7IT. It produces a sequence of similar matrices Tk,
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k > 1 obtained, when it exists, from an HR factorization with respect to J;_1,
pe(Thr) = HyRy,  HEJu 1 Hy = Ji, (6.4)
where pj, is a polynomial. It sets
Ty = Hy'Ty_1 Hy. (6.5)
If Typy := Jy_1Tj_1 is pseudosymmetric (T}_; = TI |) then
T = (JHE T ) To 1 Hy = Jo(HI To 1 Hy) = Ji Ty (6.6)

is pseudosymmetric. Also, T, L = kak_lR,;l with R, upper triangular so that
if Tj,_; is tridiagonal then T}, is tridiagonal. Hence the HR iteration (6.4)—(6.5)
preserves pseudosymmetric tridiagonal forms.

Using (6.6), the kth HR step (6.4)—(6.5) can be rewritten as

pk(fk—l) = MRy,
J. = HlIJ,_ Hy, (6.7)

T. = H!T._H,.

We will refer to (6.7) as the kth HZ step of the HZ algorithm. In an analogous
way to the QZ algorithm, the “Z” in HZ is explained by the fact that the iteration
(6.7) acts on the symmetric tridiagonal-diagonal pair (7, J) rather than on the
single pseudosymmetric tridiagonal matrix T.

The HR algorithm belongs to the broader class of GR algorithms [75] and
convergence results on GR algorithms apply [75, Theorem 3.2]. One can show
that if the cumulative transforming matrices Hy are uniformly bounded then the
sequence T}, converges to block diagonal form with 1 x 1 and 2 x 2 blocks on
the diagonal, thus exposing the eigenvalues of the pseudosymmetric tridiagonal

matrix 7, v = JIT. Note that the HR factorization may not always exist. This
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may prevent the convergence of the HZ iterations. In practice we can modify
the polynomial of p so that p(T) = HR exists but there is no guarantee of
convergence.

The HZ algorithm and its practical implementation are studied in more detail

in the next sections.

6.2 Preliminaries

So far, we have enough conditions in order to analyze the existence of the HR
factorization. We now present two theorems that enable us to classify difficulties
that we might face during the execution of the HZ algorithm. The following

theorem describes a property of the spectrum of the matrix pair (T, J).

Theorem 6.1 Let T' € R™ ™ be tridiagonal symmetric and unreduced. Then

each eigenvalue of the pair (T, J) has geometric multiplicity 1.

Proof. Let A € C be an eigenvalue and x a corresponding eigenvector. Write

J = diag(o;). From (T'— A\J)z = 0 we have

(tll — )\0'1).T1 + t12$2 = O,
tm‘_lxi_l + (t” — )\al)xl + ti,i—l—lxi-i-l = O, ’L = 2: n — 1,
tn,n—lxn—l + (tnn - Aan)xn = 0.
Since T' is unreduced, we have that ¢;;11 # 0 for 1 < ¢ < n — 2. Thus, by
induction we can express each component of x as a multiple of x; in a unique

way. It follows that the eigenspace corresponding to A has dimension 1, that is A

has geometric multiplicity 1. 0
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Theorem 6.2 Let A € R™" be pseudosymmetric for some J € diagy (£1). If A
is a defective multiple eigenvalue of A then p(A) = (A — MN)(A — ) does not

have an HR factorization with respect to J.
Proof. Let A\ be an eigenvalue of A. We have by pseudosymmetry
p(A)TIp(A) = Tp(A)2
If A is defective then
rank(p(A)" Jp(A)) < rank(p(A)).

Thus, by Corollary 4.9 p(A) does not have an HR factorization with respect to
J. 0

Combining Theorem 6.1 and 6.2 we have that for an unreduced tridiagonal
symmetric pair (7, J), the HR factorization of p(JT) = (JT — AI)(JT — \I) does
not exist if the shift A is a defective eigenvalue. Hence, we may expect difficulties

for matrix pair with nontrivial Jordan blocks.

6.3 Practical Implementation of One HZ Step

We consider the symmetric pair (7,.J) where T is unreduced tridiagonal and

J € diagh(£1) a signature matrix. We recall that if T is not unreduced then

7, 0
T —

)

0 1T

and the spectrum of 7" is the union of the spectrum 7} and 75. The problem can
be split into smaller unreduced problems. From now on, we assume that T is
unreduced and J € diag? (£1).

We consider one single HZ step on an unreduced 7"

p(JT) = HR, (6.8)

A~

T=H'TH, J=HT"JH. (6.9)
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The degree of the polynomial p is called the multiplicity of the step. If p has degree

1, it is a single step. In our implementation, p is chosen to be the quadratic

p(2) = (z —w1) (2 — wa), (6.10)

where wy,wy € C are called shifts. We discuss later on the choice of these shifts.

The HZ step can be carried out either explicitly or implicitly without forming
the matrix p(J7T') and its HR factorization [75]. We adopt the implicit form as it
involves fewer operations. For that, we need to build a (J, J )-orthogonal matrix
H whose first column is the same as that of H in (6.8) and such that the matrix
T = H'TH is symmetric tridiagonal. Then T and T are essentially the same
[31], [67], [74].

Since T is in tridiagonal form, the first column of p(JT') has a simple form.

If 2 = p(JT)e, then x = [x1, T, 23,0,...,0]T, where

ry = t%l — tO’ltll + 0102t12t21 + d,
Ty = ootor(o1t1y + 09T — t),
r3 = 0903ta1l39,

with T' = (tij)lﬁi,jﬁn7 J = diag(az-), t = w1 + Wo and d = wiwa . The aim is to
construct H such that Hz is a multiple of e;, and T=H'THT is symmetric
tridiagonal.

We first describe the matrix tools needed to construct H.

6.4 Implementing the Bulge Chasing

First we determine a (.J, Jy)—orthogonal matrix H, such that Hyx is a multiple

of e; and compute Ty = HI T Hy. This creates a bulge at the top left corner of
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T} as illustrated by the generic 8 x 8 matrix 7§

Ty =
X X X
X X X
X X X

To recover the tridiagonal form the bulge is chased to the bottom right by ap-
plying carefully chosen unified rotations.
At the first stage of this process two unified rotations are used to introduce

zeros in positions (4,1) and (3,1). At stage p, 1 < p <n — 4, we get the pair
(Tpv Jp) = HZ(Tp—lv Jp—l)Hpv

where H,, is (J,-1,J,)—orthogonal. H, is the product of H,_; and two unified
rotations that introduce zeros in position (p + 3, p) and (p + 2,p). We write H,

as
Hp - Hp—l Gq,p+3Gp+1,p+3a

where ¢ € {p+ 1,p+ 2} and G, 13 is a unified rotation in the (¢, p + 3) plane.
After n — 4 steps, the 4 x 4 bulge is at the bottom right corner of T,,_4. We just
need to apply the zeroing process once more to obtain the tridiagonal-diagonal

pair (Ty_s3, Ju_4) = (T, J) defined by (6.8) and (6.9). We have

H = NZ=7%H,, (6.11)
J = H"JH,
T = H'TH.



Hyperbolic rotations are not orthogonal and therefore may be numerically
unstable. We aim to use as few of them as possible. This goal can be achieved if
we use at most one hyperbolic rotation per step. At step p < n—3 of the tridiago-
nalization process, we need to introduce zeros in positions (p+3, p) and (p+2, p),
we need to compute a 3 X 3 matrix f[p such that f[gT(j+p+2:j+p+3,j) = pej.
We apply first all possible orthogonal rotations and if necessary we finish the ze-
roing by applying a hyperbolic rotation. With this zeroing strategy, we apply at
most n — 2 hyperbolic rotations during the bulge chasing and tridiagonalization
process. Moreover, this zeroing strategy is also described in Algorithm 4.4 for
vectors in R"™ in Section 4.2.4.

Bojanczyk, Brent and Van Dooren [9] noticed that how hyperbolic rotations
are applied to a vector is crucial to the stability of the computation. In our
implementation we use the mixed application of hyperbolic rotations as in Section
4.2.4 (see [9], [11] for a detailed description). Tisseur [74] showed that the residual
|HTTH —T||/|T||/||H]||* can be much smaller when one applies the hyperbolic
rotations in a mixed way rather than in a direct way.

In [74], Tisseur analyzes the tridiagonalization of a symmetric matrix with
respect to a signature matrix. The bulge chasing process is a tridiagonalization.
If at a step j of the tridiagonalization process (Algorithm 6.3), a hyperbolic
matrix does not exist or its condition number is too large, then we can apply a
random unified rotation on the first two rows and column. We then have nonzero
entries at the positions (3,1) and (1,3) and we can restart the tridiagonalization
and chase the bulge with j —2 unified rotations until we reach the new ;™ column
[74].

If at the k-th HZ iteration, the first column of the shifted matrix = = p(J7T)e;
is isotropic, that is (z,z); = 0 or the condition number of the hyperbolic matrix

such that Qx = pe; is too large, then one can apply a random shift and hope that
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this technique prevents a breakdown. Assume now that x, the first column of the
shifted matrix at the first HZ iteration is not isotropic and that the bulge chasing
process is accomplished successfully. Then, if the following first columns x; of
the shifted matrix at the k-th HZ iteration (k > 2) are not isotropic, then all the
corresponding bulge chasing processes are accomplished successfully. The reason
is that 2 x 2 hyperbolic matrices preserve the modulus of the indefinite scalar
product. Thus, if (zy,z); # 0 for all k > 2 and the first bulge chasing process
is successful, then there will be no major breakdown during the HZ iterations.
Moreover, during the bulge chasing process, we need to check for deflations
that may occur before the process is completed. This is particularly important
if the last rotation at a given step k is hyperbolic. Let = [t5414 tq,k]T with
g=k+2orq=Fk+3and J = +diag(1, —1). During our numerical tests, we
noticed that ||z]|2 can be very small. If |z1| & | 3|, the hyperbolic transformation
mapping = to &(z? Jx)e; has a large condition number, therefore affecting the
numerical stability of the process. Hence it makes sense to deflate before applying
the hyperbolic transformation rather than after. In our implementation, we chose

to set z to 0 if ||x]|2 < €]|T|2.

6.5 Pseudocodes

The following algorithm describes this process and the computation of pr (See
Section 6.3). The shifts are analyzed in Section 6.6 where we compare several
shifting strategies. Thus, in the next algorithm, we assume that we have the
shifts and the first column of the shifted matrix. We now give two algorithms in
order to describe the HZ implementation. We start by the implementation of a
single HZ step and we carry on with the HZ algorithm for a tridiagonal-diagonal

pair.

160



Algorithm 6.3 Given an unreduced symmetric tridiagonal n X n matriz T and
a signature matriz J, this algorithm applies an implicit double HZ step to the
pair (T, J) with shifts wy, wo. It returns a tridiagonal diagonal pair (T, j) and a
matriz H such that (T, J) = HT(T, J)H.

Set H =1
Compute s = w; + wq and t = wyw, (see Section 6.6).
Compute z = p(JT)e; = ((JT)? — tJT + dl)e;.
Apply Algorithm 4.4 to z and obtain @Q such that QTz = pe;
Compute QTT(1:4,1:4)Q and update H(:,1:3) = HQ.
7=1
While p <n —3
Set © = [ty Liwag lirag)
Apply Algorithm 4.4 to x and J(j+1: 7+ 3)
and obtain @ such that Q7 = pe;.
Compute QTT(j+1:5+3,5+ 1:5 +3)Q.
Update H(2:j+3,7+1:j+3)=H(2:5+3,j+1:j+3)Q.
J=J+1
end
Construct unified rotation G(n — 1,n) to zero out T'(n — 1,n).
Update T =G}, ,T(n—1:n,n—1:n)Gp_1,.
Update H(:,n—1:n—-2)=H(,n—1:n—2)G,_1,.

Algorithm 6.4 Given an unreduced symmetric tridiagonal n xn T, a signature
matriz J; and a tolerance €, this algorithm computes a block diagonal matriz Ty
with 1 x 1 and 2 x 2 blocks, a signature matriz Jo and H such that Ty = H'T\ H
and Jo = H' J,H.
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Set H=1,Ty=T,, Jo=J, and p = 1
while n > 2
Set k =min(n,4), ¢ =k+p—1
Apply a double implicit step (Algorithm 6.3) on (T2(p: q,p: q), Ja(p: q))
Update H(:,p:n) = H(:,p: n)Q where @ is return by Algorithm 6.3
fori=p:n
if [t;i-1] < e(|ticaima] + [ta])
Set t;;i1=0,t_1,=0
end
end
% Get smallest n such that ¢, ,,_1 or t,,_1,_o is non-zero
while or (tp,—1 =0,t-1,-2=0)
if Tyt =0
n=n-—1
elseif t,,_1,—2 =10
n=mn-—2
end
ifn<2
break
end
end
Get biggest p such that T'(p : n,p: n) is unreduced

end

In Algorithm 6.3, the tolerance € is usually u the unit roundoff and the defla-
tion is numerically allowed since rounding errors of order u||T'|| are present during

the computations [31].
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6.6 Shifting Strategies

The shifts wy, ws in Section 6.3 (Equation (6.10)) are based on the eigenvalues

A1, Ag of the bottom right corner 2 x 2 subpencil
Tn—1:n,n—1:n)—AJ(n—1l:n,n— 1:n).

The Francis shift consists of taking wy = A; and we = Ay [31]. The Wilkinson
shifts correspond to taking wy; = ws = X, where \ is the nearest eigenvalue to

Ontnn. We consider three shifting strategies:
1. Francis shifting strategy, where Francis shifts are used exclusively,

2. “mix 17 shifting strategy, where Francis shifts are used when
J(n —1:n,n —1:n) = tdiag(1, —1)
and Wilkinson shifts are used when

Jn—1:nn—1:n)==l,

3. “mix 27 shifting strategy, described below, that is based on the eigenvalues

of the bottom right corner 3 x 3 subpencil.

The first two shifting strategies (Francis and “mix 17) are commonly used in
eigenvalue algorithms. We give some justifications for our third shifting strat-
egy choice “mix 2”7. “mix 2” uses a double shift even though the shifts are the
eigenvalues of the bottom right corner 3 x 3 subpencil. The reason is that once
the iteration is converging the eigenvalues of the bottom right corner 3 x 3 sub-
pencil are better approximations to the matrix eigenvalues than eigenvalues of
the bottom right corner 2 x 2 subpencil. Furthermore, it allows us to have a

heuristic criteria to “guess” if the next eigenvalue that appears in the Hessenberg
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form after deflation is complex or real. At the end of this section, we present
numerical experiments that show the number of HZ iterations is less using the
“mix 2”7 shifting strategy than using the other two shifting strategies.

In the rest of this section, we describe first the shifting strategy “mix 2”7 then
we compare numerically the three shifting strategies.

Let

q(2) = op_aop_qo,det(T(n—2:n,n—2:n) — zJ(n —2:n,n — 2:n)),

3 2
= O'n_QO'n_lo'n(Z + asz +CL1Z+CLQ),

where
ay = —trace(J(n —2:n,n—2:n)T(n—2:n,n— 2:n)),
ag = —det(J(n—2:n,n—2:n)T(n—2:n,n—2:n)),
a = Un—20ntnntn—2,n—2 + Un—lantnntn—l,n—l + Un—20n—ltn—2,n—2tn—l,n—1
_Un—lanti,n—l - Un—20n—1ti—1,n—2'

We know that ¢ has at least one real root. We have that
q(2) = Op-20n-100(32" + 2022 + a1)

and that ¢ > 0 or ¢’ < 0 if the determinant A = 4(a3 — 3a;) < 0. In this case ¢
has two complex conjugate roots. Now, if A > 0, let &, k = 1,2 with & < & be
the two distinct real roots of ¢'. If ¢(&;) = 0 then, ¢ has two real distinct roots
(one simple and one double). If ¢(£1)g(£2) < 0 then ¢ has three distinct real roots.
Otherwise, if ¢(&;) < 0 or ¢(§2) > 0, then ¢ has one real root and two conjugate
complex roots. The roots of a scalar cubic polynomial can be obtain explicitly by
using Vieta’s substitution and Cardan’s formula. A practical method to obtain

the roots of ¢ is to apply the HZ algorithm on (TV T ), where

T=Tn-2nn—2n), J=Jn-—2nn—2:n),
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by using the first two shifting strategies. Since the size (3 x 3) of the problem is
small, there is no difference in practice between the Francis and “mix 2”7 shifting
strategies. They need to perform one iteration on the 3 x 3 problem for a deflation
to occur. We obtain Q € R33 such that T = QTTQ is block diagonal and
QTj Q € diag’?f (+1). From f, we obtain easily the eigenvalues p1, po and pg of
(T ,J ). The shifting strategy “mix 2” consists of applying a double Wilkinson
shift if all p, are real, the shift being p; the nearest eigenvalue to o,t,,. If ¢ has

complex conjugate roots then T has one of the following forms:

X
x x|, (6.12)
X
X
X X : (6.13)
X

If T has the structure in (6.12), then we apply a double Francis shift with complex
shifts g, [, otherwise if T has the structure in (6.13), we use a double Wilkinson
shift with real shift p, the only real root of g. Algorithm 6.5 describes the shifting

strategy “mix 2”.

Algorithm 6.5 Given T = (t;;), an unreduced tridiagonal symmetric n X n ma-
triz, a signature matriz J = diag(oy) and a tolerance parameter €, this algorithm

chooses a shift for (T, J) described by the method “mix 2”.

Set T=T(n—2:n,n—2:n), J=Jn—2:nn—2:n).
Compute T= QTTQ, block diagonal with J= QTIQ € diagh(+1).
Compute the eigenvalues puy, k= 1,2,3 of (f, j)

if Op = 0Opn—1 = Op-2

Apply a double Wilkinson shift with p such that
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|Untnn - :u| - kr_nllglg |Unt7m - luk|

— 54y

else
if S(pr) =0, k=1,2,3
if [£30] < €([taa] + [£33])
Apply a double Wilkinson shift with p such that

‘O—ntnn - :U“‘ = kr—nllgl?) ‘O—nt"n o Iu“k‘

— L4

else apply a double Francis shift with p and ji such that

‘Untnn - :u‘ - k:I:an213 ‘Unt”" - luk‘

1<y

‘Untnn - /1| = kI—nH213 ‘Untn—l,n—l - ,uk‘

end
else if [fsz] < e([Fas] + [F])
Apply a double Wilkinson shift with p such that

‘Untnn - :u‘ - kI—an213 ‘Unt”" - luk‘

else Apply a double Francis shift with p € C\ R and j
the eigenvalues of (T',.J).
end

end

end

We used random symmetric tridiagonal matrices generated with MATLAB’s

randn. J was obtained by MATLAB random permutation generator randperm:

J = diag((-1). randperm(n)).

For each value of n, we used 100 tridiagonal-diagonal pairs. The total number
of iterations on average and the number of iterations per eigenvalue on average
are shown in Table 6.1 and Table 6.2, respectively. We see that the Francis

shifting strategy and the “mix 1”7 shifting strategy are equivalent in the sense
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that they require more or less the same amount of iterations. The Francis shifting
strategy seems to require less iterations than the mixed Francis-Wilkinson shifting
strategy. The last shifting strategy “mix 2” performs better than the two other
methods. It is due to the fact that the eigenvalues of the bottom right corner
3 x 3 subpencil are better approximations to the eigenvalues of (7, .J) than the
eigenvalues of the bottom right corner 2 x 2 subpencil. The disadvantage of the
“mix 2”7 shifting strategy is that it is slightly more expensive to implement and
it fails if the bottom right corner 3 x 3 subpencil has a non-trivial Jordan block.
In Chapter 7, we present numerical experiments with different type of matrices
in order to see the behavior of the shifting strategies in the case of ill conditioned

problems.

6.7 Flops Count and Storage

The first step of the HZ algorithm described in Subsection 6.1.1 requires n?®/3
flops for the LDL” decomposition of B and there is an additional cost of n3 flops
to update A. If instead, we use the QR algorithm to diagonalize B, we need
approximately (2/3 + 5)n® flops and an additional 2n® flops to update A.

The second step, that is, the reduction to a tridiagonal-diagonal pair requires
approximately (1/3)n?+ (1/2)n? flops using Tisseur’s algorithm [74]. Finally, the
HZ algorithm on a tridiagonal-diagonal pair involves in average 10(n? + n) + 5n?
operations for the bulge chasing and an additional 10n flops to compute the shifts
with Algorithm 6.5.

In Table 6.3, we compare the number of floating point operations in the HZ
and QZ algorithm. The first step in the QZ algorithm is the Hessenberg-triangular
reduction. Then, we apply the QZ algorithm to compute the real generalized

Schur decomposition. This algorithm is presented in detail in [53] and in [31],
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Table 6.1: Average number of iterations for each shifting strategy.

n Francis | mix 1 | mix 2
10 14.375 | 13.575 11.7
50 75.55 75.25 64
100 || 152.225 | 153.575 | 128.3
150 228.6 | 231.225 | 193.72
200 || 306.75 | 308.55 | 259.65
300 || 462.525 | 467.375 | 389.62
400 614.5 623.05 | 519.72

Table 6.2: Average number of iterations per eigenvalue for each shifting

strategy.
n Francis | mix 1 | mix 2
10 1.44 1.36 1.17
50 1.51 1.5 1.28
100 1.52 1.53 1.28
150 1.52 1.54 1.29
200 1.53 1.54 1.3
300 1.54 1.56 1.3
400 1.54 1.56 1.3

where all the flops counts are available. In total, the QZ algorithm requires 33n?
flops whereas the HZ algorithm requires 16.4n3 if we use an LDL” factorization
or 23n? if we apply a symmetric QR algorithm.

We now focus on storage. We need n? +n size vector to store the pair (A, B)
and a vector size n? for the hyperbolic matrix. During the HZ iteration, we need
2(2n — 1) 4 2n size vector to store the two tridiagonal-diagonal pairs and an
additional 5 x 5 workspace. In comparison, the QZ algorithm requires n? + n
size vector to store the pair (A, B) and a vector size 2n? for the two orthogonal
matrices Q and Z. An additional n? + n is required to store the Hessenberg-

triangular pair. The storage saved with the HZ algorithm is of order 2n?.
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Table 6.3: Comparison of the number of floating point operations in the HZ and
QZ algorithms.

Step | QZ HZ
. QR LDLT
Ll 9 | s Tamee
2 (1/3)n?
3 || 26n2 15n?

6.8 Eigenvectors

We consider the matrices T and Jo returned by Algorithm 6.4. T3 is block
diagonal. We have to consider two cases depending on the size of the blocks. For
a 1 x 1 block in the ¥ position, the corresponding eigenvector is just e;.

For a 2 x 2 block, with real or complex eigenvalues we need to solve the

equation
To(izi+ Laei+ Dy =NJ(@i+ 1,0+ 1)y. (6.14)

The matrix Ty(i:i+1,2:04+ 1) — A\ J(i:+ 1) has rank 1. Thus, (6.14) has a linear
subspace of dimension 1. We rewrite (6.14) as Ax =0 with A = (a;;)1<; j<2. We

get two expressions for the same linear subspace which is spanned by

T
T = [—a12 all] >
T
To = [—a22 a21] >
Ty = pIi. (6.15)

Although x; and x5 are linearly dependent in theory, in finite arithmetic one of
them can be computed more accurately than the other one. In the following
paragraphs, we present the chosen method for computing the eigenvector.

For real eigenvalues (6.14) gives us two expressions of y for each eigenvalue.
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We can choose y that minimizes the residual
|(To(izi+ 1,00+ 1) — N J(ici+ 1,00+ 1))yl|o

for a normalized eigenvector ||y|l2 = 1. Then, the eigenvector x corresponding to

A; has zero entries except for the row ¢, i + 1 and we have z(i:7 + 1) = y.
Complex eigenvalues come in pairs (), ):Z-) as the corresponding eigenvectors.

We solve equation (6.14) and we get two expressions for y and two for . We can

now choose y that minimizes
|(To(ii+1, 4 04+1) =N J (i 41, i i4+1))y |2 or [[(To(i:i+1, 3 0+1) =N J (3241, i i+1)) o

Finally, to obtain the eigenvectors of the original T} we just need to multiply

x by the accumulated transformations H.

6.9 Iterative Refinement

6.9.1 Newton’s Method

The iterative refinement is done by Newton’s method. In [72], Tisseur studied
Newton’s method in floating point arithmetic and showed how to apply iterative

refinement to the GEP. We apply the Newton method to the function f : K" x

/([)-

where K denotes R or the complex field C, 4 > 0 and some 1 < s < n. Then,

K — K"+ defined by
(A—AB)zx

Y

pegr — pu

Newton’s method for the GEP is finding the zeros of f. The Jacobian matrix of

f is given by




Given a starting guess of the eigenpair (29, Ag), the Newton iterations are defined

() e

where Az, = 2401 — 2, and AN, = A1 — Ay

by
Azpiy

Adpia

Lp

Ap

We assume that all the convergence conditions for the Newton iterations are
satisfied. Those conditions are informally that the Jacobian matrix (in the New-
ton iteration) is not too ill conditioned, the linear system solver is not too unstable
and the starting pair (Ao, xg) for the iteration is a good enough approximation.
Then, we have the following result on the backward error in the co—norm of a
refined eigenpair (5\, z) with residuals computed in fixed precision [72, Corollary

3.5]
< [Allso | Bl
N\, Z) < vp + u(3+ |A]) max <7, — ] (6.17)
1 Bloc” | Al oo

cnu
(1—cnu)

where u is the unit roundoft, ~, = and c is a small integer . We can expect

this backward error to be small enough (of order énu, with ¢ a small constant) if
[Allse [ Bl
|A| max <7, )<
1 Bllos” | A0

If |\| > 1, we can consider the reciprocal matrix pencil B — A'A, with A" = L. If

1
3
the GEP is not well balanced, that is

1Bl oy, 1Bl
4] Al <"

we can consider the equivalent pencil

YA — (YA) B,

[l Blloo

Al Thus, in each case, we can change the GEP in order to obtain a

with v =
small backward error for the refined eigenpair.

We now consider Newton’s method and its implementation.
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6.9.2 Implementation

The direct implementation of this iteration is too expensive since it requires O(n?)
flops per iteration [72]. By using Tisseur’s reduction to tridiagonal-diagonal form

[74], we obtain the equivalent pencil
(T,J)=HI'(A B)H,. (6.18)

Then, from the HZ algorithm 6.3 and 6.4, we know that there exists a matrix Ho
such that HITH, = D, HT JH, = J, with T block diagonal and J € diag}(41)
and we set H = H{ H>.

In the rest of this paragraph, we describe a generalization of the method used
in [72] to complex eigenpairs. By using the eigendecomposition computed by the
HZ algorithm, the cost of the implementation can be reduced to O(n?) flops per
iteration. After manipulating Newton’s equation (6.16) and applying the same

ideas as [72], we obtain the iteration

H"M,6p1 = —H" (A — )\, B)x,, (6.19)
where
M, = (A—=X\B) — ((A—)\,B)es + Bx)el and 6,,1 = Azpq + (Adpy1 — e,

We define wy1 = H 0,11, rp = (A — N\, B)xp, v, = H (A — \,B)es + H' Bz,
and d = H'e,. Then, Equation (6.19) becomes

(D = M\pJ) = v,dD)wy gy = —HTr,,. (6.20)

To solve (6.20) we proceed as follows. We use Givens rotations to compute the

orthogonal matrix F, such that
T
E, v, = £|[vp|]2e1.
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The matrix E} ((D—A,J) —v,d") is upper Hessenberg with an extra subdiagonal
and its QR factorization requires only O(n?) flops. Hence w,4; in (6.20) can be

obtained in O(n?) flops.

Algorithm 6.6 Given a tolerance €, a symmetric pair (A, B), H, a block diag-
onal D and a signature matrix J such that HTAH = D and H'BH = J and an
approzimate eigenpair (X, x) with |||l = xs = 1, this algorithm applies iterative

refinement to A and x.

Repeat until convergence
While n(A, x) > €
v=HT"(A— A\B)e, + H' Bx
g=He,
Compute orthogonal matrix E such that
ETv = +||v]]2e1

Compute orthogonal matrix F' such that

R=FTET((D — \J) — vd?) is upper triangular
Solve Rw = —FTETHT(A — AB)z
0 =Huw
A=+ 6e,
r=x+0— (6Te,)es

end

The implementation of Newton’s method described in the first part of this
section requires O(n?) operation per iterations. Any method that necessitates
a matrix-vector multiplication will requires O(n?) operations per iteration. We
are now going to present a method that is based on a modified version of the

Sherman-Morrison-Woodbury formula. Our first motivation is to reduce the cost
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to at most one n? flops operation and to apply Newton’s method in real arith-
metic for complex eigenpair. The second aim of this method is to improve the
numerical stability without increasing the cost of computation. The tridiagonal-
diagonal pair (7', J) (6.18) is the most compact form that can be obtained in a
finite number of steps. The HZ iterations use hyperbolic rotations that add in-
stability to the reduction. Hence, the accumulated errors are larger when we use
the eigendecomposition within the Newton iteration rather than the tridiagonal-
diagonal form (7', J).

The iterations with the tridiagonal-diagonal pair (7, J) in (6.18) are given by
H] M,0,,1 = —H] (A — \,B)x,, (6.21)
where
M, = (A—X\,B) — ((A=A\,B)es + Bx)el and 6,41 = Azpyy + (Adprr — 1es.
We define wyyy = Hy'6p11, 7p = (A — \,B)zp, v, = HI (A — \,B)es + Hf Bz,
and d = Hle,. Then, (6.21) becomes

(T = 2\J) — vpd wyy = —H'r,. (6.22)

Refining real eigenpairs: To solve (6.22) when )\, is real, we proceed as
follows. Let QR = (T'— \,J) be the QR factorization of the tridiagonal matrix
(T' — XpJ). This factorization can be done in O(n) operations. Premultiplying
(6.22) by QT gives

(R —vdwypy = —QTHlry, v =Q%v,. (6.23)
Note that since A, approaches an eigenvalue of (7, .J), R is nearly singular so

we cannot use the Sherman-Morrison-Woodbury formula as it is. Let R = (R—

vd") + vd" + uu® for some u € R™ such that Ris nonsingular. Then,

- d"
R—vd"=R—[v u][ T]

u
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and (6.23) becomes

- d"
(R—[U u| [ T])prrl:—QTHi‘Frp.
u

Since R is nonsingular, we can use the Sherman-Morrison-Woodbury formula.

This gives
~ dr ~
Wpi1 = (In +R v wu]C! . ) R 'b, (6.24)
U
where
d'7 .
C=1- T R '[v u] and b=-Q"Hr,.

Note that for the choice u = e, with s such that

|rss] = min |rg,
1<k<n

Ris upper triangular with only 3 superdiagonals and any calculation of the form

R™'z cost O(n) operations.

Refining complex eigenpair: We now consider the complex case. Let (), z)
be a complex eigenpair, A = a+i3 for some (o, 3) € R? with 8 # 0 and x = y+iz

for some (y, z) € R"*? with z # 0. Separating real and imaginary parts in (6.22)

yields
My@yps1 = 7, (6.25)
where M, = ]\Afp — %JT and
N (T —a,  B,J N R(vy)  S(vp)
M, = Up = N )
L B T -y =S(vp)  R(vp)
_ [ H ™R (wp1) N H™'R(ry)
w = . T, =
T E R T [ Rw)
~ [d 0
d = )
0 d
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The first approach is similar to the real case. Let J\A/[/p = @R be the QR
factorization of the sparse matrix ]\A/[/p. This factorization can be done in O(n?)

operations. Premultiplying (6.25) by QT gives
(R—vdNwy1 = —Q"F,,  v=0Q"D, (6.26)

Note that since A\, approaches an eigenvalue of (T, .J), R is nearly singular. It is
approaching a matrix of rank 2(n — 1). Once more, we cannot use the Sherman-
Morrison-Woodbury formula as it is. Let B = (R — vd?) + vd? + uju? + usul
for some uy, uy € R?" such that R is nonsingular. Then,

ar

R—vd" =R—[v u ug]|uf

uy
and (6.26) becomes
ar
R—[v u u] |l | |wps =—-Q7F, (6.27)
uy

Since R is nonsingular, we can use the Sherman-Morrison-Woodbury formula.

This gives
C’[T
Wpi1 = | Ton + R! (v wy up]C7' [T R! 7,
ug
where ~
dT
C=L—-|u"|R'[v u us].
uy

Note that for the choices u; = e;,, us = €5, with s;, s such that

‘T5181‘ = 1rgr}ggn|rkk|>
Poaso| = _min - rel,
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R is band upper triangular.

Throughout the Newton iterations, we have computed several QR factoriza-
tions of tridiagonal matrices. For a band matrix that has p subdiagonals and
p superdiagonals the R factor of the QR factorization can be obtained in O(n)
operations if p < n. R is upper triangular with 2p superdiagonals. The () fac-
tor can be obtained in O(n?) operations. But, we recall that Q is not explicitly
required in order to solve the linear system within Newton’s iterations. Further

details on the QR factorization of a tridiagonal matrix can be found in [7].

Algorithm 6.7 Given a tolerance €, a symmetric pair (A, B), H, a tridiagonal
T and a signature matriz J such that H'AH = T and H'BH = J and an
approzimate real eigenpair (A, z) with ||x||le = x5 = 1, this algorithm applies

iterative refinement to A and x.

Repeat until convergence

While n(\, x) > €
r=(A—AB)zx
v=HT"(A—AB)e, + H'Bx, d= H"e,
Compute the QR factorization of T'— A\J = QR

Compute s such that |rs| = 1r<1}€i£1 x| and set R = R+ egel
SKSn

Apply Sherman-Morrison-Woodbury formula (6.24) to solve

- d"
(R—[v es][ ])w:—QTHTT

es
0=Huw
A=A+ d6Te,
r=x+08— (6Tey)es

end
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Algorithm 6.8 Given a tolerance €, a symmetric pair (A, B), H, a tridiagonal
T and a signature matriz J such that HYAH = T and H'BH = J and an
approzimate complex eigenpair (X, z) with ||z|| = xs = 1, this algorithm applies

iterative refinement to \ and x.

Repeat until convergence
While n(A, x) > €
% Compute the residues
r=(A—-RN)B)y+(\)Bz, 13 = (A—R(\)B)z — J(\)By

Compute the QR factorization of
T —R(N)J S(A)J

M = = QR
—SN)J T —RN)J
Compute s; such that |rs,, | = min |rg]
1<k<n
Compute sy such that |rs,s,| = L |7k

Set R = R+ez el +egel)

%Compute the rank 2 updates

v = HT((A = R(\)B)es + BR(z)), v = HT (S()\)Be, — BS(z)),
vs = HT(=S(\)Be, + BS(2)), vs = HT (A — R(\)B)es + BR(z))

() ~ d 0

v = ,d= ,d=HTe,
V3 Uy 0 d

ul:[v €sq 682],’&2:[5 €sy 682]

Apply Sherman-Morrison-Woodbury formula to solve
Hlr

Hir 2]

01 = Hw(1l:n), 03 = Hw(n + 1:2n)

R(A) = R(A) + 07 es, S(A) = () + 83 e,

R(x) = R(x) + 61 — (6T es)es, S(x) = S(x) + 6o — (07 es)es

(R —wuf)w = -Q" [

end
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Algorithm 6.8 uses only real arithmetic to apply iterative refinement to a
complex A and x. But, in this case the QR factorization is more expensive than
in Algorithm 6.7. Note that Algorithm 6.7 can be used for complex eigenpairs.
Its advantage will be that the only operation that requires n? flops is one matrix-
vector multiplication. For a tridiagonal-diagonal pair, eigenvectors computed in
Section 6.8 might not be accurate. Thus, we can use the eigenvectors in Section

6.8 as starting approximations for the inverse iteration or the Newton iteration.

179



Chapter 7

Numerical Experiments with HZ

and Comparisons

7.1 The HZ Algorithm

In Chapter 6, we described the HZ algorithm for symmetric GEPs. The first step
is a symmetric-diagonal reduction. Then, by applying Tisseur’s tridiagonalization
process, the pair is reduced to a tridiagonal-diagonal pair on which we perform
the HZ iterations.

The HZ algorithm can also be used to solve the standard real unsymmetric
eigenvalue problem (A, I'). In this case, the first step is to reduce the pair (A, I) to
tridiagonal-diagonal pair (7, I). Details on this reduction were analyzed in [23],
[78] and more recently in [29]. Then, the tridiagonal matrix can be transformed
into an equivalent symmetric-diagonal pair (TV ,J). For the reduction of a general
matrix to tridiagonal form, there is a an implementation in Fortran 77 [27] and

the codes are available on the web at http://www.netlib.org/toms/710. Finally,

the pair (7, 1) can be transformed into an equivalent symmetric-diagonal pair

180



(T, .J) as follows:

g1 = 1, (71)

ap = tk,k—ltk—l,k7 gk,k—l = v/ \ak\, O — sign(ak), k=2:n. (72)

In the following sections, we present various numerical experiments. Unless
otherwise stated, we use the shifting strategy “mix 2” (see Algorithm 6.5, Section
6.6) with the HZ algorithm. In the tables and figures, HZ stands for our imple-
mentation of the HZ algorithm, LR for our implementation of the LR algorithm,
EA for Tisseur’s implementation of the Erhlich-Aberth method and QR and QZ
for MATLAB’s built in implementations of the QR and QZ algorithms. The
HZ and LR algorithms and the Erhlich-Aberth method are also implemented in
MATLAB.

7.2 Standard Numerical Experiment

We consider test matrices generated by MATLAB’s function randn as follows:

a = randn(n,1);

b = randn(n-1,1);

T = diag(a)+diag(b,1)+diag(b,-1);
J = diag((-1). randperm(n));

T is anxn symmetric tridiagonal matrix and J is a signature matrix. We generate
100 test matrices for each size n = 100, 200, 300 and n = 400. The number of HZ
iterations, in each case is on average 1.3 iterations per eigenvalue and there are on
average (3/4)n Newton iterations. For n = 100, 95 eigenpairs have a backward
error of order 1071, 85, 65 and 65, respectively for n = 200, n = 300 and

n = 400, before applying the iterative refinement. These results are not surprising
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since these eigenvalue problems are well conditioned: the unstructured normwise
condition numbers are all between 5 and 18. In all these experiments, we find that
the following ratio between the structured and unstructured normwise condition
numbers

K(N)

t= T

C(\,S)
satisfies 1.5 <t < 1.75, where k() is the usual Wilkinson condition number and
C(A,S) is given in Corollary 4.26. Here, S is the class of symmetric tridiagonal
matrices. The results on iterative refinement are summarized in Table 7.1.
denotes the normwise backward error on average for each size, before we apply it-
erative refinement. 7y denotes the normwise backward error on average, obtained
after iterative refinement. On average, 80% of the eigenpairs require iterative
refinement. The second and third column of Table 7.1 show that the ratio 7, /n;
is of order 1076 except for n = 400 where it is of order 10~8. The last column
shows that applying iterative refinement to an approximate eigenpair can reduce

the backward error to a quantity close to machine precision.

Table 7.1: Numerical results for randomly generated tridiagonal-diagonal pairs.

n || Number of Newton Iterations ™ Mo

100 7 10719 1.6 x1071¢
200 158 8x 1078 | 9x1071°
300 237 5x 1077 3 x 1075
400 320 1077 8 x 1071°

Similarly, we present standard tests for symmetric GEPs Ax = ABx that are

randomly generated by

=
I

randn(n); A=A+A’;

oo
I

randn(n); B=B+B’;

182



In Table 7.2, we see that the number of Newton iterations is about two iterations
per eigenvalue. The average of the largest backward errors is given in column
two before iterative refinement (7;) and in column three after refinement (7).
We see that iterative refinement improves the backward error. The ratio 1y /n; is
between 10~* and 107%. Note that the matrix that reduces the symmetric pair
into a tridiagonal-diagonal pair has a large condition number. For this reason,

the backward error in column three is only of order 1072 for n = 400.

Table 7.2: Numerical results with randomly generated symmetric pairs.

n Number of Newton Iterations i o Ko(H)
100 184 310 2 x 1071 10°
200 411 1077 6 x 1071 | 1.8 x 10*
300 649 8§x 1078 [ 5x 1071 | 3 x 10
400 879 1076 1x 10712 10°

7.3 Symmetric GEPs and Iterative Refinement

We first consider an example taken from the Harwell-Boeing Collection available

from http://math.nist.gov/MatrixMarket. The matrix A is ‘LUND_A’ and the

matrix B is ‘LUND_B’. A and B are both indefinite. The size of the problem is
n = 147. We have

Ko(A) =22 x 10° and Ko(B) = 7.4 x 10°.

The eigenvalues of A are in the region 80 < [A4] < 2.3 x 10® and those of B are
in the region 0.2 < [Ag| < 7.4 x 10%. The eigenvalues of (A, B) are real and they

are in the interval

200 < |\ < 1.4 x 10°.
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The matrix that reduces the pair (A, B) to a tridiagonal-diagonal pair has a
condition number of order 150. The HZ algorithm performed 140 iterations and
154 Newton iterations were required. The largest backward error is of order 10~¢
before and 1071 after iterative refinement is applied.

In Figure 7.1, we plot in logarithmic scale the unstructured normwise back-
ward error against the modulus of the eigenvalues. The dashed line is the value
of 7, in the expression of the bound of the backward error (6.17). We see that
the iterative refinement reduces the backward error and that the bound (6.17) is

satisfied.

10_4 T ooy T L L | T T ororrrrg T ooy

10—10 | _

n(A.x)

-12

-18 P | P | P |

10 10 10 10 10 10’
Al

10

Figure 7.1: Normwise unstructured backward errors before (o) and after (+)
iterative refinement.
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7.4 HZ on Tridiagonal-Diagonal Pairs

The following examples can be found in [7]. These test matrices are not symmetric
thus we use the process in (7.1)—(7.2) to obtain tridiagonal-diagonal pairs. In

factored form, these tridiagonal matrices are given by

T = D 'tridiag(1,, 1), D = diag(d), o, € R™.

Test 1:  ap = k(=D)¥8 5, = (=D /k, k= 1:n,
Test 2:  ap = 10(=D)HF8 5, = (—DW, k=1:n,
Test 3: ap=k, 0p=n—k+1, k=1:n,
Test 4:  ap = (1), 6, = (=1)*¥120, k = 1:n,
Test 5:  ap = 1000V (=)W 6, = (—1)FB) | = 1:p, (7.3)
Test 6: ap, =2, 0p=1, k=1:n,
1 1 1

Test 7 : S S ——
est 7 ag k+n—/€+1’ k k(

Test 8:  aj = kWA 50— (0 — k+ 1)2(=D)WW k= 1:n,

DAL | =1:n,

Test 9: ap=1, k=1n, g =1ifk <n/2, o, =—1if k >n/2,

Test 9:  ay and d;, are uniformly distributed in [—0.5,0.5].

The eigenvalues of these test matrices have a variety of distribution as shown
in Figures 7.2, 7.3 and 7.4. We denote by Ay the k-th eigenvalue computed in
extended precision and by Ay its approximation computed with either our imple-
mentation of the HZ algorithm, the LR algorithm or by Tisseur’s implementation
of the Erhlich-Aberth method. We compute the relative error for the test matrices
1-10 with n = 100 (Table 7.4) and n = 150 (Table 7.5).

The largest eigenvalue condition number for these test matrices are shown in

Table 7.3. They vary between 2 (test 4) and 10 (test 5) for n = 100 and they
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are slightly larger for n = 150. Table 7.4 shows that the relative error on the
computed eigenvalues increases with the condition number. The approximations
obtained with the Erhlich-Aberth method are relatively accurate whereas the
ones returned by the LR algorithm have poor accuracy. The HZ algorithm has
an intermediate accuracy but for the test matrix 5 with n = 150 it fells to return
an acceptable approximation. The backward error with the HZ algorithm is of
order 10716 except for the test 5 for which it is of order 107!, These good results

on the backward error are not enough to ensure a small relative error.

Table 7.3: Largest eigenvalue condition number for test matrices 1-10 with n =
100 and n = 150

Test 117213 |4 > 6 | 7118910
maxy(C(Ag)), n =100 || 3e4 {239 |4ed |2 |1.7e10 | 4e3 | 6e2 | 4e6 | 2¢2 | 637
maxg(C(Ag)), n =150 || 6ed | 6e2|9ed |2 | 4el0 |9e3 | Te2 |1leT | 4e2 | 5e3

An HZ iteration requires approximately 80n operations per iteration whereas
the EA iteration in [7] necessitates approximately 57n operations per iteration.
Thus, an HZ iteration requires 1.33 times more operations than an EA iteration.
In Table 7.6, we compare the number of iterations between the Erhlich-Aberth
method and the HZ algorithm. For n = 150, the ratio between the number of
iterations between the Erhlich-Aberth method and the HZ algorithm lies between
1.4 and 14. The large number of iterations in Table 7.6 for the Erhlich-Aberth
method is due to the quality of the starting approximations of the eigenvalues.
We illustrate this fact in the next numerical experiment by changing the starting
approximations of the eigenvalues for the EA method. Another disadvantage of
the Erhlich-Aberth method is the fact that it uses complex arithmetic and as a
result, it does not preserve the symmetry of the spectrum. We illustrate this fact

in Section 7.5.
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Table 7.4: Largest relative error of the computed eigenvalues for test matrices
1-10 with n = 100.

Test 1 2 3 4 5 6 7 8 9 10

H7Z ||6.8e-14|3e-14|5e-15| 4e-15 | 1e-5 |9e-13|1e-14|1e-14|3e-15|1e-14
LR [|2.9e-13|4e-11|1e-14| 7.4e-9 | 5e7 |9e-10| 1le-5 [2e-10| 6e-7 | 1e-8
EA ||5.8¢-16|2e-16|5e-16|1.9e-16|1e-10|4e-14 |6e-16|6e-16|2e-15|2¢e-14

Table 7.5: Largest relative error of the computed eigenvalues for test matrices
1-10 with n = 150.

Test 1 2 3 4 5 6 7 8 9 10

H7 || 6e-13 |3e-12(3e-14|2e-15| 1.3 [6e-13|2e-12|2e-13|2e-14|2e-11
LR [[2.9e-12| 9¢-9 [3e-15]| 5e-9 | 2e2 |2e-10| 2e-7 | 8e-8 | 2e-8 | 2e-6
EA || 3e-16 |2e-14|2e-16|1e-16|2e-T|1e-13|7e-16|3e-16|2e-15|3e-16

The eigenvalues computed with HZ can be used as starting approximations
to the Erhlich-Aberth iteration. This can be viewed as an iterative refinement of
the eigenvalues only. The Erhlich-Aberth iteration fails to converge for test 5 and
n = 100, 150: in this case, the eigenvalues computed with the HZ algorithm are
poor approximations of the exact eigenvalues, which explains the non-convergence
of the Erhlich-Aberth iterations. For the test matrices 1 to 4 and 7 to 9, we
obtain a relative error of order 1071¢ with at most two Erhlich-Aberth iterations
per eigenvalue. For the test matrix 6, the relative error is of order 107!, with
a single Erhlich-Aberth iteration per eigenvalue. This represents a reduction of
85% in the total number of iterations compared to the case if we had used the

Erhlich-Aberth method only.
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Table 7.6: Number of HZ iterations and Erhlich-Aberth iterations, n =

150.
Test 1 2 3 4 5 6 7 8 9 10
HZ | 190 | 232 | 148 | 303 | 664 | 307 | 268 | 170 | 289 | 278
EA || 540 | 526 | 419 | 972 | 954 | 2062 | 765 | 355 | 4082 | 835

Table 7.7: Normwise backward errors for test matrices 1-10 with

n = 150.

Test 1 2 3 4 5 6 7 8 9 10
max; (1 (i, z;))||1.9e-12|2e-13|8e-17| 2e-7 | 2e-4 [9e-16|2e-11|1e-15|1.9e-11] 3e-11
max; (72 (N, z;))||1.8e-16|3e-15 8e-17|1e-11|2e-16|4e-17|1e-16{1.7e-16|1.6e-16

k 65 70 0 86 | 337 | 76 | 92 | 4 120 95
Test 9 ® Test 10
e 2 -1 D(()A) 1 2 3 ““is0 100 -50 D?}\) 50 100

Figure 7.4: The eigenvalues of tests 9 and 10 in the complex plan for n = 150.
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7.5 Bessel Matrices

Nonsymmetric tridiagonal Bessel matrices associated with the generalized Bessel

polynomials [59] are defined by T, = tridiag((3, o, y) with

2 3 Qq
(0] = —_— = —Q =
1 . 4! 1, M1 at+1
a—2
— _9 k=2:
A 2k +a—2)2k+a—4) "
2k
= k=2n-1
B 2k +a—1)(2k+a—2) e
k+a—2
Tk 2k +a—2)2k +a—3) "
We carry out two experiments. In the first one, we take n = 18 a = —8.5. In

this case, the condition numbers of the eigenvalues lie between 10% and 9 x 10'2.
In the second experiment, we take n = 60 and a = 12 and in this case the
condition numbers of the eigenvalue are between 4.4 x 10® and 5.9 x 10'°. The
HZ algorithm performed 18 and 83 iterations to compute the eigenvalues for
n = 18 and n = 60, respectively. In both cases, the largest backward error
obtained with the HZ algorithm for an eigenpair is of order 1071°. For an exact
eigenvalue Ay and a corresponding approximation \;, we denote the relative error
by €(Ao, A1) = | Ao — A1]/|o|. Figure 7.5 shows that the relative error decreases as
the real part of the eigenvalues increases. It shows that relative to conditionning
all the algorithms provide a good approximation of the eigenvalues with a real
part greater than —0.06 as shown in Figure 7.6. The Bessel matrix with n = 18
and a = —8.5 is the only example for which the HZ algorithm provides the
best approximations. In this case, the Erhlich-Aberth method performed 112
iterations, which is six times more than the HZ algorithm. Thus, there might
be less error accumulated with the HZ algorithm. For the Bessel matrix with
n = 18 and a = —8.5, we see in Figure 7.6 that the Erhlich-Aberth method does

not preserve the symmetry of the spectrum.
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7.6 Lui Matrices

In [58], for a given A € C"*" the author describes a process to build a pair (7', J)
with 7' symmetric tridiagonal and J € diag®(41) such that the pencils (A, I) and
(T, J) are equivalent. This process is based on the following theorem [58, Thm.
5.6].

Theorem 7.1 Let A € C™", p,q € R", Hr(Lk)(A,p, q) = (h(k)) € R™ "™ where

ij
hl(-;-c) = pl AFTHi=2q 4§ = 1in. If HY is nonsingular and permits triangular

)

decomposition HY = L, J, LY then the following pencils are equivalent

(HP, HD), (A1), (T, ).

-T

Here T, is the unreduced symmetric tridiagonal matriz T,, = L;IHT(LI)LH .

In [47], Liu applies this method to an n x n Jordan block A which has a unique

eigenvalue 0. The equivalent tridiagonal-diagonal pair (7', J) with

T = tridiag(h,a,b), a€R" beR"

J = diag(o), o €R",

is given below for n = 5,14 and 28.

n=5: a,=0k=1n b=[-1 V2 -1/v/2 -1/v2],

o=[1 -1 -1 1 -1],

1 if k=7,8,
n=14: ay =
0 otherwise,

bkzl, k’Zlin—l,
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o=[1 -1 -1 -1 1 1 -1 1 -1 -1 1 1 1 —1],

1 if £=7,8,14,14,21,22
n=28: ayp =

0 otherwise,

bp=1, k=1.n—1,

o(1

o= [1 -1 -1 -1 1 1 —1],

8

Q

(

(8:14) = [1 -1 -1 1 1 1 —1],
o(15:21) = [1 -1 -1 -1 1 1 —1],

(

o(22:28) = [1 -1 -1 1 1 1 —1].

For the Liu matrices, the HZ algorithm with the shifting strategies described
in Algorithm 6.5 fails to converge. The first column z of the shifted matrix is
either ey, with k = 1,2,3 or 27 Jx = 0. For the same reasons, the HZ algorithm
does not converge with the shifting strategy that consists of Francis’s shifts only.
Thus our first series of experiments with the Liu matrices are with the shifting
strategy that consists of using a double Wilkinson shift if J(n) = J(n — 1) and
a double Francis shift otherwise. For n = 5, the spectrum is plotted in Figure
7.7. The figure on the right is a zoom of the center of the figure on the left. In
Figure 7.7 (on the right), we see that the HZ Algorithm returns poor results for 4
eigenvalues. But surprisingly, it finds one zero eigenvalue (of order 10717, on the
left). For n = 14 and 28, in Figure 7.8, the HZ algorithm returns approximations
that are similar to the Erhlich-Aberth method and MATLAB’s implementation
of the QR algorithm eig.

In our second series of tests with Liu’s matrices 14 and 28, we modified Al-

gorithm 6.5 by adding a random shift. This random shift is used when the first
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Figure 7.7: The eigenvalues of Liu’s matrix 5 computed with HZ (o), EA (%) and
QR (+).

column of the shifted matrix is isotropic or when it is ey, £ = 1,2,3. With this
shifting strategy, the Algorithm fails to return 4 eigenvalues for n = 14 and 6
for n = 28 with any reasonable accuracy. For the other eigenvalues, in Figure
7.9, the HZ algorithm returns better approximations than the Erhlich-Aberth
method or even eig. For n = 28, in Figure 7.9, the HZ algorithm returns better
approximations for 10 eigenvalues.

In all these experiments with Liu’s matrices, we see that the shifting strategy
influences strongly the approximations. One interesting question and a practical
problem to solve in the future is how to choose the optimal shifting strategy
for each matrix or at each HZ iteration. Even though Algorithm 6.5 gives good
approximations for the eigenvalues with a low number of iterations in most cases,

it does not perform well on Liu’s matrices.
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7.7 Clement Matrices

Clement’s matrices are nonsymmetric tridiagonal and they were generated for
test purposes [21]. A famous example of a Clement matrix T also analyzed in
7], is defined by T' = tridiag(3,0,v) with 5, = v,—j, 7; = J, k = Lin — 1. Its
eigenvalues are +(n—1), £(n—3),...,£1 for n even and £(n—1),+(n—3),...,0
for n odd. We see in Figure 7.10 that the eigenvalue condition numbers are large

in the middle of the spectrum and small at its ends.
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Figure 7.10: Eigenvalue condition numbers for the Clement matrix for n = 50
and 100.

Since the sign of the product B;v;, j = 1:m — 1 is constant, the process
described in (7.1)—(7.2), yields a standard symmetric eigenvalue problem. In
Figure 7.11, we plot in the complex plane the eigenvalues of the problem for
n = 200 and n = 300, computed with QR. We see that they are a very poor
approximation of the exact eigenvalues. Note that applying the process (7.1)—
(7.2) to T yields a symmetric eigenvalue problem and in this case, the symmetric
QR algorithm produces good approximations. In this case, we do not present the

results with the HZ algorithm since it is equivalent to a symmetric QR.
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Figure 7.11: Eigenvalues of the Clement matrix with n = 200 and n = 300
computed with MATLAB’s function eig.

We modify the definition of Clement matrices in order to test the HZ algo-

rithm. For n = 50 and n = 100, we take

T — tr]dlag(ﬁ; 07 7)7
vo= (=5 k=ln-1,
Bi = M-y, k=Lln-1

For these matrices, we have that sign(3;7;) = —sign(5;+17;41). Thus, the eigen-
value problem (7'—\J), where the pair (T, J) is obtained by the process described
in (7.1)-(7.2) is not a standard symmetric eigenvalue problem since J # £1. The
spectrum of these matrices is plotted in Figures 7.12 and 7.13.

For n = 50, the condition numbers of the eigenvalues lie between 29 and
3 x 10° and for n = 100, they lie between 4 x 10° and 2 x 10*!. The condition
number decreases as the modulus of the eigenvalue increases at the same rate as
in Figure 7.10. The HZ algorithm performed 216 and 328 iterations for n = 50
and n = 100, respectively, while the Erhlich-Aberth method needed 352 and 758
for n = 50 and n = 100, respectively.

In Table 7.8, we compute the largest relative error between the eigenvalues

199



Table 7.8: Largest relative error of the computed eigenvalues of the modified

Clement matrices with n = 50 and n = 100.

n 50 100
HZ || 4e-15 |1.8e-14
QR|| 4e-11 | 6e-4
EA||1.3e-16{2.8e-16

computed in extended precision and the approximations obtained by the HZ
algorithm, QR or EA. Those returned by the Erhlich-Aberth method have the
smallest relative error. We see that in this example, the HZ algorithm returns bet-
ter approximations than eig (QR algorithm). The eigenvalues with the smallest
modulus have the largest relative error. This is due to the fact that the condition

number is big in the middle of the spectrum and small at its ends.
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Figure 7.12: The eigenvalues of the modified Clement matrices for n = 50.
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Figure 7.13: The eigenvalues of the modified Clement matrices for n = 100.

7.8 Symmetric QEPs

We now perform numerical experiments on symmetric QEPs. The QEP is first
linearized using a symmetric linearization and then the eigenpairs are computed
using either the QZ algorithm (that destroys symmetry) or the HZ algorithm that

exploits the symmetry. The relative backward error is computed using (3.2).
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7.8.1 Wave Equation

This example was presented in [40]. The equation of a free vibrating string
clamped at both ends in a spatially inhomogeneous environment is given by

*u ou
Y +ea(m)§ = Au, €>0, x € (0,7),
u(t,0) = u(t,m) = 0,

u(0, ) = up(x).

We search for solutions in the form

u(z,t) = Z qr(t) sin(kx)

and by applying the Galerkin method, we obtain the second order differential
equation

MG+ eCqg+ Kq =0,

where ¢ = [q1, ..., qn|, M =(7/2)], K = (W/Z)diag(jz) and

C = (ck;), cxj= /07r a(x) sin(kz) sin(jz)dz.

We take a(xr) = z*(m —x)? — 4§, § = 2.7 and € = 0.1. The quadratic matrix

polynomial of interest is then defined by
Q) = MM + X\eC + K.

Its eigenvalues are plotted in Figure 7.14.

We compute the eigenpairs of () for n = 50,100 and n = 200. In Table 7.9,
we compare the QEP normwise backward errors for eigenpairs computed with
the HZ or the QZ algorithm. We see that the eigenpairs computed with the HZ
algorithm have smaller backward errors than those computed with QZ.

For n = 200, we plot in Figure 7.15 the modulus of the eigenvalues against

the logarithm of the backward errors. On this example the eigenvalues computed
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Table 7.9: Largest normwise QEP backward error.

n 50 100 200
HZ 5e-14 | 9e-13 | 4e-11
QZ || 1.9e-12 | 2e-11 | 1.5e-10

with the HZ algorithm, marked with o have a smaller backward error than the
ones computed with the QZ algorithm (+). This also illustrates the fact that
QZ is not necessarily backward stable for the solution of QEPs. The condition
number of the matrix H that reduces the pair (A, B) obtained from a symmetric
linearization to a tridiagonal-diagonal pair is relatively large, 5.2 x 102 for n = 50,
6 x 103 for n = 100 and 8.6 x 10* for n = 200. It appears that this ill conditioned
matrix does not have a high influence on the backward error of the approximate

eigenpairs of the QEP.
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Figure 7.14: Eigenvalues of the wave equation for n = 200.
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Figure 7.15: Backward errors of the approximate eigenpairs (with A = «/f) of
the wave problem computed with HZ (o) and QZ (+) with n = 200.

7.8.2 Simply Supported Beam

The model of a simply supported beam can be described by [77]
o 0u ou
El 0 T—x
ot Mg O gy

u(O t) :u(L t) =0,

50,0 = ZH(L.1),

where 0,5, is the Dirac measure centered at x, and

=0,0<x<L,t>0,

E=7x10" 1=625x10"° L =1, paL = 0.675.

Using the Galerkin method as in the previous example, we obtain the quadratic

matrix polynomial
Q\) = M+ D+ K,

where M and K are symmetric and D = egef. We took n = 200 and z, = L/2.

In this case £ = 100. The spectrum is plotted in Figure 7.16.
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The QEP backward errors for the approximate eigenpairs lie between 10~7
and 10~® with QZ and between 8 x 107 and 3 x 107! with HZ. In Figure 7.17,
we see that the backward errors obtained from QZ is almost constant and large
whereas the backward errors from the HZ algorithm decreases exponentially with
the modulus of the eigenvalues. We see that on this example, the HZ algorithm
is more backward stable for solving the QEP than QZ. Note that only 367 HZ
iterations are performed which is less than one iteration per eigenvalue. Thus, in

this case the HZ algorithm is highly competitive with QZ to solve QEPs.
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Figure 7.16: Eigenvalues of the beam problem with n =200 computed with HZ
(o) and QZ (+).
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Chapter 8

Conclusion

8.1 Summary

We gave the condition number for an eigenpair of a PEP in its homogeneous
form, where the perturbations are measured with weighted Frobenius norms. It
has the advantage of defining relative condition numbers and partial condition
numbers where we assume that some coefficient matrices are not perturbed. Using
this approach, the condition number for A = 0 and A = oo is defined. We also
computed the backward error of an approximate eigenpair of a homogeneous PEP.
This work contributed to the improvement of polyeig in MATLAB (version 7.1)
which allows this routine to return condition numbers in the case of an infinite or
zero eigenvalue. We also computed structured condition numbers and backward
errors. We gave a method that computes the structured backward error of an
approximate eigenpair of a symmetric GEP in O(n?) operations where the O(n?)
operations comes from the computation of the residual vector.

We proved that the set of hyperbolic matrices or generally the set of (J, J)-

unitary and the set of (.J, J)-orthogonal matrices are differentiable manifolds. It

allows us to define local coordinates which permits the application of the implicit

207



function theorem to analyze the perturbation expansion of matrix factorizations.
Since the HZ algorithm is based on the HR factorization, we started by analyz-
ing its perturbation bounds for each of its factors and we continued by giving
a detailed analysis of perturbation bounds for several matrix factorizations: the
indefinite polar factorization, the hyperbolic singular value decomposition and
the diagonalization of a symmetric pair with respect to a signature matrix. In
each case, we computed the condition number of the factorization. For the last
factorization, we considered the eigenvalue problem (S — AJ Jr = 0 with S sym-
metric, J € diag(+1) and the associated factorization (S, J) = HT(D, J)H where
H is (J,J,C)-orthogonal, J € diag,(U) and D diagonal. We gave explicit com-
putable expressions for structured eigenvalue condition numbers and described
an algorithm to compute them when the structure is linear.

We presented an implementation of the HZ algorithm with several improve-

ments. The problems with single shifts are:
1. Need to use complex arithmetic to solve a real problem.

2. The HR factorization does not exist when the shift is a complex eigen-
value by an argument similar to that Theorem 6.2. This may prevent the

convergence of the algorithm.

We have seen that an implementation with a double shift allows to define the
matrices of the next step for almost every unreduced pseudosymmetric tridiag-
onal starting matrix. We also analyzed a shifting strategy that reduces in most
cases the number of iterations to 1.3 on average per eigenvalue. Moreover, the
HZ algorithm preserves the pseudosymmetric form and all the computations are
done in real arithmetic. It has a low operation cost. As we have seen in the
numerical examples, it returns a very good approximation of an eigenpair for

well conditioned problems and it returns comparable results to other classical

208



algorithms when the problem is ill conditioned.

8.2 Future Projects and Improvements

In Chapter 6, we presented three shifting strategies for the HZ algorithm. The
shifting strategy influences the speed of the converges. We also have seen that
the HZ algorithm may fail to converge with one shifting strategy and converge
with another one. We see that there is a crucial need in obtaining an optimal
shifting strategy for the HZ algorithm.

The second improvement to be made in the HZ algorithm would be a stable
implementation of a Newton’s method for the iterative refinement that solves
directly the problem of diagonalizing a symmetric matrix with respect of a sig-
nature matrix. This idea can be explained as follows. We have computed the
condition number of an eigenpair by giving an explicit expression of the condition
operator. This condition operator can be used in the Newton method with the

notation in Section 4.8:

dgg, (H'SH,)AH,., = JH;"T Y (H'D,H,)(R,),

dgp, (H' S, H,)AD,,;, = Hyz(H,"R,H™),

where R, = S—H!'D,H,, AH,, = H,;1 — H,, AD,,,1 = D,,,1 — D,, and dgp,
and dgp, are given by (4.72)-(4.73). Theoretically, at cach step H, € O(J,.J,C)
but in practice due to rounding off errors the matrices H, are not necessarily
on the manifold. Thus, the problem becomes finding an implementation that
guarantees that these matrices are on a nearby manifold of the type HT JH =
J +O(€) with e small. For the orthogonal case, several authors suggested to apply
a QR factorization to the orthogonal factor at each iteration (see for example [19])

which allows the matrices to be numerically orthogonal (which implies that € is
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relatively small). This occurs because the QR factorization is a more stable
process than the HR factorization.

There have been recent improvements on linearizations of matrix polynomi-
als where a whole class of linearizations were described. There were also recent
improvements on the conditioning of linearizations of matrix polynomials. There
are two unsolved problems that persist. We need to characterize all the lineariza-
tions of matrix polynomials and we have to find an algorithm that will allows
us to choose the appropriate linearization to a given polynomial eigenvalue prob-

lem.
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