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The Hooley-Huxley Contour Method for Problems
in Number Fields II:

Factorization and Divisibility

M D Coleman

1. Introduction

Let L be a Galois extension of the number field K. Set n = ng =
deg K/Q, ny, = deg L/Q and np x = deg L/K. Let I = Iy /i denote the
group of fractional ideals of K whose prime decomposition contains no prime
ideals that ramify in L and let P = {(«) € I : « € K*,«« > 0}. Following
Hecke [9] let (A1, A2,...,\n—1) be a basis for the torsion-free characters on
P that satisfy \j(e) =1, 1 < i <n —1, for all units € > 0 in O, the ring
of integers of K. Fixing an extension of each A; to a character on I then
Ai(a), 1 <i < n—1 are defined for all ideals a of K that do not ramify in
L. So for such ideals we can define ¥ (a) = (¢;(a)) € R*~1/Zn~1 = T"~1 by

\j(a) = e>™¥3(@)_ Then the small region of K referred to above is

S(z,¢g,l) = {ael:z(1—-4)<Na<z(l+17),

[v;(a) — PglT < 4, 1§j§n—1}

for0 << %, and ¥ € T™~!, with the notation that, for any a € R we set
|a|r = B where (3 is the unique real satisfying —% <p< %,ﬁ = a(mod1).
In [1] and Theorem 2 of [4] we showed that we can count the number
of prime ideals in S (z,vq, ), when L = K, as long as ¢ > g5/ +e,
The method of proof is by standard methods of contour integration and
Dirichlet series. If we were only interested in enforcing the one condition
(1 —¢) < Na < z(1 + {), then the Dirichlet series considered would be
the Dedekind zeta function in K or, if there are congruent conditions on

the prime ideals, the Hecke-Landau L-functions with characters of finite



order. See, for example, Sokolovskii [25] for such results. To deal with
the restrictions on the t;(a) it is necessary to use Fourier series which
leads to terms H;:ll e2mimiv(a) — H?:_ll )\;»nj (a), denoted by )\F‘(a), m =
(m1,ma, ..., mp—1) € N1 where Ny = N U {0}. These are examples of
groessencharaktere, characters of infinite order. So now we need to consider
Hecke L-functions with groessencharaktere. These go back to Hecke [9] but
see also Kubilius [14], [15] or Fogels [8] for examples of uses of such Dirichlet
series.

In this paper we consider 6, a complex-valued multiplicative function of
ideals of I such that, if the Frobenius classes in G = Gal(L/K) of different
prime ideals p and q of I are equal, that is [(L/K)/p] = [(L/K)/q], then
O(p™) = 0(q") for all n > 1. Following [21] we will say that 6 is Frobenius
with respect to G. Similarly let ©® be a Frobenius multiplicative function
with respect to G but with values in some finite multiplicative monoid I' =
{71,725 ---»7¢}, say. Then, for each 1 <i < t, we can define

wi(a) = #{p"||la,O(p") =7;} and Q@)= Y n
@(l’;:‘)‘i%

We will consider vector-valued functions f(a) = (fi(a)),<;<, Where, for

each 1 < i < t, fi(a) is either w;(a), Q;(a) or Q;(a) — w;(a). For z =

(21, ..., 2¢) € C define
t

L@ — H zifi(“).
fla@o
In the first result of this paper we evaluate 3 .cs(s.4,.0 0(a)z{@. The
Huxley-Hooley method reduces this sum to an integral of a Dirichlet series,
see equations (6) and (7) below. This integral is of a type seen in proofs of
Selberg-Delange type results, as seen in [26], Chapter IL.5 or [29]. As a corol-
lary of this result we are able to count the number of ideals a € S (z, 9, ¢)

that are the relative norms of ideals from some given number field extension

of K. The original problem in [22] of counting squares and sums of two



squares, which spurred on the development of the Hooley-Huxley method,
is one of counting rational integers that are the norms of ideals in Q(¢). The
main motivation of this paper is, though, the counting of irreducible integers

a € K satisfying (a) € S(x,1,£). This is Theorem 7 below.

1.1 First Result Given a conjugacy class, C' in G, we know that ©(p),
and thus f(p), is constant for all p with [(L/K)/p] = C and so we can
write z¢ for the value of zf®) for any such p. We can now define a(z) =
> |C10(C)zc /|G| with the obvious meaning for 6(C'). We now have all the

notation necessary to state our first result

THEOREM 1 Let A > 0 be given and define A;,1 < i <t by A; = A if
fi=w; and A; = q(l)/4, where qy is the smallest norm of the prime ideals of
K, if fi =Q; or Q; —w;. Assume that |z;| < A; for all 1 <i <t.

Let p € 1. Assume that if ©(p"™) = ~; and if f; = w; then O(p™) < "
for some ¢ < qé/Q while if f; = Q; or Q; —w; then 6(p™) <K " for some
c< q(l)/4.

Let M = sup |a(z)|, where the supremum is over allowable z. Let € > 0

be given and assume that £ satisfies

"y x—5(1—e)/12nk if L/K abelian (1)
5 > L >
2 g31=8)/2(nL+3nK)  otherwise.

Then for all 1, € T"%~! we have

nK J
LG i Z = (2)

1 a
aeS e d) (log x) = log x)J

a integral

+al™ Ey(z) + O(xl™ exp(—R(x))),

for some coefficients c;(z), with R(x) = r1(logx)'/3(logloga)~/3. Here
Ej(z) =0 if a(z) is an integer while otherwise

1 e J + 1\ M
E;(z) <um (log 2)1-Fea() {< log 7 > + {(colog x) (3)
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subject to J+ M + 1 < ¢cglogx. Here, k1 and ¢y are constants that depend

on M as well as K and L while cy depends only on L and K.

From the proof we see that if J < M then the last term in (3) does not
occur. If J = J(z) = ra(logz)/3(loglog z)~*3 and ¢ < exp(—R(x)) then
Ej <zl exp(—R(z)) (with the convention that x; need not be the same

at each occurrence). Note that M <, A.

PROOF The sum on the left hand side of (2) is a particular example of
the quantity A (z,1g, ) defined on p.251 of [5]. This quantity is seen, in
equation (21) of [5], to be related to the Dirichlet series

fo) - Y 0(a)zf @ \D (q)
F (S’ m7 Z) —_— N—as.
acl
a integral

In examining for what s this series converges we consider the Euler prod-

uct Hpe] (1 + Uy (S, ﬁ,z)) , where

- o(pn Zf(p"))\ﬁ p"
Up(s,m,z):z ( )ans ( )
n>1

The analytic properties of Euler products are dictated by the n = 1
terms in U, (s, m, z) . Given a prime p € I, we can construct a characteristic
function for the conjugacy class that contains p by using characters on G. For
each irreducible character ¢ on G, let ¢ (p") = ¢ ([(L/K)/p"™]) for primes
unramified in L. For each conjugacy class C choose an element g € C, let
H = (g) be the cyclic group generated by g, E the fixed field of H and let x
denote irreducible characters of H. Then it is known, see for example p.422

of [16], that for p € I

e(p) £(p) Am c
Also, from p. 430 of [16] we have

> d9)e =D X)X,
P

X

>/
Bl
s




where x* is the character on G induced from y on H. Thus

0(p)z" PN (p) _ S se0(0) ¢! Z Am<p>_

Nps = IGI

Now, for p € I, define

=3 w00(€) gy o) Y MR AT

Thus the r = 1 term for V}, (3, m,z) equals the n = 1 term for U, (s, H,z).
This is important when we apply a result due to Delange [6] rewritten in [5]

as

LEMMA 1 Assume that {Up(s,2z)}p and {Vy(s,2)}y are sequences of complex
valued functions defined on C x CN. Assume that on some domain D C

C x CN there exist, for all p, positive constants Up and V, satisfying
|UP(S¢Z)| < Up7 |Up(8az) - %(S,Z)| < ‘/P

along with
Z Ug < oo and Z Vp < 0.
p p

Then the infinite product

H(l + Up(s,z)) exp(—Vp(s,2))

p

s absolutely and uniformly convergent on D and bounded on D.

By the conditions of the theorem we have, whatever the choice of f, that

|0(pn)zf(13")| < " with some ¢ < qé/z

where ¢y is the smallest norm of the
prime ideals of K. Hence we can show that, as in section 2 of [5], given

o1 > % then, for Res > o1, we have

2
C
Npo_l + B(Npo.l) ’

with constants co = c2(A, 0),c3 = c3(A,0,c,01). It is then easy to see that

‘Up (37sz)‘ <

both conditions of the lemma hold and that we can conclude that

Fy (s, ﬁ, z) = H (1 + Uy (s, a,z)) exp (—V,J (3, ﬁ,z))



converges absolutely and uniformly for Res > o1, all m and all z satisfying

the conditions of Theorem 1. Now

- C|
[Texp (Vi (s..2)) = exp che@laé ZZXKTNKW =

pel C pel r>1
From the study of the contribution to L-series of induced characters, as
described in Chapter XII, Section 3, of [18], we see that the inner series over

r equals

Xe(d NE/KCI )
Z Z ’I’LNEC[”S

qlp n>1

where the outer sum is over prime ideals q of E lying over p, and where x
is now considered to be a character on the narrow ideal classes mod f of
for some conductor f. Hence the inner double sum differs by only a finite
number of primes from log L (s, XE)\?/K) where L (s, XEAg/K> is defined

by _
Z Xe(@)A"(Ng/ka)

NEClS

9

(a,f)=1

for Re s > 1. This finite number of primes can be absorbed into Fj (5, m, z) .

Hence
— — B Oé(C,X,Z)
F(s,m,z) =F (s,m,z)HHL(s,xEAE/K> , (4)
C x

where F (s, m, z) satisfies the same properties as Fy(s, m, z) and o(C, x,z) =
|C10(C)x(9)zc/|G|. The L (s XE)‘E/K) are L-functions in F with groessen-
charaktere from K.

The Hooley-Huxley method of [5] firstly deals with the weighted sum

ct+iW
S 0@ 0 % g ST ame [ GF (s.52) ds, (6)
a Hm\|<W c—iW
where ||m|| = maxj<i<;|m;i|. The weight 6. is a product of continuous

functions approximating the characteristic functions of either the interval

[(1 = £),z(1 + £)] for Na or intervals (—¢,¢) for each of the 1;(a). The



approximations differ from the characteristic functions on intervals of length
< xA or < A, respectively. The g(s) and ag; arise in (5) as either the
Mellin transforms or Fourier coefficients of the approximations, and satisfy
am < ag = (20 + O(A))*! for all m and g(o + it) < £z° for all t. The
truncation W can be taken as (log®2)/A and the notation ~ in (5) means
that the two sides differ by an arbitrary small function of z.

The lines of integration in (5) are moved to the left of Re s = 1, though
when M = 0 we have to retain a loop about s = 1. The final position
of the lines depend on the position of the zeros of the L-functions in (4)
and on the growth of these functions. Their growth on vertical lines is
measured in terms of V (mi,¢)"” where np = deg E/Q, and V (m,t) =
{1+¢+ Zm?}l/ ? while in [5] growth of the L-functions that occurred
there was measured in terms of V (ﬁ, t) "K which has a smaller exponent.
Yet, the arguments can be followed through Lemma 14 and equations (32)
and (34) of [5] to see that the change in exponent can only alter the constant,
k1, in our definition of R(z). We have the same quality of zero-free region
for the collection of L-functions in F (s, 1, z) as we had in [5], the only
difference being the dependency of a constant on the fields E that arise and
this only effects the implicit constant in our final result (2).

We now apply zero-density results, that is, bounds for

Npjg(@, W)= >, >, >, 1

[m][<W X |y [<W
Bmin 20

where pgm = By + 1V, satisfies L (,omx, XE)‘?/K) = 0. From Theorem

5 of [4] we have that, for any € > 0,
W (12nk /5+€)(1—0) (log W)<4 if E/K is abelian,
NE/K(U, W) <
W Rnet+3nk)/3)1-0) (]og W) otherwise,

uniformly for 1/2 < o < 1, where ¢4 depends on e. There are stronger

results in [4] for when ng < 5ng, but to get any advantage from these we



need to have ng < bng for all E C L, in which case ny, < 5ng. But then
L/K must necessarily be abelian, given it is Galois, as must be then every
E/K, and we can use the first of the bounds for Ng (o, W) on each E,
giving a result depending only on K. So the additional results in [4] do not
improve the bounds in (1).

Given a zero density bound of the form W51~ 1og® W, the methods of
[5] can be used to estimate the contribution of the new lines of integration,
as long as ¢ > z~(179)/B_ The weights 0., can then be “stripped” from
(5) and we can prove the following version of Theorem 1 of [5]: Under the

conditions of Theorem 1 we have

> ()2 — I(2,£) < 20" exp(—R(x)) (6)

aeS(x,%q,0)

a integral

where
(25) L x(14-0)
_ " s—1 Y
I(z,0) = = / /y F (s, 0 ,z) dsdy. (7)
z(1-¢) Co

Here Co ={s € C: |s — 1| = cp,s # 1 — ¢} is traversed in the anti-clockwise
direction, and ¢y is chosen so that F(s, H,Z) has no singularities on the
boundary or in the interior of the circle of radius 3¢y with centre 1 except
for s = 1. The evaluation of the integral over Cy is a standard calculation
in proofs of Selberg-Delange type formula; see, for example Chapter I1.5 of
[26] and, in particular, pages 189 and 190 of that book. From (4) we have,
for |s — 1] < 3¢p, that

F(s,ﬁ,z) :( 1 >a(Z)H(S,z),

s—1
where a(z) = Y~ a(C,1,2z) and H(s,z) is analytic in |s — 1| < 3¢ for those
z of Theorem 1. If «(z) is a non-positive integer, then there is no pole
in the integrand in (5) and so no main term in (2). If a(z) is a positive

integer, then we can move the line of integration over the pole and we get a



contribution, the number of terms of which is independent of z. Otherwise

we expand H(s,z) about s =1 as

H(s,z) = hj(z)(s — 1)’

o J+1
hj(z)(s — 1Y +0 (<‘2601|> ) , (8)

valid for s € Cy, all z of Theorem 1 and all J > 1. The error here arises

= 102

I
=)

J

from the bound h;(z) < (2¢p) ™ for all j > 1, valid for all z of Theorem 1.
The integrals over Cy of the J + 1 terms in the sum are truncated Hankel
integrals. As in the derivation of equation (24) on p.190 of [26] we can
deduce that

1

21
Co

—

O,Z)ds

aJ + 1\’
ZF —J logy) +O<< 110gy ) > )

There is no condition on J in this result. The error here, the first in E;,

ysle (8,

(logy —al

also dominates the contribution from the error in (8). For the integral over

y in (7) we use

/ dy 2 |y
(logy)?  (logz)? — (logz)Rer+l’



Using this on the terms in the sum in (9) gives an error

J :
7+ 1 - a(z)|

2 ‘ |
<< jzz;) (QCO)J’F(Q(Z) — ])’(log .’1})-7+2_Rea(z)

« y— + 1
M (log z)l—Real#) IC(a(z) — 2M)]

—_

J . .
l7+1—a(2)|lj — a(z)]...2M + 1 — a(z)]
% Z (2¢p log x)i+1

j=2M

f? LG+ M+ 1)
log z)1—Rea(z) = M!(2¢colog x)it!

< M
(
< x0%(2co log )M ZJ: J 4+ M + 1\ /M
M (log x)1-Real(z) = 2¢p log x

which leads to the second term in £y when J+ M + 1 < ¢glogz. [ |

The leading coefficient, cy(z), of (2) equals ho(z)/T'(a(z)) = H(1,2)/T'(a(z)).
In applications we will often write ¢o(z) = a(z)U(z). Importantly, if a(z) =
0 then U(z) # 0 though ¢(z) = 0.

Note that

H(s,z) = (s —1)*®@F <576>,z) = ({ZI((S))Q(Z) F <S,6>,Z) h(s)*®),

where pj is the residue of the Dedekind zeta-function of K (g (s) at s =1,
and h(s) is a function analytic at s = 1 with (1) = 1. Hence

oz 1\ 0(p™)zt ") 1\°@

pé¢I pel n>1

NOTES (i) If £ = 1/2, the bound (3) on the error x¢"¥ E;(z) dominates the
main terms of (2). We should expect this since the coefficients ¢;(z) con-
structed in the proof are not what appear when ¢ = 1/2. The proof when
¢ = 1/2 differs from above in that we require an expansion for s~'H (s, z)
about s = 1 in place of (8). This leads to a result of type (2) with ¢;(z) re-
placed by d;(z) defined by dy(z) = co(z) and d;j(z)—c;j(z) = (j—(z))d;—1(2)
for all j > 1.

10



(i) If f; = Q; —w; for all 1 <14 <t, then z¢c = 1 for all conjugacy classes.
If, further, # = 1, then o(z) = > |C|/|G| = 1 for all z. In this case there is
only the j = 0 term in the sum on the right hand side of (2). With further
work we can extract terms of lower order. By the methods of the above

proof we can show that, in the present case,
N — 5(C,X,Z)
F (s, m,z) = F, (s, m,2) L <s, Am) [111Z (25, XEA?;‘}‘K) . (10)
C x

where B(C, x,2) = |C|(z& —1)x(9)/|G|. Here 25 = [['_, zggifwi)(pZ), for any
p: [L/TK} € C, and so z} = z; where j is given by O(p?) = 7, for such p.
The factor Fy(s,m,z) converges absolutely and uniformly for Res > o9 for
any o9 > 1/3, and is bounded in any such half plane for all m and for all z
satisfying the conditions of Theorem 1.

If we had factorized z/(® = (1% g,)(a), then the Dirichlet series for g,(a)
would have the factorization (10) but without the L (s,)\m) term. The
ideas of Theorem 1 would then give a local result for g,(a), with main term
(20)"x 21/2¢(z) ) (log x)°@) =2 where B(z) = 3 |C|2%/|G|, subject to either
0 > g=50=8)/24nK op ¢ > =3(1-€)/4(nL+3nK)  But it would then be difficult
to recover a similar result for zf(®. The Dirichlet-Hyperbola method as
used by Delange [7] and Wu [28] in similar problems for rational integers
fails because of the large errors encountered when counting the number of
ideals with norms in given intervals.

Instead we consider (10) directly and apply the methods of Wolke [27].
So now the lines of integration in (5) are moved back to Res = 3 —
c6L_2/3L;1/3 = %—n, say, where L = log W and Lo = log L. Apart from the
value of c¢g, this is the edge of the zero-free region for the L (23, X E/\ZE?K>
factors in (10), when [t| < W and ||m]|| < W (see [2]). Because of a possible
singularity we have to keep a loop, B, around s = 1/2 when m = 0. If we

try to move the vertical line of integration further to the left with the inten-

tion of using the ideas of the Hooley-Huxley method it becomes difficult to

11



estimate the L (s, )\B> factor in (10). Because of the weight function g(s)
in (5), the contribution from the horizontal lines of integration in the new
contour is arbitrarily small. On the new vertical line of integration we use

first use the bounds

)ﬁ(CVX:Z)

L (ZS,XE)\%H/‘K < LA,

for some A > 0, which hold if ¢g is sufficiently small. As in [27] this follows

from a Richert-type bound
L <SaxEA§/K) < werlt=a? s,

for Res > 1 —cg,|t| < W and ||m|| < W (see [2]), and an application of the
Borel-Caratheodory Theorem to log L (s, X E)\gn/ K)
For the factor L <s, )\m> in (10) we use the functional equation

L <s, Aﬁ) — A5G <s, Aﬁ) L (1 _ s,ﬁ‘) .

Here A = |di |7~ ™527" and G is a quotient of gamma functions satisfying
G (s,)\a) < W39 for the present range of |[t| < W and ||m]|| < W.
After switching L (% —n+it, )\m> to L (% +n —it, Xﬁl> , we apply a fourth
power moment result. (Such a result on the line Res = 1/2 4 7, as opposed
to Res = 1/2, can be given by a method of Ramachandra’s. See the proof
of Lemma 10 of [3], for similar results.) Thus the contribution from the new

vertical line of integration in (5) will be

nKg ng \ "
< agla'PTIWrET WK LY « x1/2<£> (Wx ) LP

2 (L™ 1 nLE 11
<L Z A”Kw . ()

When s is near 1/2 we can write
B(z)—1
1
F(S,H,Z) = H0(57Z)7
s—1/2

12




with Hy(s,z) analytic in some small disc around s = 1/2, of radius 3cg, say,
and all z in Theorem 1. Then the integral around B can be evaluated in a
manner similar to (9) above. The leading term of the resulting sum is

9(y)
agHo(1/2.8) [ O
0 y1/21og? P2 4

_ (2@”1;09:2/252)(916/2@) <1 Lo +0 @)) _ (12)

Only if A"% > z=7/(0+1) can (12) dominate (11). Then we can recover
an asymptotic result for the weighted sum (5) which includes explicitly the
contributions from the poles of (10) at s = 1/2. Unfortunately, if we strip
the weights from (5), then we introduce an error of O(x{"%~*A) (assuming
||z]| < 1).To ensure that this error is smaller than (12), we have to take A
so small that (11) dominates everything.

Instead, we accept that the poles of (10) at s = 1/2 will contribute to
the error in our final result. We choose A by equating (11) with x/"x~1A,

to get

A — El/(n+1+nn)$7(1+277)/2(n+1+m7) )

It is quickly checked that for such A, the contribution from (11) domi-
nates (12). We also require A < ¢, which certainly holds for ¢ > /27K p=n/4nK

say. Thus we obtain
THEOREM 2 Let f; = Q; —w; for all 1 < i < t. For ||z|| < 1 and

a2 exp(—R(x)) < £ < 1/2 we have

Z 2fV = 2(20)"5H(1,2) + O <$172<"1+1)£n_1+%+1 exp(—R(z))) .
acS(z,,0)
|

If £=1/2 and z = 1, the error is weaker than we might expect, namely
O(z'~1Y/"x), but, nonetheless, the main term dominates for £ > z~/?"x exp

(=R(x)), which is an improvement on Theorem 1.

2 Applications In the first two examples we set z = 1 in Theorem 1

13



2.1 Norms of ideals Let F' be any number field extension of K. For the

integral ideals a of K define

0:(a) 1, if ais the relative norm of a fractional ideal of F,
1\a) =

0, otherwise,
and

02(a) 1, if a is the relative norm of an integral ideal of F,
2(a) =

0, otherwise.

It is easily checked that these functions are multiplicative (see, for ex-
ample, Lemma 1.1 of [20]).

Recall that in our definition of S(x, 1), ¢) we restricted to ideals that did
not ramify in L/K. For such primes, it is easy to check that 6;(p) = 1 if,
and only if, pOp = [[%_, P; in F, where the P; satisfy Ny xP; = p" with
hi, for i = 1,2, ..., g, collectively co-prime, while 02(p) = 1 if, and only if,
some h; = 1 (see for example Lemma 1.2 of [20]). These conditions on h;

can be controlled by Proposition 2.8 of [11].

Let L/K be the Galois closure of F/K and let H < G = Gal(L/K) be
the subgroup that fizes F' elementwise. Suppose o € [(L/K)/p] has cycles of
length h1, ..., hs when acting upon the cosets of H in G, then p decomposes
in F as p=[[;_, Pi with Np)P; = phi.

Of course, the cycle structure of o depends only on the conjugacy class
containing it; hence 01 and 0, are Frobenius functions with respect to L/ K.
Thus we obtain asymptotic expansions of the form (2) for both the number
of integral ideals in K, unramified in F, that are the relative norms of
either fractional or integral ideals from F'. In both cases, without further
knowledge of particular examples of /' and K we can say little other than
the results hold for £ > x~3(1-€)/2(nL+3nK) where ny, = deg L/Q, unless the
extension is abelian when we have ¢ > x=5(1=)/12nx  The result for 6; is
then a localized form of the analogue in L/K of Theorem ITA of [20]. The

result for 6o was promised in [4].

14



2.2 Modular Forms The examples above are special cases of the following
situation considered by Serre in [24]. Let g be a multiplicative function
defined on the ideals of K such that there exists a Galois extension L of K
such that
L/K
{p : p unramified in L/K and g(p) =0} = {p : [L] € U Cr} ,
rerR

for some union of conjugacy classes in Gal(L/K). Define

1, ifg(p) #0

0, ifg(p)=0
which is then a multiplicative Frobenius function. Thus we can apply Theo-
rem 1 with z = 1 and 6 = g to obtain results on #{a € S(x,,¢), g(a) # 0}.
The main term will be of the form ¢(2¢)"z/(logz)? for some constant c,
where 8 =Y . |Cr|/|G] is thus a measure of the density of prime ideals p
for which g(p) = 0.

For a particular application, we examine Ramanujan’s 7-function defined
formally by 3, -, 7(n)q" = q[1,,>1(1 — ¢™)*!. If we write restrict to ¢ =
e?™% with Im z > 0, then f(z) = > n>17(n)g" is a modular form of weight
12. Let m be a rational prime. As in [24], it is known that there exists a
field extension K, of Q and an irreducible two-dimensional complex linear
representation p : Gal(K,,/Q) — GLo(Z/mZ) such that, given a prime
p unramified in K,,, Trp([(K,/Q)/p]) = 7(p) modm. This shows that,
outside the integers that ramify in K,,, the arithmetic function 7 modm is
a multiplicative Frobenius function. Further, if m > 691 the map p is a

bijection and so deg K,,, = (m? — 1)(m? —m). Thus we obtain

COROLLARY 1 For a prime m > 691 and

log h 3
BN

1> Yog 2((m% —1)(m? —m) + 3)

it follows that
tH{x <n<z+h:7(n) #0(modm)}

15



has an asymptotic expansion in the manner of (2) with main term

Coh
(1 B)(logz)?’

for some constant cy independent of m and where 3 =m/(m? —1).

PROOF We need only check the exponent of the logarithm which, because of
our bijection, we can do by counting the number of elements of GLo(Z/mZ)
with trace 0. There are m?(m — 1) such elements so 3 = m?(m — 1)/(m? —

1)(m? —m) = m/(m? — 1) as required. [ |

2.3 Counting prime divisors Define Ny, = Ny U {oco}, where the symbol
oo is simply a notational device so that, if k € Ni then we can write
f(a) = k to mean f;(a) = k; if k; # oo, and there is no condition on f;(a) if
k; = oo. Then, for each k € N%_ define
v, v, 0) = Y 0(a),
a €8(z,b,0)

a integral
f(a)=k

where 0 satisfies the conditions in Theorem 1. Let H = H (k) = {i : k; # oo}.
If H = () then vy (x, 1), £) is simply the ¢ = 1, z = 1 special case of Theorem 1.
So we assume that H is non-empty. For each ¢ € H, we enforce the condition
fi(a) = k; by the standard method of integrating the variable z; in (2) along
a circle about the origin. For instance, start with the J = 0 case of (2). This
contains the term a(z) = 3 |C16(C)z¢ /|G|, where zc = [ 1, ()20 zlf’i(p) for
any prime ideal p with [L/TK} = C. But, for any such p, we have ©(p) = v;
for some 1 < j < t. So fi(p) = 0 for all i # j and fj(p) = 1if f; = w;
or €, zero otherwise. Hence z¢ = z; if f; = w; or Q;, while zo = 1 if
fj = Qj —wj. Let {Cj;} comprise all the conjugacy classes containing prime
ideals p with ©(p) = v;, and set §; = >, |Cy5|0(Cy5) /|G|, a weighted density
of such primes. Then

a(z) = Z (5ij + Z 5j.

J: 72 —w; J: =5 —w;

16



If i ¢ H, then we are not enforcing a condition on f;(a) and so we
put z; = 1 in our instance of Theorem 1. We will use the notation that,
given any t-tuple z, then zg is the ¢-tuple given by zo; = 1 i ¢ H and
zgi = z if i € H. Our instance of Theorem 1 now contains the term

a(zo) = a+ ZjeH:fj;éQj—wj 0;zj, where

o = Z 5j+ Z 5j-

JEH J:fi = —w;
Ji 78 —w;

For simplicity define 5;- = 0; if f; # Q; — wj, and zero otherwise. Now
multiply both sides of the J = 0 case of (2) by [ [,y zi_(kiH) and integrate

over |z;| = r; for each i € ‘H, with r; < A; to be chosen. Then the integral

of the main term contains the factor

dz;
logl a(zo) - kz-‘rl

|23 =1 1€H i
dz:
/ /co Zp) exp Z 5 Xz kjl—l
il =i jEH ieH “i
exp((S Xzj) P(X)
g ] - oo L= s = 5.
|2i|=ri zE'H i &

where X = loglogz. To describe this polynomial P(y) further we require

extra notation.

e Given any v = (v1,...,v¢) € N, we write v = (v;)ien € NJ* where
m = #H. Also, we will write v and ||v||s, interchangeably, for

D ier Vi

e Let & = (6));en, which is not derived from a ¢-tuple, but we use a tilde

to show that it is indexed over H.

e Let b =Db(k) € N} be defined by b; =0 if i € H and 1 if i ¢ H. Then
a(b) = a.

17



/

o Write a(Z) = 3¢y, 0%

e Finally, given k = (k;)iery € NI, we write cp = kl/ [Licy ki!, the

multinomial coefficient.

Then Fico(b)
Catp_z0" o N
P(y) = Zﬁ: M]g(éjy)kﬂ 7,

0<n; <k;,i€H,5;>0

where 0™¢g(z) denotes the partial derivative of ¢o(z) at each z;,i € H, of
order n;. We can see that deg P < > {k; :i € H, fi # Q; —w;,0; # 0} < k.
For simplicity we will assume that, if 0 < k; < oo, then f; # ; — w; and
d; # 0. In this case, > {k;:i € H, fi # Qi — w;,0; # 0} = k. The first few

terms of P(y) are

c-ak ~ c~5i; ks ~
Ply) = Kby +E—> Lo, by + ..
k! k! 0
: ©ojeH Y
k‘j>0
=k =k
cEa P cia ~ d
= < —aU(b < kU (b —U(v(t
ot (b + K (RU) + a GU)

> ykfl + ...
t=0

where v(t); = 1if i ¢ H, tk;/d, if i € H and k; > 0, and zero otherwise.
Note that the second term dominates the first if & > ay. Since k satisfies the
above assumption then ak = [Licn (52’“ is well-defined and non-zero (under
the convention that 0° = 1). This is because, if §; = 0 for some i € H,
which can only happen if either f; = Q; — w; or §; = 0, then k; = 0 by our
assumption. Hence deg P = kif o # 0 and deg P = k—1ifa=0.

With the choice of r; = k;/(]0;]X) for each i € H, the error from the

J =0 case of (2) contributes

MK 1 [ i 5L X))k
< 3727_01 H k-/ exp(d; Xr; cos0)dh < w2_a H (193] ') )
log™*x 23 7" Jo log™ %z 0 kil
having used the n = 0 case of
2m i0 n n+1
/0 e’ — 1| exp(ycosf)d <, Yy~ 2z (14)

18



(See [26] p. 204 for a proof.) Hence we have

THEOREM 3 Let k € Nt be such that if 0 < k; < oo then fi # Q; — w;
and §; # 0. Then subject to the conditions on £ in Theorem 1,

(20 ln 0i| log log )"
( w 6) ()xP(logloga:) +0 ( Og27a H (’ ‘ Oiz'ogm) )

log! Tien

valid for k; < A;]6;|loglogx for each i € H. [ |
If we assume 6 > 0, then an alternative choice of the r; gives

THEOREM 4 Let k € N be such that if 0 < k; < oo then fi # Q; —w; and

d; # 0 and assume 0 > 0. Then, subject to the conditions on £ in Theorem

1,
_ x(20)"K coak = _ak 3
(z,0,0) = loglax{ lf];! a(loglog z)" + _1)!(logloga:) 1}
k
X (U(I‘) + 0 ((loglogx)z)> (15)

where r is defined by

1, if ki = 0
Bkz/(le), if k; < o0,

Ty =

and B = (aloglogaﬁLE— 1) / (aloglogav—k%) .

PROOF In the integrand of (13) we write co(zo) = a(zo)U(zo) and expand

Ulzo) = )+ (2 — )05, U(r) (16)
i€H
1
+ Z —rj) / (1-— s)agi,ij(r + s(zg —r))ds.
1,JEH 0
We introduce the notation
1 (log x)%3% (6;X)ki
|zi|=m3 J
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The contribution of the first term from (16) to the integrals in (13) is

r)(logz)“ / /044—2522 Hlog‘szﬂx z]

|2 | =riicH i€H JEH

= U(r)(loga)® | a [ Litkj + 1) + > 6 [ [ Lilks + DIi(k:)
JEH i€H JG;AH
Ve

r)(log2)* T £(k; +1) (a 2 ;)
JjeEH 1€H
since §; X I;(k) = kI;(k+1). Thus we get the main term in (15). Below we will
refer to the Main term as M.T. The introduction of a factor z; — r;, arising
from the first sum on the right hand side of (16) will give a contribution to

the integral of (logz)®d,,U(r) times

T 2k + 1) Liks) — v T Lk + 1)

JEH JEH

i

+> 0n S [T Ltk + DI kn) = 7i [ [ Z(kj + 1)1 (kn)
n#i JjEH JEH

RO ICESNACESESS | BACERN AR

JEH jeEH

J#i J#i
with the convention that I;(k) = 0 if £ < 0. With the choice of r; given in
the theorem this contribution is seen to be zero.

For the final term in (16) we use thij(r + s(zp —r)) < 1. If we first

forget the factors |z; —74||2; — ;| in the double sum in (16), then each term

contributes
< a ] Tk + 1)+ 6 [ Jiks + 1) Ji(k:) | (17)
JEH JEH
JFi
<« M1 x SRB=VE (18)

Bk+t/2
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Here we have written
exp(0;7;X)

by (14). With the factor |z; —r;||z; — ;| we immediately get a saving of r;r;

7'

Ji(k+1) = ik /O27r exp(d;Xr;cosf)do <«
over the Main Term, along with the fact that either two of the integrals (in
both terms of (17)) contain |¢?® —1| or one contains |e?? —1|2. From (14) with
either n = 1 or n = 2 we get an additional saving of < 1/\/W\/W
Hence, for every term in the double sum in (16), we get a saving over the
main Term of

rit’y < VT Bk k-
Voiri X \/0;m; X X X X

Finally, the choice of r in the present result does not essentially change

the estimate, given in the proof of Theorem 3, of the contribution from the

error in Theorem 1. |

In Theorem 6 below we will prove a result for vy (z, v, £) valid for a longer
range of k than Theorem 3. First we show that Theorem 3 is sufficient to

prove an Erdos-Kac type theorem.

THEOREM 5 Let ‘H be a subset of {1,...,t} such that, if i € H, then
0; > 0. Forie ™, let f; =w; or Q;. Then, for any \; € R,i € H and for £

satisfying the conditions of Theorem 1,

M# {a € S(x, ¢, 0) : fi(a) < 0;loglogx + /\i\/m}
= [T

i€H

as x — oo where

A
o= [ o

PROOF We apply Theorem 3 with # = 1, noting that ¢ = d; for all j € H

and 1 —a = } .4 d; because of the assumption on H. Hence, with U;(A) =
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0; X + A\/6; X, we get

LS =y 00 @

x(20)nx £ 7! , m;!
ki <U; (N) n,m jEH
0<n;4+m; <U;(As)
(19)
ot [T EG;X.A)
log z - AR B
JEH

where the conditions on the summations are presumed to hold for all i € H,

and

— Y
E(y,\) = Z e ym.

m<y+A/y
We know that > = cz0%co(b)/n! converges, absolutely, to co(1). In fact,
dco(b) < 1 for all n. Also

E(y,\) = ®(\) + O (\}y)

as y — 00. So, in particular, the limit as 2 — oo of the last term in (19) is
zero. To calculate the limit of the first sum on the right hand side of (19)
we replace the sum over nym : 0 < n; + m; < U;(\;), ¢ € H by one over
nm: 0 <n;,m; <Uj(\), i€ H. The error introduced, that is, the sum
over nym : 0 < n;+m; > U;(N\;), i € H, is split into two. Let € > 0 be given
and set Y = ev/X. Take any ¢ € H and relabel as 1. The first sum will be
over n for which n; < Y and the other over n for which ny > Y. In first

sum mq > Up(A1) —ng > U ()\1 — \/%) . Thus we can bound this sum by

Cp ‘6560(]))‘ e (51X)m1
2 ol | REORSER D Dl
n JEH m1<Ui (A1)
0<n; <U; (\:) j#1
m1>U; <>\1—L

Vi
< (@(AQ@(M\%)) +\/17(<<6
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for x sufficiently large. The second sum is bounded by

< X S X o) Teex

E\/YSTIJSUl()\l) Zggi[ nzSUz()\z) v JEH
3

< ¢

for sufficiently large x. Hence the limit of the first sum on the right hand
side of (19) equals
. Cna €0
xlgrolo Z 7HE6X/\ ) =co(1 H<I>
n JEH JEH
0<n; <U;(N;)

Finally, from (2) we see that
R CAN)

z—oo  x(20)nK

= Co(l).
Hence the result follows. |

3 Further results for vy (x,1,¢) The following result is a generalization
of Theorem 5 of [5], and the proof consists of indicating changes that need

to be made in that earlier proof.

THEOREM 6 Assume that |0| < 1 and that |a(z)| < 1 for all z for which
|zj| < 1 when j € H, and |z;| < 1 when j ¢ H. Then, subject to the
conditions on £ in Theorem 1,
x(20)"K P; x(loglog =
Uk(x7w7£> = ( )1704 Z ’ i j )
(log x) 05 (log z)

+xl" Ex g () + O (20" exp(—R(z)))

(20)

for some polynomials Pjy satisfying
r
Pjx(loglog z) <o

uniformly in k, and where

1 loglogz)f [ F!
Ex g (z) < <(Og 08 T) < +J'>

(logw)l—Ree \ (2¢ylogx)/+1 \ J
n J+1
(200)‘]

x~(log 1/00) + £loglog? x> )
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subject to J 4+ 2 < ¢glog x.

If J = J(z) = ko(log z)'/3(loglog z)~*/3, k < CJ(z) and £ < exp(—R(z))
then xl"K E; < xl™% exp(—R(z)).

PROOF In the proof of Theorem 1 a truncated asymptotic expansion was

given for
1

s—1 o

o Coy F(s, O,Z) ds.

An alternative method to that in the proof of Theorem 1 is to replace Cy by
the truncated Hankel contour Cs running from 1—¢y to 1 —§ with argument
—, then around 1 on a circular arc radius ¢ and finally from 1 —§ to 1 — ¢
with argument m. By the assumptions in the Theorem, |a(z)| < 1, and,
in particular, Rea(z) < 1, so that the contribution from the circular arc
tends to zero as § — 0. The integration over y in (7) then gives, for the ¢ of
Theorem 1, a generalization of Theorem 3 of [5], namely

&)
Z Q(O)Zf(ﬂ) = :L‘(QE)”K /-Trki(f,’l“)F*(l — Z)’r‘ia(z)dT

acS(z,,0) 0
a integral

+ O (20" exp(—R(x))) (21)

where k(¢,r) = (20)"' {1+ )" — (1 = 0)'""} and F*(s,2) = (7s) ' H(s,z)
sin (ra (z)) .

Put z; = 1 in (21) for each i ¢ H, multiply both sides by [[;c4 z;(k#l),
perform m integrations over |z;| = 1 — &; and let each ¢; — 0 to obtain

vk(z, 1, 0) = x(20)"% /ka(E, r)Wi(r)r~%dr + O (20" exp(—R(x))) .

0
(22)

Here Wi () is the coefficient of ZKin Taylor’s development of F*(1—r,zg)r— (%)
about Z = 0. Since F*(1 — s,z) is analytic for |s| < 3¢y and max |z;| < 1,

we can write
oo

F*(1—s,20) = Z Z ﬁj’ﬁﬁﬁsj.

j=0 TeNy
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Just as we saw for the h;(z) in the proof of Theorem 1, we have 3,5 <

(2co)~7 for all j > 1, uniformly in u. We also have

o0 ~
—a@)  _ v
p=0
© 4 o
= Z—‘ Z cpaPzP | (—logr)?
=02 \|Ipllo=p

by the multinomial theorem. Thus

Zr] Z — Z cf,'éﬁﬁjﬁ (—logr)P.

= 0<p<k a+p=k
IPllo=p

Let 5j,§,p denote the inner sum. With the assumptions on 8, we have that
la;| < d; for each i, where d; is the density of p : ©(p) = ~,. Write d =
(di)1<i<t, then
1 ~= 1 ~=
Bivy < 2c0)) Z cpdP = eV Z cpdP

u+p=k IIPllo=p
||p||07p

— 200 (Zd> < )j.

i€H

So, on writing

ZTJ 3 J“’p ~log7)P, (23)

=0 o<p<k

we see that Wi (r) is of exactly the same form as in [29], p.11, with the same
information concerning the coefficients ﬂj’kp

We truncate the series over j in (23) at some J > 1. The contribution of
the resulting error to the integral (22) can be read from equation (13) in [5].
The truncated sum is inserted into (22) and the summation and integration
interchanged. The integral is now extended from ¢y to oo. The error in
doing this can be read from equation (16) in [5]. (The inclusion of =% in

(22) only effect the errors by reducing J by at most 1 in equation (13) of

[5].) Thus we get the first two terms in Ey ;.
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For the integrals over r, from 0 to oo, of each term 0 < 5 < J in the sum
of (23) we first replace k(¢,r) by 1. We then get a term
Z Z log log x)
p7 7]
] j+1 «
0<p<km =0 ng

where

B, (- 1P T (a1 1)

Gpm,j = m'(p _ m)|

We incorporate the factor k(¢,r) into the integration by calculating

1
¢ WA+ OM;(2(1+0) = (1 = OM;(x(1 - £)}. (24)
For each term in M;(z) we have, by a mean value result, that

1 { (1 + ¢)(loglog(z(1+£)))™ (1 —£)(loglog(z(1 — €)))m}
2\ (ogla(l+ )y (log (1 — )71
xm mX™ 1l —(j—a+1)X™

- logj+1_°‘ T + logj+2_°‘

Xm
-2 2
+O <(] +m )glogMRea;p) 5 (25)

T

where X = loglogx. The contribution of this error to (24) is

(2¢0)7 logit2—Rea g

m=0
We estimate |T™(j —a+1)| by using Cauchy’s integral on a circle about

j—a+1 of radius (1 — |a|)/2. In such an integral the integrand contains

F'j—a+1l4+w) = (j—atw).(l-a+w)l(l-a+w)

< G+ 1Dj.2=T(+2),

for all |w| = (1 — |a|)/2, using |a| < 1. Thus [T (j —a + 1)] <4 ((1 -

la])/2)"T'(j +2) and, in particular, the sum over n in (26) satisfies

Z ~ [0 _a+1)| <o T +2). (27)
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Hence (26) is

. k .
(T 2 2 2 xm
< oGy 2
(2¢0)7 log’ cry = m!
LT(j+2
< (] + ) (]2€Xp X+X2 eXp(X)))

a (QCo)j 10gj+2—Rea
(T +2)(52 + X?)
a (QCo)j 1Ogj+1—Rea T :

Summing over j and assuming that J + 2 < ¢glogx gives the third term in

FEx j, namely ¢ (loglog 9:)2 .

The main terms in (25) lead to a contribution in (24) of

mel xm
E , — _(j—at+l)——
logac1 o Z pm.j <log x +mlog3+1w (j-a+l) Ha:) ’

J
0<p<k:m 0 log
say. When we sum over j we find that the polynomial coefficient of (log z) 7=~
that is P;x(X), is given by
P k
20 D b X" =0 | D bomy | X7
0<p<k m=0 m=0 \m<p<k
where
bp,m,0 = Apm,0 for all p > 0,0 < m < p,
—(J — a)apm,j-1 forall j >1,p>0,0<m<p—1,
bppj = appj — (1 — @)appj1 forall j > 1,p > 0.
(28)
Using (27) we find that
k k—m . k—m—1 .
1 X L) —a+ 1) L¢)(j — o)
Py (X . —_— Ll Y ) |
) < (2co)’ mz::O ml nz:% n " nz:% nl
k—m
LM (j — )|
+E+D) Y m
n=0
I'(j+2)
X
<< « (260) EXp( )’

27



uniformly in k. |

NOTE (iii) The assumption on «(z) in Theorem 6 can only fail if § = 1
and ZjeH,fﬁéQj—wj |Cj| = 0. In particular, it will fail if § = 1 and f; =
Q; —w; for all 1 < ¢ < ¢. In this case we can use Theorem 2 to quickly
deduce a local form of a Rényi-type result. In Theorem 8, we will give the
details of such a result in the special case K = Q(i).

(iv) A non-localized result that is, basically, a result on vy(z,0,1/2) is
given in [23], but see also Theorem 9.4 of [19]. An asymptotic form of the

error term for this non-localized result is given in [12].
(VIK=Q,L=Q(),I'={1} and

) 1 if either p =2,p = 1(mod 4) or 2|r and p = 3(mod 4),
p =

0 otherwise

then we deduce the full asymptotic version of Corollary 6 of [5]. This is a
result on the integers in small intervals that are the sum of two squares and
have a given number of prime factors. In this way we can see that a factor

1/(k — 1)! is missing from the main term in Corollary 6 of [5].

(vi) Just as the coefficients ¢j(z),j > 1 in (2) are not what we expect
when / is close to 1/2, the polynomials Pjx(y),j > 1, in (20) are not what
would be expected for such ¢. In fact, if we take § = 1, define vy (z) = #{a €
I: Na<azf(a) =k} and Sk (z,1,0) = o7 vy (z) — 27 1(20) " K vy (2,9, £)
then it can be shown, subject to the conditions on £ in Theorem 1, that &y
has an expansion of the form (20) but with the sum starting at j = 1 as
opposed to j = 0. Further, by a method of Katai [13], it can be shown that,
for such ¢, we have

Z 6% (x,10,£) < (loga) =4+ H (26, loglog z) /2.
keN} 28
The proof is not given here. This result could have been used to deduce

Theorem 4 from a similar result for vi(x). Such a result, but only with
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t =1, is given in Theorem 3 of [29].
3.1 Irreducible integers Let I' = Cg, the ideal class group of K, and
define the totally multiplicative function O(p) = C; if p € C;. Then by class
field theory © is Frobenius multiplicative relative to H(K)/K, where H(K)
is the Hilbert Class field of K. Also,

a):ZT,

o
a counting function seen in [23], but see also [12], or Theorem 9.5 of [19].
From any of these references we see that we can count the irreducible integers
a € K satisfying (a) € S(z,,£) by summing vk (z,,¥) over k for which
Cflc'gQ...Cgh equals Ethe principal class, and C7'C52...C}", for 0 < e; < k;
equals F if, and only if, either all e; = 0 or e; = k; for all 7. Such a collection
of k is finite and so we can sum (20), with = 1, noting that H(K)/K is,

like the ideal class group, abelian. Thus we deduce the result that was the

initial motivation for this paper.

THEOREM 7 With x’5(1’5)/12”K <l < exp(—R(z)),

>, 1=
(@)€S(z,0) 0<j<J(x
« irreducible

where J(x) = ka(logz)'/3(loglog x)~*/3. The polynomials Q;(X) are of de-

(loglog x
Z o logxg )+O( " exp(—R(x)))

gree at most D — 1, where D = D(H(K)) is the Davenport constant of the
class group H(K). [ |

4 Results in Qi) In Q(i) the regions S(x,, ) are easy to visualise as
sectors of annuli. These regions can be combined together to give regions
such as

D(z,r)={weC:|lw—z <r},
the open disc with centre z and radius r. For instance, Corollary 11(iii) of
[5] states that, for fixed k € N and |z| > 7(2) > |2|7/12%¢, we have

(loglog(|=[*))*"

(= )log e (o) (29)

#{a € D(z,1): wla) =k} = 4r?(2)
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(There is an error in [5] in that 4 is replaced by an erroneous 7 and we have
|z| in the earlier paper in place of |z|2.) Using Theorem 6, it is possible to
given an expansion of the form (20) in place of (29). Here we will indicate

what other results we can give in Q(37).
THEOREM 8 Throughout z € C satisfies |z| > 10.

(i) For k> 1, and |2|"?exp (=R (|2])) < r(z) < |z,

#{a € D(2,7(2)) : Q) —w(a) = k} = 4dpr?(2)
+O(r7(2)|2]"° exp(=R(|z]),

where

5 s = et 1 (L),

T

(i) For |z| > r(z) > |z|7/12te,

1
W#{O‘ED@”('Z”: w(a) < loglog (|2[2) +Ay/loglog (|2P) }

— D(N)

as |z| — oc.
(i) Given integers e > 2, f > 1 set k = (e, f). Then for all |z| exp(—R(|2|))

> T(z) > |z|7/12+5,

#{a € D(z,r(2)) :w(a) =¢€,Qa) =e+ [}
_ Ar(2) Pj’ﬁ(log log (|2]%))
" oo 22, (g ()

+12(2) By (|2]) + O (r*(2) exp(—R(|2)))

(30)

subject to J < 2cplog|z|. The main term is

2r2(2) (loglog |z])¢—2
(e — 2)!P(f) log |z|

where P(f) = Z;_(NT[‘)_(f—'_l), the sum being over unassociated primes of
Q(@)-
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PROOF Define

Do(zr(2)) = { (g, 1) : [y /262001 — -

(=)}

Then Proposition 10 of [5] gives, for any 0 < ¢ <1/2,

> 1= Gt // ]

a€D(z,r) (z,r(z ES (y,9,0)
O(@) Pol=rE) N )
+0(r(2)|20), (31)

where C'(«) represents conditions on a. If C («) represents Q(«a) —w(a) = k,

then we can feed in the result from Theorem 2 to get

iz 1+00) [ [ {eorda+ 0w et exn(-reu } Lav

Do (z,r(z))

+0(r(2)|210),

1/2

for any £ = £(z) > |z|” /" exp (—R(|z])). With the observation that

//(WW— // dsdt = 41%(z) (32)
Do(z,r(2) s24+12<r2(z)
and the choice ¢(z) = r3/5(2)|z|~*/® we get the result stated in (i).
For (ii), the condition C(a) : w(a) < loglog (|2|?) + Ay/loglog (|z]?)
depends on z. We also choose £ = £(z) = |z|~%/12*¢/2 a function of z.
Nonetheless, the proof of Theorem 5 will give an estimate for the integrand

of (31) for all (y,v) € Do(z,7(2)). The result of Theorem 5 shows that the

main term of (31) is asymptotically
// (N dydp = wr2®(\) ~ #D(z,7)®(N)
Do(z,r(z))

as |z| — oo, using the fact that co(1) = pg(;) = /2. For the error term of
(31), we require that 7(z)|z|¢/r%(z) — 0 as |z| — oo. With our choice of ¢,

this is satisfied by |z| > r(z) > \z|7/12+5.
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(iii) We need to estimate

#{(a) € S(y, 9, 0) s w(a) = €,a) = e+ f}. (33)

This can be done in general enforcing conditions simultaneously on w; and
Q; for each 1 < ¢ < t. Use the notation that v will denote a vector with 2t
co-ordinates while v will consist of the first ¢ co-ordinates of v. We replace
f by f defined as /f; = ; or w; when 1 <1 < t, while /f; = Ot — w;—; for
t+1<i<2t (Infact it would suffice if f; = w; when 1 < i < ¢.)

Following the proof of Theorem 1, we find that 20 — zf(®) so that
the n = 1 term of U, (s,ﬁ,/z\) is the same as that of U, (s,ﬁ,z). This
means that the integrand of (7) contains F' (s, 6),2) = (s —1)7°®) H(s,2),
where a(z) = Y_, 0;2; and H(s,Z) is analytic when the coordinates of z
satisfy the conditions of Theorem 1 and |s — 1| < 3¢p. Then, in the proof of
Theorem 6, the integrand of (21) will now contain F*(1 — r,z)r~*®) where
F*(s,2) = (ns)~! H(s,2)sin(ma(z)). The details of the derivation of a result
for vg(z,%, £), similar to (20), are the same as before and valid for the same
range of £.

Returning to the particular case of (33) in Q(¢), we note that we are
enforcing a condition on every component of k. In the notation of section
2.3, we have H = {1, ...,2¢}, and so a = 0. As in part (ii), though we choose
¢ = |2|~5(1=9)/12 4 function of z, we can give a result for (33), valid for all
(y,v) € Do(z,7(2)). Inserting such a result into (31), we attempt to write
the expansion for (33) in terms of |z|? instead of y. For notational simplicity
set u = |z|%, when we find that |y —u| < |2|r(2). Then, for each term in the
expansion, we use the mean value result in

(logoy)*  (logy u)® r(2) loglog™ u

— — — | < (m-+7 i
(ogy) ~ (oguy | <) oty

We can deal with this upper bound as we did the error in (25), summing over
0<m<p0<p<eandl<j<J+1 Then, aslong as J 4+ 2 < ¢glogu,

we get a contribution to the integral in (31) < (r(z)loglogu) /(|z| logu).
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This estimate, along with all other terms in our expansion, can be taken out
of the integral in (31) on which we then use (32). It is then easily seen how

all the terms in (30) arise. In addition we also have the errors

r3(z) loglog | z 0r2(z
(loglog e, £r2G)
|2 log |2 log ||

where the second one comes from the O(¢) factor in (31). We see these terms
are sufficiently small subject to the conditions on 7(z). For the main term,

the coefficients of F ,r) are constructed from the 85, defined by

P N sin 7rz1 Zl 2’122
Zﬁo,ﬁz =Fr(l,z) = ——— p 1)H 1+Z Nrn
u

n>1

We immediately see that if 3, g # 0 for some u = (u1,u2) with ug # 0, then
uy > 2. Further, By o 5y = Z;T(Nﬂ')’(fﬂ). Working through the proof of

Theorem 6, we obtain the main term quoted. |

Note (vii) In general the degree of the polynomial in the main term
for vy (z,9,0) is < S ki — (s + 1), where s is the number of non-zero
Tt +1<i<?2t.

Part (ii) of Theorem 8 generalises the result for short intervals of Q due
to Katai, [13]. Part (iii) generalises the non-localized version in Q due to
Delange, [6].
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