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Introduction  

Twenty years ago we [2] reported an unexpected result that we 
had detected through statistical study of the long range ordering 
of amino acids along the protein chain in the Saccharomyces 
cerevisiae genome. The process of protein synthesis uses 20 amino 
acids which we can label i = 1, 2, … , 20; each amino acid i having 
a relative abundance pi, yielding a protein chain of total length n 
amino acids. The count for each amino acid i of the spacing lengths 
between successive recurrences in the chain yielded 20 empirical 
distributions, which of course depend on the rules used to make 
the choices along the chain. Overall we used data consisting of 6294 
protein chains with chain lengths n up to 4092, containing over 3 
million amino acids.

One particular well-defined and pivotal rule is to make the 
choice of adding amino acids completely at random, so then the only 
influence on the chain is the relative abundancies of the amino acids. 
In fact we obtained an analytical solution to this scenario [2], so we 
could compare it with the empirical results described above. In fact 
both the solution to the random scenario and the empirical data, 
though discrete of course, yielded distributions that were rather  

 
well modelled by a family of gamma distributions [3], cf. [2] for 
details of goodness of fit. So we could reasonably map the empirical 
distributions onto the smooth family of gamma distributions via 
maximum likelihood parameters.

Information geometry [3,4,5] provides a curved surface 
structure on the family of gamma distributions, with coordinates 
(𝜿, µ) the space of parameters; both parameters are positive real 
numbers. In these parameters of the gamma distribution, µ is the 
mean and 𝜿 is the ratio of mean to standard deviation; thus if 𝜿  < 
1 then the relative spread of the distribution is less than that for a 
random distribution, indicating clustering.

In the special case 𝜿 = 1 the gamma distribution reduces to an 
exponential distribution with mean µ; such a distribution arises in 
the case of a Poisson random process of points along a line. So we 
can compute the difference [3] between the case 𝜿 = 1, the random 
scenario, and the actual empirical distributions for each amino 
acid. Additionally, for comparison we obtained data from a random 
simulation of a chain of length n = 10000 amino acids with relative 
abundance p = 0:5: 
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The analytic solution for the case when amino acids are chosen 
completely at random gave us a reference. Poisson case and the 
e_ects of the number n of amino acids in the chain and the relative 
abundance of each type [2]. In these reference cases the standard 
deviation was approximately equal to the mean spacing, increasing 
with sequence length and decreasing with abundance. So again 
we have a family of distributions contained approximately in a 
small neighbourhood around the exponential distributions, which 
have mean equal to the standard deviation, in the space of gamma 
distributions.

Intuitively, in real proteins with 20 types of amino acids 
distributed at different abundances along a chain, it might be 
expected that some would be more clustered (𝜿 < 1  ) and others 
would be more evenly spread (𝜿 > 1) compared to a  Poisson 
process-which latter case would have exponential spacings and_ 𝜿 
= 1. From a large database with mean spacing µi ≈ 18; the observed 
spacing distributions of the amino acids, though discrete of course, 

were all well approximated by gamma distributions [3], cf. [2] for 
details of goodness of fit. We might have expected that the 20 amino 
acids would have spacing distributions scattered more or less 
isotropically around the Poisson case, like that for a pseudorandom 
number generator [5.

(Table 1) summarizes some 3 million experimentally 
observed occurrences of the 20 different amino acids within the 
Saccharomyces cerevisiae genome from the analysis of 6294 protein 
chains with sequence lengths up to n = 4092: Listed also for each 
amino acid are the relative abundances pi and mean separation µi 
; the grand mean relative abundance was p ≈ 0:05 and the grand 
mean interval separation was µ ≈ 18: The gamma parameter range 
0:59 ≤ 𝜿i ≤ 0:95; revealed that each amino acid was more clustered 
and so had higher variance of spacings than expected by chance (𝜿 
= 1). Thus the fitted gamma distributions were all ‘L’ shaped rather 
than unimodal.

Table 1: Empirical data from [2] for amino acid occurrences in sequences from 6294 protein chains of the Saccharomyces cerevisiae genome of 
length up to n = 4092. This gives relative abundance, mean spacing, and maximum likelihood gamma parameter κi for each amino acid i = 1, 2, . . . 
, 20. As it should be, the grand mean relative abundance was pi ≈ 0.05 and the grand mean interval separation between recurring amino acids was 
µi ≈ 18. The unexpected result was that all amino acids had κ < 1.

Amino Acid i Abundance pi Mean separation µi κi

A Alanine 0.055 17 0.81

C Cysteine 0.013 55 0.59

D Aspartate 0.058 16 0.77

E Glutamate 0.065 15 0.73

F Phenylalanine 0.045 21 0.78

G Glycine 0.049 19 0.74

H Histidine 0.022 39 0.79

I Isoleucine 0.066 15 0.95

K Lysine 0.073 14 0.74

L Leucine 0.095 10 0.85

M Methionine 0.021 46 0.85

N Asparagine 0.061 16 0.87

P Proline 0.044 21 0.77

Q Glutamine 0.039 24 0.81

R Arginine 0.045 21 0.78

S Serine 0.091 11 0.85

T Threonine 0.059 16 0.85

V Valine 0.056 17 0.93

W Tryptophan 0.01 62 0.58

Y Tyrosine 0.034 27 0.79

Specifically, we found that maximum-likelihood estimates of 
parametric statistics show that all 20 amino acids tend to cluster 
(𝜿i < 1), some substantially, and so had greater variance than would 
result from a Poisson process. In other words, the frequencies of 

shorter gap lengths tends to be higher and the variance of the gap 
lengths is greater than expected by chance. This may be because 
localizing amino acids with the same properties may favour 
secondary structure formation or transmembrane domains [1].
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(Figure 1) represents the information distance in the space 
of gamma distributions for amino acids along the protein chains, 
measured from the Poisson case (𝜿 = 1) at the grand mean value 
µ = 18; with data points superimposed. This finding revealed and 
quantified an important qualitative property: a universal self-
clustering that is stable over long sequences for all of these amino 

acids. The points in the right image represent the result of a random 
simulation for a chain of length n = 10000 with abundance p = 0:5. 
Unlike the empirical data, the points from random ordering of 
amino acids are as expected both above and below the random 
curve 𝜿 = 1.

Figure 1:  Distances D in the space of gamma models, using a geodesic mesh [3]. The surface height represents upper bounds on distance D 
from the grand mean point (µ, κ) = (18, 1) of the Poisson random case. Depicted in the left image also are the 20 empirical data points for the 
amino acid sequences from a large database of 6294 proteins with sequence lengths up to 4092. All amino acids show clustering to differing 
degrees by lying to the left of the Poisson random case curve κ = 1. The points in the right image represent the result of a random simulation for 
a chain of length n = 10000 with abundance p = 0.5. Unlike the empirical data, the points from random ordering of amino acids are both above 
and below the random curve κ = 1.

The biological significance is yet to be elaborated but it is 
intriguing to consider the phenomenon as providing a long-range 
rule that acts as a check during DNA synthesis. Clearly, the maximum 
likelihood gamma distributions fit only stochastic features and 
in that respect view the data as exhibiting transient behaviour at 
small gap sizes; other methods are available for interpretation 
of such deterministic features and we concentrate here on 
representation of whole sequences as a stochastic process. Our 
approach contributes to the characterization of whole sequences 
by extracting and quantifying stable stochastic features. More detail 
concerning the data and further discussion is provided in [2] and 
[3].

We see that our analysis of the empirical data on amino acid 
ordering statistics reveals that there is a persistent self-clustering 
of amino acids along protein chains. Our result, though somewhat 
surprising, takes no account of the 3 dimensional structure of 
protein chains. Neidle [6] has given a new review of DNA structure 
from the crystallographic viewpoint. We know that the helical rate 
is about 10 base pairs per rotation. Clustering could arise from 

secondary structure [1,7]. One approach to structural statistics 
might be to look for correlations between pairs or groups of amino 
acids separated by specific distances along the helical structure.
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