ISSN 1360-1725

Optimal preconditioning for Raviart-Thomas mixed formulation of second-order elliptic problems

Catherine E. Powell and David J. Silvester

Numerical Analysis Report No. 399

March 2002

Manchester Centre for Computational Mathematics Numerical Analysis Reports

DEPARTMENTS OF MATHEMATICS

Reports available from: Department of Mathematics University of Manchester Manchester M13 9PL England

And over the World-Wide Web from URLs

http://www.ma.man.ac.uk/MCCM/MCCM.html
ftp://ftp.ma.man.ac.uk/pub/narep

OPTIMAL PRECONDITIONING FOR RAVIART-THOMAS MIXED FORMULATION OF SECOND-ORDER ELLIPTIC PROBLEMS

CATHERINE E. POWELL^∗ AND DAVID J. SILVESTER^†

Abstract. We evaluate two preconditioning strategies for the indefinite linear system obtained from Raviart-Thomas mixed finite element formulation of a second-order elliptic problem with variable coefficients. In contrast to other approaches, our emphasis is on linear algebra; we establish the optimality of the preconditioning using basic properties of the finite element matrices.

The underlying saddle-point problem is well-posed in two function spaces, H(div) × L^2 and L^2 × H^1, leading to the possibility of two distinct types of preconditioner. For homogeneous Dirichlet boundary conditions, the discrete problems are identical. This motivates the use of Raviart-Thomas approximation in both frameworks yielding a non-conforming method in the second case.

We construct two block-diagonal preconditioners and establish a new uniform eigenvalue bound. Trials of preconditioned MINRES illustrate that both preconditioners are robust with respect to the mesh parameter, and with respect to jumps and anisotropies in the diffusion coefficients.

Key words. Second-order elliptic problems, saddle-point problems, variable coefficients, mixed finite elements, Raviart-Thomas, MINRES, preconditioning.

1. Introduction. Let Ω be a bounded domain in IR^2. We consider scalar, second-order elliptic problems of the form, −∇ · A∇p = f in Ω, p = g on ∂Ω_D, (1.1) A∇p · ⃗n = 0 on ∂Ω_N . where ∂Ω_D ≠ ∅ and A = A(⃗x) is a 2×2 bounded, symmetric and uniformly positive definite matrix-valued function. This implies that there exist positive constants γ and Γ with 0 < γ ≤ Γ such that, γ(⃗v, ⃗v) ≤ (A^{−1}⃗v, ⃗v) ≤ Γ(⃗v, ⃗v), (1.2) for every ⃗v : Ω → IR^2.

Boundary-value problems of this type occur in mathematical models of important physical processes such as fluid flow through porous media. To fix ideas, we call p and ⃗u = A∇p the pressure and velocity solutions respectively. Mixed finite element methods are favoured when ⃗u is the variable of interest since post-processing primal pressure solutions leads to loss of accuracy. Mixed velocity solutions are insensitive to the variation in the coefficients A, see [14, pp.240–241]. In addition, mixed methods conserve mass locally, a crucial feature in the modelling of groundwater flow. Other advantages of a mixed approximation are discussed in [7].

∗Department of Mathematics, University of Manchester Institute of Science and Technology, Manchester M60 1QD, UK. cp@fire.ma.umist.ac.uk.

† Department of Mathematics, University of Manchester Institute of Science and Technology, Manchester M60 1QD, UK. djs@fire.ma.umist.ac.uk.

1.1. Preconditioning strategies. It is known (see [2], [6], [7], [15], [17], [21]) that mixed discretisation of (1.1) yields an indefinite linear system of the form, ( M B^T B 0 )

C

( u p ) = ( g −f ) , (1.3)

where M ∈ IR^{n×n} is symmetric and positive definite, B ∈ IR^{m×n} (with m ≤ n) has rank m and u and p are the discrete velocity and pressure solutions. The coefficient matrix C becomes ill-conditioned with mesh refinement (see section 1.5). As a result, Krylov solution methods are not robust with respect to the mesh parameter and preconditioners are required. A variety of preconditioning strategies have already been suggested, the majority of which require the transformation of the underlying saddle-point problem to a positive-definite one. Indeed, there is a rich literature concerning domain-decomposition and multigrid techniques for these reduced problems (see, for example, [9], [10], [11], [20], [22]). This is not our approach. We follow [2], [17] and [23] and solve the full indefinite system (1.3) using preconditioned MINRES (see [13]).

In [17], Rusten and Winther propose a preconditioner of the form,

P = ( I 0 0 S ) , (1.4)

where S is an approximation to a Schur complement operator on the pressure space and I is the identity. Vassilevski and Lazarov, [23], construct a preconditioner for a transformed indefinite problem. Convergence rates are shown to be independent of the mesh parameter but, critically, iteration counts are affected by two artificial parameters and it is not clear what the optimal choices are. Arnold, Falk and Winther observe in [2] that C also has the same mapping properties as the matrix operator, P = ( H 0 0 I ) , (1.5)

where H : H(div) × H(div) → IR is the H(div) operator defined by (H⃗u, ⃗v) = (⃗u, ⃗v)+(∇·⃗u, ∇·⃗v). They approximate H using domain decomposition and multigrid. Their discussion is not matrix based.

1.2. Overview. In this paper, a preconditioner is optimal if the MINRES iteration count is bounded as the mesh parameter tends to zero. The aim here is to illustrate the optimality of two preconditioning strategies using simple linear algebra arguments and further to discuss their performance when the ratio^Γ_γ of constants in (1.2) is large.

In the remainder of this section, we review Raviart-Thomas approximation and convergence properties of MINRES. In section 2 we consider a solution to (1.1) in the space H(div) × L^2, derive the discrete problem using Raviart-Thomas elements, and construct an optimal preconditioner associated with this function space. A new uniform eigenvalue bound is established and shown to be tight. In section 3, the solution is sought in the alternative space L^2 ×H^1. A second optimal preconditioner is described. Performance of both preconditioners is assessed numerically.

1.3. Notation. Let Ω ⊆ IR^2 be a convex polygon with boundary ∂Ω = ∂Ω_D ∪ ∂Ω_N . L^2(Ω) is the usual space of square-integrable scalar functions with innerproduct (·, ·). For the space of vector functions L^2(Ω)^2, the definition is understood to hold componentwise. We write ‖ · ‖_0 to denote the Lebesque measure for both spaces. The subspace, H(div; Ω) = { ⃗v ∈ L^2(Ω)^2 | ∇ · ⃗v ∈ L^2(Ω) } , contains vectors with square-integrable divergence. The associated inner-product is (⃗u, ⃗v)_{div} = (⃗u, ⃗v) + (∇ · ⃗u, ∇ · ⃗v) and we denote the induced norm ‖ · ‖_{div}. The Sobelev space,

H^1(Ω) = { w ∈ L^2(Ω) | ∇w ∈ L^2(Ω)^2 } , is equipped with the usual inner-product (w, v)_1 = (w, v) + (∇w, ∇v) and the induced norm ‖ · ‖_1.

1.4. Raviart-Thomas finite elements. Let T_h denote a partition of Ω into a mesh of triangles or rectangles {K_1, . . . , K_s} with maximum edge size h. The mesh is refined such that {T_{h1} , T_{h2} , . . .} is a family of shape-regular, affine partitions of Ω. Our numerical experiments are performed on rectangular grids and so, for given h and T_h, the Raviart-Thomas spaces V_h ⊂ H(div; Ω) and W_h ⊂ L^2(Ω) of integer index k (see [15]) are, V_h = { ⃗v_h ∈ H(div; Ω) | ⃗v_h |_K ∈ Q_{k+1,k}(K) × Q_{k,k+1}(K) ∀K ∈ T_h}, (1.6) and W_h = {w_h ∈ L^2(Ω) | w_h |_K ∈ P_k(K) ∀K ∈ T_h}. (1.7)

P_k(K) is the space of polynomials of degree less than or equal to k on rectangle K and Q_{r,s}(K) is the set of polynomials of degree less than or equal to r in x and degree less than or equal to s in y. We use the lowest order^∗(k = 0) spaces. Velocities and pressures then have the special piecewise forms,

⃗v_h |_K = ( v_1 + v_2x v_3 + v_4y ) , w_h |_K = w_1, (1.8)

respectively, where v_1, v_2, v_3, v_4 and w_1 are constants. The degrees of freedom for this element are illustrated in figure 1.1.

These are normal components at edges for velocities and the pressure solution is sampled at element centroids. The triangular version is analgously defined.

∗For highly discontinuous and anisotropic diffusion coefficients, solution regularity is low.

Fig. 1.1. Degrees of freedom for the lowest order, rectangular Raviart-Thomas element.

1.5. MINRES. The iterative solver MINRES can be applied to sparse, symmetric and indefinite systems of the form (1.3). (A template is given in [3].) It is known (see [12]) that a sharp upper bound for the kth residual error r^{(k)} is given by, ‖ r^{(k)} ‖_2 ‖ r^{(0)} ‖_2

≤ min_{pk} max i=1:n+m | p_k(λ_i) |, (1.9)

where {λ_1, . . . , λ_{n+m}} denotes the set of eigenvalues of the coefficient matrix and p_k is a polynomial of degree k satisfying p_k(0) = 1. Theoretical eigenvalue bounds for (1.3) are derived by Rusten and Winther in [17] and by Silvester and Wathen in [21]. For Raviart-Thomas discretisations of (1.1) in IR^2 and mildly varying diffusion coefficients A, M ≈ h^2I while the maximum and minimum singular values of B behave like h and h^2 respectively. The theory of [17] leads to an h-dependent eigenvalue bound of the form [−ah, −bh^2] ∪ [ch^2, dh] for positive constants a, b, c, d. For the unpreconditioned problem, the MINRES iteration count then typically increases like h^{−1}. When A is ill-conditioned, convergence deteriorates further. The solution process becomes prohibitively expensive as the mesh is refined and this is a serious flaw in practical applications.

In sections 2 and 3 we discuss two optimal block-diagonal preconditioners of the form, P = ( P_1 0 0 P_2 ) (1.10)

where the matrices P_1 and P_2 are discrete representations of suitable norms on the velocity and pressure finite element spaces. We demonstrate that the eigenvalues of the generalised problem, ( M B^T B 0 ) ( u p ) = λ ( P_1 0 0 P_2 ) ( u p ) , (1.11)

for the chosen P_1 and P_2 do not depend on the mesh parameter.

2. H_{div} preconditioning.

2.1. Variational problem. Substituting ⃗u = A∇p in (1.1) yields the firstorder system, A^{−1}⃗u − ∇p = 0, ∇ · ⃗u = −f in Ω, p = g on ∂Ω_D, ⃗u · ⃗n = 0 on ∂Ω_N . (2.1)

The data requirements are f ∈ L^2(Ω) and g ∈ H^{12} (∂Ω_D), the set of traces of H^1(Ω) functions on ∂Ω_D . Now, (2.1) may be formulated as a saddle-point problem in two function spaces, as discussed in [4]. First, we choose test spaces, V = H_{0,N} (div; Ω) = {⃗v ∈ H(div; Ω) | ⃗v · ⃗n = 0 on ∂Ω_N } and W = L^2(Ω). Multiplying by arbitrary ⃗v and w in (2.1), integrating the first equation by parts and imposing essential boundary conditions yields the variational problem,

find (⃗u, p) ∈ V × W satisfying, (A^{−1}⃗u, ⃗v) + (p, ∇ · ⃗v) = < g, ⃗v · ⃗n > ∀⃗v ∈ V, (w, ∇ · ⃗u) = −(f, w) ∀w ∈ W, (2.2) where ⟨g, ⃗v · ⃗n⟩ = ∫ ∂Ω_D g ⃗v ·⃗n ds. Condition (1.2) ensures that ( A^{−1}⃗u, ⃗v ) is bounded.

The stability theory of Brezzi and Babuška (see [7], [16]) tells us that a unique solution (⃗u, p) exists if and only if there are constants α, β, bounded away from zero, such that, sup_{⃗v∈V} (w, ∇ · ⃗v) ‖ ⃗v ‖_{div} ≥ β ‖ w ‖_0 ∀v ∈ W, (2.3)

(A^{−1}⃗v, ⃗v) ≥ α ‖ ⃗v ‖^2_{div} ∀⃗v ∈ Z, (2.4) where Z = {⃗v ∈ V | (w, ∇ · ⃗v) = 0 ∀w ∈ W }. We refer to these conditions as inf-sup stability and coercivity respectively. Since ∇ · V ⊂ W , the constraint space Z contains only divergence-free velocities and ‖ · ‖_{div} is equivalent to ‖ · ‖_0 on this space. Thus, α = γ in (1.2). The constant β depends only on the shape of the domain Ω.

To implement the conforming Raviart-Thomas discretisation, we choose V_h ⊂ V and W_h ⊂ W defined in section 1.4. Solving (2.2) over these spaces leads to the discrete problem,

find ( ⃗u_h, p_h) ∈ V_h × W_h satisfying, (A^{−1} ⃗u_h, ⃗v_h) + (p_h, ∇ · ⃗v_h) = ⟨g, ⃗v_h · ⃗n⟩ ∀ ⃗v_h ∈ V_h, (w_h, ∇ · ⃗u_h) = −(f, w_h) ∀w_h ∈ W_h. (2.5)

Stability of the approximation is established in [15]. A crucial property of this scheme is that ∇ · V_h ⊂ W_h and hence the discrete version of condition (2.4) is trivially satisfied if (1.2) holds.

2.2. Finite element matrices. To express (2.5) as a linear algebra problem we choose bases such that V_h = span{ ⃗φ_i}^n_{i=1} and^† W_h = span{ϕ_j }^m_{j=1}. Defining M ∈ IR^{n×n} by M_{i,j} = ( A^{−1} ⃗φ_i, ⃗φ_j ) for 1 ≤ i, j ≤ n, and B ∈ IR^{m×n} by B_{k,j} = (ϕ_k , ∇ · ⃗φ_j ) for 1 ≤ k ≤ m, we have,

( ⃗u_h, p_h) = n∑ i=1 u_i ⃗φ_i , m∑ j=1 p_j ϕ_j ,

where u = [u_1, . . . , u_n] and p = [p_1, . . . , p_m] are the vectors of coefficients satisfying, ( M B^T B 0 )

C

( u p ) = ( g f ) , (2.6)

with g_i = ⟨g, ⃗φ_i · ⃗n⟩ and f_k = −(f, ϕ_k) for 1 ≤ i ≤ n and 1 ≤ k ≤ m.

Next, we define the velocity mass matrix M_I ∈ IR^{n×n}, the velocity divergence matrix D ∈ IR^{n×n} and the pressure mass matrix, N ∈ IR^{m×m} by, M_{I i,j} = ( ⃗φ_i, ⃗φ_j ) 1 ≤ i, j ≤ n, D_{i,j} = (∇ · ⃗φ_i, ∇ · ⃗φ_j ) 1 ≤ i, j ≤ n, N_{r,s} = (ϕ_r, ϕ_s) 1 ≤ r, s ≤ m. These give useful discrete representations of the L^2 and H(div) velocity norms and the L^2 pressure norm since for any ⃗v_h in V_h and w_h in W_h we can write,

‖ ⃗v_h ‖^2_0= v^T M_I v, ‖ ⃗v_h ‖^2_{div}= v^T (M_I + D)v, ‖ w_h ‖^2_0= w^T Nw, (2.7)

where v and w are vectors of coefficients corresponding to the expansions of ⃗v_h and w_h in the chosen basis sets.

It is clear that for the lowest-order Raviart-Thomas spaces, D and N are cheap to assemble. The entries are constants and no numerical integration is required. N is a diagonal matrix with entries {□_1, . . . , □_m}, where □_i denotes the area of the ith rectangle. Notice also that for unit diffusion coefficients A = I, (the identity matrix), the mass matrix M_I is identical to M. The algebraic relationship between B, D and N is nicely summarised in the following lemma.

Lemma 2.1. If ∇ · V_h ⊂ W_h, then, D = B^T N^{−1}B. †n = # edges - # edges on ∂Ω_N , m = # elements.

Proof. Consider the matrices B, N and D in operator form. That is, (B ⃗x_h, z_h) = (z_h, ∇ · ⃗x_h) = ( B^T z_h, ⃗x_h ) ∀ ⃗x_h ∈ V_h, z_h ∈ W_h, (D ⃗x_h, ⃗y_h) = (∇ · ⃗x_h, ∇ · ⃗y_h) ∀ ⃗x_h, ⃗y_h ∈ V_h, (N z_h, w_h) = (z_h, w_h) = ( z_h, N^{−1}w_h ) ∀z_h, w_h ∈ W_h, with N acting as the identity operator on W_h. If by construction we have ∇ · V_h ⊂ W_h then, (D ⃗x_h, ⃗x_h) = (∇ · ⃗x_h, ∇ · ⃗x_h) = (∇ · ⃗x_h, N ∇ · ⃗x_h) = (B ⃗x_h, N ∇ · ⃗x_h) = ( N^{−1}B ⃗x_h, ∇ · ⃗x_h ) = ( B^T N^{−1}B ⃗x_h, ⃗x_h ) , which proves the result.

By writing the inf-sup condition (2.3) in discrete form we see that the inf-sup constant β satisfies,

β^2 ≤ w^T B (M_I + D)^{−1} B^T w w^T Nw ∀ w ∈ IR^m, and so β is √ λ_{min}, where λ_{min} is the minimum eigenvalue of

B (M_I + D) B^T w = λNw. (2.8)

Note that β does not depend on A and so the method is inf-sup stable even when Γ γ is large. By Cauchy-Schwarz we also have, (w_h, ∇ · ⃗v_h) ≤‖ w_h ‖_0 ‖ ∇ · ⃗v_h ‖_0≤ ‖ w_h ‖_0 ‖ ⃗v_h ‖_{div} ∀ ⃗v_h ∈ V_h, w_h ∈ W_h and so λ_{max} ≤ 1 in (2.8).

Consider now preconditioning (2.6) with the block-diagonal matrix, P_{div} = ( M + D 0 0 N ) . We call P_{div} an ‘H(div)’ preconditioner since for any ⃗v_h in V_h,

v^T ( 1 Γ M + D)v ≤ ‖ ⃗v_h ‖^2_{div} ≤ v^T ( 1 γ M + D)v (2.9)

where γ and Γ are the constants that describe the boundedness of the diffusion coefficients in (1.2). That is, M + D engenders a discrete representation of a norm that is equivalent to ‖ · ‖_{div} on V_h.

2.3. Eigenvalue bounds. We consider first the trivial case of unit diffusion coefficients.

Lemma 2.2. If A = I, the n + m eigenvalues of the generalised eigenvalue problem, ( M B^T B 0 ) ( u p ) = λ ( M + D 0 0 N ) ( u p ) (2.10)

lie in the intervals [ −1, −β^2 ] ∪ [1] where β is the inf-sup constant.

Proof. The eigenvalues {λ_i}^{m+n}_{i=1} satisfy, Mu + B^T p = λ (M + D) u, Bu = λNp. Suppose λ = 1, then B^T N^{−1}Bu = Du, which is true, by lemma 2.1, for all u ∈ IR^n. Since D ∈ IR^{n×n} is symmetric, there are n distinct linearly independent eigenvectors corresponding to λ = 1 and hence n eigenvalues equal to 1. In addition, u and p satisfy,

B^T p = (λ − 1) (M + D) u + Du, Bu = λNp. Applying lemma 2.1 yields,

B (M + D)^{−1} B^T p = (λ − 1) Bu + B (M + D)^{−1} Du, = λ (λ − 1) Np + B (M + D)^{−1} B^T N^{−1}Bu = λ (λ − 1) Np + λB (M + D)^{−1} B^T p.

Thus, if λ ≠ 1, B (M + D)^{−1} B^T p = −λNp. Now if A = I_{2×2}, M = M_I and so the result follows from the discussion in section 2.2.

For general diffusion coefficients, we have the following eigenvalue bound. This seems to be a new result and extends the bound established by Vassilevski and Lazarov^‡ in [23].

Lemma 2.3. The n + m eigenvalues of the generalised eigenvalue problem, ( M B^T B 0 ) ( u p ) = λ ( M + D 0 0 N ) ( u p ) (2.11)

‡The analysis here is is matrix form, with a different choice of X and no penalty parameters

lie in the intervals, ( −1, − μ_{min} □_{max} + μ_{min} ] ∪ [1] , (2.12)

where μ_{min} is the minimum eigenvalue of the Schur complement BM^{−1}B^T and □_{max} is the area of the largest rectangle in the mesh.

Proof. λ = 1 with multiplicity n by lemma 2.1 since B^T N^{−1}B = D is symmetric. For λ ≠ 1 we have, B (M + D)^{−1} B^T p = −λNp. Since D = B^T N^{−1}B, the negative eigenvalues {λ_i}^m_{i=1} are the eigenvalues of the matrix,

−N^{− 12} B ( M + B^T N^{−1}B )_{−1} B^T N^{− 12} .

Now, N^{− 12} B ( M + B^T N^{−1}B )_{−1} B^T N^{− 12}

= N^{− 12} BM^{− 12} ( I + M^{− 12} B^T N^{− 12} N^{− 12} BM^{− 12} )_{−1} M^{− 12} B^T N^{− 12} = X ( I + X^T X )_{−1} X^T where X = N^{− 12} BM^{− 12} . Following lemma 3.1 of [23], we apply the Sherman- Morrison-Woodbury formula to obtain, ( I + X^T X )_{−1} = I − X^T ( I + XX^T )_{−1} X. Hence, X ( I + XX^T )_{−1} X^T = X ( I − X^T ( I + XX^T )_{−1} X ) X^T . Let x_i be an eigenfunction of XX^T and σ_i denote the corresponding eigenvalue. Then, X ( I + XX^T )_{−1} X^T x_i = XX^T x_i − XX^T ( I + XX^T )_{−1} XX^T x_i = σ_ix_i − ( σ^2_i 1 + σ_i ) x_i = ( σ_i 1 + σ_i ) x_i. The eigenvalues of X ( I + XX^T )_{−1} X^T are then the set of values {^{σi}_{1+σi} }^m_{i=1}, where {σ_i}^m_{i=1} are the eigenvalues of XX^T = N^{− 12} BM^{−1}B^T N^{− 12} . It follows that the negative eigenvalues of our generalised eigenvalue problem (2.11) lie in the interval, [ − max_i σ_i 1 + σ_i

, − min_i σ_i 1 + σ_i ] .

Since σ_i > 0 for all i, we have {λ_i}^m_{i=1} ∈ ( −1, − σ_{min} 1 + σ_{min} ] , 10

where σ_{min} is the minimum eigenvalue of N^{−1}BM^{−1}B^T . Finally, since^{μmin}_{□max} ≤ σ_{min} ≤^{μmin}_{□min} for lowest-order Raviart-Thomas elements, we obtain,

{λ_i}^m_{i=1} ∈ ( −1, −^{μmin}_{□max} 1 +^{μmin}_{□max} ] = ( −1, − μ_{min} □_{max} + μ_{min} ] .

For mildly varying coefficients, μ_{min} behaves like h^2 and the bound in lemma 2.3 is independent of h. Clearly, the bound deteriorates in cases where the coefficients A are such that μ_{min} is close to zero.

2.3.1. Numerical eigenvalues. First, we study (1.1) on Ω = [0, 1] × [0, 1] with uniform rectangular meshes, A = I and ∂Ω = ∂Ω_D. The eigenvalues of the preconditioned system {λ_1, . . . , λ_{n+m}} are listed in table 2.1 and indicate that our theoretical bounds are tight. h −β^2 μ_{min} −^{μmin}_{h2+μmin} λ_1 λ_m λ_{m+1} λ_{m+n} 1 8 -0.9524 0.3124 -0.9524 -0.9993 -0.9524 1 1 1 16 -0.9519 0.0774 -0.9519 -0.9998 -0.9519 1 1 1 32 -0.9518 0.0193 -0.9518 -0.9999 -0.9518 1 1

Table 2.1 Eigenvalues of preconditioned matrix; unit coefficients

Next, we consider anisotropic coefficients of the form, A(⃗x) = ( ϵ 0 0 1 ) ∀ ⃗x ∈ Ω, (2.13)

with ϵ → ∞ or ϵ → 0 so that A is ill-conditioned. Using lemma 2.3 we can easily gauge the performance of the preconditioner P_{div}. On rectangular meshes with fixed h, as ϵ → ∞, all the eigenvalues of the Schur complement are O(ϵ). As the mesh is refined, the right-hand bound for the negative eigenvalues converges to −1. MINRES convergence is fast. On the other hand, if ϵ → 0, μ_{min} is O(1) for fixed h and behaves like h^2 with mesh refinement, also yielding an optimal eigenvalue bound. The eigenvalues of the preconditioned system for varying ϵ and fixed h are plotted in figure 2.1. The associated values of μ_{min} are listed in table 2.2. Note that for anisotropic coefficients and homogeneous Dirichlet boundary conditions, the analytical pressure solution generally has boundary layers. Anisotropic meshes should be used to resolve them. For the calculations above, uniform meshes were used simply to illustrate the asymptotic properties of the eigenvalue bound.

Now suppose that we have ‘jumping’ or discontinuous coefficients,

A(⃗x) = { ϵI ∀ ⃗x ∈ Ω_∗, I ∀⃗x ∈ Ω\Ω_∗, (2.14) h ϵ 10^{−1} 10^{−2} 10^{−3} 10^{−4} 10^{−5} 10^{−6} 1 8 0.1718 0.1578 0.1564 0.1562 0.1562 0.1562 1 16 0.0425 0.0391 0.0387 0.0387 0.0387 0.0387 1 32 0.0106 0.0097 0.0096 0.0096 0.0096 0.0096 h ϵ 10^1 10^2 10^3 10^4 10^5 10^6 1 8 1.7182 15.777 1.564e2 1.562e3 1.562e4 1.562e5 1 16 0.4254 3.9064 3.872e1 3.868e2 3.868e3 3.868e4 1 32 0.1061 0.9742 9.6557 9.647e1 9.646e2 9.646e3

Table 2.2 Minimum eigenvalue of Schur complement, anisotropic coefficients

Fig. 2.1. Eigenvalues of preconditioned system

where I is the identity matrix and Ω_∗ is the so-called jump zone. Setting 0 < ϵ << 1 corresponds to a zone of low permeability, a feature common to oil reservoir models. We choose Ω_∗ = [0.25, 0.5] × [0.25, 0.75] and values of ϵ between 10^{−6} and 10^6. The corresponding values of μ_{min} are listed in table 2.3. If ϵ → ∞, the right-hand bound for the negative eigenvalues in lemma 2.3 converges rapidly to −1 as h → 0. In the case ϵ → 0, however, μ_{min} = O(ϵ) and so the bound converges to zero as ϵ → 0.

h ϵ 10^{−1} 10^{−2} 10^{−3} 10^{−4} 10^{−5} 10^{−6} 1 8 0.2074 0.0308 0.0036 3.648e-4 3.648e-5 3.649e-6 1 16 0.0506 0.0078 0.0008 8.051e-5 8.053e-6 8.054e-7 1 32 0.0126 0.0019 0.0002 1.943e-5 1.949e-6 1.949e-7 h ϵ 10^1 10^2 10^3 10^4 10^5 10^6 1 8 0.3409 0.3452 0.3456 0.3457 0.3547 0.3547 1 16 0.0846 0.0857 0.0858 0.0858 0.0858 0.0858 1 32 0.0211 0.0214 0.0214 0.0214 0.0214 0.0214

Table 2.3 Minimum eigenvalue of Schur complement, jumping coefficients

However, if A is a constant diagonal matrix, we can avoid this phenomena when ϵ < 1 by rescaling the source term f and setting, A(⃗x) = { I ∀⃗x ∈ Ω_∗ 1 ϵ I ∀⃗x ∈ Ω\Ω_∗ (2.15)

so that the minimum eigenvalue of BM^{−1}B^T is O(1) and bounded away from zero, yielding an optimal eigenvalue bound. The solution to the original, unscaled problem can be retrieved by simple post-scaling. The eigenvalues of the preconditioned system for fixed h and varying ϵ are shown in figure 2.2. In the second plot, scaling is used for ϵ < 1.

Fig. 2.2. Eigenvalues of preconditioned system

2.3.2. Preconditioned MINRES. In this section, we test our H_{div} preconditioner. Problem (1.1) is discretised on Ω = [0, 1] × [0, 1] using rectangular meshes. For a specified tol, the stopping criterion is, ‖ P^{−1}_{div} r^{(i)} ‖_0 ‖ P^{−1}_{div} r^{(0)} ‖_0 ≤ tol. (2.16) Example 1 We begin with the trivial case of unit coefficients, A = I, f = 1 and homogeneous Dirichlet boundary conditions with tol = 10^{−6}. Iteration counts for the preconditioned and unpreconditioned problems are given in table 2.4.

h^1_8^1_{16}^1_{32}^1_{64} preconditioned 5 5 5 5 unpreconditioned 25 75 165 311

Table 2.4 Iteration counts; homogeneous Dirichlet

Alternatively, we can choose mixed boundary conditions, p = 1 on {0}×[0, 1], p = 0 on {1} × [0, 1] and ⃗u · ⃗n = 0 on (0, 1) × {0, 1}. Iteration counts for this modified problem are recorded in table 2.5.

Example 2 The eigenvalues of our preconditioned system do not depend on the structure of A. To demonstrate this fact we run MINRES with coefficients, A(⃗x) = ( 1 + 4 ( x^2 + y^2 ) 3xy 3xy 1 + 11 ( x^2 + y^2 ) ) . (2.17) h^1_8^1_{16}^1_{32}^1_{64} preconditioned 6 6 6 6 unpreconditioned 18 34 66 130

Table 2.5 Iteration counts; mixed boundary conditions

Iteration counts are reported in table 2.6. Next we set A to be the diagonal matrix of the eigenvalues of A in (2.17). (They satisfy 1 ≤ λ (A) ≤ 25). Iteration counts are given in table 2.7. The preconditioner performs equally well in both experiments. Convergence does not deteriorate in the non-diagonal case.

h^1_8^1_{16}^1_{32}^1_{64} preconditioned 5 5 5 5 unpreconditioned 191 426 849 1615

Table 2.6 Iteration counts; non-diagonal coefficients

h^1_8^1_{16}^1_{32}^1_{64} preconditioned 5 5 5 5 unpreconditioned 146 343 706 1381

Table 2.7 Iteration counts; diagonal coefficients

Example 3 We now test the performance of our preconditioner when discontinuous permeability coefficients are present. The jump parameter is ϵ ∈ ( 10^{−6}, 10^{+6} ) in the sense that, A(⃗x) = { ϵI ∀ ⃗x ∈ Ω_∗ I ∀ ⃗x ∈ Ω\Ω_∗. We choose Ω_∗ =

(_1 3 ,^2_3 ) × (_1 3 , 1 ) , f = 0 and mixed boundary conditions, ⃗u · ⃗n = 0 on ∂Ω_N , p = 1 − x on ∂Ω_D where,

∂Ω_N = [0, 1] × 0 ∪ {0, 1} × [0, 0.5] , ∂Ω_D = Ω\Ω_N .

For ϵ < 1, we solve the rescaled problem as discussed in section 2.3.1. The stopping tolerance used is 10^{−9}. This fine tolerance was needed to ensure that the solution of the rescaled problem is the same (to 4 decimal places) as the unscaled problem.

In all of these examples with rectangular meshes, P_{div} performs optimally and is robust with respect to the diffusion coefficients. We can use triangular meshes with equal success except in the case of anisotropic coefficients of the form (2.13). Uniform triangular meshes are unsuitable when ϵ → 0 since, in that case, all the h 10^{−6} 10^{−3} 10^{−1} 10^1 10^3 10^6 1 16 6 5 6 7 8 7 1 32 6 6 6 7 8 7 1 64 6 6 6 7 8 7

Table 2.8 Iteration counts

eigenvalues of BM^{−1}B^T are O(ϵ). We now consider an alternative preconditioning strategy.

3. H^1_0 preconditioning.

3.1. Variational problem. The variational problem (2.2) is well-posed in a second pair of norms. To see this, set V = L^2(Ω)^2 and

W = H^1_D(Ω) = { w ∈ H^1(Ω) | w = g on ∂Ω_D } . (3.1)

Multiplying by arbitrary ⃗v and w in (2.1), integrating the second equation by parts and imposing essential boundary conditions now yields the alternative variational problem,

find (⃗u, p) ∈ V × W satisfying, (A^{−1}⃗u, ⃗v) − (⃗v, ∇p) = 0 ∀⃗v ∈ V, −(⃗u, ∇w) = −(f, w) − ⟨g, ⃗u · ⃗n⟩ ∀w ∈ W. (3.2)

which is equivalent to (2.2) if g = 0 and ∂Ω = ∂Ω_D. We make this assumption in the sequal and assume, for simplicity, that A(⃗x) is a diagonal matrix.

Coercivity certainly holds in ‖ · ‖_0 by (1.2) and it can be shown (see [4]) that the problem is inf-sup stable in the new norms with β =^1_c where c is a constant arising in Friedrich’s inequality. Suppose we formulate the discrete problem using the Raviart-Thomas spaces V_h and W_h. Since W_h ⊈ W this corresponds to a non-conforming approach and the discrete variational problem is,

find ( ⃗u_h, p_h) ∈ V_h × W_h satisfying, (A^{−1} ⃗u_h, ⃗v_h) − ( ⃗v_h, ∇p_h) = 0 ∀ ⃗v_h ∈ V_h, −( ⃗u_h, ∇w_h) = −(f, w_h) ∀w_h ∈ W_h. (3.3)

Now, since, −( ⃗v_h, ∇w_h) = (w_h, ∇ · ⃗v_h) for ⃗v_h in H^1_0 , the coefficient matrix of the associated linear algebra problem is the same as the H(div) × L^2 formulation in section 2.

3.1.1. Preconditioning the pressure Laplacian. It is known (see [2]) that the matrix operator associated with (3.2) defines an isomorphism from L^2 × H^1_0 to L^2 × H^{−1}. Block-elimination yields, ( A^{−1}I ∇ 0 ∇ · (A∇) ) ( ⃗u_h p_h ) = ( 0 −f_h ) . (3.4)

It is natural to approximate the coefficient operator in (3.4) by a block-diagonal matrix whose blocks are discrete representations of the operators A^{−1}I and ∇·(A∇) acting on V_h and W_h respectively. The Schur complement BM^{−1}B^T is the obvious choice to approximate ∇ · (A∇). Indeed, it can be shown that P = ( M 0 0 BM^{−1}B^T ) , (3.5)

is an optimal preconditioner. To make the approach (3.5) feasible in practice, Rusten and Winther, [17], replace the Schur complement with the Cholesky factors of BB^T ≈ ∇ · (I∇). Unfortunately, this scheme cannot be robust with respect to the diffusion coefficients. We want an approximation to ∇ · (A∇) that is simple to construct and cheap to implement. However, W_h ⊈ H^1 and so it is not clear how to achieve this.

On rectangular meshes, a simple idea is to construct a 5-point finite difference approximation to ∇ · (A∇). Another idea, developed by the authors, is to use the stiffness matrix associated with a standard piecewise linear pressure approximation defined on a Delaunay triangulation of the Raviart-Thomas pressure nodes. However, this is not the focus of this discussion. Given A(⃗x) = diag(a_1(⃗x), a_2(⃗x)), we use rectangular meshes and assemble a simple 5-point finite difference matrix on the set of element centroids, scaling x and y connections by a_1(⃗x) and a_2(⃗x) respectively. The scaling terms should be evaluated at edge-midsides to obtain a symmetric matrix. The boundary condition is imposed by extending the domain by a ficticious layer of rectangles and applying a standard centered difference. We call this new matrix S and define the preconditioner, P_{schur} = ( M 0 0 S ) . (3.6)

3.2. Eigenvalue bound. The performance of this second precondtioner is determined by how well S approximates BM^{−1}B^T . This statement is made more precise in the following result.

Lemma 3.1. The eigenvalues of the generalised problem, ( M B^T B 0 ) ( u p ) = λ ( M 0 0 S ) ( u p ) , (3.7)

lie in the intervals [−b̂, −â] ∪ [1, 1] ∪ [1 + â, 1 + b̂] where â and b̂ are constants that depend on the minimum and maximum eigenvalues of the ‘dual’ eigenvalue problem, BM^{−1}B^T p = σSp.

Proof. If λ = 1, B^T S^{−1}Bu = 0 ⇔ u ∈ null(B). (3.8)

Since B has full rank, dim(null(B)) = n − m and there are n − m linearly indepdendent vectors u satisfying (3.8). Hence, λ = 1 with multiplicity n − m. If λ ≠ 1, u = 1 (λ − 1) M^{−1}B^T p and Bu = λSp. Hence, BM^{−1}B^T p = σSp, (3.9) where σ = λ(λ − 1). The eigenvalue problem (3.9) has m positive eigenvalues {σ_i}^m_{i=1} which yield m negative and m positive eigenvalues for (3.7), defined by,

λ^1_i = 1 2 + 1 2 √ 1 + 4σ_i, λ^2_i = 1 2 − 1 2 √ 1 + 4σ_i, i = 1 : m.

If we now write, â = − 1 2 + 1 2 √ 1 + 4σ_{min}, b̂ = − 1 2 + 1 2 √ 1 + 4σ_{max}, then it is clear that these 2m eigenvalues of (3.7) lie in [−b̂, −â] ∪ [1 + â, 1 + b̂].

S is a more robust preconditioner for BM^{−1}B^T with respect to the diffusion coefficients than a block decomposition of BB^T . Intuitively, we expect the eigenvalues of S to exhibit the same h-dependence as those of BM^{−1}B^T , leading to an optimal eigenvalue bound.

3.2.1. Numerical eigenvalues. We consider (1.1) on Ω = [0, 1] × [0, 1] with ∂Ω = ∂Ω_D and uniform rectangular meshes. Firstly, we set A = I and secondly, we choose mildly varying coefficients, A(⃗x) = (_1

1+100(x^2 +y^2) 0

0^1

1+100(x^2+y^2) ) . (3.10)

The eigenvalues of the preconditioned matrices {λ_1, . . . , λ_{n+m}} are recorded in tables 3.1 and 3.2, and plotted in figure 3.1. Observe that on uniform meshes, the eigenvalues are barely affected by the variation in the diffusion coefficients. In fact, on uniform meshes, one observes that σ_{min} → 1 and σ_{max} → 3 as h → 0 independently of the coefficients.

h σ_{min} σ_{max} λ_1 λ_m λ_{m+1} λ_n λ_{n+1} λ_{n+m} 1 8 1.0260 3 -1.3028 -0.6296 1 1 1.6296 2.3028 1 16 1.0064 3 -1.3028 -0.6209 1 1 1.6209 2.3028 1 32 1.0016 3 -1.3028 -0.6188 1 1 1.6188 2.3028

Table 3.1 Eigenvalues of preconditioned system; unit coefficients

The same behaviour is observed using triangular elements. The only difficulty is to determine the correct scaling when constructing the five-point difference approximation.

h σ_{min} σ_{max} λ_1 λ_m λ_{m+1} λ_n λ_{n+1} λ_{n+m} 1 8 1.0141 3.0243 -1.3095 -0.6243 1 1 1.6243 2.3095 1 16 1.0038 3.0063 -1.3045 -0.6220 1 1 1.6220 2.3045 1 32 1.0010 3.0016 -1.3032 -0.6185 1 1 1.6185 2.3032

Table 3.2 Eigenvalues of preconditioned system; variable coefficients

Fig. 3.1. Eigenvalues of preconditioned systems

3.2.2. Preconditioned MINRES. Again, we discretise (1.1) on Ω = [0, 1] × [0, 1] using rectangular meshes. For simplicity, we only consider a homogeneous Dirichlet boundary condition in the following numerical examples. However, a Neumann condition can also be discretised very simply.

Example 1 A = I, f = 1. The stopping tolerance is 10^{−6}. Iteration counts are given in table 3.3. As predicted, the preconditioner is optimal.

h^1_8^1_{16}^1_{32}^1_{64} preconditioned 17 19 19 19 unpreconditioned 25 75 165 311

Table 3.3 Iteration counts

Example 2 We choose A here to be the variable coefficients (3.10). We have seen above that the eigenvalues of the preconditioned system are very close to those of example 1 and this is reflected in the iteration counts shown in table 3.4. Observe that convergence of the unpreconditioned solve has slowed considerably whereas the preconditioner is robust with respect to the variation in the coefficients. Example 3 Finally, we consider discontinuous coefficients and introduce an interior zone of increasing permeability by choosing ϵ ∈ ( 10^0, 10^6 ) and setting,

A(⃗x) = { ϵI ∀ ⃗x ∈ Ω_∗ I ∀ ⃗x ∈ Ω\Ω_∗, h^1_8^1_{16}^1_{32}^1_{64} preconditioned 21 21 21 19 unpreconditioned 142 449 1,178 2,638

Table 3.4 Iteration counts

with Ω_∗ =

(_1 2 , 1 ) × ( 0,^1_2 ) . Iteration counts are recorded in table 3.5 below.

h 10^0 10^1 10^2 10^3 10^4 10^5 10^6 1 16 19 23 25 23 23 23 23 1 32 19 23 25 25 25 25 25 1 64 19 23 25 25 25 25 25

Table 3.5 Iteration counts

Comparing the numerical results above with those in section 2, we note that both preconditioning strategies are optimal. The P_{div} method however is more widely applicable; modifying the P_{schur} approach in the context of non-diagonal A is not straight-forward!

4. Concluding remarks. In this paper we have explained–without penalty parameters or reduction techniques—why the preconditioners P_{div} and P_{schur} are optimal and robust with respect to variations in the diffusion coefficients. Our bounds are derived using properties of the finite element matrices. The results apply to the lowest order Raviart-Thomas spaces in IR^2 and IR^3. To derive practical techniques the issue of efficient implementation of P_{div} and P_{schur} needs to be addressed. We have not focused on this; effective domain decomposition and multigrid methods in the context of the H_{div} operator are described in [2] and specialist multigrid methods, see [5, ch. 6], can be used in the second approach.

REFERENCES

[1] T. Arbogast and Z. Chen, On the implementation of mixed methods as non-conforming methods for second-order elliptic problems, Math. Comp., 64(211), pp.943–972, July 1995.

[2] D. N. Arnold, R. S. Falk and R. Winther, Preconditioning in H(div) and applications, Math. Comp., vol. 66, no. 219, pp.957–984, 1997.

[3] R. Barrett, M. Berry, T. F. Chan, J. Demmel, J. Donato, J. Dongarra, V. Eijkhout, R.

Pozo, C. Romine and H. van der Vorst, Templates for the Solution of Linear Systems: Building Blocks for Iterative Methods, SIAM, Philadelphia, 1994.

[4] D. Braess, Finite Elements: Theory, Fast Solvers and Applications in Solid Mechanics, Cambridge University Press, 1997.

[5] J. H. Bramble, Multigrid Methods, Pitman research notes in amthematics series, 294, Longman, 1993.

[6] F. Brezzi and K. J. Bathe, A discourse on the stability conditions for mixed finite element formulations, Comp. Meth. in Appl. Mec. and Eng., 82, pp.27–57, North-Holland, 1990.

[7] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York, 1991.

[8] Z. Chen, R. E. Ewing and R. Lazarov, Domain Decomposition algorithms for mixed methods for second-order elliptic problems, Math. Comp., 65(214), pp.467–490, April 1996.

[9] K. A. Cliffe, I. G. Graham, R. Scheichl, L, Stals, Parallel computation of flow in heterogeneous media modelled by mixed finite elements, J. Comp. Physics, 164(2), 2000.

[10] R. E. Ewing and J. Wang, Analysis of the Schwartz algorithm for mixed finite elements methods, M^2AN, Mathematical Modelling and Numerical Analysis, vol. 26, no. 6, pp.739–756, 1992.

[11] R. E. Ewing and J. Wang, Analysis of multilevel decomposition iterative methods for mixed finite element methods, M^2AN, Mathematical Modelling and Numerical Analysis, vol. 28, no. 4, pp.377–398, 1994.

[12] A. Greenbaum, Iterative Methods for Solving Linear Systems, SIAM, Philidelphia, 1997. [13] C. C. Paige and M. A. Saunders. Solution of sparse indefinite systems of linear equations, SIAM J. Numer. Anal., 12, pp.617–629, 1975.

[14] A. Quarteroni and A. Vialli. Numerical Approximation of Partial Differential Equations, Springer-Verlag, 1994.

[15] P. A. Raviart and J. M. Thomas, A mixed finite element method for second order elliptic problems, Mathematical Aspects of the Finite Element Method, Lect. Notes in Math. 606, Springer-Verlag, New York, 1977.

[16] J. E. Roberts and J. M. Thomas, Mixed and hybrid methods, Handbook of Numerical Analysis, Vol II: Finite Element Methods (Part 1), pp.523–633, Editors: P. G. Ciarlet and J. L. Lions, North-Holland, 1991.

[17] T. Rusten and R. Winther, A preconditioned iterative method for saddlepoint problems, SIAM J. Matrix. Anal. Appl., 13, no. 3, pp.887–904, July 1992.

[18] T. Rusten and R. Winther, Substructure preconditioners for elliptic saddle point problems, Math. Comp., 60(201), pp.23–48, January 1993.

[19] T. Rusten, P. S. Vassilevski and R. Winther, Interior preconditioners for mixed finite element approximations of elliptic problems, Math. Comp., 65(214), pp.447–466, 1996.

[20] R. Scheichl, Iterative Solution of Saddle-Point Problems Using Divergence-free Finite Elements with Applications to Groundwater Flow, PhD. thesis, University of Bath, 2000.

[21] D. Silvester and A. Wathen, Fast iterative solution of stabilised stokes systems part II:

using general block preconditioners, SIAM J. Anal. 31, no. 5, pp.1352–1367, October 1994.

[22] P. S. Vassilevski and J. Wang, Multilevel iterative methods for mixed finite element discretizations of elliptic problems, Numer. Math., 63, pp.503–520, 1992.

[23] P. S. Vassilevski and R. D. Lazarov, Preconditioning mixed finite element saddle-point elliptic problems, Numerical Linear Algebra with Applications 3(1), pp.1–20, 1996.

[24] S. C. Brenner, A multigrid algorithm for the lowest-order Raviart-Thomas mixed triangular finite element method, SIAM J. Numer Anal., 29(3) pp. 647–678, 1992.