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The dual inverse scaling and squaring algorithm
for the matrix logarithm®

Massimiliano Fasi®  Bruno lannazzo?t

Abstract: The inverse scaling and squaring algorithm computes the logarithm of a square
matrix A by evaluating a rational approximant to the logarithm at the matrix B := A2 for a
suitable choice of s. We introduce a dual approach and approximate the logarithm of B by
solving the rational equation r(X) = B, where r is a diagonal Padé approximant to the matrix
exponential at 0. This equation is solved by a substitution algorithm in the style of [M. Fasi
and B. Iannazzo, MIMS EPrint 2019.8, 2019] which is tailored to the special structure of the
approximants to the exponential. In terms of floating-point operations, the resulting method
is cheaper than the state-of-the-art inverse scaling and squaring algorithm.

Keywords: Primary matrix function, matrix logarithm, inverse scaling and squaring algorithm,
Schur form, Padé approximant

AMS Classification: 65F60, 15A16

1 Introduction

Any matrix X € CN*N satisfying the equation
(1) expX =A

is a logarithm of A € CN*N. Tt can be shown that (1) has infinitely many solutions if A is
nonsingular and no solution otherwise. When A has no nonpositive real eigenvalues, how-
ever, there exists a unique matrix that satisfies (1) and has spectrum in the complex strip
{z € C : |[Im(z)| < m}. This solution, denoted by log A, is the principal logarithm or the standard
branch of the logarithm [10] of A. With some abuse of notation, we can define the principal log-
arithm of nonsingular matrices with eigenvalues on the open negative real axis as the unique
solution to (1) whose eigenvalues lie in the strip {z € C : - < Im(z) < 7}.

The principal logarithm has applications in a wide variety of domains. In engineering, it
can be employed to recover the coefficient matrix of a system governed by the linear differential
equation dy/dt = Xy from observations of the state vector y [23]. In control theory, it is used
to convert discrete-time linear dynamical systems to continuous-time state-space systems [28]
and to compute the time-invariant component of the state transition matrix of ordinary differ-
ential equations with periodic time-varying coefficients [8]. Other recent applications include
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computing the Lambert W function [11] and the matrix geometric mean [7], and finding gen-
erators of Markov chains in finance [21] and sociology [33]. The matrix logarithm also appears
in optics [12], mechanics [13], and computer graphics [16].

The principal logarithm of matrix can be defined as a primary matrix function [19, Chap. 11].
If A is diagonalizable, that is, there exists a nonsingular matrix M such that M 1AM =
diag(Aq, ..., An), then

(2) log A = M diag(log A1, ...,log An)M™L.

If A is nondiagonalizable, log A can be obtained from (2) by continuity [27], but extra care is
necessary for matrices with real negative eigenvalues.

The formula (2) readily translates into an algorithm for computing the principal logarithm
of a diagonalizable matrix. Such an algorithm turns out to be unstable, as the conditioning of M
may potentially spoil the computation, leading to a forward error far larger than that predicted
by the conditioning of the matrix logarithm itself. Due to this restriction, in practice (2) is the
algorithm of choice only when A is normal, as in this case the matrix M can be chosen to be
unitary and thus perfectly conditioned.

Several diverse techniques for approximating numerically the principal logarithm of non-
normal matrices have been proposed in the literature, see [19, Chap. 11] for a survey and [9]
and [2] for more recent examples. A well-established approach is the inverse scaling and squar-
ing algorithm, a method initially proposed by Kenney and Laub [29] and further developed by
several authors over the course of the last thirty years [15], [14], [20], [25], [6], [19, Chap. 11],
[30]. This technique exploits the matrix identity log A = 2°log A?~, and evaluates log A by
combining argument reduction and rational approximation. By taking a certain number of
square roots of A, the problem is reduced to the approximation of the logarithm of a matrix
with eigenvalues close to 1. The latter task is accomplished by evaluating the rational function
tm at the matrix argument B := A2, where t,, is the [m /m] diagonal approximant to the scalar
function log z at z = 1. Scaling the result to take into account the effect of the initial square
roots leads to the approximation log A ~ 25t,,(A%").

Here we follow a dual approach, and rather than evaluating a rational function we approx-
imate the logarithm of A>” by solving the rational equation

r(X) =A%,

where r(z) is a rational approximant to e* at z = 0. This technique may seem unnecessarily
convoluted, as in most cases evaluating a function f at a matrix A requires less effort than
solving the matrix equation f(X) = A. As we shall see, this is not the case for the matrix
function at hand. In previous work [5], [3], it has been shown that if T is a quasi-triangular
matrix and r is a rational function, then computing a quasi-triangular solution Y to r(Y) = T
has the same asymptotic computational cost as evaluating r(T). The use of quasi-triangular
matrices is not a restriction: if a quasi-triangular matrix Y satisfies r(Y) = T, where T = U*AU
is upper quasi-triangular and U is unitary, then the matrix X = UYU" is a solution to the matrix
equation r(X) = A, and conversely, any solution to r(X) = A that is a polynomial of A can be
obtained in this way [5].

The advantage of the dual approach for the matrix logarithm lies in the fact that the
[2¢ +1,2( + 1] Padé approximant to e* at z = 0 can be written as [17, Thm. 5.9.1]

_ 8(2%) + zh(2?)

¥ )

where ¢ and h are polynomials of degree ¢. The diagonal Padé approximants to logz atz =1,
on which the inverse scaling and squaring algorithm is based, do not have such a special form.
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In the next section we recall some key definitions and results that will be of used in later
sections. In section 3 we briefly review existing substitution algorithms for rational equations
and introduce our new algorithm for rational functions that can be written in the form (3). In
section 4 we discuss how this technique can be used to compute the matrix logarithm in an
inverse scaling and squaring fashion, and evaluate the performance of the resulting algorithm
in section 5. The final section summarizes our contribution and outlines possible directions for
future work.

2 Background

Characterizing primary and isolated solutions to matrix equations. Let us consider the matrix
equation f(X) = A where X, A € CN*N and f is a primary matrix function in the sense of [19,
Chap. 1]. We say that X such that f (X)=Aisa primary solution if there exists a polynomial p
such that X = p(A), and that it is isolated if there exists a neighborhood U C CNXN of X where
X is the only matrix that satisfies f(X) = A.

Primary solutions can be characterized in terms of their spectrum. We recall that an
eigenvalue is semisimple if it appears only in Jordan blocks of size 1, and that a semisimple
eigenvalue is simple if it has algebraic multiplicity 1. It can be shown [26, Thm. 6.1] that a
solution X is primary if and only if the following two conditions are satisfied:

1. f(&) # f(&;) for any two distinct eigenvalues &;, &; of X;;
2. if an eigenvalue & of X is critical (f/(£) = 0), then it is semisimple.

Furthermore, a primary solution is isolated if and only if all its critical eigenvalues are simple [5,
Thm. 6].

Padé approximation of the exponential function. Rational approximation is a powerful tool
for the computation of matrix functions. Here we recall the definition of Padé approximants
and state some of their fundamental properties. Readers interested in theoretical aspects of
Padé approximation are referred to the encyclopedic work by Baker and Graves-Morris [24].

Let f : QO — C be analytic on U C Q and let zp € U. The rational function 7,,,(z) :=
Pun(2)qmn(2)~", where

n

m
pmn(z) = Z Cl[cm/n]zk/ qmn(Z) = Z d,Em/n]Zk,
k=0 k=0

is an [m/n] Padé approximant to f(z) at z = zg if the denominator is normalized so that
Gmn(z0) = 1and f(z) = ruu(z) = O((z — 20)™*"*1) as z — zo. Given f, m, and n, an [m /n] Padé
approximation might not exist, but if it does then it is unique. If we further require that p,,
and g,,,, are coprime, then p,;, and g,,, are also unique.

In order to develop a new algorithm for the matrix logarithm, we consider the Padé approx-
imants to e? at z = 0, which we denote by 7, (2) := Piun(2)§mn(z)~!. These approximants exist
for any choice of m and 1, and the coefficients of numerator and denominator of 7, are [17,
Thm. 5.9.1]

— k)
glm/nl _ (™ M/ fork=0,...,m,

k k] (m+n)
@ giminl = (~1)k m\(m +n— k) fork =0 n
ko= k] (m+n) ’ OPE=Sree
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respectively. Here we focus in particular on diagonal approximants, for which m = n, as our
algorithm exploits the property c,Em/ ml = (—1)kd,Em/ m], which in turn implies that pym(z) =
Gmm(—2z) and that 7,,(z) := 7;um(z) has the special structure (3).

As is customary in the literature of matrix function, we restrict our attention to approx-
imants that, from a computational point of view, are optimal, in the sense that they are the
approximants of highest degree that can be evaluated with a fixed number of matrix multiplic-
ations. Since in our algorithms we do not use 7, which is the only optimal Padé approximant
to the matrix exponential of even degree [4, Prop. 4], in section 3 we will consider only odd
values of m.

3 Specialized substitution algorithms

We discuss numerical algorithms for the solution of the matrix equation

(5) p(X)g7'(X) = A,

where p and g are coprime polynomials of degree 2¢ + 1 for some positive integer £. Then
we will move to the special case p(z) = g(—z), in order to take full advantage of the special
structure (3) of the diagonal Padé approximants to the exponential.

As shown in [5, Prop. 9], if p and g are coprime then X satisfies (5) if and only if it satisfies
p(X) = Aq(X), thus we will consider only the latter equation, which does not feature matrix
inversions. By noting that p(U~'XU) = U"'AUg(U~'XU), we can further reduce (5) to

(6) p(Y) =Tq(Y),
where
7) T=U"'AU

is block upper triangular with v blocks of size 11, ..., 7, along the main diagonal. Note that if
Y is a primary solution to (6), then it has the same block structure as T.

In practice, it suffices to consider two cases: upper triangular matrices, which have diagonal
blocks of order 1, and upper quasi-triangular matrices, which can have diagonal blocks of order
1 or 2. More specifically, we focus on two (block) triangularizations: the Schur decomposition
A =: UTU*, where T,U € CN*N are upper triangular and unitary, respectively; and the
real Schur decomposition A := QSQT, where S, Q € RN*N are upper quasi-triangular and
orthogonal, respectively. We stress that this choice is not restrictive, as all square complex
matrices have a Schur decomposition, and all square real matrices have also a real Schur
decomposition.

In order to exploit the structure of the diagonal Padé approximants to the exponential
function, it is convenient to rewrite (6) as

(8) g(YH) +Yh(Y?) - Tg(Y?) + TYh(Y?) =0,

where g(x) = Zi:o yexk and h(x) = Zi:o Sxx*. Note that since g and h are polynomials of

degree ¢, working with (8) might significantly reduce the computational cost of solving (5).
3.1 Substitution algorithms for (8)

Now we describe a technique for solving general equations of the type (6), where T = (T;;); j=1,....v
and Y = (Yjj)i j=1,..,» are block upper triangular matrices with the same block structure. By

-----
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writing the equation at block level, we obtain the nonlinear system of equations

©) p(Yi) = Tuq(Ys), i=1,...,v,
(10) Lij(Yi) = by, 1<i<j<v,

where L;; is a linear operator depending only on Y;; and Yj;, and b;; is a nonlinear polynomial
in the blocks T;7 and Y57 such that eitheri=iandj < j,or7>iandj=j.

Equations (9) and (10) naturally lead to an algorithm for the solution of (6), as we now
explain. The diagonal blocks Y1y, ..., Y, of the solution can be computed by solving the
equations in (9), whereas the blocks above the diagonal can be obtained by solving those
in (10), one superdiagonal at a time, with a substitution procedure.

In order for this algorithm to be effective, it is necessary to find efficient techniques to
compute Yj;, L;j, and b;;. When T is upper (quasi-)triangular, (9) is made of scalar equations
or matrix equations with 2 X 2 unknowns and coefficients, whose solutions can be found by
solving only scalar polynomial equations [5, Prop. 15]. The computation of L;; and b;; can be
performed in a number of ways that are equivalent mathematically, but not numerically.

For several evaluation schemes it has been shown that the computational cost of computing
Y by constructing L;; and b;; for all i and j is asymptotically the same as the cost of evaluating the
rational function r(z) := p(z)q(z)~! at an upper quasi-triangular matrix. Existing substitution
methods are derived from schemes that evaluate r at the matrix argument A by computing
P := p(A)and Q := q(A) separately and then solving the multiple right-hand side linear system
QX = P. These algorithms differ in the way the numerator and denominator are evaluated: [5,
Alg. 1] uses Horner’s scheme, [3, Alg. 1] explicitly computes powers of A and combines them,
whereas [3, Alg. 2] relies on the more powerful Paterson-Stockmeyer scheme for polynomial
evaluation.

The applicability of the algorithms depends on the existence of solutions to the equations
in (9) and to the nonsingularity of the operators L;; in (10). It has been shown in [3, Thm. 3.4]
that once the diagonal blocks are computed, the three algorithms are applicable if and only if
for1 < i <j < v one has that 7[A;, A;] # 0, where A; and A; denote an eigenvalue of Y;; and
Yj;, respectively. In principle, any of [5, Alg. 1], [3, Alg. 1], or [3, Alg. 2] can be used to solve
(8), but by exploiting the special structure of the numerator and denominator of this rational
equation we can develop tailored algorithms that require fewer arithmetic operations than a
straightforward application of the algorithms in [5] or [3].

Our algorithm for solving (8) is based on an evaluation scheme that uses only even powers
of Y. This approach roughly halves the computational cost of solving (5) with respect to [3,
Alg.1],and for ¢ =1, ...,5 requires fewer matrix multiplications than [3, Alg. 2] or [5, Alg. 1].

For { greater than 5 it is possible to use evaluation schemes that do not form all the powers of
Y2. In principle, for any such evaluation scheme, one could implement a “more complicated”
structured algorithm for the solution of (Y) = T that roughly requires as many operations
as the evaluation of #(T). Such “optimal schemes” are not needed for the computation of
the matrix logarithm in double precision floating-point arithmetic, as neither accuracy nor
performance would improve if { greater than 5 were used. Larger values may be of interest or
even necessary in a multiprecision setting, but we will not discuss this aspect here.



3.2 Structured algorithm based on even powers

In analogy with [3, Eq. (3.6)], we define the sequence

I, k=0,
Ykl = {y2 k=1,
ylyle=11 =2 ... ¢,

where YKl = Y2k, The diagonal blocks of Y¥l can be computed by solving the equation
r(Y) =T, fori =1,...,v. For the off-diagonal block we rewrite (8) as an equation involving

only Y;; and blocks of ¢(Y)z7, h(Y)z, and Y%k] such that7+j < i+j. Theseblocks are located below

and to the left of that in position (7, j), and together with the blocks of T they can be regarded
as known quantities, assuming an algorithms that computes the blocks of Y one diagonal at a
time from the main diagonal to the top right corner.

The block in position (i, j) of the sequence can be written, for k =2,...,¢, as

j-1
[kl _ 1] [k—1] (1] [k-1] [k] (k] ._ (1] [k-1]
S A IR
t=i+1

For k > 2, by substituting the formula for Y[k_l] into that for Y[k] one obtains a formula for the

latter that involves only known quantities and the two blocks Y k “land Y , and repeating the

procedure we obtain, fork =2,...,¢,
1 _ N ylily ity fhoun) |, gl 1l
k u] (1] [k—u-1 k u] plk—u]
(11) v = vyl gl ZY Fi,
u=0

where Yig.k] is given in terms of Yi?] and known quantities. Using (11) and setting (DB] =0, we
can write, fork =1, ...,¢,

k-1

(k] _ plkl (1] [£] [£] — [uly /v [k—u-1]

(12) Y, =B () + @y, ES(V) = E Y VY .
u=0

From (8), we have that

(13) (I -Ti)g(Y?)ij + (I + Tii) (Yuh(Y?)ij + Yijh(Y?) ;) =
j-1 J
- (I+Ty) Z Yirh(Y?),; + Z TitQt;,
t=i+1 t=i+1

where Q = g(Y2) - Yh(Y?), and the right hand side contains just known quantities. In order to
isolate the terms containing Y;; in the left hand side, we exploit (12) to obtain

!

¢
gy = > i = > el + Z i@l

k=0 k=1

h(Y?); = Z 6kY[k Z Sk E[k (Y[”) + Z 6kcp£j.‘],
k=1



and we note that

j-1
(14) Yl-g»l] = Nij(Yyj) + @i, Ny(Y) =YY +YYj;, D= Z Yit Vi
t=i+1

Therefore, (8) is equivalent to an equation of the form
(15) Lij(Yij) = byj,
where

¢
Lij(Yij) = Z IvlkEZ[]l'(](Nij(Yij)) + (I, + Tii)Y;h(Y?)j5,
k=1

j j-1 ¢

biji= ) Tuq(V)ij = (I +Tia) D Yieh(Y2)y = > (B (@y) + @LY),
t=i+1 t=i+1 k=1

with g = yrly, + 61Yii + Tii (61 Yii — Yile)-

In order to get the matrix coefficient of the linear system Lij(Yij) = bij, we use the operator
vec, which stacks the columns of an M X N matrix into a long vector of length MN. The vec
operator features in the identity vec(A1AA3) = (Ag ® A1)vec(Ay) [27, Lemma 4.3.1], where
A ® B denotes the Kronecker product of the two matrices A and B.

By taking the vec of both sides of (15), we get

(16) Mijvec(Y;j) = @i,

where

¢
k]~
M;j = Z HkEl[-j]Nij + h(Y2)]T]. ® (I, + Tiy),

k=1
©ij = Xij — Yij,
(17) j j-1 ,
Xij = vec| > Teq(Vij = (I + T) Y Yuh(¥?)y),
t=i+1 t=i+1

and E l[]k] and N ij are the matrices representing the operators E l[]k] and Nj;, respectively.

Using the techniques in [3, sect. 3], we can use (17) to design an algorithm for the solution
of (8): after computing the diagonal blocks of YI¥I, ¢(Y?) and h(Y?) directly, the off-diagonal
blocks in the upper triangular half of Y can be obtained, one super-diagonal at a time, using (16).
The pseudocode of this procedure is given in detail in Algorithm 1.

Some computation can be saved by observing that Cl)g.c] and E Z[]k] follow the recursions

21 _ pl2l [ _ plkl |y [ glk-1] _
ol =p, ol =FdevllopT k=3,

£l _ Bk _ ((yhyT plk-1] [k-1] _
Ej =l  Ey =(0;) @I )E; "+IyeY, ",  k=2,...L



Algorithm 1: Algorithm for r(X) = A, with r as in (3), based on even powers.

Input : A€ CNxN Y0, - - ., ye coefficients of g, 0o, . . ., 0 coefficients of h.
Output: X € CN*N such that p(X)g71(X) ~

1 Compute a block upper triangular decomposition A := UTU ! as in (7).

2 fori=1tovdo

3 Yu «— a solution to g(X?) + Xh(X?) - Ti(g(X?) - Xh(X?) =0
4 Y Y2

5 for k= 2 to ¢ do

. t Y[k] Y[l]Y[k 1]

7 Gzz — Zk oka[k

8 | Hye— Xt oY

9 | Qii « Gii = YiiHj

10 forv =1tov—1do

11 fori=1tov—-vdo

12 jeito

13 fork=2tofdo

[k] ] 1 [1]y [k-u-1]

w | || A e

15 Oy — ¥ Yz’thf

16 d)m FZ[]]

17 for k=3to € do

18 o} — Fif 4+ v} ol

19 El[;] — Iy,

20 fork=2to { do

7lk] (1] (k- 1] [k-1]

7 £ <—((yj]. ) ®IT1)E] + (1 &)
22 fork=1to{ do

23 |tk yile + 0xYjj + Ti(0kYii — yily,)

2 M = (zk (I ® OB ) (00 © L, + 1y @ Vi) + HT, ® (I, + Ti)
25 K Zt i+1 YitHij

26 Pij — VeC(Z,}:i+1 Tt Qtj — (I, + Tn-)K)

27 O TR #k(El[jk] vee (®y) + VeC(‘Dl[f])) ~ 1 vee (Py)
28 Yij  vec (M pyy)

29 Y Yy + Yy +

30 fork=2tol do

31 t Y. . Y[l]Y[k Uy YE”Y =11y F [K]

32 Hij « Zk 1 6kY[k

33 | Qz" <—Zk 1)/ Y[k] K—YiiHj]'—Yi]'H]‘]'
31 X — UYU-!




Applicability The algorithm may have a breakdown if M;; is singular. We show that this
depends on what solutions to (9) are chosen, but does not happen when computing isolated
solutions. Before stating the applicability condition, we provide a technical lemma.

Lemma 1. For the matrix M;; in (17), one has that

20+1 20+1

(18) Mij= ) eBl - (1 Ty) Z dBlY, Bl Z(yk-l-M)T ® Y.

k=1

where cy and dy, for k = 1,...,20 + 1, are the coefficients of p(z) := g(z?) + zh(z?) and q(z) :=
¢(z%) — zh(z?), respectively.

Proof. First, observe that

k-1
EVIR, =

/\

>\~
"II

( [k 1-u )T ® Y[u])(YT. ® I, + IT/, ® Yii)

0
— ((Yz(k 1- “)+1)T®Y2u + (YZ(k 1- u))T®Y2u+1
u=0
2k-1
-1- o2k
- (Y]'ijluT(g)YiLil:Bz[j I
u=0
Define
!
Pyi= D (I ® (il +6:Y) B2 + n(?) @ 1,
k=1
(19) l
Piji= ) (I ® (el — 5¢Yii)) B = h(Y?)], @ I,
k=1

In view of (17), it is necessary to prove only that PZ] = 22“1 ckB;; B and that PZ] = ZNH dxB [k].
Note that, since yx = cox and 6k = cak+1, we have

(20) (I, ® )/kITl)B 2K = ¢, B[Zk], k=1,...,¢,
and, since h(Yz)j]- = Zi:o 6kY].zjk, we have

{
512k
1) kZ(IT,. ® 5,(1@)31[_]2 I ) 1,
=1

d 14

2k 2k+1
= 2 ok (I ® )B4 T @ L) +erler, = 3 carn B,
k=1 e

where the latter equality follows from the definition of B l[;f], since

2k-1
(IT] ® Yzz)B Sl2k] n (sz)T ®I, = Z (szjk—l—u)T ® Y};Y,-l- n (szjk)T QI

2k
- nlk+1
= 20T e =By



Equations (20) and (21) together show the first equality in (19). The corresponding equality
for P;; can be proved analogously, and this concludes the proof. O

Now we can state the applicability theorem.

Theorem 2. Let ¢ and h be polynomials of degree {, let p(z) := g(z%)+zh(z?)and q(z) := g(z?)—zh(z?)
be coprime, let r(z) = p(z)q(z)~", let T = (T;;) € CN*N be block upper triangular with v diagonal
blocks of size 11, ..., 7Ty, and let E; € C"*% fori =1,...,v, be a solution to r(2) = T;;. Then the
following two conditions are equivalent:

1. Algorithm 1 with the choice Y;; = E; is applicable, i.e., equation (16) has a unique solution Y;; for
1<i<j<vy

2. forall1 <i<j<v,if& and &; are eigenvalues of E; and E;, respectively, then r[&;, &;] # 0.

Under these conditions, if Z; is an isolated solution of the equation r(E) = T;; for i = 1,...,v then
Algorithm 1 computes an isolated solution to (8).

Proof. The proof is analogous to that of [3, Thm. 3.4] once one observes that the matrix M;;
in (18), which determines the applicability of Algorithm 1, is the same as that in [3, Eq. (3.15)],
which determines the applicability of [3, Alg. 1]. O

Implementation details Cancellation can occur in the computation of the diagonal elements

of the matrix I — T;;. This issue can be addressed by defining g][]b.[] = Zf;:u va].zj(U_u) and

h][.]’.’] = Zﬁ:u 61,1/].2].(0_“), and rewriting the matrix coefficient in (18) as

4
M = (L8 (1=Ta) ) ((gi) V3" ™) + (g @ Y37

u=1

¢
+ (I ® (I +Ti)Yi) Z((h][?])T ® Y2 ) + ((h][;l]yjj)T ® Y212
u=1
+ (M & (1+7T),

which given g][.;’], h][.;’], and Yl.[l.”] = lel” for u = 1,...,¢ can be evaluated with the following
algorithm:

1. computeI';; = (I ®Yj; + Y; QI);

N

. compute (g][;‘])T o Y Uand (h][;‘])T ® Yi[iu_l], foru=1,...,¢

11

@

. compute C; = Zizl((g][-;t])T ® Yi[,-u_l])rij)
4. compute C; = (I ® Y;;) Zflzl((h][-?])T ® Yl-[iu_l])rij;

5. compute M;; = C2 + (h}?])T QI+C1+(IQT;)(Ca+ (h][?])T ®I-Cy).
The last step replaces the cheaper and more obvious:
*5. compute M;; = (I ® (I = T;;))C1 + (I ® (I + T;;))(Ca + (h][.?])T ® I);

which may, however, be prone to numerical cancellation.
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Computational cost As in the other substitution algorithms for (quasi-)triangular matrices,
the computational cost is related to the number of matrix multiplication needed by the eval-
uation scheme on which the algorithm is based. For a triangular matrix, the most expensive

steps of Algorithm 1 with respect to the size v = N are the computation of Fl[]l.(], fork=1,...,¢,

and the two sums on the right-hand side of (13). The total cost of the algorithm is “Tzv3 +o(v®)

operations. Since y = max{m,n} =2{+1, we can write the cost as *%“%3 + 0(v®). Therefore
Algorithm 1 is asymptotically cheaper than [3, Alg. 1] for any m and not more expensive than [3,
Alg. 2] for m < 15.

4 Computing the matrix logarithm

The inverse scaling and squaring algorithm is one of the most effective techniques for com-
puting the principal logarithm of a matrix. For instance, the functions logm of MATLAB and
Base.log of Julia are based on the inverse scaling and squaring method as described in [15,
Alg. 4.1] and [14, Alg. 6.1], whereas the function 1logm of Octave implements the variant in [19,
Alg. 11.9].

The algorithm finds the (real) Schur decomposition A = UTU* and sets B = T?~ where s is
an integer such that the spectrum of B lies within the open disc {z € C : |z —1| < 1}. The matrix
log B is then approximated by r,,(B — I), where ry, is the [m/m] diagonal Padé approximant
to logz at z = 1. Finally, the logarithm of A is recovered through log A = U(logT)U" =
U(28log B)U* ~ U (2°r,(B = I))U".

The degree m is chosen so to guarantee that the relative backward truncation error

|4l
(22) ,
1B - 1|l
where A, = exp(ru(B — I)) — B, is smaller than the unit roundoff u in exact arithmetic.

Computing A,, directly would be too expensive, and a possible approach is to expand 4,, in a
power series and bound (22) by

[[Am]] SR
) IB —ml|| < D 1Bklay(B =1 =t Fu(ay(B 1),
k=2m+1
where
(24) ap(X) = max{|| X7 |7, || xP ||V ¢y

and p is any positive integer that satisfies p(p — 1) < 2m + 1.

The coefficients of the series (23) can be computed symbolically, and by combining symbolic
and high precision computation, one can estimate accurately, for i between 1 and some positive
integer mmax, the quantity

(25) GZ.F = gé?RZf{Fi(Q) <u}.

Note that a,(B —I) < Qf guarantees that ||A;||/||B — I|| < u. It is convenient to set m to the
smallest i such that r;(B — I) delivers an approximation to log B with a backward error below
the unit roundoff.

We now comment on the choice of the number of square roots s and the degree of the
approximation m. On the one hand, a large s leads to a matrix B with eigenvalues near 1, for
which a small m is sufficient to compute an approximation whose truncation error is bounded
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Tab. 1: The values of 0,, in [15, Table 2.1] are compared with those of O~ for m between 1 and
8.

Om

On

WO Ul WN RS

1.586970738772063 x 10~°
2.313807884242979 x 1073
1.938179313533253 x 1072
6.209171588994762 x 102
1.276404810806775 x 107!
2.060962623452836 x 1071
2.879093714241195 x 107!
3.666532675959788 x 107!

3.650024116682167 x 1078
3.759321363926338 x 1074
8.202379304954202 x 1073
3.792548581321354 x 1072
9.334652296460314 x 102
1.668083440029836 x 107!
2.479601520292692 x 10~
3.287599317808182 x 1071

by u. On the other hand, a small s requires a larger m to get an approximation of the same
quality. The algorithm attempts to minimize the computational cost by finding a trade-off
between s and m. Since for a triangular B evaluating r,,(B — I) and computing the square root
of B require mN?/3 and N3/3 flops, respectively, it may be worth taking an additional square
root if doing so is expected to decrease the degree of the approximant to be used by more
than 1. Therefore, in view of the estimate

ay,(A-=1)
(26) O
the algorithm takes an additional square root when a,(B — 1) < 2951_2. In fact, this condition
has to be checked only if 62 | < 20F , as the degree m is selected as a candidate only if
o | <a,(B-1) <6}

Once the pair (s, m) is chosen, the algorithm evaluates the [ /m] Padé approximantat B—1I,
then reverts the square roots by exploiting the matrix identity log T = 25log T? "~ = 2°log(B - I),
and returns the approximation 2°Ur,,(B—I)U". In order to improve the accuracy of the solution,
the diagonal and first upper diagonal of B — I and r,,(B — I) can be recomputed by using direct
formulae for the blocks along the diagonal [15].

As noted in [19, Chap. 11], it is not necessary to check the values of m larger that mmax = 7,
since Mmax is the largest integer i that satisfies GZ.F < 291.P_2, and for larger values taking an
additional square root is expected to reduce the cost of the evaluation of the Padé approximant
by at least 2N3/3 flops.

Remark 1. The values of O, in [15, Table 2.1] for double precision are computed using an expansion
different from that in (23). The values in [15, Table 2.1] and the correct value of these constants for
double precision are reported in the first and second column of Table 1, respectively.

4.1 A new analysis

In order to exploit the algorithm in section 3 to compute log A, we explore a different approach
to the approximation of log B, which relies on solving the rational equation Tmn(X) = B, where
Tmn(z) = Pmn(2)qmn(z)7! is the [m/n] Padé approximant to e? at z = 0. As the poles of 7,,,(z)
lie in the annulus [32, Thm. 2.2]

{ZEC:(m+n)W0(e_1)<|z|<m+n+§},

12



where W is the principal branch of the Lambert W function, there exists a neighborhood of 0
where 7,,, is analytic. By applying the quotient rule to 7,,, and using (4), one can easily see
that 77,,(0) # 0. Thus, there exists an inverse of 7, say 7,,5, analytic in a neighborhood of 1
and such that 7,,,}(1) = 0.

For a sufficiently small ¢ > 0, there exists a ball B,,, with center 1 where the branch 7,,,}, is
analytic, le"mn @) — z|/|z| < ¢ for all z € By, and 77.(z) #0in7,,L(By,). This branch of 7,,}
approximates the principal logarithm in a neighborhood of 0, where the quantity &,,,(z) =
efmn(2) /z — 1 can be seen as a relative backward truncation error, and in a neighborhood of 1 we
have the series expansion

[ee]

(27) enn(2) = ) Swz-1DE

k=m+n+1

The coefficients in (27) can be easily computed from those of the series expansion
(28) exp(Frn(z) =2 = ) ez = 1)F,
k=0

which can be obtained by composing the series expansion for e at z = 7,,5(1) = 0 with the
series expansion for 7,,1(z) at 1 determined using Lagrange’s expansion formula [34, Fact 3.6.7].
Since 7,,,(z) approximates e* up to the (m + n)th derivative we have that fy =0 for k < m +n,
and we can conclude that (27) holds with 3m+n+1 = Bm+n+1 and Sk =Brk— gk_l fork >m+n+1.

Turning to matrices, if the eigenvalues A4, . . ., AN of B lie in B,,,,, then the equation 7,,,(X) =
B, has a unique solution, say X := 7,,1(B), with eigenvalues 7,,}(A1),...,7,5(Ax), which is
primary and isolated, and can thus be computed using Algorithm 1. The existence of such a
solution follows from [3, Thm. 3.3], since 7,,,(A;) # 0 fori = 1,..., N and no pair of distinct
eigenvalues of X is mapped to the same complex value. The applicability of Algorithm 1
follows from Theorem 2.

The backward truncation error in the approximation of log B by means of the inverse of 7,
is given by the matrix A,;, = eX—B = exp(7,,5(B))—B € CN*N which satisfies X = log(B+A ).
If the eigenvalues of B are within the radius of convergence of the series (27), we can write

[o¢]

”Amn” Z < k
< Oor(B=1)
”B” k=m+n+1
(29) o
< D I5layB-DF
k=m+n+1

: Gmn(ap(B -1),

where the function a, is defined in (24). Note that unlike [15], we divide by the norm of B
instead of B — I (compare equation (23)), as the function we are approximating is in fact log B.
In analogy with the algorithm of Al-Mohy and Higham [15], we compute

G
(30) 07 = g;%ﬁGu(@) <u},
to aid with the choice of the diagonal Padé approximant that will deliver full accuracy. We
report the values of QZ.G for optimal degrees between 1 and 9 in Table 2. These values were
determined by computing symbolically the first 600 terms of the series expansion G;; and
performing all subsequent computation using 250 digits of accuracy. As implicitly assumed in
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Tab. 2: First few optimal degrees for the algorithm that computes the logarithm by solving a
matrix equation with the diagonal approximants to the exponential. For each degree m; we
report the asymptotic cost of the algorithm C(m;), the values of p that satisfy p(p —1) < 2m; +1,
and the value 9% in (30).

] m; C(m;) p 92/

1 1 N3/3 2 1.1003511163692342 x 107°
2 2 2N3/3 2 2.4012849957497128 x 1073
3 3 3N3/3 2,3 2.7099573188927441 x 1072
4 5 4N3/3 2,3 2.6059916466908718 x 107!
5 7 5N3/3 2,3,4 6.5282885430846634 x 107!
6 9 6N3/3 2,3,4 9.0572865457020838 x 107!

the analysis by Al-Mohy and Higham [15], we conjecture that the radius of convergence of G;;
is indeed larger than BiG, which seems to be the case numerically.

A variant of this algorithm is obtained by considering the [m/n] Padé approximant to e* — 1
atz = 0, say Tyun(2) := Pmn(2)qmn(2)~!, and approximating log B as a solution to 7y, (X) = B — 1.
Note that 7, (z) = 7mn(z) — 1, and in exact arithmetic this variant computes the same solution
as Algorithm 2. Hence the backward error in (29), can equivalently be written as

Amn = exp(T(B — 1)) — B.

and bounded by expanding the function e"mn®) —1 — z at 0. We note that this method would
require the same values of GZ.G, but in finite arithmetic may produce results which differ from
those of the method above.

4.2 The dual inverse scaling and squaring algorithm

In order to develop a new algorithm for computing the matrix logarithm, we begin by determ-
ining what degrees the new method should be using. A closer look at Table 2 reveals two
important points. First, since 65 must be below 1 and 6. = 65 > 0.5, we are guaranteed that
9,% < 26%72 for j > 6, and the largest degree to consider is mg = 9, since for larger values of m

taking an additional square root is expected to reduce the computational cost by at least N3/3.
On the other hand, 6,%]__1 > 26,,%._2 for j < 6, thus if a,(B — I) is smaller than 6%, in view of the
estimate (26) taking an additional square root will never reduce the cost of the approximant
to be used by more than N3/3, and we conclude that taking an additional square root is not
likely to reduce the computational cost once an approximant has been found. Finally, we do
not consider the approximants of degree 1 or 2, whose evaluation is prone to loss of accuracy
in floating-point arithmetic [19, p. 245].

The pseudocode of our strategy for computing the matrix logarithm using the analysis in
section 4.1 is given in Algorithm 2. The algorithm begins by computing the Schur decompos-
ition A =: UTU", and then uses the algorithm by Bjorck and Hammarling [31] to take square
roots of T, s of them say, until the spectral radius of T2 — [ becomes smaller than 99G . Since
| X5k > p(X) for all k € N and X € CN*N, this is a sufficient condition for ap(Tzfs —I) to be
smaller than ch. We prefer to rely on the spectral radius here as p(X) is much cheaper than
a,(X) to compute if X € CN*V is quasi-triangular.

Then, the algorithm tries to determine the smallest m € {3,5,7,9} such that the backward
error in the evaluation of 7,,'(T>" — I) is smaller than u, using the error bound (29) and the
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Algorithm 2: Matrix logarithm via inverse Padé approximation.

Input : A € CN*N guch that 6(A) c C\ R;.
Output: X =~ log A.

1 Compute the (real) Schur decomposition A =: UTU".
25«0

3m«0

4 BT

5 while p(B 1) > 6§ do

6 B « B!/?

7 s—s+1

8 while m = 0do

9 i3 < normest(B —I,3)1/3
10 fa < normest(B — 1, 4)l/4

11 az < max{us, U4}

12 i—29

13 while i > 3 do

14 if a3 < QZ.G then

15 L m i

16 fe—i—-2

17 if m = 0 then

18 ys5 < normest(B —1I, 5)1/5
19 ay < max{ys, us}
20 C « min(as, aq)
21 if C < 99G then

2 if C < 65 then
23 | m 7

24 else

25 L m«—9

26 else

27 B « B1/2

28 s—s+1

29 Y « 2°U7, ' (B)U"

values in Table 2. Since only an estimate of ap(Tz_s — I) is needed, we estimate the 1-norm of
powers of X € CN*N with the algorithm of Higham and Tisseur [22], which performs matrix-
(block) vector multiplications without explicitly computing any powers of X, and thus requires
only O(N?) floating-point operations. In our pseudocode, normest(X, k) denotes the function
that estimates || X*|; using this algorithm.

Note that ||X4||11/4 < ||X2||11/2 implies a3(X) < a(X), thus for m > 2 there is no need to
compute a>(T%" =I). Therefore, our algorithm computes a3, an estimate of a3(T%?" —I), and then
checks whether a3 < Qﬁ for one of the values of m of interest. If that is the case, then it selects
the lowest m that satisfies the inequality, and exits the parameter selection loop. Otherwise,
the algorithm computes a4, an estimate of as(T?" = 1), and uses  := min(as, a4) to determine
whether an approximant of degree 7 or 9 is expected to deliver full accuracy. The algorithm
setsm =9 if 9? <(C< 65 and m = 7if { < 6%, and in both cases it exits the parameter selection
loop. Finally, if { > 0F, another square root is taken, and the selection process is attempted
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again.

Once a pair (s, m) such that Gmm(ap(Tz_s —1)) < u is found, the algorithm solves the matrix
equation 7,,(X) = T?". The ith diagonal block of X is chosen as the solutions to the matrix
equation 7, (Xj;) = TI.?S that is closer to log Tl%fs in norm. Finally the approximation 2°UXU" is
returned.

4.3 Alternative choice for the diagonal blocks of X

The solution of the equation 7,,(X) = B on line 29 of Algorithm 2 has diagonal elements
7.2 (B11), ..., 7:;"(Byy), where Byy, ..., By, are the v diagonal blocks of T2”. These values are
approximations to the corresponding diagonal blocks of log B.

Since X aims to approximate log B, a variant of Algorithm 1 can be obtained by setting, on
line 3 of Algorithm 1, the diagonal blocks of X to log B1y, ..., log B,, and using these values
in the subsequent substitution step. The whole procedure can then be interpreted as applying
Algorithm 2 to the matrix equation

Tm(X) = E, B=B+ diag (7m(log B11) — B11, ..., Tm(logB,,) — Bw).

5 Numerical experiments

In this section we assess experimentally the accuracy and performance of the algorithms dis-
cussed in section 4 and compare them with the the MATLAB function logm. The experiments
were run on the 64-bit version of MATLAB 9.8.0 (2020a) on a machine equipped with an Intel
I5-6500 processor, running at 3.20GHz. We use a test set of 62 nonnormal matrices from the
literature of the matrix logarithm [15], [6]. These matrices have size ranging between 2 and 13,
and their spectra do not contain any real nonpositive eigenvalues.

In the tests, we consider four implementations:

e logm: the built-in MATLAB function that combines the inverse scaling and squaring
algorithms for complex and real matrices from [15] and [14], respectively, and uses the
constants 6, in Table 1.

e logm_amend: same as logm, using the constants Ol in Table 1.

e logm_ex: an implementation of Algorithm 2 that uses the approximants to e* at T and
the variant in section 4.3 for the choice of the diagonal blocks.

e logm_exml: an implementation of Algorithm 2 that uses the approximants to e* — 1 at
T — I and the variant in section 4.3 for the choice of the diagonal blocks.

The accuracy of a computed solution X is assessed by means of the relative forward er-
ror ||}A(' — X|l1/1IX|l1, where X is a reference solution computed using the logm function in
the Advanpix Multiprecision Computation Toolbox [1] with precision set with the command
mp.Digits(64). In order to gauge the stability of these algorithms, we compare the forward
error with the quantity x0g(A)u, where xjg(A) and u = 2753 are the 1-norm condition number
of the logarithm of A and the unit roundoff of IEEE double precision arithmetic, respectively.

5.1 Accuracy of the matrix logarithm

Figure 1 illustrates the accuracy of logm, logm_amend, logm_ex, and logm_ex1. In Figure 1a we
compare the forward error of the four implementations on the matrices in our test set, sorted by
decreasing value of xog(A). Figure 1b reports the same data by means of performance profiles.
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(a) Forward error. (b) Performance profile for (a).

Fig. 1: Left: forward error of logm, logm_amend, logm_ex, and logm_ex1 on the matrices in the
test set sorted by descending condition number xog(A). Right: corresponding performance
profile.

Our new algorithms appear to be as forward stable as the MATLAB function logm, and in
fact the forward error is essentially the same, with occasional differences when the forward
error is smaller than kog(A)u.

The performance of logm_ex and logm_exml is remarkably similar, and these two new
algorithms appear to be marginally more accurate than logm and logm_amend on just a few of
the matrices in our test set. The difference between the accuracy of logm and logm_amend is
negligible, with results indistinguishable for all but one matrix, where the latter algorithm is
slightly less accurate.

5.2 Computational cost of matrix logarithm

Figure 2 reports the computational cost of the four algorithms on the matrices in our test set.
The top plot shows, for each of the matrices in the test set, the coefficient in front of the leading
term N3 in the expression for the computational cost. The bottom plot reports, for each matrix,
the relative improvement, measured in percent as

Clogm - Clogm_ex

(31)

- 100,
Clogm_ex

where Ciogn and Ciogn_ex are the coefficient in front of N 3 in the experimental computational
cost of logm and logm_ex, respectively. The matrices are sorted in descending order by com-
putational cost of logm_amend, logm, and logm_ex.

The algorithm logm_amend reaches the highest computational cost on all matrices in the test
set. The algorithm logm has mostly the same cost as 1logm_amend, but requires an approximant
of lower degree on one third of the test matrices.

The two new algorithms logm_ex and logm_exml always have same computational cost, as
they use the same strategy to select the number of square roots to take and the degree of the
Padé approximant to use. According to the metric we consider, these are always more efficient
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Fig. 2: Top: computational cost of logm, logm_amend, logm_ex, and logm_ex1 on the matrices
in the test set. Bottom: relative gain of logm_ex with respect to logm, according to the formula
in (31).

than both logm and logm_amend. The computational cost of logm is typically 20% to 40% (and
up to 75%) higher than that of logm_ex and logm_exm1.

It is important to stress that this theoretical advantage does not translate into a performance
benefit for our MATLAB codes. In fact, while logm evaluates the Padé approximant at a
matrix argument using LAPACK and BLAS routines, the new algorithms rely on a MATLAB
implementation of Algorithm 1, which is much slower than a BLAS-like implementation of the
same algorithm would be.

6 Conclusions

We presented a new algorithm for solving the matrix equation 7,,(X) = A, where 7, is the
diagonal approximant to the exponential at 0. This algorithm exploits the special structure of
the coefficients of the rational functions 7, to accelerate the solution of the matrix equation
m(Y) = T, where T is a block upper (quasi-)triangular matrix. We discussed how this new
algorithm can be combined with a suitable adaptation of the strategy developed by Al-Mohy
and Higham [15] in order to develop two new variants of a dual inverse scaling and squaring
algorithm for computing the matrix logarithm.

According to our experimental results, the new algorithms are essentially as accurate as
the MATLAB function logm, despite occasionally delivering a solution with a slightly smaller
forward error, but are more efficient in terms of asymptotic computational cost.

This does not lead to a faster algorithm in the case of our MATLAB implementations.
The missing step to obtaining a truly competitive algorithm is a low-level implementation of
Algorithm 1 in the style of the level-3 BLAS [18]. This highly nontrivial task will be the subject
of future work.
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