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PLANCHEREL MEASURE FOR GL(n, F) AND GL(m, D):
EXPLICIT FORMULAS AND BERNSTEIN
DECOMPOSITION

ANNE-MARIE AUBERT AND ROGER PLYMEN

ABSTRACT. Let F' be a nonarchimedean local field, let D be a
division algebra over F, let GL(n) = GL(n,F). Let v denote
Plancherel measure for GL(n). Let Q be a component in the Bern-
stein variety Q(GL(n)). Then Q yields its fundamental invariants:
the cardinality ¢ of the residue field of F', the sizes mq,...,my,
exponents eg,...,e;, torsion numbers rq,...,7;, formal degrees
di,...,d; and conductors fi1,..., fiz. We provide explicit formu-
las for the Bernstein component vq of Plancherel measure in terms
of the fundamental invariants. We prove a transfer-of-measure for-
mula for GL(n) and establish some new formal degree formulas.
We derive, via the Jacquet-Langlands correspondence, the explicit
Plancherel formula for GL(m, D).

Keywords: Plancherel measure, Bernstein decomposition, local
harmonic analysis, division algebra.

AMS 2000 Mathematics subject classification: Primary 22E50,
secondary 11F70, 11540

1. INTRODUCTION

In this article we provide an explicit Plancherel formula for the p-adic
group GL(n). Moreover, we determine explicitly the Bernstein decom-
position of Plancherel measure, including all numerical constants.

Let F' be a nonarchimedean local field with ring of integers op, let
G = GL(n) = GL(n,F). We will use the standard normalization
of Haar measure on GL(n) for which the volume of GL(n,o0r) is 1.
Plancherel measure v is then uniquely determined by the equation

flg) = [ trace(x(g))iv(m)

for all g € G, f € C(G), where fY(g) = f(g7").
The Harish-Chandra Plancherel Theorem expresses the Plancherel
measure in the following form:

() = e(GIM)(GIM) ™ pepa () d(e) o
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where M is a Levi subgroup of G, w € Es(M) the discrete series of M,
c(G|M) and y(G|M) are certain constants, jga is a certain rational
function, d(w) is the formal degree of w, and dw is the Harish-Chandra
canonical measure.

In this article we determine explicitly

o(GIM)*y(GIM) ™ gy (w) d(w) dw

for GL(n).
The support of Plancherel measure v admits a Bernstein decompo-
sition [23] and therefore v admits a canonical decomposition

VII_IVQ

where (2 is a component in the Bernstein variety (G). We determine
explicitly the Bernstein component vq for GL(n).

We can think of Q) as a vector of irreducible supercuspidal represen-
tations of smaller general linear groups. If the vector is

(01, ey Oy ey Oty ey OF)
with o; repeated e; times, 1 < ¢ < t, and oy, ..., 0; pairwise distinct
(after unramified twist) then we say that € has exponents eq, ..., €.

Each representation o; of GL(m;) has a torsion number: the order of
the cyclic group of all those unramified characters n for which o; @ n =
o;. The torsion number of o; will be denoted r;.

We may choose each representation o; of GL(m;) to be unitary: in
that case o; has a formal degree d; = d(o;). We have 0 < d; < 0.

We will denote by f;; = f(o; x ;) the conductor of the pair ¢, X ;.
An explicit conductor formula is obtained in the article by Bushnell,
Henniart and Kutzko [9].

In this way, the Bernstein component {2 yields up the following fun-
damental invariants:

e the cardinality ¢ of the residue field of F'

e the sizes my, ms, ..., my of the smaller general linear groups
e the exponents ey, eq, ..., ¢

e the torsion numbers r1,79,...,7;

e the formal degrees d,d>, ..., d;

e the conductors for pairs fi1, fio,. .-, fu-

Our Plancherel formulas are built from precisely these numerical
invariants.

If Q has the single exponent e, then the fundamental invariants
yielded up by Q are ¢,m,e,r,d, f. The component {2 determines a
representation in the discrete series of GL(n), namely the generalized
Steinberg representation St(c,e). The formal degree of m = St(o, e) is
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given by the following new formula, which is intricate, but depends only
on the fundamental invariants of €2, in line with our general philosophy:

d(ﬂ') _ me_l . q(eQ—e)(f(JVXU)+T—2m2)/2 . (qT_ 1>e . ’GL(em7Q>’
d(o)e  rele ¢ —1 |GL(m,q)|*

In section 2, we give a précis of the background material which we
need, following the recent article of Waldspurger [34].

The Langlands-Shahidi formula gives the rational function pg as a
ratio of certain L-factors and e-factors [25]. In sections 34 we compute
explicitly the expression

o(GIM)*y(GIM) ™ gy (w)dow

when M is a maximal parabolic. The resulting formula is stated in
Theorem 4.4: in this formula we correct certain misprints in [26, p.
292 — 293].

In section 5, we compute the Plancherel density pi iy in the general
case by using the Harish-Chandra product formula and we give the
explicit Bernstein decomposition of Plancherel measure.

As a special case, we derive the explicit Plancherel formula for the
(extended) affine Hecke algebra H(n, q).

We have, in effect, extended the classical formula of Macdonald [19],
[20, Theorem 5.1.2] from the spherical component of GL(n) to the
whole of the tempered dual.

The Plancherel formulas for GL(n, F') and GL(m, D) are dominated
by repeating patterns, which we now attempt to explain. The repeating
patterns are expressed by transfer-of-measure theorems, of which the
first is as follows. With j = 1,2, let F}; be a nonarchimedean local field
and let 2, be a component in the Bernstein variety of GL(n;, F}). Let
9 denote the Plancherel measure of GL(n;, Fj). If y,Qy share the
same fundamental invariants, then

FOEC)

The next transfer-of-measure theorem is more surprising. Let €2 be a
component in the Bernstein variety of GL(n, F'), and let v be Plancherel
measure. Let Q have the fundamental invariants (¢, m,e,r,d, f). Let
K /F be an extension field with ¢x = ¢". Let G := GL(e, K), let £y be
a component in the Bernstein variety of Gy, and let (®) be Plancherel
measure. If g has fundamental invariants (¢", 1,e,1,1,1) then vq and

v are proportional, i.e
Qo p p y UL

e — e O
Q=K Vﬂo
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where k = k(q, m, e,r,d, f). This phenomenon was first noted by Bush-
nell, Henniart, Kutzko [10, Theorem 4.1}, working in the context of
types and Hilbert algebras. We reconcile our result for GL(n) with (a
special case of) their result by proving that

k(q,m,e,r,d, f) =vol(J)™" - vol(Iy) - dim(\)

where (J,\) is an Q-type, Iy is an Iwahori subgroup of Gy: for this
result, see Theorem 6.12. Theorem 5.7, which in essence is the Harish-
Chandra product formula, then allows one to compute the Plancherel
measure v for any component §2.

Using the explicit value for the formal degree of any representation
in the discrete series of GG previously obtained by Silberger and Zink,
we show that the comparison formula between formal degrees, proved
by Corwin, Moy, Sally in the tame case [14], is valid in general.

In the last section of the paper we consider the case of a group
GL(n', D), where D is a central division algebra of index d over over
F. We extend the transfer-of-measure result of Arthur and Clozel [1,
pp. 88-90] to the case when F' is of positive characteristic, by using
results of Badulescu.

Let G' = GL(n/, D), G = GL(n, F) with n = dn’. Let v/, v denote
the Plancherel measure for G/, G, each with the standard normaliza-
tion of Haar measure on G',G. Let JL: E3(G’) — E2(G) denote the
Jacquet-Langlands correspondence. Then we have

dv' (W) = XN(D/F) - dv(JL(w"))
where
AMD/F)=1]@" -1
the product taken over all m such that 1 < m <n—1,m #0 mod d.
For example, let G' = GL(3,D),G = GL(6, F') with D of index 2.
Then we have

d/ (W) =(¢—1)"(¢" = 1) (¢" = 1)~ - dv(JL(W))

Our proof of this is in local harmonic analysis, cf [1, p. 88 - 90].

Historical Note. The Harish-Chandra Plancherel Theorem, and the
Product Theorem for Plancherel Measure, were published posthumously
in his collected papers in 1984, see [16]. The theorems were stated with-
out proof (although Harish-Chandra had apparently written out the
proofs). At this point, we quote from Silberger’s article [29], published
in 1996:

In [16] Harish-Chandra has summarized the theory un-
derlying the Plancherel formula for G and sketched a
proof of the Plancherel theorem. To complete this sketch
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it seems to this writer that details need to be supplied
justifying only one assertion of [16], namely Theorem 11.
Every other assertion in this paper can be readily proved
either by using prior published work of Harish-Chandra
or the present author’s notes on Harish-Chandra’s lec-
tures.

For Silberger’s Notes, published in 1979, see [30]. Complete and de-
tailed proofs were finally published by Waldspurger in 2003, see [34,
V.2.1, VIIL.1.1]. None of these sources contains any explicit computa-
tions for GL(n).

We thank the referee for several valuable comments, and especially
for supplying an idea which led to a short proof of Theorem 3.1. We
thank Ioan Badulescu, Volker Heiermann, and Wilhelm Zink for valu-
able conversations on the central simple algebras case. Some of the
results in this article have been announced in [2].

2. THE PLANCHEREL FORMULA AFTER HARISH-CHANDRA

We shall follow very closely the notation and terminology in Wald-
spurger [34].

Let K = GL(n,0r). Let H be a closed subgroup of G = GL(n, F).
We use the standard normalization of Haar measures, following [34, 1.1,
p.240]. Then Haar measure pgy on H is chosen so that pgy(HNK) = 1.
If Z = Ag is the centre of G then we have uz(ZNK)=1. If H =G
then Haar measure 1 = ug is normalized so that the volume of K is 1.

Denote by © the set of pairs (O,P = MU) where P is a semi-
standard parabolic subgroup of G and O C Ey(M) is an orbit under
the action of Im X (M). (Here Eo(M) is the set of equivalence classes of
the discrete series of the Levi subgroup M, and Im X (M) is the group
of the unitary unramified characters of M.)

Two elements (O,P = MU) and (O, P' = M'U’) are associated
if there exists s € WY such that s - M = M’ ,sO = O'. We fix a
set ©/assoc of representatives in © for the classes of association. For
(O,P=MU) € O, weset W(GIM) ={se W :s-M=M}/WM
and

Stab(O, M) = {s € W(G|M) : sO = O}.

Let C(G) denote the Harish-Chandra Schwartz space of G' and let
ISw denote the normalized induced representation from w. Let f €
C(G), w € Eo(M). We will write

m=1f, 7(f) = [ fo)n(a)dg. 69() = tracen(s).
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Theorem 2.1. The Plancherel Formula [34, VIII.1.1]. For each f €
C(G) and each g € G we have

£(9) = 3 (GIA) (Gl [Stab(O M) [ ()} (o) )
@
where the sum is over all the pairs (O, P = MU) € ©/assoc.

Note that
(1) paim (@) - e(GIM) ™2 - A(GIM) ™! = 4(GIM) - j(w)™,
where 7 denotes the composition of intertwining operators defined in
(34, IV.3 (2)].
The map
(O, P =MU) — I (Q), w [Sw
determines a bijection

| |0, P =MU)/Stab(O, M) — Trr"(G).

The tempered dual Irr*(G) acquires, by transport of structure, the
structure of disjoint union of countably many compact orbifolds.

According to [34, V.2.1], the function pgas is a rational function on
O. We have pgr(w) > 0 and pgv(sw) = p(w) for each s € WO, w €
O. This invariance property implies that p descends to a function
on the orbifold O/Stab(O, M). We can view p either as an invariant
function on the orbit O or as a function on the orbifold O/Stab(O, M).

We now define the canonical measure dw. The map Im X (M) — O
sends y — w ® x; the map Im X (M) — Im X (Ay,) is determined by
restriction. Let (Y}, B;, p;) be finite measure spaces with i = 1,2 and
let f:Y; — Y5 be a measurable map. Then g is the pull-back of ps
if py(f7'E) = pa(E) for all E € B,. This surely is the meaning of
préserve localement les mesures in [34, p.239, 302].

The compact group Im X (A,,) is assigned the Haar measure of total
mass 1. Choose Haar measure on the compact orbit O. Now Im X (M)
admits two pull-back measures:

Im X (Ay) «— Im X (M) — O.

These must coincide: this fixes the Haar measure dw on O, see [34, p.
239, 302].

Let E be a Borel set in O which is also a fundamental domain for the
action of Stab(O, M) on O. Since F(w) := pugm(w) d(w) 05 (M(g)fY)
is Stab(O, M )-invariant, we have

|&%@J@H:/

OF@Mw:LFWMm
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The Plancherel density, with respect to the canonical measure dw, is
therefore

co(GIM)? - 4(GIM) ™ pgu (W) d(w)
where d(w) is the formal degree of w. It is precisely this expression
which we will compute explicitly for GL(n). To this end, we will use
the following result.

Theorem 2.2. The Product Formula [34, V.2.1]. With M = GL(n;) x
-+ x GL(ng) C GL(n) and w = wy ® -+ - @ wy we have

paim (W) = H HGL(ni+n;)|GL(n;)x GL(ny) (Wi ® wj).

1<j<i<k

The Plancherel measure v is determined by the equation

flg) = /traceﬂ()\(g)fv)du(ﬂ)
for all f € C(G).

Theorem 2.3. The Bernstein Decomposition [23]. The Plancherel
measure v admits a canonical Bernstein decomposition

VZI_IVQ

where § is a component in the Bernstein variety Q(G). The domain of
each vq is a finite union of orbifolds of the form O/Stab(O, M) and is

precisely a single extended quotient.

We will use Theorem 2.3 to compute the Plancherel measure of the
(extended) affine Hecke algebra H(n,q) (see Remark 5.6).

3. CALCULATION OF THE y FACTORS

Theorem 3.1. We have
|GL(n, q)|
|GL(n1, )| x -+ x |GL(n4, q)

Proof. By applying the formula given in [34, p.241, 1.7] to the group
H =1, 4+ @wM(n,or), we obtain

YGIM) = q* 2i<icj<k MmN

Lo H(M N H)

p(H)
with R = X(G)" — 3(M)*, where X(G)* (resp. X(M)") denotes the
set of positive roots in G (resp. M). We have

R = Z nin;.

1<i<j<k

Y(GIM) =q
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On the other hand, since the Haar measure on G is normalized so that
the volume of K is 1, it follows from the exact sequence
1— H — K — GL(n,q),
that
p(H) = |GL(n,q)|™" and u(HNM) = |GL(n1, )| x- - -x|GL(ng, ¢)| .
O

Remark 3.2. Observe that 23, ;.. nin; equals the length of the
element w = wyrwar(n), where way (re_sp. WaL(n)) denotes the longest
element in the Weyl group of M (resp. GL(n)). Let Ps, (X) denote
the Poincaré polynomial of the Coxeter group .S,,. Then, using the fact
that (see for instance [21, (2.6)])

- |GL(n, q)|
2 P n q 1 = )
&) (07 = o
we obtain from Theorem 3.1
Ps (q7")

3) Y(GIM) =

Ps, (q71) x -+ x Ps, (¢7)

This gives the following expression for the c-function defined in [34,
L.1]:

(4) o(GIM) =

4. THE LANGLANDS-SHAHIDI FORMULA

Let w denote a fixed uniformizer. We will choose a continuous addi-
tive character ¥ such that the conductor of ¥ is 0. Note that Shahidi
uses precisely this normalization in [27]. We shall need the L-factor
L(s,m X my) and the e-factor €(s,m X m, ¥) for pairs, where s de-
notes a complex variable (see [18] and [25]). We define the conductor
f(m X ma) (see [9]) and the y-factor (s, m X m, ¥) (see [18, p. 374])
for pairs as

(5) €(0, 7 X mo, V) = qf(mxm) - €(1,m X o, V),

(6) (s, m X T, U) = (s, m X 7o, W)+ L(1 — s, ) x )/ L(s, 71 X 7).

We assume in this section that P is the upper block triangular max-
imal parabolic subgroup of G with Levi subgroup M = GL(n;) x
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GL(ny). We have the Langlands-Shahidi formula for the Harish-Chandra
p-function, see [26, §7] or [27, §6]:

! 7
(7) MG|M(W1 ® w2) = fy(GlM)Q . ’Y(O,wl X wa, )

Y(1,wy X wo, ¥)’

It is useful to note that
(8) (0, wy X wy, U)
v(1,wy X wy, V)
where

) I =

_ qf(wIVXwg) L

L(1,w; X wy)L(1,wy X wo)
L(0,w1 X wy)L(0,wy X wy)

For any smooth representation 7 of G and any quasicharacter y, we
denote by x7 the twist of © by x:

X7 = (x odet) ® 7.
If oy (resp. o) is an irreducible supercuspidal representation of GL(m;)
(resp. GL(ms)), then we have L(s,01 X 05) = 1 unless 01 = yoy with
x an unramified quasicharacter of F'*.
The next formula is from [26, p. 292] or [18, Prop. 8.1].

Lemma 4.1. Let o5 have torsion number r and let o1 = xoo with x
an unramified quasicharacter such that x(w) = (. Then we have

Lis,oy x 0y) = (L= g ™)

Let x1, x2 be unramified (unitary) characters of F’*. The group of
unramified (unitary) characters Im X (M) of M has, via the map

(x1 0 det) ® (x2 0 det) = (x1(w), x2(w))

the structure of the compact torus T?2.

Let m; be in the discrete series of GL(n;) with ¢ = 1,2, and let =;
have torsion number r. Consider now the orbit InX (M) - (m ® m2) in
the Harish-Chandra parameter space Q'(G). The action of ImX (M)
creates a short exact sequence

1-G—->T?2>T? =1
with
T? — T% (G, G) = (¢ G)-
The finite group G is precisely the finite group in [5, Lemma 25] and is
the product of cyclic groups:
G=Z/rZ xZ)rZ.

We will write 21 = (], 22 = (J so that 21, 29 are precisely the coordinates
of a point in the orbit.
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Remark 4.2. We recall the following facts about the discrete series of
GL(n). Let m; and 7y be two discrete series representations of GL(n;)
and GL(ng), respectively. By [35], there exist two pairs of integers
(m1,11) and (mq,ls) and two irreducible unitary supercuspidal repre-
sentations o1 and oy of GL(m;) and GL(msy) respectively such that,
for i = 1, 2, we have [;m; = n; and the representation 7; is the unique
irreducible quotient associated to the Zelevinsky segment

{|det| %0y, | det | %oy, ..., |det|% Loy, |det|%0;),

where 2¢g; + 1 = [;. We will follow the notation in Arthur-Clozel [1,
p. 61] and write
T = St(ai, lz)

So 7; is a generalized Steinberg representation. We observe that
X = St(xoi, ;).
It follows that the torsion numbers of m; and o; are equal.

Theorem 4.3. Let o1, 0y be irreducible unitary supercuspidal repre-
sentations of GL(my), GL(my). Let w1, o be discrete series represen-
tations of GL(nq), GL(n2) such that m; = St(o;,l;). Let x1, x2 be
unramified characters. If o1 # xoo for any unramified quasicharacter
X of F* then, as a function on the compact torus T?, pam (X1 @ X272)
15 constant: we have

l1l2f((f}/ ><0'2)

MG\M(X17T1 ® X2Ta) = 7(G|M)2 q
We also have

f(ﬂ'Y X 7'('2) = lllgf(O'i/ X 0'2).

Proof. Let w; = x;m and 7; = y;0; for i = 1,2. We will use the
multiplicative property of the 7-factors. From [18, Th. 3.1] or [17,
p. 254], we have, with b = g, + g2,

l1—11—-1

Y(s,wy X wy, ¥) = H H (s, | 707 X 1, W).

i=0 j=0
On the other hand (s, | ["97°7 x 73, ¥) equals

L1 —s,| |779% x )
L(s,| |71 X )

e(s, | |i+j_b71v X To, U) -

Since

J () x72)

6(0, ‘ |i+j—b7-1\/ X To, \I/) _ qf(‘ |i+j*b71v><7-2) f(o) xo2)
e(1,| [+t X 15, 0) ’

=q =dq
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it follows that
’7(07 W}/ X W2, ‘;[;)

10 _ b floyxe2) | [

( ) ’Y(lvuJY X w2a\Il) 1 ’

with
L—1ly—1 i i

(11) :i‘[i—[L( T ) L(L ] [T x )
0 oo DOy xmy) L0, [ |79t x 7))

Since o1 # Yoo, then 71 # Y7 for any unramified quasicharacter Yy,
and L' = 1.

The multiplicative property of the L-factors [18, Theorem 8.2 im-
plies that L” = 1. Therefore, by (8) we have
(12) 7(07("}}/ X Wy, ‘;[l) _ qf(wi/xwg)

Y(1,wy X wy, V)

Then the results follow from the Langlands-Shahidi formula (7), and

from (10) and (12). O

Theorem 4.4. Let o be an irreducible unitary supercuspidal repre-
sentations of GL(m) with torsion number r. Let m, 7o be discrete
series representations of GL(ny), GL(ng), with n; = l;m, such that

= St(o,l;). Let x1, x2 be unramified characters. Let x;(w) = (,
Zi = (', i = 1,2. Then, as a function on the compact torus T? with
co-ordinates (21, z2), we have

1 — 2oz g7
1 — zpzy tq (ot r

MG|M(X1771 X X27T2) = 7(G|M)2 . qlll2f(0'v><a') ) H ‘

where the product is over those g for which |g1 — ¢2| < g < g1 + ¢o.
Note that g1 — g2 and g1 + g2 can both be half integers.
We also have

f(ﬂi/ X ’/Tg) = lllgf(O'v X O') + 7’([1[2 — min(ll, lg))
Proof. Let 7, = x;0. We have

l1—112— 1

HH Ll—i—j4+bnxt) Li+j+1—=b1 xT)
L(i+j—b1 XT) L(—i—j+bmx7)’

=0 j5=0

where L' is defined by (11).

Now we delve into the combinatorics. To this end, we make a change
of variable, and a change of notation.

Let A(s) = L(s, 7y’ X 72), A*(s) = L(s,71 X 75/). Note that, for all
s € R, A\*(s) is the complex conjugate of A(s). Let now k =i+ j — b.
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We have
TR A —k) A1+
L = :
H ]HO Ak) X (=k)

We now define the function

a:{=b,—b+1,....,0—1,0} — {1,2,3,... ,min(ly, 1)}

as follows:

a(k) =t8{(i,j) :k=i4+7-00<i<; —1,0<j <l —1}.

Note that the function a is even: a(—k) = a(k). It first increases, then
is constant with its maximum value min(ly,(y), then decreases. Quite
specifically, we have

° a(—b) =1
o b<k<—|g—g|=ak+1)—alk)=1
e a(—[g1 — g2|) = min(ly, )
o —|g1 — @ <k<|g— g =alk+1)=a(k)
[ ] a(]gl — ng) = min(ll, lg)
o g1 — | <k<b=alk+1)—alk)=-1
e a(b) =1.
We have
I X (1= k)™ A1+ k)™

2* (_k)a(k)

ak) )\*(k.)a(k)

1+k)

11
_ H 1 + E)e®) \(1 + k)a®)
it
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We also have, setting a(1+ b) =0,

ﬁ AL+ k)a® A1+ k)
a(k - a(l+k
2L TNk ® >\1+k: M1+ k)e(+R)
1 —|91—92| 1
= — AL + k)
N=D) 11 A(k ) H *
k=—b k=|g1—g2|

AL+b) A+ |91 — g2f)
AM=D) A=lgr — gel)
g1+g2 )\(1 + g)
A=g)
Note that 75 = y7 where x(@) = (2¢; '. Therefore x ()™ = 212, '
The first result now follows immediately from Lemma 4.1, since

(14) -

9=lg1—g2|

Mg) = L(g, 7 x 1) = L(g,ma x 7)) = (1 — 2125 ¢ 7).

Note also that |1 — 2027 '¢79"| = |1 — 2125 'q79"| since 2927 ', 2125, ' are
complex conjugates.
In addition we have
-1 _gr|2 T —12 2gr -1 _—gr|2
1= 202047 " = [¢" — 22 "= ¢ [1 = 222 ¢

and so we have
2

— 297

Ag)
A(=9)
The multiplicative property of the L-factors [18, Theorem 8.2] leads
to the equation

g1+g2

L' — H

9=|91—92|

A1+ 9)|?
Ag)

Therefore we have

g1+9g2

L’/ L = H
9=|91—g2|

g1+92

= H q2rg

9=|91—g2|

(15) — qr(lllzfmin(ll,b))

Ag)
G))

thanks to the identity
2|lg1 = ga| + -+ 2(g1 + g2) = lily — min(ly, ls)
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which follows from the classic identity
2lg1 = gol + 1+ -+ +2(g1 + g2) + 1 = Lils.

Since

7(17(")}/ X w27wF) _ qf(wYXwg) . L// _ qlllgf(avxa) . L/
Y(0,wy X wa, ¥r)

we have

qf(wi/sz) — qlllgf(a‘vXO') . LI/L// — qlllzf(avXU)qT(lllgfmin(ll,IQ))
and we conclude that
f(ﬂ/ X Ty) = lll2f(0v X o)+ 1(lily —min(ly, l)).
O

The above formulas are invariant under the map (z1, z2) — (Az1, A22)
with A a complex number of modulus 1, and under the map (z1, 23) —
(22, 21). In section 6 of the paper we shall interpret ¢ as the cardinality
gk of the residue field of a canonical extension field K/F.

For example, let M = GL(1) x GL(2) C GL(3), w1 = 1, wy = St(2) =
St(1,2). We have l; = 1,15, =2, g1 =0, go = 1/2, r = 1. This gives

the following (rational) function on the 2-torus:
2

1 — 2z g7/

Hlxs @ X2 $t(2)) = 1(GL(3)[M)? - - ]

1 — 22y tq3/2

Theorem 4.5. Let G = GL(2m), M = GL(m) x GL(m) and let o
be an irreducible unitary supercuspidal representation of GL(m) with
torsion number r. Then we have

1 2
(oVx0o) ‘ 1-— 2221

pam (x10 ® x20) = 4(G|M)* - ¢! 1 i —
— 2921 ¢

Proof. This follows from Theorem 4.4 by taking l; = [ = 1, so that

g1=92=9=0. O

5. THE BERNSTEIN DECOMPOSITION OF PLANCHEREL MEASURE

5.1. The one exponent case. Let X be a space on which the finite
group I' acts. The extended quotient associated to this action is the
quotient space X /" where

X =A{(7,z) eI x X : vz =zx}.
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The group action on X is g.(y,z) = (gyg~ ", gx). Let X" = {z € X :
vr = x} and let Z() be the I-centralizer of 7. Then the extended
quotient is given by:

X/ =] |x0/20)

where one 7 is chosen in each I'-conjugacy class. If v = 1 then
X7/Z(v) = X/T so the extended quotient always contains the ordinary
quotient:

X/I=X/TU...

We shall need only the special case in which X is the compact torus
T™ of dimension n and I' is the symmetric group S,, acting on T" by
permuting co-ordinates.

Let (8 be a partition of n, and let v have cycle type 3. Each cycle
provides us with one circle, and cycles of equal length provide us with
a symmetric product of circles. For example, the extended quotient

5 /S5 is the following disjoint union of compact orbifolds (one for each
partition of 5):

TuUT?UT? U (T x Sym*T) U (T x Sym?T) U (T x Sym*T) L Sym°T

where Sym"T is the n-fold symmetric product of the circle T. This
extended quotient is a model of the arithmetically unramified tempered
dual of GL(5).

Let Q@ C Q(GL(n)) have one exponent e. Then we have e|n and so
em =n.

There exists an irreducible unitary supercuspidal representation o of
GL(m) such that the conjugacy class of the cuspidal pair (GL(m) x
+++x GL(m),0 ® --- ® 0) is an element in 2. We have = Sym®C*
as complex affine algebraic varieties. Consider now a partition p =
(I1,...,l;) of e into k parts, and write 2¢g; +1 =1y, ..., 295 + 1 = .
Let

T = St(O’, lz)
as in Remark 3.2. Then m € Ey(GL(mly)), ..., mp € Eo(GL(mly)).

Note that mily + ...+ ml; = n so that GL(ml;) x ... x GL(mly) is a
standard Levi subgroup M of GL(n). Now consider

T=xX1T1 ... XkTk

with 1, ..., xx unramified (unitary) characters. Then m € Eq(M). We
have

W= I%Lj\(,n) (r®1) € Irr* GL(n)
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and each element w € Irr* GL(n) for which inf.ch.w € € is accounted
for on this way. As explained in detail in [23], we have

(16) X/T = Irt* GL(n)q

where X =T¢, I' = S, i.e.,

| | X7/Z(7) = Inn* GL(n)q.

The partition p = (I, ...,1;) of e determines a permutation v of the
set {1,2,...,e}: «v is the product of the cycles (1,...,01)---(1,...,lg).
Then the fixed set X7 is

{(z1, -y 21,y Zhy ooy 2k) €ETC 29,00, 2, € T}
and so X7 = Tk,

Explicitly, we have

X7 — Trr* GL(n)gq

(21,0, 28) — I%L]\(,n)(xﬁﬁ ® - @ XkTk)

with Xl(w) = Clv s 7Xk‘(w) = C’mzl = C{? ces Rk = Cl: exaCtly as in
Theorem 3.2. This map is constant on each Z(v)-orbit and descends
to an injective map
X"7/Z(y) — Irr* GL(n)q.
Taking one « in each I'-conjugacy class we have the bijective map

| |X7/Z(7) = Ir GL(n)a.

This bijection, by transport of structure, equips Irr* GL(n)q with the
structure of disjoint union of finitely many compact orbifolds.

We now describe the restriction ugq of Plancherel density to the com-
pact orbifold X7/Z(7).

Theorem 5.1. Let o be an irreducible unitary supercuspidal represen-
tation of GL(m) with torsion number r. Fori=1, ..., k, let

T, = St(O’, lZ),

let x; be an unramified character with x;(w) = (;, and let z; = (.
Then, as a function on the compact torus T* with co-ordinates (z1,
.., 2k) we have

—-1_gr
1 -2z q

pxam @ - -+ ® Xpmi) = const. H 1 — zjz; g (ot

where the product is taken over those i, j, g for which the following
inequalities hold: 1 <1 <j <k, |gi—gil <9<¢9i+gj, 29, +1=1.
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Proof. Apply Theorem 4.4 and the Harish-Chandra product formula,
Theorem 2.2. Note that the function

1 — 2527
(21, .., 2k) — const. | | -
I~

is a Z(vy)-invariant function on the y-fixed set X7 = T*, and descends
to a non-negative function on the orbifold X7/Z(~):

X)Z(y) — Ry

O
In the above theorem, the co-ordinates zi, ..., 2z, should be thought
of as generalized Satake parameters. The k-tuple t = (z1,...,2;) is a

point in the standard maximal torus T of the unitary group U(k, C).
In that case, the roots of the unitary group are given by

Oé,'j(f) = ZZ/Z]
The p-function may now be written in the more invariant form
pOxam & - @ xme) = const. | [(1 = a(t)g) (1 — a(t)g~ o)~

where the product is taken over all roots o = a; of U(k,C) and all g
for which the following inequalities hold: 1 <1 < k,1 < 75 < k,i # j,
l9i — 9l <9< gi+9;, 20 +1=1

Theorem 5.2. We have the following numerical formula for const.
const. = ¢"NITX) 2 (GQIM)? - o(GIM)?,
where £(y) =3 <iojcp lily-

Proof. The numerical constant is determined by Theorem 4.4 and The-
orem 2.2. Explicitly, for 7,5 € {1,...,k}, setting

Yij = 7(GL(n; + n;)|GL(n;) x GL(n;)),

for the y-factor of the Levi subgroup GL(n;) x GL(n;) of the maximal
standard parabolic subgroup in GL(n; + n;),

> cici<klilif(oVxo) 2
const. = q~1si<isky HlSKjgk%',j

= I x0) Ly (GQIM)? - (G| M)2.

Corollary 5.3. We have

. oVxo 1-— Z'Zi_lq_(g+1)r ?
j(w) = qf(v)f( x0) H‘ J

. -1 (s
1 —zz7¢9



18 A.-M. Aubert and R. Plymen

Proof. This follows immediately from Theorems 5.1, 5.2 and the fact
that

co(GIM) 2 y(GIM) ™ pgi () = A(GIM) j(w)™
U

Given G = GL(n) = GL(n, F') choose e|n and let m = n/e. Let Q2 be
a Bernstein component in Q(GL(n)) with one exponent e. The compact
extended quotient attached to €2 has finitely many components, each
component is a compact orbifold. We now have enough results to write
down explicitly the component pq. Let [y + - -+ + [ = e be a partition
ofe,let v=(1,...;04) - (1,...;lk) € Se =T, 91 = (L —1)/2, ...,
gr = (Ix —1)/2. Then we have the fixed set X7 = T*. Let ¢ be an
irreducible unitary supercuspidal representation of the group GL(m)
and let the conjugacy class of the cuspidal pair (GL(m)¢, c®¢) be a
point in the Bernstein component €. Let r be the torsion number of o
and choose a field K such that gx = ¢F.

We have (16):

Irr'GL(n, F)g = X/T.
This compact Hausdorff space admits the Harish-Chandra canonical
measure dw: on each connected component in the extended quotient
X /T, dw restricts to the quotient by the centralizer Z(v) of the nor-

malized Haar measure on the compact torus X7.
Let dv denote Plancherel measure on the tempered dual of GL(n, F).

Theorem 5.4. On the component X7 /Z(v) of the extended quotient
X /T we have:
2

1 or
dv(w) = ¢ %D (G| M) - H‘1 %% qgﬂ) - duw.
— 2z q(

Proof. By (2.1), the Plancherel measure on Irr*GL(n, F)q is given by
dv(w) = c(GIM) 7 4(GIM) ™" p(w) d(w) dw
Then, the result follows from Theorem 5.1 and Theorem 5.2. U

Let T be the diagonal subgroup of G and take for {2 the Bernstein
component in €(G) which contains the cuspidal pair (7',1). Then 2
has the single exponent n and parametrizes those irreducible smooth
representations of GL(n, F') which admit nonzero Iwahori fixed vectors.

Now let I1 + --- + [ be a partition of n, and let
M = GL(ly,F) x --- x GL(l, F) € GL(n, F).
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The formal degree of the Steinberg representation St(l;) is given by

L=1)/2|GL(I 1 1
q irq
a7 dse) =4 ‘q1_1 - H

We also have the inner product identity in pre—Hllbert space:

(@ @a)(@a® - &.&ao - 0&) = [[(0:(9.&)-

Let each £ € V; be a unit vector. With respect to the standard nor-
malization of all Haar measures we then have (cf. [11, (7.7.9)])

Ydmoooe = [ / < 03066 > [Pdi; = [[ 1/,
and so

(18) 01® Qo Hd%

Using (18) and Theorem 3, we obtain the following result.
Corollary 5.5. On the orbifold X" /Z(7y) we have

1—zz7 Lqo

dV( ) (G’M H ' 1 _ 2;2; 1q_(g+1)

= Hd<St<li))

where

So we have

li—1

19 1—2zz ¢

= — J _ . i’
) =@ - T T - H‘l_zj,z; O]
k l?—li( 1)[ ) )

g9: = F -1 — ci% 4
)= P dw.
(19) H o P H\l_% oy

Remark 5.6. Using [10, Theorem 3.3], we obtain that the Plancherel
measure of the (extended) affine Hecke algebra H(n,q) is given on
X7/ Z(7) b

1—zz7 Ly
1—zjz7 g (oth)

D) - (@) - dte) - ]|
Concerning the volume p(1): by [11, 5.4.3] we have
p(GL(n,0p)) = Y p(wl) = > u(I)- "™ = Ps,(q) - u(I).

weWy weWp
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The explicit formula is then (using (2)):
ko Bl 2

gz (¢—1)" 1—zz 0
dvyng) (W) = H l(——l : H ’ ’

_ —(g+1
paley 1 — zjz;7 g~ (gD

- dw,

where the second product is taken over those i, j, g for which the
following inequalities hold: 1 < i < j <k, |¢; — g;| < 9 < ¢ + g;,
2g; + 1 = [;. Note that Plancherel measure for Iwahori Hecke algebras
has been already calculated by Opdam (see [22, 2.8.3]).

We will now consider a special case. The p-adic gamma function at-
tached to the local field K (see [32, p. 51]) is the following meromorphic
function of a single complex variable:

l—q CJK
1y = Lk
We will change the variable via s = ¢ and write

1 —s/qk

1—s17
a rational function of s. Let s € iR so that s has modulus 1. Then we
have

FK(S) =

2

1/[Tx(s)* = ‘i

1— ql}ls
Let T be the standard maximal torus in GL(n) and let T denote the

unitary dual of 7. Then T has the structure of a compact torus T"
(the space of Satake parameters) and the unramified unitary principal
series of GL(n) is parametrized by the quotient T"/S,,. Let now ¢ =
(21,...,2,) € T™. Applying the above formulas the Plancherel density

Har is given by

1— 2zt |
(20) Ui = const - -
T g — 2j2; 1/C]
1—a(t) |?
(21) = const - —‘
i

(22) = const - H 1/T(a(t))

where « is a root of the Langlands dual group GL(n, C) so that a;;(t) =

ZZ/Z]
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For GL(n), one connected component in the tempered dual is the
compact orbifold T"/S,, the symmetric product of n circles. On this
component we have the Macdonald formula [19]:

du(wy) = const. - d\/ H INCXE9))

the product over all roots o where oV is the coroot. This formula is a
very special case of our formula for GL(n).

5.2. General case. We now pass to the general case of a component
Q C Q(GL(n)) with exponents ey, ..., e;. We first note that each
component 2 C Q(GL(n)) yields up its fundamental invariants:

the cardinality ¢ of the residue field of F'

the sizes m; of the small general linear groups
the exponents e;

the torsion numbers r;

the formal degrees d;

the conductors fi; = f(o; x ;)

with 1 <1 < t.
We now construct the disjoint union

E = Q(GL(c0)) = {|_|QGL(n)) : n=0,1,2,3,...}

with the convention that 2(GL(0)) = C.

We will say that two components €2, € E are disjoint if none
of the irreducible supercuspidals which occur in € is equivalent (after
unramified twist) to any of the supercuspidals which occur in Qy. We
now define a law of composition on disjoint components in E. With
the cuspidal pair (M, 01) € €1 and the cuspidal pair (Ms, 02) € Qs we
define € x )5 as the unique component determined by

(Ml X MQ,Ol X 02).

The set F admits a law of composition not everywhere defined such
that E is unital, commutative and associative. Rather surprisingly,
E admits prime elements: the prime elements are precisely the com-
ponents with a single exponent. Each element in F admits a unique
factorization into prime elements:

Q=0Q; x -+ x Q.

Plancherel measure respects the unique factorization into prime ele-
ments, modulo constants. Quite specifically, we have
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Theorem 5.7. Let ) have the unique factorization
Q=0 x - xQ

so that ) has exponents ey, ..., e, and Sy, ..., Q are pairwise disjoint
prime elements with the individual exponents eq, ..., e;. Let

VZI_IVQ

denote the Bernstein decomposition of Plancherel measure. Then we
have

Vo = const. vg, - - - Vg,

where vq,, ..., vq, are given by Theorem 5.1 and the constant is given,
i terms of the fundamental invariants, by Theorem 5.2.

Proof. In the Harish-Chandra product formula, all the cross-terms are
constant, by Theorem 4.3. U

6. TRANSFER-OF-MEASURE, CONDUCTOR, AND THE FORMAL
DEGREE FORMULAS

6.1. Torsion number. The theory of types of [11] produces a canon-
ical extension K of F' such that qx = ¢". Indeed, let o be an ir-
reducible supercuspidal representation of GL(m), and let (J,\) be a
maximal simple type occurring in it. Let 2 be the hereditary og-order
in A= M(m, F) and let E = F[f3] be the ficld extension of F attached
to the stratum (see [11, Definition 5.5.10 (iii)]). It is proved in [11,

Lemma 6.2.5] that

m
(23) T_e(E\F)’

where e(E|F) denotes the ramification index of E with respect to F.
Let B denote the centraliser of £ in A. We set 8 := AN B. Then
B is a maximal hereditary order in B, see [11, Theorem 6.2.1]. Let K
be an unramified extension of £ which normalises 8 and is maximal
with respect to that property, as in [11, Proposition 5.5.14]. Then
[K : F] = m, and (23) gives that r is equal to the residue index
f(K|F) of K with respect to F.. Thus () = ¢" is equal to the order ¢k
of the residue field of K.

Also the number () is the one which occurs for the Hecke algebra
H(GL(m), \) associated to (J, ), see [11, Theorem 5.6.6]. Indeed,
since the order of the residue field of E is equal to ¢/(F1¥), that number
is (¢" M)/ with

m

/= [E: Fle(®B)’
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where e(*B) denotes the period of a lattice chain attached to B asin [11,
(1.1)]. Since o is supercuspidal, ¢(*8) = 1 (see [11, Corollary 6.2.3]).
It follows that

m - f(E|F) m

(24) [ FEIF) = BF eEmE

6.2. Normalization of measures. We will relate our normalization
of measures to the measures used in [11, (7.7)]. Bushnell and Kutzko
work with a quotient measure [, the quotient of ug by uz.

Let Z denote the centre of GL(n). The second isomorphism theorem
in group theory gives:

JZ]Z = J)JNZ.

We have
JNZ =o;.

One way to see this would be: J contains 2A* N B, where B is the
centralizer in M (n, F') of the extension E. Now certainly Z is contained
in B. On the other hand, 2 is an og-order so 2 certainly contains op.
Thanks to Shaun Stevens for this remark.

Then we have

JZ|Z 2 J)o%.

Now J is a principal oj-bundle over J/oy. Each fibre over the base
J/o5 has volume 1. The quotient measure of the base space is then
given by

(25) (IZ/2Z) = p(J).

Similar normalizations are done with Gy = GL(e, K'). We also need
the corresponding quotient measure ji (see [11, (7.7.8)]). We have

AT [K7) = pao (1)

Let M = J[GL(n;). We have Z), = [[Z;, K = [[K,, with
Zj = Zarmn,r) and K; = GL(nj,0r). With respect to the standard
normalization of all Haar measures, we have uy = [[p; (where p;
denotes figr(n,,r)) and fiz,, = I1 ptz;- This then guarantees that

(26) jine =TT iy
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6.3. Conductor formulas (the supercuspidal case). We will first
recall results from [9] in a suitable way for our purpose.

Let (J%, A°) be a simple type in GL(2m) with associated maximal
simple type (J,A) (in the terminology of [11, (7.2.18) (iii)]). When
(J, \) is of positive level, we set Jp = (JSNP)H'(3,2) C J* (in notation
[11, (3.1.4)]), where P denotes the upper-triangular parabolic subgroup
of GL(2m) with Levi component M = GL(m) x GL(m), and unipotent
radical denoted by N. Following [11, Theorem 7.2.17], we define Ap as
the natural representation of Jp on the space of (J N N)-fixed vectors
in A*. The representation Ap is irreducible and Ap ~ c—Ind_(\%).

The pair (J x J,A® ) is a type in M which occurs in 0 ® o, and, as
shown in [13, prop. 1.4], (Jp, Ap) is a GL(2m)-cover of (J x J,A® A).

Theorem 6.1. Conductor formulas, [9]. Let Gy = GL(2, K), let Ny
denote the unipotent radical of the standard Borel subgroup of Gy and
let I denote the standard Iwahori subgroup of Gy. We will denote by
to the Haar measure on Gy normalized as in subsection 6.2.

Let (JELC™) XGY be any GL(2m)-cover of (J x J,A® N).

Then

pUCAN) pIONR) vy _ G0 @0)

— q = —
where j, jo denote the j-functions for the group G, Gy respectively.

’

Proof. The first equality is [9, Theorem in §5.4], using the fact that
po(I N No) - po(I N'Ny) = gx*. The second equality is [9, Theorem in
§5.4] (note that in loc. cit. the normalisations haven been taken so
that u(JYNN) - u(JYNN) = puo(I N No) - po(I N Ny)). It also follows
directly from our Corollary 5.3. U

We will now extend the above Theorem to the case of M = GL(m)*¢,
with e arbitrary.

Corollary 6.2. Let M = GL(m)*¢ with n = em, et Go = GL(e, K),
let Ny denote the unipotent radical of the standard Borel subgroup of
Gy and let I denote the standard Twahori subgroup of Gy.

Let (JE,\E) be a cover in G = GL(n) of (J*¢,A¥¢) (the existence of
which is guaranteed by [13]).

Then

w(JENN) - u(JNN) e oV ko) _ Jj(o®9)

pio(1 N No) - pio(1 N Ny) Jo(1) -

Proof. Let M’ be a Levi subgroup of a parabolic subgroup in G such
that P is a maximal parabolic subgroup of M’. Then, M'/M =~
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GL(2m)/GL(m) x GL(m) and
w(JEN M A N) = p(JE™ A GL(2m) N N).

It follows from [12, Proposition 8.5 (ii)] that (J¢ N M’ \¢|J% N M) is
an M'-cover of (J*¢, \9°).

Because of the unipotency of N, we have
@7) (%N N) = (u(JHE A GLEM) N N)) S
and similar equalities for the three others terms. Since GL(2m) N N
is the unipotent radical of the parabolic subgroup of GL(2m) with
Levi GL(m) x GL(m), the first equality in the Corollary follows from
Theorem 6.1.

The second equality follows from our Corollary 5.3. It is also a direct
consequence of Theorem 6.1, using the product formula for j and for

Jo from [34, IV.3. (5)]. O

6.4. Formal degree formulas. Using Corollary 6.2, we will deduce
from [11, (7.7.11)] a formula relating the formal degree of any discrete
series of GL(n) and the formal degree of a supercuspidal representation
in its inertial support.

Given G = GL(n) = GL(n, F') choose e|n and let m = n/e. Let o
be an irreducible unitary supercuspidal representation of GL(m) and
let (J, A) be a maximal simple type occurring in it. Let g = (e — 1)/2.
We consider the standard Levi subgroup M = GL(m)*¢ of GL(n, F)
and the supercuspidal representation

oy = |det( )| o ® - @ | det( )]0

of it. Then (Jar, Ayr) = (7€, A%€) is a type in M occuring in oyy.

Let m = St(o, e) and let (J%, A®*) be a simple type in GL(n) occuring
in 7 (it has associated maximal simple type (J, \)).

The following result is rather intricate, but note that only the fun-
damental invariants m,e,r,d, f(c¥ X o) occur in it, in line with our
general philosophy.

Theorem 6.3. We have
d(’/T) _ me! . 62_E(f(crv><a)—|—7“—2mz) . (qT_ 1)6 . |GL(em,q)|

2

d(o)e  rele 4 g —1 |GL(m, q)|¢

Remark 6.4. The right-hand side in the above equality can be rewrit-

ten, by using (17), as

1—e (@ =1(¢"—1)° q%(f(avxa)w—m?) ~ deg(St(em)) '
(g™ —1)e(g — 1) (deg(St(m)))°

r
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Proof. Let T denote the diagonal torus in GL(e, K') and let I denote the
Iwahori subgroup of Gy = GL(e, K') attached to the Bernstein compo-
nent in 2(GL(e, X)) which contains the cuspidal pair (7', 1). Note that
INT = GL(1, 0x)*°. From [11, (7.7.11)], applied to the representations
7 and o, we have

po(l)  dim(X)
2 M=) @R

where d(m)o denotes the formal degree of m € Eo(Gy), and
(G og)  dim())

. d(ﬂ')o,

(#9) W=""00  qBIF)
Using (28), (29) and (24), we obtain
(30> d(ﬂ-) _ me . #0(1) . M(Jxe) . dlm()‘s) . d(ﬂ')o-

dio)e et u(J%)  w(GL(1,0k)%¢)  (dim(A))e

We set Jp = (J°N P)HY(3,2) C J°, where P is the upper-triangular
parabolic subgroup of G with Levi component M, and unipotent radical
N. We define A\p as the natural representation of Jp on the space of
(J N N)-fixed vectors in A°. The representation A\p is irreducible and
Ap ~ C—Indi()\s). Then (Jp,Ap) is a G-cover of (Jyr, Aps). In the
case where (J,\) is of zero level, we denote by (J%, \°) = (Jp, Ap) an
arbitrary G-cover of (Jpr, Ans).
Since J*NM = J*¢ = Jy = JpN M, and

dim(A\)¢ = dim(\y) = dim(Ap) = [J*: Jp] ™' dim()\®),
(30) gives
A m plD) | pthe)
e ge—1 ' ' (’/T)o.
d(o)e v u(Jp)  po(INT)
On the other hand, by applying the formula [34, p.241, 1.7] to the group
J, we obtain

p(Jp N N) - u(Jp N M) - u(Jp N'N)

B) (G = s

Similarly we have
po(I N No) - pio(INT) - po( N 'No)

We then obtain
d(r) _ AGIM)  po(I 0 No) - po(INNo)
d(o)* (GolT)  u(JpNN)-pu(JpNN)

d(m)o.
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Applying Corollary 6.2, we get
d(m)  ml e vy, G|M
()e:j.qz)f(x).”y(—‘).d(ﬁ)o_
d(o)e v Y(Go|T)
Since Haar measure on GL(e, K') has been normalised so that the vol-

ume of GL(e, 0x) is equal to one, the formal degree of the Steinberg
representation of GL(e, K) is given as in (17) by

6—82
gic " |GL(e, k)|

d = K
(m)o e q5 — 1
On the other hand, Theorem 3.1 gives
—n2 |GL(n, )| ez |GL(e, gx )|
GIM)=q¢™"" . ———— and GolT)=q¢"°¢ - ——=.
7( | ) |GL(m,q)|e 7( 0| ) (QK _ 1)6
The result follows. U

We will now recall the explicit formulas for d(7) and d(o) from [31],
using also [36]. We would like to thank Wilhelm Zink for explaining
these works to us.

Let 77 be the Heisenberg representation of J!(3,2() attached to a max-
imal simple type (J(5,2), A\) occuring in the supercuspidal representa-
tion o of GL(m) (see [11, (5.1.1), (5.5.10)]). Let P denote the Jacobson
radical of 2 and let U*(2) = 1+ P*. Let 75 be the compactly induced

representation C—Ind(jl1 ((2)91)(77)' Then j is irreducible, see [11, (5.2.3)].
More generally the restriction of n to J*(3,20) = J'(3,2) N (1 + ) is
a multiple of an irreducible representation n* which induces irreducibly

to a representation 7 of U*(2A) (see [36, 2.2]). Let E_; be any field
such that

UM®) - Lon (™) - UN) = UN) - QL(m/[E-, : FJ, E_,) - U*(30),

where IGL(m)(ﬂZ;_l) denotes the intertwining of 7r23+1 in GL(m, F). In
particular, we have Fy = F.

Theorem 6.5. Explicit formal degrees formulas, [31], [36]. The formal
degrees of o and 7 are respectively given by

qm —1 r—m
dlo) =7 g2 deg(St(m)),
qem —1 (er—em+€26)/2
am) = T deg(St(em),

where

§=rm-> (1-[E:F]™").

>0
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Proof. 1t follows directly from [31, Theorem 1.1] and [36, Corollary 6.7],
using the fact that r = f(K|F) and m/e(E|F) =r. O

As immediate consequences, we obtain the following results.

Corollary 6.6.

d(m) e (¢ —1)(¢" — ) L g@-amn)2 deg(St(em))
d(o)” (g = (g™ — 1)< (deg(St(m)))~
Remark 6.7. We observe that the above formula extends to the gen-
eral case the formula obtained in [14, Theorem 4.6] in the case where
(n,p) = 1 and F' has characteristic zero. The existence of such a for-

mula was expected in [14, Remark 4.7]. Our formula also extends [33,
Theorem VIL.3.2].

Corollary 6.8.

dm) _ 1 (@™ =1 -1 S92 deg(St(em))
d(o)e (¢ = 1)(g™ = 1)° (deg(St(m)))e
The comparison of Corollary 6.8 with Remark 6.4 gives the following
expression for the conductor for pairs f(o¥ x o).

Theorem 6.9. We have
floV xo)=6+m>—r.

Remark 6.10. In [10, §6.4] (see also [10, 6.13]) is introduced a certain
discrimant function C(8) and an integer ¢(3) such that C(3) = ¢<¥.
It follows from our Theorem 5.1 and [10, Theorem 6.5 (i)] that

[E : F]? '

m2

J.

¢(8) =

6.5. Conductor formulas (the discrete series case). Let o be an
irreducible supercuspidal representation of GL(m), and let (J, A) be a
maximal simple type occurring in it. Let e|n, and let [y +--- + 1, =€
be a partition of e. It determines the standard Levi subgroup

(32) M = GL(Iym) x - -+ x GL(lym) C GL(n, F).

Let g1 =(lh —1)/2, ..., g = (I — 1)/2, and let my, ..., ™ be discrete
series representations of GL(l;m), ..., GL(lym) such that m; = St(o, ;).
Let 1 = m ® --- ® m; be the corresponding discrete series repre-
sentation of M. For each i € {1,...,k}, we fix a GL(l;m)-cover
(JOGLUm)  \GLUm)) of (Jxli \®k) (as in the proof of Theorem 6.3). Then

(33) (JM7 )\M) _ (JGL(llm) NETRY, JGL(lkm)’ )\GL(llm) ® - ® /\GL(lkm))
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is a M-cover of (J*¢,\®¢). Then let (JY \%) denote a G-cover of
(Jar, Aar) (the existence of which is guaranteed by [13, Main Theorem
(second version)]).

At the same time the partition (i, ...,l;) determines the standard
Levi subgroup

Let P (resp. Py) be the upper-triangular parabolic subgroup of G
(resp. Go) with Levi component M (resp. M), and unipotent radical
denoted by N (resp. Np). Let I denote the standard Iwahori subgroup
of Go.

Theorem 6.11. We have
/'L(JG N N) ) M(‘]G N N) —L(7)f(oVxa) _ j(0.®e)

fro(L N No) - po(1 N No) Jo(1)
Proof. The second equality follows from our Corollary 5.3.

We will prove the first equality. Let U denote the unipotent radical
of the upper-triangular parabolic subgroup of G with Levi component
GL(m)*¢, and, for i = 1,...,k, let U; denote the unipotent radical of
the upper-triangular parabolic subgroup of GL(l;m) with Levi compo-
nent GL(m)*%. We observe that

k
U=NxUnM)=N x []U.
=1

Similarly, let Uy be the unipotent radical of the standard Borel sub-
group of Gy, and, for i = 1,...,k, let Uy, be the unipotent radical of
the standard Borel subgroup of GL(l;, K). We have

k
UO = NO X (Uo ﬂMo) = Ng X HUO’Z"
=1

It follows from [12, Proposition 8.5 (i)] that (J¢, A\%) is also a G-cover
of (J*¢,\®¢). Applying Theorem 6.2 to (J¢ U) and to (JEL=m) 1))
for each i € {1,...,k}, we obtain

p(J9NU) - u(J°NT) g T x0)

po(I N Ug) - io(I N Ty)

IU(JGL(lim) nU;) - p( JCLm) NU;) LD ppvg
po(I N Uo) - pio(I N Tpy)
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Since JY N M = Jy; (by definition of covers), it follows from (33) that
J¢ N GL(Ilym) = JEXm)  Then using the fact that

k
p(J9NN) = p(JNU) x [ 0wy,
=1

and the analogous equalities for the others terms, we obtain

( ) [L(JG N N) . [L(JG m_N) _ (= 5(62*1) +Z;€:1 li(ll‘?il))f(ovxo‘)
/,Lo([ N No) . /L()(I N No)

(36) — OV xa),

O

6.6. Transfer-of-measure. The following result reduces the case of
an arbitrary component 2 to the one (studied in Corollary 5.5) of a
component (of a possibly different group Gy) which contains the cusp-
idal pair (7',1). We give a direct proof which is based on our previous
calculations. It is worth noting that it is also a direct application of
[10, Theorem 4.1].

Let 2 = ¢ be a Bernstein component in Q(GL(n)) with single expo-
nent e. Let T be the diagonal subgroup of Gy = GL(e, K), and let g
be the Bernstein component in (GL(e, K)) which contains the cusp-
idal pair (7', 1). The components €2, )y each have the single exponent
e, and we have a homeomorphism of compact Hausdorff spaces

(37) Ir*GL(n, F)g = Iir* GL(e, K)q, .

This homeomorphism is determined by the map

k k
® Q/alpodetF ® T ® (C{)ValKOdetK ® St(li)'
i—1 =1

This formula precisely allows for the fact that 7; has torsion number r

and that St(/;) has torsion number 1. Note that when ( is replaced by

w(, where w is an rth root of unity, each term remains unaltered.
The equation r = f(K|F') and the standard formula

valg(y) = f(K|F)™ valp(Nkir(y))

lead to the more invariant formula:
k

k
® (xi odetp) @ m; — ® (xio© Ngjpo det ) @ St(l;)

i=1 =1

where y; is an unramified character of F'*.
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Let (J9 A\Y) be defined as in the previous subsection. It is a type in
G attached to ). Recall that I denotes the standard Iwahori subgroup
of Go.

Theorem 6.12. Let dv, dv, respectively denote Plancherel measure on
Irr* GL(n, F)q, Irr*GL(e, K)q,. We have

G
o - dvle) = D) o)
where
W= X171 & -+ & XgTk
and

wo = (x1 0 Ngp)St(l1) ® -+ & (x& © Ngir)St(lr)-

Proof. We first have to elucidate the canonical measures dw, dwy. First,
let M = GL(n), and let w have torsion number r. Then the map
Im X (M) — O is the r-fold covering map: T — T,z — 2". The map
Im X (M) — Im X(Ay) sends the map T s z"ldet(T) o the map
x s gralldet@ln)) — (pryval(det(@) and so induces the n-fold covering
map T — T. The canonical measure dw on the orbit O is the Haar
measure of total mass n/r. If M = GL(l;) x --- x GL(lx) and w; has
torsion number r; then the canonical measure dw on the orbit O of
wy ® -+ @ wy is the Haar measure of total mass ly - -l /ry -+ rg. For
the canonical measures dw, dwy we therefore have

dw = (mly - -mly/r*) - dr =1y - 1y - (mF)r*) - dr
where dr is the Haar measure on T* of total mass 1. So, we have
(38) dw = (mF/r%) - dwy.

By Theorem 5.4,
2

dv(w) = ¢" V) (GIM) - H ’ ! _1 ;;JZ;_qjil) - dw
and
dmmww@mm'wm-ﬂll_?ﬂw . due
1—ziz qg(gtD)
Hence
(39) dv(w) _ 0oV x0) Y(GIM)  dw) dw

dvo(wo) Y(Go|My) ~ d(wo) dwo
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We keep the notation of section 6.5. It follows from (26), (25) that
(40) p(Jar) = p(TEHM) oo (M),
since Jyy = JOMmM) oL JGLG™) CTn the same way, we have
(41) po(I N M) = po(I N GL(lym)) x -+ x uo(I N GL(lgm)),

On the other hand, the formula [11, (7.7.11)] gives
dim (\GEm))

p(JEHEm) - d () = po(I N GL(L, K)) - CEF) d(St(l;))
Then (40), (41), (33), and (18) imply
1) a) - de) = ol ) - T )

Applying (31) to both v(G|M) and v(Go|My), we obtain

WG _ pE N NN ) pl)
Y(Go[Mo) — po(I N No)po(I N Ng)  pu(J9)  po(1 N Mo)

It then follows from (39), (42) and (43) that

W) _ psorne MIEONIUONT) D) dim(hn) do
dvo(wo) po(I NN po(INNg)  p(J9)  e(E|F)* dwy

Noting that dim(A“) = dim(\y/), and using equation (24) and Theo-
rem 6.11, we have

dv(w) _ D) gooey, Ao D) e
dl/o(wo)_,u(JG) d (>\) mk  dwy ﬂ(JG) d ()\ )7

using (38).

(43)

7. THE CENTRAL SIMPLE ALGEBRAS CASE

Let D be a central division algebra of index d over F' and ring of
integers op, and let A = A(n’) denote the algebra of n’ x n’ matrices
with coefficients in D. Then A is a central simple algebra with centre
F of reduced degree n = dn’ and the group of units of A is the group
G' = GL(n/, D). In Theorem 7.2 we will prove a transfer of Plancherel
measure formula for G’: this will be deduced from properties of the
Jacquet-Langlands correspondence. In order to do this, we will adapt
the proof of [1, (2.5) p. 88] to the case when F' is of positive character-
istic by using results of A. Badulescu.

We use the standard normalization of Haar measures, in particular
per is normalized so that the volume of K' = GL(n/,0p) is 1.



Plancherel measure for GL(n): explicit formulas and Bernstein decomposition 33

7.1. A transfer-of-measure formula. The aim of this subsection is
to prove the transfer-of-measure formula stated in Theorem 7.2.

An element 2’ in G’ will be called semisimple (resp. regular semi-
simple) if its orbit Og (2') = {yx'y™" : y € G'} is a closed subset of
G’ (resp. if its characteristic polynomial admits only simple roots in an
algebraic closure of F'). Let G., denote the set of regular semisimple
elements in G'.

Let G!, denote the centralizer in G’ of /. Then the group G/, is
unimodular, and the choice of Haar measures on G’ and G, induces
an invariant measure dz on G'/G’,. The orbital integral of f* € C.(G")
at x’ is defined as

(1) o) = [ e

Since the orbit Og (') is closed in G, the integral is absolutely con-
vergent. Indeed, it is a finite sum, since the restriction of f’ to Og/(2)
is locally constant with compact support. Note that, if 2’ € G, then
G, is a maximal torus in G'.

Orbital integrals have a local expansion, due to Shalika [28], which
we will now recall. If O is a unipotent orbit in G’, let Ao/ denote the
distribution given by integration over the orbit O'. There exist func-
tions I'G,: G’ — R (the Shalika germs) indexed by unipotent orbits of
G’ with the following property:

(45) O(fa') =) TG () - Aor(f),

for 2’ € G, sufficiently close to the identity. Observe that A; = f/(1).

Harish-Chandra proved that the germ T'¢" associated to the trivial
unipotent orbit is constant, and Rogawski [24] has determined its value
assuming the characteristic of F' to be zero:

(=)~
d(Ster)

The equality (46) is still valid in the case when F is of positive char-
acteristic. Indeed, let F' be of positive characteristic and let £ be a
field of zero characteristic sufficiently close to F', that is, such that
there exists a ring isomorphism from op/wlop to OE/wloE, for some
sufficiently big integer [ > 1. Let Dg be a central division algebra over
E with the same index d. Then by [4, Lemma 3.8] the lifts fj of f’
to G = GL(m, Dg) (resp. fr of f to Gg = GL(n, E)) also satisfy
fg < (=1)" fi. On the other hand, f},(1) = f'(1), independently of
m: since the way to lift f’ to fj consists in cutting the group G’ into

(46) Y =
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compact open subsets on which f’ is constant, in associating to these
subsets compact open subsets in G’;, and assigning to these subsets
the same constants in order to define f; but the compact open sub-
set of G containing 1 corresponds to the compact open subset in G’
containing 1.

If 7 is a smooth representation of G or G’ with finite length, we will
denote by 6, its character.

Theorem 7.1. The Jacquet-Langlands correspondence [15], [3]. There
exists a bijection

JL: EQ(G/) — EQ(G)
such that for each ' € Eo(G'):

(47) Hﬂ./ ({L‘/) = (—1)71_”, QJL(ﬂ'/) (ZL‘)7
for any (x,2') € G x G" such that x « z'.

Recall that A = A(n) denotes the algebra of n’ x n' matrices with
coefficients in D. Let Nrdyrz: A — F denote the reduced norm of A
over F as defined in [8, § 12.3, p. 142]. We shall view the reduced norm
Nrd 4 as a homomorphism from G’ to F'*.

If n is a quasicharacter of F'* then we will write

nm' = (noNrdyp) @'

If n is an unramified quasicharacter then we will refer to nn’ as an
unramified twist of x'.

Each representation 7’ of G’ has a torsion number: the order of the
cyclic group of all those unramified characters n of F'* for which

!~ /

nm =
The Jacquet-Langlands correspondence has the property that
(48) n(JL(x")) = JL(n7'),

for any square integrable representation 7’ of G’ and any (unitary)
character n of F* (see [15, (4) p. 35]). It follows that the torsion
number of 7’ is equal to that of JL(7").

For each Levi subgroup M = GL(ny, F) x - - - x GL(ng, F') of G such
that d does not divide n; for some i € {1,...,k}, we have

05(f) =0, for any w € Ey(M)

(see the beginning of [4, §3] and the proof of [4, Lem. 3.3]).
We consider now a Levi subgroup M of the form M = GL(dn}, F') x
- x GL(dnj, F), and define M’ = GL(n/, D) x --- x GL(n}, D) (a
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Levi subgroup of G'): M is the transfer of M'. The Jacquet-Langlands
correspondence induces a bijection JL: Ey(M') — Ey(M), by setting

JL(w] ® - @wy,) = JL(wy) ® - - - JL(wy,).

For any w € Eo(M), there exists w’ € Eo(M’) such that w = JL(w').

Let QY(G"), QY(G) denote the Harish-Chandra parameter space of
G’',G. Each point in Q°(G’) is a G'-conjugacy class of discrete-series
pairs (M',w') with w’ € Ey(M'). The topology on Qf(G’) is determined
by the unramified unitary twists: then QY(G’) is a locally compact
Hausdorff space. The map

(M, ') = (M, JL(w")),
where M is the transfer of M’, secures an injective map
JL: QY(G") — QY(Q).
We will write Y = JL(Q!(G")). Since the JL-map respects unramified
unitary twists, we obtain a homeomorphism of Q*(G’) onto its image:
JL: QY(G") 2 Y C QYG).

Theorem 7.2. Transfer of Plancherel measure. Let G' = GL(n', D),G =
GL(n, F') with n = dn’. Let V',v denote the Plancherel measure for
G', G, each with the standard normalization of Haar measure on G', G.
Then we have
dv' (W) = AN(D/F) - dv(JL(w"))
where
AMD/F)=][J(e" -1

the product taken over all m such that 1 <m <n—1,m#0 mod d.

Proof. If x € G and 2/ € G’, we will write x < 2’ if x, 2’ are regular
semisimple and have the same characteristic polynomial. If z € G,
we will say that x can be transferred if there exists 2’ € G’ such that
x .

Let f' € C.(G'). Then, by [4, Th. 3.2.], there exists f € C.(G) such
that

(—1)"*7# - ®(f',2") for each 2’ € G’ such that x <« 2/,
0 if x cannot be transferred,

for any x € G.
It then follows from the germ expansion (45) that

F@) - I == f@) - rf
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that is, using (46),

S fM
49) d(Ster) — d(Ste)

We recall that 65(f) = 0 on the complement of Y in Q(G). Next,
we use equation (49), and apply twice the Harish-Chandra Plancherel
theorem, first for G’, then for G. We obtain

[waw) = ro
= d(Ster) - d(Ste) ™ - £(1)
— d(Ster) - d(Ste)" - / 65 (f) du(w)

(50 — d(Sto) - d(Sta) "+ [ OS() dvly (o),

for all f' € C.(G").

We recall that the parameter space Q(G’) is the domain of the
Plancherel measure v/'.

By the refinement of the trace Paley-Wiener theorem due to Bad-
ulescu [4, Lemma 3.4] we have

{W = 00 (fY) 1 1 € Cl@),w' € QY(G)} = LIQY(G),
where L(Q(G")) is the space of compactly supported functions on
Q*(G’) which, upon restriction to each connected component (a quo-
tient of a compact torus T'* by a product of symmetric groups), are
Laurent polynomials in the co-ordinates (21, 29, . .., 2k ).
Now L(Q'(G")) is a dense subspace of Cy(Q'(G’)), the continuous

complex-valued functions on Qf(G’) which vanish at infinity. On the
other hand, it follows from [4, Prop. 3.6] that

(51) 05 (f') = 05, (f), for any o’ € Ey(M').

Equation (50) therefore provides us with two Radon measures (con-
tinuous linear functionals) which agree on a dense subspace of Co(Q'(G")).
Therefore the measures are equal:

(52) dl//(wl) = d(StGV) : d(Stg)_l : dV|y(u})

At this point, we have to elucidate a normalization issue. Let K’ =
GL(n',0p). The group Ag by definition is the F-split component of
the centre of G' and can be identified with F*. As in section (6.2), we
have F*K'/F* = K'/K'NF* = K'/o}. But the Haar measure on Ag
has, as in [34, p.240], the standard normalization mes(K’' N Ag) = 1,
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i.e.,mes(0y) = 1. Since mes(K') = 1, we have mes(F*K'/F*) = 1.
It follows (see for instance [31, 3.7]) that the formal degree of the
Steinberg representation St is given by

d(StG/) = % 1__[ (qdj — 1)
We then have
(53) dv' (W) = N(D/F) - dv(w)

where

AD/F) = (¢"-1)(¢**=1) - (¢" " =1)(¢—1) " (F=1) " -+ (¢" ' =1) 7,
so that

(54) AMD/F) = [[(g" =1

the product taken over all m such that 1 <m <n—1, m # 0 mod d.
O

This result may be expressed as follows

Theorem 7.3. Let (Q'G',B',V') be the measure space determined by
the Plancherel measure V', let (Y,B,\(D/F)-v|y) be the measure space
determined by the restriction of N\(D/F)-v to Y = JL(QY(G") C QY(G).
Then these two measure spaces are isomorphic:

QG B, V)= (Y,B,\(D/F) - v]y)
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