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Abstract

In this paper, an h/p spectral element method with least-square formulation for parabolic interface problem
will be presented. The regularity result of the parabolic interface problem is proven for non-homogeneous in-
terface data. The differentiability estimates and the main stability estimate theorem, using non-conforming
spectral element functions, are proven. Error estimates are derived for h and p versions of the proposed
method.

Keywords: Least-squares method, nonconforming, spectral element method, Linear parabolic interface
problems, Sobolev spaces of different orders in space and time

1. Introduction

In this paper, we consider a linear parabolic interface problem of the form
Lu=wu— V- (AVu) = Fin (O UQ) x I, (1.1)
u=fonQx{0} (initial condition)
u=gonl x I, (exterior boundary condition)
which satisfies the interface conditions
[ul=¢qo and [n-AVu]=¢ onTy x I,

where n = (n1,n2)7 is a unit outward normal vector to the interface Iy and I = (0,7). Here © and
0 (Ql C Q) are open bounded domains in R? with C? boundaries 9Q = I" and 9§2; = Ty, respectively (see
Fig. 1). Further, Qy = Q\ Q;. The symbol [v] denotes the jump of a quantity v across the interface I'o,
ie., [v](z,t) = vi(z,t) — va(z, t), (x,t) €Ty x I. Let

A:{AlianxI,

1.2
A2 iIlQQXI. ( )

Then the jump term n - AVu is defined as follows:
[n- AVu] =n - (A'Vu; — A*Vuy) on Ty x I,

where each 2 x 2 matrix A (k = 1,2) is symmetric and positive definite, uniformly on € x I. The
components aﬁj (z,t) of A* are smooth for each k. Here n - A*Vu;, denotes the conormal derivative on I,
ie.

2
0
n- AFVuy, = Z aﬁj%nj, k=1,2.
ij=1 v

In engineering and science, many problems can be formulated in terms of parabolic partial differential
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Figure 1: Domain Q with boundary I" and its subdomains €1, Qo with interface I'g

equations with discontinuous coefficients. Heat diffusion, electrostatics, multiphase and porous media
flow problems are some examples from physics. A special case of parabolic equations with discontinuous
coefficients consists of interface problems (1.1) which arise, for example, in heat conduction.

Several methods have been proposed and analyzed both theoretically and computationally for interface
problems in [23, 24, 25, 28, 30, 31, 32, 33] (and references cited therein) and have been shown to be very
effective.

If the given data, the boundary I" and the interface I'y of parabolic interface problem (1.1) are smooth
then the solution of the problem is also very smooth in the individual regions, while the global regularity
of solution becomes low because of non-homogeneous jump terms (see [15, 31, 30]). Many standard finite
difference methods are not applicable to interface problems because of lack of this global regularity. The
use of an immersed-interface method in the framework of finite difference methods has some disadvantages,
which are discussed in [24]. Immersed-interface finite element methods for elliptic interface problems have
been presented in [23, 24]. In an immersed-interface method, the jump conditions are enforced through
the construction of special finite element basis functions which satisfy homogeneous interface conditions.
Immersed-interface finite element methods can achieve optimal convergent rates with linear finite elements.
Recently, Albright et al. [28] proposed a high-order accurate difference potential method for parabolic
problems. In that paper, they presented two approaches which are second order and fourth order accurate.

Conforming finite element methods are the most used methods to solve interface problems. This requires
the triangulation of different subregions to be geometrically conforming at the interface. Conforming
methods, however impose serious restrictions on the computational domain when the physical solutions of
the interface problems are of different scales in different subregions. Methods that allow relaxation of such
conditions are the nonconforming methods like mortar finite element methods and discontinuous Galerkin
finite element methods. Schotzau et al. [20] presented time discretization of parabolic problems by the
hp-version of the discontinuous Galerkin finite element method. Dutt et al. [7] proposed h — version and
p — version least-squares spectral element methods for parabolic partial differential equations (PDE) with
smooth coefficients on bounded domains. Recently, we proposed the least-squares spectral element method
for parabolic initial value problems with non-smooth data in [10, 11]. The method proposed in this paper
is a nonconforming least-squares spectral element method (see [7, 10, 11, 12, 13, 14]). Sobolev spaces of
different orders in space and time to formulate the results are given in [16].

Bochev and Gunzburger [2] have summarized the least-squares finite element method (LSFEM) for
parabolic problems. The obvious advantage of this class of methods is that the discrete problems are
positive definite and symmetric. Least-square spectral element methods (LSSEM) have been presented by
Proot et al. [19] for the Stokes problem, and Pontaza et al. [18] for the Navier-Stokes equations, combining
the least-square formulation with spectral element approximation. Maerschalck et al. [29] presented the
use of Chebyshev polynomials in a space-time least-squares spectral element method. The advantage of
LSSEM is that it has the generality of finite element methods with the accuracy of spectral methods.

Over the past three decades, spectral methods have been extensively used for solving partial differential
equations because of high order of accuracy (see [3, 4, 5, 6, 9] and the references therein). Kumar et al.
[25] proposed a least-square spectral element method for two-dimensional elliptic interface problem with a
smooth interface, following the approach proposed in [26]. Recently, we proposed a least-squares spectral
element method for three-dimensional elliptic interface problem with a smooth interface in [14]. In this
method, the domain is divided into a finite number of subdomains such that the sub-divisions match along
the interface. The interface is resolved exactly using blending elements [27].

In this paper, an h/p least-squares spectral element method is presented to solve the parabolic interface



problem with smooth interface. Our method is based on minimizing the sum of the squares of a weighted
squared norm of the residuals in the partial differential equation and the sum of the residuals in the boundary
conditions in fractional Sobolev norms and the sum of the jumps in the value and its derivatives across
the interface in appropriate fractional Sobolev norms. The continuity along the inter-element boundary
is enforced by adding a term, which measures the sum of the squares of the jump in the function and its
derivatives in fractional Sobolev norms.

The content of the paper is organized as follows: Section 2 is devoted to defining the parabolic interface
problem and to proving regularity results. In Section 3, the discretization of the domain and stability result
are presented. In Section 4, error estimates are given for A and p versions of the proposed method.

2. Preliminaries
Let r and s be two non-negative real numbers. As in [16], define
H™*(Qx 1) = H(I; H" () N H*(I; H°(Q)), (2.1)
which is a Hilbert space with norm
T 1/2
2 2
J IO et + Nl ey |
0
where H"(Q2) denotes the standard Sobolev space of order r. Here H°(Q) = L?(Q) and H*°(Q x I) =
L?(Q x I).
Let uy = u|g, x1 and ug = u|g,x7. Next, we define following spaces

H"(QUQ) ={uec L*(Q)|u|q, € H"(Q;) fori = 1,2},
H™(QUQy xI)={ue L*(Qx I)|ul|g,xr € H"*(Q; x I) fori =1,2}.

Let

||u||3,§21u§22 = ||U1||§1r(91) + ||U2||%rr(92)a (2:2)

110y, 2000 x = 1nllFrs ey + 2llirs @, x)- (2:3)

We also use the following notations in throughout paper:

We now define some Gevrey Spaces [17] which are needed for our error analysis.

Olle = [1Olz2@)  and  [[O)llaxr = 1C)]|z2@xn)-

2:(Q) ={® € C*(Q) |FA1,B1 >0 :sup| Dy®(z)| < A1(B1)" 4!, o] =i,i=0,1,---} .
zeﬁ

D1 (0 x I) = {w € 0@ x I)|3A,, B, >0 :

sup | D?Dgw(xvt” S Al(Bl)iJrj Z'(]')2 ) |Oé| = ZaVZv.] = 07 1’ a } ’
(z,t)eQxT

2.1. Regularity estimate

In general, the solution of problem (1.1) does not belong to H?'(2 x I) due to the presence of a
discontinuity /reduced regularity in .A. Moreover, the solution does not belong to H(2 x I) unless the
jump term at the interface [u] is equal to zero. We can get better local regularity using local smoothness
of the coefficients. An a-priori result for the problem (1.1) is given in Theorem 2.1 with appropriate
assumptions on F,g,qo,q1 and f. First, we prove the following Lemma 2.1 which we use to obtain our
main regularity result.



Lemma 2.1. Consider the problem

Lv=uv—V-(AVo)=F in Q UQ xI, (2.4)
v=vy on Q3 UQ x {0} (initial condition)

v=0 on I'xI, (exsterior boundary condition)
along with the interface conditions
0] =0 and [n-AVv]=0 on TgxI. (2.5)

Let F e H®(Q,UQy x I) and vo € H(Q UQy x {0}). If the interface Ty and the boundary T' are C? and
the given data satisfy required compatibility condition (see [16]), then the solution v € H*1 (2 U Qg x I)
and

||’U||%2,1)791U(22><I SC(HF”%O,O),QlUQQXI + ||’UO||%791U92X{0})' (26)
Here C is a generic constant.
Proof. Our proof is a generalization of the approach of [31, 32]. For a.e. t € I, v = v(z,t) solves

~V-(AVv)=F —v in QUQyxI, (2.7)

v=0 on I'xI, (exterior boundary condition)
along with the interface conditions
[v]=0 and [n-AVu]=0 on TIyxI. (2.8)
Applying the regularity result for the elliptic interface problems of [30], it follows:

1]13.0,00, < C||F - 18,0, U0, - (2.9)

Multiplying v; both side in equation (2.4) and integrating w. r. to  over 3 U Qs, we obtain

||vt||(2J,Qluﬂ2 —/ V- (AVv)vde = / Fudz. (2.10)
Q1UQs Q1UQs

Here v € HY0((3 U Qg) x I) and [v] = 0 on I, it follows
[v4] =0 onTy. (2.11)

Using integration by parts and the equation (2.11), we obtain

2

/ V- (AVv)vda = / Z (@i,jVe; )z, ved
Q1UQs

Q1UQ i,j=1
2

[ @ n)de
Q1UQ ij=1

2 2
1 1
- —58,5/ g (@i, jVe,; )V, da + 5/ g (@i,5)tVg; Vg, de. (2.12)
Q1UQ5 i,j=1 Q1UQ9 i,j=1

Inserting the equation (2.12) into the equation (2.10), implies

2

1
||vt||g,(zluﬂ2 =+ iat/ Z (@i,jV,; Vg, da = /

QU ;T Q

2
- 1
Fudr + —/ g (@i,j) Ve, Ve, dx.  (2.13)
LU 2 Ja,ue, 524



Integrating the equation (2.13) w. r. to ¢ over I, it follows:

2

1
2
dt + = i Vg )Ug. d
Jlediaondirg [0S (e e

x{T} ;=1

2

~ 1
:/ Foydxdt + —/ Z (i) ¢V ; Ve, ddt
(QlLJQz)XI 2 ((21U92)><Ii7j:1

2
1

+—/ E (a; jVg, Vg, da. (2.14)
2 (QlUQQ)X{O} J !

ij=1

Using Cauchy-Schwarz inequality and applying a standard kickback argument, it holds:
||vt||?0,0),(Qlqu)><I + ||U||i(91u92)x{T} SC(/} ||F||(%,Q1UQZ + ||v||%,(91u§22)><{0})

+0memwwﬁ. (2.15)

Applying an application of Gronwall’s lemma, implies the desired result. (|

We are now in a position to state the main regularity result.

Theorem 2.1. Let F € HOO(Q, UQy x I),g € H23([ x I),q0 € H2'%(Tg x I), ¢ € H2'3([g x I) and
f € HY Q1 UQ x {0}). If the interface Tg and the boundary T are C? and the given data satisfy required
compatibility condition (see [16, 34]), then the solution v € H>1(Q1 UQy x I) and

1ullta,1),0,00, 1 <C (HF”?O,O),QXI +19l1Ts 5y, 00r + l0lls 3y ponr

21 PRk
Ity 3 poxr + IR cuaxiop) (2.16)
Here C is a generic constant.
Proof. First, we define s € H*'(Q22 x I), which satisfies
s =gonl'x1I, and n-A*Viy =1y =0o0nTqx I. (2.17)

If ge H23(I'x 1) and ay(x,0) € H (0 x {0}), and satisfy the compatibility condition, then from Theorem
2.1 of [16], the following estimates hold:

lgll 2.3)IxI < C||ﬁ2||(2,1),§22><17

|[t2]]1,0,x {0y < Clluz2|l(2,1),0,x1- (2.18)
Further, using Theorem 2.4 of [34], the following estimate holds:
2l 1y 001 <ClalZy 2 pocr- (2.19)
Similarly, we define 4; € H>1(Q; x I), which satisfies
i =qgoonlox1I, and n-A'Va; =¢ only x 1. (2.20)

If g € H35(Dg x I),q1 € H2i(Ty x I) and @;(z,0) € H'(Q; x {0}), and satisfy the compatibility
condition, then from Theorem 2.3 of [16], the following estimate holds:
||(J0||(g,g),roxz < C||@1||(2,1),(zlx1a

laill(z,2),r0xr < Clltall2,1).00x15 (2.21)
[a1]]1,0, x {03 < Cllt1l(2,1),0, %1

Similarly, using Theorem 2.4 of [34], the following estimate holds:

laalo, s SC (laallZs 3 rr + 1900123 ) ppr) (2.22)

2°1

Now we define @ as in ((£21 U Q2) x I) which satisfies the following conditions



1. ﬂ|Q1 = U and 1_1,|§22 = U2
2.u=¢g on I'xI.
3. At interface, @ is defined as

[ﬂ] =Up — Uz = q0 and [n . AV’FL] =n- (A1Vﬁ1 - A2V’EL2) = (@1 on FO x 1.
Using the definition of the norm (2.3), we obtain

al1Ga.1) uuaeyxr = N8111E2.1y. 0051 + 1821121y 00 x1- (2.23)

From equations (2.19) and (2.22), we establish the following estimate

l122,1) cnvmycr SC(1912s 5 s + ol s 3y pprer + laliZs 5 s ) (2:24)

2°7

Finally, we define v = u — @, where u solve the problem (1.1). Then v satisfies the following interface
problem

Lo=F—La in QUQ %I, (2.25)
v=wov(z,0) on Q5 UQyx {0} (initial condition)

v=0 on I xI, (exterior boundary condition)
along with the interface conditions
[v] =0 and [n-AVu]=0 on Ty xI. (2.26)

From Lemma 2.1, v € H>1((Q; UQ2) x I) and satisfies the following estimate:

||U||?2,1),91u92x1 SC(HF* Eﬂ”?o,o),szlumxz + ||v||%,ﬂluﬂg><{0})' (2.27)
Moreover, we get
||u||%2,1),(ﬂluﬂg)><1 <Ju— ﬂ||%2,1),91u92x1 + ||ﬂ||?2,1),91u92x1- (2.28)

From equation (2.27), it follows:

||u||?2,1),(91u§22)><1 SC(HF - ﬁﬁ”%o,o),nlumxz + ||U||?,§21UQZ><{O}) + ||ﬁ||%2,1),91u92x1
<C(I1F11.0p208x1 + 1l 1) 0,000+ 1011 0,000 x40 ) (2:29)
Combining equations (2.24) and (2.29), the final result follows. O

Theorem 2.2. Let ' € H?""(Q, UQy x I)),g € H: 2547 (D x I),qp € HZP23+" (T x I),q1 €
Hz 205+ (Dg x I) and f € H2 27 H1(Q, UQ, x {0}). If the interface Ty and boundary T is C2"+2 and the
given data satisfy the required compatibility condition (see [16]), then the solution u € H* 27 T1(QUQ, x 1)
and

2 2 2
||U||(2r+1,r+1),91u92x1 < CT(HFH(QT,T),QlUQQXI + ||g||(%+2r,%+r),F><[

2 2 2
+ ||QO||(%+27~7%+7~)7F0X[ + ||q1||(%+2r,%+r),poxf + ||f||2r+1,Q1UQQ><{O})'

Proof. The idea of proof is the same as in Theorem 2.1. O

3. Discretization and Stability Estimate

First, the domains Q1 and €, are partitioned into quadrilaterals Q}, Q% ... Q' and Q3,03,.-- Q52
such that the subdomain divisions match on the interface. We define a smooth function M} = (X L-, Xéz)
that maps the unit square S to Qi = 1,2 as in [1, 21] and is given by

ol =X{(m,me) and ab; = X5, (n,m). (3.1)
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Figure 2: (a) Discretization, (b) Mesh imposing on ;,7 =1, 2..

We now divide S into a mesh of squares of side h. Consequently, the image Qé, which is divided into
a quasi-uniform mesh of curvilinear rectangles of side proportional to h, is the grid of squares S under
the mapping M} as shown in Fig 2(b). Moreover, the domains ; and €, are divided into curvilinear
rectangles Q7 5, Q7 -+, Q7Y and Q5 ,, Q3 .-+, Q32 of width proportional to h such that the subdomain
divisions match on the interface as shown in Fig 2(a). Thus, Qé,h is the image of ((j1 — 1)h < 11 <
j1h) x ((j2 — 1)h < m1 < joh) under the mapping M!. We choose the time step k proportional to h2.
We introduce new coordinates s = t/k, y; = x;/h and define w(y1,y2,8) = u(hyy, hyz, ks). In this new
coordinate system the differential equation becomes

L = kF, (3.2a)
where
2
L=~y (0 (y, 5)y, )y, - (3.2b)
i,j=1

Clearly the coefficients satisfy the following condition:
|DEDYay ;| = O(hIEY). (3.3)
Let €; and ﬁi ,, be the images of €2; and Qﬁ 5 in the y-coordinates. Further, let 7, be the image of the size

Ym common to Qé,h and Qéh Now we define a map N} where N} : S — ﬁih for every [ in ¢ = 1,2. The
form of N! is as follows:

(&faf—wﬁ«b—mh+mh@4¢m+h@»

Let J! be the Jacobian of the map N!. Then there exist two uniform constants V; and Vs, which depend
on the decomposition of Q; (i = 1,2) into Qéyh, and satisfy the following

Vi < |Ji(6,&)] < Va. (3:4)
foralll=1,2,---,0; withi=1andl=1,2,---,09 with i = 2.
Furthermore, the step nk <t < (n+ 1)k is mapped to n < s < (n + 1) by the transformation s = t/k.

3.1. Stability Estimate

Define the spectral element functions ', (&1, &2, 5), &k = 1,2., which are polynomials of degree p in each
of the space variables &; and & and of degree ¢ in the time variable s, i.e.

I,
fl,fg, Z Z Z (511"1513 i1 (s — 7’L)
11 012_013_0

for (¢&1,6) € S and n < s < n+ 1. Here 6°™". denote the coefficients. Then

ZZZ

wfc(ylay% S) = wfc((erc)il(ylay2)a S)'



Choosing n = Kh? and o, = w!e™"%, where K is a positive constant, then (£l )e™" = (£ +n)d.. Using
the chain rule, we can wrlte

ow' ow'
Sy = (e € + (e (€ and Z28 = (@) (€0)s + (@) )

Define £ = (£1,£2). Assume that (El)yl &), (22>y1 (¢), (El)yz (€) and (Eg)y2 (&) are the orthogonal projections
of (&1)y,(£), (€2)y, (£), (&1)y,(§) and (€2)y, (€), respectively, into the space of polynomials of degree p with
respect to the inner product in H?(S). Let

ot a N ~ ol e —~ ~
(52) = 0a@n + (e md (52) = @@ + (G

oy Y2

Let 7y, be a side common to Q) and Qfg,h which is the image of £&; = 1 under the map N;* and the image
of ¢, = 0 under the map N.. Now, we define the jump term at the inter element boundary 7,:

|[’D]||%T,s),:ym><1 ||’U (1 525 ) l(07527S)||%T,s),(071)><1n (35)

and the derivative of the jump term at the inter element boundary 7,,

VTN, o, MG 00~ (55) 00

for j = 1,2, where I,, = (n,n + 1). We then define

2

(r,8),(0,1)xIn,

[ \zitPandpds = [ 12 Pdsdeads = || 200k B, (3.6)
Qi x Iy SxI,

where £ = K2V, Jtand % is the differential operator .Z in &1, & and s coordinates. Here /,ﬁ denotes the
Jacobian of the map N! from S to QL ,. Define a new differential operator (£})?, so that its coefficients
are polynomials of degree p in each of the space variables &; and & and of degree ¢ in the time variable s
defined as the orthogonal projections of the coefficients of the corresponding differential operator .£! into
the space of polynomials with respect to the usual inner product in H*1(S x I,,). Moreover

/@ | L0 dyidyads = / (L0) P derdéads = [|(L) 081, (3.7)
X In X

K, h S I"

up to a negligible error term [7, 22].
Let ]-'751%2 be the spectral element representation of the function v i.e.

M-
'U17'U2 = {{Ul &1, &2, )}1<l<017{1’2(§1,§2, )}1<z<02}n —0 ,where Mk ="T.

By Sz(ﬂz) (]-'5?,)1)2), we denote the space of spectral element functions.

Define F!(¢,5) = (/,i)%ﬁ,i(]\f,i(fl, £3)h, sk) and assume F (€, s) to be the orthogonal projection of FL(£, s)
into the space of polynomials of degree 2p in each of the space variables &; and &; and of degree 2¢ in the time
variable s with respect to the usual inner product in L?(S x I,,). Similarly, we define f.(¢) = fL(NL(&1,&2)h)
and let f,i (¢) be the orthogonal projection of f.(¢) into the space of polynomials of degree p in & and &
with respect to the usual inner product in H'(S). For the boundary and interface terms, let 7, belong
to either T' or Iy and assume that 7, is the image of & = 1 under the mapping N! : S — ch,h
Define gl(EQa S) = g(Nfli(l’ EQ)ha Sk)a q(l)(EQa S) = qlo(erf(la EQ)ha Sk) and qll(EQa S) = ql(Nfli(l’ EQ)ha Sk) Let
§'(&2,8),Gh(&2,8) and G (&2, s) denote the orthogonal projection of g'(&a,s), gb (€2, s) and ¢ (&2, 5) into the
space of polynomials of degree p in &, and ¢ in s.

To initialize the scheme, we define

wh(& s =07) = fL(6).



To obtain the solution for 0 < s < n, where n is an integer, we define our approximate solution for
n < s <n+ 1 to be the unique }]Sﬁ),w which minimizes the functional

1
A F{L ) =it P 1)+ 77 (B006 (P F) + R FE2)
+ %Boundary (]:15’1”,)112 ) g) + %lnterface (‘F’lg?,)’uz’ Q)) (38)

over all 8§ (F{™,,), where

2 0p
Rrnitial(F, v1 v2,f ZZ(/S |0t —wl (&,n7)? jldé
2

x{nt}

oL — ik (€, n7))e (! ol — ! )
£y /S W}m L€ ()i (0, — L (6 m))e ),

i,j=1
ApDE ]'—75?@2, ZH L0 — Fill3xr, JFZH L3)°05 — Fyl[%x1,»
=1
B PO =3 Y (11)10,8/0) 5 1. £, D Net/2,1/8) 1, )
K= 1'Ymgﬂ J=1

%Boundary(fg?,)vgag) = Z (”{) - gm||(0,3/4),’ym><ln + ||(7j)g - (gm)g||(1/271/4)7:}/m><1n)’

HmCT
o
(n) _ N PN H_ _ 4
e ST ED Sl (1 R PP (N
mx=10

Here, (9), and % denote the tangential and normal derivatives on 4,, same as defined in [7, 10, 11]. As

defined in (3.8), we choose our approximate solution to be the unique }]Sﬁ),wZ which minimizes the functional
A (F,,) over all S5 (FS™,,). Now, we define the functional

n n n 1 N
i )(]:1(”1)“’2) = Initial (]:1(!11),“&’ 0) + h2 (‘%PDE(‘Fi(ul)wza ) + %Jump(]:i(ul),wz)
+ %Boundary(]:&??Wy 0) + %lnterface(]i(u??wZ s 0)) . (39)

From equations (3.8) and (3.9), it is clear that # (™) (Fy; )v2) is the functional 2(™) ( U?)Uz) with zero data.
We are now in a position to state the main stability theorem.

Theorem 3.1 (Stability theorem). The estimate

2 Ok
g0 (D2 (PR B, + 100k Br, + D2 D5k e, + 0] o)

k=1 =1 1<|a| <2
2
+ > / (L )e, (1) (L), drdéa ) < (1+ etk (FD,,)
ij=18x(n+1)=

holds for large enough % and p with lnp = o(1/h). Here g4 and ¢y are constants.

3.2. Proof of the stability theorem
To calculate the estimate of higher order derivatives of ¢ as in [22], we decompose the problem, which
is as follows:
2
Lb =1, — E, where &6 =Y (ai jly, )y, (3.10)
i,j=1

Assume v = (v1, 112) to be the outward normal to the curve 4,, at the point £&. Now, we define (%)a &) =
212 je1 Viltij (;—;j) (&) which denotes the conormal derivative at a point on 4,,. Furthermore, let du be an

element of arc length along 7,,.



Lemma 3.1. The estimate

2 o
K 3 ~
P BN (Al o Yl il er + SERIEDIE )
=1 ’

k=1 1=1
2 0B (00

7H:1:Ymg§l~ /:YmXIRQ[v(a—Z)Jduds%%O/ﬁmXIRQ[U(a—Z)JdudS

S () s S (I il I )
5o cr Y Am X In @ k=1 l=1

holds for large enough K, where n = Kh?. Here m~ and m™* denote respectively limgyy, t and limg ., t.
b1 > 0 is a constant.

Proof. From the equation (3.10), we have

[ oL ((0L)s — &L + il )dydsf/ o (L + n)ol)dyds. (3.11)
Q. x1I,

Al
r.h Q) xIn

Using integration by parts, it follows:

2 [ k)i = | Py~ [Py, (312)
QL x1In fz{mx{(nﬂ)f} QL x{nt}
f/ f)fi(é"f)fi)dyds:/ Z ) yeeij (BL)y, dyds
QL , xIn QL xIn ;521
a~l
f/ f;,ﬁ( ”“) dpds. (3.13)
QL , x1Iy o /a

Inserting the equations (3.12)- (3.13) into (3.11), we obtain

2

1/&2 + Ol /&2 "
0, *dy E 0y )ys n|oL 1) dyds
2 ~f{,hx(n 1)~ | | ~f{,hXIn ( ( Y ]( | | )

ij=1
_, 107! . - 1 2dy
7/~ vé(a“) duds:/~ vé(($+n)vf€)dyds+[ |v;|27
QL |, xI, Via QL xI, QL , x{nt}

Summing over [ for each in’h, k=12, gives

2 o 2
3 _ dy ~
>y ,223+[ (3 @ (0, + nlek )y
k=1 =1 Ql pX(n+1)~ Qﬁ,hXI"r i,j=1
2 -
0 v

=S Z / i(20) }dﬂdsf 3 / 5(55) Jands

e 1 5 X In aV S CTo X1 61/

5 ~1 ~1 120y

- Z a. deS = ZZ ( ’U/{((X + U)Un)dyds + . |vn| _)

Fpn CT 7 Am X In V k=1 1=1 woh X dn Ql ,x{nt}

From (3.3) and choosing K large enough, where n = Kh?, the result holds. O

In the following Lemma 3.2, we obtain estimates for higher order derivatives of ..

Lemma 3.2. The estimate

61(2(/@1 Z |DO‘U 2dyds) Jrg;(/gl o Z |Do‘v | dyds)) < &

*In jaj=2 ler|=2

10



holds, where

Z/ 167 s+ Y (L xjy[(l)(ﬁ)]duds—i—/ (1 (@)ds] ., )

’?WLQQNUFO In
+ f1h2z / S IDgitPdyds+ b S [ ST Dy Pduds)
"hXI"\ [=1 Fm CTUT U YmXIn | o|=1
+ Z/ ¥)dpds + Z / H()ds|,.
m X 1In mClo

H(?) = 7vl,( 2Dv; — Ev,) and ®(0) = dla e (E‘% + Gav) Here dy, e1 and f1 are positive constants

and D, E and F are defined as:

eorl=ln a2l

E F vy v Q1 Q2 R

L T2

and the matriz [ y } is orthogonal matriz and o;; = aj; for each Q. k =1,2.
1 V2

Proof. To prove the above lemma, we use the result of equation (3.25) from [7], which is as follows:

c sl (2 1 12 2 asl |2
S Sppipay< [ e paeont | [ S Dyl Pay

1
Qm,h ‘a|:2 K, h QN h |Q¢‘:1

rony / S 1Dyl P+ Z [ @0 g - + G
5=1"% |a|=1
+2_ 5

Jj=1

2D(0y,)r — E(0),)v) (3.14)

l\DI»—l

0%;

by choosing a small enough ¢ > 0. Here G = F'+ D, and C'is a generic constant.
Integrating the equation (3.14) w.r. to s over I,, and summing over [ for QL,L, k = 1,2, the desired result
follows. O

Next, we prove the following Lemma 3.3, which we directly use to obtain the main stability result.
Lemma 3.3. The estimate holds

2 ok
zz(<Kh2nﬁ;uam+ez(nasﬁ;n% NS SR LI

=1 1<]a|<2

(T — /

ij=1 ><(n+1)*

)yzaw( )yj dy)) <&+ &

for small enough h. Where

2 Ok
&= (S (1 e+ 3 [, o

k=1 [=1 7,7=1

+ (14 2?) Sl SROCAE
=1

11



and

8- Y /| [10)+20(5,) Jauds + [ (@], )

K=1 5 CQ " "

A y {J(ﬁ)+2ﬁ(%)a}duds+/l’[H(ﬁ)]ds‘a%))

) : (3.15)
O

+ ( J () + 26(%)aduds + /1 H(0)ds
Here J(3) = 25, (), + di ( - (B, + Gv,,)) — 20, (2) +®(5) and H(p) = $3,(~2Di, — Ed,).

Proof. Firstly, we calculate

/ Lok Pdyds = / (i), — &5k Pdyds,
QL x I, QL xI

X dn o Xn

= [P - 20660+ |65 ) dyds. (3.16)
Qb xI,

K,h
Using integration by parts, we rewrite the following term

2

_2/ (52)5(‘552)dyd5 = 2/ Z ({)l )ywsaw( w)y; dyds
QL I, QL xIn 21
- > 2/ (1) <%) duds. (3.17)
Fuxln NV,

Y COQL, ,
Again using integration by parts the first term of R.H.S. in (3.17) w. 1. to s, gives:

2.
QL xT

o X g j—=1

2 2

> W sts Py = [ PONCANIGANY

w7}y
2

S D SN (e dyds. (319)
Q. yx{nt} 5o Q hXI"z] 1
Inserting the equation (3.18) into (3.17), it follows
2
2 @tk — | PINGARCANY
QL xI, flf{,hx{(nJrl)*}i’j:l
2
-/ S @i (@), dy -2 Y / ) ( > dpds
/th’hx{rﬁ}iyj_l 5 CORL x Iy, ov

2

S D SICAMCHNCI WS 3.19)

o X g j—=1

From equation (3.3), we have

/Ql axI

L)y, (cif) s (0L)y, dyds < c;ﬂ/ > Dy Pdyds.. (3.20)

"zjl nhXI"‘|1

12



Substituting the result of the equation (3.20) into (3.19), the estimate is as follows:
2

2 / (3L)e (£ )dyds > / INCARCAN
QL x1In (zfmx{(nﬂ)f}i’j:l
2

-/ S hestibhar -2 3 [ b (G du
Qic,hx{n+} 7,j=1 ,Ymcagl n WX I v
-on [, D52 Payds.
Y XIn c;l

Inserting the equation (3.21) in (3.16)7 the estimate holds:

[ viPauds= [ @R 60 duds
nXin wn X In

2 2

+/ (ﬁ)yiaz‘j(ﬁi)yjdy*/ (1, )y vij (01, )y, dy
QL , x{(n+1)"} ijzzl QL , x{nt} iJZ:1
0
-2 3 / CAR (i) duds — Ch? 3" Dy P dyds.
%I, v O xIn g, =

FmCOQL

After rearranging the equation (3.22), we obtain
2

/ ((5L)[? + 654 ?)dyds + / INCAR AN
QL xIn Qo x{n+1)7} 55

2
< / S (5 yycrig (8L),,dy + / 2ol Pdyds
QL x{nt} =1 QL xI,

U o
+200y /XI ) (V)aduds+0h2[ > Dy Pdyds.

Qb xI

'YWLCBQL h " |O“ 1
Combining the equation (3.14) and (3.23), implies
2
o [ DG + ()P | dyds + [ CARCSw
Qi@,hXI" |O(Z2 Qic’hx{(nJrl)*} z‘,jzzl

2

< / Lo Pdyds + / S (@ )y i3 (5L,
QL x1In al , x{nt} 520

+Ch2/ﬁl ) > Dy dyds—i—glh/ > Dy Pdyds
m,hx

1
" Jal=1 @

ron X 1< ol <2
+ 0y </ J(#)dpds + / H(%)ds ) .

’?WLQ@QL h ;)'/m'XIn In B:ym

with the following estimate

S [ S pilpddsse [ Y ipgilPas
5 QL xI,

FmCohl , Im X ja)=1 1<]al<2

where g; is a uniform constant and c¢; is a positive constant.
From equation (3.10), we obtain:

[ Lo Pdyds = / (2 + )it — ol Pdyds
QL xI, QL XTI,

K, h K, h n

SQ[ (& + )il |*dyds
QL xI

n

13

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)



with the following estimate

n

[ Il Pdyds < / (2 + )it Pdyds. (3.26)
Qi@,hXI" Qi@,hXI

Inserting equation (3.25) in (3.24) and summing over [ on in,h’ k = 1,2, the estimate is as follows:

>3

2

S al(D§ak? + |(5h). P )dyds + S )y, (0L, )

1= O 2 xIn 1522 QL > {(n+1)=} 55
or 2
S, s [ S (L) (), dy
k=1 1=1 & xIn Q. x{nt} =

+Ch / S Deit Pdyds + Cht / (oL Pdyds) + . (1)
QL xI, 1<]al<2 QL xIn

+Z > </ ()]duds+/ [H (7))ds )
K= 1~ ,QBQ FYm X In In OYm
+ > ( / [J(3))duds + / [H (7))ds )
Am CTo Fm XIn In m
+ ) (/ J(f})duder/ H(%)ds ) (3.27)
AmCT \Y ImXIn In Om
Combining Lemma 3.1 with (3.27), the desired result follows. O

Now, we estimate the bound for &, which is defined in equation (3.15).

Lemma 3.4. The estimate
E3< &1+ &5 (328)

holds for a constant K, such that, % and p large enough and Inp = 0(%). Where

2 o
7 K
=Y (52 (K2 o, +er(I00E o+ X ID5E )
k=1 =1 1<a<2
and
1 n n n
55 = ﬁ (%Jump(fq‘(;ly)q&) + %Boundary(]-—éh)yzao) + %Interface(]-—gh)uzao)) .

Proof. Using the equaion (3.32) from [7], we conclude

3 ( / [ (7)]dpds + / [H(3)]ds ) (3.29)
ST fr m
2
€ Otl"‘ ~\a
—62 >IN g, +Canp? Y (Y@ 2051, )
=1 1<]a1|<2 ﬁ,mgﬁm i=1
for each kK = 1,2, and
e oz1~
0)duds + H(v ) _62 Z 1Dy 2||th><l
m X In OFm 1= 11<‘a1|<2
Cnpl*( > I@R 20y 5xr, + D S s e0mnr, ). (330)
’YWLCF Vmngl 1
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From equations (3.29) and (3.30), the following estimate holds for interface (I'¢)

3 / @) + /1 H@)ds| )

Ym Clo

n

Om
2 o
e a1
S5 S ST )
k=1 1=1 1<|az|<2
v : )
rewn?( Y |[(5) ] 3 5 S HOENR s
m Clo @ (1/2,0),3m x In K= lg/m Q, =1
Using the equation (3.33) of [7], it follows that
0
Z / {217( U) }d,uds
SC T X I, (91/ a
1 & o
< SO (KRNEE g e Y DRk L)
=1 1< on <2
2
1 ,
+ Y (57 M@l 205xr, + ClER 0 5,0x1,) (3.32)
Fm S =1
for each k = 1,2. Moreover
Z/ 217(%) duds
AT Fm X Iy ov/a
02
€1 aq ~ .
<20 X DRy )+ X s, (333)
=1 1< |<2 ' Hm CT
Similarly, the following estimate holds for the interface (T'g)
21) }duds
"zC:F / x I, aV
1 2 0g
vy (Khzll*n"w e XI5 )
k=1 I=1 1<]a1|<2
2
+ < } + CH[@]H%O,O),»”y,ann) : (3.34)
FmClo (1/2,0),3m x I,
Using equations (3.36) and (3.38) from [7], we obtain
Z / [2175(@) }duds
A T S X I ov/a
2
< 1 <1112 . al|2
= 9p2 Z <||[”]||(o,3/4),amxzn+Z||(ij) ||(o,1/4),amx1n>
Fm S Jj=1
+a (Hasaanal_hx,n > ||Dglan||al_hx,n> (3.35)
I=1 1<|as|<2

for each kK = 1, 2. Moreover

0v .
S [ o) duds< g 3 Wllhssmann,
ACr X I V 2h

Fm CQ2

ol (CXTHVESD TR IO S

=1 1<]a1|<2
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In same way, it follows that

/%L“n [2175 (g) J duds

'S’m,gr‘o
<2 (mm (%) ] 2 )
S5 0,3/4),7m X In e
2h amcro 0 ) oIVl 0.1/0) 5 x 1
S 9 o (CETERIRED ST TE P,
k=1 [l=1 1<]a1|<2
Combining the equations (3.29) — (3.37), imply the desired result. O

Combining the results of Lemma 3.3 and 3.4, implies that

g4ZZ(h2||v“||Ql x I, +||85’DK||QL w X In + Z ||Da~l||(zl wXIn +||U"¢||th X (n+1)—

k=1 =1 1<|e|<2
2

,l”jl O s ,Dl n) (n) )
+ /Ql (Ui )ys ¥, (U )y, d )<W (FM,,) (3.38)

i,j=1" Y nX(n+1)~

holds for large enough % and p with Inp = o(1/h). Here g4 is a constant independent of h, p and ¢, and

2 0p
WOF) = 5 I ey + 3 / AN

i1 wx{(n+1)7}
1 N v
b (14 2h?) <Z||$+nv1|| Xln+Z|I($+n>véllég,hm>
=1 =1

1 n n n
+ h2 (‘%Jump(fi(zl,)uz) + %Boundwy(fi(n,)vw 0) + ‘@I"t”f“ce(fi(’lv)”’ 0))

o /’i be the Jacobian of the map N'lﬁ from S to Qf{,h in each me@ = 1,2, then there exist matrices
{(JZ{KI)”} such that

2 2

Z[ (dﬁ)%aid(ﬁé)yjdy: Z/ (T);bfi("Q{nl)iyj({)fe)ﬁjdfldfl
QL x{s} Sx{s}

i,j=1 ,J=1

Now we define /,i and (&71); ;,; which are orthogonal projection of ¢! and (&7!);; into the space of
polynomial as before. Recall that 7 = Kh? and @), = ¢'.e"®. Using these arguments in equation (3.38), w
obtain the final result.

4. Error estimate

In this section, we prove a priori error estimate for parabolic interface problems. Let ul(¢,s) =
u(NL(&1,62),5), where [ = 1,2,--- 0y for Kk = 1 and | = 1,2,--- ,09 for kK = 2. Now we prove the
following approximation result.

Lemma 4.1. For each k = 1,2, let u, be a smooth function which is defined on Q, x [0,T]. Then
there exist functions ' (&,s) defined on S x [0, M] (where Mk = T). Moreover, % (&,s) is continuous
function of s and is a polynomial in & and & of degree p separately and in s of degree q for s € I, with
n=20,1,--- ,M — 1. Then the following error estimate

1
2 0k 2
(ZZ Z [y, — 7/’2”?2,1)5“”) < Cah®|ul|(2q-+6.q+3).021U9 % (0.1) (4.1)

k=11=1 n=0
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holds, provided p =2q + 1 and k is proportional to h? as h — 0.
If u, € 221(Q x [0,T]) for each k =1,2, then

(zzznu wzua,m,m) < Ke-popr w2

rk=11=1 n=0

N[

provided q is proportional to p?, as p tends to infinity and Inp = o(1/h). Where K, p1 and p3 are positive
constants.

Proof. Let m'{v(§,s) = m{miv({,s) be an operator from
H?H59%3(6 % Io) — (PP x PP x P9)(S x Ip)

defined as [7, 21]. Now, we define 9! (¢, 5+ n) = ﬂgﬂgufi(f, s) for 0 < s < 1. Thus % (¢, s) is a continuous
function of s for 0 < s < M and separately for k = 1, 2.
Using the approximation results from equations (5.6) and (5.7) in [7], we obtain

! 12 —2, (g —0)! 9o+, 9—2A (p—N)!
e = Uullo, 500 <C27 0 ST il l0y,x00 + C275 0y,
2
(D020, ko)., + 1102, 05 kB ).z ) (4.3)

Jj=0

and

a1 —2v piy' v
1D2 (e = )l sty < (272 ((%(Zma 10 LB 051

p+v
1% 272# ( ) aq
+||a] 5 +1 l||(00) leo)) +m( ) ||D P@;Hrl l||(00)S><Io) (4.4)

for 0 < || < 2 and separately for k = 1, 2.

For proving the first estimate, where u, is smooth in §,; x (0,T) and h tends to zero (p and ¢ are fixed),
we choose p =2¢+ 1, A\ =29+ 1,0 =¢q, v =2¢+ 1 and pu = ¢ in equations (4.3)-(4.4) as in [21]. Adding
equations (4.3)-(4.4) and summing over [ for Q. x = 1,2, the desired result holds.

For proving the second estimate, where u,, € %5 1(Q, x [0,T]) and the map M. are analytic, we obtain

sup | DEDIMuy (€, 5)| < Az (Ba)H (81122,
(&,s)eS%x(0,M)
for |a| = j. Here Ao and Bj are constants.
Now, we choose ¢ x p?, A = d1p, 0 = dap, v = dzp and p = d4p in equations (4.3)-(4.4) as in [21], where
0<d, <1fort=1,---,4. Adding equations (4.3)-(4.4) and summing over [ for QL , x = 1,2, the desired
result holds. |

Finally, we prove our main result of this section.

Theorem 4.1. Let .7:152),11,2 € Sg’g minimize the functional 2™ (.7:5?,)1)2) over all .7:15?7)1,2 € 86’3 If u, is

smooth in Q, x [0,T] for each k = 1,2, then there exist a constant Cy such that the estimate

2 ok — 1
2 —
(x> - Wl ) S Cah® ™ lull2grs.048).00000x0,1) (4.5)

k=1 []=1 n=0

holds, provided p =2q + 1 and k is proportional to h? as h — 0.
If up € 221(Q x [0,T)) for each k = 1,2, then

(ZZ Z [l = wr |l ) QL X1, ) < Ke™PPpeer (4.6)

k=11=1 n=0

N[=

provided q is proportional to p?, as p tends to infinity and Inp = o(1/h). Where K, p; and ps3 are positive
constants.
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Proof. First, we divide the error into the following terms:

k= bl By p, < Ol = kI, + I — okl ),

n

for some positive constant C'. Here the first term of R. H S is already estimated from the previous Lemma
4.1. Now, we estimate the second term of R.H.S. Let }“wth minimizes %(O)( 5?)1)2) Then we have

RO FSD ) = ROFD o)+ W OFL gy wn): (4.7)
Therefore, we conclude that
0); =(0) 0 )
W( )(]:1111 w1 ,P2— w2) < %( )(}—w ¢2) (48)

by exact solution F?

wy up D the equation (4.7) then we obtain

Replacing the approximate solution F2, L ws

BONFD )= OFD

P1—u1,P2— uz) (49)

using 20 (F, 15?)%) ~ 0.
Define

2 0p
= SO3 (BBl — 0By, 11— YD) Br, + S DR, — eI, )
k=1 1[1=1 1<|a| <2

and

Ok

2
=33 (I = vl + Z/ (35 = Uh)e. (1)1 (1), — ¥} ), d6a )

k=1 1=1 i,j=1 Sxn~

Using Theorem 3.1, the following estimate holds:

) < M gp(0) (]_—(0)

94(To + Y1) < Xy O(FO. )

P1—wi, P2 —w2

(4.10)

for choosing A such that 1+ ch? = e**. Now we define

2™ (]:75111)712) — 5™ (]:(n) ) = In,

V1,v2

where

Ok

l)',j (’Dll{)gjdé—ldéé)-

DN (CI WS 3y

k=1 I=1 i,j=1 X{’“}
From equation (4.8), it follows:

) < 2V (FY

(1) (1)
W )('F P1,P2

P1—wi, P2 —w2

). (4.11)

Again using Theorem 3.1, the following estimate holds as in (4.10):

) < M gp( 1)(]_-(1)

ga(Ti + T2) < My D (FL. V1o

Y1 —w1, P2 —w2

) <M (%’(1 (FY ) +L). (4.12)

Here 9L (£, 5) is continuous in s. Multiplying by e** in equation (4.10) and adding equations (4.10) & (4.12),
imply:
g To + Ti + Ta) < B (Fyy ) + RN (Fyy ). (4.13)

Continuing this process upto M — 1 times, the final result is as follows:

M-1 M-1 _
91 3 To ST (B Fprn) + D B (For)). (4.14)
n=0 n=1
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Combining the equations (4.9) and (4.14), we obtain the following result

M-1 M-1
94 Z Tn < e Z Wn(fwl—mwz—w)- (4-15)
n=0 n=0

Using trace theorem from [16], the following result holds

Ok

2
n)( T(n K y
W F,) < 72 DD ooy 55 (4.16)
k=1 1=1

where K is a constant. Inserting the equation (4.16) in (4.15), implies

Ok

M—-1 C 2 M-1
90> Ta < TS (307 ks~ vkl s, ) (4.17)
n=0

k=1 [=1 n=0

Applying Lemma 4.1 in equation (4.17), implies the estimates (4.5) and (4.6). O
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