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INTRODUCTION

This is the final part of the saga, begun in [RW1] and [RW2], to understand certain aspects
of Γ, the maximal 2-local geometry for the sporadic simple groupJ4. We continue the section
numbering of the earlier papers. The main object of our attentions isG , the point-line collinearity
graph ofΓ. Here we shall be concentrating almost exclusively upon∆3(a), the third disc ofa−
a is a fixed point ofG . For further details, background and notation, not to mention statements
of the main theorems we are endeavouring to prove, see Sections 1 and 2.

We start Section 9 with a preliminary result on non-sparse triangles followed by two results
which will be used for orbit matching. Orbit matching comes to the fore in our later arguments
when we have assembled certain information aboutG . The remainder of Section 9 investigates
lines incident with a point in∆3

2(a). In Section 10 we plunge into∆3(a) and look at the set∆1
3(a),

defined earlier in Definition 6.1. This lengthy campaign begins with an analysis of{c,d}⊥
andGad for d ∈ ∆1

3(a) andc ∈ ∆1
2(a)∩∆1(a), the main results being stated in Theorem 10.3.

After examining theGad-orbits uponΓ1(d) for d ∈ ∆1
3(a) we work through these line orbits

determining their point distributions. Section 11, the final section, deals with theGa-orbit ∆2
3(a).

Here we prove that

Γ0 = {a}∪∆1
2(a)∪∆2

2(a)∪∆3
2(a)∪∆1

3(a)∪∆2
3(a),

which completes our study ofG as well as enabling us to deduce Theorems A and B.
In view of the length of this work and the many results proved along the way, we include an

appendix detailing where point distributions for particular lines are determined.

9. SOME MISCELLANEOUS RESULTS

Lemma 9.1 Let X,Y ∈ Γ2(x) for some x∈ Γ0. Supposel1, l2, l3, l4, l5 ∈ Γ1(x,X) form a non-
sparse triangle.

(i) If Y ∈ γ0(X), thenl i ∈ β3(x,Y) for onei ∈ {1, ...,5} andl i ∈ β1(x,Y) for four i ∈ {1, ...,5}.
(ii) If Y ∈ γ1(X), thenl i ∈ β2(x,Y) for onei ∈ {1, ...,5} andl i ∈ β1(x,Y) for four i ∈ {1, ...,5}.
(iii) If Y ∈ γ3(X), then eitherl i ∈ β0(x,Y) for one i∈ {1, ...,5} and l i ∈ β3(x,Y) for four

i ∈ {1, ...,5} ,or l i ∈ β2(x,Y) for three i∈ {1, ...,5} andl i ∈ β3(x,Y) for two i ∈ {1, ...,5}.

Proof This follows from the intersection matrices given in (2.6) and the fact that every octad
formed from a union of tetrads in X lies in exactly one of the triosl1, ..., l5.

Lemma 9.2 Let Λ andΘ be distinctGa-orbits ofG and letx∈Λ, y∈Θ be such thatd(x,y) = 1.
If ∆1(x)∩Θ is aGax-orbit, then∆1(y)∩Λ is aGay-orbit and

|∆1(y)∩Λ|= [Gay : Gayx] =
|Λ|
|Θ| |∆1(x)∩Θ| .

2



Proof So we have|Λ| = [Ga : Gax] and|Θ| = [Ga : Gay]. Also, since∆1(x)∩Θ is aGax-orbit,
|∆1(x)∩Θ|= [Gax : Gaxy]. By counting edges ofG betweenΛ andΘ we deduce that

[Ga : Gay]|∆1(y)∩Λ| = |Θ||∆1(y)∩Λ|= |Λ||∆1(x)∩Θ|
= [Ga : Gax][Gax : Gaxy] = [Ga : Gaxy]
= [Ga : Gay][Gay : Gayx] .

Hence|∆1(y)∩Λ|= [Gay : Gayx], which yields the lemma.

Lemma 9.3 Suppose thatΛ andΘ are distinctGa-orbits ofG and letx∈ Λ, y∈ Θ be such that
d(x,y) = 1. Assume that|Γ0(x+ y)∩Λ| = 1 or 3 and|Γ0(x+ y)∩Θ| = 2 and that there exists
t ∈Ga such thatt interchanges the two points inΓ0(x+y)∩Θ. LetOx andOy be, respectively, the
Gax (respectivelyGay)-orbit of Γ1(x) (respectivelyΓ1(y)) containingx+ y (respectivelyy+ x).
SetL =

S{Og
x | g∈ Ga} andM =

S{Og
y | g∈ Ga}. ThenΓ1(y)∩L = Oy, Γ1(x)∩M = Ox and

thereforeL = M. Moreover,

2|Ox||Λ|= |Oy||Θ||Γ0(x+y)∩Λ|.

Proof First, we verify thatΓ1(y)∩L = Oy. Clearly we haveOy ⊆ Γ1(y)∩L. Let k∈ Γ1(y)∩L.
Thenk = (y+x)g for someg∈Ga (sinceL is aGa-orbit of Γ1), with y, yg ∈ Γ0(k)∩Θ. If y= yg,
theng∈Gay. whencek = (y+x)g ∈ Oy. If y 6= yg, then sincek is in the sameGa-orbit asx+y,
there existss∈ Ga which interchangesy andyg. Soy = ygs andks = k. Consequentlygs∈ Gay

and hence we also havek = ks = (y+ x)gs∈ Oy. ThereforeΓ1(y)∩L = Oy. Now arguing as in
Lemma 9.2 we may complete the proof of the lemma.

Lemma 9.4 Let d ∈ ∆3
2(a) andl ∈ Γ1(d).

(i) If l ∈ (β0,∗), then|Γ0(l)∩∆1(a)|= 1 and
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 4.

(ii) If l ∈ (β0,∗∗), then
∣∣Γ0(l)∩∆2

2(a)
∣∣ = 3 and

∣∣Γ0(l)∩∆3
2(a)

∣∣ = 2 and ifc∈ Γ0(l)∩∆2
2(a),

thenl = c+d ∈ (β2β2β3,α1).
(iii) If l ∈ (β3,2214;2214;18), then

∣∣Γ0(l)∩∆2
2(a)

∣∣ = 1 and
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 4.

Proof (i) If l ∈ (β0,∗), then l is one of the five lines incident with a point in{a,d}⊥. For any
b ∈ Γ0(l)∩ {a,d}⊥ we have b+a∈ α0(b,b+ d) because∆3

2(a) 6= ∆i
2(a) for i = 1,2. Hence

b+a∈ α0(b,b+x) for allx∈ Γ0(l)\{b} andx∈ ∆3
2(a) by definition.

(ii) Let l ∈ (β0,∗∗). So l ∈ Γ1(Xd) where Xd is the unique plane inΓ2(d) fixed by G∗dad.

Then there exists k∈ (β0,∗) with k ∈ α3(d, l). Let b ∈ Γ0(k)∩ {a,d}⊥ and m∈ Γ1(b) be
such thatΓ0(m) ⊆ {a,d}⊥. Without loss of generality we may take b+a to be the standard

sextet, m =

+ + + + o o
+ + + + o o
− − o o − −
− − o o − −

and k =

+ o + o o −
o + + o − o
− − o o + −
+ + − − + −

. Sincel ∈ α3(d,k),
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the five lines in{b+ x| x ∈ Γ0(l)} form a full triangle. None of these lines is m and so they

must be k,

+ + + + o −
+ + + + − o
o o o o − o
− − − − − o

,

+ o + o + o
o + + o o +
− − + + − −
− − o o − −

,

o + o + − −
+ o o + − −
o o − − + o
+ + − − + o

and

+ o + o − +
o + + o + −
o o − − − o
− − + + − o

. Three of these lines lie inα1(b,b+ a) and two lie inα0(b,b+ a).

So
∣∣Γ0(l)∩∆2

2(a)
∣∣ = 3 and

∣∣Γ0(l)∩∆3
2(a)

∣∣ = 2 as required.

For part (iii) let b∈{a,d}⊥ and k = b+d. We may suppose that b+a =

+ o + o o −
o + + o − o
− − o o + −
+ + − − + −

and k is the standard trio. Let Y be the standard sextet. Then Y∈ γ3(Xd,b) ∩ Γ3(k). Let

l1 =

+ o + − − o
+ o + − − o
+ o + − − o
+ o + − − o

, l2 =

+ o − + o −
+ o − + o −
+ o − + o −
+ o − + o −

, l3 =

+ o o − + −
+ o o − + −
+ o o − + −
+ o o − + −

and

l4 =

+ o − o − +
+ o − o − +
+ o − o − +
+ o − o − +

. So k,l1, l2, l3, l4 form a full triangle inΓ1(b,Y). Let l ∈ Γ1(d)\{k}

with Γ0(l)∩ Γ0(l i) = /0 for all i = 1,...,4. Thenl ∈ β3(d,Xd) by Lemma 9.1. By considering

the orbits of Gad on Γ1(d) we see thatl ∈ (β3;2214;2214;18) because lines in(β3;18;18;18)

∪(β3;2214;2214;2214) cannot lie inα3(d,k). Sincel3 ∈ α1(b,b+ a) andk, l1,l2, l4 ∈ α0(b,b+
a)we have

∣∣Γ0(l)∩∆2
2(a)

∣∣ = 1 and
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 4 as required.

Lemma 9.5Let d∈ ∆3
2(a) andG∗dad be the centralizer of the involutionτ. Then

(i) if l ∈ (β2;24;18;18), thenl τ = l ; and
(ii) if l ∈ (β2;24;2214;2214), thenl τ 6= l .

Proof This is a consequence of Lemma 7.10.

Lemma 9.6Let d∈ ∆3
2(a) andl ∈ Γ1(d).

(i) If l ∈ (β2;24;2214;2214), then
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 3 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 2.

(ii) If l ∈ (β2;24;18;18), then
∣∣Γ0(l)∩∆2

2(a)
∣∣ = 1,

∣∣Γ0(l)∩∆3
2(a)

∣∣ = 2 and
∣∣Γ0(l)∩∆1

3(a)
∣∣ =

2.
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Proof Fix b ∈ {a,d}⊥. In Γb we may suppose thatb+ a is the standard sextet andb+ d =
+ o + + + +
o + − − o o
− + o − o −
− + − o o −

becauseb+d ∈ α0(b,b+a). Thenb+b′ =

o o + + o o
o o + + o o
+ + − − − −
+ + − − − −

, X =

+ o 2 2 + +
o + − − o o
− 2 · ∗ · ∗
− 2 ∗ · · ∗

and Y =

+ + 2 2 o o
+ + 2 2 o o
− − · · ∗ ∗
− − · · ∗ ∗

, where b′ ∈ {a,d}⊥\{b}, X

∈ Γ2(d,b,b′) and Y∈ Γ2(a,b,b′). By Theorem 7.2(iv),τ = τ(Y)∗d is the involution fixed by G∗dad.

Let y1 ∈ ∆1(b) with b+y1 =

+ o + + + +
− + − o o −
o + − − o o
− + o − o −

. Sob+y1 ∈ α0(b,b+a)∪α2(b,b+a).

By Lemma 3.8 we may supposey1 ∈ ∆1(d) with {b,d,y1} a sparse triangle. We havey1 ∈ ∆3
2(a)

by definition. Ify2 ∈ ∆1(b)∩Γ0(d+y1) with y2 6= d,y1, thenb+y2 =

+ o + + + +
− + o − o −
− + − o o −
o + − − o o

and soy2 ∈ ∆3
2(a) becauseb+ y2 ∈ α0(b,b+ a). The unique element inΓ2(b,d,y1,y2) is X1 =

2 o 2 2 + 2

· + ∗ − o ·
− + · ∗ o −
∗ + − · o ∗

as a sextet inΓb. Sinced + y1 ∈ α2(d,d + b)\β0(d,X), Lemma 9.4

implies thatd+y1∈ β2(d,X). Furthermoreyτ
1 6= y1 becauseb+y1∈ β1(b,Y). Hence (d+y1)τ 6=

x+y1 and we must haved+y1∈ (β2;24;2214;2214) by Lemma 9.5. Ifz∈ Γ0(x+y1)\{x,y1,y2},
thenz ∈ ∆1

2(b) by definition, and sinceb+ a ∈ β1(b,X1) we have a∈ ∆1
3(z). Now Lemma 6.5

implies that z∈ ∆1
3(a) and so part (i) is proved because(β2;24;2214;2214) is aGad-orbit.

For part (ii) letx1 ∈ ∆1(b) with b+x1 =

+ o + + + +
o + o o o o
o + − − − −
o + − − − −

. Thenb+x1 ∈ α1(b,b+

a)∩α2(b,b+d) and we may suppose thatx1 ∈ ∆1(d). We havex1 ∈ ∆2
2(a) and if x2 ∈ (Γ0(d+

x1)\{d,x1})\∆1(b), thenb+ x2 =

+ − + + + +
− + o o − −
o + o − o −
o + − o o −

with x2 ∈ ∆3
2(a) by definition. As

in part (i), Lemma 9.4 implies thatd+x1 ∈ β2(d,X). Howeverxτ
1 = x1 becauseb+x1 ∈ β2(b,Y)

and sod + x1 ∈ (β2;24;18;18) by Lemma 9.5. Again, as in part (i), we can show that ifz∈
Γ0(d + y1)\{d,x1,x2}, thenz∈ ∆1

3(a) becauseb+ a ∈ β1(b,X2) for X2 the unique element in
Γ2(b,d,x1,x2). This completes the proof.
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10. ∆1
3(a) REVISITED

Lemma 10.1 Let d ∈ ∆1
3(a) andc∈ ∆1

2(a)∩∆1(d). SetS:= ∆1
2(a)∩∆1(c)∩∆1(d). Then|S|=

5, |Γ1(c,X(c,a))∩α1(c,c+d)| = 3 and there exists a unique set of three pointsb1,b2,b3 in
{a,c}⊥∩∆2

2(d) such that
(i) a+bi 6= a+b j for i, j ∈ {1,2,3}, i 6= j;
(ii) each point inS is collinear withbi for i = 1,2,3;
(iii) for each i = 1,2,3, S= Γ0(Z)∩{bi ,d}⊥ for someZ ∈ S(d,bi);and
(iv) for eachi = 1,2,3, bi +a∈ (β2β2β2,α2).

Proof Let X = X(c,a). Sinced ∈ ∆3(a), we havec+d∈ β1(c,X) by Theorem C and so, without

loss of generality, we may suppose thatX is the standard sextet andc+d =

+ o o o o o
o + + + + +
o + − − − −
o + − − − −

in Γc. By inspection there exist exactly three trios inΓ1(X)∩α1(c,c+d), namely

l1 =

+ + o o − −
+ + o o − −
+ + o o − −
+ + o o − −

, l2 =

+ + o − o −
+ + o − o −
+ + o − o −
+ + o − o −

and l3 =

+ + o − − o
+ + o − − o
+ + o − − o
+ + o − − o

.

We now view the situation in the residue geometryΓX. Without loss we may assume that

c =
× ×
× ×
× ×

and l1 =
× ×

, l2 = × × and

l3 =

× ×
using Lemma 3.7. Sinced(a,c) = 2, as a hexad inΓX, a is disjoint

from c. By (2.12) we may suppose thata =

× × ×
×
×
×

. Let

b1 =

× ×
× × × ×

, b2 =

× ×

× × × × andb3 =

× ×

× × × ×
.

Thenbi ∈ {a,c}⊥∩Γ0(l i) anda+bi =

× ×
for eachi ∈ {1,2,3}, and there

are no other points which satisfy these conditions. This gives (i).
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By Theorem 5.8(ii) ifx ∈ ∆1
2(a)∩∆1(c), thenc+ x ∈ β2(c,X). The only lines inβ2(c,X)

which lie inα2(c,c+d)∪α3(c,c+d) arel =

+ + o o o o
+ + − − − −
+ + − − − −
+ + o o o o

k=

+ + o o o o
+ + − − − −
+ + o o o o
+ + − − − −

and m =

+ + o o o o
+ + o o o o
+ + − − − −
+ + − − − −

. By inspection,l ,k,m∈ α2(c, l i) for eachi = 1,2,3. Let

∆1
2(a)∩Γ0(l) = {c,y1,z1} and∆1

2(a)∩Γ0(k) = {c,y2,z2}. Sincel ∈ α2(c, l), there existsb ∈
Γ0(l1)∩{a,c}⊥ with b∈ ∆1(y1). In Γb, b+y1∈ α2(b,b+a)∩α2(b,b+c) and sincey1 /∈ Γ0(X),
this forces the triosb+ a,b+ y1 andb+ c to contain the same octad. Ifx∈ ∆1(b)∩Γ0(l) with
x 6= c,y1, thenb+ x contains this octad and sox ∈ ∆1

2(a). Hencex = z. Similarly there exist
b′ ∈ Γ0(l2)∩ {a,c}⊥ and b′′ ∈ Γ0(l3)∩ {a,c}⊥ with z1,y1 ∈ ∆1(b′)∩ ∆1(b′′). We know that
X(a,y1),X(a,y2) ∈ γ3(a,X) by Lemma 5.1, whence|Γ1(X(a,y1),X)| = |Γ1(X(a,z1),X)| = 1.
This forcesb,b′ and b′′ to be incident with the same line inΓ1(a,X) and by uniqueness we
have{b,b′, b′′}= {b1,b2,b3}. Using a similar argument it can be shown thaty2,z2 and the two
points in (∆1

2(a)∩Γ0(m))\{c} are collinear with each ofb1,b2 andb3. Sincel ,k∈ α3(c,c+d),
y1,y2,z1,z2 ∈ ∆1(d). By Theorem 4.7d is collinear with a unique point in (∆1(b)∩Γ0(m))\{c}

and this point lies in∆1
2(a). Let Z =

* × o o o o
× * − − − −
× * ¤ ¤ ¤ ¤
× * · · · ·

. Then l ,k,m∈ Γ1(Z). Since

l ,k∈ α2(c,c+bi)∩α3(c,c+d) andl ,k∈ α2(c,c+bi) ∩α2(c,c+d) for eachi = 1,2,3, Theo-
rem 4.7 implies thatZ ∈ S(d,bi). Thus we have shown (ii) and (iii).

For (iv), notice thatbi +a∈ α2(bi ,bi +c) (i = 1,2,3) and so ifY ∈ S(d,bi) ∩Γ2(c), thenbi +
a∈ β2(bi ,Y) by (2.11). Theorem D implies thatbi +a∈ (β2β2β2,α2)∪(β1β1β2,α1) becausea∈
∆1

3(d). Appealing to Theorem 4.7 again,y1 ∈ Γ0(Y′) for someY′ ∈ S(d,bi)\{Y}. Thereforebi +
a /∈ β1(bi ,Y) by (2.11)(ii) becausebi +y1∈α2(bi ,bi +a) by part (ii). Hencebi +a∈ (β2β2β2,α2)
and we have part (iv).

Lemma 10.2 Let d ∈ ∆1
3(a) . Then

(i) ∆1
2(a)∩∆1(d) consists of six pairwise collinear points incident with the same sextet in

Γ2(d); and
(ii) there exists a unique linel ∈ Γ1(a) such that{X(a,x)

∣∣x∈ ∆1
2(a)∩∆1(d)} ⊆ Γ2(l) with∣∣Γ0(l)∩∆2

2(d)
∣∣ = 3 and

∣∣Γ0(l)∩∆1
3(d)

∣∣ = 2.

Proof By Lemma 10.1, for part (i) it is enough to prove that ifx,y ∈ ∆1
2(a) ∩ ∆1(d), then

y ∈ ∆1(x)∪ {x}. We suppose there existx,y ∈ ∆1
2(a)∩∆1(d) with y ∈ ∆2(x) and argue for a

contradiction. LetX = X(a,x) andY = Y(a,y). Notice thatx+d ∈ β1(x,X) by Theorem 5.8.

(10.2.1)(i) There exists onel ∈ Γ1(a,X) such that
∣∣Γ0(l)∩∆2

2(d)
∣∣ = 3 and

∣∣Γ0(l)∩∆1
3(d)

∣∣ = 2.

(ii) There exist sixk∈ Γ1(a,X) such that
∣∣Γ0(k)∩∆2

2(d)
∣∣ = 1,

∣∣Γ0(k)∩∆3
2(d)

∣∣ = 2 and

7



∣∣Γ0(k)∩∆1
3(d)

∣∣ = 2.

(iii) There exist eightm∈ Γ1(a,X) such that
∣∣Γ0(m)∩∆3

2(d)
∣∣ = 3 and

∣∣Γ0(m)∩∆1
3(d)

∣∣ = 2.

Sincex+d ∈ β1(x,X), of the 15 lines inΓ1(x,X), 3 lie in α1(x,x+d) and 12 lie inα0(x,x+
d). Let α1(x,x+d)∩Γ1(x,X) = {k1,k2,k3}. SoΓ0(ki)\{x}⊆ ∆2

2(d) for i = 1,2,3. As trios inΓx,
k1,k2,k3 contain the same octad. By (2.13) and Lemma 3.7 we may assume that, as duads inΓX,

k1 =
× ×

, k2 = × × andk3 =

× ×

wherex is the hexad
× ×
× ×
× ×

. There are 16 hexads inΓ0(X) which are disjoint

from x and each one contains a unique duad lying in a hexad withki for eachi = 1,2,3. Sincea∈
∆1

2(x), a is a hexad inΓX disjoint fromx. So there exists a uniquel ∈ Γ1(a,X) with Γ0(l)∩Γ0(ki)
6= /0 for i = 1,2,3. Hence

∣∣Γ0(l)∩∆2
2(d)

∣∣ = 3 and sincea ∈ ∆1
3(d), Theorem D implies that∣∣Γ0(l)∩∆1

3(d)
∣∣ = 2. In ΓX there are exactly 6 duads contained ina which lie in a hexad with

precisely one of the duadski (i = 1,2,3), becausea andx are disjoint hexads. Moreover the
remaining eight duads ina do not lie in any hexad inΓ0(ki) for everyi = 1,2,3. Therefore there
are 6 linesk∈ Γ1(a,X) with

∣∣Γ0(k)∩∆2
2(d)

∣∣ = 1 and 8 linesm∈ Γ1(a,X) with Γ0(m)∩∆2
2(d) =

/0. Let k ∈ Γ1(a,X) with
∣∣Γ0(k)∩∆2

2(d)
∣∣ = 1. Sincex is collinear with precisely three points

in Γ0(k) and∆1
2(d)∩{a,x}⊥ = /0 we conclude that

∣∣Γ0(k)∩∆3
2(d)

∣∣ ≥ 2. Howevera ∈ ∆1
3(d),

whence
∣∣Γ0(k)∩∆3

2(d)
∣∣ = 2 and

∣∣Γ0(k)∩∆1
3(d)

∣∣ = 2 by Theorem D. Supposem∈ Γ1(a,X) with
Γ0(k)∩∆2

2(d) = /0. Then the three points inΓ0(m) which are collinear withx must lie in∆3
2(d)

with the other two points ofΓ0(m) lying in ∆1
3(d) by Theorem D again. This proves (10.2.1).

Combining (2.8) and Lemma 3.3 we deduce thatτ(Y) fixesΓ0(l) pointwise for at least three
l ∈ Γ1(a,X). Setτ = τ(Y). By (10.2.1) we may finde,e′ ∈ ∆3

2(d)∩{a,x}⊥ such thateτ = e,
e′τ = e′ anda+ e 6= a+ e′. Since

∣∣Γ0(a+e′)∩∆3
2(d)

∣∣ ≥ 2 by (10.2.1) and two collinear points
determine a unique line, we may assume further thatx+ e 6= x+ e′. Let z∈ {e,d}⊥\{x}. Then
e+z∈ α3(e,e+x) by Theorem 4.8(i), whencee+z∈ β0(e,X)∪β3(e,X) using (2.11). Ife+z∈
β0(e,X), thenz∈ Γ0(X) which forcesz∈ ∆1

2(a) becaused(a,d) = 3. This contradicts Lemma
10.1 becausez∈ ∆1(x)and soe+z∈ β3(e,X).

(10.2.2)xτ = x.

Assumexτ 6= x and argue for a contradiction. Sincey+d ∈ β1(y,Y), dτ 6= d. Howevereτ = e,
whencedτ ∈ Γ0(d+y)∩∆3

2(e) anda+e /∈ β1(y,Y) using (2.8). Thereforee∈ ∆2(y) by Theorem
5.8 becausea ∈ ∆1

2(y). By Theorem 5.2,e /∈ ∆1
2(y) becaused ∈ ∆3

2(e)∩∆1(y) and e /∈ ∆3
2(y)

becausea ∈ ∆1
2(y)∩∆1(e). Hencee∈ ∆2

2(y) and there existsz∈ {e,y}⊥ ∩{e,d}⊥ by Lemma
8.4. Furthermorez∈ ∆1(dτ), whencezτ ∈ {e,d}⊥. Thus if zτ 6= z, then{e,d}⊥ = {e,dτ}⊥ by
Theorem 4.8(i) and soxτ ∈ {e,d}⊥. Howeverxτ ∈∆1

2(a)∩∆1(x)∩Γ0(X) becauseτ∈Q(a) which
contradicts Lemma 10.1. Thereforezτ = z and soe+ x,e+ xτ ∈ α3(e,e+ z)∩Γ1(e,X). Since
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e+z∈ β3(e,X), e+z∈ α3(e, l) for a uniquel ∈ Γ1(e,X) by (2.11). This forcese+x = e+xτ.
Using exactly the same argument withe replaced bye′ we havee′+ x = e′+ xτ. However this
implies thate+x= x+xτ = e′+x contrary to our choice ofeande′. Therefore we have (10.2.2).

Sincedτ 6= d we have

a

y

d

d

x

τ

Thusx∈ ∆1
2(y) becausex /∈ ∆1(y)

(10.2.3)X ∈ γ3(a,Y).

If X /∈ γ3(a,Y), then there existsb ∈ {a,x}⊥ with a+ b ∈ β1(a,Y) by (2.8). Howeverx
is collinear with exactly three points inΓ0(a+ b) and τ interchanges two pairs of points in
Γ0(a+b)\{a}, which is impossible becausexτ = x by (10.2.2).

By (10.2.3) we can findb∈ {a,x}⊥∩{a,y}⊥. Sinceb∈∆2
2(d)∪∆3

2(d) andx∈∆1
2(y), Lemma

4.6(ii) yields the required contradiction. This proves part (i).
Part (ii) follows from (10.2.1)(i).

Theorem 10.3 Let d ∈ ∆1
3(a).

(i)
∣∣∆1

3(a)
∣∣ = 211.3.5.7.11.23.

(ii) G∗dad
∼= 26(S3×S4) with Q(a) = 1; G∗dad is the stabilizer inG∗dd of a unique lineld and a

unique planeXd incident withld in Γd.

Proof By Lemma 10.2
∣∣∆1

2(a)∩∆1(d)
∣∣ = 6. Therefore since∆1

2(a) and∆1
3(a) areGa-orbits by

Theorem 4.3(v) and Lemma 6.3, we have

|∆1
3(a)|= 211.

|∆1
2(a)|.|β1(c,X(c,a))|.4

6
=

24.7.11.23.26.32.5.22

6
= 211.3.5.7.11.23.

for c∈ ∆1
2(a)∩∆1(d) with c+d ∈ β1(c,X(c,a)).

For part (ii) letld be the unique line described in Lemma 10.2(ii) andXd be the unique plane
in Γd incident with every point in∆1

2(a)∩∆1(d). ThenXd ∈ Γ2(ld) by Lemma 10.2(ii) andG∗dad
is a subgroup of the stabilizer inG∗dd of ld andXd.

By definition there existsc∈ ∆1
2(a)∩∆1(d) with c+ d ∈ β1(c,X(c,a)). From Theorem 4.3

G∗cac
∼= 26 : 3.S6 andQ(c)a

∼= 27. AlsoQ(c)a/ < τ(X(d,a)) > is isomorphic to a 6-dimensional ir-
reducibleGF(2)3.S6-module. FurtherG∗cacd

∼= S4×2andQ(c)ad
∼= 25 with Q(c)ad∩< τ(X(d,a))>=

1. We show that
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(10.3.1)T(c+d)∩Ga = /0.

In Γc we may suppose thatc+d is the standard trio andX(c,a) =

× × × o − ·
× o o o ∗ ¤
∗ · − ¤ − ∗
¤ − · ∗ ¤ ·

.

It is easy to check that for eachY ∈ Γ2(c+d), there existsΓ1(X(c,a)) with k∈ β1(c,Y). Soτ(Y)
acts regularly onΓ0(k)\{c} which consists of three points in∆1(a) and one point in∆1

2(a).
Thereforeτ(Y) /∈Ga and we have (10.3.1).

Since< T(c+d)̇ >= Q(c)∩Q(d), (10.3.1) implies that

(10.3.2)Q(c)∩Q(d)∩Ga = 1.

Supposeg∈Gacd\Q(c) and thatg∈Q(d). Then, using (10.3.2),

[g,Q(c)ad] 6 Q(c)∩Q(d)∩Ga = 1.

Henceg centralizes a subgroup ofQ(c)a/ < τ(X(d,a)) > of order 25, which is impossible
for a 6-dimensional irreducibleGF(2)3.S6-module. So, together with (10.3.2), we must have
Gacd∩Q(d) = 1. SinceΓ0(d+c)∩∆1

2(a) = {c},Gad∩Q(d) 6 Gacd whenceGad∩Q(d) = 1 and
thereforeGad

∼= G∗dad
∼= 26(S3×S4).

Lemma 10.4Let d ∈ ∆1
3(a). Then theG∗dad-orbits onΓ1(d) are as described in Theorem F.

Proof Let Xd andld be, respectively, the sextet and trio fixed byG∗dad. Then we may takeXd to
be the standard sextet andld to be the standard trio. Clearly each of the sets listed in Theorem F
is a union ofG∗dad-orbits onΓ1(d). Let H = G∗dad(∼= 263(S4×2)) andQ = O2,3(H)(∼= 263) with
H = H�Q. We look at several cases.

Case 1Clearly {ld} is a G∗dad−orbit. Consider the set of lines inβ0(Xd)\{ld}. SinceH is
transitive on the columns ofXd and the three octads ofld, H has two orbits on this set, namely
(β0,α2) of length 6 and (β0,α3) of length 8.

Case 2Let l =

+ − + + + +
o + − o − o
o + o − − o
− + o o − −

. So l ∈ (β1,α0). Every element ofQ fixes the

columns of the standard sextet. Each 3-element cycles three entries in each column and each
2-element acts like an element of a fours group on each column and fixes the entries in 2 or 0 of
the columns. ThereforeQl = 1. As a subroup ofS6 acting on the columns of the standard sextet
H l is generated by (2,5)(1,6) and (3,4). So|Hl | |4 and 2304|

∣∣lH
∣∣ . Since|Γ1(d)|= 3795we must

have
∣∣lH

∣∣ = 2304and so (β1,α0) is aGad-orbit of length 2304 as required.

Case 3Next supposel =

+ o + + + +
o + o o o o
o + − − − −
o + − − − −

, so l ∈ (β1,α1). As in the previous case

Ql = 1. Since any element ofHl must fix O1,Hl contains no 3-elements. Hence|Hl | ≤ 24 and
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∣∣lH
∣∣≥ 576. However we already have 2304 lines inβ1(Xd) and so by (2.5) we must have

∣∣lH
∣∣≤

576. Hence
∣∣lH

∣∣ = 576and (β1,α0) is aGad-orbit.

Case 4Let l =

+ + + − − +
+ − o o − −
o + o − o −
o − + o o +

, so l ∈ (β3,α0). By observation (see Appendix 2

in [RW2]) and the action of 3-elements on the column entries,|Ql | = 22. If S∈ Syl2(H l ), then
every non-trivial element ofS acts on the columns of the standard sextet and fixes one of the
octads ofl . Each element ofSfixes the same octad ofl , otherwise the product of a certain pair of
elements inSwould be a 3-element. Without loss of generality we may supposeSfixes the octad
”+” of l . Then there is only one possibility for a non-trivial element ofS, namely (1,2)(3,6)(4,5)
as an element of the groupS6 acting on the columns. Hence|Hl | |23.3 and 384|

∣∣lH
∣∣ . However

we already have 2304 lines inα0(d, ld) and so
∣∣lH

∣∣≤ 528by (2.3). So (β3,α0) is aGad-orbit of
length 384.

Case 5Now supposel =

+ − + − − −
+ − + − o o
+ o + o o −
+ o + o − o

, whencel ∈ (β2,α0). Then |Ql | = 24

using the Appendix and the action of 3-elements inQ. Also, as a subroup of theS6 acting on the
columns,H l is generated by (1,2)(3,4) and (5,6). So|Hl | ≤ 26 and

∣∣lH
∣∣ ≥ 144. Using Cases 2

and 4 and the size ofα0(l(d,a)) given in (2.3) we have that (β2,α0) is aG∗dad-orbit of length 144.

Case 6Let l =

+ + + o o +
+ o − − − −
o + − − − −
o o + o o +

, and sol ∈ (β3,α1). By inspection|Ql |= 22. Also

H l has no 3-elements becauseH l fixes O1. Hence|Hl | ≤ 25 and
∣∣lH

∣∣ ≥ 288. Since we already
have 576 lines inα1(ld), (2.3) implies that

∣∣lH
∣∣ = 288. Therefore (β3,α1) is a G∗dad-orbit as

required.

Case 7Let l =

+ + o o o o
+ + o o o o
+ + − − − −
+ + − − − −

∈ (β2,α2). As in Cases 3 and 5Hl has no 3-

elements. Using the Appendix we see that|Ql | = 24. So |Hl | ≤ 28 and
∣∣lH

∣∣ ≥ 36. Together
with Case 5 and (2.5) this yields that(β2,α2) is aG∗dad-orbit of length 36.

Case 8Lastly let l =

+ + o o o o
+ + o o o o
− − + + − −
− − + + − −

. Sol ∈ (β3,α3). By inspection|Ql |= 22 and

therefore|Hl | ≤ 26.3 and
∣∣lH

∣∣≥ 48. Since we already have considered 672 lines inβ3(d,Xd) we
must havelH = (β3,α3), aG∗dad -orbit of length 48. This completes the proof.

Lemma 10.5Let d ∈ ∆1
3(a) and Letld be the unique line inΓ1(d) fixed byG∗dad. Suppose
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l ∈ Γ1(d).

(i)
∣∣Γ0(ld)∩∆2

2(a)
∣∣ = 3 and

∣∣Γ0(ld)∩∆1
3(a)

∣∣ = 2 and for anyc ∈ Γ0(ld)∩ ∆2
2(a), c+ d ∈

(β2β2β2,α2).

(ii) If l ∈ (β0,α2), then
∣∣Γ0(l)∩∆1

2(a)
∣∣ = 1 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 4 and for anyc∈ ∆1(d)∩
∆1

2(a), c+d ∈ β1(c,X(c,a)).

(iii) If l ∈ (β0,α3), then
∣∣Γ0(l)∩∆2

2(a)
∣∣ = 1 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 4 and for anyc ∈ Γ0(l)∩
∆2

2(a), c+d ∈ (β3β3β3,α3).

(iv) If l ∈ (β2,α2), then
∣∣Γ0(l)∩∆2

2(a)
∣∣ = 1,

∣∣Γ0(l)∩∆3
2(a)

∣∣ = 2 and
∣∣Γ0(l)∩∆1

3(a)
∣∣ = 2. Also

for any c ∈ Γ0(l)∩∆2
2(a), and anyc′ ∈ Γ0(l)∩∆3

2(a), c+ d ∈ (β1β1β2,α1) andc′+ d ∈
(β2;24;18;18).

(v) If l ∈ (β3,α3), then
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 3 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 2 and for anyc ∈ Γ0(l)∩
∆3

2(a), c+d ∈ (β2;24;2214;2214).

(vi) If l ∈ (β3,α1), then
∣∣Γ0(l)∩∆2

2(a)
∣∣ = 1 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 4 and for anyc ∈ Γ0(l)∩
∆2

2(a), c+d ∈ (β1β1β3,α0).

(vii) If Γ0(l)∩∆i
2(a) 6= /0 for i = 1,2, thenl ∈ {ld}∪ (β j ,αk), for ( j,k) ∈ {(0,2),(0,3),(2,2),

(3,1)}.
Proof Part (i) is a consequence of Theorem D and Lemmas 6.5, 10.1 and 10.2 together with
the definition ofld given in Theorem 10.3(ii). For anyc ∈ ∆1(d)∩ ∆1

2(a) we havec+ d ∈
β1(c,X(c,a)) by Theorem C and so

|∆1(d)∩∆1
2(a)|= |∆1

2(a)|.2880.4

|∆1
3(a)| = 6

by Theorems 4.7(vi) and 4.8(ii) and Lemma 9.2.
Since{d+x

∣∣x∈ ∆1(d)∩∆1
2(a)} is aG∗dad-orbit of lines we must haved+c∈ (β0,α2) and so

part (ii) follows from Theorem C.
Set ld andXd to be the standard trio and standard sextet respectively. Letc,x∈ ∆1(d) with

d + c =

+ + o − o −
+ + o − o −
+ + o − o −
+ + o − o −

andd + x =

+ − + o o −
+ − + o o −
+ − + o o −
+ − + o o −

. Sod + c ∈ (β0,α2) and

d + x ∈ (β0,α3). By part (ii) we may suppose thatc ∈ ∆1
2(a). Also there existsc′ ∈ ∆1(d)∩

∆1
2(a) with d+c′ =

+ o o + − −
+ o o + − −
+ o o + − −
+ o o + − −

. By Lemma 3.8(ii) we may suppose thatc,x,c′ are

incident with the same line becaused+c,d+x,d+c′ are three lines of a non-sparse triangle at
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d. Sinced(a,d) = 3, x /∈ ∆1(a) and so Theorem C implies thatx∈ ∆2
2(a). By Theorem Dx+ c

is the unique line inΓ1(x) fixed byG∗xax. Also x+d ∈ α3(x,x+c), whencex+d ∈ (β3β3β3,α3)
and

∣∣Γ0(d+x)∩∆2
2(a)

∣∣ = 1 and
∣∣Γ0(d+x)∩∆1

3(a)
∣∣ = 4 by Theorem D. This proves part (iii)

because(β0,α3) is aG∗dad -orbit.
For part (iv) letx∈ ∆1(d)∩∆2

2(a) with x+d ∈ (β1β1β2,α1). Without loss of generality we

may takex+d =

+ + o + o +
+ − o − o −
− − o + o +
− + o − o −

whereSd is the standard sextet line. Let

x+c =

+ + o − o −
+ + o − o −
+ + o − o −
+ + o − o −

∈ (β0β2β2,α2)∩α2(x,x+d). Then we may supposec∈ ∆1
2(a)

by Theorem D. Since∆1(c)∩∆3
2(a) = /0 by Theorem 5.2 and

∣∣Γ0(x+d)∩∆3
2(a)

∣∣ =
∣∣Γ0(x+d)∩∆1

3(a)
∣∣ = 2,

we must havec∈ ∆1(d). By part(ii), d+ c∈ (β0,α2) and sod+ x∈ β2(d,Xd) becaused+ x∈
α2(d,d+c) andd+x /∈ β0(d,Xd) by (ii) and (iii). Furthermored+x /∈ α0(d, ld) becaused+c∈
α2(d,d+x)∩α2(d, ld). Examining the possibleG∗dad -orbits onΓ1(d) yieldsd+x∈ (β2,α2) and
(iv) follows from Lemma 9.2(iii) because(β2,α2) is aG∗dad-orbit.

Turning to part (v), letx∈ Γ0(ld)∩∆2
2(a). Thenld = x+d ∈ (β2β2β2,α2) by part (i) and we

may suppose thatx+ d =

+ + − − − −
+ + o o o o
+ + o o o o
+ + − − − −

in Γx whereSx is the standard sextet line.

If lx is the unique line fixed byG∗xax, thend is collinear with three points inΓ0(lx) one of which
lies in ∆1

2(a) by Theorem D. Taking this with part (ii) we get thatXd ∈ Γ2(x+d, lx) and soXd =
+ + · · − −
∗ ∗ o o ¤ ¤
∗ ∗ o o ¤ ¤
+ + · · − −

. Let l1 =

o + + + + +
+ o o o o o
+ o − − − −
+ o − − − −

, l2 =

o + − − − −
+ o − − − −
+ o o o o o
+ o + + + +

,

l3 =

o + − − − −
+ o + + + +
+ o − − − −
+ o o o o o

andl4 =

o + o o o o
+ o − − − −
+ o + + + +
+ o − − − −

. Thenl1, l2, l3, l4,x+d are the

lines of a full triangle. Alsol1, l2∈ (β1β1β2,α1) andl3, l4∈ (β1β1β3,α1) and so
∣∣Γ0(l i)∩∆3

2(a)
∣∣ =∣∣Γ0(l i)∩∆1

3(a)
∣∣= 2 for i = 1,2and

∣∣Γ0(l j)∩∆3
2(a)

∣∣= 4 for j = 3,4by Theorem D. Letk1,k2,k3,k4

be the distinct lines inΓ1(d)\{d + x} with Γ0(l i)∩Γ0(k j) 6= /0 for eachi, j ∈ {1,2,3,4}. Then
ld(= d + x),k1,k2,k3,k4 are the lines of a non-sparse triangle and soki ∈ α3(d, ld) for each
i = 1,2,3,4. Moreoverki /∈ Γ1(Xd) becausel i /∈ Γ1(Xd) for eachi. Thereforeki ∈ (β3,α3) for
i = 1,2,3,4 and then

∣∣Γ0(ki)∩∆3
2(a)

∣∣ = 3 and
∣∣Γ0(ki)∩∆1

3(a)
∣∣ = 2. So we have proved part (v).
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Let c ∈ ∆1(d)∩∆2
2(a). By Theorem D

∣∣∆1(c)∩∆1
3(a)

∣∣ = 2.288+ 4.1152+ 2.24+ 4.32 =
5360. So

∣∣∆1(d)∩∆2
2(a)

∣∣ =

∣∣∆2
2(a)

∣∣ .5360∣∣∆1
3(a)

∣∣ =
27.3.5.7.11.23.5360

211.3.5.7.11.23
= 335

by Theorems 4.7(vi) and 10.3(i). Using parts (i),(iii) and (iv) we have 288 pointsx ∈ ∆1(d)∩
∆2

2(a) with d+x /∈{ld}∪(β0,α3)∪(β2,α2) andx+d∈ (β1β1β3,α0). Also
∣∣Γ0(d+x)∩∆2

2(a)
∣∣ =

1 for each of these pointsx. Looking at the possible orbit sizes listed in Theorem F we must have
d+x∈ (β3,α1) for eachx and so we have shown part (vi).

Finally part (vii) follows from parts (i),(ii),(iii),(iv) and (vi) together with Theorems C and
D.

Lemma 10.6 Let d ∈ ∆1
3(a) andl ∈ (β3,α0). Then

∣∣Γ0(l)∩∆2
3(a)

∣∣ = 4.

Proof Without loss of generality we may suppose that, inΓd, ld =

+ + o o − −
+ + o o − −
+ + o o − −
+ + o o − −

Xd =

+ · o ¤ ∗ −
+ · o ¤ ∗ −
+ · o ¤ ∗ −
+ · o ¤ ∗ −

andl =

+ + + − − +
+ − o o − −
o + o − o −
o − + o o +

. Set

d+ x =

+ o + − − o
+ o + − − o
+ o + − − o
+ o + − − o

. Thend+ x∈ (β0,α3)∩α3(d, l)∩α3(d, ld). By Lemma 10.4

we may suppose thatx∈ ∆2
2(a) with x+d∈ (β3β3β3,α3). If k1 =

+ + o − o −
+ + o − o −
+ + o − o −
+ + o − o −

, k2 =

+ o o + − −
+ o o + − −
+ o o + − −
+ o o + − −

, k3 =

+ − o o − +
+ − o o − +
+ − o o − +
+ − o o − +

andk4 =

+ o − o + −
+ o − o + −
+ o − o + −
+ o − o + −

, then

k1,k2,k3,k4,d + x form a non-sparse triangle atd with k1,k2,k3 ∈ (β0,α2) and k4 ∈ (β0,α3).
By Lemma 10.4 there existsy∈ Γ0(k1) with y∈ ∆1

2(a). By Theorem C,Γ0(x+ y) ⊆ ∆2(a) and
using the point distributions described in Lemma 10.4 we must havex+y∈ (β0β0β0,{l}). Since
l ∈ α0(d,d + x), for any z∈ Γ0(l)\{d}, z∈ ∆1(x) and x+ z∈ α3(x,x+ d)∩α0(x,x+ y). So
x+ z∈ (β1β1β1,α0)∪ (β1β1β3,α0). By Lemma 10.4z /∈ ∆2

2(a) and sox+ z /∈ (β1β1β3,α0) by
Lemma 8.7. Thereforex+z∈ (β1β1β1,α0) andz∈ ∆2

3(a) by definition.

We next uncover the point distribution of certain line orbits for points in∆3
2(a).
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Lemma 10.7Let d ∈ ∆3
2(a) andl ∈ Γ1(d).

(i) If l ∈ (β3;2214;2214;2214), then
∣∣Γ0(l)∩∆2

3(a)
∣∣ = 4.

(ii) If l ∈ (β3;18;18;18), then
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 2,

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 3 and for anye∈ Γ0(l)∩
∆1

3(a), e+d ∈ (β2,α0).

Proof Let c∈ ∆2
2(a) ∩∆1(d) with c+d =

+ o + o o o
+ o + o − −
+ − + − − o
+ − + − o −

∈ (β2β3β3,α1) (whereSc

is the standard sextet line). Ifx,y,z∈ {a,c}⊥, with c+ x =

+ o + o − −
+ o + o − −
+ o + o − −
+ o + o − −

, c+ y =

o o o o − −
o o o o − −
+ + + + − −
+ + + + − −

andc+z=

+ o + o − −
+ o + o − −
o + o + − −
o + o + − −

, thenc+x∈ α2(c,c+d) andc+

y,c+z∈ α3(c,c+d) andx,y,z∈ {a,d}⊥ by Lemma 5.6. We define linesl1, l2, l3, l4 ∈ Γ1(c) in
two cases.

Case 1: Let l1 =

+ o + − o −
− o − − o +
+ o − + o −
− o + + o +

, l2 =

o + o − + −
+ + + − o −
o o + − o −
+ o o − + −

,

l3 =

+ + + − + −
o + o − − o
+ − o o − −
o − + o + o

andl4 =

+ − + + − +
o − o + o −
+ o o − o +
o o + − − −

. Thenc+d, l1, l2, l3, l4 are the

lines of a non-sparse triangle atc with l1, l2 ∈ (β1β1β2,α1) andl3, l4 ∈ (β1β1β3,α0). We have

a

x

y

z

c

k

k

k
k

l

l

l

l

d

1

2

3

4

1

2

3

4

wherek1,k2,k3,k4 are distinct lines inΓ1(d) with ki ∈ α3(d,d + c) andΓ0(ki)∩Γ0(l j) 6= /0 for
eachi, j = 1,2,3,4. By inspection,l i ∈α1(c,c+x)∩α0(c,c+y)∩α0(c,c+z). By Lemma 9.2(ii),
d+c∈ (β0,∗∗). Sinced+c,k1,k2,k3,k4 form a non-sparse triangle atd, Lemma 9.1(iii) implies
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thatki ∈ β3(d,Xd). Also using the point distribution forl i , i = 1,2,3,4 given in Theorem D we
have thatΓ0(ki)∩∆1

3(a) 6= /0 for eachi.

Case 2: Now let l1 =

o + + + + +
+ − o − − o
+ − o − o −
+ o o o − −

, l2 =

o − + − − −
+ + o + o −
+ o o o − +
+ − o − + o

,

l3 =

o − + − − −
+ o o o − +
+ − o − + o
+ + o + o −

andl4 =

o o + o o o
+ − o − + −
+ + o + − −
+ − o − − +

. Thenc+d, l1, l2, l3, l4 are

the lines of a non-sparse triangle atc with l1, l2,l3, l4 ∈ (β1β1β1,α0). If we definek1,k2,k3,k4 as
in Case 1, then Lemma 9.1(iii) again implies thatki ∈ β3(d,Xd). Moreover

∣∣Γ0(ki)∩∆2
3(a)

∣∣ = 4
using the point distribution ofl i given in Theorem D, fori = 1,2,3,4.

We now shift our attention tod. By Lemma 9.2(v)ki /∈ (β3;2214;2214;18) and soki ∈
(β3;18;18;18)∪ (β3;2214;2214;2214). Supposek1 ∈ (β3;18;18;18). Then there exists a unique
line in α3(d,k1)∩ (β0,∗∗) and this must bed+c. Thenk2,k3,k4 are uniquely determined and lie
in (β3;18;18;18). Similarly if k1 ∈ (β3;2214;2214;2214),d + c is the unique line inα3(d,k1)∩
(β0,∗∗) andk2,k3,k4 are uniquely determined and lie in(β3;2214;2214;2214). Taking this with
the information in Cases 1 and 2 and the point distributions ofl i , i = 1,2,3,4 we get

(10.7.1)(i)
∣∣Γ0(k1)∩∆3

2(a)
∣∣ = 2 and

∣∣Γ0(k1)∩∆1
3(a)

∣∣ = 3 for k1 in exactly one of
(β3;2214;2214;2214) or (β3;18;18;18).

(ii)
∣∣Γ0(k1)∩∆3

2(a)
∣∣= 1and

∣∣Γ0(k1)∩∆2
3(a)

∣∣= 4 for k1 in exactly one of(β3;2214;2214;2214)
or (β3;18;18;18).

Suppose thatk1 ∈ (β3;2214;2214;2214)∪ (β3;18;18;18) with
∣∣Γ0(k1)∩∆3

2(a)
∣∣ = 2 and∣∣Γ0(k1)∩∆1

3(a)
∣∣ = 3 . So we are in Case 1. Letf ∈ Γ0(k1)∩∆1

3(a) . Then f ∈ Γ0(l i) for some
i = 1, ...,4 and by Lemma 10.5f + c∈ β2( f ,Xf )∪β3( f ,Xf ). Let Γ0(c+ d) = {c,c1,c2,d1,d}.
By Lemma 8.4(ii) we may suppose thatc1,c2 ∈ ∆2

2(a) andd1 ∈ ∆3
2(a). Using Lemma 10.5(vii)

we have f + c1, f + c2 ∈ βi( f ,Xf ) for i = 0,2 or 3. Thus ifY ∈ Γ2(c,d, f ), thenY ∈ γ3(Xf )
by Lemma 9.1. Using Lemma 9.1 again and the fact thatf + c ∈ β2( f ,Xf )∪ β3( f ,Xf ) we
have f + d ∈ β2( f ,Xf )∪ β3( f ,Xf ) becausef + d ∈ β0( f ,Xf ) by Lemma 10.5. Considering

the possibleG∗ f
a f -orbits and the known point distributions given in Lemmas 10.5 and 10.6 we

conclude thatf +d ∈ (β2,α0). So we have proved

(10.7.2). If l ∈ Γ1( f ) with l ∈ (β2,α0) then
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 2 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 3 .

For a contradiction suppose thatk1 ∈ (β3;2214;2214;2214). Using the orbit sizes in Theorem
E and the point distributions described in Lemma 9.2 we have∣∣∆1(d)∩∆1

3(a)
∣∣ = 960n+1920m+2.60+2.120+3.320= 960q+1320

for somen,m,q∈ Z. So

∣∣∆1( f )∩∆3
2(a)

∣∣ =
(960q+1320).211.32.7.11.23

211.3.5.7.11.23
= 576q+792
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using the orbit sizes in Theorems 4.7(vi) and 10.3(i). By Lemma 10.5 and (10.7.2) we have
already accounted for2.36+3.48+2.144= 504of these points. Therefore there are576q+288
points in∆1( f )∩∆3

2(a) which lie in (β1,α0)∪ (β1,α1). We now have the required contradiction
because576||(β1,α0)∪ (β1,α1)| . Hencek1 = f + d ∈ (β3;18;18;18). The lemma now follows
from (10.7.1).

Lemma 10.8Let d ∈ ∆1
3(a) andl ∈ Γ1(d).

(i) If l ∈ (β1,α0), then
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 1 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ =
∣∣Γ0(l)∩∆2

3(a)
∣∣ = 2 and for

anyx∈ Γ0(l)∩∆3
2(a), x+d = l ∈ (β1;216;216;2214).

(ii) If l ∈ (β1,α1), then
∣∣Γ0(l)∩∆1

3(a)
∣∣ = 3 and

∣∣Γ0(l)∩∆2
3(a)

∣∣ = 2.

Proof We first show

(10.8.1).(i) There exist linesl ∈Γ1 with
∣∣Γ0(l)∩∆3

2(a)
∣∣= 1and

∣∣Γ0(l)∩∆1
3(a)

∣∣=
∣∣Γ0(l)∩∆2

3(a)
∣∣ =

2.
(ii) There exist linesl ∈ Γ1 with

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 3 and
∣∣Γ0(l)∩∆2

3(a)
∣∣ = 2.

Let c∈ ∆2
2(a). Then there exist linesl1, l2, l3, l4, l5 ∈ Γ1(c) forming the lines of a full triangle

atc with l1, l2 ∈ (β1β1β1,α0) , l3, l4 ∈ (β1β1β3,α0) andl5 ∈ (β1β1β2,α1) . For example, withSc

the standard sextet line letl1 =

+ − + + + +
o + − o − o
o + o − − o
− + o o − −

, l2 =

+ − + + o +
− o + o − −
o o − + − o
+ o o − − +

,

l3 =

+ − + + o +
+ o o − − +
− o + o − −
o o − + − o

, l4 =

+ + + + o +
o o − − + o
− o o − + −
− o − o + −

and

l5 =

+ o + + o +
− o − + o −
+ o − − o +
− o + − o −

. So
∣∣Γ0(l i)∩∆2

3(a)
∣∣ = 4 for i = 1,2,

∣∣Γ0(l i)∩∆1
3(a)

∣∣ = 4, for i =

3,4 and
∣∣Γ0(l5)∩∆3

2(a)
∣∣ =

∣∣Γ0(l5)∩∆1
3(a)

∣∣ = 2. Since the linesl i form a non-sparse triangle atc
there exist linesl /∈ Γ1(c) with Γ0(l i)∩Γ0(l) 6= /0 for eachi = 1, ...,5 andΓ0(l5)∩Γ0(l)⊆ ∆3

2(a).
For such linesl we have

∣∣Γ0(l)∩∆3
2(a)

∣∣ = 1 and
∣∣Γ0(l)∩∆1

3(a)
∣∣ =

∣∣Γ0(l)∩∆2
3(a)

∣∣ = 2. Similarly
there exist linesl /∈ Γ1(c) with Γ0(l i)∩Γ0(l) 6= /0 for eachi = 1, ...,5 andΓ0(l5)∩Γ0(l)⊆ ∆1

3(a).
For such linesl we have

∣∣Γ0(l)∩∆1
3(a)

∣∣ = 3 and
∣∣Γ0(l)∩∆2

3(a)
∣∣ = 2 and so we have proved

(10.8.1).

Let l ∈ Γ1(d) with
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 1 and

∣∣Γ0(l)∩∆1
3(a)

∣∣ =
∣∣Γ0(l)∩∆2

3(a)
∣∣ = 2 and suppose

x ∈ Γ0(l)∩∆3
2(a). The only line orbits ofG∗dad whose point distributions are still unknown are

(β1,α0) and(β1,α1) by Lemmas 10.5,10.6 and 10.7. So

(10.8.2)l lies in one of the orbits (β1,α0) or (β1,α1) and the other orbit contains linesk with∣∣Γ0(k)∩∆1
3(a)

∣∣ = 3 and
∣∣Γ0(k)∩∆2

3(a)
∣∣ = 2.

Supposel ∈ (β1,α1). Then
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∣∣∆1(d)∩∆3
2(a)

∣∣ = 576+2.144+2.36+3.48= 1080

by Lemmas 10.4,10.5 and 10.6. Therefore, using the orbit sizes in Theorems 4.8 and 10.3(i) we
get

∣∣∆1(x)∩∆1
3(a)

∣∣ =
1080.211.3.5.7.11.23

211.32.7.11.23
= 1800.

Using Lemmas 9.2 and 10.7 we must havex+ d ∈ (β1;216;216;18)∪ (β1;216;216;2214). We

now have a contradiction to the orbit sizes given in Theorem E. Thereforel ∈ (β1,α0) and
by a calculation similar to that above we get

∣∣∆1(x)∩∆1
3(a)

∣∣ = 4680. Using the point distri-
butions given in Lemmas 9.2 and 10.7 yields thatx+ d lies in a G∗xax-orbit of Γ1(x) of size
4680−2.60−2.120−3.160

2 = 1920. Thereforex+d ∈ (β1;216;216;2214) and part (i) is proved.
Part (ii) now follows from (10.8.2).

We have now proved Theorem F.

We conclude this section by completing the proof of Theorem E.

Lemma 10.9Let d ∈ ∆3
2(a) and l ∈ Γ1(d) with l ∈ (β1;216;216;18). Then

∣∣Γ0(l)∩∆3
2(a)

∣∣ = 3
and

∣∣Γ0(l)∩∆2
3(a)

∣∣ = 2.

Proof Without loss of generality we may suppose thatl =

o + + + + +
+ o o o o o
+ o − − − −
+ o − − − −

. Let k =

+ + − − − −
+ + o o o o
+ + − − − −
+ + o o o o

, l1 =

o + − − − −
+ o + + + +
+ o o o o o
+ o − − − −

,

l2 =

o + − − − −
+ o − − − −
+ o + + + +
+ o o o o o

andl3 =

o + o o o o
+ o − − − −
+ o − − − −
+ o + + + +

. Then

(10.9.1)k ∈ (β2;24;2214;2214) and l1, l2, l3 ∈ (β1;216;216;2214) with l ,k, l1, l2, l3 forming the
lines of a non-sparse triangle atd.

Sincel ∈ β1(x,X(d,a)), τ(X(d,a)) interchanges two pairs of points inΓ0(l) by Lemma 3.3.
Also we know thatΓ0(l)⊆ ∆3

2(a)∪∆2
3(a) by Theorems C,D and F. Therefore either

(1)
∣∣Γ0(l)∩∆2

3(a)
∣∣ = 4; or

(2)
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 5; or

(3)
∣∣Γ0(l)∩∆3

2(a)
∣∣ = 3 and

∣∣Γ0(l)∩∆2
3(a)

∣∣ = 2.
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Let y ∈ Γ0(k)∩ ∆1
3(a). Suppose we have case (1). ThenΓ0(y+ z) ⊆ ∆1

3(a)∪ ∆2
3(a) for

all z∈ Γ0(l)\{d} and soy+ z∈ (β1,α1)∪ (β3,α0) by Theorem F. Alsoy+ d ∈ (β3,α3) by
Lemma 10.4(v). Appealing to Lemma 9.1 we must havey+ z∈ (β1,α1) for all z∈ Γ0(l)\{d}
and so

∣∣Γ0(y+z)∩∆1
3(a)

∣∣ = 3 and
∣∣Γ0(y+z)∩∆2

3(a)
∣∣ = 2 for all z∈ Γ0(l)\{d}. So the set

{Γ0(y+z)|z∈ Γ0(l)} contains exactly 8 points in∆2
3(a), 10 points in∆1

3(a) and 3 points in∆3
2(a).

However{Γ0(y+ z)|z∈ Γ0(l)} = Γ0(l)∪Γ0(k)∪Γ0(l1)∪Γ0(l2)∪Γ0(l3) because{y+ z)|z∈
Γ0(l)} are the lines of a non-sparse triangle aty. However (10.9.1) together with Lemmas 9.2
and 10.8 implies thatΓ0(l)∪Γ0(k)∪Γ0(l1)∪Γ0(l2)∪Γ0(l3) contains exactly 10 points in∆2

3(a),
8 points in∆1

3(a) and 3 points in∆3
2(a). This contradiction excludes case (1).

Next assume case (2) holds. Then
∣∣Γ0(y+z)∩∆3

2(a)
∣∣ = 1 andΓ0(y+ z) ⊆ ∆3

2(a)∪∆1
3(a)∪

∆2
3(a) whencey+z∈ (β2,α2) for all z∈ Γ0(l)\{d}. Howevery+x∈ (β3,α3) and so we have a

contradiction to Lemma 9.1. So case (3) holds and the lemma is proved.

§11 THE LAST LAP

Lemma 11.1 Let d ∈ ∆2
3(a). Then for all l ∈ Γ1(d), Γ0(l) contains a point in∆3

2(a)∪∆1
3(a)∪

∆2
3(a).

Proof Let L = {l ∈ Γ1(d)|Γ0(l)∩ (∆2(a)∪∆1
3(a)) 6= /0}. We suppose the result is false and argue

for a contradiction. Letl ∈ Γ1(d) with Γ0(l)⊆ ∆2
3(a)∪∆4(a) (we already knowΓ0(l)∩∆1(a) =

Γ0(l)∩∆1
2(a) = /0). Either there existsk ∈ L with k ∈ α3(l) or we can findk = k1,k2, ...,kr =

l ∈ Γ1(x) with ki ∈ α3(ki+1) (i = 1, ..., r − 1) for somer ≥ 2. In the latter case we can find
j ∈ {1, ..., r−1} with k j−1 ∈ L andk j /∈ L. So in either case, possibly with a new choice ofl , we
may suppose there existsk∈ L with k∈ α3(l).

Since∆1(y)∩∆4(a) = /0 for all y∈ ∆2(a)∪∆1
3(a) by Theorems C,D,E and F, we must have

Γ0(l)∩∆4(a) = /0. Therefore we have reduced the problem to the case whenΓ0(l)⊆ ∆3
2(a).

Let x∈ Γ0(k)∩ (∆2
2(a)∪∆3

2(a)∪∆1
3(a)). Sox∈ ∆1(y) for all y∈ Γ0(l) and we have

a
d

l

k

x

We consider three cases separately.
Case 1x∈ ∆2

2(a).
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By Theorem D,x+y∈ (β1β1β1,α0) for eachy∈ Γ0(l). However{x+y|y∈ Γ0(l)} form the
lines of a non-sparse triangle atx and so we have a contradiction to Lemma 9.1.
Case 2x∈ ∆1

3(a).
Let lx be the unique line inΓ1(x) fixed byG∗xax. By Theorem Fx+ y∈ (β1,α0)∪ (β1,α1)∪

(β3,α0) for eachy ∈ Γ0(l). By definition, if Xx is unique plane inΓ2(x) fixed by G∗xax, then
x+y∈ β1(x,Xx)∪β3(x,Xx) for all y∈ Γ0(l). Now Lemma 9.1 implies thatx+y∈ β1(x,Xx) for
four y∈ Γ0(l) andx+y∈ β3(x,Xx) for oney∈ Γ0(l). LetY ∈ Γ2(d,x,k, l). ThenY ∈ γ0(x,Xx) by
Lemma 9.1 again. Appealing to (2.8) there are three lines inβ3(Xx) and one of these lines must

lie in α1(lx). For instance ifXx is the standard sextet andY =

× × × o ¤ ·
× o o o − ∗
− · ¤ ∗ ¤ −
∗ ¤ · − ∗ ·

, then

the three lines inβ3(Xx) arem1 =

+ + + + − −
+ + + + o o
o − − o − o
o − − o o −

, m2 =

+ + + o o +
+ o o o − −
− + o − o −
− o + − − +

and

m3 =

+ + + o + o
+ o o o − −
− o + − + −
− + o − − o

. It is easy to check that all trios inΓ1(Xx) lie in α1(mi) for some

i = 1,2,3. So there existsm∈ Γ1(d,Y)∩ (β3,α1) and a pointc ∈ Γ0(m)∩∆2
2(a) (see Lemma

10.5(vi)). Sincem∈ Γ1(Y), we havec ∈ ∆1(z) for three or five pointsz∈ Γ0(l). By case (1),
c∈∆1(z) for exactly three pointsz∈Γ0(l) and we have a sparse triangle atc. SinceΓ0(l)⊆∆2

3(a)
we must havec+z∈ (β1β1β1,α0) for eachz∈ Γ0(l)∩∆1(c). This contradicts the fact that three
lines of a sparse triangle atc cannot each lie inα0(c, lc) and so case (2) cannot occur.
Case 3x∈ ∆3

2(a).
By cases (1) and (2) for everym∈ Γ1(x) with Γ0(m)∩Γ0(l) 6= /0, we haveΓ0(m)∩ (∆2

2(a)∪
∆1

3(a)) = /0. So each of these lines lies in (β1;216;216;18)∪ (β3;2214;2214;2214) by Theorem
E. Using Lemma 9.1 we have one line inβ3(x,X(x,a)) and four lines inβ1(x,X(x,a)) with
Y ∈ γ0(x,X(x,a)). Let t be the unique involution in centralized byG∗xax. Thent defines a partition
of Ωx into 12 pairs of elements. There are 15 octads which can be formed by taking unions of
tetrads inY. Of these 15 octads, 4 cut this partition in 18, 8 cut it in 216 and 3 hit it in 2214. By
(2.8) there are three trios inΓ1(x,Y)∩ β3(x,Xx) and each one contains the same octad formed
from tetrads inY. Exactly one of these triosmhasΓ0(m)∩Γ0(l) 6= /0 and the octads ofmeach cut
the partition defined byt in 2214 by the above. Putting all this together, ifm′ ∈Γ1(x,Y)∩β3(x,Xx)
with m′ 6= m, then exactly one of the octads inm′ cuts the partition in 2214 (namely the octad
which m andm′ have in common). However looking at the possibilities for lines inβ3(x,Xx),
described in Theorem E we see that there exists no such triom′.

Therefore we have obtained a contradiction in all three cases and so the lemma is proved.

Theorem 11.2Let d ∈ ∆2
3(a). Then

(i)
∣∣∆2

3(a)
∣∣ = 218.32.5.7;
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(ii) G∗dad
∼= L2(23) andQ(d)a = 1; and

(iii) The Gad-orbits onΓ1(d) and their sizes are as described in Theorem G.

Proof Let n =
∣∣∆2

3(a)
∣∣ . Combining Lemmas 10.6, 10.7, 10.8, 10.9, 11.1 and the definition of

∆2
3(a), we have

1
n

{
4.1536

∣∣∆2
2(a)

∣∣+
(

2.960
3

+2.1920+4.320

)∣∣∆3
2(a)

∣∣+
(

2.576
3

+4.384

)∣∣∆1
3(a)

∣∣
}

= 3795.

This gives part (i).
For part (ii) we first show thatQ(d)a = 1.

(11.2.1)For all l ∈ Γ1(d) andg∈ Q(d) eitherg fixesΓ0(l) pointwise org interchanges two pairs
of points inΓ0(l).

Since{τ(X)|X ∈ Γ2(d)} has 1771 elements it clearly generatesQ(d). Now (11.2.1) follows
from Lemma 3.3.

By Lemmas 10.5, 10.6, 10.7, 10.8, 11.1 and the definition of∆2
3(a), for every linel ∈ Γ1(d),

Γ0(l) contains either one or three points exactly lying in the sameGa−orbit of points. Now
(11.2.1) implies that every element inQ(d)a fixesΓ0(l) pointwise for alll ∈ Γ1(d). SoQ(d)a =
1 by Lemma 3.2(iv). Therefore by part (i)G∗dad is isomorphic to a subgroup ofM24 and has
order 23.3.11.23. Perusing the maximal subgroups ofM24 andM23 in [A] reveals that the only
possibility isG∗dad

∼= L2(23). So we have part (ii).
We now prove part (iii). First we exhibit threeGad-orbits of size 253 and one orbit of size

1518 ofΓ1(d). Let c∈ ∆2
2(a)∩∆1(d); so by Theorem Dc+d ∈ (β1β1β1,α0). Applying Lemma

9.2 with the orbit sizes given in Theorem 4.7(vi) and part (i) we have

∣∣∆2
2(a)∩∆1(d)

∣∣ =

∣∣∆2
2(a)

∣∣ |(β1β1β1,α0)| .4∣∣∆2
3(a)

∣∣ =
27.3.5.7.11.23.1536.4

218.32.5.7
= 253

and{l ∈ Γ1(d)|Γ0(l)∩∆2
2(a) 6= /0} is a Gad-orbit. Now letc′ ∈ ∆3

2(a)∩∆1(d) . First suppose
thatc′+d ∈ (β1;216;216;18). Sincec′+d ∈ β1(c′,X(c′,a)), Lemma 3.3 implies thatτ(X(c′,a))
interchanges the two points inΓ0(c′+ d)∩∆2

3(a). Let O be theGad-orbit of Γ1(d) containing
d+c′. Then we may appeal to Lemma 9.3 to show that

|O|=
∣∣∆3

2(a)
∣∣ ∣∣(β1;216;216;18)

∣∣ .2∣∣∆2
3(a)

∣∣ .3 =
211.32.7.11.23.960.2

218.32.5.7.3
= 253

by Theorem 4.8(ii) and part (i). Next suppose thatc′ + d ∈ (β1;216;216;2214). By a similar
argument to the previous case, using Lemma 9.3 yields thatd + c′ lies in aGad-orbit of Γ1(d)
of size 1518. Finally lete∈ ∆1

3(a)∩∆1(d) with e+d ∈ (β1,α1). Soτ(Xe) interchanges the two
points inΓ0(e+ d)∩∆2

3(a) by Lemma 3.3. Therefore we can again use Lemma 9.3, together
with the orbit sizes given in Theorem 10.3(i) and part (i) to show thatd+e lies in aGad-orbit of
Γ1(d) of size 253.
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Consulting theM24 page of [A] gives the permutation character ofG∗dd on Γ1(x) and classes
under restriction toG∗xax

∼= L2(23). A straightforward calculation shows thatG∗xax has 6 orbits upon
Γ1(d). Similar calculations reveal that

(11.2.2)if g∈G∗dad has order, respectively 4, 6, 12, theng fixes, respectively 7, 3, 1 lines ofΓ1(d).

In view of an element of order 12 fixing a unique line, one of the orbits (and only one) must
be permutation isomorphic toL2(23) on aDih(24) subgroup. Since, in the representation of
L2(23) on anS4 subgroup, an element of order 4 fixes 3 lines,L2(23) must have two orbits like
this. The only way to produce two more fixed points for an element of order 6 is to have an orbit
of L2(23) on aDih(12) subgroup. Now the two remaining orbits must not have any fixed lines
for elements of order 4 or 6. Hence the 1518 orbit must have stabilizer isomorphic toZ2×Z2

and the last orbit of size 1012 must have stabilizer isomorphic toS3.
Finally we uncover the point distribution for the 506 and 1012 orbits. Letc∈ ∆3

2(a)∩∆1(d)
with c+d ∈ (β3;2214;2214;2214). We have

∣∣∆2
3(a)∩∆1(c)

∣∣ = 960.2+1920.2+320.4 by Theo-
rem E and so

∣∣∆3
2(a)∩∆1(d)

∣∣ =

∣∣∆3
2(a)

∣∣ .(960.2+1920.2+320.4)∣∣∆2
3(a)

∣∣ = 2783.

Since we have already accounted for253.3+ 1518= 2277 of these points, we have a set of
506 lines inΓ1(d) containingd + c which is therefore aGad-orbit. If e∈ ∆1

3(a)∩∆1(d) with
e+d ∈ (β3,α0), thend+e must lie in the last remaining orbit ofΓ1(d) of size 1012. Hence we
have part (iii) and so the theorem is proved.

SinceG is a connected graph, Lemma 11.1 and Theorems F and G imply that

Γ0 = {a}∪∆1
2(a)∪∆2

2(a)∪∆3
2(a)∪∆1

3(a)∪∆2
3(a).

This, together with Theorems 3.6(i), 4.3(iv), 4.7(vi), 4.8(ii), 10.3(i) and 11.2(i), then yields The-
orem A.

The last item on the agenda is Theorem B.

Proof of Theorem B
By Theorem A(i)|Γ0|= 112.29.31.37.43and hence

|G|= |Ga| |Γ0|= 221.33.5.7.113.23.29.31.37.43.

Combining Theorems 3.6(ii), 4.3(v), 7.1(v), 7.2(iii) 10.3(ii) and 11.2(ii) yields that forx,y ∈
Γ0,x 6= y, we haveQ(x)y < Q(x). This implies thatNG(Q(a)) = Ga, and soCG(Q(a)) = Q(a). Let
T ∈ Syl2Ga. SinceQ(a) is not anFF−module forGa/Q(a) ∼= M24 (see [Theorem 1;A] ),Q(a)
is the unique elementary abelian subgroup ofT of order 211. ThusNG(T) 6 NG(Q(a)) = Ga.

Let N be a non-trivial normal subgroup ofG. Suppose thatN∩Ga = 1. ThenN is soluble
and therefore contains a characteristic subgroupN0 of order a prime or 112. SinceAutN0 is
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either abelian orGL2(11), this forcesGa 6 CG(N0), contrary toCG(Q(a)) = Q(a). Therefore
N∩Ga 6= 1 and hence eitherN∩Ga = Q(a) or Ga 6 N. If the former holds, thenN∩Ga =
NN(N∩Ga) =CN(N∩Ga) with N∩Ga∈Syl2Ga. By Burnsides’ normal p-complement theorem,
N = (N∩Ga)O2′(N) . SinceO2′(N) E G andO2′(N)∩Ga = 1, we must haveO2′(N) = 1 and so
N 6 Ga which is not possible asG 6 AutΓ. ThereforeGa 6 N which by the Frattini argument,
asNG(T) 6 Ga, implies thatG = NNG(T) = NGa = N. ThusG must be a simple group.

Let X ∈ Γ2(a). ThenGX 6 CG(τ(X)) andτ(X) is central in a Sylow 2-subgroup ofG. As-
sumeM = O2′(CG(τ(X))) 6= 1. By the structure ofGX, M ∩GX = 1. SinceM is soluble, it
contains a characteristic subgroupM0 of order a prime or 112. ConsequentlyM0 centralizes
G′X ∼= 21+123M22. Now, by Lemma 3.2(i),(ii),Q(a) 6 G′X and this contradictsCG(Q(a)) = Q(a).
ThusO2′(CG(τ(X))) = 1 and we may now appeal to [Theorem B;R] to conclude thatG∼= J4.
Knowing thatG ∼= J4 it is straightforward to see thatΓ is isomorphic to the relevant rank 3
subgeometry of theJ4 maximal 2-local geometry.

This completes the proof of Theorem B.
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APPENDIX

∆1
2(a)

ORBIT LOCATION

β0 Lemma 6.4

β1 Lemma 6.4

β2 Lemma 6.4

β3 Lemma 6.4

∆2
2(a)

ORBIT LOCATION

(β0β0β0,{l}) Definition 4.1

(β0β2β2,α2) Lemma 8.1

(β0β3β3,α3) Lemma 8.3

(β1β1β1,α0) Definition of ∆2
3(a)

(β1β1β2,α1) Lemma 8.4(i)

(β1β1β3,α0) Lemma 8.7

(β1β1β3,α1) Lemma 8.4(iii)

(β2β2β2,α2) Lemma 8.5

(β2β3β3,α1) Lemma 8.4(ii)

(β3β3β3,α3) Lemma 8.6
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∆3
2(a)

ORBIT LOCATION

(β0,∗) Lemma 9.4(i)

(β0,∗∗) Lemma 9.4(ii)

(β1;216;216;18) Lemma 10.9

(β1;216;216;2214) Lemma 10.8(i)

(β2;24;18;18) Lemma 9.6(ii)

(β2;24;2214;2214) Lemma 9.6(i)

(β3;18;18;18) Lemma 10.7(ii)

(β3;2214;2214;18) Lemma 9.4(iii)

(β3;2214;2214;2214) Lemma 10.7(i)
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∆1
3(a)

ORBIT LOCATION

{l} Lemma 10.5(i)

(β0,α2) Lemma 10.5(ii)

(β0,α3) Lemma 10.5(iii)

(β1,α0) Lemma 10.8(i)

(β1,α1) Lemma 10.8(ii)

(β2,α0) Lemma 10.7(ii)

(β2,α2) Lemma 10.5(iv)

(β3,α0) Lemma 10.6

(β3,α1) Lemma 10.5(vi)

(β3,α3) Lemma 10.5(v)

∆2
3(a)

ORBIT LOCATION

S4 Theorem 11.2(iii)

Dih(24) Theorem 11.2(iii)

S4 Theorem 11.2(iii)

Dih(12) Theorem 11.2(iii)

S3 Theorem 11.2(iii)

Z2×Z2 Theorem 11.2(iii)
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