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Abstract

In this paper we determine detailed information on the conjugacy classes and cen-
tralizers of semisimple elements in the exceptional Lie-type group Eg(2).

Keywords: exceptional group of Lie-type; semisimple element; centralizer.

1 Introduction

Down the years, considerable effort has been expended examining various properties of
families of finite simple groups, or indeed of just one specific finite simple group. These
properties range from those encountered in the vast area of representation theory (in
the modular and the non-modular case) to various aspects of the substructure of these
groups, such as subgroups and conjugacy classes. Often such investigations are a re-
sponse to a particular program of work or to aid in the solution of certain questions.
For example, the work of Deligne and Lusztig [8] on the degrees of semisimple complex
irreducible representations of finite groups of Lie type motivated the comprehensive
work of Carter [5], [6], and many subsequent papers. While the classification of the
finite simple groups was another major impetus to amass an extraordinary amount of
information about the structure and properties of simple groups (see [15]). In par-
ticular, the sporadic groups (and other small simple groups) have received extensive
attention, the resulting data covering information about conjugacy classes, power maps,
maximal subgroups and complex character tables being arrayed in the famed ATLAS [4].

Families of groups of Lie type have increasingly been scrutinized. Here we are in-
terested in semisimple elements of one such group, namely Fg(2). The early study of
semisimple elements of finite groups of Lie type can be traced in the papers of Stein-
berg [21], Mizuno [19], Carter [5], [6] and Deriziotis [9], [10]. In [19] and [21] their



conjugacy classes are the focus of attention, while [5], [6], [9] and [10] are concerned
with determining the structure of the centralizers of semisimple elements. This latter
endeavour results in a generic description of the centralizers for all groups of Lie type,
the twisted variants being dealt with in Deriziotis and Liebeck [12]. This description
relies upon viewing the finite group G of Lie type of characteristic p as a subgroup of a
certain algebraic group G defined over the algebraic closure of GF(q), ¢ an appropriate
power of p. Let o be a surjective endomorphism of G' for which G = G, the set of
o-stable elements of G. Then for x a semisimple element of G, the connected central-
izer Cx(7)° is a o-stable reductive subgroup of G' of maximal rank [2] and, morover,
its connected centralizer Cg(x)° in G is the subgroup of o-stable elements in C(z)°.

Further Cx(z)° factorizes as MS where M is semisimple, S is a torus and MNSisa

finite group. Also |Cg(7)y| = |M,||S,|. More recent work on semisimple elements and
related topics is to be found in Liibeck [18], Liebeck and Seitz [17], Deriziotis and Holt
[11], Fleischmann and Janiszczak [13] and Fleischmann, Janiszczak and Knorr [14].

As mentioned earlier, a substantial theory underpins the study of conjugacy classes
and centralizers of semisimple elements of Lie type — our aim here, for Fg(2), is to
sharpen and give very explicit descriptions of these features. More specifically, we
itemize the conjugacy classes, and use the ATLAS conventions to name them, along
with power maps and explicit structures of their centralizers. However we do not at-
tempt to detail the slave classes. Additionally, in an accompanying electronic file we list
representatives for each of the semisimple conjugacy classes. We do this employing the
248-dimensional GF'(2)-module V for Eg(2) — thus these representatives are 248 x 248
matrices over GF'(2). This data, apart from being of intrinsic interest, is an important
part of a current project to determine all the maximal subgroups of Eg(2) where this
level of detail is vital. For example, the generic description of the centralizer of x where
x € 3D gives centralizer possibilities SUg(2) and 3 x Uy(2) (the latter being the actual
centralizer). While for z € 19A, the description 19 x 3.PGU3(2) covers five possible
structures. As well as the obvious candidates 19 x GU3(2) and 19 x 3 x PGU3(2), we
have 19 x (3 x U3(2)) 3 and two of shape 19 x SU3(2)"3. In fact the centralizer is one of
the latter two possibilities. Pinning down this possibility required knowing the number
of conjugacy classes of elements of order 57 and 171. We remark that analogous in-
formation featured in Ballantyne, Bates and Rowley [1] where the maximal subgroups
of E7(2) were classified. Three electronic files are available for this paper. The first,
called E8Setup.txt contains the standard MAGMA commands used to construct the
copy of Eg(2) used for the calculations in this paper, along with generators for the
Sylow 3-subgroup referred to in Lemma 2.2. The second file, A11Reps.txt contains,
as mentioned above, representatives for each conjugacy class of semisimple elements,
while the third file, Procedures.txt, gives details of the procedures used throughout
the paper.

In this paper we establish the following result.

Theorem 1.1 The conjugacy classes of semisimple elements of Eg(2), together with
the structure of their centralizers, dimension of their fixed spaces on V, power maps
and Liibeck numbers, are given in Table 1.

The Liibeck numbers are to be found in Liibeck [18]. This paper is arranged as



follows. In Section 2 we begin by determining lower bounds for the number of Fg(2)-
conjugacy classes of elements of certain orders. This is achieved using an algorithm
in the computer algebra system MAGMA (see [3]). This is followed in Sections 3 and
4 by the determination of the number and centralizers of Eg(2)-classes of elements of
prime and composite order respectively. Throughout these sections, the lower bounds
obtained in Section 2, together with the information in Liibeck [18], allow for easy
determination of the number of classes of most orders. The paper concludes in Section
5 with an exploration into the remaining details given in Table 1, namely the dimensions
of the fixed-point spaces of elements of each class acting on the associated Lie algebra,
and the power maps.



"(2)®7 Jo sjuewae adwuIstiuss Jo sasse[d Aoednluoy) :T o[qe],

- il 61 1€ ¢C (2)¢1Dd € X 61 €78 V61
- 91 16 €42 (91)%7 X L1 €69 aoLl
- ze 1L G 1€ 41T (2) B x L1 ¢/ qv.Ll
qac'as 91 LT 252840 (91)%7 x G1 ¢69 DST
qas'dge 0 e G- 48" o0 (¥)en x 61 90. AST
vede i%é ¢G* o€ * T (2)' x (1)o7 x 61 009 HST
VG'0E 9 LG o€ 6T (@)1 % (2)nH *x g 129 ast
ve'as 82 IT:2S " o€ 010 (2)en x ¢t 989 DST
VE've e LT LG o€+ 10 (@) B xz:exg 9¢9 qst
ve'de SF T€ LT L ¢S of 020 (@)% x g1 0%S 441
0% €126 € oC (7)en x €1 60L qael
- € €T 2L 48 o1 (2)'d e < €1 ) Vel
- 8T TG € T (2)én % 11 6.9 VI
ne 8¢ 6T L ,€" oG (8)€n x (g)wdg x 6 99¢ ae
D¢ 0¢ IT-G- g€ 110 (2)¢n x (g)wig x 6 086 D6
ng Ve €T 2L ,€" eC (2)' ¢ < (g)wAg x 6 969 g6
0¢ ¥ LT-TT- L+ ;G g€ 0zC (@) x 6 09G V6
- 8¢ €T3 ¢ 1€ (2)'d ¢ *x (2)¢7 < L 916 Isp)
- 08 €L-TE LT €T 3L+ ;G o€~ 0eC (2)%7 x . N4 V.
- ¥ VLT €T+ ¢S 28 020 (7)ns Aicé qe
- 89 T€ LT €T TT L 4G o€ el (@)% x¢ 0S¥ VS
- 08 SV 6T LT TT L ;G- 1€ oeC (¢)%n x ¢ 86T as
- 98 6T LT €T 1Tz G 1€ 66 ¢ ((2)en < (2)% )¢ LVT o)
- 26 CF - TC LT €T -TT- 7L ¢S 1€ " 230 @ x¢ 9.¢ qae
- ver LTT-C€L-CF-T€ 6T LT €T -TT ¢l Q" 718" o0 (2)kq x ¢ 762 Ve
- VT (2)%H | (¢)%a I Vi
SIOMOJ AQ&\,DVE% Z&VUQ A v Ioquuny paqur | sser) £oesnluon)




av.LIne il L1382 (2)enNH x L1 z€e8 AHTG
dv.I've il LT-G € ¢l (G)NV X (g)wAdg x 1g 79L anig
qav.rde 0Z LT-L-G € o0 (2)v7 % 1¢ SJ) qvis
asT've'D6'0¢ 01 G183 (g)wdg x ¢ x 6F €8 DG
dSTVSV6'DE 4! 28" +E " 0 (G)NV x ¢ x ¢f 862 qev
ASTVE'V6'DE 0 PR R <4 (@)1 x ¢¥ ) VS

- 0T S R (g)wAg x 621 168 Dgvey

- ) 76 G0 798 qaviy
qaer'dae 8 ¢r-¢-¢ G61 TL8 06¢
VeIDe il €T 1€ ¢C (P)NVE : e X €T 028 q6¢
VEI've id! €T L€ 40 (8)%7 x (g)wdg x €T 9L V6¢
VL'VE 02 LG 48 o0 (2¢)'n x ¢g ) Vae
vVIT'de 4 114 40 (E)WAg x ¢ x g€ 06. AEE
VII'VE il IT- € ¢ (P)IVT : g5€ X €€ 118 HES
VIIDE 91 1T c€ 40 (P)NVE 5 h€ X (¢)udg x 11 Sid) aonsee
VIT'ag 0¢ TT G- ¢€ o (¢)'n x ¢¢ 89/, dVEee
- 8 1€ 1€ LG8 aig

- 8¢ € LG 28 10 (2)¥1 x 1€ ¢l9 DEAVIE
q.'dae il L€ ¢ (F)IVT : o€ X 12 928 HI1T
qa.L'de il R R (8)%T x € X 1¢ 09. D1
q.0¢ 0C R Y (F)NVE * g4 5e X (2)F7 x L69 A1
qa.L've 0¢ el 3€° 9T (8)%7 x (2)¥7 x 1¢ 765 A1E
V.DE 92 2L G o8 6T C((MET x 8D 1 .8)ex . 69% ane
v.'de €5 LT 2L G e€ - 21C (2) %0 x 12 St 01¢
qaLve ¢ €T ¢l o€+ 210 (2)'de x 1T 0ZL qi1e
V.'VE 8¢ 1€ ¢l G € o1l (2)°T % 1¢ 019 V1¢

SI10MO] ((z)49)up ()P0 ()20 TqunN paquy | ssef) £oesnluop




- 01 L2T-€-C (e)wdg x Lg1 Ges THOAAADELY LTT
dAVLI'VL 8 LT-L-¢ 16¢ 8.8 dgVe6I11
q6¢verd6ne 01 €1 € C (g)wdg x LTT cHR DAV LT
VSE'VIZ dST VL VE'VE 0T LG ¢80T (g)udg x ¢ x 60T 168 asot
VeEDIE VST VL VS de el LG8 40 (€)WAg X 60T 76 DS0T
Vee'drg asrvevene il L G380 (¢)eno x ¢g 628 gvso1
ADEEVIT'V6'DE 8 IT " € ¢ X 66 L98 ane66
ADEE'VITD6DE 01 IT-¢€-C (¢)uig x 66 78 ave6
Davie'de 4! 1€°G: ;8 0 (G)NV x €6 88/ AHAE6
DAVIE'VeE il 1€ L 283 (2)¢T x €6 808 DAV EG
VET'VL 8 S ) L X 16 Go8 aie
ver'dl 1 €1 ;L € ¢C (2)¢7 X 16 L18 DIV16
an.LIde 8 L1-6G-¢ GGT 0.8 AHA OGS
dv.LI'Ve 4! LT-G 7€ 0 L(€)udg x cg 708 qves
- 71 R (2)¢7 x €L 718 ADEVEL
qer'vs 8 R, S X €l 868 AHG9
qaer'das z1 €T .S €0 (S)NV x 69 008 andve9
A1 d6DE 01 L-4€-0 (g)udg x ¢ x €9 678 HHAELI
A1z V.,L'd6'0E 01 ol e€- T (g)wdg x L x €9 ep8 €9
dTz'VL'V6'DE el LG e€ 0 (G)NV x €9 z08 aco
AT2'dL'd6'D¢ 91 L 50 | (28T x (g)mig x €9 VGL DAV E9
V61°de 8 61 - 2€ ¢ X LS €98 AdLS
V6I'VE 8 61 ¢ 6 X 61 X ¢ 198 DL
V61'D¢ il 61 - 1€ - ¢C (2)¢NDd € x 61 €8 qav.Le
VIT'VS 8 I1:6-¢ a91 LL8 Veq
anLI'as 8 L1-6G-¢ GST 0.8 HDIG
SIOMO] ((z)4))wp ()P0 ()20 Ioquiny yooqu | sser) Aoesnluop




AAADAVLIZ DAVES DIVIE VIZ VL VE 8 1€-L-¢ 169 088 ATADEIV 159
apdveLrve 8 IR) 116 298 HOATADEIVTIG
DAVEST AAAC6 DIVIE VST VS de 8 1€-6-¢ GoF 9.8 AHADEIV S
[HOAAADAVLST VE 8 L31-¢ I8¢ 7.8 THOATADEGVI8E
AVeIT'dvis DIz dvLr'vede 8 LT-L-¢€ LG¢ 8.8 aodv.Lse
- 8 1€¢ €€ 698 MOTHOAAADIVTES
AVSOT' AL VSH VSe A1z dST' V6 VL VS DE 8 LG8 cIg 1.8 qveie
DAVI6 V6L dIz VET AL VE 8 ¢1-L-¢ eLT .8 DAVELT
AAADER HDIS ADLTDST'IS AL 8 LT-G-¢ elerd 0.8 NIWTM[THDSCT
aves'dvis dviT ver've'de 8 LT-G- € ¢ X GGg 098 ATGGT
dves'dDIs'dvAT dsT'vVe've 01 L1682 | (g)udg x g6z GG8 ADEdVSGe
- 8 |5 1¥¢ 998 [THOAHADEAVIVE
anpdveLrve 8 ¢l ¢ 61¢ G/8 ADEIV6I1C
DAVIE VL 01 T€-L-¢-C | (g)udg X LTg 68 AdADGV L1C
aviv'ds 8 7-¢ c0g 798 HOATADEITVS0C
apdveo'nee As1 'derdsde 8 €¢1-G-¢ G6T T.l8 aADdVs61
dV.S'V6T'd6'DE 01 61 ¢0-C | (g)udg x 111 L¥8 ATADIVTLT
VGG avee DeT vIT' Ve dg 8 I1-6-¢ c91 L8 gV et
DAVIEVS 8 1€-6-¢ GoF 9.8 DAV ST
AATG VLI V6 DE 8 LT ;8 €qT1 6.8 avest
- 8 1GT 1¢T 898 HADEVIGT
DAvey ‘de 8 S ¢ X 621 6G8 ONINTM[6CT
DAVET'VE 8 e - .2 ¢ X 62T 6G8 THH62T
Daver'ag 01 ¢F - .02 | (¢)wig x 621 168 ATADEV6C1
STOMO (x)2p)up | |(x)2)] ()20 Idquuny 2qng sse[D) Adedn[uop




2 Preliminary Results

For the remainder of the paper we set G = E3(2), and we recall that
|G| =2120.313.55.74.112.13%. 172 .19 - 312 - 41 - 43 - 73 - 127 - 151 - 241 - 331.

We shall have recourse to some of the subgroup structure of G, the relevant details
being contained in the next two results.

Theorem 2.1 The following groups are isomorphic to a subgroup of G:

(i) 25(2); (vi) *Da(2) x *Da(2);
(i) Sym(3) x Fr(2); (vii) Ts(2) x Us(2);
(iii) L3(2) x Eg(2); (viii) Ls(2) x Ls(2);
(iv) SUs(4); (iz) Us(4) x Us(4);
(v) PGUs(4); () Us(16).
Proof Either consult the ATLAS [4] or Liebeck and Seitz [17]. O

Lemma 2.2 Let P € Syl3(G). Then P has exponent 9.

Proof An explicit copy of P of order 3!3 is located in the accompanying file E8Setup. txt.
A straightforward MAGMA call yields the statement. O

Our quest to uncover the properties of the semisimple elements begins with the
determination of the number of conjugacy classes of G for each given element order.
By Steinberg [22] (see also Theorem 3.7.6 of [7]), we know there are 28 = 256 conjugacy
classes of semisimple elements.

Lemma 2.3 Lower bounds for the number of conjugacy classes of G of elements of
each possible odd order are listed in Table 2.

Proof By using the procedure LowerBoundPower, as given in the accompanying file
Procedures.txt we obtain the given lower bounds. O

We note that the conjugacy classes itemized in Lemma 2.3 account for 197 of the
256 G-conjugacy classes of semisimple elements.
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Table 2: Lower bounds on the number of conjugacy classes of semisimple elements of G.



3 Prime Order Elements

In this section we determine the information relating to the semisimple elements of
prime order, beginning with the elements of order 3. The centralizers of elements of
order 3 are to be found in Table 3 of [20]. These are easily matched with their respective
entries in Liibeck’s list [18].

G-class | Libeck Number Centralizer
3A 204 3 x E4(2)
3B 376 3 x Q,(2)
3C 147 3.(E5(2) x Us(2)).3
3D 258 3 x Uy(2)

Table 3: The G-classes of elements of order 3.

From Lemma 2.3 we know there are at least two G-conjugacy classes of elements
of order 5. By Theorem 2.1 (iv) we have H; < G with H; = SUs(4), and so for
P € Syls(Hy), P € Syls(G). Checking the centralizers in H; of non-trivial elements of
P we see they are all divisible by 5*. There are only two G-conjugacy classes satisfying
this on Liibeck’s list, namely numbers 247 and 480. Now, for x € Z(H;) we have
SUs(4) = Hy < Cg(z). By Theorem 2.1 (i), there is Hy < G with Hy = Qf5(2), and
there exist y € Hy for which Ch,(y) = 5 x Q1,(2). Hence there are two G-conjugacy
classes of elements of order 5, and by orders their centralizers are as given in Table 4.

G-class | Libeck Number | Centralizer
5A 480 5 x Q5,(2)
5B 247 SUs(4)

Table 4: The G-classes of elements of order 5.

By Theorem 2.1 (vi) we have H; < G with Hy = 3D4(2) x 3D4(2), whence H;
contains a Sylow 7-subgroup of G which we see must be elementary abelian of order
74. So centralizers of elements of order 7 must be divisible by 7%, the only possibilities
on Liibeck’s list being numbers 441 and 576. Therefore, by Lemma 2.3, there are
exactly two G-conjugacy classes of elements of order 7. Now we have Hy < G with
Hy = L3(2) x Eg(2). So inside Hy and H we see order 7 elements x and y with
7 x L3(2) x 3D4(2) < Cg(z) and 7 x Eg(2) < Cg(y). Hence, by orders and the fact
that 7x L3(2) x 2D4(2) is not a subgroup of 7x Eg(2) (see [16]), the centralizer structure
of order 7 elements are given in Table 5.

G-class | Liibeck Number Centralizer
TA 441 7 x Eg(2)
7B 516 7 x L3(2) x 3D4(2)

Table 5: The G-classes of elements of order 7.

Moving onto elements of order 11, we observe using Theorem 2.1 (vii) that Us(2) x
Us(2) =2 H; < G contains a Sylow 11-subgroup of G which is elementary abelian of

10



order 112. Since number 679 on Liibeck’s list is the only centralizer divisible by 112, we
conclude that there is only one G-conjugacy class of elements of order 11. Moreover,
there is an element x of order 11 in H; with Cp, (z) = 11 x Us(2) whence by orders
Ca(x) =11 x Us(2).

Libeck Number
679

Centralizer
11 x Us(2)

G-class
11A

Table 6: The G-class of elements of order 11.

By Theorem 2.1 (vi) and Lemma 2.3 we have a Sylow 13-subgroup P of G contained
in Hy = 3Dy(2) x 2Dy(2) and at least two G-conjugacy classes of elements of order
13. Since P is elementary abelian and only number 709 and 712 on Liibeck’s list have
centralizer order divisible by 132, there must be exactly two classes. Additionally we
have x € H; of order 13 with Cp, (z) = 13 x 3D4(2) and, using Theorem 2.1 (ix),
y € Hy 2 Us(4) x Us(4) with Cp,(z) = 13 x Us(4). Consideration of orders yields the
centralizers in Table 7.

G-class | Liibeck Number | Centralizer
13A 712 13 x 3D4(2)
13B 709 13 x Us(4)

Table 7: The G-classes of elements of order 13.

There are at least four G-conjugacy classes of order 17 elements by Lemma 2.3. We
have Us(16) = H; < G by Theorem 2.1 (x) which must contain a Sylow 17-subgroup
of order 172. A total of four centralizers on Liibeck’s list are divisible by 172, namely
numbers 693 and 738 (each with multiplicity two). We observe there are elements x
and y of order 17 with z € Hy and y € Hy = Qf5(2) for which Cp, () = 17 x Ly(16)
and Cp,(y) = 17 x Qg (2) whence, by orders, we deduce the information in Table 8.

(G-class | Liibeck Number | Centralizer
17AB 738 17 x Q5 (2)
17CD 693 17 x Ly(16)

Table 8: The G-classes of elements of order 17.

Since 19 divides |E7(2)| and E7(2) has just one conjugacy class of elements of order
19 by [1, Table 2|, there is a single G-conjugacy class of elements of order 19. The
exact centralizer structure will be determined in Section 4.

Lubeck Number
823

Centralizer

19 x 3 PGU;(2)

G-class

19A

Table 9: The G-class of elements of order 19.
From Lemma 2.3, G has at least four conjugacy classes of elements of order 31.

Using Theorem 2.1 (viii) gives H < G with H = L5(2) x L5(2) and so a Sylow
31-subgroup of G is elementary abelian. Also 312 and 31 x Lj(2) are centralizers of

11



elements of order 31 in H. Since there are only four centralizers in [18] divisible by 312,
namely numbers 672 and 857, we conclude there are four conjugacy classes of elements

of order 31 with centralizers as given in Table 10.

G-class | Lubeck Number | Centralizer
31ABC 672 31 x Ls(2)
31D 857 312

Table 10: The G-classes of elements of order 31.

We next consider elements of order 41, and need to look at centralizers of order 205,
of which there are 10 classes by [18]. Now these correspond to centralizers of elements
of order 41 or 205. We have H < G where H = PGUs(4) by Theorem 2.1 (v) and note
that H has 8 conjugacy classes of elements of order 41. Since all G-conjugacy classes of
such elements will be of equal size, we see that there are 8, 4, 2 or 1 G-conjugacy classes
of elements of order 41. Further, each G-conjugacy class of elements of order 41 is the
union of fifth powers of G-conjugacy classes of elements of order 205. Consequently
the 10 G-conjugacy classes of elements having centralizer of order 205 consist of two
classes of elements of order 41 and eight of elements of order 205. Having accounted for
number 247 of [18] as being the centralizer of a 5B-element, there remain 10 centralizer
orders divisible by 41 (and all of order 205). So the centralizers of the two G-classes
of element of order 41 are cyclic of order 205.

Libeck Number
864

Centralizer
205

G-class
41AB

Table 11: The G-classes of elements of order 41.

For order 43 elements in G, we have at least three G-classes by Lemma 2.3. Since
G contains H = E7(2) with H having three H-conjugacy classes of elements of order
43, G has precisely three classes. Looking inside Sym(3) x E7(2), a subgroup of G
by Theorem 2.1 (i7), and using [18], we see the centralizers have structure given in
Table 12.

Libeck Number
837

Centralizer
3 x Sym(3) x 43

G-class

43ABC

Table 12: The G-classes of elements of order 43.

A Sylow 73-subgroup of G may be viewed in H = E7(2) by Theorem 2.1 (i7)
whence, by [1] and Lemma 2.3, we deduce there are four G-conjugacy classes. Their

centralizers are, by Theorem 2.1 (iii) and [18], to be seen in the subgroup isomorphic
to L3(2) X E6(2).

Libeck Number
814

Centralizer

73 X L3(2)

G-class
73ABCD

Table 13: The G-classes of elements of order 73.

12



There are at least nine G-conjugacy classes of elements of order 127 by Lemma 2.3.
Since a Sylow 127-subgroup of G is contained in a subgroup H = FE;(2), [1] shows
there are precisely nine such classes. Using Theorem 2.1 (ii), [1] and [18] reveals their
centralizers.

G-class Liubeck Number Centralizer
127TABCDEFGHI 835 Sym(3) x 127

Table 14: The G-classes of elements of order 127.

For p € {151,241, 331} the only centralizers in Liibeck’s list divisible by p are the
cyclic subgroups of order p. We conclude that the remaining centralizers are those
listed in Table 15.

G-class Libeck Number | Centralizer
151ABCDE 868 151
241ABCDEFGHIJ 866 241
331ABCDEFGHIJK 869 331

Table 15: The G-classes of elements of orders 151, 241 and 331.

4 Composite Order Elements

We now proceed to realise the bounds given in Table 2 for the number of classes of
elements of a given composite order o. Indeed, assume that o = pm for some prime
number p such that (p,m) = 1. Except for the G-class 5B, elements of order p have
centralizers of the form p x H for some subgroup H as determined in Section 3. By
considering all such elements of order p in GG and elements of order m in the respective
groups H, we may obtain an upper bound on the number of GG-classes of elements of
order o. We illustrate this strategy with an example. For the sake of brevity, we do not
include the relevant numbers from Liibeck’s list in the tables of this section. However,
these numbers are given in Table 1.

In Section 3 we saw that there were two classes of elements of order 5 in GG, namely
5A and 5B, whose representatives had respective centralizers 5 x Q,(2) and SUs(4).
By conjugating by a suitable element of GG, we may assume that every element of G
of order 15 may be written as an element of order 5 multiplied by an element of or-
der 3 in either Q,(2) or SUs(4). Since there are five Q7,(2)-classes of elements of
order 3 and two SUs(4)-classes, we deduce that G contains at most seven classes of
elements of order 15. Since this is the lower bound found in Table 2, we conclude that
G contains precisely seven classes of elements of order 15. Moreover, since the central-
izer of an element of order 15 must be contained within the respective centralizer of an
element of order 5, we may fully determine the centralizers of elements of order 15 in G.

A similar approach using centralizers of elements of order 3, 7, 11, 13, 17, 31,
43, 73 and 127, yields the number of G-classes and centralizers of all elements except
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Element

H-class

(G-class

Order hx Cr(h) Co(5A x hx) of 5A X hx
3A 3% 07 (2) 15 x Q75 (2) 154
3B 3 x Sym(3) x Qg (2) | 15 x Sym(3) x Qg (2) 15B

15 3C 3 x Us(2) 15 x Us(2) 15C
3D GU;5(2) x Ly(2) 5 x GU3(2) x Ly(2) 15D
3E 3 x Lo(4) x Uy(2) 15 x Lo(4) x Uy(2) 15F

35 TA 7 x Uy(2) 35 x Uy(2) 35A
9A 9 x Ly4(2) 45 x L4(2) 45A

45 9B 9 x 3 x Alt(5) 45 x 3 x Alt(5) 458
9C 9 x 3 x Sym(3) 45 x 3 x Sym(3) 45C

5} 11A 33 165 55A

65 13AB 65 5 X 65 65 EF

85 17AB 17 x Sym(3)’ 85 x Sym(3) 85AB

21AB 7 x GU3(2) 35 x GUs3(2) 105AB

105 21C 21 x Sym(3)? 105 x Sym(3) 105C
21D 21 x 3 x Sym(3) 105 x 3 x Sym(3) 105D

155 31ABC 93 465 155ABC

165 33AB 33 165 165AB

955 51ABCD 51 x Sym(3) 255 x Sym(3) 255ABCD

S1EF 51 x 3 255 x 3 250 F
315 63AB 63 315 315AB

Table 16: The G-classes of elements of order 5m for some (5,m) = 1 and class 54 with

Ca(bA) 25 x H=5x0,(2).

Element G-class G-class
Order hx Ca(bB x hx) of 5B x hx
5 3A 15 x Us(4) 15F
3B 15 x Lo(16) 15G
65 13ABCD 65 x Alt(5) 65ABCD
85 17TABCD 255 5CDEF
195 39ABCD 195 195ABCD
205 41ABCDEFGH 205 200 ABCDEFGH
255 51ABCDEFGH 255 255GHIJK LM N

Table 17: The G-classes of elements of order 5m for some (5,m) = 1 and class 5B with

Ce(5B) = SU5(4).
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for elements of order 9, 19, 57, 63, 171, 357, 465, 651. Details of the G-classes and
centralizers of elements of these orders are given in Tables 16-22.

15



‘T = (W TT) 9WOS I0] W]T I9PIO JO SIUSWI[D JO SOSSR[I-£) YT, 6T 9[qRL,

a066 ¢ X 66 € X6 aneé ¢ 5
qv66 (¢)wAS x 66 (¢)wAg x 6 gye | ©FAXIL VI 66
A€E JE)udg x ¢ x gg (E)udg x ¢ A€
HEE PIVE © 1€ X €€ PIVE € X € HE 6
AOEE | PUVT : 50€ X ()WAS X TT | PHVE © o€ X (WS | qDg @ xTr| Vi £t
qvee (2)"n x ¢¢ ()’ x¢ qave
*1YX % TT JO *1 HX %11 *TT P10
SseI-5) (117D ()10 ssep-f | ‘(*11)2) | sse[p-H | yuowory
T = (w*)) owos 10 i), IOPIO JO SJUSWS[D JO SISSR[D-£) YT, Q] O[R],
HOAAADEAV11S 1S ¢l HOATADEIVEL (2)%F x V. 116
AAADGV LT (¢)wig x 217 (¢)wig x 1€ AAADEIVTE (2)%7 % L V. L1%
V611 LGE TG qav.Ll (2)%7 % L V. 611
DAV16 (2)¥7 X 16 (2)¢7 x €1 DgVel (@)'aex (@)¥TxL| dL -
aie 16 X 2 16 Vel (2)%7 x L V.
HI1T PIVE © 1€ X 1T PIVE o€ X € AE
D1¢ (8)%7 X ¢ X 1g (8)%7 x ¢ as
ATG PIVES: e x Q)T X L | $IVE: he x (3)¢7 fols @)'agx @)*1xL| 4L
Aq1¢ (8)eT x (2)¢7 X 1¢ (8)¢7T % (2)¥7 x ¢ qe -
g1z ()’ < 1¢ ()'de < ¢ Ve
ate e (P <80 0)exL| e ((M)ET <80 8)¢ fo)s
D1z (2) 0 x 12 (2)fo x ¢ qe (2)%7 x L V.
Vg (2)97 X 1¢ (2)97 x ¢ Ve
*QX *Nwo o *s\ mX *N *b M@U.HO
Sse[o-5) A*Qx *5 o A*Smb sse[o-f RA*NVUD SSe[O-£) | JuowWoHq

16



{Lz1eL e ‘T€} O d owos 10 dg I9PIO JO SHUSWI[O JO SISSB[D-£) 9T, :gd O[qRL,

THOATADLIV1SE I8¢ ¢ Ve (e)WAS X 121 | IHOATADGV LTT I8¢
aADAV 61T 61 ¢ Ve (2)e7 % €. aodvel 61¢
ONWWTMITHD6TT ¢ X 621 <€ HADE WAG X ¢
THAOGVeET | (8)wss x 621 | (g)uig x ¢ | gye | S USXEXET OdVyey oct
AT AE6 GV X €6 GV X € qae 67
DV Es (@)1 x¢6 | (2)¥1 x¢ Ve (€)1 > 1¢ s €6
*xUYX xd Jo *1 HX xd xd LpIO
SSR[D-£) (e x )20 (=)D sse[o-ff ‘(xd)D0) SSR[D-£) JAOWD[
‘T = (W LT) 9WOS I0J wi)T I9PIO JO SIUSWI[D JO SOSSR[D-£) YT, :Tg 9[qRL
dv et eql 6 V6 ()35 x L1 | gvLl eqT
HO1S GGT Gl ve | (91)%T X LT | doLl
A1 (2)¢ND x LT (@)D fols -
aonis GV X (¢)whg X T¢ | ¢y X (g)wdg x ¢ | g¢ ()35 x L1 | gviT
qavis (2)"T X 16 F)v7T x ¢ Ve
*YX % LT JO 5 *1 HX %1 )T 1PIQ)
SSR[D-£) (et L1)7D (=)D sse-f7 | ‘(xL1)20 | ssep-H | yuowoy
T = (w'gT) owWOS I10J wWgT I9PIO JO SHUSWI[O JO SOSSR[D-£) 9T, 0 2[RI,
DAVELT €L k4 0gavie | (@)'de x 1| Vel €L
DGV LT (Quig x 111 | (Q)wis x 6 | 0gVe6 | (2)'de X €1 | VEI LTT
D6E G6T 9 Ve (7)fn x¢e1 | gel
q6¢ PUVT : e € X €T | PUVT: € | d¢ Y x 6¢
V6e (9)°7 % 6¢ Qe xe | pe |@dexer| vel
*YX % €T JO *1y HX €T *€ T 1PIO
SSe[o-5) (e €1)20 (=)D ssep-f7 | (x€1)9) | ssep-p | yuetweryg

17



Liibeck Maximal subgroup M < G
G-class, 9 Number Ca(9%) satisfying Cq(9%) < M
9A 560 9 x Q,(2) 016(2)
9B 656 9 x Sym(3) x 3Dy4(2) (3D4(2))%.6
9C 580 9 x Sym(3) x Us(2) (Us(2))*.4
9D 366 9 x Sym(3) x Us(8) Sym(3) x E7(2)
Table 23: The G-classes of elements of order 9.

G-class C(9%), H-class G-class
Ox% 9% xH hx C () Co(9 xhx) of 9 % Xhx
9A 9 x Q7,(2) TA 7 x AltH 63 x AltH 63D

TABC | 7 x Sym(3) x L3(2) | 63 x Sym(3) x L3(2) | 63ABC
3
9B | 9x8ym(3) x"Da(2) | 7 72 x Sym(3) 63 x 7 x Sym(3) 63E
9D 9 x Sym(3) x U3(8) | TABC 7 x 3 x Sym(3) 63 x 3 x Sym(3) 63FGH

Table 24: The G-classes of elements of order 63.

Consider the G-classes having numbers 366, 560, 580 and 656 in [18]. By the work
of Section 3, these elements correspond to elements of composite order. Moreover,
considering the order of the centralizers of these elements together with the orders of
centralizers of elements of prime order, we see that these elements must have order 3°
for some ¢ > 1. Hence as the exponent of a Sylow 3-subgroup, S, of G is 9 by Lemma
2.2, we deduce that these classes all correspond to elements of order 9. Moreover, as the
centralizer in S of each element of order 9 has order at least 3*. Their centralizers can
be identified by looking within known maximal subgroups of G and are summarized in
Table 23.

To determine the number of classes and centralizers of elements of order 63 in G, we
consider an element of order 63 in G to be the product of an element of order 9 and an
element of order 7 from one of the subgroups 7,(2), Sym(3) x 3D4(2), Sym(3) x Us(2)
or Sym(3) x Us(8). Following the approach used at the beginning of this section and the
lower bound obtained in Table 2, we conclude that there are eight classes of elements
of order 63 in GG, with centralizers as given in Table 24.

Since there are no remaining centralizers in Liibeck’s list with order divisible by
3%, we conclude that there are no further classes of elements of order 9, and hence G
contains precisely four classes of elements of order 9, with details as given in Table 23.

Next we consider elements of order 19m for some (19,m) = 1. We know there is a
unique G-conjugacy class of elements of order 19. Thus there exists x € 194 such that

z € Ca(3C) ~ 3.(2E¢(2) x Us(2)).3,

with z lying in the subgroup 3-2Eg(2). Since the centralizer of x in 3-2Eg(2) has
structure 3 x 19 (see [4]), we have that Cg(z) must contain a subgroup of shape
19 % 3.U3(2).3. Comparing orders with [18], we deduce that this is the whole centralizer

Ca(x).
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Element H-class Cla(h) C(19 % x h) G-class

Order h* of 19 * x hx
3AB 3 PGU3(2) | 19 x 3 PGU;5(2) 5TAB
57 3C 3x9 57 x 9 57C
3DE 32 57 x 3 5TDE

171 | 9ABCDEF | 9 x Sym(3) | 171 x Sym(3) | 17LABCDEF

Table 25: The G-classes of elements of order 19m for some (19, m) = 1.

By [20], the structure of the group 3.U3(2).3 may be refined to 3.PGU3(2). There
are five possible extensions of this shape. We know that there are eleven unaccounted
centralizers in [18] with orders divisible by 19. This condition eliminates two of the
possible extensions.

Of the remaining three possibilities for 3. PGU3(2), one contains exactly two classes
of elements of order 9, each with centralizer of order 32. This would imply there are
exactly two classes of elements of order 171 in G, each with centralizer 32.19. However,
since E7(2) contains elements of order 171, and C¢(3A4) ~ Sym(3) x E7(2), we see that
there exist elements y of order 171 in G with |Cg(y)| > 2.33.19. Thus this extension
of 3.PGU3(2) is ruled out.

Another of the possibilities for 3.PGU;3(2) contains exactly three classes of elements
of order 3, with centralizer orders 23.3* (twice) and 33. This would imply that there
are exactly three classes of elements of order 57 in G, with centralizer orders 22.3%.19
(twice) and 32.19. However, since for g € 3D we have Cg(g) = (g) x Ug(2), which
contains elements h of order 57 such that h'® = g, and the centralizer in Uy(2) of an
element of order 19 has order 3.19, we see that there exists z of order 57 in G with
|Cq(2)| = 3%2.19. Therefore this extension of 3.PGU3(2) is also ruled out.

The correct extension 3.PGU3(2) is therefore determined, and is the unique group
of shape SUj3(2) 3 which contains elements of order 3 which lie outside the subgroup
SUs(2). This gives rise to five classes of elements of order 57 in G, and six classes of
elements of order 171 in G. The details of the corresponding centralizers are summa-
rized in Table 25.

There are 16 classes remaining in [18]. These correspond to numbers 876 (six classes
having centralizers of order 465), 878 (four classes having centralizers of order 357) and
880 (six classes having centralizers of order 651). Since all proper factors of 357, 465
and 651 have been accounted for, we deduce that classes 876, 878 and 880 must corre-
spond to centralizers of elements of order 465, 357 and 651 respectively.

This completes the identification of the orders and centralizers of the G-classes of
semisimple elements.
5 Fixed-Point Spaces and Power Maps
We conclude this paper by considering the fixed-point spaces on V' and power maps
of semisimple elements of G. A description of the methods used to obtain the dimen-

sion of fixed-point spaces of elements of each semisimple conjugacy class is given in
Subsection 5.1, whilst an exploration of the power maps is detailed in Subsection 5.2.
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Combining these details with the structure of centralizers in G, representatives of each
semisimple conjugacy class may be obtained. Such representatives are available in the
accompanying electronic file A11Reps.txt.

5.1 Fixed-Point Spaces

Given its status as a conjugacy class invariant, the fixed-point space dimension is a
useful asset in our arsenal when investigating maximal subgroups of G. For an element
x in G, the dimension of its fixed-point space on V may be determined in MAGMA
using the command Dimension(Eigenspace(x,1)). In most cases, determining the
dimensions of fixed point spaces was a straight forward exercise. Let x and y be ele-
ments of orders 155 and 205 respectively in G. By considering the order of centralizers
for elements of order 5, we see quickly that x must power to an element of 54 whilst
y powers into 5B. By taking appropriate powers we obtain representatives for 5A
and 5B and their respective fixed-point space dimensions. Repeating this exercise for
appropriate elements x and y is sufficient to determine the majority of the fixed-point
space dimensions.

Some cases prove slightly more problematic. Consider the conjugacy classes for
elements of order 33. Utilising the LowerBoundPower procedure detailed in the ac-
companying file Procedures.txt, we find representatives for the 6 classes. We find
four different fixed-point space dimensions with two repeated twice. These repeated
dimensions must belong to the classes 33AB and 33C'D whilst the unique fixed-point
space dimensions 12 and 14 are attributed to classes 33F and 33F in some order. Let
x be the representative with dimension 12 and y the representative with dimension 14.
By considering their eleventh powers, we find  powers into 3B and y into 3A. The
centralizer of a 34 element is of the form 3 x E7(2), and the centralizer of an element
of order 11 in E7(2) has the form 11 x 3172 : Alt(4), [1]. Hence we deduce that y is
contained in 33F and thus elements of 33 F have fixed-point space dimension 14, whilst
x is contained in 33F" and such elements have fixed-point space dimension 12.

5.2 Power Maps

With the fixed-point space dimensions determined, information relating to the power
maps for each conjugacy class follows smoothly. The representatives gained in the
previous subsection were used to fill in much of the information and the conjugacy
classes of powers were in many cases determined by fixed-point space dimension and
Lagrange’s theorem on the order of the centralizers. Where this was not quite enough to
distinguish between classes, the BrauerCharacter procedure given in Procedures.txt
proved a useful tool. However, there are some cases where a more detailed approach
is still required.

In the case that o € N and there exist distinct classes of elements of order o which
power into each other, the same methodology is used to determine these interactions.
For the sake of brevity, we relegate these details to the electronic file A11Reps.txt.
However, we briefly mention the cases where a more specific approach is needed.
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Consider the primes p = 241,331. In each case, a Sylow p-subgroup, P, of G is
cyclic of order p. Moreover, the automorphism group of a cyclic group of order 241
(respectively 331) is cyclic of order 240 (respectively 330) and intersects G in a cyclic
subgroup of order 24 (respectively 30). It follows that the fusion of non-trivial elements
of P is determined uniquely by these cyclic subgroups, and is given by

241A7 = 241B, 241B" = 241C, 241C7 = 241D,
241D7 = 241FE, 241E7 =241F, 241F7 = 241G,
241GT = 241H, 241H" = 2411, 24117 = 241J,

and

3314% = 331B, 331B% =331C, 331C° =331D, 331D° = 331FE,
331F% = 331F, 331F°% =331G, 331G®=331H, 331H3 = 3311,
33171° = 331J and 331J°% = 331K.

The power maps for elements of order 57 and 171 may be explicitly calculated within
the centralizer of an element of order 19. We see that 57420 = 57B, 57D? = 57F,
171A%° = 171B, 171B* = 171C, 171C%* = 171D, 171D* = 171E and 171E? =
171F. A similar approach can be used for elements of order 205, 357, 465 and 651. We
illustrate this in the case of elements of order 205. Indeed, we know that an element
of order 205 powers up into Cg(x) = SUs(4), where z € 5B. Moreover, there are
eight G-classes of elements of order 205 and eight classes of SUs(4)-elements of order
41. Thus the fusion of elements of order 205 in G is fully determined by the fusion of
elements of order 41 within SUs(4). Consider an element w = xy where y € C(z) has
order 41. Taking successive powers w% for k € N and using the fusion of conjugacy
classes within Us(4), we deduce that

205AM" =205B, 205B'' =205C, 205C' =205D, 205D'' = 205E,
205E1 = 205F, 205F' = 205G and 205G = 205H.

Repeating the above method for elements of order 357, 465 and 651 inside the
respective centralizers of 21C, 154 and 214 we obtain the power maps 357422 = 3578,
357B%2 = 357C, 357%2 = 357D, 465A196 = 4658, 4658196 = 465C, 465C'% = 465D,
465D106 = 465F, 465E'6 = 465F, 651422 = 6518, 651B82%? = 651C, 651C?? = 651D,
651D%2 = 651F and 651 E%2 = 651F.
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