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INTRODUCTION

This paper is the second in a three part series which is devoted to a study of the maximal 2-local
geometry for the sporadic simple groupJ4. We continue the section numbering of [RW1], and
direct the reader to Section 1 for notation and statements of the main results of this enterprise.
The present state of play is that we know a great deal about∆1(a)∪∆2(a) (a being a fixed point
of the point-line collinearity graphG). So, for example, it has been shown that∆2(a) is the
union of threeGa-orbits∆1

2(a), ∆2
2(a) and∆3

2(a). Of these threeGa-orbits, our information about
∆1

2(a) is the most complete - indeed in Lemma 6.4 we are able to finish our analysis of∆1
2(a).

Section 7 sees us refining our earlier knowledge gained in Theorems 4.7 and 4.8, aboutGax for
x∈ ∆2

2(a)∪∆3
2(a). In Theorems 7.1 and 7.2 we show thatG∗xax

∼= 26 : (S3×S4) (whenx∈ ∆2
2(a))

andG∗xax
∼= 26 : S5 (whenx∈ ∆3

2(a)).Building on this information, in the balance of Section 7, we
determine theGax-orbits uponΓ1(x) for x∈ ∆2

2(a)∪∆3
2(a). Section 8 is concerned with the point

distribution of lines inΓ1(x) for x∈ ∆2
2(a).

The investigation of∆3(a), the third and (as we learn) final disc ofa, occupies [RW2]. How-
ever we do dip our toe into∆3(a)- in Section 6 we introduce and examine the set∆1

3(a), showing
that it is aGa-orbit contained in∆3(a).

We end this paper with two appendices which contain information needed for some of our
calculations.

6. THE Ga-ORBIT ∆1
3(a)

As mentioned in the introduction, we now begin delving into the third disc ofG . Ultimately we
shall show that∆3(a) is the union of twoGa-orbits, one of which is∆1

3(a), defined below. In this
section we prove some elementary properties of∆1

3(a), and complete the proof of Theorem C.
We shall return, in Section 10 of [RW2], to∆1

3(a) and subject it to an in-depth investigation.

Definition 6.1

∆1
3(a) := {d ∈ Γ0| there existsc∈ ∆1

2(a)∩∆1(d) such thatc+d ∈ β1(c,X(c,a))}

Lemma 6.2∆1
3(a)⊆ ∆3(a).

Proof Let d ∈ ∆1
3(a), and letc∈ ∆1

2(a)∩∆1(d) be such thatc+ d ∈ β1(c,X(c,a)). From The-
orem 4.3(ii)d /∈ ∆1(a) and, by Theorem 5.2,d /∈ ∆3

2(a), also. Now supposed ∈ ∆1
2(a). Then

Lemma 5.1 implies that{a,c}⊥∩{a,d}⊥ 6= /0 whence, by Lemma 5.4,c+d /∈ β1(c,X(c,a)), a
contradiction. Thusd /∈ ∆1

2(a). Furthermored /∈ ∆2
2(a) because of Theorem 5.8(i). So, in view

of Lemma 4.2, we conclude thatd /∈ ∆1(a)∪∆2(a). Henced ∈ ∆3(a), so giving the lemma.

Lemma 6.3∆1
3(a) is aGa-orbit.

Proof Let d ∈ ∆1
3(a). Then there existsc∈ ∆1

2(a)∩∆1(d) such thatl = c+d ∈ β1(c,X(c,a)), by
definition of∆1

3(a). As a result of (2.5)(i) and Theorem 4.3(v), we only need prove thatGac is
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transitive onΓ0(l)\{c}. PutX = X(c,a). Again by (2.5)(i) and Theorem 4.3(v) we may assume,

without loss of generality, that inΩc, X is the standard sextet andl is

◦ + + + + +
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −
+ ◦ − − − −

.

There exists a trio lying inβ2(c,X)∩α2(c, l), namelyk1 =

+ + ◦ ◦ ◦ ◦
+ + ◦ ◦ ◦ ◦
+ + − − − −
+ + − − − −

. Let Y be

the unique sextet inΓ2(c, l ,k1) and choosek2 ∈ Γ1(c,Y) to be

◦ + + + + +
+ ◦ − − − −
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −

. By in-

spection we have

(6.3.1)k1 ∈ α3(c,k2);

(6.3.2)k1,k2 ∈ α2(c, l).

In Ωc, let Z be the sextet

2 · ∗ · ∗ 2

2 ◦ ∗ ◦ × +
+ ◦ × · × 2

+ · × ◦ ∗ +

. Then we note that

(6.3.3)(i) l ∈ β1(c,X)∩β1(c,Z); and
(ii) k1 ∈ β2(c,X),k2 ∈ β3(c,Z).

By Lemma 3.7(ii) and (6.3.1)k1 ∈ δ1(Y,c,k2) and as a consequencek1 andk2 determine a
different pairing of the points inΓ0(l)\{c} by (2.13)(iv). Fori = 1,2 we fix di ∈ Γ0(ki)\{c}.
Now we can label the points inΓ0(l)\{c} a1,a2,a3,a4 in such a way that{a1,a2} = ∆1(d1)∩
(Γ0(l)\{c}) and{a1,a3}= ∆1(d2)∩(Γ0(l)\{c}). From Lemma 3.3 and (6.3.3)(i)τ(X) andτ(Z)
act regularly uponΓ0(l)\{c}. Also τ(X) fixes d1 andτ(Z) fixes d2 by (6.3.3)(ii) and Lemma
3.3. Thereforeτ(X) must interchangea1 with a2 and a3 with a4 while τ(Z) interchangesa1

with a3 anda2 with a4. Hence< τ(X),τ(Z) > is transitive onΓ0(l)\{c}. SinceZ ∈ γ3(c,X),
τ(Z) ∈Q(X) by Lemma 3.4. Thus< τ(X),τ(Z) >≤Ga and so the lemma is proved.

Lemma 6.4Let c∈ ∆1
2(a), l ∈ Γ1(c) with l ∈ βi(c,X(c,a)). Then the following table describes

the point distribution ofΓ0(l).

i point distribution
0 3∆12∆1

2
1 1∆1

24∆1
3

2 3∆1
22∆2

2
3 1∆1

24∆2
2
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Proof If l ∈ β0(c,X(c,a)), then l ∈ Γ1(X(c,a)). Applying (2.16) toΛ = ΓX(c,a) yields that
|Γ0(l)∩∆1(a)|= 3 with the remaining two points ofΓ0(l) lying in ∆2(a)∩Γ0(X(c,a)). Hence,
these two points lie in∆1

2(a), by the definition of∆1
2(a). Theorem 5.8(ii), (iii) gives the point

distribution for the casesi = 2,3 and finallyi = 1 follows from the definition of∆1
3(a).

Combining Lemma 6.4, Theorem 4.3(v) and (2.5)(i) we see that we have verified Theorem
C.

Lemma 6.5If d ∈ ∆1
3(a), thena∈ ∆1

3(d).

Proof Let c ∈ ∆1
2(a)∩∆1(d) be such thatc+ d ∈ β1(c,X) whereX = X(c,a). By Theorem

4.3(v) and (2.5)(i), without loss of generality, we may assume thatX is the standard sextet inΩc

andc+ d is

◦ + + + + +
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −
+ ◦ − − − −

. Let l ∈ Γ1(c) be the trio

+ + ◦ ◦ ◦ ◦
+ + ◦ ◦ ◦ ◦
+ + − − − −
+ + − − − −

. Then

l ∈ β2(c,X)∩α2(c,c+ d), whence Lemma 6.4 implies that|Γ0(l)∩ ∆2
2(a)| = 2 and |Γ0(l)∩

∆1
2(a)| = 3. By Lemma 3.8(i)d is collinear with exactly two points ofΓ0(l)\{c}. Since∆1

3(a)
is a Ga-orbit by Lemma 6.3 andΓ0(c+ d)\{c} ⊆ ∆1

3(a) from Lemma 6.4, we know thatd is
collinear with a point,c′ say, inΓ0(l)∩∆2

2(a). When viewed inΩc, l = c′+c is the unique trio
incident with every sextet inS(c′,a) by Lemma 5.6 and thusl ∈ α2(c′,c′+b) for all b∈ {c′,a}⊥
by Theorem 4.7. Sincec′+ d ∈ α2(c′, l), in Γc′ the triosc′+ d and l have a common octadO.
Using Theorem 4.7 again there existsb∈ {c′,a}⊥ such that the trioc′+b containsO. Therefore
d ∈ ∆1

2(b) and the result follows becaused(a,d) = 3 and∆1(b)∩∆3(d)⊆ ∆1
3(d) by Lemma 6.2.

7. STABILIZERS AND LINE ORBITS FOR POINTS IN ∆2
2(a) AND ∆3

2(a)

In this section we investigate theGac-orbits of lines inΓ1(c), wherec is first a point of∆2
2(a) and

then a point of∆3
2(a). Before commencing this study we need to determine the structure ofGac

in both cases as well as showing that∆2
2(a) and∆3

2(a) areGa-orbits.
Starting withc∈ ∆2

2(a), by Theorem 4.7 there exists a unique sextet lineS(c,a) in Γc fixed
by Gac. We letlc denote the unique line inΓ1(c) incident with each sextet inS(c,a).

Theorem 7.1Let c∈ ∆2
2(a). Then,

(i) ∆2
2(a) is aGa-orbit;

(ii) |∆2
2(a)|= 27.3.5.7.11.23;

(iii) if g is a 3-element ofGac which acts non-trivially on the octads oflc, theng acts non-
trivially on Γ0(lc)∩∆1

2(a);
(iv) if S(c,a) = {Xc,Yc,Zc}, thenτ(Xc)τ(Yc) = τ(Zc); and
(v) G∗cac is the stabilizer of the sextet lineS(c,a) and the triolc incident with each sextet of

S(c,a) in Ωc. MoreoverG∗cac
∼= 26 : (S3×S4) with Q(c)a

∼= 24.
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Proof Combining Theorem 3.6(ii) and (2.3)(i) it suffices to prove the following result to show
part (i) is true.

(7.1.1)Forb∈ {a,c}⊥, Q(b)ac
∼= 27.

SinceQ(b) ∼= 29 by Theorem 3.6(ii) we need to show thatQ(b)ac is transitive onΓ0(b+
c)\{b}. The strategy we employ is the same as that used in Lemma 6.3. Without loss of gen-

erality we may take, inΓb, b+ c to be the standard trio andb+ a =

− + + + + +
+ − − − − −
+ − ◦ ◦ ◦ ◦
+ − ◦ ◦ ◦ ◦

.

Consider the following lines and planes inΓb:-

k1 =

+ + − ◦ − ◦
+ + − ◦ − ◦
+ + − ◦ − ◦
+ + − ◦ − ◦

k2 =

− ◦ + + − ◦
− ◦ + + − ◦
− ◦ + + − ◦
− ◦ + + − ◦

Y1 =

× 2 + + · ·
∗ ◦ + · · +
∗ × 2 ∗ 2 ∗
2 ◦ × ◦ × ◦

Y2 =

+ + × 2 · ·
+ · ∗ ◦ · +
2 ∗ ∗ × 2 ∗
× ◦ 2 ◦ × ◦

.

Sincek1,k2,b+c are incident with the standard sextet andk1,k2∈α2(b,b+c), k1∈α3(b,k2),
appealing to (2.13)(iv) gives thatk1 andk2 determine a different pairing of the points inΓ0(b+
c)\{b}. Moreover we observe thatb+c∈ β1(b,Y1)∩β1(b,Y2) andb+a∈ β3(b,Y1)∩β3(b,Y2).
Also k1 ∈ β3(b,Y1) andk2 ∈ β3(b,Y2). Using Lemma 3.3 givesτ(Y1),τ(Y2) ∈ Q(b)a with τ(Y1)
fixing Γ0(k1) pointwise andτ(Y2) fixing Γ0(k2) pointwise. Hence, using Lemma 3.3 again we
see that< τ(Y1),τ(Y2) > acts transitively onΓ0(b+c)\{b}, which completes the proof of (7.1.1).

Part (ii) now follows from (i) together with the fact that|∆1(a)|= 22.3.5.11.23, |{a,c}⊥|= 18
and|α1(b,b+a)|= 24.32.7 for anyb∈ ∆1(a) by (2.3)(ii) and Theorems 3.6(i) and 4.7(v).

For part (iii) it is enough to prove

(7.1.2)Let d ∈ Γ0(lc)∩∆1
2(a). Then|{a,d}⊥∩{a,c}⊥|= 6 and their exists an octad of the trio

lc in Ωc which lies in the trioc+b for all b∈ {a,d}⊥∩{a,c}⊥.

For eachb∈ {a,c}⊥, c+b∈ α2(c, lc) by Theorem 4.7. Sob is incident with some point in
Γ0(lc)∩∆1

2(a) because|Γ0(lc)∩∆1
2(a)|= 3 by Theorem 5.8(ii). Letb1∈{a,d}⊥∩{a,c}⊥. In Γb1

we may suppose thatb1 +a is the standard trio,b1 +c =

− + + + + +
+ − − − − −
+ − ◦ ◦ ◦ ◦
+ − ◦ ◦ ◦ ◦

andb1 +d =
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+ + − − − −
+ + − − − −
+ + ◦ ◦ ◦ ◦
+ + ◦ ◦ ◦ ◦

. If c′ ∈ ∆1(b1)∩Γ0(lc)\{c,d}, thenb1+c′ =

− + − − − −
+ − + + + +
+ − ◦ ◦ ◦ ◦
+ − ◦ ◦ ◦ ◦

∈

α1(b1,b1+a). Soc′ ∈ ∆2
2(a) andb is incident with a unique point inΓ0(lc)∩∆1

2(a). SinceGac is
transitive onΓ0(lc)∩∆1

2(a) and|{a,c}⊥|= 18we have that|{a,d}⊥∩{a,c}⊥|= 6. Let{a,d}⊥∩
{a,c}⊥ = {b1,b2,b3,b4,b5,b6}. Arguing as in Theorem 4.7 we have thatbi ∈ ∆1(b1) for i =

2, ...,6 and we may suppose thatb1 +b2 = b1 +d, b1 +b3 = b1 +b4 =

− − + + − −
− − + + − −
+ + ◦ ◦ ◦ ◦
+ + ◦ ◦ ◦ ◦

( ∈ α2(b1,b1 + c)) andb1 +b5 = b1 +b6 =

+ + + + − −
+ + + + − −
− − ◦ ◦ ◦ ◦
− − ◦ ◦ ◦ ◦

( ∈ α2(b1,b1 +c)). So we

havec+ bi ∈ α2(c,c+ b j) for all i 6= j ∈ {1, ...,6}. By examining the possibilities in the table
following Theorem 4.7 we see that each trioc+bi(i = 1, ...,6) contains a fixed octad of the trio
lc. This proves (7.1.2) and so part (iii).

Turning to part (iv), sinceZ1(c) = 1 by Lemma 3.2(iv) we need to show thatτ(Xc)τ(Yc) has
the same action asτ(Zc) on Γ0(l) for every l ∈ Γ1(c). By Theorem 3.6(iii)τ(Xc)τ(Yc) = τ(X)
for someX ∈ Γ2(lc). In Γc we identify S(c,a) with the concrete description presented after

Theorem 4.7. Solc is the standard trio. Suppose thatX =

+ + ∗ ∗ × ×
· · 2 2 ◦ ◦
+ + ∗ ∗ × ×
· · 2 2 ◦ ◦

. Let l =

+ ◦ + ◦ ◦ ◦
+ ◦ + ◦ − −
+ − + − − ◦
+ − + − ◦ −

. Then l ∈ β2(c,Xc)∩ β3(c,Yc)∩ β1(c,X). Now Lemma 3.3 yields a

contradiction becauseτ(Xc)τ(Yc) fixesΓ0(l) pointwise butτ(X) does not. Similar considerations
rule out the other three sextets inΓ2(lc)\S(c,a). HenceX = Zc as required.

We now prove (v). Letb be some fixed point of{a,c}⊥. From Lemma 4.5(ii) there are
exactly threeX ∈ Γ2(b,c) such thatτ(X) fixesa. One of these three lies inS(c,a) and the other
two are incident with exactly threex∈ {a,c}⊥ by Theorem 4.7. So we get 15 distinctX ∈ Γ2(c)
incident with somex∈ {a,c}⊥ such thatτ(X) fixesa. Hence|Q(c)| ≥ 24. By Theorem 4.7Gac is
contained inStabGcS . We recall thatL := (StabGcS )∗c∼= 26 : (S3×S4). We haveG∗cac≤G∗caclc

. Set

M = O2(G∗caclc
) ∼= 26; note thatM ≤ L andL/M ∼= S3×S4. From part (i) and Theorem 4.7(vi),

|Gac| = 214.32. By Theorem 5.8(ii),|Γ0(lc)∩ ∆2
2(a)| = 2 and |Γ0(lc)∩ ∆1

2(a)| = 3. Choose
d ∈ Γ0(lc)∩∆1

2(a). PutX = X(d,a). From Theorem 4.3(v)G∗dad
∼= 263S6 with Q(d)a

∼= 27; as a
GF(2)3S6-moduleQ(d)a has composition series1\6 where< τ(X) > is the trivial submodule
andQ(d)a/ < τ(X) > is a 6-dimensional irreducible which is dual toO2(G∗dad) ( see [Theorem
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3;MS]). Viewing things fromd, we have by Lemma 5.6 thatd+c∈ β2(d,X), a line orbit of size
180. Using Appendix 2 we deduce thatG∗dadlc

∼= 24 : (S4×2). We claim thatQ(d)ac
∼= 26. Suppose

X is the standard sextet,d + c =

+ + − − − −
+ + − − − −
+ + ◦ ◦ ◦ ◦
+ + ◦ ◦ ◦ ◦

and letY =

· 2 ∗ ∗ · 2

+ × ∗ ◦ + ×
· 2 ◦ ◦ · 2

+ × ◦ ∗ + ×
.

ThenY ∈ γ3(d,X) andd + c ∈ β1(d,Y). SoY ∈ Q(X) ≤ Ga by Lemma 3.4 andτ(Y) /∈ Gc by
Lemma 3.3. ThereforeQ(d)ac

∼= 26. HenceGacd
∼= 2624 : (S4×2) and so

[Gac : Gacd] = 3. In Γc let X1 =

+ + · × · ×
◦ ◦ · × · ×
◦ + 2 ∗ 2 ∗
+ ◦ 2 ∗ 2 ∗

, X2 =

· × + + · ×
· × ◦ ◦ · ×
2 ∗ ◦ + 2 ∗
2 ∗ + ◦ 2 ∗

, X3 =

· × · × + +
· × · × ◦ ◦
2 ∗ 2 ∗ ◦ +
2 ∗ 2 ∗ + ◦

. Since part (iv) applies to any sextet line at c it is easily verified that

< τ(X1),τ(X2),τ(X3),τ(Xc),τ(Yc) > is a group of order24. Put

N1 =< τ(Xc),τ(Yc) > (∼= 22)≤Q(c)∩Q(d)∩Ga and
N2 =< τ(X1),τ(X2),τ(X3),τ(Xc),τ(Yc) > .

Observe thatN1 andN2 are both normal subgroups ofGac contained inQ(c).

(7.1.3)N1 = Q(c)∩Q(d)∩Ga�< T(c+d) >.

First we note thatN1≤Q(c)∩Q(d)∩Ga. Of the seven sextets inΓ2(d+c), four lie inγ1(d,X)
and three lie inγ3(d,X). By Lemma 3.4{τ(Y)|Y ∈ Γ2(d+c)∩ γ3(d,X)} ⊆ Q(X)(≤ Ga). Also
if Y ∈ Γ2(d+c)∩ γ1(d,X), then there existsk∈ Γ1(X) with k∈ β1(d,Y). Soτ(Y) acts regularly
on Γ0(k)\{b} which consists of three points in∆1(a) and one point in∆1

2(a). Henceτ(Y) /∈Ga.
So|Q(c)∩Q(d)∩Ga|= 22 using Theorem 3.6 (iii).

We now assume thatQ(c)a � N2 and seek a contradiction. LetP∈ Syl3(Gac) and letR≤ P
be a subgroup of order 3 which bodily permutes the octads oflc. ThenCQ(c)(R) =< T(c+d) >.

(7.1.4)|Q(c)a|= 26.

If CQ(c)a/N2
(P) 6= 1 , then, asR centralizesN1, |CQ(c)a

(R)| ≥ 23, whence< T(c+ d) >=
CQ(c)a

(R). But then< T(c+d) >≤Q(c)∩Q(d)∩Ga contrary to (7.1.3). Therefore|Q(c)a/N2| 6=
2 or 23. If |Q(c)a| ≥ 28, then by (7.1.3)Q(c)∗da = O2(G∗dd,d+c), which is not the case. Since

Q(c)a≤Q(c)ad andQ(c)∼= 29 (as[Gac : Gacd] = 3 ) the only remaining possibility is|Q(c)a|=
26.

SinceCM(P) = 1, (7.1.4) yields
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(7.1.5)One of the following holds:-
(i) |M∩G∗cac|= 24 andG∗cac coversL/M; or
(ii) M ≤G∗cac andG∗cac/M ∼= S3×A4, S3×S3 or (3×A4)2.

(7.1.6)If g is an element of order 3 inGacd, theng leaves invariant the three octads oflc = c+d.

Sinceg fixesd, part (iii) implies (7.1.6).

Let g be an element of order 3 inGacd, and without loss of generality supposeg∈P. Suppose
(7.1.5)(i) holds. SinceQ(d)ac

∼= 26 andQ(c)∩Q(d)∩Ga
∼= 22, Q(d)∗cac

∼= 24 and henceM∩G∗cac =
Q(d)∗cac. Noting that
N1 < τ(X) > / < τ(X) >∼= 22 we infer that|CM∩G∗cac

(g)|= 22 (see [Lemma 3.5;R]). Then asG∗cac
coversL/M ∼= S3×S4 andCM(P) = 1 using (7.1.6) we deduce thatg centralizesM/M∩G∗cac and
consequently|CM(g)| ≥ 24, whereas|CM(g)| = 22. So (7.1.5)(i) cannot hold and so (7.1.5)(ii)
must pertain. Looking inGacd we see thatg is inverted by an involution and soG∗cac/M ∼= S3×
S4 or (3×A4)2. Examining the action uponQ(c)a/N2 and N2/N1 and using the fact thatR
is fixed-point free on these sections yields thatg centralizes bothQ(c)a/N2 and N2/N1. So
|CQ(c)a

(g)| ≥ 24. SinceQ(c)a ≤ Q(c)ad ≤ Q(c)d this gives|CQ(c)d
(g)| ≥ 24. This is impossible

as|CQ(c)a
(g)|= 23 and this gives us our final contradiction. Thus we must haveQ(c)a = N2

∼= 24

from which (iv) follows.

Theorem 7.2Let c∈ ∆3
2(a). Then

(i) ∆3
2(a) is aGa-orbit;

(ii) |∆3
2(a)|= 211.32.7.11.23;

(iii) G∗cac
∼= 26.S5 with Q(c)a

∼= 2;
(iv) G∗cac stabilizes a unique sextetX(c,a) in Γc andQ(c)a =< τ(X(c,a)) > ( and a similar

statement holds witha andc interchanged ). Further ift = τ(X(a,c))∗c, thenG∗cac is the centralizer
in G∗cc of t; and

(v) the set of lines{c+x|x∈ {a,c}⊥} form a non-sparse triangle inΓ1(X(c,a)) and{a,c}⊥ =
Γ0(l) for some linel .

Proof For anyb ∈ ∆1(a), Gab is transitive onα0(b,b+ a) by (2.3)(ii) and Theorem 3.6(ii).
Hence to prove part (i) it is enough to show thatGab is transitive onΓ0(b+ c)\{b} for any
b∈ {a,c}⊥. Without loss of generality we may chooseb andc such that inΓb, b+a is the stan-

dard trio andb+c=

+ ◦ + + + +
− + ◦ − ◦ −
− + ◦ − − ◦
◦ + ◦ ◦ − −

. Consider the sextetsY1 = standard sextet andY2 =

+ ∗ × ◦ · 2

+ ∗ × ◦ · 2

∗ + ◦ × 2 ·
∗ + ◦ × 2 ·

and the triosl1 =

+ ◦ ◦ + + +
− ◦ ◦ − + −
− ◦ ◦ − − +
+ ◦ ◦ + − −

andl2 =

+ ◦ − + + +
+ − ◦ + ◦ −
− − ◦ − + ◦
◦ − ◦ ◦ − +

in Γb. Thenb+ c ∈ β1(b,Yi) andb+ c ∈ α2(b, l i) for i = 1,2. Sincel1 ∈ β2(b,Y1) and l2 ∈
β3(b,Y2), τ(Yi) fixes Γ0(l i) for eachi = 1,2 by Lemma 3.3. Furthermorel1 ∈ α3(b, l2) and

8



so (2.13)(iv) and Lemma 3.7(i) imply thatl1 andl2 determine a different pairing of the points in
Γ0(b+c)\{b}. Howeverτ(Y1) andτ(Y2) move the points inΓ0(b+c)\{b} and so< τ(Y1),τ(Y2)>
is transitive onΓ0(b+c)\{b}. Sinceτ(Y1) andτ(Y2) lie in Gab, part (i) is proved.

Part (ii) is just Theorem 4.8(ii).
We next establish parts (iii) and (iv). By Theorem 4.8(i) the lines in{c+x|x∈ {a,c}⊥} form

a non-sparse triangle atc and so are incident with a unique sextet, sayX(c,a), in Γ2(c). Likewise
{a+x|x∈ {a,c}⊥} is contained in a unique sextetX(a,c) in Γ2(a). Therefore
Gac ≤StabGa(X(a,c))∩StabGc(X(c,a)). By Lemma 3.3 we haveτ(X(a,c)),τ(X(c,a)) ∈ Gac,
with < τ(X(a,c)),τ(X(c,a)) >≤ Z(Gac). Let b ∈ {a,c}⊥ and , without loss of generality in

Γb, takeb+ c to be the standard trio andb+ a =

− + + + + +
+ − ◦ ◦ − −
+ ◦ ◦ − − ◦
+ ◦ − ◦ − ◦

. Then{a,c}⊥ =

Γ0(l) wherel =

+ + − − + +
+ + − − + +
− − ◦ ◦ ◦ ◦
− − ◦ ◦ ◦ ◦

(∈ Γ1(b)). SetXa =

◦ ∗ · · ∗ ∗
∗ ◦ 2 2 ◦ ◦
· 2 + × × +
· 2 × + × +

andXc =

+ + ∗ ∗ 2 2

+ + ∗ ∗ 2 2

· · ◦ ◦ × ×
· · ◦ ◦ × ×

(regarded as sextets inΓb). ThenX(a,c) = Xa andX(c,a) = Xc ( re-

garded as planes inΓ). Putτ = τ(Xa). Setk =

+ − + − ◦ ◦
+ − + − ◦ ◦
+ − + − ◦ ◦
+ − + − ◦ ◦

∈ Γ1(b). By Lemma 3.3τ

acts regularly onΓ0(k)\{b} ask∈ β1(b,Xa). Sincek∈ α2(b,b+c) we deduce thatτ /∈Q(c). Be-
causeτ∈ Z(Gac) we must haveτ∗c∈ Z(G∗cac). Now parts (i) and (ii) yield that|Gac|= 210.3.5 and
consequently, asG∗cac≤ StabGc(X(c,a)) = L ∼= 263S6, we must haveG∗cac≤CL(t∗c) = K ∼= 26S5.
Furthermore we must have thatG∗cacO2(K)/O2(K)∼= A5 or S5. We now show that|G∗cac∩O2(K)| ≥
24. Using Theorem 3.6(ii) we see that27≤ |Q(b)ac|. Recall, from Theorem 3.6, that

Q(b)∩Q(c) =< T(b+c) >= {τ(X)|X ∈ Γ2(b+c)}∪{1}

with Q(b)∗cc
∼= 26. We observe thatb+a∈ β3(b,X) for oneX in Γ2(b+c) while b+a∈ β1(b,Y)

for the other sixY in Γ2(b+ c). Consequently, by Lemma 3.3,(Q(b)∩Q(c))a has order 2.
ThereforeQ(b)ac∩Q(c) has order 2 and hence|Q(b)∗cac|> 26 . SinceQ(b)∗cac is elementary abelian
andG∗cacO2(K)/O2(K) ∼= A5 or S5, we infer that|G∗cac∩O2(K)| ≥ 24. As a GF(2)S5-module,
O2(K) is indecomposable and has a composition series1\1\4. This then forcesO2(K) ≤ G∗cac
so we haveG∗cac

∼= 26A5 or 26S5. If G∗cac
∼= 26A5, then |Q(c)a| = 22. Referring to [MS] and

using their notation, as aGF(2)L-moduleQ(c) has a decomposition series1\6\4 where the6
is dual toO2(K). So6 is an indecomposableGF(2)S5-module with composition series4\1\1
and so cannot contain a 1-dimensional subspace invariant underA5. Hence|Q(c)a| 6= 22 and so
G∗cac

∼= 26S5 with Q(c)a
∼= 2. This establishes parts (iii) and (iv).
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For part (v) see Theorem 4.8(i).

Remark In Theorem 7.2(iv), because of the involution structure ofM24, t must be an involution
of cycle type212.

We now fix a pointc ∈ ∆2
2(a) until the end of Lemma 7.8. Recall from Theorem 4.7 that

associated withc there is a unique sextet lineS(c,a) = {Xc,Yc,Zc} in Ωc. Let lc be the unique
trio incident with eachS∈ S(c,a). We can now classify the lines inΓ1(c) by viewing them as
trios in Ωc and looking at their intersections with the sextets inS(c,a) andlc.

Definition 7.3Let (βrβsβt ,αu) be the set of linesl ∈Γ1(c) with l ∈ βr(c,Xc)∩βs(c,Yc)∩βt(c,Zc)
for {Xc,Yc,Zc}= S(c,a) andl ∈ αu(c, lc).

Lemma 7.4(β0β2β2,α2) and(β0β3β3,α3) areGac-orbits with|(β0β2β2,α2)|= 18and|(β0β3β3,α3)|=
24.

Proof Of the 14 lines inΓ1(c,Xc)\{lc}, 8 lie in S1 := β3(c,Yc)∩β3(c,Zc)∩α3(c, lc) and 6 lie in
S2 := β2(c,Yc)∩β2(c,Zc)∩α2(c, lc). SinceGc is transitive on sextet lines, by Theorem 7.1(i) we

may assume that, inΩc, S(c,a) is the standard sextet line, that isXc =

∗ ◦ × · + 2

∗ ◦ × · + 2

∗ ◦ × · + 2

∗ ◦ × · + 2

, Yc =

∗ ∗ × × + +
∗ ∗ × × + +
◦ ◦ · · 2 2

◦ ◦ · · 2 2

andZc =

∗ ◦ × · + 2

∗ ◦ × · + 2

◦ ∗ · × 2 +
◦ ∗ · × 2 +

with lc the standard trio. Let

H = G∗cacXc
. Then

, ,

are elements ofH by Theorem 7.1(v) and [Cu2]. HenceS1 andS2 areH-orbits and now the result
follows becauseGac is transitive onS(c,a).

Lemma 7.5(β2β2β2,α2) and(β3β3β3,α3) areGac orbits with|(β2β2β2,α2)|= 24and|(β3β3β3,α3)|=
32.

Proof Any line in (β2β2β2,α2)∪ (β3β3β3,α3) must lie in a plane incident withlc. Let Sbe one
of the four sextets inΓ2(c, lc)\S(c,a). Of the 14 lines inΓ1(c,S)\{lc}, 8 lie in (β3β3β3,α3) and
6 lie in (β2β2β2,α2). SinceGa is transitive on sextet lines and we may assume thatS(c,a) is the

standard sextet line. LetS=

∗ ∗ × × + +
◦ ◦ · · 2 2

◦ ◦ · · 2 2

∗ ∗ × × + +

andH = G∗cacS. Then
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, ,

,

are elements ofH by Theorem 7.1(v) and [Cu2]. Hence(β3β3β3,α3)∩Γ1(c,S) and(β2β2β2,α2)∩
Γ1(c,S) areH-orbits and now the result follows becauseGac is transitive onΓ2(c, lc)\S(c,a) by
Theorem 7.1(iii).

Lemma 7.6(β1β1β2,α1) and(β2β3β3,α1) areGac-orbits with|(β1β1β2,α1)|= 288and
|(β2β3β3,α1)|= 144.

Proof SinceGac is transitive on the three sextets inS(c,a) we need only show thatGac is transi-
tive on lines in(β1β1β2,α1) which lie inβ2(c,Xc) and lines in(β2β3β3,α1) which lie inβ2(c,Xc).
We may assume, without loss of generality, thatS(c,a) is the standard sextet line andXc is the
standard sextet. Since

, ,

,

lie in GacXc by [Cu2], we see thatGacXc is transitive on the twelve octads incident withXc but not
lying in the standard triolc. Notice that any linel in β2(c,Xc)∩ ((β1β1β2,α1)∪ (β2β3β3,α1))
must be a trio containing one of these twelve octads. By the above we may assume thatl contains

the octadO =

× ×
× ×
× ×
× ×

. Then there are twelve possibilities forl , eight of which

lie in (β1β1β2,α1) and four of which lie in(β2β3β3,α1). We can find subsets ofGacXc which
stabilizeO and act transitively on these two sets of trios. For instance

, ,
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,

generate a suitable subgroup ofGacXc by [Cu2]. We have|(β1β1β2,α1)| = 3.12.8 = 288 and
|(β2β3β3,α1)|= 3.12.4 = 144which completes the proof of the lemma.

Lemma 7.7(β1β1β3,α0) and(β1β1β1,α0) areGac-orbits with|(β1β1β3,α0)|= 1152and
|(β1β1β1,α0)|= 1536.

Proof SinceGa is transitive on sextet lines we may assume, without loss, thatS(c,a) is the
standard sextet line andlc is the standard trio. Let

l =

◦ + + + + +
+ ◦ − − ◦ ◦
+ − ◦ − − ◦
+ − − ◦ − ◦

. Thenl ∈ (β1β1β3,α0). SetH = G∗cc andK = G∗cac. First we observe

thatKl ≤ Hlc and soKl = Hlcl ∩K. Sincel ∈ α0(c, lc), (2.3)(i),(ii) implies that|Hlcl |= 23.3. Put
g1 = (0,1)(2,17,16,11)(3,5,15,6)
(4,10,13,7)(8,19)(9,14)(12,20,21,18)(22,∞), g2 = (0,9)(1,14)(2,11)(3,5)(4,10)
(6,15)(7,13)(8,22)(12,18)(16,17)(19,∞)(20,21) andg3 = (0,6,4)(1,7,3)
(2,20,19)(5,13,14)(8,12,17)(9,10,15)(11,∞,21)(16,18,22) where we use the labelling of the
MOG given in Section 2. It is straightforward to check that< g1,g2 > is a dihedral group of order
8 and that< g1,g2,g3 > has order23.3. Further we check that< g1,g2,g3 > stabilizes bothlc and
l . Using [Cu2] we see that< g1,g2,g3 > is a subgroup ofM24 and henceHlcl =< g1,g2,g3 >.
By inspection we see that< g1,g2 > stabilizes the sextet lineS(c,a) whereasg3 does not. Thus
Hlcl ∩K =< g1,g2 > and therefore|Kl |= 23. So theK-orbit of l contains210.32

23 = 1152lines.

Let k=

+ − + + + +
◦ + − ◦ − ◦
◦ + ◦ − − ◦
− + ◦ ◦ − −

. Thenk∈ (β1β1β1,α0). By an argument similar to the above

we haveKk = Hlck∩K with |Hlck|= 23.3. Set
h1 = (0,22,7)(1,2,∞)(3,19,4)(5,11,14)(6,13,8)(9,17,15)(10,18,12)(16,20,21),
h2 = (0,5)(1,8)(2,13)(3,9)(4,17)(6,∞)(7,11)(10,16)(12,20)(14,22)(15,19)
(18,21), h3 = (0,3)(2,10)(6,21)(8,20)(11,17)(14,15)(18,∞)(19,22)
andh4 = (1,12)(4,7)(5,9)(6,21)(13,16)(14,15)(18,∞)(19,22).
Then it is readily checked that< h1,h2 >∼= S3 with < h3,h4 > a fours group normalized by
< h1,h2 >. Hence| < h1,h2,h3,h4 > | = 23.3. By inspection we see that< h1,h2,h3,h4 >
stabilizes bothlc andk and, employing [Cu2] again, we deduce that< h1,h2,h3,h4 >= Hlck.
Further scrutiny reveals that< h1,h2 > stabilizes the sextet lineS(c,a) but that no non-trivial
element in< h3,h4 > does. ConsequentlyHlck∩K =< h1,h2 > and so|Kk| = 2.3. Hence the

K-orbit of k consists of2
10.32

2.3 = 1536lines. Since|α0(c, lc)| = 2688by (2.3)(ii) the lemma is
proven.
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Lemma 7.8(β1β1β3,α1) is aGac-orbit of size 576.

Proof Let H = G∗cac
∼= 26(S3×S4) andQ = O2(H). Since we know all the otherGac-orbits on

Γ1(c), to prove the lemma it is enough to show that|Hl |= 24 wherel =

◦ + + + + +
+ ◦ − − − −
+ ◦ − − − −
+ ◦ ◦ ◦ ◦ ◦

∈ (β1β1β3,α1). Any 3-element inH either permutes the three blocks ofΩc or fixes each block
and exactly two elements of each block. Therefore 3 does not divide|Hl |. By using Appendix 2
we have|Hl ∩Q|= 2. Suppose, for a contradiction, that|Hl |= 25. ThenHl/Hl ∩Q is isomorphic
to a Sylow 2-subgroup ofH/Q of shape2×D8. Also there exists a subgroup isomorphic to
D8 which is transitive on the elements in any of the three blocks. We now have a contradiction
because of the way in which the three octads ofl intersect the three blocks. So|Hl | = 24 as
required.

Lemma 7.9TheGac-orbits onΓ1(c) are as listed in Theorem D.

Proof This is a consequence of Lemmas 7.3(iii) 7.4, 7.5, 7.6 and 7.7.

For our last result of this section,c is a point in∆3
2(a). In the light of Lemma 7.2(iv) and the

accompanying remark, we may supposeX(c,a) is the standard sextet andG∗cac = CG∗cc
(t) where

t = .

Lemma 7.10For c∈ ∆3
2(a) theGac-orbits ofΓ1(c), together with their sizes, are as follows.
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ORBIT SIZE REPRESENTATIVE
(β0,∗) 5 standard trio

(β0,∗∗) 10 T1 =

+ + ◦ − ◦ −
+ + ◦ − ◦ −
+ + ◦ − ◦ −
+ + ◦ − ◦ −

(β1;216;216;18) 960 T2 =

◦ + + + + +
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −
+ ◦ − − − −

(β1;216;216;2214) 1920 T3 =

◦ + + + + +
+ ◦ − − − −
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −

(β2;24;18;18) 60 T4 =

+ + ◦ ◦ ◦ ◦
+ + ◦ ◦ ◦ ◦
+ + − − − −
+ + − − − −

(β2;24;2214;2214) 120 T5 =

+ + ◦ ◦ ◦ ◦
+ + − − − −
+ + ◦ ◦ ◦ ◦
+ + − − − −

(β3;18;18;18) 160 T6 =

+ ◦ + ◦ − −
◦ + + ◦ − −
◦ ◦ − − + ◦
+ + − − + ◦

(β3;2214;2214;18) 240 T7 =

+ ◦ + − − ◦
+ ◦ + − − ◦
◦ + − + ◦ −
◦ + − + ◦ −

(β3;2214;2214;2214) 320 T8 =

+ + + − + −
◦ + − ◦ − ◦
+ ◦ − ◦ − ◦
◦ ◦ + − + −
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Moreover(β0,∗) = {
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

,

+ ◦ + − ◦ −
+ ◦ + − ◦ −
+ ◦ + − ◦ −
+ ◦ + − ◦ −

,

+ ◦ − + − ◦
+ ◦ − + − ◦
+ ◦ − + − ◦
+ ◦ − + − ◦

,

+ ◦ − ◦ + −
+ ◦ − ◦ + −
+ ◦ − ◦ + −
+ ◦ − ◦ + −

,

+ ◦ ◦ − − +
+ ◦ ◦ − − +
+ ◦ ◦ − − +
+ ◦ ◦ − − +

}

= {c+x|x∈ {a,c}⊥}.

Proof First we note that theGac-orbits will partition the setsβi(c,X(c,a)), i = 0,1,2,3. Put
H = G∗cac. We begin by looking atβ0(c,X(c,a)) which, by Theorem 7.2(v), must contain{c+
x|x∈ {a,c}⊥}. Observe that

g =1
∈ H .

Now g1 fixes the standard trio and interchanges

+ + − ◦ − ◦
+ + − ◦ − ◦
+ + − ◦ − ◦
+ + − ◦ − ◦

and

+ + − ◦ ◦ −
+ + − ◦ ◦ −
+ + − ◦ ◦ −
+ + − ◦ ◦ −

. Hence Theorem 7.2(v) implies that the standard trio must be in{c+

x|x∈ {a,c}⊥}. Let g2 andg3 be

respectively. Theng2,g3 ∈CG∗cc
(t) = H andg2g3 has order 5. Applyingg2g3 to the standard trio

yields{c+x|x∈ {a,c}⊥} ( = (β0,∗) ) as stated. Usingg2g3 andg1 it is straight forward to verify
thatβ0(c,X(c,a))\(β0,∗) ( = (β0,∗∗) ) is aGac-orbit of length 10.

Since an element ofH of order 5 must fix (pointwise) one column of the standard sextet and
cycle the remaining 5 columns (in some order), on examining the above listed orbit representa-
tives we see that the stabilizer inH of each representative is a{2,3}-group.

We next considerβ1(c,X(c,a)). An element of order 3 inG∗cac must be of cycle type32 on
the columns of the MOG and hence no element of order 3 can stabilizeT2 or T3. Scanning
Appendix 2 we readily see thatStabO2(H)(Ti) = 1 ( i = 2,3). Therefore|StabH(T2)| ≤ 23. Let
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g∈ StabH(T3). Theng must either fix columns one and two of the standard sextet or interchange
them. Becauseg must also centralizet we observe thatg can only fix or interchange the third and
fourth columns and fix or interchange the fifth and sixth columns. HenceStabH(T3) contains no
elements of order 4 and so|StabH(T3)| ≤ 22. From

|TH
2 |+ |TH

3 | ≥ 960+1920= |β1(c,X(c,a))|

we then deduce that(β1;216;216;18) and(β1;216;216;2214) areH-orbits of sizes 960 and 1920
respectively.

Looking atβ2(c,X(c,a)), we again observe that no element ofH of order 3 can stabilizeT4

or T5. While Appendix 2 reveals that|StabO2(H)(Ti)|= 24 for i = 4,5. Let g∈ StabH(T5)\O2(H)
and supposeg has order 4. Theng must cycle columns three to six in some order. But theng can-
not simultaneously stabilizeT5 and centralizet. Therefore|StabH(T4)| ≤ 27 and|StabH(T5)| ≤ 26

from which we infer that(β2;24;18;18)∪(β2;24;2214;2214)= β2(c,X(c,a)) with |(β2;24;18;18)|=
60and|(β2;24;2214;2214)|= 120.

To complete the proof of the lemma we must finally examineβ3(c,X(c,a)). Using Appendix
2 again we see that|StabO2(H)(Ti)| = 22 for i = 6,7,8. By inspection, a 3-element of H cannot
leaveT7 invariant and therefore|StabH(T7)| ≤ 25 . Turning toT8 we observe that there are exactly
three columns of the MOG for which the2|2 partition of the column induced by t is compatible
with the partition induced by the octads ofT8. This together with the cycle structure of elements
of S5 in its degree 6 permutation representation implies thatStab(T8) induces a group of order at
most 6 upon the columns of the MOG. Consequently|StabH(T8)| ≤ 23.3.

We next examineStabH(T6). So far we know that|StabH(T6)| ≤ 22.23.3 = 25.3. If 3 does
not divide|StabH(T6)|, then

|TH
6 |+ |TH

7 |+ |TH
8 | ≥ 240+240+320= 800> |β3(c,X(c,a))|,

a contradiction. So3||StabH(T6)|. Supposing|StabH(T6)|= 25.3 we derive a contradiction. Then
StabH(T6) must contain an element g of order 4 which cycles four of the columns of the MOG.
If, say,g leaves columns one and three invariant, theng must leave the + octad ofT6 invariant.
But by considering the action ofg on the other columns we see thatg cannot leave the + octad of
T6 invariant. Thusg cannot leave columns one and three invariant; similar considerations show
that g must leave invariant either columns one and two or columns three and four or columns
five and six. Looking atStabO2(H)(T6) we infer thatStabH(T6) must contain an element of order
3 cycling O1,O2 andO3 in some order. Therefore we may suppose thatg leaves columns one
and two of the MOG invariant. The action ofg on columns three to six means thatg cannot
leave the + octad ofT6 invariant. Hence in columns one and twog interchanges the + and o
entries. Thereforeg2 must leave all octads ofT6 invariant andg2 either fixes columns one and
two pointwise or acts onO1 as

.
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Now

h =

is an element ofStabO2(H)(T6). So multiplying byh if necessary we may suppose thatg2 fixes
O1 pointwise. Sinceg2 must send the subset{17,4} of the MOG to{12,21}, by [Cu1] there are
two possibilities forg2, namely

.

However neither of these elements stabilizeT6 which gives us our desired contradiction. So
|StabH(T6)| 6= 25.3. Consequently|StabH(T6)| ≤24.3. We therefore conclude that(β3;18;18;18),
(β3;2214;2214;18) and(β3;2214;2214;2214) areGac-orbits of sizes 160, 240 and 320 (respec-
tively), since

|β3(c,X(c,a))| ≥ |TH
6 |+ |TH

7 |+ |TH
8 | ≥ 160+240+320= |β3(c,X(c,a)|.

This completes the proof of Lemma 7.10.

8. LINES INCIDENT WITH ∆2
2(a) POINTS

Throughout this sectionc is a fixed point in∆2
2(a) andl ∈ Γ1(c).

Lemma 8.1If l is in (β0β2β2,α2), then|Γ0(l)∩∆1(a)|= 1 and|Γ0(l)∩∆2
2(a)|= 4.

Proof Let S= {c+ b|b ∈ {a,c}⊥}. If there existsb,b′ ∈ {a,c}⊥ such thatb 6= b′ andc+ b =
c+ b′, then Lemma 3.11 implies thatΓ2(a,c) 6= /0. Soc∈ ∆1

2(a) contrary to Theorems 4.3 and
4.7. Hence|S| = 18 by Theorem 4.7(v). SinceS is a union ofGac-orbits onΓ1(c), Lemma 7.9
gives thatS is theGac-orbit (β0β2β2,α2). Let l ∈ S. We know that|Γ0(l)∩∆1(a)|= 1 from the
above. For someb∈ {a,c}⊥, b+ c∈ α1(b,b+a) by the definition ofc∈ ∆2

2(a) and so for any
c′ ∈ Γ0(b+c)\{b} we havec′ ∈ ∆2

2(a). The result now follows by Theorem 7.1(i) and becauseS
is aGac-orbit onΓ1(c).

Lemma 8.2 If l is the trio incident with all sextets inS(c,a), then |Γ0(l)∩ ∆1
2(a)| = 3 and

|Γ0(l)∩∆2
2(a)|= 2. Moreover ifx∈ Γ0(l)∩∆1

2(a), thenl ∈ β2(x,X(x,a)).

Proof Let

S= {m∈ Γ0(c)| there existsx∈ ∆1
2(a)∩Γ0(m) with m∈ β2(x,X(x,a))}
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(S 6= /0 by Lemma 6.4 because∆1
2(a) and∆2

2(a) areGa-orbits). Then Lemma 6.4 implies that
|Γ0(m)∩∆1

2(a)|= 3 and|Γ0(m)∩∆2
2(a)|= 2 for everym∈ S. Using Theorem 4.3(iv), Theorem

7.1(ii) and (2.5)(ii) we get that|S|= 1 and therefore, by Lemma 7.9, the lemma is proven.

Lemma 8.3If l is in (β0β3β3,α3), then|Γ0(l)∩∆1
2(a)|= 1 and|Γ0(l)∩∆2

2(a)|= 4. Moreover if
x∈ Γ0(l)∩∆1

2(a), thenl ∈ β3(x,X(x,a)).

Proof We first show thatΓ0(l)∩∆1
2(a) 6= /0. Let x ∈ ∆1

2(a) andy∈ ∆2
2(a)∩∆1(x) with x+ y∈

β3(x,X(x,a)) (such a pointy exists by Lemma 6.4). Then

(8.3.1)y+x lies in theGay-orbit (β0β3β3,α3).

By (2.11)(iv) there existsk∈ Γ1(X(x,a)) with x+y∈ α3(x,k). Letb∈ Γ0(k)∩{a,x}⊥. Then
b∈ {a,y}⊥ by Lemma 3.8(ii). Sinceb+x∈ α3(b,b+y) by Lemma 3.9 andb+c∈ α2(b,b+a),
we must haveb+ x ∈ Γ1(X) for someX ∈ S(y,a) using Theorem 4.7. Thusy+ x ∈ β0(y,X).
Appealing to Lemma 6.4, Lemma 7.9, Theorem 4.3(iv) and Theorem 7.1(ii) concludes the proof
of (8.3.1).

Since∆1
2(a) and∆2

2(a) areGa-orbits we must have somez∈Γ0(l)∩∆1
2(a) with l ∈ β3(z,X(z,a)).

Lemma 8.3 now follows from Lemma 6.4.

The following result covers allGac-orbits ofΓ1(c) which contain a line incident with a point
in ∆3

2(a).

Lemma 8.4Let x∈ ∆3
2(a)∩∆1(c) andm∈ Γ1(c) be the trio inΩc incident with every sextet in

S(c,a). Then{a,x}⊥∩{a,c}⊥ 6= /0 and we have the following three possibilities:
(i) c+x is in (β1β1β2,α1) with |Γ0(c+x)∩∆2

2(a)|= 1, |Γ0(c+x)∩∆3
2(a)|= 2 and|Γ0(c+

x)∩∆1
3(a)|= 2; or

(ii)c+x is in (β2β3β3,α1) with |Γ0(c+x)∩∆2
2(a)|= 3 and|Γ0(c+x)∩∆3

2(a)|= 2; or
(iii) c+x is in (β1β1β3,α1) with |Γ0(c+x)∩∆2

2(a)|= 1 and|Γ0(c+x)∩∆3
2(a)|= 4.

Proof Assume there existsb∈ {a,c}⊥∩{a,x}⊥ and letX ∈ S(c,a) with b∈ Γ0(X). Thenc+x∈
αi(c,c+b) for i = 2 or 3 by Lemma 3.11 and (2.3). First assume thatc+x∈ α2(c,c+b) and let
O be the octad inΩc incident with both the sextetsc+x andc+b. Suppose, for a contradiction,
that O is an octad of the triom and chooseb′ ∈ {a,c}⊥\{b} such thatc+ b′ is incident with
O. We must haveb′ ∈ {a,x}⊥ for otherwisex∈ ∆1

2(b
′) which contradicts Theorem 5.2 because

x∈ ∆3
2(a). However Theorem 4.7 implies that there are six pointsy∈ {a,c}⊥ such thatc+y is

incident withO, whence|{a,x}⊥| > 6, contrary to Theorem 4.8(i). Therefore we conclude that
c+ x has no octad in common withm in Ωc. Sincec+ x /∈ β0(X) by Lemmas 8.1, 8.2, 8.3 and
7.9, we must havec+ x ∈ β2(c,X). Thenc+ x ∈ α1(c,m) by (2.11)(iii) becausec+ x has no
octad in common withm. Therefore Lemma 7.9 implies thatc+ x lies in one of theGac-orbits
(β1β1β2,α1) or (β2β3β3,α1). Let x′ ∈ Γ0(c+x)\{c,x} be such thatx′ ∈ ∆1(b). By Theorem 4.7

we may assume that, inΩb, b+c is the standard trio andb+a is

◦ + + + + +
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −
+ ◦ − − − −

. Since
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b+ x∈ α2(b,b+ c)∩α0(b,b+ a) we see (using Appendix 1) that there are 24 possibilities for
the trio b+ x. In Ωb the trio b+ x′ contains the octad common to bothb+ c andb+ x and is
incident with the sextet inΓ2(b+ c,b+ x). By checking for each of the 24 possibilities we see
thatb+x′ must lie inα0(b,b+a) and thusx′ ∈ ∆3

2(a). For anyy∈ Γ(c+x)\{c,x,x′}, y∈ ∆1
2(b),

whencey /∈ ∆3
2(a) by Theorem 5.2. Therefore|Γ0(c+x)∩∆3

2(a)|= 2 as required.

(8.4.1)b is the unique point in{a,c}⊥∩{a,x}⊥ such thatc+x∈ α2(c,c+b).

Sincec+x has no common octad withm, Theorem 4.7 implies thatb is the unique point in
Γ0(X)∩{c,a}⊥ such thatc+b∈ α2(c,c+ x). Let Y ∈ S(c,a)\{X}. If c+ x∈ β1(c,Y), thenx
is not collinear with any point ofΓ0(Y) by (2.11)(ii). If c+x∈ β3(c,Y), then (2.11)(iv) implies
thatΓ1(Y)∩α2(c,c+x) = /0. Hence (8.4.1) is proven.

Let

S= {y∈ ∆3
2(a)∩∆1(c)| there existsz∈ {a,c}⊥∩{a,y}⊥ with c+y∈ α2(c,z)}.

Since|Γ0(b+x)∩∆3
2(a)|= 4 and|∆1(c)∩ (Γ0(b+x)\{b})|= 2 we have, using Theorem 4.7(v)

and Appendix 1,
|S|= 2.24.18= 864.

However,|Γ0(c+ x)∩∆3
2(a)| = 2 and since2|(β1β1β2,α1)|+ |β2β3β3,α1)| = 864 by Lemma

7.9 we must have{c+ y|y ∈ S} = (β1β1β2,α1)∪ (β2β3β3,α1). Therefore we have shown that
if l ∈ (β1β1β2,α1)∪ (β2β3β3,α1), then there existsx∈ Γ0(l)∩∆3

2(a) and{a,x}⊥∩{a,c}⊥ 6= /0.
Let Z be the unique plane inγ2(c+b,c+x) andY ∈ S(c,a)\{X}.

(8.4.2)If c+x is in β1(Y), thenb+a∈ β1(b,Z).

By (2.8) there are twelve lines inΓ1(Y)∩β1(c,Z) and so from Theorem 4.7(v) and Lemma
3.3 there existsb′ ∈ Γ0(Y)∩{a,c}⊥ such thatb′τ(Z) 6= b′. Howeverb′ ∈ Γ0(c+ b′) and so we
must have thataτ(Z) 6= a becauseΓ2(a,c) = /0. Using Lemma 3.3 again gives (8.4.2)

If y∈Γ0(c+x)\{c,x,x′}, thenb∈∆1
2(a). Hence by (8.4.2) and Lemma 6.4,a∈∆1

3(y). Hence
y∈ ∆1

3(a) by Lemma 6.5. This completes the proof of (i).
Now assumec+ x ∈ α3(c,c+ b). By Lemmas 7.9, 8.1, 8.2 and 8.3c+ x /∈ β0(Y) for each

Y ∈ S(c,a) becausex ∈ ∆3
2(a). Thusc+ x is incident with a plane inΓ2(c,c+ b)\{X}. Then

(2.8)(iii) and (2.11)(iii) imply thatc+ x∈ β3(c,X). Furthermorec+ x∈ α1(c,m) by (2.11)(iv)
becausec+ b and m have a common octad. Therefore Lemma 7.9 implies thatc+ x lies in
(β1β1β3,α1) or (β2β3β3,α1). Assumec+x is in(β1β1β3,α1). By (2.11)(ii),(iv), b is the unique
point in {a,c}⊥∩{a,x}⊥. Let Z be the unique plane inΓ2(c+ x,c+b). Thenb+a∈ β1(b,Z)
by (8.4.2). Ify∈ Γ0(c+x)\{x}, then (2.11)(ii) gives thatb+a∈ α0(b,b+y) and thusy∈ ∆3

2(a)
by Definition 4.1. Supposec+ x is in (β2β3β3,α1). Thenb+ a ∈ α0(b,b+ x)∩α1(b,b+ c)
and so (2.11) implies thatb+ a ∈ βi(b,Z) for i = 1 or 3. If b+ a ∈ β1(b,Z), theny ∈ ∆3

2(a)
for everyy ∈ Γ0(c+ x)\{c} as above. However we already know that|Γ0(c+ x)∩∆3

2(a)| = 2
and so we must haveb+ a ∈ β3(b,Z). Using (2.11)(iv) and the fact thatb+ y ∈ α3(b,b+ c)
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for all y ∈ Γ0(c+ x)\{c} we conclude thatb+ a ∈ α0(b,b+ y) for threey ∈ Γ0(c+ x). Thus
|Γ0(c+x)∩∆2

2(a)|= 3 as required for part (ii). This completes the proof of the lemma.

For the rest of this section we letlc ∈ Γ1(c) be the unique line inβ0(c,S) for all S∈ S(c,a).

Lemma 8.5If l is in (β2β2β2,α2), then|Γ0(l)∩∆2
2(a)|= 3 and|Γ0(l)∩∆1

3(a)|= 2.

Proof Sincel ∈ α2(c, lc) we have thatl ∈ α2(c,c+b) for six pointsb∈ {a,c}⊥, using Theorem
4.7, with each trioc+b containing a common octad. Fixb∈ {a,c}⊥ with l ∈ α2(c,c+b) and let
X′ be the unique plane inΓ2(b, l). By Lemma 3.8(i) there are exactly two points in(Γ0(l)\{c})∩
∆1(b). Let {x,x′} = (Γ0(l)\{c})∩∆1(b). Thenx,x′ /∈ ∆1

2(a)∪∆3
2(a) by Lemmas 7.9, 8.1, 8.2,

8.3 and 8.4. Furthermorex,x′ /∈ ∆1(a) becausel ∈ β2(X) for all X ∈ S(c,a), and sox,x′ ∈ ∆2
2(a).

Let y∈ Γ0(l)\∆1(b). Thenb∈ ∆1
2(y) and so to complete the proof of the lemma it is enough to

show thatb+ a ∈ β1(b,X′) by Lemmas 6.4 and 6.5. Using (2.5)(i), without loss of generality

we may assume that, inΩb, b+c is the standard trio andb+a is

◦ + + + + +
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −
+ ◦ − − − −

. The

triosb+x andb+x′ are incident with the same sextet inΓ2(b,b+c) and both lie inα2(b,b+c).
Thus they are two of the trios labelledB in Appendix 1. ThenX′ is one of the four sextets in
Γ2(b,b+c) such thatb+a∈ β1(b,X′), as required.

Lemma 8.6If l is in (β3β3β3,α3), thenΓ0(l)\{c} ⊆ ∆1
3(a).

Proof Sincel ∈ α3(c, lc) there existsx∈ Γ0(lc)∩∆1
2(a) by Lemma 8.2, whence Lemma 3.8(ii)

implies thatx is collinear with all pointsy∈ Γ0(l). Fix y∈ Γ0(l)\{c}. Using Lemma 8.2 again
we havelc ∈ β2(x,X(x,a)) and so, of the seven sextets inΓ2(c, l), four lie in γ1(x,X(x,a)) and
three lie inγ3(x,X(x,a)).

Let X ∈ S(c,a). Thenx∈ Γ0(X). If X /∈ γ3(x,X(x,a)), then there existsk∈ Γ1(x,X(x,a))∩
β1(x,X). Sinceτ(X) moves every point inΓ0(k)\{x} by Lemma 3.3,τ(X) movesa because
a is collinear with exactly three points ofΓ0(k)\{x}. Howeverτ(X) ∈ Ga by Theorem 4.7
and so we deduce thatS(c,a) ⊆ γ3(x,X(x,a)). Let X′ be the unique plane inΓ2(c,x,y). Then
X′ ∈ γ1(x,X(x,a)) and so, inΩx, the sextetsX(x,a) andX′ are incident with a common octadO.
Sincel ∈ β2(x,X(x,a))∩β0(x,X′), O must be an octad ofl . Using (2.8)(ii) we have that there
are exactly three trios inβ0(x,X′)\β1(x,X(x,a)) and each one contains the octadO. However
x+ y∈ α3(x, lc) and sox+ y cannot containO. Thereforex+ y∈ β1(x,X(x,a)). Appealing to
Lemma 6.4 completes the proof of the lemma.

Lemma 8.7If l is in (β1β1β3,α0), thenΓ0(l)\{c} ⊆ ∆1
3(a).

Proof LetX ∈ S(c,a) be such thatl ∈ β3(c,X). Then there existsk∈Γ1(c,X)∩α3(c, l). Sincel ∈
α0(c, lc), k has no octad in common withlc and so Lemma 7.9 implies thatk lies in (β0β3β3,α3).
By Lemmas 8.3 and 3.8(ii) there existsx∈ Γ0(k)∩∆1

2(a) andx is collinear with every point in
Γ0(l). Fix y∈ Γ0(l)\{c}. Using Lemmas 6.4 and 6.5, to prove the lemma it is enough to show
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thatx+y∈ β1(x,X(x,a)). In Ωx, x+ c∈ β3(x,X(x,a)) by Lemma 8.3. Therefore, of the seven
sextets inΓ2(x,x+c), six lie in γ0(x,X(x,a)) and one lies inγ3(x,X(x,a)). If X ∈ γ0(x,X(x,a)),
then there existsk′ ∈ Γ1(x,X(x,a)) such thatτ(X) moves all points inΓ0(k′)\{x} by (2.8)(i)
and Lemma 3.3. However this means thatτ(X) movesa which contradicts Theorem 4.7. Hence
X ∈ γ3(x,X(x,a)). If X′ is the unique plane inΓ2(c,x,y), thenX′ ∈ γ0(x,X(x,a)). By (2.8)(i)
there are precisely three trios inΓ1(x,X′)\β1(x,X(x,a)) and each one contains a common octad
O. Sincelc is one of these trios andx+y∈ α3(x,m), x+y cannot containO. Thereforex+y∈
β1(x,X(x,a)) as required.

At this point we have determined the point distribution for all lines inΓ1(c) except those in
(β1β1β1,α0). We define the set

∆2
3(a) = {x∈ Γ0| there existsc∈ ∆1(x)∩∆2

2(a) with c+x∈ (β1β1β1,α0)}.
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APPENDIX 1

In this Appendix we list all 105 trios which are incident with one of the 7 sextets which are
themselves incident with the standard trio. This list is used extensively in Section 8.

Let b∈ Γ0 and putΛ = Γb. Let l denote the standard trio inΛ and set

k1 =

◦ + + + + +
+ ◦ ◦ ◦ ◦ ◦
+ ◦ − − − −
+ ◦ − − − −

and

k2 =

− + + + + +
+ − ◦ ◦ − −
+ ◦ ◦ − − ◦
+ ◦ − ◦ − ◦

.

We annotate the triosk below in the following way:-

A means thatk∈ α0(b,k1);
B means thatk∈ α1(b,k1);
C means thatk∈ α0(b,k2).

Further we useA, B andC to mean that (respectively)A, B andC hold and thatk∈ α2(b, l).
So, for example,A means thatk ∈ α0(b,k1) and k contains exactly one of the octads of the
standard triol .

22



1 2 3 4 5 6
1 2 3 4 5 6
1 2 3 4 5 6
1 2 3 4 5 6

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

+ + ◦ − ◦ −
+ + ◦ − ◦ −
+ + ◦ − ◦ −
+ + ◦ − ◦ −

+ + ◦ − − ◦
+ + ◦ − − ◦
+ + ◦ − − ◦
+ + ◦ − − ◦

12|34|56 12|35|46 12|36|45
B C B C

+ ◦ + ◦ − −
+ ◦ + ◦ − −
+ ◦ + ◦ − −
+ ◦ + ◦ − −

+ ◦ + − ◦ −
+ ◦ + − ◦ −
+ ◦ + − ◦ −
+ ◦ + − ◦ −

+ ◦ + − − ◦
+ ◦ + − − ◦
+ ◦ + − − ◦
+ ◦ + − − ◦

13|24|56 13|25|46 13|26|45
A C A C A C

+ ◦ ◦ + − −
+ ◦ ◦ + − −
+ ◦ ◦ + − −
+ ◦ ◦ + − −

+ ◦ − + ◦ −
+ ◦ − + ◦ −
+ ◦ − + ◦ −
+ ◦ − + ◦ −

+ ◦ − + − ◦
+ ◦ − + − ◦
+ ◦ − + − ◦
+ ◦ − + − ◦

14|23|56 14|25|36 14|26|35
A C A C A C

+ ◦ ◦ − + −
+ ◦ ◦ − + −
+ ◦ ◦ − + −
+ ◦ ◦ − + −

+ ◦ − ◦ + −
+ ◦ − ◦ + −
+ ◦ − ◦ + −
+ ◦ − ◦ + −

+ ◦ − − + ◦
+ ◦ − − + ◦
+ ◦ − − + ◦
+ ◦ − − + ◦

15|23|46 15|24|36 15|26|34
A A A

+ ◦ ◦ − − +
+ ◦ ◦ − − +
+ ◦ ◦ − − +
+ ◦ ◦ − − +

+ ◦ − ◦ − +
+ ◦ − ◦ − +
+ ◦ − ◦ − +
+ ◦ − ◦ − +

+ ◦ − − ◦ +
+ ◦ − − ◦ +
+ ◦ − − ◦ +
+ ◦ − − ◦ +

16|23|45 16|24|35 16|25|34
A C A C A C
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1 2 3 4 5 6
1 2 3 4 5 6
2 1 4 3 6 5
2 1 4 3 6 5

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

+ + ◦ − ◦ −
+ + ◦ − ◦ −
+ + − ◦ − ◦
+ + − ◦ − ◦

+ + ◦ − − ◦
+ + ◦ − − ◦
+ + − ◦ ◦ −
+ + − ◦ ◦ −

12|34|56 12|35|46 12|36|45
B C B C

+ ◦ + ◦ − −
+ ◦ + ◦ − −
◦ + ◦ + − −
◦ + ◦ + − −

+ ◦ + − ◦ −
+ ◦ + − ◦ −
◦ + − + − ◦
◦ + − + − ◦

+ ◦ + − − ◦
+ ◦ + − − ◦
◦ + − + ◦ −
◦ + − + ◦ −

13|24|56 13|25|46 13|26|45
A C A C A

+ ◦ ◦ + − −
+ ◦ ◦ + − −
◦ + + ◦ − −
◦ + + ◦ − −

+ ◦ − + ◦ −
+ ◦ − + ◦ −
◦ + + − − ◦
◦ + + − − ◦

+ ◦ − + − ◦
+ ◦ − + − ◦
◦ + + − ◦ −
◦ + + − ◦ −

14|23|56 14|25|36 14|26|35
A C A C A

+ ◦ ◦ − + −
+ ◦ ◦ − + −
◦ + − ◦ − +
◦ + − ◦ − +

+ ◦ − ◦ + −
+ ◦ − ◦ + −
◦ + ◦ − − +
◦ + ◦ − − +

+ ◦ − − + ◦
+ ◦ − − + ◦
◦ + − − ◦ +
◦ + − − ◦ +

15|23|46 15|24|36 15|26|34
A C A C A

+ ◦ ◦ − − +
+ ◦ ◦ − − +
◦ + − ◦ + −
◦ + − ◦ + −

+ ◦ − ◦ − +
+ ◦ − ◦ − +
◦ + ◦ − + −
◦ + ◦ − + −

+ ◦ − − ◦ +
+ ◦ − − ◦ +
◦ + − − + ◦
◦ + − − + ◦

16|23|45 16|24|35 16|25|34
A C A C A C
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1 2 3 4 5 6
2 1 4 3 6 5
1 2 3 4 5 6
2 1 4 3 6 5

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

+ + ◦ − ◦ −
+ + − ◦ − ◦
+ + ◦ − ◦ −
+ + − ◦ − ◦

+ + ◦ − − ◦
+ + − ◦ ◦ −
+ + ◦ − − ◦
+ + − ◦ ◦ −

12|34|56 12|35|46 12|36|45
B C B C

+ ◦ + ◦ − −
◦ + ◦ + − −
+ ◦ + ◦ − −
◦ + ◦ + − −

+ ◦ + − ◦ −
◦ + − + − ◦
+ ◦ + − ◦ −
◦ + − + − ◦

+ ◦ + − − ◦
◦ + − + ◦ −
+ ◦ + − − ◦
◦ + − + ◦ −

13|24|56 13|25|46 13|26|45
A C A C A C

+ ◦ ◦ + − −
◦ + + ◦ − −
+ ◦ ◦ + − −
◦ + + ◦ − −

+ ◦ − + ◦ −
◦ + + − − ◦
+ ◦ − + ◦ −
◦ + + − − ◦

+ ◦ − + − ◦
◦ + + − ◦ −
+ ◦ − + − ◦
◦ + + − ◦ −

14|23|56 14|25|36 14|26|35
A A C A C

+ ◦ ◦ − + −
◦ + − ◦ − +
+ ◦ ◦ − + −
◦ + − ◦ − +

+ ◦ − ◦ + −
◦ + ◦ − − +
+ ◦ − ◦ + −
◦ + ◦ − − +

+ ◦ − − + ◦
◦ + − − ◦ +
+ ◦ − − + ◦
◦ + − − ◦ +

15|23|46 15|24|36 15|26|34
A A C A C

+ ◦ ◦ − − +
◦ + − ◦ + −
+ ◦ ◦ − − +
◦ + − ◦ + −

+ ◦ − ◦ − +
◦ + ◦ − + −
+ ◦ − ◦ − +
◦ + ◦ − + −

+ ◦ − − ◦ +
◦ + − − + ◦
+ ◦ − − ◦ +
◦ + − − + ◦

16|23|45 16|24|35 16|25|34
A A C A C
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1 2 3 4 5 6
2 1 4 3 6 5
2 1 4 3 6 5
1 2 3 4 5 6

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

+ + ◦ − ◦ −
+ + − ◦ − ◦
+ + − ◦ − ◦
+ + ◦ − ◦ −

+ + ◦ − − ◦
+ + − ◦ ◦ −
+ + − ◦ ◦ −
+ + ◦ − − ◦

12|34|56 12|35|46 12|36|45
B C B C

+ ◦ + ◦ − −
◦ + ◦ + − −
◦ + ◦ + − −
+ ◦ + ◦ − −

+ ◦ + − ◦ −
◦ + − + − ◦
◦ + − + − ◦
+ ◦ + − ◦ −

+ ◦ + − − ◦
◦ + − + ◦ −
◦ + − + ◦ −
+ ◦ + − − ◦

13|24|56 13|25|46 13|26|45
A A C A C

+ ◦ ◦ + − −
◦ + + ◦ − −
◦ + + ◦ − −
+ ◦ ◦ + − −

+ ◦ − + ◦ −
◦ + + − − ◦
◦ + + − − ◦
+ ◦ − + ◦ −

+ ◦ − + − ◦
◦ + + − ◦ −
◦ + + − ◦ −
+ ◦ − + − ◦

14|23|56 14|25|36 14|26|35
A C A C A C

+ ◦ ◦ − + −
◦ + − ◦ − +
◦ + − ◦ − +
+ ◦ ◦ − + −

+ ◦ − ◦ + −
◦ + ◦ − − +
◦ + ◦ − − +
+ ◦ − ◦ + −

+ ◦ − − + ◦
◦ + − − ◦ +
◦ + − − ◦ +
+ ◦ − − + ◦

15|23|46 15|24|36 15|26|34
A C A A C

+ ◦ ◦ − − +
◦ + − ◦ + −
◦ + − ◦ + −
+ ◦ ◦ − − +

+ ◦ − ◦ − +
◦ + ◦ − + −
◦ + ◦ − + −
+ ◦ − ◦ − +

+ ◦ − − ◦ +
◦ + − − + ◦
◦ + − − + ◦
+ ◦ − − ◦ +

16|23|45 16|24|35 16|25|34
A C A A C
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1 1 3 3 5 5
1 1 3 3 5 5
2 2 4 4 6 6
2 2 4 4 6 6

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

+ + ◦ ◦ ◦ ◦
+ + ◦ ◦ ◦ ◦
+ + − − − −
+ + − − − −

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + − − ◦ ◦
+ + − − ◦ ◦

12|34|56 12|35|46 12|36|45
B C

+ + + + − −
+ + + + − −
◦ ◦ ◦ ◦ − −
◦ ◦ ◦ ◦ − −

+ + + + ◦ ◦
+ + + + ◦ ◦
◦ ◦ − − − −
◦ ◦ − − − −

+ + + + − −
+ + + + − −
◦ ◦ − − ◦ ◦
◦ ◦ − − ◦ ◦

13|24|56 13|25|46 13|26|45
B C B C

+ + ◦ ◦ − −
+ + ◦ ◦ − −
◦ ◦ + + − −
◦ ◦ + + − −

+ + − − ◦ ◦
+ + − − ◦ ◦
◦ ◦ + + − −
◦ ◦ + + − −

+ + − − − −
+ + − − − −
◦ ◦ + + ◦ ◦
◦ ◦ + + ◦ ◦

14|23|56 14|25|36 14|26|35
B B C B C

+ + ◦ ◦ + +
+ + ◦ ◦ + +
◦ ◦ − − − −
◦ ◦ − − − −

+ + − − + +
+ + − − + +
◦ ◦ ◦ ◦ − −
◦ ◦ ◦ ◦ − −

+ + − − + +
+ + − − + +
◦ ◦ − − ◦ ◦
◦ ◦ − − ◦ ◦

15|23|46 15|24|36 15|26|34
B B

+ + ◦ ◦ − −
+ + ◦ ◦ − −
◦ ◦ − − + +
◦ ◦ − − + +

+ + − − − −
+ + − − − −
◦ ◦ ◦ ◦ + +
◦ ◦ ◦ ◦ + +

+ + − − ◦ ◦
+ + − − ◦ ◦
◦ ◦ − − + +
◦ ◦ − − + +

16|23|45 16|24|35 16|25|34
B B C B C
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1 1 3 3 5 5
2 2 4 4 6 6
1 1 3 3 5 5
2 2 4 4 6 6

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

+ + ◦ ◦ ◦ ◦
+ + − − − −
+ + ◦ ◦ ◦ ◦
+ + − − − −

+ + ◦ ◦ − −
+ + − − ◦ ◦
+ + ◦ ◦ − −
+ + − − ◦ ◦

12|34|56 12|35|46 12|36|45
B C

+ + + + − −
◦ ◦ ◦ ◦ − −
+ + + + − −
◦ ◦ ◦ ◦ − −

+ + + + ◦ ◦
◦ ◦ − − − −
+ + + + ◦ ◦
◦ ◦ − − − −

+ + + + − −
◦ ◦ − − ◦ ◦
+ + + + − −
◦ ◦ − − ◦ ◦

13|24|56 13|25|46 13|26|45
A C B A C

+ + ◦ ◦ − −
◦ ◦ + + − −
+ + ◦ ◦ − −
◦ ◦ + + − −

+ + − − ◦ ◦
◦ ◦ + + − −
+ + − − ◦ ◦
◦ ◦ + + − −

+ + − − − −
◦ ◦ + + ◦ ◦
+ + − − − −
◦ ◦ + + ◦ ◦

14|23|56 14|25|36 14|26|35
A C A C B C

+ + ◦ ◦ + +
◦ ◦ − − − −
+ + ◦ ◦ + +
◦ ◦ − − − −

+ + − − + +
◦ ◦ ◦ ◦ − −
+ + − − + +
◦ ◦ ◦ ◦ − −

+ + − − + +
◦ ◦ − − ◦ ◦
+ + − − + +
◦ ◦ − − ◦ ◦

15|23|46 15|24|36 15|26|34
B A C A C

+ + ◦ ◦ − −
◦ ◦ − − + +
+ + ◦ ◦ − −
◦ ◦ − − + +

+ + − − − −
◦ ◦ ◦ ◦ + +
+ + − − − −
◦ ◦ ◦ ◦ + +

+ + − − ◦ ◦
◦ ◦ − − + +
+ + − − ◦ ◦
◦ ◦ − − + +

16|23|45 16|24|35 16|25|34
A C B C A C
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1 1 3 3 5 5
2 2 4 4 6 6
2 2 4 4 6 6
1 1 3 3 5 5

+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −
+ + ◦ ◦ − −

+ + ◦ ◦ ◦ ◦
+ + − − − −
+ + − − − −
+ + ◦ ◦ ◦ ◦

+ + ◦ ◦ − −
+ + − − ◦ ◦
+ + − − ◦ ◦
+ + ◦ ◦ − −

12|34|56 12|35|46 12|36|45
B C

+ + + + − −
◦ ◦ ◦ ◦ − −
◦ ◦ ◦ ◦ − −
+ + + + − −

+ + + + ◦ ◦
◦ ◦ − − − −
◦ ◦ − − − −
+ + + + ◦ ◦

+ + + + − −
◦ ◦ − − ◦ ◦
◦ ◦ − − ◦ ◦
+ + + + − −

13|24|56 13|25|46 13|26|45
A C B A C

+ + ◦ ◦ − −
◦ ◦ + + − −
◦ ◦ + + − −
+ + ◦ ◦ − −

+ + − − ◦ ◦
◦ ◦ + + − −
◦ ◦ + + − −
+ + − − ◦ ◦

+ + − − − −
◦ ◦ + + ◦ ◦
◦ ◦ + + ◦ ◦
+ + − − − −

14|23|56 14|25|36 14|26|35
A C A C B C

+ + ◦ ◦ + +
◦ ◦ − − − −
◦ ◦ − − − −
+ + ◦ ◦ + +

+ + − − + +
◦ ◦ ◦ ◦ − −
◦ ◦ ◦ ◦ − −
+ + − − + +

+ + − − + +
◦ ◦ − − ◦ ◦
◦ ◦ − − ◦ ◦
+ + − − + +

15|23|46 15|24|36 15|26|34
B A C A C

+ + ◦ ◦ − −
◦ ◦ − − + +
◦ ◦ − − + +
+ + ◦ ◦ − −

+ + − − − −
◦ ◦ ◦ ◦ + +
◦ ◦ ◦ ◦ + +
+ + − − − −

+ + − − ◦ ◦
◦ ◦ − − + +
◦ ◦ − − + +
+ + − − ◦ ◦

16|23|45 16|24|35 16|25|34
A C B C A C
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APPENDIX 2

Let H be the stabilizer inM24 of the standard sextet. ThenH ∼= 263S6. Here we list all 64
elements ofO2(H); see also the sextet stabilizer section in [Cu1].
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