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INTRODUCTION

This paper is the second in a three part series which is devoted to a study of the maximal 2-local
geometry for the sporadic simple grodp We continue the section numbering of [RW1], and
direct the reader to Section 1 for notation and statements of the main results of this enterprise.
The present state of play is that we know a great deal abgal) UA»(a) (a being a fixed point
of the point-line collinearity grapli;). So, for example, it has been shown thata) is the
union of threeG,-orbitsAl(a), A3(a) andA3(a). Of these thre&,-orbits, our information about
Al(a) is the most complete - indeed in Lemma 6.4 we are able to finish our analy&igayt
Section 7 sees us refining our earlier knowledge gained in Theorems 4.7 and 4.85abfont
x € A3(a) UA3(a). In Theorems 7.1 and 7.2 we show ti@ff = 26 : (S3 x Sy) (whenx € A3(a))
andGzX = 28 : S5 (whenx € A3(a)).Building on this information, in the balance of Section 7, we
determine th&ay-orbits upon1(x) for x € A3(a) UA3(a). Section 8 is concerned with the point
distribution of lines in"1(x) for x € A3(a).

The investigation of\3(a), the third and (as we learn) final discafoccupies [RW2]. How-
ever we do dip our toe intAz(a)- in Section 6 we introduce and examine the/st), showing
that it is aGa-orbit contained im\3(a).

We end this paper with two appendices which contain information needed for some of our
calculations.

6. THE G,-ORBIT Al(a)

As mentioned in the introduction, we now begin delving into the third disgG oUltimately we
shall show thaf\z(a) is the union of twdG,-orbits, one of which is&&%(a), defined below. In this
section we prove some elementary propertieAiQh), and complete the proof of Theorem C.
We shall return, in Section 10 of [RW2], @(a) and subject it to an in-depth investigation.

Definition 6.1
A(a) := {d € | there exists € A(a) NA1(d) such that+d € B1(c,X(c,a))}

Lemma 6.2A%(a) C As(a).

Proof Let d € Ai(a), and letc € Al(a) NA1(d) be such that+d € Ba(c,X(c,a)). From The-
orem 4.3(ii)d ¢ A1(a) and, by Theorem 5.2) ¢ A3(a), also. Now supposd € Al(a). Then
Lemma 5.1 implies thafa,c}*+ N {a,d}* # 0 whence, by Lemma 5.4,+d ¢ B1(c, X(c,a)), a
contradiction. Thusl ¢ Al(a). Furthermored ¢ A3(a) because of Theorem 5.8(i). So, in view
of Lemma 4.2, we conclude thdt# Aq(a) UAz(a). Henced € Az(a), so giving the lemma.

Lemma 6.3A3(a) is aGa-orbit.

Proof Letd € Al(a). Then there exists € A}(a) NA1(d) such that = c+d € Ba(c, X(c,a)), by
definition ofA%(a). As a result of (2.5)(i) and Theorem 4.3(v), we only need prove @atis



transitive ol o(I)\{c}. PutX = X(c,a). Again by (2.5)(i) and Theorem 4.3(v) we may assume,
o + |+ + |+ +

. . . . L |+
without loss of generality, that i€, X is the standard sextet ahds + Z i O_ O_ i :
+ o|— —|— —
+ +
. o + +
There exists a trio lying i2(c, X) Naz(c,l), namelyk; = I R i . LetY be
+ + |- —| - -
o + |+ +[+ +
. . + - |- - .
the unique sextet ifi2(c,1,k;) and choosé; € '1(c,Y) to be ° . By in-
+ @) @) O o o
+ o|— —| — —

spection we have
(6.3.1)k; € az(c,ko);

(6.3.2)k1, k2 S Gz(C, |).

In Qc, letZ be the sextet . Then we note that

+ + 00O
+ 0+ 0

(@)
* X X ¥

X X * %

(6.3.3)(i) I € B1(c,X)NP1(c,2); and
(i) k1 € Ba(c,X), ke € B3(c,2).

By Lemma 3.7(ii) and (6.3.18; € (Y, c,kp) and as a consequenkgandk, determine a
different pairing of the points ip(l)\{c} by (2.13)(iv). Fori = 1,2 we fix d; € ['o(ki)\{c}.
Now we can label the points ifg(I)\{c} a1,a2,a3,a4 in such a way thafa;,ax} = A1(d1) N
(Fo(\{c}) and{az,az} =A1(d2) N (Fo(l)\{c}). From Lemma 3.3 and (6.3.3)@@}X) andt(Z)
act regularly uporo(l)\{c}. Also 1(X) fixesd; andt(Z) fixesdy by (6.3.3)(ii) and Lemma
3.3. Thereforer(X) must interchang@; with ap andag with a4 while 1(Z) interchangesy
with ag andap with a4. Hence< 1(X),1(Z) > is transitive onlo(l)\{c}. SinceZ € y3(c, X),
1(Z) € Q(X) by Lemma 3.4. Thus 1(X),1(Z) >< G4 and so the lemma is proved.

Lemma 6.4Letc € Al(a), | € F1(c) with | € Bi(c,X(c,a)). Then the following table describes
the point distribution of o(1).

I point distribution
0 N 2A3
1 103403
2 ni2A2
3 103403
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Proof If | € Bo(c,X(c,a)), thenl € T1(X(c,a)). Applying (2.16) toA = 'x(cq Yields that
IFo(l) NA1(a)| = 3 with the remaining two points dfg(l) lying in Ax(a) NTo(X(c,a)). Hence,
these two points lie i\}(a), by the definition ofAl(a). Theorem 5.8ii), (iii) gives the point
distribution for the caseis= 2,3 and finallyi = 1 follows from the definition ofA}(a).

Combining Lemma 6.4, Theorem 4.3(v) and (2.5)(i) we see that we have verified Theorem
C.

Lemma 6.51f d € Al(a), thena € AL(d).

Proof Let ¢ € A}(a) NA1(d) be such that+d € Bi(c,X) whereX = X(c,a). By Theorem
4.3(v) and (2.5)(i), without loss of generality, we may assumeXhiatthe standard sextet @

o + |+ + |+ + + +]o oo o

.|+ o|lo o]o o .|+ +|lo o]o o
andc+d is . Letl € I'1(c) be the trio . Then

+ o| - —| — — + + - -] = -

+ o|— —| — — + + - -] = -

| € B2(c,X) Naz(c,c+d), whence Lemma 6.4 implies théfo(l) NA3(a)| = 2 and|Fo(1) N
A}(a)| = 3. By Lemma 3.8(i)d is collinear with exactly two points dfo(l)\{c}. SinceAl(a)
is a Gg-orbit by Lemma 6.3 andfg(c+ d)\{c} C Al(a) from Lemma 6.4, we know that is
collinear with a pointc’ say, in[o(I) NA3(a). When viewed i, | = ¢+ c is the unique trio
incident with every sextet i (¢, a) by Lemma 5.6 and thusc a(c’,c¢ +b) forallb € {¢,a}*
by Theorem 4.7. Sinc€ +d € ay(c,l), in 'y the triosc’ +d andl have a common octa@.
Using Theorem 4.7 again there exibts {c’,a}* such that the tri@’ + b containsO. Therefore
d € Al(b) and the result follows becausi¢a, d) = 3 andA; (b) N Az(d) C Ai(d) by Lemma 6.2.

7. STABILIZERS AND LINE ORBITS FOR POINTS IN  A%(a) AND A3(a)

In this section we investigate ti@&c-orbits of lines inM1(c), wherec is first a point ofAZ(a) and
then a point ofA3(a). Before commencing this study we need to determine the structudg.of
in both cases as well as showing thgta) andA3(a) areGa-orbits.

Starting withc € A3(a), by Theorem 4.7 there exists a unique sextet kife a) in I'¢ fixed
by G4¢. We letl; denote the unique line ihy(c) incident with each sextet ii(c, a).

Theorem 7.1Letc € A3(a). Then,

(i) A2(a) is aGg-orbit;

(i) |A3(a)| = 27.3.5.7.11.23,

(i) if gis a 3-element 0655 which acts non-trivially on the octads & theng acts non-
trivially on Fo(lc) NAL(a);

(iv) if S(c,a) = {Xc,Ye, Zc}, thent(Xe)T(Ye) = 1(Zc); and

(v) G5 is the stabilizer of the sextet ling(c,a) and the triol¢ incident with each sextet of
S(c,a) in Qc. MoreoverGS = 28 : (S x §;) with Q(c) =2 24,



Proof Combining Theorem 3.6(ii) and (2.3)(i) it suffices to prove the following result to show
part (i) is true.

(7.1.1)Forb € {a,c}*, Q(b)ac =2 2.

SinceQ(b) = 2° by Theorem 3.6(ii) we need to show th@tb), is transitive onlp(b +
¢)\{b}. The strategy we employ is the same as that used in Lemma 6.3. Without loss of gen-

— 4+ |+ 4+ |+ +
. . : + |- |- -
erality we may take, i, b+ c to be the standard trio aru+a = +
+ J—
Consider the following lines and planeslip:-
+ +| — o| — o — o |+ +| — o
+ +| - o| — o — o |+ +| — o
k=, |- o] o k= _ o+ +|_ o
+ +| — o| — o — o |+ +| — o
x O]+ + + + | x O
* o | + . + + *x O +
Y1 = Yo = .
¥ x| 0O O (] * x| 0O =%
O o | X X 0 X o |0 o] x o

Sinceky, ko, b+ c are incident with the standard sextet &agk; € a2(b,b+c), ky € az(b, ko),
appealing to (2.13)(iv) gives th&i andk, determine a different pairing of the pointslig(b+
c)\{b}. Moreover we observe that+ c € B1(b,Y1) NPB1(b,Y2) andb+a € Bz(b,Y1) NPz(b,Y2).
Also kg € Bs(b,Y1) andky € Bs(b,Y2). Using Lemma 3.3 gives(Y1),T(Y2) € Q(b)a with T(Y1)
fixing Mo(k1) pointwise andt(Yz) fixing Mo(k2) pointwise. Hence, using Lemma 3.3 again we
see thak 1(VY1),1(Y2) > acts transitively o o(b+c)\ {b}, which completes the proof of (7.1.1).

Part (i) now follows from (i) together with the fact thidt; (a)| = 22.3.5.11.23, |{a,c} | = 18
and|ay(b,b+a)| = 24.32.7 for anyb € A;(a) by (2.3)(ii) and Theorems 3.6(i) and 4.7(v).
For part (iii) it is enough to prove

(7.1.2)Letd € Io(Ic) NAL(a). Then|{a,d}* N {a,c}*| = 6 and their exists an octad of the trio
lc in Q¢ which lies in the tricc+b for all b € {a,d}* N {a,c}*.

For eachb € {a,c}*, c+b € ay(c,lc) by Theorem 4.7. Sb is incident with some point in
Fo(lc) NAS(a) becausélo(lc) NAL(a)| = 3by Theorem 5.8(ii). Leby € {a,d} N {a,c}t. InTp,
— + |+ +[+ +

we may suppose thag + a is the standard tridy; +¢c = andb; +d =

+
+ —
+




+ + | - —| - — -+ | - - - -
+ + | - —| - — + — |+ + |+ +
+ +lo olo ol c € Ar(b1)NTo(lc)\{c,d}, thenb; + ¢ = + 1o ole o
+ 4+ |0 o|o o + —]o oo o

a1(b1, by +a). Soc’ € A3(a) andbis incident with a unique point ifig(lc) NAl(a). SinceGacis
transitive o o(Ic) NAl(a) and|{a,c}*| = 18we have that{a,d}* N{a,c}*| =6. Let{a,d}* N
{a,c}+ = {by, by, b3, by, bs,bg}. Arguing as in Theorem 4.7 we have thatc Aq(by) for i =

~—~

— |+ o+ = =
2,...,6 and we may suppose thiat +by = by +d, by + bz =b; 4+ by = : : : : -
+ 4+ |0 e)
+ + |+ +| - —
+ + |+ +| = —
(€ az(by,by+c)) andby +bs=b; +bg=| o olo o (€ az(by,bi+c)). Sowe

— — | O @) @) O
havec+bi € ax(c,c+bj) for alli # j € {1,...,6}. By examining the possibilities in the table
following Theorem 4.7 we see that each tcie bj(i = 1,...,6) contains a fixed octad of the trio
lc. This proves (7.1.2) and so part (iii).

Turning to part (iv), sinc&;(c) = 1 by Lemma 3.2(iv) we need to show thdiX;)1(Y;) has
the same action agZ.) ono(l) for everyl € I'1(c). By Theorem 3.6(iii)t(Xc)t(Ye) = T(X)
for someX € IMa(l¢). In I'c we identify $(c,a) with the concrete description presented after
+ 4+ |k % X X

Theorem 4.7. Sd is the standard trio. Suppose that= . Letl =

O Ojlo o
+ + | x x| X X
O Olo o

+ + +
+ + +
|
|

. Thenl € Ba(c,X:) N Bs(c,Ye) N B1(c,X). Now Lemma 3.3 yields a

—| — o

+ —|+ —|o —
contradiction because X;)1(Yc) fixeslo(l) pointwise butr(X) does not. Similar considerations
rule out the other three sextetslin(l¢)\S(c,a). HenceX = Z; as required.

We now prove (v). Leb be some fixed point ofa,c}+. From Lemma 4.5(ii) there are
exactly threeX € I'z(b,c) such thatr(X) fixesa. One of these three lies ifi(c,a) and the other
two are incident with exactly threec {a,c}* by Theorem 4.7. So we get 15 distin¢tc I'»(c)
incident with somex € {a,c}* such that (X) fixesa. Hence|Q(c)| > 2%. By Theorem 4. Gy is
contained irStalg_S. We recall that. := (Stals, $)*¢ =2 2°: (S x &). We haveGig < Gae.- Set
M = O2(Ggg ) = 25; note thatM < L andL/M = S3 x S;. From part (i) and Theorem 4.7(vi),
|Gac| = 214.32. By Theorem 5.8(ii),|lo(lc) N A3(a)| = 2 and |[Mo(lc) NA3(a)| = 3. Choose
d € Mo(lc) NAY(a). PutX = X(d,a). From Theorem 4.3(WB:4 2 2635 with Q(d)a = 27; as a
GF(2)3S%-moduleQ(d)4 has composition serieb\ 6 where< 1(X) > is the trivial submodule
andQ(d)a/ < T(X) > is a 6-dimensional irreducible which is dual @®(G:d) ( see [Theorem




3;MS]). Viewing things fromd, we have by Lemma 5.6 thdt+ ¢ € 32(d, X), a line orbit of size

180. Using Appendix 2 we deduce @i, = 2*: (Sy x 2). We claim thaQ(d)ac = 2°. Suppose
S Bl B - O]« % O

X is the standard sexted,+ ¢ = Tt ST Tlandlety = O X oot x|
+ +]o o]o o O|lo o O
+ +|o0o o|o o + X|o x|+ X

ThenY € y3(d,X) andd+c € B1(d,Y). SoY € Q(X) < G by Lemma 3.4 and(Y) ¢ G¢ by
Lemma 3.3. Therefor@®(d)ac = 2°. HenceGaeq =2 2524 : (S4 x 2) and so

+ + | . X | - X . x|+ + X
. . | o o X X . X|o o] - X .
[Gac . Gacd] — 3 |ﬂ rc |et X]_ — o + D % D « y X2 — D « o + D « y X3 —
+ o | 0O x| 0O x% O x|+ o | O =%
X X |+ +
X . X | O ©) . . . . . . . pe
O 10 «lo +/ Since part (iv) applies to any sextet line at c it is easily verified that
O (0 x|+ o
< 1(X1),T(X2),1(X3),T(Xc), T(Ye) > is a group of orde?*. Put

Ny =< 1(X),T(Ye) > (22 22) < Q(c) NQ(d) NG, and
N2 =< T(X1),T(X2), T(X3), T(Xe), T(Ye) > .

Observe thalN; andN; are both normal subgroups Gf,c contained inQ(c).
(7.1.3)N1 =Q(c)NQ(d)NGa £< T(c+d) >.

First we note thall; < Q(c)NQ(d)NG,. Of the seven sextets Iip(d-+c), four lie inyi(d, X)
and three lie iny3(d, X). By Lemma 3.41(Y)|Y € '2(d+c)Nys(d,X)} € Q(X)(< Gy). Also
if Y € M2(d+c)nyi(d, X), then there existk € I'1(X) with k € B1(d,Y). Sot(Y) acts regularly
onTo(k)\{b} which consists of three points iy (a) and one point i\ (a). Hencet(Y) ¢ Ga.
S0|Q(c) NQ(d) N G,| = 22 using Theorem 3.6 (jii).

We now assume th&(c)a = N2 and seek a contradiction. LBte Syk(Gac) and letR< P
be a subgroup of order 3 which bodily permutes the octadis henCq)(R) =< T(c+d) >.

(7.1.4)|Q(c)a| = 2°.

If Cqre)a/ny(P) # 1, then, asR centralizesNy, |Co(c),(R)| > 23, whence< T(c+d) >=
Co(c)a(R)- Butthen< T(c+d) ><Q(c)NQ(d) NG, contrary to (7.1.3). Therefol€@(c)a/Nz| #
2 or 22 If |Q(c)al > 28, then by (7.1.3Q(c);" = O2(G}%, ), which is not the case. Since
Q(C)a < Q(C)ag andQ(c) = 29 (as[Gac : Gacdl = 3) the only remaining possibility i8(c)a| =
26,

SinceCyu (P) =1, (7.1.4) yields



(7.1.5)One of the following holds:-
(i) IMN G| = 2* andG;< coversL/M; or
(i) M <GiLandGis/M = S3 x Ay, S3x S or (3x Ag)2.

(7.1.6)If gis an element of order 3 iB,cq, theng leaves invariant the three octadd of c+d.
Sinceg fixesd, part (iii) implies (7.1.6).

Letg be an element of order 3 {B,¢4, and without loss of generality suppage P. Suppose
(7.1.5)(i) holds. Sinc®(d)ac= 2° andQ(c) NQ(d)NGa = 22, Q(d):$ = 24 and hencM NG =
Q(d)zS. Noting that
N1 < T(X) > / < 1(X) >= 22 we infer thatiCuncg(0)| = 22 (see [Lemma 3.5;R]). Then &S
coversL/M = $3 x Sy andCy (P) = 1 using (7.1.6) we deduce thgtentralizegVl /M N G;Z and
consequentlyCy (g)| > 24, whereagCy (g)| = 22. So (7.1.5)(i) cannot hold and so (7.1.5)(ii)
must pertain. Looking if5,cq We see thag is inverted by an involution and €8;5/M = S5 x
S or (3x A4)2. Examining the action upo®(c)a/Nz and N2/N; and using the fact thaR
is fixed point free on these sections yields thatentralizes botrQ( C)a/N2 andNz/N;. So
ICac)a | > 24, SinceQ(C)a < Q(C)ag < Q(c)q this gives|Cqc)y(9)| > 24, This is impossible

as|CQ )| = 23 and this gives us our final contradiction. Thus we must 1@, = Np = 24
from WhICh (iv) follows.

Theorem 7.2Letc € A3(a). Then

(i) A3(a) is aGg-orbit;

(i) |A3(a)| = 211.32.7.11.23,

(ii) G;‘é >~ 26 55 with Q(c)a =

(iv) Gi& stabilizes a unique sextm(c a) in ' andQ(c)a =< 1(X(c,a)) > (‘and a similar
statement holds witaandcinterchanged ). Furthertif=1(X(a,c))*c, thenGg‘gls the centralizer
in Gi¢ of t; and

(v) the set of line§c+x|x € {a,c}*} form a non-sparse triangle in (X(c,a)) and{a,c}* =
Mo(l) for some lind.

Proof For anyb € Aj(a), Gap is transitive onag(b,b+ a) by (2.3)(ii) and Theorem 3.6(ii).
Hence to prove part (i) it is enough to show ti@&y, is transitive onlg(b+ c)\{b} for any
b € {a,c}+. Without loss of generality we may chods@andc such that i, b+ a is the stan-

+ o |+ + |+ +
. — + — — .
dardtrioantd+c=| N Z _ i o . Consider the sexte¥§ = standard sextet ané =
(@] + O @) — —

+ x| x o O + olo 4]+ + + o — + |+ +
+ d . — — |+ — + — + —
e and the trio$; = °l° andl, = ° °
* +|o x| 0O - — oo —| — + — —lo —|+ o
*x +|o x| O - + o|lo +|— — o —|o o | — +
in Mp. Thenb+c € B1(b,Y;) andb+c € ax(b,l;) for i = 1,2. Sincel;, € B2(b,Y1) andl; €

Bz(b,Y2), 1(Y;) fixes [p(l;) for eachi = 1,2 by Lemma 3.3. Furthermork € az(b,l) and
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so (2.13)(iv) and Lemma 3.7(i) imply thht andl, determine a different pairing of the points in
Mo(b+c)\{b}. Howevert(Y;) andt(Y,2) move the pointsifig(b+c)\{b} and so< 1(Y1),1(Y2) >
is transitive o o(b+c)\{b}. Sincet(Y1) andt(Y,) lie in Gy, part (i) is proved.

Part (i) is just Theorem 4.8(ii).

We next establish parts (iii) and (iv). By Theorem 4.8(i) the line§dn-x|x € {a,c}*} form
a non-sparse triangle aand so are incident with a unique sextet, ¥dg. a), in ['>(c). Likewise
{a+x|x € {a,c}} is contained in a unique sextéta, c) in M»(a). Therefore
Gac <Staly, (X(a,c))NStalys, (X(c,a)). By Lemma 3.3 we have(X(a,c)),1(X(c,a)) € Gac,
with < T1(X(a,¢)),T(X(c,a)) >< Z(Gac). Letb € {ac}+ and , without loss of generality in

— + [+ +]+ +
b, takeb+ c to be the standard trio arlgl+a = I o_ Z i - ; Then{a,c}*+ =
+ — o | —
+ 4+ |- —|+ + * -k %
+ + | - |+ o+ * o | 0O O]lo o
Mo(l) wherel = o o (e T1(b)). SetXy = Ol x| x + andX. =
- — o o Ol x + | x +
+ + | x x| 0O 0O
O O
o : : v (regarded as sextets If,). ThenX(a,c) = X5 andX(c,a) = X ( re-
o o X X
+ —|+ —]o o
garded as planes If). Putt =1(X,). Setk= : - : B Z Z €l1(b). ByLemma 3.3
+ —|+ —]o o

acts regularly o o(k)\ {b} ask € B1(b, Xa). Sincek € az(b, b+ c) we deduce that ¢ Q(c). Be-
cause € Z(Gyc) we must have™® € Z(G2S). Now parts (i) and (ii) yield thaliGac| = 21°.3.5and
consequently, a6;S < Staly, (X(c,a)) = L = 253S;, we must haves:S < Cp (t*¢) = K = 255,
Furthermore we must have thaft0,(K)/O2(K) = As or S5. We now show thaiG;eNO2(K)| >
24, Using Theorem 3.6(ii) we see that < |Q(b)ac|. Recall, from Theorem 3.6, that

Q(b)NQ(c) =<T(b+c) >={t(X)|[X ea2(b+c)} U{1}

with Q(b):¢ = 25, We observe thdi+a € B3(b, X) for oneX in I'»(b+c) while b+a < B1(b,Y)
for the other sixY in 'x(b+c). Consequently, by Lemma 3.8Q(b) N Q(c))a has order 2.
ThereforeQ(b)acNQ(c) has order 2 and hent®(b):g| > 2° . SinceQ(b);S is elementary abelian
and G;20,(K)/02(K) =2 As or S5, we infer that|G:SN Ox(K)| > 2% As aGF(2)Ss-module,
0O,(K) is indecomposable and has a composition selri@d§4. This then force$,(K) < Gig
so we haveG;S = 26Ag or 28655, If GiS = 25A;, then|Q(c)a| = 2°. Referring to [MS] and
using their notation, as @F(2)L-moduleQ(c) has a decomposition seri¢§6\4 where the6
is dual toO,(K). So06 is an indecomposabléF(2)S;-module with composition serig\ 1\ 1
and so cannot contain a 1-dimensional subspace invariant dgdetence|Q(c)a| # 22 and so
Gi¢ = 2655 with Q(c)a = 2. This establishes parts (jii) and (iv).
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For part (v) see Theorem 4.8(i).

Remark In Theorem 7.2(iv), because of the involution structurdef;, t must be an involution
of cycle type2??.

We now fix a pointc € A3(a) until the end of Lemma 7.8. Recall from Theorem 4.7 that
associated witle there is a unique sextet ling(c,a) = {X¢,Yc,Zc} in Q. Letlc be the unique
trio incident with eacl5 € §(c,a). We can now classify the lines i (c) by viewing them as
trios in Q¢ and looking at their intersections with the sextetg i, a) andlc.

Definition 7.3 Let (B, BsPt, au) be the set of linebe M1 (c) with | € By (¢, X) NBs(C, Ye) NBt(C, Ze)
for {X.,Ye,Zc} = S(c,a) andl € ay(c,lc).

Lemma 7.4(BoP2Bz2,02) and(PBoP3P3, 03) areGyc-orbits with|(BoB2B2, a2)| = 18and|(BoBsPs3, a3)| =
24.

Proof Of the 14 lines i 1(c, Xc)\{lc}, 8 liein S := B3(c, Yec) NB3(c,Z:) Naz(c,lc) and 6 lie in
S = Ba(c,Ye) NPB2(c, Zc) Naz(c,lc). SinceG is transitive on sextet lines, by Theorem 7.1(i) we

* o | X + 0O
. . . x o | X + O
may assume that, iQ, S(c,a) is the standard sextet line, that{s = « ol x + 0O
o | X + O
¥ k% | X X |+ + x o | X - + O
* ok | X X |+ o+ x O | X - + O . .
Y=, o pg|andZc= o “lo s+ with |¢ the standard trio. Let
o o |- O 0O o %k x| O +
_ (~FC
H = G4cx.. Then
. . 0/_‘::/0 —e ° ° — o 0/_0:\;/‘ . .
. . o/_o\\l/o — o . . — o o/tl/ . .
. . /?l/. — o . . ——e 0/_0:1/0 . .
. . o/tl/o ——o . . ———eo o/tl/o . .

are elements dfl by Theorem 7.1(v) and [Cu2]. Hen& andS; areH-orbits and now the result
follows becaus&,. is transitive ons(c, a).

Lemma 7.5(B2B2B2, a2) and(BsPsPs, 03) areGac orbits with|(B2B2B2, a2)| = 24and|(B3BsPs, 03)| =
32

Proof Any line in (B2P2B2,02) U (BaB3Ps3, a3) must lie in a plane incident with. Let Sbe one
of the four sextets i 2(c,lc)\S(c,a). Of the 14 lines i 1(c,S)\{lc}, 8 lie in (B3B3P3,03) and
6 lie in (B2B2B2,02). SinceG; is transitive on sextet lines and we may assumefiiata) is the
* x| XX +

andH = G¢

acS

standard sextet line. L&= Then

+ 00 +
+ 00

@) ©)
@) O
* *




L] L] L] L]
L] L] L] L]
*—e
*—e
*—e
*—e

./?\.\_/.

> -

. . ’ o/_o:l/ . . ’

I I I I . . /_Q:l/o . .
. . o/_o:\;/o . .

I I I I o . A >» e | .

are elements dfl by Theorem 7.1(v) and [Cu2]. Hen¢sB3B3, a3) NI 1(c,S) and(B2B2B2,02)N
1(c,S) areH-orbits and now the result follows becauSg: is transitive ol »(c,1c)\S(c,a) by
Theorem 7.1(iii).

Lemma 7.6(B1B1B2,01) and(BoB3B3, 1) areGac-orbits with |(B1B1B2,01)| = 288and
|(B2BaBs, 01)| = 144

Proof SinceGgc is transitive on the three sextetsdiic,a) we need only show th&, is transi-
tive on lines in(B1B1fB2,a1) which lie inP2(c, X:) and lines in(B2B3B3, o1) which lie inB2(c, X).

We may assume, without loss of generality, tliét, a) is the standard sextet line aid is the
standard sextet. Since

*r—e *r—e L] L] ‘/:l/ L] L]
— o — o . . o/t\;/ . .
*———=e *—e L] L] /t\J L] L]
e | e— 2 | e o RN N
) b
. o | o—e | —e . . ./_.::/.
L] Ld *—e *r—e L] L] 0/_0\\}_/
o el |e——e || | > -
L] L] *———e *—e L] * C/t\.\_/.
b

lie in Gaex, by [Cu2], we see thdBacy, IS transitive on the twelve octads incident wihbut not
lying in the standard trid.. Notice that any lind in Ba(c,Xc) N ((B1B1B2,a1) U (B2PB3P3,01))
must be a trio containing one of these twelve octads. By the above we may assuhwethains

X X
the octadO = i i . Then there are twelve possibilities figreight of which
X X

lie in (B1fB1B2,01) and four of which lie in(B2B3Bs,a1). We can find subsets @acx, which
stabilizeO and act transitively on these two sets of trios. For instance

[ 1] [T
[ DD [

*~—e

L] L] L] L]
L] L] L] L]

L]
L]
L]
L]

L] L] L] L]

*——e
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L] L] L] L]
L] Ld Ld Ld

I>Q§QIIII><

generate a suitable subgroup ®fcx, by [Cu2]. We havel(B1B1B2,01)| = 3.12.8 = 288 and
|(B2B3P3,a1)| = 3.12.4 = 144which completes the proof of the lemma.

Lemma 7.7 (B1B1B3, ao) and(B1B1B1,0o) areGac-orbits with |(B1B1B3,ao)| = 1152and
|(B1B1PB1,00)| = 1536

Proof SinceG;, is transitive on sextet lines we may assume, without loss, flat) is the
standard sextet line anglis the standard trio. Let

o 4+ |+ + |+ +
+ [ — .

=], i . _ o_ Z . Thenl € (B1B1B3,00). SetH = G:¢ andK = G}g. First we observe
+ —| — o| — o

thatK, < H_ and soK; = Hiy NK. Sincel € ao(c,lc), (2.3)(),(ii) implies thatiH | = 22.3. Put
O1= (07 1) (27 17,16, 11) (37 5,15, 6)

(4,10,13,7)(8,19)(9,14)(12,20,21,18)(22,), g = (0,9)(1,14)(2,11)(3,5)(4, 10)
(6,15)(7,13)(8,22)(12,18)(16,17)(19,»)(20,21) andgsz = (0,6,4)(1,7,3)
(2,20,19)(5,13,14)(8,12,17)(9,10,15)(11,,21)(16,18,22) where we use the labelling of the
MOG given in Section 2. Itis straightforward to check tkag);, go > is a dihedral group of order
8 and thak g1, g», g3 > has orde®3.3. Further we check that g1, g, g3 > stabilizes botlh. and

I. Using [Cu2] we see that 01,072,093 > is a subgroup oMy4 and hencéH|y =< 01,02,03 >.
By inspection we see that gi,g, > stabilizes the sextet ling(c,a) whereagyz does not. Thus

Hiu NK =< g1,02 > and thereforeéK, | = 23. So theK-orbit of | containszl;32 = 1152lines.

+ — |+ + |+ +
+ — J— . .
Letk= Z 4l O_ B Z . Thenk € (B1B1B1,00). By an argument similar to the above
— +]o0o o | — —

we haveKy = H x N K with |H k| = 23.3. Set

h; = (0,22,7)(1,2,0)(3,19,4)(5,11,14)(6,13,8)(9,17,15)(10,18,12)(16,20,21),

h, = (0,5)(1,8)(2,13)(3,9)(4,17)(6,)(7,11)(10,16)(12,20)(14,22)(15,19)

(18,21), h3 = (0,3)(2,10)(6,21)(8,20)(11,17)(14,15)(18,)(19,22)

andhy = (1,12)(4,7)(5,9)(6,21)(13,16)(14,15)(18,)(19,22).

Then it is readily checked that hy,hy >= S5 with < hz,hy > a fours group normalized by
< hg,hp >. Hence| < hy,hp,hg,hy > | = 23.3. By inspection we see that hy,hp, hg,hy >
stabilizes botH¢ andk and, employing [Cu2] again, we deduce tkah,hy,h3, hg >= Hj .
Further scrutiny reveals that hy,h, > stabilizes the sextet ling(c,a) but that no non-trivial
element in< hz,hs > does. Consequenthy; x NK =< hy,hy > and so|Ky| = 2.3. Hence the
K-orbit of k consists 025~ = 1536lines. Sincelao(c,lc)| = 2688by (2.3)(ii) the lemma is
proven.
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Lemma 7.8(B1P1P3,01) is aGyc-orbit of size 576.

Proof Let H = G = 26(89, x &) andQ = Oz(H). Since we know all the othéB,c-orbits on
+ + |+ +

1(c), to prove the lemma it is enough to show that| = 2* wherel =

+ + o

¥
ol — —| - —
ol — |- _—
+ O @) O O o
€ (B1B1Bs,a1). Any 3-element irH either permutes the three blocks@f or fixes each block

and exactly two elements of each block. Therefore 3 does not didideBy using Appendix 2

we havelH, NQ| = 2. Suppose, for a contradiction, tHat | = 2°. ThenH, /H, NQ is isomorphic

to a Sylow 2-subgroup ofl /Q of shape2 x Dg. Also there exists a subgroup isomorphic to

Dg which is transitive on the elements in any of the three blocks. We now have a contradiction
because of the way in which the three octads oftersect the three blocks. 9H| = 2* as
required.

Lemma 7.9The Gac-orbits onl"1(c) are as listed in Theorem D.
Proof This is a consequence of Lemmas 7.3(iii) 7.4, 7.5, 7.6 and 7.7.

For our last result of this section,s a point inAg(a). In the light of Lemma 7.2(iv) and the
accompanying remark, we may suppoge, a) is the standard sextet a@j¢ = Cg:c(t) where

s R

Lemma 7.10Forc € Ag(a) the Gac-orbits of'1(c), together with their sizes, are as follows.
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ORBIT SIZE REPRESENTATIVE

(Bo,*) 5 standard trio
+ +|o —]o
+ + | o0 —|lo
(BOa**) 10 T = + +1o 1o
+ + |0 —|o
o + |+ + |+
15218:21%18) 960 T,=| @ °|° °|°
+ o0 - | =
+ o N
o + |+ + |+
.916.916.9214 . + o | — —| —
(B1;21%21%2%1%) 1920 Ta=| ., _|_ _|_
+ o | —

+ +
.~4.18.18 I

(B2;2%1°%;1°%) 60 L= _ .| |~
+ 4+ | - —| —
+ +]o0o oo
4. 9294. 9214 I R —
(B2;2%221%221%) 120 To=|, . |_ _|_
+ 4+ | - —| —
+ o | + —
.18.18.18 o t+ |+ _
(Bs; 15,15, 1°) 160 To=|_ _ | |,
+ + | - —| 4+
+ o |+ —| —
+ o |+ —| —

(B2:i221%221%1%) 240 T=| _ | |

o + | — +
+ + |+ —|+
.9214.9244. 9214 o +|— of-—
(B3;221%4221%221%) 320 Te=|, _|_ _|_
o o |+ —|+
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+ +/o o|— —||+ Oo|+ —|0O —

+ + |0 o|— —||+ ol|+ —|o0o —
Moreover(Bo,«) ={| | S 1 I I I

+ + |0 o|— —||+ o]+ —|o0o —
+ o|— +|— o + o|— o|+ —||+ o]0 —|— +
+ o|— +|— o + o|— o|+ —||+ o]0 —|— +
+o—+—o’+o—o+—’+oo——+}
+ o|— +|— o + o|— o|+ —||+ o]0 —|— +

= {c+xxe {a,c}t}.

Proof First we note that th&,c-orbits will partition the seti(c,X(c,a)), i =0,1,2,3. Put
H = G;S We begin by looking aBo(c, X(c,a)) which, by Theorem 7.2(v), must contafe +

x|x € {a,c}*}. Observe that

glz

. L] L] L]

Now g; fixes the standard trio and interchan

o O O

o

o O O

o

+ +
+ +
+ + | —
+ +
X|x e {

.| UH.
+ +| — o|— o
+ +| — o|— o q
gg_s +| — o|— o an
+ +| — o| — o

. Hence Theorem 7.2(v) implies that the standard trio must He A

a,c}*}. Letgy andgs be

Ld L L] Ld

L] . L] L]

*r—e

*—e

*———eo

*—e

L] L] L] L]

[ AT

hd Pad
. g Y

respectively. Themp, g3 € Cgic(t) = H andgzgs has order 5. Applying>gs to the standard trio
yields{c+x|x € {a,c}*} (= (Bo, *) ) as stated. Usinggz andg; it is straight forward to verify
thatBo(c,X(c,a))\(Bo,*) ( = (Bo,**) ) is aGac-orbit of length 10.

Since an element df of order 5 must fix (pointwise) one column of the standard sextet and
cycle the remaining 5 columns (in some order), on examining the above listed orbit representa-
tives we see that the stabilizerlihof each representative is{&, 3}-group.

We next consideBs (c,X(c,a)). An element of order 3 iG;S must be of cycle typ&? on
the columns of the MOG and hence no element of order 3 can stabjflibe T3. Scanning
Appendix 2 we readily see th&taly,)(Ti) = 1 (i = 2,3). Therefore[Staty (T2)| < 23, Let
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g € Staly (T3). Theng must either fix columns one and two of the standard sextet or interchange
them. Becausg must also centralizewe observe thag can only fix or interchange the third and
fourth columns and fix or interchange the fifth and sixth columns. H&tah, (T3) contains no
elements of order 4 and $8taly (Ts)| < 22. From

T3 |+ [T4'| > 960+ 1920= |Ba(c, X(c,a))]

we then deduce th@By; 215;215; 18) and(B1; 21°; 215; 2214) areH-orbits of sizes 960 and 1920
respectively.

Looking at2(c, X(c,a)), we again observe that no elementbbf order 3 can stabilizé,
or Ts. While Appendix 2 reveals thabtaly, ) (Ti)| = 24 fori = 4,5. Letg € Staly(Ts)\O2(H)
and supposg has order 4. Theg must cycle columns three to six in some order. But thean-
not simultaneously stabiliZE and centralizé. ThereforgStaly (T4)| < 27 and|Staly (Ts)| < 2°
from which we infer thatB,; 24; 18; 18) U (By; 24 2214, 221%) = B,(c, X(c, @) with | (B2; 2% 18, 18)| =
60 and|(Bp; 2% 2214, 221%)| = 120

To complete the proof of the lemma we must finally exanflge, X(c,a)). Using Appendix
2 again we see thaStaly, ) (Ti)| = 22 for i = 6,7,8. By inspection, a 3-element of H cannot
leaveT invariant and thereforStaly (T7)| < 2° . Turning toTg we observe that there are exactly
three columns of the MOG for which tf#2 partition of the column induced by t is compatible
with the partition induced by the octadsBf. This together with the cycle structure of elements
of S in its degree 6 permutation representation implies 8tat{Tg) induces a group of order at
most 6 upon the columns of the MOG. ConsequejBhaly (Tg)| < 23.3.

We next examinétaly (Tg). So far we know thatStaly (Te)| < 22.2%.3 = 2°.3. If 3 does
not divide|Staly (Tg)|, then

T+ [T+ |T8!| > 240+ 240+ 320= 800> |B3(c, X(c,a))|,

a contradiction. S8||Staty (Te)|. SupposingStaly (Ts)| = 2°.3 we derive a contradiction. Then
Staly (Tg) must contain an element g of order 4 which cycles four of the columns of the MOG.
If, say, g leaves columns one and three invariant, tgenust leave the + octad dg invariant.

But by considering the action gfon the other columns we see tlgatannot leave the + octad of

T invariant. Thugy cannot leave columns one and three invariant; similar considerations show
thatg must leave invariant either columns one and two or columns three and four or columns
five and six. Looking aBtaly, ) (Ts) we infer thatStaly (Ts) must contain an element of order

3 cycling 01,02 andO3 in some order. Therefore we may suppose thktaves columns one

and two of the MOG invariant. The action gfon columns three to six means tlgatannot
leave the + octad ofg invariant. Hence in columns one and twadnterchanges the + and o
entries. Thereforg? must leave all octads dfs invariant andg? either fixes columns one and

two pointwise or acts o@; as
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Now

SIE!

is an element oStaly,1)(Te). So multiplying byh if necessary we may suppose tigtfixes
O pointwise. Sincg? must send the subsét7,4} of the MOG to{12,21}, by [Cul] there are

two possibilities forg?, namely
‘\ .
— N
However neither of these elements stabiliigewhich gives us our desired contradiction. So
|Staly (Te)| # 2°.3. ConsequentlyStaly (Tg)| < 2*.3. We therefore conclude thés; 18; 18; 18),

(Bs; 22142214, 18) and (B3; 2214, 2214; 221%) are G,c-orbits of sizes 160, 240 and 320 (respec-
tively), since

° ° [ ] [ ]

*
*
L]
L]

L] L] Ld Ld
L] L] L] L]
L] L] L] L]
L] L] L] L]

’83(C7X(Cv a))’ > ‘TGH ’ + ‘T7H ’ + ‘TSH’ > 160+ 240+ 320= ‘B3(C7X(C7 a)‘

This completes the proof of Lemma 7.10.

8. LINES INCIDENT WITH A%(a) POINTS

Throughout this sectioais a fixed point inA3(a) andl € M'1(c).
Lemma 8.11f | is in (BoP2PB2,02), then|To(1) NA1(a)| = Land|o(l) NA3(a)| = 4.

Proof Let S= {c+blb € {a,c}*}. If there existsh, b € {a,c}* such thato # b/ andc+b =
¢+, then Lemma 3.11 implies thfib(a,c) # 0. Soc € Al(a) contrary to Theorems 4.3 and
4.7. HencegS = 18 by Theorem 4.7(v). Sinc8is a union ofGac-orbits onl"1(c), Lemma 7.9
gives thatSis the Gac-orbit (BoB2B2,02). Letl € S. We know thatilo(l) NAs(a)| = 1 from the
above. For somb € {a,c}*, b+c € a;(b,b-+a) by the definition ofc € A3(a) and so for any
¢ € Mo(b+c)\{b} we havec' € A3(a). The result now follows by Theorem 7.1(i) and beca8se
is aGyc-orbit onl1(c).

Lemma 8.2 If | is the trio incident with all sextets its(c,a), then|[o(l) NAl(a)| = 3 and
IFo(1)NA3(a)| = 2. Moreover ifx € To(1) NAL(a), thenl € Ba(x,X(x,a)).

Proof Let

S= {me Ig(c)| there existx € Al(a) N (M) with m e Ba(x,X(x,a))}
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(S# 0 by Lemma 6.4 becausk}(a) andA3(a) are Gy-orbits). Then Lemma 6.4 implies that
IFo(m) NAL(a)] = 3and|Mo(m) NA3(a)| = 2 for everyme S. Using Theorem 4.3(iv), Theorem
7.1(ii) and (2.5)(ii) we get thaS = 1 and therefore, by Lemma 7.9, the lemma is proven.

Lemma 8.3If | is in (BoBsPs, a3), then|Io(l) NAL(a)| = Land|Mo(1) NAS(a)| = 4. Moreover if
x € To(1)NA(a), thenl € Ba(x, X(x,a)).

Proof We first show thaf o(I) NAl(a) # 0. Letx € Al(a) andy € A3(a) NA1(x) with x+y €
Bs(x,X(x,a)) (such a poiny exists by Lemma 6.4). Then

(8.3.1)y+x lies in theGyy-orbit (BoB3B3, a3).

By (2.11)(iv) there exist& € I'1(X(x,a)) with x+y € a3(x,k). Letb € To(k)N{a,x}*. Then
b e {a y}+ by Lemma 3.8(ii). Since+x € az(b,b+y) by Lemma 3.9 anth+c € a,(b,b+a),
we must havéb+ x € I'1(X) for someX € S(y,a) using Theorem 4.7. Thug+ x € Bo(y, X).
Appealing to Lemma 6.4, Lemma 7.9, Theorem 4.3(iv) and Theorem 7.1(ii) concludes the proof
of (8.3.1).

SinceA}(a) andA3(a) areGy-orbits we must have sonzes ['o(1) AL (a) with | € B3(z X(z, a)).
Lemma 8.3 now follows from Lemma 6.4.

The following result covers alb,c-orbits of 1 (c) which contain a line incident with a point
in A3(a).

Lemma 8.4Let x € A3(a) NA1(c) andm e 1(c) be the trio inQc incident with every sextet in
S(c,a). Then{a,x}* N{a,c}*+ # 0 and we have the following three possibilities:

(i) c+xis in (B1P1P2,a1) with [Fo(c+X)NA3(a)| =1, [Fo(c+X)NA3(a)| = 2 and|Mo(c+
X)NA3(a)| =2; or

(i) c+xis in (B2PaBs, 01) with [To(c+X) NA3(a)| = 3and|lo(c+x) NAS(a)| = 2; or

(iii) c+xis in (ByB1Bs, a1) with |Fo(c+x) NA3(a)| = 1and|o(c+x) NA3(a)| = 4.

Proof Assume there existsc {a,c}N{a,x}* and letX € §(c,a) with b € [o(X). Thenc+x €
ai(c,c+b) fori =2o0r 3 by Lemma 3.11 and (2.3). First assume thatx € a,(c,c+b) and let

O be the octad i) incident with both the sextets+ x andc+ b. Suppose, for a contradiction,
that O is an octad of the trion and choosé' € {a,c}*\{b} such thatc+ b/ is incident with

O. We must havé' € {a,x}* for otherwisex € A}(b') which contradicts Theorem 5.2 because
x € A3(a). However Theorem 4.7 implies that there are six pojnts{a, c}* such that +y is
incident withO, whence|{a,x}*| > 6, contrary to Theorem 4.8(i). Therefore we conclude that
c+x has no octad in common wittm in Q. Sincec+ x ¢ Bo(X) by Lemmas 8.1, 8.2, 8.3 and
7.9, we must have + x € B2(c,X). Thenc+x € ai(c,m) by (2.11)(iii) because& + x has no
octad in common witim. Therefore Lemma 7.9 implies that+ x lies in one of theG,c-orbits

(B1B1B2,01) or (B2B3B3,01). Letx € Mp(c+x)\{c,x} be such thax’ € A;(b). By Theorem 4.7
o + |+ + |+ +

O O ) @)

. : |+ :
we may assume that, @y, b+ cis the standard trio anlol+- a is + Z | | Since
+ o
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b+x € az(b,b+c)Nag(b,b+ a) we see (using Appendix 1) that there are 24 possibilities for
the triob+x. In Qy the triob+ X' contains the octad common to bdth- c andb 4+ x and is
incident with the sextet il2(b+ ¢, b+ x). By checking for each of the 24 possibilities we see
thatb+ X' must lie inag(b,b+a) and thus< € A3(a). For anyy € I'(c+x)\{c,x, X'}, y € Al(b),
whencey ¢ A3(a) by Theorem 5.2. Therefoi€o(c+x) NA3(a)| = 2 as required.

(8.4.1)bis the unique point i{a,c}* N {a,x}* such that+ x € az(c,c+b).

Sincec+ x has no common octad wit, Theorem 4.7 implies thdd is the unique point in
Mo(X)N{c,a}* such that+b € ax(c,c+x). LetY € S(c,a)\{X}. If c+x € B1(c,Y), thenx
is not collinear with any point of o(Y) by (2.11)(ii). If c+x € Bs(c,Y), then (2.11)(iv) implies
thatl"1(Y) Nnaz(c,c+x) = 0. Hence (8.4.1) is proven.

Let
S= {y e A3(a)NAy(c)| there existz € {a,c}+ N {a,y}+ with c+y € ax(c,2)}.

Since|lo(b+x) NA3(a)| = 4 and|A1(c) N (Fo(b+x)\{b})| = 2 we have, using Theorem 4.7(v)
and Appendix 1,
S =2.24.18=864

However, | o(c+x) NA3(a)| = 2 and since2|(B1B1B2,01)| + |B2BsB3, a1)| = 864 by Lemma
7.9 we must havéc+yly € S} = (B1B1B2,01) U (B2B3B3,01). Therefore we have shown that
if 1 € (B1B1B2, 1) U (B2B3Ps, 1), then there exists € Mo(1) NA3(a) and{a,x}+ N {a,c}+ #0.
Let Z be the unique plane ipp(c+ b,c+x) andY € S(c,a)\{X}.

(8.4.2)If c+xisinB1(Y), thenb+ac Bi(b,2).

By (2.8) there are twelve lines iny(Y) N B1(c,Z) and so from Theorem 4.7(v) and Lemma
3.3 there exist®’ € Mo(Y)N{a,c}* such that'™@ = b/. Howeverb' € I'p(c+b') and so we
must have thaa'?) £ a becausé »(a,c) = 0. Using Lemma 3.3 again gives (8.4.2)

If y € Fo(c+x)\{c,x,X'}, thenb € A}(a). Hence by (8.4.2) and Lemma 6l Al(y). Hence
y € A}(a) by Lemma 6.5. This completes the proof of (i).

Now assume+ x € az(c,c+b). By Lemmas 7.9, 8.1, 8.2 and 83+ x ¢ PBo(Y) for each
Y € S(c,a) because € A3(a). Thusc+ X is incident with a plane i 2(c,c+b)\{X}. Then
(2.8)(iii) and (2.11)(iii) imply thatc+ x € B3(c, X). Furthermorec+ x € a(c,m) by (2.11)(iv)
becausec + b and m have a common octad. Therefore Lemma 7.9 implies ¢hak lies in
(B1B1B3,01) or (B2BsBs,a1). Assumec+ X is in(B1B1Bs,a1). By (2.11)(ii),(iv), b is the unique
pointin {a,c}*+ N{ax}*. LetZ be the unique plane ifz(c+ x,c+b). Thenb+a e B1(b,2)
by (8.4.2). Ify € I'o(c+x)\{x}, then (2.11)(ii) gives that+a € ag(b,b+Yy) and thusy € A3(a)
by Definition 4.1. Suppose+ x is in (B2B3B3,01). Thenb+a € ag(b,b+x) Nai(b,b+c)
and so (2.11) implies thdi+a € Bi(b,Z) for i = 1 or 3. If b+a € B1(b,Z), theny € A3(a)
for everyy € I'o(c+x)\{c} as above. However we already know thi&g(c+x) NA3(a)| = 2
and so we must have+ a € 3(b,Z). Using (2.11)(iv) and the fact th&it+y € az(b,b+c)
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for all y € Fo(c+x)\{c} we conclude thab+ a € ag(b,b+Yy) for threey € I'p(c+X). Thus
IFo(c+x) NA3(a)| = 3 as required for part (ii). This completes the proof of the lemma.

For the rest of this section we Ikte I'1(c) be the unique line iffp(c,S) for all S€ S(c,a).
Lemma 8.5If | is in (B2B2B2,a2), then|Io(1) NA3(a)| = 3and|o(1) NAL(a)| = 2.

Proof Sincel € a5(c,lc) we have that € az(c,c+ b) for six pointsb € {a,c}*, using Theorem
4.7, with each tricc+ b containing a common octad. Aixc {a,c}* with | € ax(c,c+b) and let

X’ be the unique plane iny(b,1). By Lemma 3.8(i) there are exactly two pointgIfp(l)\{c})N
A1(b). Let {x,X'} = (To(1)\{c}) NA1(b). Thenx,x ¢ A(a)uA3(a) by Lemmas 7.9, 8.1, 8.2,
8.3 and 8.4. Furthermorex’ ¢ A;(a) becausé € B2(X) for all X € S(c,a), and so, X’ € A3(a).
Lety € M'o(1)\A1(b). Thenb € A}(y) and so to complete the proof of the lemma it is enough to
show thatb+ a € B1(b,X’) by Lemmas 6.4 and 6.5. Using (2.5)(i), without loss of generality
o + [+ + |+ +
. . . .|+ oo o]o o
we may assume that, @y, b+ cis the standard trio and+ a is PR S The
+ o|— —|— —
triosb+ x andb+ X’ are incident with the same sextetlin(b, b+ c) and both lie ina2(b,b+c).
Thus they are two of the trios labell&lin Appendix 1. ThenX’ is one of the four sextets in
M2(b,b+c) such thab+a € B1(b, X’), as required.

Lemma 8.61f | is in (B3BsPs, a3), thenlo(1)\{c} C Al(a).

Proof Sincel € az(c,l¢) there existx € Np(l¢) mA%(a) by Lemma 8.2, whence Lemma 3.8(ii)
implies thatx is collinear with all pointsy € I'g(l). Fixy € I'o(1)\{c}. Using Lemma 8.2 again
we havel; € B2(x, X(x,a)) and so, of the seven sextetslip(c,|), four lie iny1(x, X(x,a)) and
three lie iny3(x, X(x,a)).

Let X € §(c,a). Thenx € Mg(X). If X & y3(x,X(x,a)), then there existk € I'1(x,X(x,a)) N
B1(x,X). Sincet(X) moves every point i o(k)\{x} by Lemma 3.3;1(X) movesa because
a is collinear with exactly three points dfp(k)\{x}. Howevert(X) € G; by Theorem 4.7
and so we deduce thatc,a) C ys(x,X(x,a)). Let X" be the unique plane ifz(c,x,y). Then
X" e y1(x,X(x,a)) and so, iy, the sextetX(x,a) andX’ are incident with a common octdl
Sincel € Ba(x,X(x,a)) NPo(x,X"), O must be an octad df Using (2.8)(ii) we have that there
are exactly three trios iip(x,X")\B1(x,X(x,a)) and each one contains the octad However
X+Yy € az(x,lc) and sox+y cannot contairD. Thereforex+vy € B1(X, X(x,a)). Appealing to
Lemma 6.4 completes the proof of the lemma.

Lemma 8.71f | is in (B1B1Bs, o), thenlo(1)\{c} C Al(a).

Proof Let X € §(c,a) be such thate B3(c, X). Then there existec I'1(c, X)Naz(c,l). Sincel €
aop(c,l¢), khas no octad in common withand so Lemma 7.9 implies thiaties in (BoP3P3, 03).

By Lemmas 8.3 and 3.8(ii) there exists INp(k) ﬂA%(a) andx is collinear with every point in
Mo(l). Fixy € Io(l)\{c}. Using Lemmas 6.4 and 6.5, to prove the lemma it is enough to show
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thatx+y € B1(x, X(x,a)). In Qyx, X+ ¢ € B3(X,X(X,a)) by Lemma 8.3. Therefore, of the seven
sextets i 2(x,X+c), six lie inyp(x, X(x,a)) and one lies iryz(x, X(x,a)). If X € yo(x,X(X,a)),
then there exist&’ € I'1(x, X(x,a)) such thatt(X) moves all points i o(k')\{x} by (2.8)(i)
and Lemma 3.3. However this means th@) movesa which contradicts Theorem 4.7. Hence
X € y3(x,X(x,a)). If X" is the unique plane if2(c,x,y), thenX’ € yp(x,X(x,a)). By (2.8)(i)
there are precisely three trioslin(x, X")\B1(x,X(x,a)) and each one contains a common octad
O. Sincel¢ is one of these trios and+y € az(x,m), X+ Yy cannot contair®. Thereforex+y €
B1(x,X(x,a)) as required.

At this point we have determined the point distribution for all line§ itic) except those in
(B1B1B1,00). We define the set

N3(a) = {x € Tg| there exists € A1(x) NAZ(a) with c+x € (B1B1B1,00)}-
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APPENDIX 1

In this Appendix we list all 105 trios which are incident with one of the 7 sextets which are
themselves incident with the standard trio. This list is used extensively in Section 8.

Letb e Mg and putA =Ty,. Letl denote the standard trio fhand set

o + |+ + |+ +
+ o|o o|o o
ki = and
+ o|— —| — —
+ o|— —| — —
— + |+ + |+ +
+ —|]o o|— —
ko =
2 + o|lo —|—
+ o|— o | —

We annotate the tridsbelow in the following way:-

A means thak € ag(b, ky);
B means thak € a1(b,ky);
C means thak € ag(b, ky).

Further we usé\, B andC to mean that (respectively, B andC hold and thak € az(b,1).

So, for example A means thak € 0g(b,k1) andk contains exactly one of the octads of the
standard trid.
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1 2,3 4|5 6
1 2,3 4|5 6
1 2|3 4|5 6
1 2|3 4|5 6

123645

1235/46

123456

BC

BC

132645

1325/46

13[24]56

AC

AC

AC

1426/35

142536

142356

AC

AC

AC

1526(34

152436

1523146

A

162534

162435

162345

AC

AC

AC
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1 2,3 4|5 6
1 2,3 4|5 6

2 1|4 3|6 5

2 1|4 3|6 5

123645
B C

1235/46
B C

123456

132645

1325/46

13[24]56

AC

AC

+ | +
+ |+

e}

e}

+ |+
+ |+

O

@)

1426/35

142536

o

O

142356

+ |+

e}

+ |+

e}

AC

AC

1526(34

152436

1523146

AC

AC

162534

162435

162345

AC

AC

AC
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1 2,3 4|5 6
2 114 3|6 5
1 2|3 4|5 6

2 1|4 3|6 5

123645
B C

1235/46
B C

123456

132645

1325/46

13[24]56

AC

AC

AC

+ |+

o

+ |+

e}

+ | +

(@)

+ |+

@)

1426/35

142536

O

O

142356

+ |+

o

+ |+

e}

AC

AC

A

1524]36 1526[34

AC

1523146

AC

A

162534

162435

162345

AC

AC

A
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1 2,3 4|5 6
2 114 3|6 5

2 1|4 3|6 5

1 2|3 4|5 6

123645
B C

1235/46
B C

123456

132645

1325/46
AC

13[24]56

AC

A

+ |+
+ |+

o

e}

+ |+
+ |+

(@)

O

1426/35

142536

O

o

142356

+ |+
+ |+

o

e}

AC

AC

AC

1526(34

152436

1523146

AC

AC

162534

162435

162345

AC

AC
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1 1,3 3|5 5
1 1,3 3|5 5

2 2|4 4|6 6

2 2|4 4|6 6

123645
BC

1235/46

123456

+ + |+ +
+ 4+ |+ +

(0]

o

(0]

(0]

+ + |+ +
+ o+ [+ +

+ + |+ +
+ 4+ |+ +

132645

1325/46

13[24]56

BC

BC

(0]

O

+ o+

+ +
1426[35

e}

o}

+ +
+ +
142536

(0]

O

+ o+

+ +
142356

e}

o}

BC

BC

B

1526(34

152436

1523146

162435 162534

BC

162345

BC

B
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1 1,3 3|5 5

2 2|4 46 6

1 1|3 3|5 5
2 2|4 4|6 6

123645
BC

1235/46

123456

+ + |+ +

+ o+ |+ +

(0]

o

(0]

o

+ + |+ +

+ o+ |+ +

+ + |+ +

+ o+ |+ +

132645

1325/46

13[24]56

AC

AC

o

O

+ o+

+ +
1426[35

o

o}

+ o+

+ +
142536

o

O

+ o+

+ +
142356

o

o}

BC

AC

AC

1526(34

152436

1523146

AC

AC

B

162534

162435

162345

AC

BC

AC
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1 1,3 3|5 5

2 2|4 46 6

2 2|4 4|6 6

1 1|3 3|5 5

123645
BC

1235/46

123456

+ + |+ +

+ + |+ +

(0]

o

(0]

o

+ + |+ +

+ + |+ +

+ + |+ +

+ + |+ +

132645

1325/46

13[24]56

AC

AC

o

(0]

+ o+

+ o+

o

e}

+ o+
+ +

o

(0]

+ o+

+ o+

o

e}

1426/35

142536

142356

BC

AC

AC

1526(34

152436

1523146

AC

AC

B

162534

162435

162345

AC

BC

AC
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