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The point-line collinearity graph of the F'i},

maximal 2-local geometry - the first three discs

Peter Rowley and Louise Walker
School of Mathematics
University of Manchester
Manchester, M13 9PL
UK

Abstract

The disc structure of the point-line collinearity graph for the max-
imal 2-local geometry associated with the largest simple Fischer group
is investigated. For an arbitrary vertex of this graph the first three
discs are determined. Additionally a fragment of the fourth disc is

uncovered.

1 Introduction and main results

The investigations of Fischer [5] into groups generated by 3-transpositions
not only had an influence upon certain later work related to the classification
of the finite simple groups but also unearthed three previously unknown spo-
radic groups, Fligg, Flisg and Fig4. The first two of these are simple while Fligy,
though not simple, has a simple subgroup F'i}, of index 2. For more on these

groups and 3-transposition groups in general see the book by Aschbacher [1].



Along with many of the other sporadic simple groups, Flige, Fiiog and F'i},
possess minimal parabolic geometries and maximal 2-local geometries (see [9]
and [10]). In the present paper we study the point-line collinearity graph G
of I', the maximal 2-local geometry for F'i5,. This geometry has rank 4 and

its associated diagram is

0 1 2 3
[ ] ® ® @ ]
Moy S3 x La(2) Spa(2) x L3(2) Ua(3)-2
211 28+6 23+12 21+12
Points Lines Planes Hyperplanes

Many properties of I' are itemized in Section 2. We recall that the vertices
of G are I'y, the points of I' and two points are adjacent in G if they are
incident with a common line. In [11],[12],[13] and [14] complete and detailed
descriptions of the corresponding point-line collinearity graphs for Fisy and
Fis3 are presented.

For z € I'y and i € N, A;(z) denotes the set of points of I'y distance
i from z. Let G = Fiy,. Now G acts flag transitively on I' and so, in
studying G, there is no loss in choosing and fixing a point a of I'. Here
we shall obtain properties of the first three discs of G around a (that is, of
Aq(a), Ay(a) and Agz(a)) as well as describing a certain fragment of Ay(a).
In a subsequent paper [16], a complete description of G is obtained - however
the work in [16] is exclusively computer based, whereas this paper does not
rely on any machine calculations. It is worth remarking that the notation
and conventions used here and in [16] are compatible so as to allow a smooth
transition between the two viewpoints. Earlier in [17], the second author
obtained results on the structure of the first three discs of G. The arguments
given here will differ to some extent from those in [17] as we may now call

upon results in [12],[13] and [14]. Further we are able to give more detail on



adjacency within As(a).
We now present our main results - for notation we refer the reader to

Section 2.

Theorem 1. (i) Ai(a) is a G,-orbit of size 1518;

(ii) As(a) is the union of three G-orbits Ay(a) (i =1,2,3) and |Ay(a)| =
1,560, 504;

(iii) Asz(a) is the union of ten G,-orbits A4(a) (i =1,...,10) and |As(a)| =
1,400, 874, 432; and

(iv) Ag(a) N {z € Ty|Q N Q, # 0} is the union of six G,-orbits Al(a)
(i=1,...,6) and consists of 3,992,911, 872 points.

Tables 1 and 2 list the sizes of the above mentioned G,-orbits A%(a).

Al(a) Size of A’(a)

A (a) 2.3.11.23 = 1518
Al(a) 25.3.7.11.23 = 170, 016
A2(a) | 28.3.7.11.23 = 1,360,128
A3(a) 2%.3.5.11.23 = 30, 360
Al(a) 212 11.93 = 1,036, 288
A2(a) | 21°.3%.5.11.23 = 11,658, 240
A3(a) | 2!2.3.7.11.23 = 21,762,048
Al(a) 212 393 = 282, 624
Aj(a) | 21.32.7.11.23 = 522,289, 152
AS(a) | 22.3.5.7.11.23 = 108,810, 240
Al(a) | 29.32.5.7.11.23 = 40,803, 840
A3(a) 26.5.7.11.23 = 566,720
Ad(a) | 2!3.32.5.7.11.23 = 652, 861, 440
Al%(a) | 29.32.5.7.11.23 = 40,803, 840

Table 1



Al(a) Size of A}(a)

Al(a) | 216.32.5.11.23 = 746, 127, 360
A2(a) 215.3.11.23 = 24,870,912
A3(a) | 215.3.5.7.11.23 = 870,481, 920
Ata) | 219.32.7.23 = 759,693,312
A%a) | 2!8.3.11.23 = 198,967, 206
AS(a) | 21%.3.7.11.23 = 1,392, 771, 072

Table 2

Theorem 2. Let x € Ay(a). Then Gup ~ 2192 Ag (with Gi2 = (G2%) pra ~

2 Ag, an octad stabilizer) has 4 orbits on T'y(z) with point distribution as

follows.

Orbit Size Point distribution

{z+a} 1 {a}2A,
ap(x,x +a) 30 A12A3
as(x,x +a) 448 A2A2
Oé4<l’, T+ CL) 280 A12A%
Theorem 3. Let x € Al(a). Then Gu ~ 2725(3 x Ss) (with Gi* =

Stabgss{A1, Ao} ~ 2°(3 x S5), where Ay = Q, N Q, is a tetrad and Ay is
the unique sextet of 2, containing Ay. Also G, < G.x where X is the
unique hyperplane incident with both a and x. Further, G, has 6 orbits on

[y (x) with point distribution as follows.

Orbit Size  Point distribution
aygq2(z, Ay, Ag) 5 A2AL
apqe2(z, A, Ng) 10 AL2AS
ay g5 (2, Ar, Ag) 320 AL2AS
ooz, A, Ag) 240 AL2A2
oo, A, Ag) 120 ALAT
asgis(r, A, Ao) 64 A2AL

4



Theorem 4. Let v € Ai(a). Then Gup ~ 2521S, [{a, 2}t =1 and Gi= =
Stabgs={A1, Ao} ~ 2%Sg, where Ay is the octad of Q, corresponding to x + b
(where b = {a,x}*) and Ay = Q, N QN Qy, a duad contained in A;. The

number of G az-orbits on I'1(x) is 8 with point distribution as follows.

Orbit Size  Point distribution
ago(z, A1, Ao) = {x +b} 1 A12A2
az9(z, A1, Ag) 16 A3A3IAS
ayo(z, Ay, As) 60 A22A2
gz, Ay, As) 160 A22A8
as1(z, A1, Ag) 192 A22A3
ago(z, A1, As) 60 A22A10
azo(z, A1, As) 240 A22A)
oo(z, A1, Ag) 30 A22A

Theorem 5. Let © € Al(a). Then Gup ~ 292°(L3(2) x 3) and GI% ~
26(L3(2) x 3), the derived subgroup of Stabgs={A1} where Ay is a trio of .
Also Gop < Gor where 7 is the unique plane incident with both a and x. The

number of Ga,-orbits on I'y(x) is 3 with point distribution as follows.

Orbit Size Point distribution

Qg2 (.T, Al) 3 A12A%
ag(z,N) 84 A32AS
ag2(x, A1) 672 A32AL0

Now we move onto As(a) the third disc of a; we caution that in the

following results the point distribution is incomplete.

Theorem 6. Let x € Ai(a). Then Gy ~ 22°L3(4)S3 and G2 = Stabgs={A1} ~
L3(4) : S3 where Ay is a triad of Q.. The number of Gay-orbits on I'y(x) is
4, the point distribution of 3 of them are as follows.



Orbit
as(z, Ay)
ag(x, Aq)
ay(z, Ay)
Theorem 7. Let x € A3(a).
Stabgse{A1, Ao} ~ 23 :
of U and Ay N Ay =

distribution of 6 of them are as

Orbit

Theorem 8. Let x € A3(a). Then G,y ~ 221 : Sg and G2
2% . Sg where Ay is an octad and Ay is a duad of Q, and Ay C A;.

(L3(2) x 2
0. The number of Gy,-orbits on T'1(x) is 11, the point

Size  Point distribution
21 A2AL

168 AL2A3

360 AL2A}

Then Gap ~ 2423 (L3(2) x 2) and G** =

) where Ay is an octad and Ay is a duad

follows.

Size  Point distribution
7 Al2AZ

16 INDIN

1 A22A2

56 INDIN.

112 AZ2A3

22} AZ2A}

= StabGZI{Ala A2} ~

The num-

ber of Gug-orbits on I'i(x) is 8, the point distribution of 5 of them are as

follows.

Orbit
ago(z, A1, Ay) =
azo(z, A1, Ag)
ago(z, A1, Ag
(x, A1, A
(

Qo 1 (T Al,A2

iy 2

Theorem 9. Letx € Aj(a). Then Gup ~ 2 : Myg : 2 and Gi% =

M22

Size  Point distribution
S SN ERNIN Y
16 AL2A3
) 60 AN
) 160 A32A8
) 192 A32A]

Stabgzw {Al} ~

: 2 where Ay is a duad of Q. The number of Gu.-orbits on T'y(x) is 3,

the point distribution of 2 of them are as follows.
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Orbit Size Point distribution
Ozg(l’, Al) 77 A%AgA%
aq (.T,Al) 352 A%2AZ

Theorem 10. Let © € Aj(a). Then Gop = G2 = Stabgs={A1, Ay, A3} ~
241 A5 where Ay = Oy, Ay = {00} and Az = {14}. The number of G o,-orbits
on I'1(x) is 13, the point distribution of 9 of them are as follows.

Orbit Size  Point distribution

agi1(m, Ay, Ao, A3) = {0} 1 A22A3
ag11(x, A1, Agy Ag) 16 ASAIAS

i o(@, Ay, As, As) 40 AI2A3
ol o, Ary Mg, Ag) 40 AJASAS
afﬁé,ﬁx, A1, Az, As) 40 AN
ol (m AL A Ay) 40 AJATAS
ag11(x, A1, Agy A3) 60 ASALAS
a21 o(w, A1, Ao, Ag) 96 2A2A2
a201(x, A1, Agy Ag) 96 2A5AS

Theorem 11. Let x € A§(a). Then Gop ~ 2°: 35Sy and G2 = Stabgs={ A1, Ao, A3} ~
24 : 35S, where Ay is an octad of Qy, Ao a tetrad contained in Ay and A3 a
1-element subset of Ny. The number of Ga.-orbits on T'y(x) is 16, the point

distribution of 7 of them are as follows.

Orbit Size  Point distribution
{A} 1 AL2AS
Qg 4, 1(I A17 A2, A3) 4 Angg
ag11(x, A, Ao, Ag) 16 ASA2AS
042,2,1(% Ay, Ao, Az) 48 Angi
044,3,1(% Ay Ag Az) 48 Ag?Ai
a2 1, 1($ Ay, Ao, 3) 64 AgAiAg
agor(x, A, Ay, Ag) 72 AS2A]



Theorem 12. (i) Let x € Al(a). Then Gqp ~ [2°]Sy and G2 = Stabgs={A1, Ao, Az} ~
[26]Sy where Ay = Oy, Ay = Ty and As is the partition of Oy given by
{00, 14},{0,8},{3,20}, {15, 18}. The point distribution of 2 of the G ,.-orbits

on I'1(x) are as follows.

Orbit Size  Point distribution
aggoi(, A1, Ao, A3) 1 AL2AT
apsoi(x, A1, Ao, Ag) 1 A22A7
ap004(x, A1, Ao, Ag) 1 AZ2AT

(i) For v € A§(a), Gop ~ 2" : 3.3% 1 4 and G2 = Stabgsr{A1, Ao} ~
20.3.3%2 : 4 where Ay = Sy and A, is the partition given by

Y = {00,14,0,8,3,20,15,18,17, 4,16, 10} and Q,\.

The point distribution of 2 of the Gyy-orbits on I'y(z) are as follows.

Orbit Size Point distribution
0442,8(% A, A2) 6 A§2A§
Qg2 42 (ZL‘, Al, AQ) 9 A%QA%

(iit) For v € A3(a), Guz = G2 = Stabgss{A1, Ao, A3} ~ 2.2% 1 Sy where
Ay = Oq, Ay ={00,14} and A3 = Ty. The point distribution of the Go,-orbit
agos(z, A1, Ao, Az) is AZ2A3.

(i) For x € AJ(a), Gay ~ [2°] : Sy and Gi% = Stabgs={A1, Ay, A3} ~
[2°] : Sy where Ay s the tetrad {0, 0,3,15}, Ay is the duad {14,8} and A;
is the duad {20,18}. The point distributions of 2 of the Ggy-orbits on I'y(z)

are as follows.

Orbit Size  Point distribution
a4,2,2<x7 A17 A27 A3) 1 A§2Aé0
044,0,0(% A17 A2, A3) 4 Angéo



Theorem 13. (i) Forz € Al(a), Gor ~ 2L3(2)2 and Gi= ~ L3(2)2.

(ii) For x € A2(a), Gup = G2

axr

=~ Ag.

(iii) For v € A3(a), Gup = G ~ 2032,

axr

(iv) For x € Aj(a), G = GI®

axr

>~ [,(11).

(v) For x € Aj(a), Guw = GI% X Ay,

ax

(vi) For z € AS(a), Gup = G*

ax

~ (3 X A5)2

Since, for t € Qu, Gup = G*, for all x € Ai(a) (i = 1,...,6), the point
distributions given in Theorems 11-16 of [12] may be directly translated to
give the point distributions for G,-orbits on I'i(x) of those lines within I'.

We close this section by summarizing the collapsed adjacencies established

in the above results.






2 Notation and I

The maximal 2-local geometry I' for G = Fi}, has rank 4 and we use I'; (i =
0,1,2,3) to denote the objects of type ¢ in I'; objects of type 0 (respectively
1,2,3) will be referred to as points (respectively lines, planes, hyperplanes).
For 2 € T', the residue of x, T',, is defined to be {y € " | x xy} where * is the

symmetric incidence relation of I'. Also, for x € I', we set
Q(z) ={g € G, | g fixes all objects in I', },

and for H < G, we write H** for HQ(x)/Q(x). f X C T'and i € {0, 1,2, 3},
then we set I';(X) = {z € I'; | x*y for all y € ¥}. The point-line collinearity
graph G of I' has I'y as its vertex set and for x,y € I'g, x and y are adjacent
in G if they are collinear, that is if I'y(z,y) # 0. For 2,y € [y, put {z,y}*+ =
Aj(x) N A (y). Also for x € Ty, we define Z,(z) = {g € G | g fixes {z} U
Aq(x) pointwise} - note that Z;(x) < G,.

We take as our starting point the following properties of I'.

(2.1)(i) G acts flag transitively on T".
(i1) T is a string geometry.
(i1i) Forl € T'y, |[To()| = 3 and if z,y € To(l) with x # y, then I'1(z,y) =
{l}.
(w) For x € Ty, G, ~ 2'-Myy with Q(z) = 2M, the dual of the Golay

code module and G3* = Myy. Moreover, 'y, is isomorphic to the Moy

mazximal 2-local geometry.

(v) For X € T's, Gx ~ 2172.3.U4(3).2 with Q(X) ~ 2723, Z(Gx) =
Z(02(Q(X)) = 2 and G¥ ~ Uy(3).2. Also, T'x is isomorphic to a
geometry for Uy(3).2 which is a subgeometry of the unitary geometry
for Us(2).
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In (2.1) and elsewhere we follow the ubiquitous ATLAS [2] in describ-
ing group structures - it is also a convenient source for information about
subgroups of My, and Uy(3).2. In the situation of (2.1) we shall frequently
denote ¢ by z +vy (to indicate we are viewing ¢ in I';) or y + z (to indicate we
are viewing £ in I')). See Section 3 for further details on the residue geometry
in (2.1)(v).

Let x € I'y and let [, 7, X be, respectively, a line, plane and hyperplane
in I',. We remark that ¢ corresponds to an octad, m to a trio and X to a
sextet (see [9] and [4]). For a further discussion of I', and I'y see Section 3.
Other details of these geometries may be found in [6] and [17].

Before introducing an alternative way of viewing I' we note, in passing,
that |T'o| = 2,503, 413,946, 215 and that the permutation rank of G on Iy is
120 [7].

Let 7 denote the set of transpositions in F'iay. It is a fact that a maximal
set B of pairwise commuting transpositions has |B| = 24 and Stabg(B) ~
21 My,. Such a set is called a base in [2] and G is transitive on the set of
bases. Since F'i), has only one conjugacy class of subgroups isomorphic to
21 My, we may identify T’y with the set of bases in a way which is compatible
with the G-action. For z € I'y we use (2, to denote the base identified with
x. Now (), carries a copy of the Steiner system S5(24,8,5) preserved by
Stabg(£2,). Indeed an octad of Q, corresponds to a line in ', (such an octad
is contained in precisely three bases and incidence between points and lines
corresponds to containment of bases and octads). Therefore x,y € I'y are
adjacent in G if and only if €, N2, is an octad of both €2, and ,,.

For t € T put Ty = {z € Ty|t € Q. }. So the points in 'l correspond to
all the bases which contain the fixed transposition ¢. Also put G* = Cg(t).
Then G' = Fiyz and T is the set of points of the Flio3 geometry scrutinized
in [11],[12],[13] (see especially Section 1). Further, if G* denotes the point-line
collinearity graph of this Fiis3 geometry, then we see that for z,y € T, 2 and

12



y are adjacent in G if and only if z and y are adjacent in G. This observation
gives us access to a rich vein of geometric information from [12],[13],[14].
So, in studying G, we may view I' geometrically working within residues
or regard I'g as living in the world of transpositions. In our arguments we
adopt whichever viewpoint is the most efficacious. We shall also frequently
call upon data given in [15] and accordingly will denote result (i.j) in [15] by
O(i.j). We carry along the notational conventions of [4]. So Sy and 7y denote
the standard sextet and standard trio and Oy, O,, O3 are the heavy blocks of
the MOG. Additionally we adapt the notation in [15] in the following manner.
Let x € I'g. In I', the lines correspond to the octads of the My, maximal 2-
local geometry so to indicate we are working in I', we write a;(x, A1) instead
of just a; (see O(2.1)), with a similar convention for the other orbits itemized

in [15].
(2.2) Let x be a point in T.
(i) AY(z) = {y € To| there exists b € {x,y}* such that b+y € ay(b,b+x)}.
(i1) A3(z) = {y € To| there exists b € {x,y}*+ such that b+y € ay(b,b+x)}.
(iii) A3(x) = {y € Ty| there exists b € {x,y}* such that b+y € ag(b,b+z)}.

() Ai(z) = {y € Ty| there exists ¢ € A}(x) N Ay(y) such that c +y €
Q'3 315 (Ca Qx N Qca Sc:c)}

(v) AZ(z) = {y € Ty| there exists ¢ € A%(x) N Ay(y) such that c +y €
aya(c,c+ b, D), where {b} = {x,c}*}.

(vi) Aj(z) = {y € Ty| there exists ¢ € AZ(z) N Ay(y) such that c +y €
aga(c,c+ b, D,,), where {b} = {z,c}* and for t € D, c is the unique
point in TH N AZ(z) N AL (y)}-

13



(vii) A3(z) = {y € Ty there exists ¢ € A%(z) N Ai(y) such that c +y €
aga(c,c + b, D), where {b} = {z,c}* and for t € D, there are 77
points in Th N A2(x) N Aq(y)}

(viti) A3(z) = {y € Tg| there exists ¢ € A3(x) N Aq(y) such that ¢ +y
as1(c,c+ b, D), where {b} = {x,c}*}.

m

(iz) AS(z) = {y € Ty| there exists ¢ € A%(x) N Ay(y) such that ¢+ y
as1(c,c+ b, D), where {b} = {x,c}*}.

m

m

(z) Al(x) = {y € [y| there exists c € AL(z) N Ai(y) such that c +y
CY0724 (C, Qx N Qm Scx)}

(zi) AS(z) = {y € Ty| there exists ¢ € A3(z) N Ay(y) such that ¢+ y
ay(c, Tea) }-

m

(zii) Aj(z) = {y € Ty| there exists c € A3(z) N Ay(y) such that ¢ +y
as0(c,c+ b, D), where {b} = {x,c}*}.

m

(ziti) A (z) = {y € Ty| there exists c € A3(x) N Ay(y) such that c +y €
a2 (¢, Tew) }-

(ziv) Al(z) = {y € To| there exists d € AL(x) N Ay(y) such that d +y €
al(da 7;l:p)}

(zv) A(z) = {y € To| there emists d € AZ(x) N Ay(y) such that d +y €
0,1(d, Oz, Dax) } -

(zvi) A3(z) = {y € To| there exists d € AZ(x) N Ay(y) such that d +y €
a4,1(d7 Odw; Ddz)}

(zvii) Aj(x) = {y € To| there exists d € A}(x) N Ay(y) such that d +y €
ag1(d,d+ b, Dg,), where {b} = A;(d) N A2(z)}.

14



(zviii) AS(z) = {y € Ty| there exists d € Aj(x) N Ay(y) such that d +y €
Oél(d, de)}

(ziz) AS(x) = {y € Ty| there exists d € A3(z) N Ai(y) such that d +y €
ay1(d,d+ b, Dy,), where {b} = Ay(d) N A3(z)}.

In (2.2) the letters O, D, S, T (with appropriate subscripts) stand for, re-
spectively, particular octads, duads, sextets and trios of certain bases. Their
exact description will emerge later, and will tie in with the data given in [15].

Remark

In fact
A3(z) = U Lo(X) N As(z).

Xelz(x)

See [17] for further details.

Let z € Ty and ¢t € Q,. Set Ay(z)" = Ai(z) NTh and for i = 1,2, let
Ab(z)t = Ab(z) NT§. Fori=1,...,6 we set

Al(z)' = AL(x)NT,  and

Al(z) = Al(x) N TE.

Further we put Q(z)" = Q(x)NG". The above notation is set up so as A’ (z)"
corresponds to the A%(x) as given in [12;(2.15)] for the point-line collinearity
graph Gt.

(2.8) Let x € Ty.

(i) Ai(z) = UteQm Ay(z)', Ay(z) = Uteﬂx Ab(z) (i =1,2) and A;(x) =
Usea, Ai(z)! (i=1,...,6,5 = 3,4).

(ii) For each t € Q,, Q(z) = Q(x)".

15



(iii) Ai(z), Ad(x), A2(x), AL(x) and Al(z) (i =1,...,6) are all distinct G-

orbits.
() Ift € Q, and y € TG, then [Gy : G, ] < 24.

Proof. Part (i) follows from (2.2) and (ii) holds because Q(z) centralizes all
transpositions ¢ in €2,. Since G, acts transitively on the 24 transpositions in
Q. and , by [12], Ai(z)!, Ad(z)!, A3(z)!, AL(x)t, Al(z)! are all GL-orbits (of
differing sizes) we infer that (iii) holds. Because |Q2,| = 24 the G,,-orbit of ¢

can have size at most 24, whence we have (iv). O

3 The point and hyperplane residues

Recall that we shall employ the same notational conventions as in [15] for
the subscripts of a. Suppose that x € I'g, ¢ € I'y(z) and X € I';(z). Hence
by (2.1) we may identify ¢ with an octad of Q, and X with a sextet of .
So, for example, ay2(z, X) denotes the set of octads (lines) which cuts the
sextet X in 4%, and ay(z, f) is the set of octads (lines) which intersects the
octad £ in two elements. Also we define fy(z, X), 51(x, X), B3(z, X) to be
the set of sextets of 2, (not equal to X') which have, respectively, exactly 0,
1 and 3 octads which are also incident with X. Additionally we define the

following subsets of I's(x):-
Oz, 0) ={Y €3(z) | { € ag(z,Y)}

oz, 0) ={Y € '3(z) | { € aza(z,Y)}
d3(x,0) ={Y € I'3(z) | £ € ays3(x,Y)}.
Lemma 3.1. Let x € Iy, £ € I'1(x) and X, € ['3(x).

(1) The Gye-orbits on T'y(x) are {{}, ap(x,l), as(z,l) and ay(z,l) where
lag(z, 0)] = 30, |ag(x, £)| = 448 and |ay(z, )| = 280

16



(ii) The Gye-orbits onT's(x) are 01(x, £), da(x, £) and d3(x, ) where |§1(x, £)| =
35, [02(x, £)| = 840 and |03(x, ¢)| = 896

Proof. See [3] or [4]. O

Lemma 3.2. Let x € I'y and X € T's(z) (so in 'y, X may be identified
with a sextet in ). Then the orbits of G.x on I'y(x) (the octads of Q) are
ap(z, X), as3(x, X) and ag(z, X). Moreover |ayz2(z, X)| = 15, |agss(z, X)| =
384 and |ag(x, X)| = 360.

Proof. Since G5 ~ 203Sg, the stabilizer of the sextet X, this follows from
[3]. ]

Lemma 3.3. For z € Ty and X € T's(z), the G,x—orbits on I's(x) are
{X}, Bolx, X), Bi(x, X) and Bs(x, X). Further |Bo(z, X)| = 1440, |81 (z, X)| =
240 and |Bs(z, X)| = 90.

Proof. See [3]. O
Lemma 3.4. Let x € 'y and X,Y € I's(z).

(i) Suppose Y € Bs(x, X). Of the fifteen octads in 2, incident with X,

three are in ay2(z,Y) and twelve are in agi(z,Y).

(11) SupposeY € p1(xz, X). Of the fifteen octads in Q, incident with X, one

is in ayg2(x,Y), six are in ag(x,Y) and eight are in ays3(x,Y).

(i1i) Suppose Y € Po(x, X). Of the fifteen octads in 2, incident with X,

seven are in aga(x,Y') and eight are in ags3(z,Y).

Proof. Since G, is transitive on I'3(x) we may suppose X is the standard
sextet. Then, in view of Lemma 3.2, for parts (i) (ii) and (iii) respectively

we may take
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X X * * o X |+ + |+ +
Y: s Y:

o ol + 4+ | 0O 0O o X * * * *

o o| 4+ +|O0 O o x| O O|lOo O
X X | x —| *x +
X —| = - o O

and Y =
o + * O * o
O *x | + o| O +
It is now straightforward to check the result. O]

Lemma 3.5. Let v € T'g,m € I'1(z) and X € T's(z). If m ¢ T'1(X), then
there exists Y € B3(x, X) U{X} such that m € ays3(x,Y).

Proof. Since m ¢ T'1(X),m ¢ ag(z,X). Hence, by Lemma 3.2, m €
agsz(x, X)Uaga(x, X). If m € agsz(x, X), then we let Y = X. So now we as-
sume that m € aga(x, X). Let ¢, and t5 be tetrads of X such that [t;Nm| = 2
and |t Nm| = 0. Now choose a tetrad t3 such that |t3 Nt = |t3 Nty| = 2
and |[t3 N'm| = 1. Letting Y be the unique sextet containing t3, we have

Y € B3(x, X) and m € ays3(x,Y), so proving the lemma. ]

The balance of this section considers the hyperplane residue of I'. Set
H = Uy(3).2(2 G% where X € T'3). We consider H as a subgroup of
Us(2), and let V denote the 6-dimensional GF(4) unitary module. Now
there are 693 isotropic 1-subspaces of V' (see [2]) and H has two orbits on
these l-spaces, say, P and Q with |P| = 567 and |Q| = 126. Of the 6237
isotropic 2-subspaces of V| 2835 of them have three 1-subspaces in P and
two l-subspaces in Q — denote this set by £. Among the 891 isotropic 3-

subspaces, 567 contain exactly one 1l-subspace in Q; call this set R. We
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define a geometry A = Ag U Ay U Ay where Ag = P,A; = L and Ay, =R
where incidence is symmetrized inclusion. This geometry is an example of a

GAB (see [6]) and we have
Lemma 3.6. For X € I's, I'x is isomorphic to A.
Our next result lists some properties of A we shall require later on.

Lemma 3.7. Let x € A,.

(i) The H,-orbits on Ay are Dy(x), Di(z), D3(z) and Di(x) where |Dy(x)| =
30, |Di(x)| =120, |D3(z)| = 96 and |Di(z)| = 320.

(ii) The point-line collinearity graph of A is as follows

(iii) We have H, ~ 2*Sg with Oo(H) =2 2*.

() If g € Oy(H,), g # 1, then g interchanges No(1)\{x} for 8 lines I

incident with x and fives No(l) for the other 7 lines incident with x.

Proof. See either [6], [8] or Section 3 of [17].
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4 Involutions

In this section we explore the combinatorial relationship between GG and the

residue geometries as it relates to the action of G on I'.
Lemma 4.1. Let x € 'y and X € T's(z). Then
(i) Q) N Q(X) =27 and Q(a)™ (=2 2)  G2X ~ 2'4; and

(ii) Z)(z) = 1.

Proof. First we note that Q(z) £ Q(X). For Q(z) < Q(X) gives, by (2.1)(v),
Q(7) < 02(Q(X)) =2 21712 Since Q(z) is elementary abelian of order 2!,
this is impossible. So 1 # Q(x)*X Q4 G*y =~ 215, using Lemma 3.7(iii).
Since the 2% is an irreducible Sg-module we must have Q(z)** = 2%, Hence
Q(r) N Q(X) = 27 and part (i) holds.

Since Q(x) is an irreducible G,-module and Z;(z) < G,, either Z;(z) = 1
or Zy(x) = Q(z). If Zi(z) = Q(x), then Z,(x)*X = O4(G=X) by part (i).
However, from Lemma 3.7(iv), every non-trivial element of Oo(G%¥) moves

some point in I'x NA; (x) whereas Z; (x) fixes all points in A;(x) by definition,
a contradiction. Thus Z;(x) = 1. O

For X € I's, we use 7(X) to denote the involution in Z(Gx); recall that
|Z(Gx)| =2by (2.1)(v). Now let z € T'y(X). In ', we may identify X with a
sextet (of €2,) whose tetrads are 17, ..., T, and we have, for each i € {1, ...,6},

(X)) =]t

teT;

(We note that 7(X) is a tetra-transposition in the language of [2;p207].)
Also observe, as Cq(7(X)) = Gx, for X, Y € I's, 7(X) = 7(Y) if and only if
X =Y.
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Let x € T'y. In Q, consider a duad (that is, a 2-element subset), say
D = {t1,t3}. Then §(D) = tits is referred to as a bi-transposition in [2].

Every involution in G is conjugate in G to either 7(X) or 6(D).
Lemma 4.2. Let x € Ty, X € I's(x) and D be a duad of Q. Then
(i) 7(X),0(D) € Q(x);
(ii) Cq(T(X)) ~ 217123U4(3)2, Cq(d(D)) ~ 2:Fyy : 2 and

(i) Q(x)\{1} = 7(X)% U (D)% with |7(X)%| = 1771 and |6(D)%| =
276.

Proof. The definitions of 7(X),d(D) and (2.1)(iv),(v) give part (i). For part
(ii) see [2]. Part (iii) follows from the definition of 7(X'), d(D) and properties
of the Golay co-code. O]

Our next lemma concerns sextet lines whose definition we recall. For
x € Ty, let X7, Xo, X3 € T'3(x), if for all 4,5,1 < i < j < 3 we have X; €
Bs(x, X;), then {X7, X, X3} is called a sextet line of €,.

Lemma 4.3. Suppose that x € Ty and {X1, Xo, X3} is a sextet line of Q.
Then 7(X1)7(Xs) = 7(X3).

Proof. Since, for X € I's,

T(X) =]t

teT

for any tetrad T of X, the lemma follows immediately. m

Lemma 4.4. Let x € Ty, l € I'1(x) and X € I's(x). Then 7(X) interchanges
the points in To(1)\{x} if and only if | € ays3(x, X).
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Proof. Since G, is transitive on I's(x) we may in I',, without loss of generality,

suppose X is the standard sextet. Now let Y be the sextet

By Lemma 3.4(ii), of the 15 octads incident with Y, one is in ay2(z, X),
eight are in ays3(x, X) and six are in ags(x, X). Since 7(X) € Z(Gyx), if
7(X) fixes I'y(I) (point-wise) for some | € ayz(x, X) (respectively aysz(z, X),
agi(z, X)), then, by Lemma 3.2 7(X) fixes I'g(I) (point-wise)) for all [ €
a2 (z, X) (respectively agsg(z, X), agi(z, X)). Because G, is transitive on
['3(x) and, by Lemma 4.1(ii), Z;(z) = 1, 7(X)*Y # 1. So, by Lemmas 4.1(i)
and 4.2(1), 1 # 7(X)*?Y € Q(z)*Y = 02(G*Y). Then 7(X)*¥ (and 7(X))
fixes T'y(!) (point-wise) for exactly 7 of the lines [ € I';(z,Y) by Lemma
3.7(iv). Therefore 7(X) interchanges the points in I'g(/)\{z} only when [ €
agsz(x, X). O

Lemma 4.5. Let x € Ty, | € T'1(z) and D be a duad in Q.. Then §(D)
interchanges the points in Uo(1)\{z} if and only if | € ay(z, D).

Proof. INSERT DOESN’T LOOK LIKE WE NEED 6(D). ]

Lemma 4.6. Let x € I'y and X,Y € I's(z) with X #Y. ThenY € ps(x, X)
if and only if (V) € Q(X).

Proof. Y € By(z, X)UPBy(z, X), then there exists | € ays3(x,Y) by consult-
ing the MOG in [4], and so, by Lemma 4.4, 7(Y") does not fix I'¢(1) point-wise.
Therefore 7(Y') ¢ Q(X). While if Y € ps(x, X), then I'y (, X) C ayz(x,Y)U
agi(z,Y') and hence 7(Y) fixes I'g(1) point-wise for all [ € I';(z, X') by Lemma
4.4. Since, by Lemmas 4.1(i) and 4.2(i), 7(Y)** € Q(x)** = O4(Gz%),
Lemma 3.7(iv) implies 7(Y)** = 1. So 7(Y) € Q(X) as desired. O
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Lemma 4.7. Let z,y, z be distinct points of I'g such that {x,y, z} is a triangle
in G. Then z € To(x +y) (or, in other words, {x,y,z} = Lo(l) for some
lely).

Proof. We have that 2, NQ, and Q. N, are octads in €. Let t € Q, NQ,.
Then t centralizes the transpositions in €2, N €2, and Q. N €, and so either
Q,NQ, =0, NQ, ort e, Ineither case we get 2, N, =Q, NQ, =
Q,NCQ,. [

Lemma 4.8. (i) |Ai(a)| = 1518 = 2.3.11.23;
(ii) Aq(a) is a Gg-orbit; and

(iii) if v € Ai(a), then Gy ~ 21921 Ag (with G3* = G2

wrtar an octad stabi-

lizer).

Proof. (i) Since |T'g())\{a}| = 2 for any [ € I'1(x), |As(a)| = 2|1 (a)| = 1518.
(ii) For [ € I'1(a) we can find X € I's(a) such that [ € ays3(a, X). Hence
by Lemma 4.4 , Q(a) is transitive on I'g(l)\{a}. Since G, is transitive on
['y(a), (ii) holds.
(iii) We have Gy < Gipiq because x + a is the unique line in I'y(a, x)
and [Guprq : Gaz] <2 as |To(x+a)\{z}| = 2. Hence as Q(a) is transitive on
Lo(z + a)\{z} we obtain (iii). O

Combining Lemma 4.8 and O(2.1) with the definitions of Al(a), A%(a)

and A3(a) given in (2.2) we obtain Theorem 2.
Lemma 4.9. Let y € Ay(x) where x € I'y. Then
(i) |Q(z) N Q(y)| = 2°; and
(it) for X € I's(x), 7(X) € Q(y) if and only if X € I's(y).

Proof. Since Oy(GY) is an irreducible 4-dimensional Ag-module over GF(2),

Q(x);Y =1 or Oy(Gyy)™. Suppose Q(z);Y =1 and so Q(z), = Q(x) N Q(y).
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Let X € I's(z) with 2 +y € ag(zr,X). Then 7(X) € Q(z), € Q(y).
Therefore

1Q(y)| > 1771 4 840 = 2611

by Lemma 3.1(ii). This contradicts |Q(y)| = 2" from (2.1)(iv). So |Q(z);’| =
2% and then part (i) follows from Lemma 4.8(iii). For part (ii), if X €
I's(y) then 7(X) € Q(y) by Lemma 4.2(i). Suppose that X ¢ I's(y) and
7(X) € Q(y). Since z +y ¢ I'i(X), we then have x +y € ag(z,X) U
aps3(7, X). Suppose that x +y € ag(x, X). Since G} is transitive on the
set of hyperplanes ds(z,z +y) = {Y € I's(z)|x +y € ax(z,Y)} by Lemma
3.1(ii) and 7(X) € Q(y) we have 7(Y) € Q(y) for all Y € dy(x,x + y). Then

1Q(z) N Q(y)| > 35 + 840 = 875.

This contradicts part (i). By a similar argument, if z +y € ays3(x, X) we
get
|Q(z) N Q(y)| > 35+ 896 = 933,

again giving a contradiction. This proves part (ii). ]

5 The Second Disc of a

We begin by defining certain subsets of Ay(a) as follows.

Aj(a) = {z € Ay(a) | Ts(a,x) # 0 =Ts(a, )}
Aj(a) = {z € Asy(a) | Ts(a,x) = 0}
Aj(a) = {z € As(a) | Ts(a,x) # 0 # Ts(a,2)}.
An immediate consequence of these definitions is

Lemma 5.1. For 1 < j < k < 3, Aj(a) N Ak(a) = 0 and | J>_, Ai(a) =

24



AQ(CI,).

Lemma 5.2. Suppose v € Ay(a) with X € I's(a,x). Then {a,z}+ C To(X).
Proof. Let b € {a,z}* and assume that b ¢ ['o(X). Then a+b ¢ I';(X) as T
is a string geometry. Using Lemma 3.5, we can find Y € f5(a, X) U {X} for
which a + b € ags3(a,Y). By Lemma 4.6, 7(Y) € Q(X) which implies that
7(Y) € Q(a),. Since 7(Y') does not fix b by Lemma 4.4 we get a triangle

{2,b,6"¥)} which then forces a = x by Lemma 4.7. From this contradiction

we infer that b € I'y(X), so proving the lemma. O
Lemma 5.3. Fori=1,2,3, Ai(a) = Al(a).

Proof. Let b € {a,z}*. Using MOG information in €, Lemma 5.2 implies
that Al(a) = Ab(a) for i =1,2,3. O

Lemma 5.4. Let v € Al(a). Then there is a unique hyperplane in T's(a, x).

Proof. Let X,Y € I's(a,z) and b € {a,z}*. Then b € ['y(X) NTy(Y) by
Lemma 5.2. If X # Y, then b+z,b+a € T'o(X)NT(Y) and Ty (b+z, b+a) # 0

by considering MOG information in T',. Hence z ¢ Al(z), whereas Al(x)
Al(x) by Lemma 5.3. Thus we conclude X =Y and the lemma is proved. [

Let the unique hyperplane in Lemma 5.4 be denoted by X (a,z) (respec-
tively X (x,a)) if we regard X (a,z) € I's(a) (respectively X (z,a) € I's(z)).
Of course X(a,z) = X(z,a).

Lemma 5.5. Let v € Al(a). Then |{a,z}*| =5 and, for each b € {a,z}*,
the octad a + b in Q, contains a fized tetrad of the sextet X (a,x).

Proof. By Lemma 5.2, for every b € {a,z}*, b € I'o(X(a,7)) and so a + b €
I't(X(a,x)). Working in the residue geometry of X(a,x) and using Lemma
3.7(ii) we get [{a,z}*| = 5. Since I'y(a,z) = 0 by Lemma 5.3, in ,,, the five
octads {a + b|b € {a,x}*+} must intersect in the same tetrad of the sextet

X(a,z). O
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Note that z € Al(a) implies a € Al(z). We denote the fixed tetrad in €2,
(respectively €2,) described in Lemma 5.5 by t(a,z) (respectively t(z,a)).

Lemma 5.6. (i) |Al(a)] = 2°.3.7.11.23.
(ii) Al(a) is a G,-orbit.

(iii) For x € AY(a) and G*% ~ 25(3 x Ss) is the stabilizer in G&* of X (x,a)
and t(z,a) and |Q(x),| = 2".

Proof. By Lemma 3.7(i), for any X € I'3(a), |T'o(X)NAL(a)] =96 and so by
Lemma 5.4 we get |A}] = 96.|T'3(a)| = 2°.3.7.11.23, proving part (i).

For part (ii), let b € Ay(a) and z € Ad(a) N Ay(b). Then in Qp, b+ a €
ay(b, b+ ). Since ay(b,b+ ) is a G*b-orbit it is enough to show that there
exists g € Gy, with 29 = 2’ where I'g(b+z) = {b, z, 2'}. In £} we can choose
a sextet Y incident with the octad b+ a such that b+ x € ays3(2,Y"). Then
by Lemma 4.4, 7(Y') € (Q(a)NQ(b))\G, and so 7(Y) is the required element
of Gup.

Fort € Q, N NQy, a,x € V(G with x € Al(a)!. Hence Q(z), =
Q(x)! = 27 by Theorem 3 of [12]. Since, by parts (i) and (ii), |G 4| = 216.32.5,
Lemmas 5.4 and 5.5 yield part (iii).

0

We now turn to A3(a).
Lemma 5.7. Let x € A3(a) and b € {a,x}*. Then
(i) |A1(b) N A2(a)| = 27.7 with Gy transitive on Ay(b) N AZ(a); and
(ii) {a,z}*] =1 or 2.

Proof. Since I's(a,x) = () by Lemma 5.3, we have b+ a € as(b,b+ x). So by
Lemma3.1(i), |A1(b)NA3(a)| = 2x 448 = 27.7. Let 2’ € To(b+z)\{b, z}. We
can choose Y € I'3(b+ a) with b+ 2 € ay53(b,Y). By Lemma 4.4 27 = o/
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and so G is transitive on Ay (b) N A3(a) because as(b, b + ) is a Gg-orbit
by Lemma 3.1(i).

Using (i), [2] and the fact that G, ~ 2!*Ag by Lemma 4.8(iii) we must
have Gape ~ 2°56 or 219 Ag. In either case G4, is contained in the stabilizer
in €2, of a duad § contained in the octad a + b. We now show that for every
c € {a,z}*, the octad a + ¢ in 2, contains §. Assume, for a contradiction
that for some ¢ € {a,z}*, a + ¢ does not contain §. Since I's(a,x) = ), we
must have a + ¢ € as(a,a +b). Using MOG information there are exactly
15 sextets in I'3(a,b) that each have a tetrad containing §. Let 7' denote
this set of 15 sextets. We can take Y7,Y5,Y; € T forming a sextet line.
Since 7(Y1)7(Y2) = 7(Y3) by Lemma 4.3 we must have 7(Y;) € G, for each
i =1,2,3. Since Gy, is transitive on 7' we must have 7(Y') € G, for each
Y € T Since a + ¢ does not contain 6 we must have a + ¢ € ays3(Y") for
some Y € T and then 27") # 2. Lemma 4.6 now implies that a = z, a
contradiction. Part (ii) follows because we cannot find three octads in €,

intersecting pairwise in exactly 9. [
Lemma 5.8. Let v € A%(a). Then
(i) A2(a) is a G-orbit;

(ii) [{a, 2z}t =1, |A%(a)| = 28.3.7.11.23 and G4 is transitive on Ay(b) N
A3(a) where {a,z}+ = {b}; and

(i) G2 ~ 21Sg is the stabilizer in Q, of the octad x + b and the duad
Q. N QN Q, where {a,z}+ = {b}.

Proof. Part (i) follows from Lemma 5.7(i) and the fact that Aq(a) is a G,-
orbit.

Suppose that [{a,z}*| # 1. Then {a,z}* = {b, c} with b # ¢ by Lemma
5.7(ii). Lemma 4.6 rules out d(b,c) = 1. If ¢ € AL(b) U A3(b) (= AL(b) U
A3(b)), then b,c € Ty(X) for some X € I's whence, by Lemma 5.2, a,x €
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[o(X). However I's(a,x) = @, and therefore x € A3(b). Hence a + ¢ €
az(a,a + b). From Theorem 4 of [12] Q(a), = 2°, as Gupe ~ 2Ss or 2104,

G*¢ ~ 2%Sg or 2°Ag. In particular 28‘|G*“ |. Clearly Gupr = Gapee and so

abx abz

G . = G . Since a+c € ag(a, a+b), G leaves a dodecad of 2, invariant
whence Gif. is isomorphic to a subgroup of My,. But 28(|Gig, | yields a
contradiction. Thus we conclude that |{a,z}*| = 1, and consequently for
be{a,z}t

A1 (b) N AZ(a)[|As(a))|

=283.7.11.13.
e, 2} STALL

[AS(a)| =

Part (iii), using Q(x), = 25, follows readily.
[

Lemma 5.9. Let x € A3(a). Then there is a unique element A(a,x) €

Dy(a,z) and for every b € {a,z}*+, b € To(A(a, x)).

Proof. By definition, T'y(a,x) # 0. Let b € {a,z}* with b+ a € ag(b,b + z)
and let A(a, ) be the unique element of I'y(b+a, b+x). Suppose b’ € {a,x}*
with ' ¢ Tg(A(a,x)). In €, there are seven sextets X; (1 = 1,...,7) in
I'3(b+a,b+x) and by Lemma 5.2 V' € T'y(X;) for each i = 1,..., 7. Therefore,
in € there exists a trio A € T'y(b 4+ a,b/ + z, X;) for each 1 = 1,...,7.
Considering the situation in €, we must have A = A(a, z) and the lemma is

proved.

]

We follow our earlier notational convention and also denote the unique

plane in Lemma 5.9 by A(z,a) if we are viewing A(z,a) as a trio in I',.
Lemma 5.10. Let v € A3(a). Then |Ts(a,x)| =7 and |{a,z}*| = 3.

Proof. By Lemma 5.2, for X € I's, X € I's(a, z) if and only if X € I's(A(a, x)).
The result now follows from Lemma 5.9 because in I'x there are three points

collinear with @ and z and in [y, |I's(A(a,z))| = 7.
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Lemma 5.11. Let x € A3(a). Then
(i) |A3(a)| = 23.3.5.11.23;
(ii) A3(a) is a G,-orbit;

(iii) G*= ~ 25(L3(2) x 3) is a subgroup of index 2 of the stabilizer in Q, of
the trio A(z,a) and |Q(z),| = 2°.

Proof. Since |{a,z}*| = 3 by Lemma 5.10, |ag(b,b + a)| = 30 (b € {a,z}*)
and, by Lemma 4.8(1), |Aj(a)] = 2.3.11.23, we calculate that |A3(a)| =
23.3.5.11.23.

For part (ii), let b € Aj(a) with A € T'y(a,b) and X € I's(A). Then
GX\ ~ 21(S;x2) and is transitive on the four points in A3(a)NA;(b)NCo(A).
Then G, is transitive on A3(a) because I'y(a) and A;(a) are G, -orbits.

By Lemma 5.10 {a,z}* = {b1,bs,b3}. Also, using Lemma 5.9, G7¢ <
Gropary ~ 2°(L3(2) x S3). Let 1 < i < j < 3. Then a+b; and a + b

are disjoint octads as they are both incident with the trio A(a,x). Choose a

a,r)

tetrad 0 of €2, which intersects a+b; in two elements and a+b; in one element,
and let Y denote the sextet of 2, with  a tetrad of Y. Then a+b; € agi(a,Y)
and a+b; € ays3(a,Y’). Hence, by Lemma 4.4, 7(Y) € Q(a)y, \ Q(a)y,. Thus
Qa)y, # Qa)y, for 1 <7 < j < 3. Further Q(a), < Qa), (1 < i < 3),
for Q(a), £ Q(a)y, yields that |{a,z}* N To(a + b;)] = 2 whereas no two
points of {a,z}t are colinear. So, as [Q(a) : Q(a),,] = 2 and Q(a),, #
Q(a)y, for i # j, we have [Q(a) : Q(a),] > 2°. Consequently using part
(i) either G¥% ~ 25(L3(2) x 3) with |Q(a),| = 2 or G&% ~ 25(L3(2) x S3)
with |Q(a),| = 28. Suppose the latter holds. Let & be the element of order
3 in the S3 direct factor of G}2. Then, as £ permutes the three octads
{a+b]i =1,2,3} and Q(a)s, # Q(a)s, (i # j), & must act non-trivially on
Q(a)/Q(a),. But then A centralizes Q(a)/Q(a), where X is an element of
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G2 of order 7, a contradiction as |Cg)(A)| = 2% Thus, as a € A3(z), we
obtain G2 ~ 25(L3(2) x S3) and |Q(z),| = 2°, so proving (iii).
0

Lemma 5.6 combined with (2.2) proves Theorem 3 except for the octad
orbits ago1(x, A1, Ag), aq315(2, A1, Ag) and agg2(z, A1, A). The first two
will be settled by Theorems 7 and 11 and the data in O(2.2), while the
last one follows from Theorem 12(ii). Theorem 4, apart from the octad
orbits ago(x, A1, Ag) and ayp(x, Ay, Ag), follows from Lemma 5.8 and (2.2).
The remaining two orbits are dealt with by Theorem 12(i),(iv) and O(2.3).
Finally Lemma 5.11 and (2.2) deliver Theorem 5.

6 Theorems 6-11 and 13

Lemma 6.1. Suppose that v € Ty and that Q, NQ, # 0. Let t € Q, and let
A denote the G4-orbit of v. Set k = |{s € Q,|x € I'§}|. Then

kKIA| = 24|ANTY).

Proof. Since A is a G,-orbit and G, acts transitively on €,, |A NIT§| is the
same for all s € Q,. Furthermore we also have that [{s € Q,|y € I'§}| is the
same for all y € A. Because 0, N Q, # 0 we note that k # 0. Now counting

in two ways the number of elements in
{(s,y) € Qu x Aly € T}

yields, as |Q,| = 24, the

lemma. ]

For x € I'y and s € §2,, G denotes the stabilizer of x in G° = Flizs. So

G% ~ 2" My3. Also recall that Q(z)* denotes the normal elementary abelian
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subgroup of G2 of order 2'*.
Lemma 6.2. Forx € I'y and s € Q,, Q(z)° = Q(z).

Proof. Since 2" My ~ G5 < G, ~ 21 My, the subgroup structure of Moy
forces Q(x)* = Q(x). O

Lemma 6.3. (i) If v € Al(a), then |{s € Q.| € T§}| = 4.
(ii) If x € A3(a), then |{s € Q,|z € T5} = 2.

Proof. Let x € Al(a) and set k = |{s € Q,)z € T§}|. Observe that, for
t € Qq, Al(a)NTE = Al(a)t. Since G, is transitive on Al(a), Lemmas 5.6(ii)
and 6.1 imply that

kA (a)] = 24[Ay(a)',

where t is some fixed transposition in €2,. From Lemma 5.6(i) and Table 1 of
[12], |Al(a)| = 25.3.7.11.23 and |Al(a)!| = 21.7.11.23, and therefore k = 4.
A similar argument, using Lemma 5.8 instead of Lemma 5.6, establishes

part (ii). O

Lemma 6.4. Fori = 1,...,6, Ai(a) is a G-orbit and, fort € Q,, Ab(a)N

[y = Az(a)"

Proof. Let x € Al(a) and t € {s € Q,|z € T3} = 2, N Q. From Lemma 5.6

and Theorem 3 of [12], |G| = 2'°.3.5 and |G? | = 2'4.3.5. So [Gu, : GE,] =4

and hence, by 6.3(1), G, is transitive on {s € Q,|z € T'§}. Because G', is

transitive on A}(a)! = Al(a)NTE, we conclude that G,is transitive on Al(a).
The remaining sets A(a) (i = 2,...,6) are defined from AZ(a). Now

similar arguments may be employed for these sets as [G,, : G',] =2 for x €

A3(a) (wheret € {s € Q,|x € T§}) and, by 6.3(ii) |[{s € Qu|z € T} =2. O
Theorem 6.5. Let x € Ai(a).

(i) If i = 1, then G,y ~ 2°L3(4)Ss, G2 = Stabgse{A1} ~ L3(4)Ss where
Ay is a triad of Q, and |Al(a)] = 2'2.11.23.
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(ZZ) [f’l = 2, then Gax ~ 2423<L3<2> X 2), G:ﬁ = StabG;z{Al,AQ} ~
23(L3(2) x 2) where Ay is an octad, Ny a duad of Q, with Ay N Ay =0
and |A2(a)] = 2'9.32.5.11.23.

(1) If i =3, then Gy ~ 22%Sq, G2 = Stabg:={ A1, Ao} ~ 2*Sg where Ay is
an octad, Ay a duad of Q, with Ay C Ay, and |A3(a)| = 2'2.3.7.11.23.

(iv) If i = 4, then Gop ~ 2M2, G¥% = Stabgs={ A1} = M2 where Ay is a
duad of Q. and |Aj(a)] = 212.3.23.

(v) If i =5, then Gop = GiE = Stabgs={A1, Ao, A3} ~ 2% A5 where Ay is
an octad of Q, [As| = |A3] = 1 with Ay U A3 C Ay, and |A3(a)| =
215.32.7.11.23.

(vi) If i = 6, then Goy ~ 2935y, GZ = Stabgs={A1, Ao, A3} ~ 2354 where
Ay is an octad of Q, |Ao| = 4,|A3] =1, A3 C Ay C Ay, and |AS(a)| =
212.3.5.7.11.23.

Proof. (i) Let t € Q,. From Lemma 6.4 Al(a) is a G,-orbit and Al(a)NTE =
Al(a)'. For x € Aj(a), let k = [{s € Q,|z € T§}|. Using Lemma 6.1 we
obtain

k| Ag(a)| = 24|Az(a)'|.

By the definition of Al(a), there exists y € Al(a) such that y + x €
as315(x, A1, A2). Now consulting Theorem 3, we see that Ay = Q, N Q,,
and hence |Q, N, > 3. So k > 3. Therefore, as |Al(a)!] = 2°.11.23 by

Table 1 of [12],
24|Al(a)|  24.2°.11.23
B k B k
24.29.11.23
< -
- 3
Supposing that z € T. Then G, ~ 22L3(4)2 by 5 of [12]. Since A}(a) is
a Gg-orbit, |Al(a)| must divide [G, : G,] = 2'2.3.11.23. Bearing in mind

|As(a)]

=2211.2.
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the possible overgroups of L3(4)2 in My, = G5* and Lemma 6.2, we get that
[Guz : GY,] = 3. Thus |Al(a)| = 2'2.11.23 with k = 3 and G, ~ 22L3(4)Ss
with G2 = Stabg:=={A}, A; being the triad {t} U D(z,a). (With D(a, ) as
in Theorem 5 of [12].) This establishes (i).

Parts (ii)-(vi) may be proved in a similar fashion. For these cases we may
extract k = |{s € Qu|r € T§}| (for z € Ai(z), i = 2,...,6) from [12]. Recall
that in the Fis3 geometry, a hyperplane is just a transposition with points
of this geometry being sets of 23 pairwise commuting transpositions. For
r € Ai(a)t, t € Q, where i € {2,3,4}, a and x are incident with a unique
hyperplane of the Fiss geometry (see Section 1 of [12]) - so for i € {2,3,4},
k = 2. Whereas, for z € A(a)’, i € {5,6}, a and x are not incident with
a common hyperplane of the Figg geometry. Thus k = 1 for i € {5,6}.
So knowing k we can make effective use of Lemma 6.1. We observe that
for z € AL(a) NTY (t € Q,) we have G,, = G, for i = 3,5,6. While
[Gor = GL,] = 2 for i = 2,3,4. In these latter cases we must also call on the
services of Lemma 6.2 in order to deduce that G, has shape, respectively,
2193(L5(2) x 2), 222485 and 2Myy2.

We are now in a position to verify Theorems 6-13. For Theorem 6, The-
orem 6.5(i) gives Gu, and G** for x € Al(a). We must discover the point
distribution of the G, line orbits «;(z, A1) (i = 1,2,3), three of the G-
orbits on lines - see [15]. Let y € Ay(x) be such that x +y € ay(z, Ay).
Now we may further assume y is chosen so as z,y € 'l for some ¢t € Q,.
Then, by Theorem 5 of [12], © +y € ag(x, D(x,a)) (seen within T'h) with
r + y having point distribution AY2AY. Since ay(x, A1) is a G4-orbit and
Al(a)! C Al(a), we conclude that lines in ay(x, A1) have point distribution
AY2A]. Similarly we see that as(x, A1) has point distribution A}2A3 and
as(z, A1) has point distribution AJ2AL.

The same kind of arguments work for A2(a), A3(a), Ad(a), A3(a) and

A$(a), so we omit the details.
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]

The same strategy as employed in this section will reveal G, and orbit
sizes for x € AY(a), i = 1,...,6. Note that in all these cases k = |{s € Q,|z €
I'*}| = 1 as a and = cannot be incident with a common hyperplane in the
Fios geometry, as the point-line collinearity graph of the Figs geometry has

diameter 3 (see Appendix 1 of [11]).

7 Proof of Theorem 12

The orbits considered in Theorem 12 do not lie within a Fis3 residue and
so we cannot apply the same reasoning as in Section 6. Recall that for any
X €T3, I'x is isomorphic to the geometry for Uy(3).2 described in [6].

We define

A(a) = {z € Ty | Ts(a,z) # 0 and d(a,z) = 3}.

Lemma 7.1. AS(a) = Al(a).

Proof. 1If x € Kg(a) and X € I'(a, z), using information about the geometry
I'x given in Lemma 3.7(ii), there exists ¢ € As(a) N Ay(a) with ¢ + 2 €
ayz(c, T) where T € I'y(a,c). By (2.2) ¢ € A3(a) and = € Al(a). Conversely
if z € A§(a) we must have I's(a, z) # () by O(2.4) and d(a,z) = 3 by Lemma
5.2. Sox € Kg(a) as required. O

Lemma 7.2. If x € A§(a), then |Ts(a,z)| = 1.

Proof. Let x € Aj(a) and assume that X,Y € I'3(a,z) with X # Y. Using
information about the Uy(3).2 geometry described in Lemma 3.7(77), for
every | € T'1(a, X), there exists b € T'g(l) with b € Ay(x) N Aq(a). If Y &
Bs(a, X), then there is some b € Ay(x) N Ay(a) with a + b € ags3(a,Y) by
Lemma 3.4. Therefore Lemma 4.4 implies that 7(Y") does not fix b. Since
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7(Y) € Q(a),, b™Y) € Ty(a + b) N Ay(z). However, as To(a +b) C To(X),
Lemma 3.7(ii) implies that a € A;(z), a contradiction. Hence Y € f5(a, X).
In I',, there are three octads [ incident with X and Y and for one of these, we
can find y € Ty(1)NAL(a). Since X,Y € I'3(a,y) we now have a contradiction

to Lemma 5.4, and so X =Y as asserted. O
Lemma 7.3. Let ¢; € A2(a) and ¢y € Ay(a) N Ay(cy). Then

(i) co € A%(a); and

(11) if y € To(cr + c2)\{c1, 2}, then y € Aq(a).

Proof. (i) Suppose that c; € Al(a) U A3(a), and argue for a contradiction.
Then, by definition of Al(a) and A3(a), there exists X € I's(a,cz). Since
c1 € A2(a), {a,ei}t| = 1. Let {a,c1}t = {b}. If b € Ty(X), then, using
Lemma 5.2, ¢; € {b,c}*+ C T'y(X) and so X € I's(a, cy), whereas I's(a, cp) =
). Thus b ¢ I'g(X) and as a consequence a + b ¢ T'1(X). Hence a +b €
agi(a, X) U agsz(a, X). Assume that a +b € agi(a, X). Then 7(X) € Q(a)y
by Lemma 4.4. Since X ¢ I'3(b), 7(X) ¢ Q(b) by Lemma 4.9(ii). So 7(X) €
Q(a)y\ Q(b) and hence 7(X)** € Q(a)* = O5(G}b). Since b+c; € ay(b,b+a)
we then infer that 7(X)*® does not leave the octad b + ¢ invariant. Hence
7(X) ¢ G.,. However 7(X) € Q(c2) and so we obtain a triangle {b, ¢y, CI(X)}

(X) € I'o(c1 + ¢). Lemma 4.7 forces b = ¢g, a contradiction. Thus we

with ¢}
have shown that @ +b ¢ asi(a, X) and so a + b € ays3(a, X). By Lemma
4.4, 07X £ b If CI(X) = c1, then {b,6™X) ¢;} is a triangle, whence a = ¢,
by Lemma 4.7. Thus c;(X) # ¢1. Since CI(X) € Io(cy + o), this gives
(6,7} C {b7) ¢y }+ which, as 57®) € A2(c;), contradicts Lemma 5.8(ii)
(note that b = ¢ would give ¢ € To(b+ ¢1) and then ¢y € A2(a)). With

this contradiction we have established part (i).

(i) Let {a,c;}+ = {b;} for i = 1,2. Suppose (ii) is false and argue for a
contradiction. We first claim that d(by, cy) = 2 = d(ba, ¢1). If, say, d(by, c2) =
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1, then {by, c1, o} is a triangle and so, as ¢, € Ag(a), Lemma 4.7 yields
that y = by € Ay(a). Thus d(by,c2) = 1 and, similarly, d(by,c1) = 2. In
particular, this gives by # by. Further, d(by,bs) = 2. For d(by, by) = 1 implies
by € To(a+by) by Lemma 4.7 and then {by, co} C {by, c; }+. This contradicts
Lemma 5.8(ii) as by € A3(cy).

If by € Al(by) U A3(by), then by part (i) (with b in place of a) ¢; ¢ A3(by).
Therefore ¢; € Al(by) U A3(by). Consequently a € A3(c;) and by € Ad(cq) U
A3(c;) which is contrary to part (i) (with ¢; in place of @). Thus b; ¢ Al(by)U
A3(by) and hence by € A%(by). Similar arguments show that ¢; € AZ(by) and
co € A2(by). By considering the elements of I'3(by, c;) as sextets in €, and
using Lemma 4.4 there exists Y € I['3(by,¢;) with 7(Y) € G,. Suppose
that 7(Y) ¢ G.,. Since 7(Y) fixes the line ¢; + ¢o, Lemma 4.7 implies that
;") £ by and 7(Y) ¢ Q(a). Therefore 1 # 7(Y)* € O2(G32 ). This means
that, in €,, the octads a + b;(y), a + by and a + by interest pairwise in the
same duad. However we see from the MOG [4] that this is impossible. Thus
we have shown that 7(Y) € G,,. Since by € A3(cz), Y ¢ T'3(cz) and so
7(Y) ¢ Q(c2) by Lemma 4.9(ii). Then 1 # 7(Y)*2 € O(G%2). Since
ca+by € ag(co,ca+c1), T(Y)*2 does not fix ¢y + by. This contradicts Lemma

5.8(ii) and this gives part (ii), and completes the proof of Lemma 7.3.
[l

Lemma 7.4. (i) AS(a) is a G,-orbit and |A(a)] = 2°.5.7.11.23.

(ii) For x € A§(a), Gap ~ 2 : 3.32 : 4 and G3% ~ 25 : 3.32 : 4 is the
stabilizer in GX* of the sextet X € I's(a, ) and the partition of 2, into
Y = {00,14,0,8,3,20,15,18,17,4,16,10} and its complement (where
X s identified with a standard sextet in ), ).

(iii) |AY(a) N Ay (z)] =6 and |A3(a) N Ay (x)| = 9.

() Let x € A§(a) and {X} = T3(a,z). If {a,b,c,x} is a path of length 3
in G, then b,c € To(X). Moreover A3(a) N Ay(x) = 0.
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Proof. Let x € AS(a). By Lemma 7.2 T'3(a, z) = {X}. Observe that To(X)N
A%(a) = D3(a) by Lemmas 7.1 and 3.7(ii). Since G, is transitive on I'3(a)
and by Lemma 3.7(i), Di(a) is a G,x-orbit, we see that A§(a) is a G,-orbit.
Also, as |Di(a)| = 320 by Lemma 3.7(i),

[A3(a)] = [Ts(a)[[To(X) N A(a)|
— 7.11.23.320 = 26.5.7.11.23,

So (i) holds.

Clearly we have G, < Gupx and so G3% < G2 ~ 20355, Also, by part (i),
|G o] = 29.3%. We now look at Q(a),. Using Lemma 4.6, as a,z € ['y(X),
gives (T(Y)|Y € Bs3(a, X)) < Q(a),. Hence, by Lemma 3.3, |Q(a),| > 27.
Now select y € Aj(a) NTo(X) (= D3(a)) with y € Aj(x). Suppose Q(a), £
Q(a)y, and let g € Q(a), \ Q(a),. Then y9 # y and y9 € Aq(z) N A(a) N
Lo(X). Let b € {a,y}* (and note that y € Ty(X). Since y € Q(a), ¥ €
Lo(a+b). If b £ b9, then Lemma 3.7(ii) forces a € A;(z) whereas d(a,z) = 3.
Thus b = b and consequently {a,y}* = {a,y9}*. Looking in ['y(X) we see
this is impossible [****NEED GOOD REASON*****] Hence we infer that
Q(a). < Q(a),. By Theorem 3 |Q(a);,| = 27 and therefore [Q(a),| = 27.
Since a € AS(z), we also get |Q(x),| = 27, and so |G:%| = 28.33. Since G*
contains a Sylow 3-subgroup of G2 and the only subgroup of Sg of order
322% are subgroups of 3% : 4 we see that G*% ~ 25 : 3.3% : 4 which completes
the proof of (ii).

Consulting Lemma 3.7(ii) we see |Al(a) N Ay(z) NTo(X)| =6 and |A3(a) N
Ai(z) NTo(X)| = 9. If [A3(a) N Ay(x)| > 9 then for y € A3(a) the lines
in ay92(y, 7(a,y)) must be incident with at least one point in AS(a). Let
k = |Ai(z) N A3(a)|. Using part (ii), Lemma 5.11 and O(2.4) we calculate
that £ = 3649 or 724+9. Now, by O(2.11), there are no line orbits (apart from
g g(z, X) and ayz g2 (2, X)) of size < 72. Thus we conclude that |A3(a) N
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Aq(z)| = 9. A similar argument, using |A$(a)|, |Al(a)| and O(2.11) shows
that |A(a) N Ai(z)] = 6 - note that all the line orbits from y € Al(a) have
already been accounted for except o 24 (y, A1, Ag).

Suppose (iv) is false, and argue for a contradiction. Then, by Lemma 5.2,
b,c ¢ I'y(X). By Lemma 3.5 there exists Y € f3(a, X) U{X} witha+ b €
agsz(a,Y). Set 7 =7(Y). By Lemma 4.6 7 € Q(X) and so a” = a and 27 =
x. Also, from Lemma 4.4, b # b™ € T'y(a + b). Note that b,b™ € Ay(z) and
that b and b are in the same G, -orbit. Lemma 7.1 implies that a € A§(z).
If b € Al(z) U A3(x), then part (iii) (with @ and z interchanged) yields that
b € T'o(X). Thus b,b” € A3(x). Using Lemma 7.3(ii) (with x in place of a)
we infer that a € Ay(z), a contradiction. That AZ(a) N Ay(z) = 0 follows
from Lemma 3.7(ii). O

We now consider the set
A(a) = {x € Ty| there exists ¢ € A3(a)NA;(x) such that c+a € aye(c, Tea)}

where T, is the unique element of I'y(a, ¢).
Lemma 7.5. Al%(a) C Az(a) and Al’(a) N AS(a) =0 and so T's(a,z) = 0.

Proof. Let x € Al%(a) and ¢ € A3(a) N Ay(z) such that ¢+ z € ayp(c, Ta).
By Lemma 7.4(iv), if x € A§(a), then there exists X € I'3(a, z) and in €. the
octad ¢+ would intersect T, in 42, a contradiction. So Al (a) N AS(a) =0
and Iz(a,z) = 0. If z € Ai(a), then = € {a,c} and so x € Ty(X) for each
X € I's(a,c), a contradiction. Suppose that x € Ag(a). Then Lemma 7.3
gives that z € Al(a) U A3(a). However this contradicts I'3(a, ) = () again.
Therefore © € Az(a) by definition. O

We now turn to A%(a). Recall from (2.2) that
Al(a) = {x € Ty there exists ¢ € Aj(a)NA;(x) such that c+y € agai(c, 2N, Sea}
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where Q. N €, is the tetrad of 2, described in Lemma 5.5 and S,, is the
sextet in €, corresponding to the unique element of I's(a, ¢).

The next result shows the link between Al(a) and Al%(a).
Lemma 7.6. For any x € Ty, x € AP(a) if and only if a € Al(a).

Proof. Let x € Al%(a) and let ¢ € A3(a) N Ay(x) with ¢+ z € ag(c, Tey). If
{a,c}t = {by, by, b3} we may suppose that by € Al(z) and by, by € A(a). In
p,, the octad by + ¢ is incident with the sextet X (b, z), where X (b, x) is
the unique element of I'3(by, x) (see Lemma 5.4). Also (by +a) N (b1 + ¢) =
0 as octads because ¢ € Aj(a). Therefore by + a € ao(by, X (b1, z)) and
|(by + a) N t(by,x)| = 0 where T is the tetrad contained in b; + d for all
d € {by, z}*+. Therefore a € Al(z) by definition.

Conversely assume a € Af(x) and let b € Al(x) N A(a) with b+ a €
a1(b, X') where X is the unique element of I'3(b, z) and |(b+a)Nt(b,z)| =0
in Q, where t(b,z) = Q, N Q,. Then there exists d € {b,z}* such that
b+x el (X)and (b+d)N(b+a) =0 in Q. Hence d € A3(a) and now
x € AL by definition. O

Lemma 7.7. Suppose that 1, xs € Ay(a) and 1 € Ay(xs). Let Uo(z1+x9) =
{x1, 29, 2}. Then x1, 35 € Al(a) for the same i € {1,2,3} and v € A(a).

Proof. 1f z; € Aj(a), the lemma follows from Lemma 7.3. So we may assume
r1 € Al(a) UA3(a). The point distributions [****GIVE REFS****] of lines
from A}(a)UA3(a) are all known with the exception of ag g1 (21, A1, Ay) when
r1 € Al(a). From Lemmas 7.5 and 7.6, we deduce that Al(a) C Az(a). In
particular, for £ € agai(z1, A1, A2), Ao(€) N AY(a) = {z1}, so completing the
proof of Lemma 7.7. O

Lemma 7.8. Let x € Al%(a) and c € A3(a) N Ay(z).

(i) We have Ay(z) N Ay(a) = {a,c}t with |AL(z) N A(a)] = 1, |A3(x) N
Ai(a)| =2 and |A3(z) N Ay(a)] = 0.
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(ii) If b € AL(x) N Ai(a), then Ax(a) N Ai(z) = {b,z}t with |Al(z) N
Ai(a)] =0, |A3(x) N Ay(a)] =4 and |A3(z) N Ay(a)] = 1.

Proof. In Q., for every b € {a, c}*, the octad ¢+ is incident with the trio 7,
and since c+x € ayz(c, Toa) we get |A(z)N]{a, e} | = 1, |A2(z)N{a, c}| =2
and |A3(x) N {a,c}t| = 0 from the definitions of Ai(z), i = 1,2,3. Let
{b} = Al(x)N{a,c}t. In O, the two octads b+a and b+ c are incident with
the trio 7., and so the octads are disjoint. Let X be the unique element of
[3(b, ). Then b+a € a(b, X). Therefore, for every d € {b, z}*, the octads
b+a and b+ intersect in exactly two elements of (. So |AL(z)N{b, z}*| = 0,
|A2(x) N {b,z}t| =4 and |[A3(z) N {b,x}*| = 1.

To complete the proof by Lemma 5.8(ii), it is enough to show that Ay(z)N
Ai(a) = {a,c}t. Assume that b € Ay(z) N Ay(a) with b ¢ {a,c}*+. If
a+ by € I'i(X) for some X € I's(a,c), then a + by € I'1(Y) U agi(a,Y) for
every Y € I's(a,c) and so 7(Y) € Q(a), by Lemmas 4.2(i) and 4.4. By the
definition of Af(a) we can find Y € T'3(a,c) with ¢ + 2 € ags3(c,Y) and
then 7(Y) ¢ G, by Lemma 4.4. So z,77") € Ay(b;) and Lemma 7.7 gives
¢ € Ay(by), contrary to the choice of by. Therefore a + b; ¢ I';(X) for all
X € T3(a,c) and so in Q,, the octad a + b; intersects the trio T, in 422.

We now show that b; € A3(x). Let X be the unique element of T'3(b, z).
Assume b; ¢ AZ(z) for a contradiction. Then there exists Y € T's(z,b).
If X € Bi(z,Y) for i = 1,0, then there exists d € {z,b}* with x +d €
aps3(7, X). By Lemma 4.4 d™X) 2 d. Since b+ a € ayi(b, X), using Lemma
4.4 again we have a™™) = q. Using Lemma 7.7 with d and d"®) we get
y € Ai(a). So we must have X € B3(x,Y). We can choose d € {d,x}*
with z +d € ag(z,Y). Sod € To(Y). If d € Ay(by) then d ¢ AZ(a) by
Lemma 5.8(ii). Then d = ¢ from the first part of the proof. This contradicts
the fact that by ¢ {a,c}*. If d € Ay(by), then Lemma 7.7 implies that the
point in Io(a + by)\{a, b1} lies in A;(z) and using Lemma 7.7 again we get
r € Ay(a). So d € A§(by) because I'3(d,b;) # 0. However Lemma 7.4(iv)
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now yields I's(a, z) # () which contradicts Lemma 7.5. Hence we have shown
that by € AZ(x).

Let d be the unique point in {z,b;}*. We can choose Y € I'3(a,c) such
that c+ 2 € agi(c,Y). Then 7(Y) fixes x by Lemma 4.4. Assume d ¢ A3(a)
and let Z € I's(a,d). If Z ¢ T'3(7T.,) we could choose Y; € I'3(7.,) such that
Y, € Bi(a,Z) fori = 0or 1 and ¥/ € {a,d}* with a + b € ays3(a, Y7). So
7(Y1) does not fix b’ by Lemma 4.4 and then Lemma 7.7 gives a € Ay(x), a
contradiction. Therefore Z € I'3(7.,). Applying a similar argument to the
one used to show b; € A%(z), we can prove that d € A(a).

Since b; ¢ {a,c}t, the octad a + by in Q, is not incident with the trio
Tea- Therefore we can choose Y € I's(a,c) with 7(Y) € G, and by ¢ I'g(Y).
If 7(Y) does not fix by Lemma 7.7 would imply that a € A;(x) and so
7(Y) € Gy,. **SHOW THAT d™Y) # d***. We now have |{by,z}*]| > 1

which contradicts Lemma 5.8(ii). This completes the proof of the lemma. [
Lemma 7.9. (i) |Al%(a)] = 2°.32.5.7.11.23.
(ii) G, is transitive on AL (a).

(iii) Forxz € AP(a), Gop ~ 2° : Sy and G2 ~ 25 . Sy is the stabilizer in G**
of the tetrad t(x,b) (where b is the unique element of Ai(a) N A3(z))

and a partition of x + c\t(x,b) into two pairs of elements.

Proof. Let x € Al’(a) and ¢ be the unique point in A3(a) N Ai(z) (c exists
by Lemma 7.8). Then |Al%(a) N Ai(c)| = 2|ayz(c, Tea| = 2.672 by O(2.4).

By the uniqueness of ¢ and Lemma 5.11(i) we have
|A3(a)| = 2.672.|A3(a)| = 2°.3%.5.7.11.23.

For part (ii), working in €, there are four sextets X € I's(a,c) such

that ¢ + 2 € ags3(c, X) and so 7(X) ¢ G, by Lemma 4.4. Therefore G,
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is transitive on (¢ + x)\{c}. Now part (ii) follows because ays3(c, X) is a
Gac-orbit on T'y(c) and Aj(a) is a G,-orbit of points by Lemma 5.11(ii).
Turning to part (iii) we have G, < Gqe. Let b € {a, c}r NAL(z) (b exists
and is unique by Lemma 7.8(i)). By Lemma 7.8(ii) there exists c¢1,cy €
{b,x}+ N A%(a) with ¢; # co. We show that |Q(a),| < 23 by first proving
that Q(a), < Q(a), for i = 1 and 2. Assume g € Q(a)x\Q(a)., for a
contradiction. If b9 = b, then in €, the octads b+ ¢; and b+ ¢ contain the
same two elements of b+ a. However Lemma 5.5 implies that ¢(b,z) C b+ ¢
which gives (b+a)N(b+c) # 0, contrary to Lemma 5.9. So b9 # b and we can
use Lemma 7.7 to show that a € A;(z), a contradiction. So Q(a), < Q(a),,
for i = 1,2. Since (b+a) N (b+ ¢;) = 0 in €, there are seven hyperplanes
Y, € I's(a,b) (i = 1,...,7) with 7(Y;) € G, and the subgroup generated
by the elements 7(Y;) has order at least 2%. Further we can show that, up
to relabelling Q(a) N Q(c1) = (7(Y1)7(Ya)7(Y3)) < Q(a)eye,. (See Lemma
6.15 in [17] for details). Since Q(a)e,e, # Q(a)e, We have |Q(a)e,e,| = 21 by
Theorem 4. Therefore |Q(a)*! | = 23. In Q. the octads ¢; + b and ¢; + @

Cc1C2

intersect in four elements and the subgroup of Oy(G}7}) fixing ¢; + x is of

order 22. Therefore [Q(a): .| < 2% and so |Q(a),| < 2°, as required.

By parts (i) and (ii), [Gac : Gaz] = 2°.3.7. Since |Q(a).| = 2° by Theorem
5 we must have |Q(a),| < 2% and so |Q(a).| = 2% and [GF® : GF¢] = 3.7.
Using the ATLAS [2] and Theorem 5 we get G&% ~ 2°:S,. This completes

the proof of the lemma. O
Lemmas 7.6 and 7.8 now imply
Lemma 7.10. Let v € Al(a) and c € AY(a) N Ay(z). Then

(i) Asx(z)NAL(a) = {a,c}t with |AY(x)NAL(a)| =2, |A2(x) N Ai(a)] =0
and |A3(z) N Ay (a)| = 1.

(ii) If b € A3(x) N Ay(a), then Ay(a) N Ay(z) = {b,z}* with |Al(a) N
Ai(z)] =4, [A2(a) N Ai(z)] =1 and |A3(a) N Ay(x)| = 0.
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Lemma 7.11. (i) |Al(a)] = 2°.32.5.7.11.23.
(ii) G, is transitive on Al(a).

(iii) For x € AY(a), Gaz ~ 27 : Sy and G*% ~ 25 : S, is the stabilizer in G**
of the octad x+d (where d is the unique element of A3(a)NA(x)), the
trio To which is the unique element of Us(b,z) for b € A3(z) N Ay(a)

and a partition of the octad x + d into four 2-element sets.

Proof. Let z € Al(a) and ¢ € Al(a) N Ay(z). Then |A3(a) N Ay(c)| is
twice the number of octads in 2. lying in asi(c, X (¢, a)) that have an empty
intersection with #(c,a). This number is 240. Therefore Lemmas 5.6 and
7.10 give

|AY] = 2°.3%.5.7.11.23.

Let 2/ € To(c + x)\{c,z}. Then by definition 2’ € Al(a). Since ¢ + x ¢
['1(X(c,a)), there exists Y € f3(c, X(c,a)) with ¢+ = € ays3(c,Y'). For this
Y we have ™) = 2/ by Lemma 4.4. By O(2.2) and Lemma 5.5(iii) G*¢
is transitive on the lines in as1(c, X(c,a)) that have an empty intersection
with #(c, a) and so part (ii) follows from the transitivity of G, on A%(a) (see
Lemma 5.6(ii)).

For part (iii) we know that a € A’(x) by Lemma 7.6 and hence G, ~
29 . Sy by Lemma 7.9(iii). Let b € A3(x)NA;(a) and ey, e9 € {b, z} NA%(a)
with e; # es. (Such points exist by Lemma 7.10.) Assume Q(a), £ Q(a).,
and let g € Q(a),\Q(a),- If b9 = b, then g** € Oy(G;?) and so in €, the
octads b+ e; and b+ € intersect b+ a in the same two elements. However
ef € {b,z}* and so (b+e;)N(b+ef) = ) because b € A3(x). Therefore b9 # b.
Since b9 € T'g(a + b), Lemma 7.7 implies that a € A;(x), a contradiction.
Therefore Q(a), < Q(a)., and similarly Q(a), < Q(a).,. Using an argument
similar to that in the proof of Lemma 7.9(iii), we get |Q(a),| < 2%.

Since ¢ is the unique point in Al(a) N Ay(z), Gur < Gue. By Lemma
5.6(iii) we have |Q(c),| = 27. Therefore Q(c)* < O5(GE%). Since ¢ + x €
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agi(c, X(c,a)), there exists Y € f3(c, X(c,a)) such that ¢+ z € ags3(c,Y).
Then Lemma 4.4 implies that 7(Y") ¢ G,. However 7(Y) € Q(¢)NQ(X (¢, a))
and 7(Y') ¢ Q(a). Therefore |Oy(GF2| < 2° and so G&2 ~ 255, and |Q(),| =
24,

U

We end this section by examining the set
Ad(a) = {x € Ty | there exists ¢ € A3(a) N A;(z) such that
c+ 1z € agp(c,c+ b, Dey), where {b} = {a,c}t}.

Lemma 7.12. A(a) N A4(a) =0 fori=1,...,8 and i = 10.

Proof. Since Q, N Q, = by definition, A3(a) N A%(a) = 0 for i = 1,...,6.
By Lemma 7.4(iii), A(a) N A3(a) = 0. By Lemmas 7.8 and 7.10 and [RW5;
(2.3)] if x € Al(a) U AL(a), then [c+2zNec+b = 0 or 4 in Q. for any
c € A2(a)NA;(z). Therefore A(a)NAL(a) =0 for ¢ = 7,10 as required. [

Lemma 7.13. Let x € Aj(a). Then there exists a unique path of length

three between a and x in G.

Proof. Let ¢ € A3(a)NA(z) with c+x € agg(c, c+b, Do) and {b} = {a, c}*.
Then b € A3(x) by definition. Assume that a,b;, ¢,z is another path of
length three in G. By Lemmas 7.8, 7.10 and 7.4 and [RW5;(2.2) and (2.4)]
we must have ¢; € AZ(a) and by € A2(z). Tt then follows from Lemma 5.8(ii)
that by # b and ¢; # c¢. Therefore by € Ay(b) and we consider the three
possible choices separately.

First assume that b; € A3(b). Notice that ¢; ¢ A;(b) U Ay(b) by Lemma
7.7 and Lemma 5.8(ii) and so ¢; € Asz(b). Therefore ¢; € A§(b) U A%(b)
by [RW5;(2.4)]. However Lemma 7.4(iii) implies that ¢; € AL’(b). We now
have ¢ € Al(cy) N{b, b1} by Lemma 7.8 and so ¢, ¢; € {z,b;}*, contrary to
Lemma 5.8(ii).
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Next suppose that b; € Al(b). Therefore ¢ € A%(by) U AS(b). Using
Lemma 7.4(iii) we must have ¢ € A%(b;). This again leads to the contradic-
tion that c,c; € {z,b }*.

Therefore we must have by € A2(b). In Q., c+ 2N Dy =0 and |c+ 2 N
¢+ b| = 2. Using the MOG in [C1] and Lemma 4.4 we can find a sextet
Y € T'5(c,b) with 7(Y') € G,z. Since 7(Y) ¢ Q(a) and a + by € as(a,a +b),
7(Y') does not fix a + b;. However by the above argument we must have
a+0]as(a,a+b)Nas(a,a+b) and a+bNa+b=a+bNa+b]"" in Q.
As this cannot occur we again get a contradiction. This completes the proof

of the lemma. O]

Lemma 7.14. (i) |A)(a)| = 2'3.32.5.7.11.23.
(ii) G, is transitive on A(a).
(iii) For x € A(a), Gap ~2°: S, and G3% ~ 2% : S,

Proof. Let © € Aj(a) and let a,b,c,z be the unique path of length three
between @ and z in G.

(i) From [RW5:(2.4)], Ai(c) N A3(a) = 2 x 240 = 2°.3.5. Using Lemmas
5.8(ii) and Lemma 7.13 we then have |A}(a)| = 2'3.3%.5.7.11.23.

(ii) Since ¢ + xago(c, ¢ + b, D,,) and using Lemma 4.4, we can find YV €
I'3(b,c) with 7(Y) € G,\G,. Since 7(Y) fixes ¢ + x, 7(Y) interchanges the
points in T'g(c+2)\{c}. Since G, is transitive on A3(a) and asg(c,c+b, D)
is a G orbit, G, is transitive on A3(a).

(iii) We have G4, < Gge. Since c+x € as(c, c+b), then Q(a)’S = 1 and so
Q(a), < Q(a)NQ(c). Using the MOG in [C1], there exist Y1, Y, Y5 € T'(c+0)
with Q(a) N Q(c) =< 7(Y1)7(Y2)7(Y3) >. Further, if  is the duad in Q.
fixed by Gi¢ and t; is the tetrad in Y; containing § (i = 1,2,3), then of
the six elements in (¢ 4+ a)\0 in €, three lie in exactly two of the tetrads

t; and three lie in none of the tetrads ¢;. (For details see Proposition 8.12

in [W] where A3(a) is denoted by A3(a).) Since 2, N Q, = 0 we have that
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c+ x € apss(c,Y;) for precisely two or none of the sextets Y;, ¢ = 1,2,3.
Therefore 7(Y1)7(Y2)7(Y3) € G, by Lemma 4.4. Therefore |Q(a),| = 2 and
it follows that [GI? : Gi¥] = 2.3.5.. Since G¥ ~ 21Ss by Lemma 5.8(iii) we
must have G*2 ~ 215, as required.

]
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