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Abstract

In this paper we prove a new characterization of the max-plus singular values
of a max-plus matrix, as the max-plus eigenvalues of an associated max-plus
matrix pencil. This new characterization allows us to compute max-plus singu-
lar values quickly and accurately. As well as capturing the asymptotic behavior
of the singular values of classical matrices whose entries are exponentially pa-
rameterized we show experimentally that max-plus singular values give order
of magnitude approximations to the classical singular values of parameter inde-
pendent classical matrices.

We also discuss Hungarian scaling, which is a diagonal scaling strategy for
preprocessing classical linear systems. We show that Hungarian scaling can
dramatically reduce the 2-norm condition number and that this action can be
explained using our new theory for max-plus singular values.

Keywords: tropical algebra, max-plus algebra, singular values, diagonal

scaling, condition number, optimal assignment problem

Introduction

Max-plus algebra concerns the semiring Rp.x = R U {—o0} with addition

and multiplication operations

a®b=max{a,b}, a®b=a+b, a,b€Rpyax.
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SRC) grant EP /1005293 ‘Nonlinear Eigenvalue Problems: Theory and Numerics”.
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More generally tropical algebra is the study of any semiring in which the addition
operation is max or min, for example max-times, min-max and max-average.

Max-plus algebra naturally describes certain dynamical systems and opera-
tions research problems [1[2]. Max-plus algebra can also be used to approximate
or bound the solutions to certain classical algebra problems, which is the topic
of this paper.

nxm
max

An n x m max-plus matrix G € R is simply an n x m array of entries
from Ryax. The max-plus Singular Value Decomposition (SVD) of a max-plus
matrix was introduced by De Schutter and De Moor in [3]. They work in the
symmetrized max-plus algebra, which is an extension of the max-plus semi-ring
including a max-plus analogue of the subtraction operation. In this setting
equalities are replaced with weaker relations, which they call balances. Their
main result is proving the existence of a max-plus SVD which looks exactly
as the classical SVD but with max replacing sum, sum replacing times and
balancing replacing equality. The max-plus SVD is useful for analyzing certain
max-plus linear systems. De Schutter and De Moore also use the decomposition
to introduce a definition of the rank of a max-plus matrix, which is useful
in max-plus linear signal processing problems. However they do not provide
a polynomial time algorithm for computing the max-plus SVD of a max-plus
matrix G € RX? and the method that they describe requires one to solve a
difficult classical algebra problem, namely to find the asymptotic behavior of

the analytic SVD of a matrix whose entries are exponentials with exponents

given by the entries of the max-plus matrix, A(t) = (a;;(t)) with
aij(t) = bij exp(gijt),

for generic B = (b;;) € C"*". In this paper we take the opposite approach! We
want to use the max-plus singular values of G = (g;;) to tell us something about
the classical singular values of A, rather than the other way around. As well as
enabling us to compute the asymptotics of the singular values of a matrix whose
entries are exponentials, we show that max-plus singular values can be used to

approximate the log of classical singular values of a fixed matrix M € C™*"™.
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The theory we develop also explains the action of Hungarian scaling, which is
a diagonal-scaling/balancing technique for classical linear systems.

Using our new characterization, the max-plus singular values of an n x m
max-plus matrix G can be computed in a numerically stable way with O(kT)
complexity, where k = min{n, m} and 7 is the number of non-zero elements in
the matrix. We perform these computations using our own algorithm, which is
loosely based on the max-plus eigensolver algorithm of Gassner and Klinz [4]. In
this paper we focus on computing the max-plus singular values rather than the
max-plus SVD decomposition, but it is possible to use our results to compute
the singular vectors in polynomial time using our matrix pencil description of
the problem, the max-plus eigensolver algorithm and through repeated use of
the max-plus algebra of pairs Cramer’s rule [5, Chapter 3.5].

This paper is organized as follows. In Section 1 we introduce all of the im-
portant definitions and recall some background results. In Section 2 we prove
our main result that the max-plus singular values of a max-plus matrix can be
computed as the max-plus eigenvalues of an associated max-plus pencil. In sec-
tion 3 we discuss valuation of classical matrices, which is a way of transforming
a classical matrix into a max-plus one - so that the valuation of a classical ma-
trix is amenable to max-plus techniques. In Section 4 we use our new theory to
explain the action of Hungarian scaling, which can reduce the 2-norm condition
number of badly scaled matrices. Finally in Section 5 we illustrate our theory

with some examples, including one from a “real life” fluid dynamics problem.

1. Background

For qo, ..., q4 € Ryax, let

d
q(2) :@z@’k@qk =max{kz+q;: k=0,1,...,d},
k=0

be a maz-plus polynomial. A max-plus polynomial is a convex, piecewise-affine
function whose maz-plus roots are the points at which it is non-differentiable.

The multiplicity of a root is the change in derivative at that root. Equivalently
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¢’s roots are the values at which the maximum expression for ¢ is attained more
than once and the multiplicity of a root is equal to the maximum difference in
index between two terms that attain this maximum.

We also include —oco as a root with multiplicity k&, whenever qq, ..., qx—1 are

all equal to —o0.

Theorem 1.1 (Ostrowski [6]). Let p(z) = Zizopkzk € Clz] be a classical
polynomial with roots |z1| > +-+ > |za] and define q(z) to be the maz-plus poly-

nomial
d

9(2) = P =" @ log i,
k=0

with mazx-plus roots r1 > -+- > rq. Then

%exp(rl) < |z < dexp(r),
- (3)Fexp(rr) < el < exp(rp)[1— (3)7™=]7Y, fork=2,...,d-1,

éexp(rd) <|zal < 2exp(rq).

These sharpness of these bounds can be improved in cases where there the
max-plus roots are well separated from each other [7]. The max-plus roots
of a max-plus polynomial can be computed exactly in linear time using the
Graham scan algorithm [§] and the approximation log|z;| ~ r; can then be
used as an initial guess for iterative polynomial root finders such as the Aberth
Ehrlich method [9]. The max-plus roots of a max-plus polynomial can also be
used to compute the exact asymptotic growth rates of the classical roots of
a parameterized classical polynomial, which we explain after this supporting

result.

Lemma 1.2. Let R : R4 s RY  be the function that maps the coefficiants

max max
qo,---,qq4 of a max-plus polynomial q(z) = qo ® - - © qq @ 2%? to its roots

r1,...,7q. Then, R is multiplicatively homogeneous and uniformly continuous.

Proof Let F : R4l RItL he the function that takes the coefficients

max max

(g0, ---,qa) of the max-plus polynomial ¢(z) to the coefficients (go,-..,dq) of



the max-plus polynomial §(z), with
4i = max{a € Ry : q(2) @ a® 2% = ¢(2)},
where in standard notation the underbraced term is given by
q(2) @ a® 2% = max{q(z),a +iz}.

Since ¢(z) is convex ¢; = min{q(z) — iz : z € Ruyax}, and by construction

4(z) = q(z) for all z, also for all i there exists z with ¢(z) = ¢; + iz. Thus

R(QOa"'an) :ROF(QOa"'7qd)7
where R is R restricted to the image of F', and is given by
R(do, - -4a) = (4 = Ga-1, -, @2 = @),

which is clearly homogeneous and uniformly continuous. It should also be clear
that F' is homogeneous, so all that remains is to show that F' is uniformly

continuous. Let § = ¢; + A; be a perturbation of ¢, with |A;| < € for all ¢, then
|F(Go,---,4d)—F(qo,--,4qd)|c0 = max | min{G(z)—iz}—min{q(z)—iz}| <e. 0O

Corollary 1.3. Let p'(z) = ZZ:O 2Fp(t) be a parameterized polynomial with
roots |z1(t)| > -+ > |z4(t)| then for each i the limit

. 1
ri = Jim +log|zi(t),

exists and is equal to the ith maz-plus root of the max-plus polynomial

d
= @Z®ka,

k=0
where

1
g = lim = log lpx(t)]-

Proof Let ¢* be the parameterized max-plus polynomial with

d
=P =** log [pr (1)].

k=0



60

The roots 71(t),...,7q(t) of ¢ are given by

(ri(®))ii=1 = RI(log px(£) )zl

so by homogeneity

(20) = [(etmely” ]

and by uniform continuity

d r d
i (5@ — 2 i (g lpe(®)]
t—00 t k1 t—00 t k=0 ’

Finally each sandwich inequality in Theorem 1.1 is of the form

crri(t) < log |z (t)] < Crri(t),

with finite non-zero ¢k, Cy € R, so that

lig L0812 k()

t—o00 t t—o00

=Tk,
where 11, ...,rq are the roots of ¢ as in the statement of the Corollary. [J

We can also use max-plus polynomial roots to define the max-plus eigenval-
ues of a max-plus matrix. Let G € RIX" be a max-plus matrix. The maz-plus
eigenvalues py > --- > pp of G are the max-plus roots of the maz-plus charac-
teristic polynomial

Xc(z) = perm(G @ z ® I),
where

n
perm(}) = max > My e
" k=1

is called the maz-plus permanent, where P, is the set of all permutation on
{1,2,...,n}, and I is the n x n max-plus identity matrix with zeros on the

diagonal and —oo off the diagonal.

Proposition 1.4. Let £ : RYXM — R

ik n ax De the function that maps the max-plus

matriz G = (gi;) to its maz-plus eigenvalues f1, ..., fin. Then, £ is uniformly

continuous.
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Proof Let xg(z) be the max-plus characteristic polynomial of G. The coeffi-
cients of yg(z) are maximums of sums of entries in G and as such are uniformly
continuous in G. Since the eigenvalues of G are the roots of the characteristic

polynomial, uniform continuity of £ follows from Lemma 1.2. O

Remark The uniform continuity of max-plus eigenvalues with respect to the
matrix entries means that max-plus eigenvalues are always very well conditioned

i.e. not sensitive to small perturbations to the matrix.

The max-plus eigenvalues of an n X n max-plus matrix can be computed
with cost O(n7), where 7 is the number of finite coefficients in the matrix (the
—oo entries play the role of zero in max-plus algebra since a & —oo = a for all
a € Rpyax). Just like the max-plus roots of a max-plus polynomial the max-plus
eigenvalues of a max-plus matrix tell us about the asymptotic behavior of an

associated classical system.

Theorem 1.5 (Akian, Gaubert, Bapat [10]). Let G = (gi;) € RIX" be a
mag-plus matric and let B = (b;;) € C™ " be a complex matriz. Now let

A(t) = (ai;(t)) be the parameterized matriz with
aij(t) = bij exp(gijt),

where by convention exp(—oo) = 0. Let Ai(t),..., A (t) be the analytic eigen-
values of A, with Ap—g41(t), ..., A\n(t) =0. For all G and generic B, including

generic symmetric B, and fori=1,---n—k
log | X\; (t
i = 1im 08O
t—o00 t

ezists and is independent of B.
Moreover these limits are equal to the finite maz-plus eigenvalues of G,
while the full spectrum of maz-plus eigenvalues is given by pi,..., [y, with

Uiy .-y hn—rk defined as above and fip—g41, ..., fhn = —00.

In both Corollary 1.3 and Theorem 1.5 the asymptotic behavior of the solu-

tion to a classical problem whose coefficients/entries are exponentials is shown
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to be determined by the solution to an associated max-plus problem. These
associated max-plus problems are called wvaluations. There are many different
possible valuations of classical algebra problem; we examine a different method
for valuating parameter independent classical matrices in Section 3.

A major drawback to the theory of max-plus eigenvalues is that the max-plus
characteristic polynomial of the valuation of a classical matrix is not necessarily
equal to the valuation of the classical characteristic polynomial of that ma-
trix. So that while there is a very strong relationship between a classical scalar
polynomial and its valuation, the relationship between a classical matrix and
its valuation is not always so strong and there are degenerate cases where the
max-plus valuation tells us very little about the original system. This is why we
needed the genericicity conditions on B in Theorem 1.5 and why, when we con-
sider valuation of parameter independent classical matrices in Sections 3 and 4,
we cannot apply the bounds of Theorem 1 to show that the classical eigenvalues
of a matrix are always close to the exponentials of the max-plus eigenvalues of
its valuation.

As we will illustrate in the example below, this drawback also means that
we are not able to define the max-plus singular values of a max-plus matrix G
in terms of the max-plus eigenvalues of G ® GT.

Unlike max-plus eigenvalues, which are defined in a max-plus way, and then
turn out to give us information about an associated classical algebra system:;
the established definition of the max-plus singular values of a max-plus matrix
are given directly in terms of an associated classical algebra system. Theorem
2.1, which is the main result of this paper, works backwards to give a max-plus
characterization of the max-plus singular values, which allows us to compute

them using max-plus techniques/algorithms.

Theorem 1.6 (De Schutter, De Moor [3]). Let G = (g;;) € R be a

maz-plus matriz and let B = (b;;) € C" " be a complex matriz. Now let

A(t) = (ai;(t)) be the parameterized matriz with

a(t)ij = bijexp(gizt),
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where by convention exp(—oo) = 0. Let A(t) = U@)X(¢)V(t) be the analytic
SVD of A, with ¥ = diag(o1(t),...,0n(t)), and suppose that op_j11(t),...on(t) =
0. For all G, generic B andi=1,...,n — k the limits

1 .
o = lim 087i(1)

t—00 t ’

exist and is independent of the choice of B.

The maz-plus singular values of G are defined by s1,...,S,, with s1,..., 8,k
defined as above and s;,_g41,...,S, = —00.

Like the max-plus eigenvalues, the max-plus singular values of G give the
asymptotics of a related classical algebra system. However, even though The-
orem 1.5 is valid for generic symmetric matrices, it is not valid for matrices of

the form AAT for generic A - as we demonstrate in the following example.

Example 1. Consider

Alt) = aexp(at) [exp(bt) ’

vexp(ct) dexp(dt)

with o, 8,7,0 € C and a,b,c,d € Ryax withb>a >d>canda+d > b+ c.
We can compute the singular values oy (t), 02(t) of A(t) as the square roots of

the eigenvalues \q (), A2(t) of

aaexp(2at) + 38 exp(2bt) ayexp(at + ct) + B exp(bt + dt)

A(t)A*(t) = _ -
~vaexp(at + ct) + 6B exp(bt + dt) vy exp(2ct) + 69 exp(2dt)

which has characteristic polynomial of the form
Xaar (2) = 2%+ pi(t)z + pa(t),
with
p1(t) = aaexp(2at) + BB exp(2bt) + 77 exp(2ct) + 60 exp(2dt),

which for 8 # 0, has asymptotic growth

o loglpi (1)

t—o0

= 2,



and

pa(t) = [a@exp(2at) + BB exp(2bt)][v7 exp(2ct) + 56 exp(2dt))
— [a7y exp(at + ct) + Bd exp(bt + dt)][yaexp(at + ct) + 53 exp(bt + dt)]

= F(t) + aadd exp(2at + 2dt) + BBv7 exp(2bt + 2ct) — (a7 + aByd) exp(at + bt + ct + dt),
where
F(t) = aayy exp(2at+2ct) —aaryy exp(2at+2ct)+B 86 exp(2bt+2dt)— BB exp(2bt+2dt) = 0.
For ad # 0, p2(t) has asymptotic growth

li

t—o0

im 710g |122(t)| = 2a + 2d.

Therefore, for «, d, 8 # 0, i.e. generic o, 3,7,d € C, by Corollary 1.3 we have

1 .
i, 2B

t—o0

(3]

where r1, 79 are the max-plus roots of the max-plus polynomial
q(2) = 222 © 26 ® 2 ® 2a + 2d = max{2z, z + 2b,2a + 2d}.

These roots are given by r; = 2b and ry = 2a + 2d — 2b. Finally

log \/Ai(t) 7
— =

lim M: lim 5

t—00 t t—o00

where these limits are given by s; = b and ss = a + d — b. These exponents are

therefore the max-plus singular values of the max-plus matrix

a b
G:
c d
However the max-plus eigenvalues of
a b a c aRaPbR®b aR®RcOHbRd 2b b+d
GoGT = ® — — ,
c d b d aRecdbRd cRcdDdRd b+d 2d

do not agree with this calculation. The max-plus eigenvalues j1, ug of G ® GT

are the max-plus roots of the max-plus characteristic polynomial

10
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20z b+d
b+d 2d®z

Xceor (2) = perm

—(2b®2)® (24 B 2) B (b+d) @ (b+d)

=292 @20 ® 2 @ 2b + 2d = max{2z, z + 2b, 2b + 2d}.

Therefore the eigenvalues of G @ GT are p; = 2b and pp = 2d. This would
suggest that the max-plus singular values of G should be s; = b and sy = d,
which does not agree with the previous calculation.

The second coefficient in the max-plus characteristic polynomial of G ® GT
is not equal to the exponent of the highest order term in the corresponding
coefficient of the classical algebra characteristic polynomial of A ® A” and be-
cause of this the two different the calculations for the singular values of G do
not agree. This situation cannot be avoided as generically matrices of the form
AAT contain different permutations with the same weight but opposite signa-
ture. The terms associated with these permutations cancel out in the classical
algebra characteristic polynomial but not in the max-plus one. This is why the
max-plus singular values can not be calculated from the max-plus eigenvalues

of G GT.

2. Max-Plus Singular Values

In this section we introduce our new max-plus characterization of max-plus
singular values. We first need to define the max-plus eigenvalues of a max-plus
pencil.

Let G, H € R}X% be max-plus matrices. The max-plus eigenvalues of the

maz plus pencil

Q(z)=Goz®H,

are the max-plus roots of the max-plus characteristic polynomial

xq(z) = perm(G @ z ® H).

11
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Just like the max-plus eigenvalues of a matrix, the max-plus eigenvalues of a
pencil or more generally a max-plus matrix polynomial can be shown to capture
the asymptotic growth rates of the classical eigenvalues of an associated classical

algebra system [11]. This is our main result.

Theorem 2.1 (Max-Plus Singular Values). Let G € RIS be a maz-plus
matriz. The maz-plus singular values of G are given by the maz-plus eigenvalues
of the maz-plus pencil,

Qz)=Go2zr0,

where O is an n X n matriz of zeros.

Example 2 Before the proof of Theorem 2.1 we return to the matrix G € R2x?2

max
of Example 1
a b

c d

G:

)

withb>a>d>canda+d>b+c
Using our new characterization we calculate the max-plus singular values of

G as the max-plus roots of the max-plus characteristic polynomial

a b 0 0 a®z bbbz
X@(z) = perm Dz = perm
c d 0 0 chz dPz
—(082)8(d62) 6 (b®2)® (o 2)
=2®?0b®2®a+d=max{2z,z +b,a+d},
which gives s; = b and so = a + d — b, which agrees with the calculation in

Example 1.

Proof of Theorem 2.1 We start by finding the leading order terms in the

coefficients of A(t)A(t)T’s characteristic polynomial,

M=

det[A AWM =] = 3 (=N pu_(D),

0

3
I

where

[ABHA®)T]

b

pm(t) =Y > sen(r)

Iy mwE€Pp k

OUE

Il
-

12



where first sum is taken over all m-subsets Z,,, = {i; < i3 < -+ < iy} C
{1,2,...,n}. Expanding the A(t)A(t)T product gives

=22 sl ) TL3 s (a0

k=1 j=1

=> > Y seu(mH(Tw, [.7),

I fim—{1,2,...,n} ™
where the second sum is taken over all functions f : Z,, — {1,2,...,n} and
m
H(Zon, f,7) = [T @ty £ O i) (1)-
k=1
Now suppose that f is such that there exist k1 # ko with f(ix,) = f(ix,).
Let g be the permutation that just switches k1 and ko, then H(Z,,, f,mog) =
H(Z,,, f,7), but sgn(w o g) = —sgn(w). Therefore the contribution to p,, from
all non-injecting f sums to zero and we need only consider injective f, which
can all be expressed as
flik) = Jew,
for some J,, = {j1 < j2 < -+ <jm} C{1,2,...,n} and some ¢ € P,,. Now
DB HRECTERBEUEAATE
Lo TIm ™
where id is the identity permutation and the weight terms are given by
m
(Ima Jma T, C - H ’Lﬂ.(k>j<(k)‘
k=1

Since
W(Im7 I, T, §) = W(Ima Tm,id, 7 to §)7
we can make the substitution n = 77! o ¢ to obtain

ZZZngn (son YW (L, T, id, W (T, Ton id, <),

Zm Im M

Now, either all of these weight terms are identically zero in which case p,, = 0
and we set ¢,, = —o0, or there are some nonzero terms, which we now assume

to be the case. Each weight term is of the form

W(Im7 jm7 Zda g) - @(I"La \777” g) eXp[R(Inh tjma g)ﬂ?

13



where
m

O(Zm, Tm,s) = H Diricry»

k=1

and

1 -
R(Imajmag) = t1l>Igo ; log |W(Im,jm,§)| = Zgikjg(k)'
k=1

Now we set

¢m = maxmax max R(Z,,, T, <),

m m S

so that

D (t) = ¢m exp(2¢mt) + lower order terms,

where

m=)) > > sgn (105~ )O(Zm, Tins 1)O (L T <)-

Zm JIm NEPm:R(Zm Tm n)=0m SEPm:R(Lim,Tm,S)=qm
The coefficient ¢, is a polynomial in some of the entires of B so it must either
be identically equal to zero or only zero for a lower dimensional (non-generic)
subset of possible B. We will show that the coefficient ¢,, is non-zero for generic
B by showing that it has a non-zero derivative. Choose any (Z7,, 7, s*) triple

that appears in the expression for ¢, and let 7% = {i1,... i} and T =

{j1,--,Jm}. We have

deG(IWM jm777)®(Ima Jma C)
d?b ..d?b

:07

11je* (1) imJe* (m)

unless each B entry that we differentiate with appears twice in total between the
two terms O(Z,,, Tm,n) and O(Z,,, Jm,s). However no such entry can appear
twice in the same © term because 7 and ¢ have to be permutations. Therefore

the only term with non-zero derivative in (1) is
OZ:,, T s 1O1Zr, Ty 6*] = [bivjw iy X - X by ]?
mrYm? mr Y m? 11Jc* (1) tmJe*(m)d 7

and its derivative is 2, and the sign preceding it in the sum is positive. There-
fore
d2m Cm

=2 1
iy 7 (1)

2h. . ..
d ang*m s TmJc* (m)

14
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so that ¢, can not be identically equal to zero and must be non-zero for generic
B.

Thus for generic B we have
lim L1 =2R(Z;,, Tp,8) =2
Jim ~log |pm| = > T 8) = 2qm.
So by Corollary 1.3 the eigenvalues A1 (t),..., A, (t) of A(t)A(t)T, satisfy
li 11 [Ai(t)| = 2r;
Jim —log [Ai(1)] = 2rs,
where 27y, ...,2r, are the max-plus roots of the max-plus polynomial

n
i(z) = P 2* ® 2g5 .-
k=0

By the homogeneity result of Lemma 1.2 the singular values of A(t), o;(t) =

|IXi(t)], i =1,...,n satisfy
I 1 1 N
el n ogoi(t) =i,
where 11, ...,r, are the max-plus roots of the max-plus polynomial

q(Z) = @z@)k ® ankn
k=0

and these roots are equal to the max-plus singular values of G.
All that remains is to show that this polynomial is equal to the max-plus
characteristic polynomial of the pencil in the statement of the theorem. The

characteristic polynomial is
d
XQ(2) = perm(G & 2 ® 0) = P 2% @ hn 4,
k=0

where the coefficients h,, are given by

m

hm = mBX H%ix Z gik,ﬂ'(ik)?

k=1

where the second maximum is taken over all m-subsets Z,,, = {i; < -+ <y} C

{1,2,...,n}. The action of 7 restricted to Z,, is simply an injective function.

15
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So like before we can express it using 7 (i) = Jo(k) for some J,,, = {j1 < j2 <

<+ < jm} C{1,2,...,n} and some ¢ € P,,. Thus

m

h,, = maxmax max = maxmaxmax R(Z,,, Tm,S) =
m Im Jm CGPn kilgzkjg(k) Im jm CGPn ( ms mos ) Qm,

where R(Zp, Jm,s) is as defined in (1). These coefficients are exactly those
of the max-plus polynomial g(z) derived in the first part of the proof. Hence
xq (%) = q(z), and the max-plus eigenvalues of the matrix pencil @ are equal to

the max-plus singular values of the matrix G, as required. [

Theorem 2.2 (Rectangular Case). Let G € RIX™ be a rectangular maz-
plus matriz, let k = max{n,m} and let G be the k x k square maz-plus matriz
obtained by “padding out” G with minus infinity entries

5 9ij forl<i<n, 1<j<m,
[Glij =

—oo  otherwise,
let s7 > -+ > s, be maz-plus singular values of G. Then,

e if n > m (tall skinny case), then the max-plus singular values of G are

given by S1,...,8m;

e if n < m (short fat case), then the maz-plus singular values of G are given

by s1,...,8n-

Proof This follows from the classical case. Choose generic B = (b;;) € R™*™
and set B = (b;;) € R¥*F by padding B out with zeros. Consider the n x m
classical parameterized matrix A(t) = ((ai;(t)) with a;;(t) = b;; exp(g;;t) and
also the k x k matrix A(t) = ((a;(t)) with ai;(t) = bij exp(gi;t). In the tall
skinny case fl(t)’s singular values are A(t)’s as well as n —m zeros. In the short
fat case A(t)’s singular values are equal to those of A(t).

The classical singular values of the matrices A and A therefore match up in
this way and since the max-plus singular values of G and G are defined as the
asymptotic growth rates of these classical singular values, they must also agree

and we are done. (J
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Theorem 2.3 (Symmetric Case). Let G € RIX" be symmetric. Then the

max

maz-plus singular values and maz-plus eigenvalues of G are equal.

Proof Theorem 1.5 is valid for generic B and generic symmetric B but Theorem
1.6 is only valid for generic B. Therefore we can not prove this result by using
the analogy with the classical case, as we would need to reason about the singu-
lar values of a parameterized matrix A(¢) = (a;;(t)) with a;;(t) = b;; exp(gi;t),
for generic symmetric B. Instead we will show directly that the max-plus eigen-
values and singular values are equal in the symmetric case. The validity of
Theorem 1.6 for generic symmetric B then follows from this theorem as a corol-
lary.

Recall that the max-plus eigenvalues of G are the roots of
Xc(z) =perm(G @ z® I),
and that the max-plus singular values of G are the roots of
xq(z) = perm(G & z ® O).

Since O > I in every component, we have xg(z) > x¢(z) for all z.
For fixed z, it follows from the strong duality principle for linear program-

ming problems that

min{z u;+v; : u,v € R, [GB2R1];;—u;—v; <0 for all 4, j} = perm(GHz&1I),
(2)

which is discussed in more detail in Section 4. Now let (u,v) € R™ be optimal

solutions to (3) and define

a‘_ui‘kvi
i = 2 .
Then
22:%:2%——4—1)1-:perm(G@z(E@I):XG(Z)7
and
I)ij — ui — v; I)ji — uj — v
[G@z@l]z‘j*m*a]‘:[G@Z@ Jij U]Jr[G@Z@ lii —uj v <0.

2 2
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In particular, [G @ z ® I]; — 2a; < 0 so that a; > z/2. Therefore
G200 —a;—a; =max{[G&2z®I];; —a; —aj,z—a; —a;} <0,
So (a,a) is a feasible solution to
min{Zci +di: [G®2R0);; —¢; —d; <0 for all 4, j},
i
and
xG(2) = perm(G @ 2 ® I) ZQZ%‘
Zmin{Zci—i—di G®2z® 0] —ci —d; <0 for all 4,5}
=perm(G ® 2z ® 0) = xq(2).

Thus we have xg(z) = xqg(z) for all z, which means that the max-plus
eigenvalues and singular values of G must be equal as they are each the non-

differentiability points of the same function. [

3. Valuation

The results stated so far only tell us about the asymptotics of exponentially
parameterized systems. It is obvious that max-plus algebra has a strong rela-
tionship with these systems, but we really want to be able to say things about
parameter independent classical matrices.

The following is a heuristic derivation for such a technique.

Let M = (m;;) € C™ " have singular values o1,...,0,. If M’s entries
vary a lot in magnitude then it might resemble one of our previously discussed
exponentially parameterized matrices evaluated at a large value of t. Let A(t) =
(ai5 (1)) with

a;(t) = bij exp(gist),

for some B = (b;;) € C"*™ and for some G = (g;;) € Rlx? and suppose that

max

for some large value of ¢, t = t* we have M = A(t*). The singular values

18
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o1(t),...,on(t) of A(t) satisfy

log o (t
lim goit) = s,
t—o0 t
where s1,...,s, are the max-plus singular values of the max-plus matrix G.

This gives us the approximation
log o; ~ s;t™.

The reason that this argument is only a heuristic is that the rate of convergence
of the limits in Theorems 1.5 and 1.6 are not independent of the matrix G, and
as such there is no absolute scale for determining what values of t* are actually
‘large’. Indeed, we can rescale G (and correspondingly ¢*) by any factor we like!
In particular we can rescale G and t* so that ¢t* = 1. This is equivalent to taking

B to be the classical matrix with entries

M5 f
T ..
b — ;] Oor MMy 7é 0,
g —

1 otherwise,

and also setting G to be the max-plus matrix with entries
9ij = log mij], (3)

which we call G = V(M), the wvaluation of M. Then the same approximation
gives

logo; =~ s,
where s1,..., s, are the max-plus singular values of G defined in (4).

We therefore expect the log of the singular values of M to be approximated
by the max-plus singular values of V(M) = G. Likewise we expect the log-
of-absolute value of the eigenvalues of M to be approximated by the max-plus
eigenvalues of G. Bounding the error in this approximation is equivalent to
bounding the rate of convergence in the different limit theorems presented ear-
lier. Upper bounds for the eigenvalues of M based on max-plus eigenvalues of
G are derived in [12] but lower bounds are much harder to derive as there are
degenerate and close to degenerate systems with very small or zero eigenvalues,

which are not detected by the tropical eigenvalues.

19



200

205

Example 2. Consider the symmetric matrix M and its valuation G = V(M)

100 100 log (100 log (100
o g [ oE00)  ozti00
100 100 + ¢ log(100) log(100 + ¢€)

The matrix M has eigenvalues =~ 200 and ¢, but G has tropical eigenvalues
log(100+¢) and log(100). So that for small € the tropical eigenvalues do not even
capture the order of magnitude of the log-of-the-absolute-value of the classical
eigenvalues. However away from degenerate cases the approximation works

remarkably well, as we will show in the subsequent examples.

4. Hungarian Scaling

nxn
max

The optimal assignment problem for G € R is to compute

n
perm(G) = max (i) 0
( ) mell(n) zz:; (@),

which can be expressed as a Linear Programming Problem (LPP)

perm(G) = max{ Z gijdij + D = (dij) € RI™ Zdij = Z dj; =1, for all i},
i,j=1 j=1 j=1
this follows from the Birkhoff-von Neumann Theorem, which states that any

doubly stochastic matrix can be expressed as a stochastic combination of per-

mutation matrices [I3]. In standard form this LPP is equivalent to
max{fo cx>0:Cx <l},

where z € R™ is a vectorized representation of D and f € R"Q, I € R?>" and

C € R?™*"° This LPP has symmetric dual LPP
min{lTy:y>0:CTy > f}.

With some rearranging the dual LPP can be rewritten in a more convenient

form by splitting y € R?" into a pair of shorter vectors u,v € R"

n
min{Zui +v; ru,v € R 2 gy —u; —v; <0}
i=1
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An optimal solution (u,v) to the dual LPP is called a Hungarian pair after the
Hungarian algorithm, which is a widely used primal dual algorithm for solving
the optimal assignment problem. The Hungarian algorithm is so called because
its co-inventors Dénes Konig and Jen6 Egervary are both themselves Hungarian.

The strong duality principal (see e.g. [14] Chapter 5]) states that the optimal
values of a LPP and its dual LPP are equal. Therefore for any Hungarian pair

(u,v) of G we have

Zui + v; = perm(G),

i=1
which is a fact that we used in the proof of Theorem 2.3.

Hungarian pairs can be used to construct useful diagonal scalings. Suppose
that we want to solve Mz = b for some M = (m;;) € C"*". Let G = (g;;) =
V(M) € RIX"™ be M’s valuation with g;; = log|m,;|. Let m be an optimal

assignment for G and let (u,v) be a Hungarian pair for G. Now define L, R €

R™*™ to be diagonal matrices and P € R™*" to be a permutation matrix with
L;; = exp(—u;), Ry =exp(—v;), Pj=1&mn()=yj, foralli,j.
These matrices can then be applied to M to give
H=PLMR,

where H has entries of modulus one on the diagonal and modulus less than or
equal to one off the diagonal. We call H the Hungarian scaling and reordering
of M and without the application of P we call it the Hungarian scaling of
M. The Hungarian pairs of a max-plus matrix can be expressed as max-plus
subeigenvectors and there are many different applications for the Hungarian
scaling in linear algebra (see e.g. [15]).

In some cases H is close to being diagonally dominant, as the diagonal
contains entries of modulus one and the off diagonal entries are all smaller. In
these cases the performance of iterative methods is dramatically improved by
applying the Hungarian scaling/reordering as a preprocessing step [16]. More

generally the scaling/reordering can be shown to improve the speed of sparse
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direct linear system solvers through reduced need for pivoting [I7]. Hungarian
scaling is a technique that is already widely used and is implemented in the
HSL-MC64 software package. We have found that the Hungarian scaling also
tends to significantly reduce the condition number of a matrix, which is the
focus of the remainder of this paper.

The 2-norm condition number of a matrix M € C"*" is given by

01
k(M) =—,
()= 2
where o1 > --- > o0, are the singular values of M. The condition number of

a matrix measures the stability of the matrix inverse function at that matrix.
Therefore if M has a very large condition number then the solution to Mz = b
will be very sensitive to small perturbations, which can lead to major numerical
inaccuracies. Techniques, including diagonal scalings, aimed at reducing matrix
condition number can therefore significantly improve the accuracy of subsequent
numerical linear system solves (see e.g. [I8]).

Let M € R™™ be a classical matrix and let G = V(M) € RIX7 be its

max

valuation. We have shown that the classical singular values o1, ..., 0, of M can
be approximated by the max-plus singular values s1,...,s, of V using
logo; = s;.

We can therefore approximate M’s condition number using
log[(M)] = s1 — sn = R(G),

which we call the maz-plus condition number approximation. A classical matrix
is said to be perfectly conditioned if all of its singular values are equal to one,
in analogy we define a maz-plusly perfectly conditioned matriz to be a max-plus

matrix whose max-plus singular values are all equal to zero.

Theorem 4.1 (Max-plus conditioning of Hungarian scaled matrices).
Let M = (my;) € CAX2 and let G = (gi5) = V(M) € RLXY be its valuation.

max max

Now let H = (h;j) € C™*™ be a (not necessarily Hungarian) diagonal scaling of
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M given by
H=LMR,

where

Ly = eXp(—Ui)7 Ry = eXp(—Ui)7

for some u,v € R". Now let W = (w;;) = V(H) € RIX" be the valuation of the

scaled matriz H. The matrix W is max-plusly perfectly conditioned if and only

if (u,v) is a Hungarian pair of G.
Proof The entries of the rescaled matrix H are given by
hij = Myj; exp(—ui — ’Uj),

so that

wij = log |my;| — u; — v = gij — u; — vj.

Suppose that W is a max-plus perfectly conditioned matrix, then the charac-
teristic polynomial

Xq(z) = perm(W & z ® O),
is differentiable everywhere except at z = 0, so it must be given by

nz for z >0,
xXq(z) = .
0 otherwise.

Now suppose that w;; > 0 for some ¢,j. Then for any permutation 7, with

7(i1) = j, we have

n
Z[W ® Oir(i) > Wiy,
k=1

so that x¢(0) > 0, which is a contradiction. Therefore
Gij — wi —vj = w;; <0,

for all 4, j. Also since
n

lim xq(z) =perm(W) = max ng(i) + Ui + vy =0,
i=1

zZ——00 well(n)
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we have

Zui + v; = perm(G).

(3

So that (u,v) is an optimal solution to

n
min{Zui +v; tu,v € R gy —u; —v; <0}
i=1

i.e. (u,v) is a Hungarian pair for G.
Conversely suppose that (u,v) is a Hungarian pair for G. Since w;; =

gij —u; —v; < 0 for all ¢, 7, we have for all z >0
Go200=2x0.

Also

n

ZEIEIOO Xo(2) = perm(W) = perm(G) — ZUZ —v; =0.
1

So that xg(z) is a convex piecewise-affine function with lim,_,_ ., xgo(2) = 0

and xq(z) = nz for z > 0. It is therefore differentiable everywhere except for

z = 05 equivalently W’s max-plus singular values are all equal to zero and it is

tropically perfectly conditioned. [

Thus Hungarian scalings are optimal at reducing the max-plus condition
number of the valuation. By the hypothesis that the max-plus singular values
of the valuation approximate the log of the of the classical singular values, we
can also expect Hungarian scalings to reduce the order of magnitude of the

classical condition number.

5. Examples

Example 3. Classical matrix with exponential components We randomly

generate a 10 x 10 parameterized matrix A(t) = ((a;;(t)) with

aij = bij exp(gijt),
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where B = (b;;) is a matrix of ones and G = (g;;) is a randomly generated

max-plus matrix sampled using

—00 with probability 0.5,
9i,j =
sampled from a standard Gaussian otherwise.
For t = 0.1,0.2,...,10 we compute the classical singular values o1 (t),...,o10(t)

of A(t) using MATLAB svd.m. We also compute the max-plus singular values

S1,-..,810 of G using our own MATLAB routine mpsv.m. Figure 1 is a plot of

(s’

against t. Notice that each of these quantities converges as t grows and that
the different limits are given by the max-plus singular values of G, which are
indicated with red lines. The tropical singular values of G' have multiplicitiesﬂ
1,1,2,1,1,2,2, these multiplicities also correspond to the number of different
classical singular values whose log converges to that limit.

We also apply the Hungarian scaling to the same matrix for each value of
t and make the same plot for the rescaled matrices. After Hungarian rescaling
the max-plus singular values are all equal to zero, for all t. As before the log
of the classical singular values divided by ¢ converges to the max-plus singular
values. The condition number of the original matrix A grows exponentially with
t but the condition number of the rescaled matrix does not, moreover it can be

shown to converge.

Example 4. Sparse unsymmetric matrix from a fluid dynamics problem

We use the matrix M of the steam3.m problem from the University of Florida
sparse matrix collection [I9]. The unsymmetric 131 x 131 matrix M has 536
nonzero entries, which vary a lot in magnitude. Using MATLAB svd.m we
compute M’s singular values. We then valuate M and compute G = V(M)’s

tropical eigenvalues using mpsv.m. We also apply the Hungarian scaling to M

2The multiplicity of a max-plus eigenvalue of singular value is defined as its multiplicity

as a root of the appropriate characteristic max-plus polynomial.
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log [o(t)]/t

10

Singular Values of H(t)

Figure 1: Log of classical singular values divided by ¢ (blue dots) and tropical singular values

(red lines). Left, original system; right, Hungarian scaled.

oo and compute the classical singular values of the rescaled matrix H = LMR.

Figure 2 shows the classical and max-plus singular values of the original matrix

M and the Hungarian scaled matrix H. Figure 2 also shows the magnitude of

the entries in M and H.

Table 1: Results for Example 4

original matrix

Hungarian scaled

classical condition number
max-plus condition number of valuation

max{1%-, F i =1,...,131}

1.28 x 101°
14.52
2.59

15.17
0
21.27

Table 1 summarizes the results of this experiment. Notice that the tropical

a5 condition number and the log of the classical condition numbers roughly agree

for the two matrices, that the condition number is significantly reduced by

Hungarian scaling and that for both matrices the max-plus singular values give

good order of magnitude approximations of the classical singular values.
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Figure 2: Left and middle left: classical singular values (blue circles) and exponential of max-
plus singular values of valuation (red crosses) for M and H respectively. Middle right and

right: magnitude of entries (black diamond) of M and H respectively.

Discussion

We have given the max-plus singular values of a max-plus matrix a new
characterization as a the eigenvalues of a max-plus matrix pencil. This then
enables us to compute max-plus singular values using fast and accurate network
flow algorithms. We have demonstrated experimentally that the distribution
over the log scale of the classical singular values of a classical matrix is approx-
imated remarkably well by the max-plus singular values of the valuation. Also,
we have shown that Hungarian scaling can dramatically reduce the condition
number of a matrix and that this action can be explained with our new theory

for max-plus singular values.
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