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EFFICIENT BLOCK PRECONDITIONING FOR A C! FINITE
ELEMENT DISCRETISATION OF THE DIRICHLET BIHARMONIC
PROBLEM

J. PESTANATS, R. MUDDLE'#, M. HEIL', F. TISSEUR'$, AND M. MIHAJLOVIC#

Abstract. We present an efficient block preconditioner for the two-dimensional biharmonic
Dirichlet problem discretised by C! bicubic Hermite finite elements. In this formulation each node
in the mesh has four different degrees of freedom (DOFs). Grouping DOFs of the same type together
leads to a natural blocking of the Galerkin coefficient matrix. Based on this block structure, we
develop two preconditioners: a 2 X 2 block diagonal preconditioner (BD) and a block bordered
diagonal (BBD) preconditioner. We prove mesh-independent bounds for the spectra of the BD-
preconditioned Galerkin matrix under certain conditions. The eigenvalue analysis is based on the
fact that the proposed preconditioner, like the coefficient matrix itself, is symmetric positive definite
and is assembled from element matrices. We demonstrate the effectiveness of the inexact version of
the BBD preconditioner, which exhibits near-optimal scaling in terms of computational cost with
respect to the discrete problem size. Finally, we study robustness of this preconditioner with respect
to domain distortion and element stretching.

Key words. biharmonic equation; Hermite bicubic finite elements; block preconditioning; con-
jugate gradient method; algebraic multigrid

AMS subject classifications. 65F08, 65F10, 656N22

1. Introduction. The biharmonic operator is a key component in mathematical
models of a number of important physical problems. It arises in plane strain and plane
stress elasticity problems, where the solution is expressed in terms of an Airy stress
function [25, p. 79], [30, p. 288], and in plate bending problems. It also occurs in the
stream-function-vorticity formulation of Stokes flow [22].

The strong formulation of the biharmonic problem seeks the function u € C*()
that satisfies

Viu=f (1.1)

in the domain (z1,22) € Q@ C R? with piecewise smooth boundary 9Q and source
function f € Ly(€2) subject to the Dirichlet boundary conditions

ou

o5 =92 o 09, (1.2)

U =91,
where ?)Z denotes the outward normal derivative and ¢g; and go are given functions.
In the context of the plate bending problem the case g1 = go = 0 corresponds to a
clamped boundary.

Numerical schemes for solving (1.1)—(1.2) either approach the problem directly,
or reformulate it as a mixed formulation (i.e., solve a system of two second-order
problems). The advantages of using the former approach include better asymptotic
accuracy for the same level of grid resolution [1, Theorem 5.4], [7, Theorems 6.1.6 and
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7.1.6 and p. 392], and a symmetric positive definite coefficient matrix for the discrete
problem. Conversely, for the mixed formulation, discretisation (by a finite difference
or finite element method, for example) results in a linear algebraic system that is
symmetric, but indefinite. (Efficient preconditioners for such systems are based on
block partitioning of the coefficient matrix and the application of multigrid to the
Dirichlet Laplacian blocks [24], or to the Schur complement system [14].)

In this paper we consider a conforming C! finite element approach [21], for which
the standard weak form is to find u € H?({2) satisfying (1.2) such that

/vzuv%cm:/fucm, (1.3)
Q Q

holds for all test functions v € HZ(), where H3(Q) = {v € H*(Q)|v = & =
0 on 9€}. The discrete weak formulation is obtained by restricting (1.3) to a finite
dimensional space S(2) C H?(Q), for which we adopt a basis associated with the
bicubic Hermite (Bogner-Fox-Schmit) finite elements [3, p. 72]; these are formed from
a tensor product of one-dimensional Hermite polynomials. The C'! continuity across
element boundaries is ensured by assigning four degrees of freedom (DOF) to each
node, corresponding to four different basis functions [3, p. 72].

The finite element approximation of (1.3) is then obtained by solving a linear
system Ax = b, where A € RV*V is a large, sparse and symmetric positive definite
(SPD) matrix and b € RY. Such systems are usually solved by iterative methods,
with the conjugate gradient (CG) method a popular choice [13, Ch. 2]. Grouping
together the unknowns corresponding to the same DOF type leads to the following
natural 4 x 4 blocking of the coefficient matrix

A A Az Awn
A{z A22 A23 Asy

A= , 1.4
ALy AL Ay Ay, )
Ay Ay Az Ay
where A;; € R™™™ 4,5 =1,...,4, and N = 4n, where n is the number of interior

nodes. Since the biharmonic operator is fourth order, the two-norm condition number
of the matrix A behaves as k(A) = O(h™%), where h is the mesh parameter (assuming
uniform discretisation). This rapid growth in the condition number has a detrimental
effect on the convergence speed of the CG method. This problem can be rectified by
effective preconditioning.

There are a number of preconditioning strategies for a conforming C! discretisa-
tions of (1.1)—(1.2). The proposed methods include additive Schwartz methods [12],
[33], [34], BPX preconditioning [21], Steklov-Poincare operator-based precondition-
ing [19], problem-specific multigrid methods [4], [6], [15], [26], [31], and fast auxiliary
space (FASP) preconditioning [32].

In this paper we propose two novel preconditioners that are fully algebraic and
are assembled from the element matrices in an analogous manner to the matrix A,
making them both simple to implement. The first of these preconditioners is a 2 x 2
block diagonal (BD) matrix. The positive definiteness of A and the assembly of
the preconditioner from element matrices means that analysis based on the general
ideas of Wathen [27], [28], [29] can be applied to demonstrate that mesh-independent
convergence is guaranteed in certain cases.

The second preconditioner introduced in this paper is a computationally cheaper
block bordered diagonal (BBD) approximation of the block diagonal preconditioner,
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that is feasible for larger problems, and that can be implemented in a cost-effective
manner. For this second preconditioner we provide some spectral analysis. We then
employ numerical experiments to demonstrate mesh independent convergence rates
and show that it is possible to deploy off-the-shelf multigrid approximations for certain
matrix blocks. Robust convergence is confirmed by a number of case studies.

The paper is organised as follows. In Section 2 we discuss the finite element as-
sembly process of the matrix A in (1.4) and relevant aspects of the conjugate gradient
method. Section 3 describes the new block diagonal preconditioner. We characterise
the eigenvalues of the preconditioned matrix and give conditions for mesh-independent
convergence. However, the preconditioner is costly to apply within the preconditioned
conjugate gradient method. We therefore introduce a more practical block bordered
diagonal preconditioner in Section 4, and provide an eigenvalue analysis. We propose
an inexact version of the BBD preconditioner, which involves matrix lumping and
algebraic multigrid approximation. The computational cost of applying this precon-
ditioner is shown to scale linearly with the problem size N, thus giving an optimal
Krylov solver for the biharmonic system. Finally, we present numerical experiments
in Section 5 that verify the effectiveness of the inexact BBD preconditioner and in-
vestigate its robustness with respect to changes in the domain and element shape.

2. Preliminaries. In this section we describe the details of the finite element
assembly process for the biharmonic problem and introduce the preconditioned con-
jugate gradient (PCG) method.

2.1. The finite element assembly process. The analysis of the spectra of
the preconditioned matrices in later sections will be based on the fact that the finite
element matrix A in (1.4) is assembled from element contributions. In this section we
describe this assembly process.

We discretise (1.3) using C! Hermite finite elements, defined in a reference domain
with local co-ordinates (s, s2) € © = [~1,1]2. The solution within the element is
represented as

M”ﬁ

-3

Jj=1

Uji Vi (s1, $2),

S
Il

1

where Ujj, are the unknown coefficients and 1/_)jk are the reference Hermitian basis
functions. The subscript j represents the node number and k enumerates the DOF
type, such that at node j, Uj; interpolates u, g—;‘l, 6%“2 and 8 as for k =1,...,4,
respectively. The same basis functions are used to isoparametrlcally map the reference
element to the actual element €)..

Consider now a finite element discretisation of the domain Q consisting of M
elements and let A, € R'6X16 ¢ = 1, ... M, be the biharmonic element matrices
associated with these elements. The matrices A, are symmetric positive semi-definite
and each entry is of the form

(Ae)ij :év2&i1i2v2&j1j2‘Je|d97

where i = 4(is — 1) + i1 and j = 4(j2 — 1) + j1 and J. is the element Jacobian.
Consequently, multiplying A, by a vector u € R'®, with elements Uj = Uj, j,, 18
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equivalent to computing integrals of linear combinations of basis vectors, that is,

4
(Aeu)i:/QV%Ziﬂz Z VQ (uj1j217zjlj2) dQ.

J1,52=1

Thus, the nullspace vectors of A, can be thought of in terms of linear combinations of
certain basis functions. These nullspace basis functions are harmonic functions, i.e.,
functions for which the Laplacian is zero (see (1.3)). It is straightforward to verify
that a basis for these harmonic functions is

1, s1, S, S189, s% —s%, 82(8%—83/3), 82(8%/3—83) and 8182(8% —s%), (2.1)

from which the nullspace of A, can be computed.
Now let us describe the assembly process of (1.4) mathematically. We introduce
the matrix L, € R*N that maps the entries of A, to entries of A. Then

M
A=>"LTAL, =L" diag(A.)L € RNV, (2.2)
1=1
where
L=[t% ¥ ... 1%]" erVN (2.3)

and diag(A.) is a block diagonal matrix with each block consisting of an element
matrix Ae, i = 1,..., M. The matrix diag(4.) is related to the differential operator
and the choice of basis functions, while L provides information about the geometry
and boundary conditions.

During this assembly process, unknowns corresponding to the same DOF type
are grouped together and this leads to the natural blocking of the coefficient matrix
as:

A A Az Ay ;‘
AT, A, A, A Fore

A= 12 Ao Agz Aoy 51 9.4
A;:’, A§3 Az%g A34 @ ( )
Ay, Az Az Ay aiausg

The unknown vector  and the right-hand side b are blocked accordingly.

2.2. The conjugate gradient method. The conjugate gradient method (CG)
is perhaps the best known Krylov subspace method for solving sparse linear systems,
and is suitable for systems with an SPD coefficient matrix. The relative error e(®) =
x — x*) after k iterations of CG is bounded by [13, p. 51]

k
[e®la _, (VA -1
leO)a ="\ V/r(A)+1)
where K(A) = Apax(A)/Amin(A) is the two-norm condition number of A. As men-
tioned in the introduction and verified numerically in Table 2.1, the condition number
of the matrix A in (1.4) is k(.A) = O(h™*) and this suggests a significant deterioration

in convergence speed of the CG solver as the mesh is refined (see the computations
in Section 5).
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TABLE 2.1
Extremal eigenvalues and 2-norm condition number of A from (1.4) as a function of the problem
size N.

Elements | 4x4 8x8 16x16 32x32 64 x 64
N 36 196 900 3844 15876
Amin 56.20 18.45 4.94 1.26 0.32
Amax 1287 5705 23399 94179 377295
K 23 309 4735 74912  1.20 x 106

The problem of ill-conditioning can be alleviated by solving an equivalent pre-
conditioned system P_%AP_%y = P 2b with = P_%y, where P € RV*N g
SPD. Note that the CG algorithm itself requires only a linear system solve with P
at each iteration, i.e., the matrix P~ is never explicitly formed. The error of the
preconditioned CG iterates can be bounded by

[e® e _, (VaPTA-1)"
[eO)a = "\ /(P TA +1)

The error bound shows that the convergence of the CG method is accelerated
when the condition number of the preconditioned matrix P~'A is small. It can
also be shown that fast convergence rates are achieved when the eigenvalues belong
to a small number of tightly bounded clusters (see, for example, [13, Section 3.1]).
If the eigenvalues of P~'A can be bounded independently of the mesh size h (and
possibly other problem parameters) then P is an optimal preconditioner, in the sense
of convergence of the conjugate gradient method. If, in addition, linear systems
involving P can e solved in a manner that scales linearly with the problem size then
we have an optimal solver.

3. An ideal preconditioner. We first consider the block diagonal precondi-
tioner

A1T1 Az Ais

Ay Ay A

Prn = |12 S22 S23 31
v Afy Als Ass 3.1)

Ay

Since any principal submatrix of an SPD matrix A is iteself SPD [17, p. 397], the
preconditioner Pgp € RV*Y is also symmetric positive definite. Additionally, Pgp
is formed from a subset of the block matrices A;; of A and so it is possible to assemble
Ppp from the element matrix contributions in a manner analogous to that described
in Section 2.1. Thus,

Ppp = LT diag(P.)L, (3.2)

where P, is obtained from A,, with values that would be assembled into A,, or AL
set to zero for i = 1,2,3. The element contribution to the preconditioner (henceforth,
the element preconditioner) P, like A., is symmetric positive semidefinite, but it has
rank 11 rather than 8. Straightforward computation shows that the nullspace of P,
is spanned by vectors corresponding to 1, si, s2, 52 — s3 and s3(2sy — 1) + s3(1 —
2s1) + 3s182(s2 — s1). Note that the last of these functions is a combination of the
last three functions in (2.1). Consequently, the nullspace of diag(P.) is contained in
the nullspace of diag(A.) as stated in the following lemma.
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LEMMA 3.1. Let diag(P.) be as in (3.2) and diag(A.) be as in (2.2). Then
null(P,) C null(4,) and null(diag(P,)) C null(diag(A.)).

This result will be relevant in the subsequent analysis.

We next investigate analytically the spectral properties of 73];113,4. For convenience
we introduce the notation

A A A
1 A%Z Ags
Ajz  Asg

Then the eigenvalues of Pg}jA are characterised by the following theorem.

THEOREM 3.2. Assume that rank(B) = r in (3.3). Then Pgp.A, with A € RV*N
and Ppp € RYXN given by (1.4) and (3.1), respectively, has N —2r eigenvalues equal
to 1. The remaining 2r eigenvalues A satisfy

0< 1_\/,Uma,xg>\g 1+\/,Umax<2a

where fimax € (0,1) is the largest eigenvalue of Ay BTA™'B.
1

1
Proof. Since 73,}]13,4 is similar to Py 3 APg ), which is symmetric positive definite,
any eigenvalue A of P5hA is real and positive. Using (3.3), we see that \ satisfies

Au + Bv = MAu, (3.4)
BTu + Ayav = NAyyv,

where u € R3" and v € R" are not simultaneously zero and N = 4n.

If A = 1 then (3.4) implies that Bv = 0, i.e., that v = 0 or v € null(B). We
can find n — r linearly independent vectors in null(B) for which (3.4) and (3.5) are
satisfied with u = 0. Otherwise, v = 0 and it follows from (3.5) that u € null(B7).
Since we can find 3n — 7 linearly independent vectors in null(BT), we have that 1 is
an eigenvalue of 7?;117,4 with multiplicity 4n — 2r = N — 2r.

If A\ # 1 then (3.4) implies that (A — 1)7*A~!Bv = u and substituting for u
in (3.5) gives that

ABTA™ ' Bv = (A —1)%v.

From this we see that non-unit eigenvalues A of PE}DA are given by A =1+ /i and
A = 1—/u, where p is a nonzero eigenvalue of A;&BTA*IB. Also, since A is positive
definite, 0 < pr < 1 [17, Theorem 7.7.7]. The result follows. O

The rank of B is at most n, so at least 2n eigenvalues are equal to one, while the
largest non-unit eigenvalue is less than 2, regardless of the mesh size. The focus of
the remainder of this section is to bound the smallest non-unit eigenvalue, since doing
so ensures mesh-independent convergence.

To bound the smallest eigenvalue of 73511),4 we adapt the analysis of Wathen [27],
[28], [29] to our case. The basic idea is to determine the eigenvalues of the precon-
ditioned element matrix diag(P.)~!diag(A4.) and to then obtain mesh-independent
bounds using Rayleigh quotients. In our case this approach is complicated by the
fact that the singular matrices diag(A.) and diag(P.) have nullspaces of different di-
mensions. However, we can still apply the general methodology since we know from
Lemma 3.1 that null(diag(P.)) C null(diag(4.)) C RM.
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To deal with the different nullspaces involved it is useful to introduce certain
subspaces of R'®M_ Specifically, we define:

R :=range(diag(4.)), Z :=null(diag(A.)),

3.6
N = null(diag(P,)), M :=ZnN*, (36)

where A/t is the space of all vectors orthogonal to vectors in A/. This decomposi-
tion satisfies R'M = R + N + M, with A/ C Z. Additionally, since the matrices
diag(A.) and diag(P.) are block diagonal, the basis vectors of R, N/, Z and M can
be constructed from their element contributions.

In addition to the spaces defined above, we require the following lemma that
shows that nonzero vectors in R™ cannot be mapped to Z, the nullspace of diag(A.),
by the connectivity matrix.

LEmMA 3.3. If & € RY is a nonzero vector then Lx ¢ Z, where L, diag(A.),
diag(P.) and Z are defined by (2.3), (2.2), (3.2) and (3.6), respectively.

Proof. Both A and Pgp are positive definite, which implies that for any x # 0,

Az = LT diag(A.)(Lx) # 0 and Pppx = LT diag(P.)(Lx) # 0.

We know from Lemma 3.1 that null(diag(P.)) C null(diag(A4.)) = Z,s0 Le ¢ Z. O
Both A and Ppp are positive definite and so )\min(Pgé,A) has the variational
characterisation [23, Chapters 1 and 15]
z! Az - y" diag(Ae)y

Amin(PppA) = min ————— = : :
min(PppA) w0 TPy yr%g% yT diag(P.)y
x

Let y =yp+ Yy + Yy, where yp € R, yy € N, and y,, € M with R, N and M
defined in (3.6). Lemma 3.3 shows that y # 0 and so

T .
_ . yr diag(Ac)yr
Amin P 1 A = . . 3.7
( BD ) y:gzlag‘l(’.)yM (yR + yM)T dlag(Pe)(yR + yIVI) ( )
Yr

This appears problematic because, without any restriction on the size of y,,, the
smallest eigenvalue Amin(Pgé,A) could asymptotically tend to zero. To prevent this,
we must somehow bound the size of the denominator of (3.7). This is achieved by
the next result, provided that yI, diag(P.)y,; < y% diag(P.)yp, a condition that we
verified numerically for the case of regular grids.

LEMMA 3.4. Let y = Lx, € € RN, x # 0 be decomposed as

Y=Yr+ Y +YnN: (3.8)

where yp € R, yy € N and yy; € M with R, N and M defined in (3.6). Addition-
ally, assume that

yi; diag(Pe )y, < yF diag(Pe)yx. (3.9)
Then
(Yr + )" diag(Pe)(ygr +ya) < 4y diag(Pe)yp. (3.10)

Proof. From Lemma 3.3 we know that yp # 0. Since diag(P.) is symmetric
positive semidefinite it has a semidefinite square root and there are vectors a € R'6M
and b € RM for which (yp +yy,)7 diag(P.)(yg +yur) = (@ +b)T(a +b).



8 J. PESTANA ET. AL.

Now, for any vectors a and b of the same dimension
0<|la—bl2=(a—b)"(a-b)=2a"a+b"b)—(a+b)(a+b)
or (a+b)T(a+b) <2(a”a+b"b). Thus,

(Yr +yu)" diag(Pe)(ygr + yar) < 2(yg diag(Pe)y g + yi diag(P)yy).  (3.11)

Combining (3.11) with (3.9) gives (3.10). O
We have been unable to prove that (3.9) holds for all meshes for the Dirichlet
biharmonic problem, since it does not appear straightforward to remove the influence
of the connectivity matrix L. However, there is strong numerical evidence to suggest
that the assertion holds. In particular, let Pr and Py; be orthogonal projectors onto
R and M, respectively. Then for any vector y = Lz, © # 0,
yhdiag(P.)yy  «' L' P} diag(P.)PrLx

yl diag(P.)y,, «TLT P diag(P.)Py L

= Umin

where
Smin = Amin (LT Pi; diag(P,) Py L)~ (LT PL diag(P.)PgrL)). (3.12)

The value of d,,;, is tabulated for different uniform meshes in Table 3.1 and we see that
dmin > 1 and, asymptotically, 0,,:, appears to tend to 1.05. Thus, (3.9) is satisfied
for uniformly refined meshes of square elements.

With these results in hand, we now proceed to bound the smallest eigenvalue
of PB?}).A. Under the assumption (3.9), we combine the decomposition (3.8) with
Lemma 3.4 to give that, for any y = Lz, « # 0,

y” diag(A.)y yi diag(Ae)yp 1 yf diag(Ao)yp

: = : > : . (313
yT diag(P.)y  (yr +yn)T diag(Pe)(yr +yn) — 4 ygdiag(Po)yr (3.13)

where by Lemma 3.3, yp # 0. It follows from (3.7) that

1 T di A
Amin(P5pA) > 1 min w_
YrER YR dlag(l e)yR
yR;éO

Since diag(P.), diag(A.) and the projector Pg onto R are block diagonal, the above
minimisation over all nonzero y can be carried out using individual element matrices.
We computed the minimum for our element matrices and found that for all nonzero
YrER
—y§ diag(Ae)yn ) 4.
yr diag(Pe)yr
Thus,

_ 1 Yy diag(A.)y
Amin(PaEA) > = min 22— "0 "¢/IR - () 115,
(PepA) = 4 yp#0 yk diag(P.)yp

Combining (3.9) with Theorem 3.2 gives the following bounds on the eigenvalues of
PrpA.

COROLLARY 3.5. Let A and Pgp be as in (1.4) and (3.1) and assume that (3.9)
holds. Then the eigenvalues \ of PghA satisfy 0.0115 < X\ < 2 and ka(PzpA) < 174
independently of the mesh spacing parameter h.

Comparison with Table 3.1 shows that the bounds in Corollary 3.5 are pessimistic.
However, combined with the high multiplicity of the unit eigenvalue, they show that
we can expect fast convergence whenever (3.9) is satisfied.
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TABLE 3.1
Smallest (Amin) and largest (Amax) eigenvalues of the preconditioned operator PE})A, r =

rank(B) from Theorem 8.2 and dmin from (3.12) for a sequence of uniformly refined grids.

Elements | 4x4 8x8 16x16 32x32 64x64

Amin 0.72 0.64 0.61 0.60 0.60
Amax 1.28 1.36 1.39 1.40 1.40
rank(B) 9 49 225 961 3969
Omin 1.17 1.06 1.05 1.05 1.05

4. A practical preconditioner. Although the preconditioner Ppp in (3.1) has
favourable spectral properties, it is prohibitively expensive to apply for large problems,
since it requires the solution of linear systems involving the 3n x 3n matrix A. We
will now investigate the performance of the block bordered diagonal preconditioner

A1T1 A Ags

A A

Pppp = AiTz 22 Ay (4.1)
Ayq

that is formed by omitting the blocks Aoz and Agg from Pgp. Unlike Prp, the
symmetric positive definiteness of A is not enough to guarantee that Pppp is pos-
itive definite, but computations show that it is positive definite for all grids tested.
Compared to the even simpler block Jacobi preconditioner

All
Pr= , (4.2)

Pppp retains the coupling between u and both first derivative (gTul and g—;;) DOFs.
We will see in Section 5 that retaining this coupling is essential to obtaining low and
asymptotically constant iteration counts as the mesh is refined.

The action of Pg}g p on a vector can be computed by means of the unsymmetric

UL decomposition

I A12}4;21 A3 Az fllTl )
Pepp =UL = 7 AiTz 2 Ay ; (4.3)
I Aug
where
Si= Ay = A Ay ATy — A Ay AT, (4.4)

Note that the solve Uw = v can be performed in a block parallel manner.

The remainder of this section is devoted to understanding the spectral properties
of P,;}, pA and deriving an approximation that can be implemented in a cost-optimal
manner.

4.1. Eigenvalue analysis. The block structure of Pggp and, in particular, the
indefiniteness of the element matrices used in its assembly prevent us from applying
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the previously introduced analysis to bound the spectrum of Ppp5A. Instead, we
consider the eigenvalues of 775113 pPep and then apply the bounds

)‘min(PI;J{f%DPBD))‘min(PIEEA) < A(Pg%aDA) < AmaX(PBll;‘s’DPBD))‘maX(PB}Jsz )
4.5
which follow from the Courant-Fischer theorem [17, Theorem 4.2.11], in conjunction
with the bounds in Corollary 3.5. The eigenvalues of Pg5,Pgp are given in the
following lemma.
LEMMA 4.1. Let rank(As3) = s. Then 1 is an eigenvalue of Pg}gDPBD with
multiplicity N — 2s while the remaining 2s eigenvalues 1 satisfy

(G —FAT'F v = (G — FAF v, (4.6)

where v # 0,

FT = [A12 A13]7 G = [A” A%} and G = [A22 (4.7)

Aly Agy A33] ’

Proof. In the notation of (3.3)

i A A Az
Peep = [ A4J , A=Al Ay
Afj Ass

and
_ A-1A
7JBJ%DPBD = [ I } )

where I, is the identity matrix of dimension n. This shows that 1 is an eigenvalue of
’Pg}g pPep with multiplicity at least n.
To obtain the remaining 3n eigenvalues let us further partition A and A as

~ All FT _All FT
A_[F é} A_[F G|

where F' and G are as in (4.7). Then, the result is obtained by a straightforward
extension of Theorem 3.1 of Dollar et al. [10] to the case of rank-deficient F', which
we sketch out for completeness.

The eigenvalues 1 of A~!A satisfy

A11U—|—FT’U = nAnu—I—nFT'U, (48)
Fu+Gv = nFu—Hyé'v,

where u € R?" and v € R™ are not simultaneously zero. From (4.8) we see that either
n=1or Ajju+ FTv =0. If n = 1 then, letting v = [v¥ vI]T with v,v2 € R", we
find that there are n — s linearly independent vectors vy € null(Ay3) for which (4.8)
and (4.9) are satisfied with vo = w = 0. Similarly, there are n— s linearly independent
vectors vy € null(AL) for which (4.8) and (4.9) are satisfied with v; = u = 0.
Otherwise, v = 0 and we can find n linearly independent vectors u # 0. Combining
these results shows that n = 1 with multiplicity 3n —2s. If n # 1 then u = —Aﬁl FToy
and substituting into (4.9) gives (4.6). O
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TABLE 4.1
Computed smallest (Amin) and largest (Amax) eigenvalues of the preconditioned operator

P1§115¢DA as well as s = rank(A23) for a sequence of uniformly refined grids.

Elements | 4x4 8x8 16x16 32x32 64X 64

N 36 196 900 3844 15876
Amin 0.72  0.62 0.58 0.56 0.55
Amax 127 1.38 1.39 1.41 1.41

rank(As3) 8 48 224 960 3968

Similarly to Theorem 3.2 we see that A = 1 is an eigenvalue of 77]511_3 pPep with
high multiplicity. However, we have been unable to bound the remaining 2s eigenval-
ues. In spite of this, combining Lemma 4.1 with Corollary 3.5 and (4.5) shows that
most of the eigenvalues of ’PE}B pA lie in a bounded interval.

COROLLARY 4.2. Whenever (3.9) is satisfied at least N — 2s eigenvalues of
ngDA lie in (0.0115,2) and the remaining eigenvalues lie in (0.01151m,2n), where n
is an eigenvalue of the generalised eigenvalue problem (4.6).

The extreme eigenvalues of 735113 pA are given in Table 4.1 as a function of the
problem size N. From this we see that these eigenvalues do not differ greatly from
the extreme eigenvalues of PE}BA (see Table 3.1), and in practice little is lost in terms
of the asymptotic convergence speed by using a more practical preconditioner. The
numerical evidence in Table 4.1 suggests that the extreme eigenvalues of P§113 pA
appear to be bounded under mesh refinement, although we have been unable to prove
this analytically.

4.2. Further simplifications. Although the block decomposition (4.3) allows
the efficient application of Pgpp, to achieve a preconditioner with optimal cost we
require optimal solvers for linear systems involving the principal diagonal blocks Sy1,
A227 A33 and A44.

First, we consider spectrally equivalent approximations of Ay, Az3 and Ayy.

LEMMA 4.3. Let

Loy = lump(Azs), Lss = lump(Ass), (4.10)
where lump(H) = {h;;} with
Z hik:7 1= j7
k=1
0, i # .

hij =

Then the eigenvalues of Loy Ass and Ly Ass are contained in (1/3,1) while the eigen-
values of diag(Asq) "1 Aas are contained in (0.43,1.24).

Proof. The matrices Aoy, Azs and Ayy are assembled from 4 X 4 submatrices
Agm), A£33) and Aﬁ‘*‘*) of the element matrix A.. Additionally, the approximations
Los and L3z are assembled from lumped versions of Agﬂ) and A(e33), while diag(A44)
is assembled from the diagonal of A£44). All six of these element matrices are SPD.
As a result, we can use the approach of Wathen [27] to prove the result. (Recall that
a similar result was used in Section 3, where we had to deal with singular element
matrices.) O

REMARK 1. This result is not surprising since the spectrum of Ay = Az3 resem-
bles that of a scaled mass matrix, and for such matrices lumping often gives spectrally
equivalent operators. In particular, for our problem A(Age) = A(Asz3) ~ O(h~*)A\(M),
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where M is a mass matrix; for uniform grids this can be verified using Fourier anal-
ysis, similarly to the approach in [11, Section 1.6]. Additionally, on a uniform mesh
all entries of Ays and Ass are nonnegative. However, this nonnegativity is lost for
some stretched grids, the result of which is a deterioration of the convergence rate
(see Section 5.1).

Using (4.3) and Lemma 4.3 we approximate Pgpp by

) I AHIL;; AyzLgy lel .
Pppp = 7 AiTj 22 Las , (4.11)
I diag(A4q)
where
St =Ap — ApLy Aly — ALy Afs. (4.12)

The block S1; in (4.12) is a sparse approximation of the Schur complement Sy; from
(4.4), owing to the diagonal approximations (4.10), and can be assembled cheaply.

To apply the preconditioner Pppp within the preconditioned CG algorithm we
must solve systems with S11, Las, L3z and diag(A44). The last three matrices are di-
agonal, and hence trivial to invert. For systems with S;; we consider two approaches:
an LU factorisation, which yields an exact solution but is not computationally opti-
mal, or a small, fixed number of V-cycles of classical algebraic multigrid (AMG) [20,
p. 73] with various smoothers. The latter has optimal cost but leads to an inexact
solution. We found that the application of two V(2,2) cycles of AMG with Gauss-
Seidel smoothing and Ruge-Stiiben coarsening [20] as implemented in the HSL routine
MI_20 [2, 18] was most effective in this context for small problems, while for larger
problems we used ILU(0) smoothing as implemented in BoomerAMG from the Hypre
library. More details on the AMG method used are given in Section 5.

Using these approximations for the Schur complement subsystem, we obtain the
preconditioners ’ﬁ][;g 1]) and 75][3’4%@ in which the Schur complement subsidiary system
is solved using an LU factorisation and AMG, respectively. In Table 4.2 we present the

- —1 - —1
spectral properties of the preconditioned operators ( ][BLg ]]3) A and (P][3ABA/,IDG]> A.

~ -1
These results suggest that the spectrum of (P][;g ,]3) A is bounded under mesh re-

finement, as we might expect from the spectral equivalence bounds in Lemma 4.3,
although the eigenvalues are not as tightly clustered as those of Pg}_} pA in Table 3.1.

~ —1
However, the smallest eigenvalue of ( J[BA];%G]) A decreases with mesh refinement;

that is, the AMG approximation with a Gauss-Seidel smoother is not spectrally equiv-
alent to S11.

5. Numerical experiments. In this section we examine the effectiveness of the
preconditioners Pgp, Pppp and Pggp at reducing the number of conjugate gradient
iterations and the computational time. Additionally, we investigate the robustness
of their performance with respect to deformations of the domain and stretching of
the finite elements. Throughout, we choose the homogeneous Dirichlet boundary con-
ditions g1 = g2 = 0 in (1.2). Unless otherwise specified we consider a unit square
domain Q = [0,1]? discretised by a uniform grid of square elements. Although we
note that for finite element problems the stopping criterion for CG should be tied to
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TABLE 4.2 L L
Smallest (Amin) and largest (Amax) eigenvalues of (ﬁgg}j) A and (ﬁ?BAéG]) A for a
sequence of uniformly refined grids. Note that we were unable to obtain the eigenvalues of the

[AMG]

largest Pgpp* preconditioned matriz because of memory constraints.

Elements | 4 x4 8x8 16x16 32x32 64 x64

~Lu)\ 1! Amin 0.40 0.33 0.30 0.29 0.28
(PBBD) A Amax 1.25 1.30 1.31 1.32 1.32
(5[141\/1(;])*1 A Amin 0.40 0.31 0.21 0.13 —
BBD Amax 1.25 1.30 1.31 1.32 —

the discretisation error, to demonstrate mesh independence we terminate the precon-
ditioned CG method when the residual decreases in norm by six orders of magnitude,
that is, [|r®*)||5 < 1076(jr©)]],.

We first compare preconditioned CG iterations for Prp, Prp ﬂi g %, and ﬁj[gAé\;[jG]

for smaller problems using MATLAB. For comparison, we also present iteration counts
for the block Jacobi preconditioner (4.2) and a black-box AMG preconditioner applied
to the entire matrix A. The AMG method we use is the HSL code MI20 [2, 18],
with two-pass Ruge-Stiiben coarsening and point Gauss-Seidel smoothing. We select
the default options except that we change the coarsening criterion c_fail from 1
to 2 and use two V(2,2) cycles. We note that different AMG methods may give
different results. However, our aim is to develop an effective preconditioner that is
easy to implement, and so we choose an off-the-shelf code that generally works well
for finite element problems [2]. We stress that preconditioners Pppp in (4.3) and
Pppp in (4.11) are parallelisable, like the block Jacobi preconditioner P; in (4.2),
as discussed in Section 4. Since the problems considered here are of relatively small
dimension, in addition to measuring the norm of the residual we compute the relative
error ||z —2®)|| 4 /||x|| 4 in the energy norm at termination. In all cases this is smaller
than 1.6 x 107%. Computations were performed with different right-hand-sides b: we
used the right-hand-side from the finite element discretisation of (1.1) for f =1 and
a random right-hand side b.Both choices give similar results, which shows that the
convergence results do not depend on the regularity of the forcing term. Consequently,
only results for f = 1 are presented.

The results are given in Table 5.1, from which we see that without preconditioning
the number of CG iterations increases rapidly, and appears to grow as O(h~2). The
application of the AMG and block Jacobi preconditioners reduces the number of
iterations somewhat, but convergence is still mesh dependent. This is not surprising
since the condition numbers of these preconditioned matrices increase as the mesh is
refined (see Table 5.2). However, the number of iterations required for Pgp, Prsp

and 751[55];] []) seem to be bounded independently of the mesh. This is in line with the
spectral analysis in previous sections and the computed eigenvalues in Tables 3.1, 4.1
and 4.2.

To explore the asymptotic behaviour of 53 pp for larger problems, Figures 5.1
and 5.2 show the number of iterations required for convergence of preconditioned CG,

and the solution times, for the three block bordered diagonal preconditioners (Pggp,

N}[E;Lg ]D and 73}[;4;/11)@)' These results were obtained using a C++ implementation with

HYPRE’s BOOMERAMG [16] for the AMG solver with V(2,2) cycles and SUPERLU [9]

for the direct solver. Note that in the case of 75%‘4%6;] we used an ILU(0) smoother in

these experiments instead of a Gauss-Seidel smoother (an option that is available in
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TABLE 5.1
CG iteration counts for the unpreconditioned system, and preconditioned CG iterations counts
for several different preconditioners: AMG applied to the whole matriz A in (1.4), Py, Pep, PBBD

and the two inexact versions PJ[BLg]D,and ’P][gAgIDGL

Elements 4x4 8x8 16x16 32x32 64x64 128 x 128
N 36 196 900 3844 15876 64516
Unpreconditioned 22 52 172 640 2459 9742
AMG 3 9 27 101 381 1378
Ps 13 35 80 168 339 678
PeD 7 9 9 10 10 10
PBBD 7 9 10 11 11 11
pUY) 1 14 14 15 16 16
Pl 1 14 17 22 29 40

TABLE 5.2

Smallest (Amin) and largest (Amax) eigenvalues of the AMG and Jacobi preconditioned matrices.
Note that we were unable to obtain the eigenvalues of the largest AMG preconditioned matriz because
of memory constraints.

Elements | 4 x4 8x8 16x16 32x32 64x64

p=1 4 Amin 0.92 0.17 0.01 0.0008 —
AMG Amax 1.00 1.00 1.00 1.00 —
P14 Amin 0.18 0.04 0.009 0.002 0.0005
J Amax 1.80 2.02 2.07 2.10 2.10

BoomerAMG but not in HSL_MI20). Computations were performed on a 3.6 GHz Intel
Xeon processor.

Figure 5.1 shows that the iteration count increases when Pgppp is replaced by
~][3L];J I]D, and the inexact version ’ﬁ][i,Aé%G]. For all three preconditioners the number of
iterations appears to be bounded independently of the mesh parameter h. Note that
it was not possible to obtain results for Pgpp for the larger problems as a result of
memory limitations.

Figure 5.2 shows the solution times for the different strategies. For comparison,
we also include the execution time when SUPERLU is used to solve the full linear sys-
tem (1.4). We see that all the preconditioned CG solutions are obtained significantly

faster than with the direct method SUPERLU and that the approximations in 75}[;5 1])
and ’PJ[BABIVII)G] significantly reduce the execution time. However, only preconditioned

CG with ﬁl[gA%G] yields a solution that scales approximately linearly with problem
size; this is because the number of iterations appears to be bounded when N increases
and the cost of applying the preconditioner itself scales linearly with the problem size.
The other variants do not possess this property because they involve computationally
sub-optimal LU factorisations.

5.1. Robustness of the preconditioner. The block bordered diagonal pre-

conditioner 75%’43]\/1[)0] with ILU(0) smoothing was shown to be optimal in terms of wall

clock time for a simple test problem. A key step in the development of ’ﬁ][gAé\/lI)G] was
the approximation of the blocks Ass and Ass by their lumped counterparts Loo and
L33, and the application of AMG to the Schur complement Si; in (4.11). However,
AMG is known to be less effective on problems with strongly stretched or distorted
elements [8], and the lumped matrices can be poor approximations in this case (cf.
Remark 1). Therefore we will now evaluate the robustness of our preconditioner for

problems with stretched grids and non-square domains and elements. Stretched grids
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F1a. 5.1. Number of preconditioned CG iterations for approximations of the Pgpp precondi-
tioner.
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F1G. 5.2. Solution times (in seconds) for CG, preconditioned with approzimations of the Pppp
preconditioner. The execution time of the direct method SUPERLU applied to the system with coef-
ficient matriz (1.4) is presented for comparison.

are needed, for example, for accurate computations of biharmonic eigenfunctions near
the corners of the domain (see [5]). Figures 5.3 and 5.4 illustrate the two tests con-
sidered:
1. Stretched Elements. The domain is stretched in the z; direction and the
deformation is described by the aspect ratio a.
2. Distorted Elements. The top right corner is stretched upwards in the xs
direction; the ratio of the heights of the vertical boundaries is parameterised
by b.
In both tests we used the same number of elements in each coordinate direction.
Figures 5.5 and 5.6 show the iteration counts for these two tests. We find that
the iteration count increases with an increasing degree of deformation, but it does not
appear to grow significantly as the mesh is refined. Since the loss of preconditioning
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L2

a=1 a=1.5 a=2

FiG. 5.3. Robustness test 1: Stretched elements. The domain is stretched in the x1 direction
and the deformation is described by the aspect ratio a.

a=1 b=2 b=3

FiG. 5.4. Robustness test 2 : Distorted domain and elements. The top right corner is stretched
upwards in the xo direction; the ratio of the heights of the vertical boundaries is parameterised by b.

performance is partly due to the use of AMG to solve the Schur complement subsidiary
linear system, replacing AMG with an LU factorisation (i.e. using 75,[3Lg ,]3) allows more
strongly deformed problems to be solved. However, eventually this preconditioner
also starts to lose its effectiveness. This is because with small grid stretching or
grid/domain deformations the inefficiency comes from the algebraic multigrid method,
but as the stretch and deformation rates increase, problems with the approximations
of Aso, A3z and Ay also contribute to increased iteration counts.

6. Conclusions. We have presented effective preconditioners for the C! finite
element discretisation of the Dirichlet biharmonic problem using Hermitian bicubic
elements. The preconditioners are easy to set up as they only involve operations
on blocks that are readily extracted from the full system; these blocks can also be
computed from element matrices. On uniform meshes both the block diagonal and
block bordered diagonal preconditioners appear to give mesh independent conver-
gence. Moreover, we analysed the spectrum of block diagonal and block bordered di-
agonal preconditioners and showed that, under a certain condition, the block diagonal
preconditioner Ppp gives mesh independent convergence; the required condition holds
for all the uniform meshes tested here. Our analysis of the block diagonal precondi-
tioner uses the approach of Wathen [27], [28], [29], which assumes that the coefficient
matrix and preconditioner are symmetric positive definite and are assembled from
individual element matrices. As such, Wathen’s appealing technique is applicable to
other finite element discretisations, differential operators and preconditioners.

To obtain a cost-optimal implementation, we further simplified the block bordered
diagonal preconditioner Pggp by lumping certain block matrices and using AMG
for the approximate solution of a Schur complement subsidiary linear system. This
preconditioner also gave iteration counts for uniform grids that seemed to level off
as the mesh was refined. We tested this approximate preconditioner on stretched
and distorted elements and found that, although stretching and distorting elements
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Fi1G. 5.5. Number of CG iterations for ﬁj[BAé%G] in robustness test 1 (stretched elements).
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Fic. 5.6. Number of CG iterations for 7’5}314}31%(;] in robustness test 2 (distorted elements).

increased the number of iterations, for moderately deformed elements this increase
was mild, and the number of iterations did not grow significantly as the mesh was

refined.
Acknowledgements The authors would like to thank Andy Wathen for fruitful
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