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1 Section 1.

Let’s try to begin with the following. Let h(G) denote the Fitting height of a
finite soluble group G.

Theorem 1.1 Lel G be a finile soluble group admitling an automorphism a of
order n. Let C = Cg(a). Suppose that every abelian subgroup of C' has rank at
most r, and that there is al most one prime p that divides both |G| and n. Then
h(G) is n, r-bounded.

Proof.
Case 1. « = 1. The hypothesis is that every abelian subgroup of G has rank at
most r. Then the Fitting subgroup F of F' has r-bounded rank s, say. Let ¢ be
the Frattini subgroup of G. Then V = F/® 1s a direct product of elementary
abelian groups of bounded rank, and so as Cg(V) = F, we have that G/F is
a subdirect product of soluble linear groups of s-bounded degree. By Mal’cev’s
Theorem,it follows that G/F is soluble of bounded derived length.
Case 2. (n,|G|) = 1. By Case 1, C has r-bounded Fitting height ¢, say. By
Turull’s Theorem (or the earlier versions due to Thompson or Kurzweil), the
result follows.
Case 3. General case. Let n = p*m, where (p,m) = (m,|G|) = 1. Let a =
@pam, Where ap is a p-element and ap, is a p'-element. Let D = Cg(am).
By Turull’s Theorem as above, it suffices to show that k(D) is n,r-bounded.
Considering the action of & on D, we see that we may assume that o is a p-
element and D = G. Let Q@ = O,/(G). By Case 2, h(Q) is r,n-bounded. We
have Cg/q(a) = CQ/Q, and with a little argument we see that the abelian
subgroups of CQ/Q have r-bounded rank. So we may assume that Q = 1.

Let P = O,(G). Every abelian subgroup of Cp(a) has rank at most r. It
follows that the rank of P itself is r; n-bounded, and arguing as in Case 1 with

P/® gives the result.

Remark. It follows from the argument of Case 1 that the abelian section rank



3 thls completes the proof

2 Section 2. -

is bounded in terms of the abelian subgroup rank, as is well known. |

Invariance of centralizers.

Lemma 1.2 Lel G be a finile soluble group acled on by an element o of order
n. Let C = Cg(e). Assume thal every abelian seclion of C has rank al most r.
Let N be a normal a-invariant subgroup of G of Filting height at most h, and
let D/N = Cg n(a). Then there ezists a number s depending only on n, r and
h, such that every abelian section of D/N has rank al most s.

Proof. By induction on h, we may assume that h = 1. Let 7 be the set of prime
divisors of n and Q = O (N). Let B/Q = Cgq(e). Then B = CQ, so it
follows that we may assume that @ = 1. By a further induction we may assume
that N is a p-group, where p|n.

Next we may assume that D = G, so that a operates trivially on G/N. Now
let. a = f~,. where £ is a p-element and v a p’-element. Put E = Cg(7). Then

= EN. It is enough to prove that E has abelian section rank bounded in
terms of the given parameters. Hence we may assume t.hat. E G in other
words, that « is of p-power order.

Let B = Op(G) and B.= 0,(G) 2-N. Then[Ra](RnN_l and so
R < C. Hence R has abelian section rank at most r. Also C/R = Cg/r(e). So
we may assume that R = 1. Let V. = P/®, where ® is the Frattini subgroup
of G. Then Cg(V) = P. Now P admits the automorphism a and every abelian
subgroup of Cp(a) has rank at most r. It follows that the rank of P is bounded
in terms of n and r, and hence V is a vector space whose dimension m is n,r-
bounded, over a field of order p, a prime in 7. Therefore G/P is a group of order

- bounded in terms of n and r, and hence involves only a set of primes bounded

in terms of the given paramet.ers Slnce we have seen that P has bounded ra.nk

Lemma 2.1 Let p and g be primes, Iet Qbea ﬁmte g-group, and !et z be an
element of Q of order q“ Let y= z’ Let ‘V be a faithful FpQ- module and

"let dimCy(z) = m. Let A be'any abehan subgroup on normahzed by z. Then

(3) 1A, y]l “P‘q,n m- bo:mded

(i) The normal c!osun o yQ > has p, q,n m bo;.mded class ;I -

For the proof we need the fo]lowmg

Lemma 2.2 Lel g be a prime, and Iet H A < z > be the product of a

. fintle norma! abelian g-group A and a cychc subgroup < z > of order g". Lel

y=2z9 . Lelk'be a field of chamciensi:c different from q, and let V be a finile

= dimensiondl EH- module such tha! V [V [A y]] Then dImCy(x) -1- dlmV




Proof. We may assume that V is irreducible and that k is algebraically closed.
Then we apply Clifford’s Theorem to see that V is induced from a one-dimensional

kA-module.

Proof of Lemma 2.1. (i) We may assume that Q@ = A < z > and that
V = {V,[A,y]]. By Lemma 2.2, we find that dimV is bounded in terms of
the relevant parameters, and hence so is |Q)|.

(i) Let R =< y? > have class ¢, let s = [£] + 1, and let A = v,(R). Here,
{7;(X)} denotes the lower central series of a group X. Then A is abelian and
normal in Q. By (i), |[4, y]| is bounded. Let |[A,y]| = ¢* and define Ag = 4, and
Aiy1 = [A;, R, R]. Suppose that [A;, R] # 1 for some 7. Then y does not central-
ize A;/A4;41. For if [A;,y] € Ai41, then as A; and A;4; are normal subgroups
of @, we find that [A;, R] < Ay, so [4;, R] = [Ai, R, R] and [A;, R] = 1. Since
[y, Ai] # Ait1, we may choose an element a; € A; such that b; = [a;,y] € A;41.
Thus,

b; € ([A!y] n A:‘) \ ([A! y] N At ')'

It follows that [A,, R] = 1. This is the claim.

We apply this to g-soluble linear groups. If X is a finite group, let Ay o(X) =
1L, Aq:(X) = Og,g(X), and Ag,i41(X)/Ag,i(X) = Ogr,g(X/Aq,i(X)).

Proposition 2.3 Let p and q be primes and let G be a finile q- soluble linear
group acling faithfully on a veclor space V over Fp. Let z be an element of
order ¢" in G and let y = z9"~'. Let dimCy(z) = m. Then there is a number
s, bounded in terms of p, q, n and m, such that y € A, ,(G).

Proof. Let @ be a Sylow g-subgroup of G containing X. Then by Lemma 2.1,
the normal closure R of y in @ has bounded class. Now if A is any abelian
normal subgroup of @Q, then it is known that A < A, 1(G) if ¢ > 5 [1, Hall and
Higman], while if ¢ = 3 then A < A;3(G) and if ¢ = 2 then A < A, 3(G). [2].
From these facts and a simple induction the claim follows.

Now the aim is to prove the following.

Theorem 2.4 Lel G be a finile soluble group conlaining an element u of order
p™q". where p and q are distincl primes. Let C = Cg(u) and suppose that C
has abelian seclion rank ai most r. Then h(G) is p™, ¢", r-bounded.

Proof. We will prove this by induction on n. If n = 0 then it follows from
Theorem 1.1. So suppose that n > 0. Let @ = O,/(G). By Theorem 1.1, @
has bounded Fitting height, and by Lemma 1.2, the hypotheses are inherited
by G/Q (with a different value of r.) Hence we may assume that @ = 1. Let
P = 0,(G). In a similar way we may assume that ®(G) = 1, so that we can
view G = G/P as a linear group acting on V = P. Let z be the g-part of u, let
z be the p-part, and let y = z9" . Let dim Cy(z) = d. Considering the action
of z on Cy(z), we see that dim Cy (u) > d/p™. This tells us that d is bounded.




Note .This would not work if z were an arbitrary ¢'-element.

By Proposition 2.3, we have y € A (G), where ¢ is bounded in terms of the
available parameters. Now we show the following. | ]

(*) The Fitting height of A, .(G) is bounded in terms of e and the other param-
eters.

For suppose that we have this for some value of e. By Lemma 1.2, we have that
if W = G/A,,.(G), then Cw (u) has bounded abelian section rank, where the
bound is in terms of e and the other parameters. Considering in particular the
action of u on Oy (W), we may apply Theorem 1.1 to conclude that O (W)
has Fitting height bounded in terms of the various parameters. This gives the
inductive step.

Since ¢ is bounded in terms of p, ¢ ,m ,n,r, we may apply (*) to conclude
firstly that A, (G) has Fitting height bounded in terms of these parameters,
and secondly that in Cgya,.(G), the centralizer of u has abelian section rank
bounded in terms of these parameters. Now the order of the image of u in this
group divides p™¢™~?, and so by induction on n, this group has bounded Fitting
height. This concludes the proof of the theorem.
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