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Abstract. Let {X,,n > 1} be a sequence of independent and identically distributed
random variables with common distribution F' following the generalized Maxwell distri-
bution. In this paper, we obtain the exact uniform convergence rate of the distribution
of the maximum to its extreme value distribution.
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1 Introduction and main results

Let {X,,, n > 1} be an independent and identically distributed random sequence with each
X, obeying common distribution function F(z). Let M, = max(Xi, Xs,...,X,) represent the
partial maximum. If there exist constants a,, > 0 and b, € R, and a distribution G(x) which is
nondegenerate such that

lim P(M,, < apz+b,) = lim F"(apz + b,) = G(2) (1.1)

n—o0 n—o0

for all continuity points of G. Then G must be in one of the following three classes:

Class I ( Gumbel ): A(z) =exp{—e "}, z € R;

0, <0,
Class II ( Fréchet ): ®,(z) = v
exp{—z~ %}, x>0;

Class III ( Weibull ) : ¥, (z) =
1, x> 0;

{exp{—(—x)o‘}, z <0,

where « is a positive constant. If (1.1) holds, we say that distribution F' belongs to one of the
domain of attraction of G, denoted by F' € D(G).

*Corresponding author.
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One interesting problem in extreme value theory is to study the convergence rate of the dis-
tribution of the maximum tending to some above extreme value distribution. For the uniform
convergence rate for some important and widely applied distributions under linear normalization,
see Hall (1979), Peng et al. (2010), Lin et al. (2011) and Liu and Liu (2013). For the exact uniform
convergence rate for the given distribution under nonlinear normalization, see Chen et al. (2012)
and Chen and Feng (2014). For the uniform convergence rate under the second-order conditions,
see Balkema and de Hann (1990), de Haan and Resnik (1996), Cheng and Jiang (2001) and Peng
and Nadarajah (2012). For the Maxwell distribution, Liu and Liu (2013) showed the below result:

Cc1 C2

F*(a, b,) — A
logn < ilel%‘ (an@ + bn) (@)l < logn

for n > ng, where constants 0 < ¢; < co and F stands for the ordinary Maxwell distribution
function, and the norming constants a,, and b,, are given by

T O b2 9,1
To A 1.2
\/gbn exp <202> n, an,=o-b, (1.2)

Meanwhile, Liu and Liu (2013) proved that 1/logn is the optimal convergence rate of extremes for
the ordinary Maxwell distribution.

We are interested in this article is to consider the uniform rate of convergence of extremes from
a sequence of independent and identically distributed random variables with common distribution
F which haves the generalized Maxwell distribution ( for short GMD ). The GMD being a gener-
alization of the Maxwell distribution is one of the most widely applied and popular distribution in
theoretical analysis and application of statistics and physics. The probability density function of
the GMD is given by

F'(z) = h 2%F exp —x—% x>0
k252 F1/RT(1 + k/2) 252) T =Y

where parameter k, o > 0 and I'(-) denotes the gamma function. If &k = 1, the GMD is the ordinary
Maxwell distribution. Huang and Chen (2014) investigated the tail property of the GMD and the
asymptotic distribution of the maximum. In order to derive the uniform rate of convergence of
extremes for the GMD, we need to cite some results from Huang and Chen (2014).

In the sequel, let {X,,, n > 1} be an independent and identically distributed random sequence
with common distribution F' following the GMD, and let M, denote the partial maximum of
{Xn, n>1}. Huang and Chen (2014) proved the bellow result:

lim P(M,, < apz+ ) = 1Lm F"(anx + Bn) = A(x),

n—oo

for k > % and all « € R, where

g/
" = h@2logn) 1/ (13)

and
8, = oV/*(2log )/ 4 o/*lloglogn + (1 — k?)log 2 — 2klog I'(1 + k:/2)} (1.4)

2k2 (log n)l—l/(%)
For the distributional tail representation of the GMD, Huang and Chen (2014) showed that

| = F(z) = e(z) exp (— /1 ' ?8 dt)
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for k > 1/2 and z sufficiently large, where

exp(—1/(20?))

c(x) — 5201 AT (1 1 k/2) as x — 00,
2 2
and f(t) = %tl_%, g(t)=1-— %t_%.

Noting that f'(t) — 0 and g(¢) — 1 as t — oo. By proposition 1.1(a) and Corollary 1.7 of Resinick
(1987), we can choose the norming constants a,, and b, in such a way that b,, is determined by

b2k
MVEGRD(1 4 k/2)b  exp (122) =n (1.5)
and
an = f(bp) = o2k 1bE 72k, (1.6)

Observing that, when k =1, (1.5) and (1.6) reduce to (1.2).

In this paper we prove that the optimal uniform convergence rate of F™(a,z+b,) to its extreme
value limit is proportional to 1/logn. However, the pointwise convergence rate of F"(anx + f35,)
converging to its limit is proportional to (loglogn)?/logn which is no better than it even though
an/a, — 1 and (B, — by)/a, — 0 as n — oco. The main results are described as follows:

Theorem 1.1. Let {X,,,n > 1} denote a sequence of independent and identically distributed ran-
dom variables with common distribution F' following the GMD and parameter k > 1/2. For norming
constants b, and a, defined by (1.5) and (1.6), then there exist absolute constants 0 < ¢q1(k,0) <
ca(k, o) such that

k k,
clk, o) < sup |F™(anz + by) — Alx)]| < c2(k;0)
logn R logn

for n > ng.
Theorem 1.2. For «,, and (3, are given by (1.3) and (1.4), respectively. Then

2k — 1)e % exp{—e®} (loglogn)?
16k3 logn

F™(ant + ) — Ala) ~

for large n.

2 Auxiliary results

In order to prove main results, we will provide some important properties of the generalized
Maxwell distribution. The first one is the distributional tail representation of the GMD, described
as follows.

Lemma 2.1. Let F be the distribution function of GMD with k > 1/2. For x > 0, we have

1— F(z) = ! 1+“—2—2k o (2) (2.1)
C O T ke R (1 k/2)” )P\ T2 ) T '
1 o2 o (2k—1)o* x2k
B 2k/201/k;1"(1 + k/2>‘r (1 + ?m - Tx exp 552 +s(z), (2.2)



where

0 < r(z) = 2k —1 /+°°t—2k P
T Sk k2T (1 1 k)2) J, AT 952
< 2k —1 L1k 2
k261 /F—AR20(1 4 k/2) P\ T 202
and
 (2k—1)(4k 1) ook t2k
0<s) = Gpoigera 1 hyz) ), | P d

(2k —1)(4k — 1) 1-6k _ x?*
k2GRS (1 + k/2) P\ 202)°

Proof. By integration by parts we have

1- F(z) = ! 14 Tk o
PO = g et TR ) e ) T

2k — 1 +0oo ok t2k
= )yt
k251 k=2 (1 + k/2) /x )

1 0.2 ok szk
=: /25 AT (1 + k/Z)x <1 + =7 > exp (—w) —r(z),

so (2.1) follows. Similarly,

B 2k — 1 |4k x
@) = S r i)t P Tgg) T @)
Putting (2.5) into (2.1), we obtain (2.2), where
. (2k—1)(4k—1) /+°° ak t2k
@ = Simeiiera k) f, | OPg)d
(2k —1)(4k — 1) 1-6k a?t

= e aari k)t P

2k —1)(4k — 1)(6k — 1) [*°° 2k
( k )( k )<6k )/ 75—614: exp( t )dt
2k/20.1/k76k3r(1 + k‘/2) -

(2k —1)(4k —1) 16k a?t
2k/201/k—6k3r<1 + k/2)

Hence, the lemma follows.

For the norming constants a, and b,, defined by (1.6) and (1.5), respectively, let

* *
Ay, = ApTn, by = by + Onay,

where 7, — 1 and §, — 0 as n — oco. The following decomposition is needed.

Lemma 2.2. Let a), and b}, be defined by (2.6). For fized x € R and sufficiently large n,

F(aiz + b)) — A(z) = Alz)e™{((2k — 1)a? — 22 — 2)a,b, /2

n

+ (rp — D)z 4 6p + O((anb, D2 + (rp — 12+ 62)1.

(2.5)

(2.6)



Proof. Note that b, ~ o'/¥(21logn)/ %) by (1.5), which induces that
anby, ' ~ (2klogn)™! =0
by (1.6). So, by (1.5) and (1.6) we have

1
26/261/KT (1 + k/2)

(a},x + b;)2k>

(are -+ o) exp (07

= (U by + ) exp = 5 (1 (6,07 - 1)}

L1+ anby (a4 6,)) exp { 1 (= L) 8 (2 — Danby (a4 6,)?
+ O((anby 1) (rpz + 5n)3)}

e (14 anb (rnz + 5n)){1 (v — D) — 6y — %(% — )anb (i + 6,2
+ O((anby ) (rpz 4+ 60)%) + % <(rn — Dz +6, + %(2k — Dayb, (rpr + 5n)2>2
+ O((anby ') + (rn — 1) + 6,?;)}

:n_le_z{l — (rp— Dz — 9, — %((2]{: —D)a? = 2z)anb,t 4+ O((anby )2 + (1 — 1)2 + 57%)} (2.7)

Since
(a5 4+ 53) 7% = 25 (an — 2h(anb )2 + O((ants ), 28)
we have
k2
(a5 + )% = 2 (0t + O((anb ™)) (29)
Similarly,
(0 enp () — 0 o 1),
S0,
s(aXz +05) = O(n anb, ')?), (2.10)

here s(x) is defined by (2.4). Hence, by (2.2) and (2.7)-(2.10), we have

1
~((2k — 1)z — 22 — 2)a,b,;*

1—F(ayx+10}) :n_le_x{l —(rn— 1)z =6, — 5

+ O((anby V)2 + (1, — 1)? + 53)}



for large enough n. Therefore,

F'arzx+br)—Alz)=41— nlez{l —(rpn— Dz =6, — %((2]{: —1D)a? — 2z — 2)ayb, !

+ O((anb, M2 + (1, — 1)% + 5721)}} — A(x)

= A(a:)e_”"{;((Qk —Da? — 2z — 2)apb,t + (rp — Dz

+ 6n 4+ O((anb, 2 + (1 — 1) + 53)},

which derives the desired result. O

3 The proofs

Firstly, we give the proof of Theorem 1.2 as it is relatively easy.

Proof of Theorem 1.2. Firstly, we gain the following asymptotic expansions of b,, defined by

(1.5):
by = Bn + o((logn)Y/ 21y, (3.1)
and
ol/k 1 2k —1 , (loglog n)?
bn = bn = 2k3 (2logn)2—1/(2k) ( 4k fn = tn) 0 <(log n)gl/(%)> ’ (3:2)
here

t, =loglogn + (1 — k*)1log2 — 2klog I'(1 + k/2),
and [, is defined by (1.4). By Corollary 1.7 of Resnick (1987) we have

P(M, < apz+b,) = Ax).

By arguments similar to those used in Example 2 of Resnick (1987) ( pp.71-72), we can derive (3.1).
Now set

bp, = B, + On,
where 6, = o((logn)/(2K)=1),
Substituting b, = 8, + 0, into
p2k
log(2F/26Y/*1(1 + k/2)) — log by, + TE = logn,

observing that
1
log(l4+z) =2 — 5552 +0(x%) as =0

k:(k:21)$2 +0(2%) as 2 — 0,

and
(1+z)f =1+4ke+
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we can derive

1 k(2k — 1) 02
802/*log?n  402?/klogn ) (2logn)t/k—2
< 1 tn N k (2k — )t, )

= +
201 /klogn  8k20t/klogin = oY/ 4kol/Flogn

O
" (2logn)/@R—1
1 2k —1 , (loglogn)?
= - tn —tn ——
4k210gn( 4k " )+O< log?n

by the above equality we can have

o ol/k 2k—15
" 2k3(2logn)2-1/Ck) \ 4k " ")7
Once again, let

0, =

- t, — tn 79717
243 (2 log n)2—1/(2k) > +

4k "
here ¥;, = o ((loglog n)?/(log n)2*1/(2k)) . By similar arguments, we can derive (3.2). Observe that

v, _On_,  2k—lloglogn
Y n -
2klogn an 4k2  logn

)

and
bY —b, 2k —1 (loglogn)?

an  16k3 logn

for large n. Therefore, the result follows by Lemma 2.2. O

Proof of Theorem 1.1 Setting r, = 1, 4, = 0 in (2.6), and noting that a,b,' ~ 1/(2klogn),
by Lemma 2.2 we can prove that there exists an absolute constant ¢;(k,o) > 0 such that

Cl(kag)
sup | F"(anz + by) — Alz)]| > ——2%
sup | "+ 8,) ~ Ala)| > 0

for n > ng. In order to obtain the upper bound, we need to prove that

sup |F™(anx +by) — A(z)| < Dianb,?, (3.3)
0<z<oc0o

sup | EF™(anz + bn) — A(z)] < Daanb,t, (3.4)
—cn<z<0

sup  |F"(anx +by) — A(x)| < Dzanby,?, (3.5)

—oo<xr<—Cn

for n > ng, where D; = D;(k,0) > 0, i = 1,2,3 are absolute constants and ¢, =: loglogb2* is
positive for n > ng. Observe that, from (3.1),

202 logn < b2F < 202(1 + ¢9)**  logn (3.6)

and

loglog(20%(1 + ¢9)* logn) - k

. (3.7)

1
sup — loglog b2 < su
n>£)0 b2k 6708 On n>£)0 202logn o



for n > ng, where ¢g is a absolute positive constant. So, b, — anc, > 0 for n > ng.

For simplicity, throughout the rest of this paper, let C;; (i € N, j € N) denote absolute positive
constants whose value may vary from line by line.

Firstly, suppose that z > —c¢,,. Let
R, (x) = —{nlog F(anz + b,) + nV,(z)}, Bp(z) =exp{—R,(x)},
Ap(x) = exp{—nV,(z) + e "},
where U,,(z) = 1 — F(anx + by,). Note that, for k > 1,
bn

b2k — (by — aney)? = / 2kt 1 At < 2kanc, b2,

bn—ancn

and, by (2.1), (1.5) and (1.6), we have

U, () < Wp(—cp)

1 02 ok (bn . ancn)2k
< 2k/201/kf(1 + k/2) (bn B ancn) <1 + ?(bn - ancn) ) exp <_%‘2
2 2k

b bn — UnCn 2k
=n" 1 = anb;ten) <1 + %(bn _ ancn)%) exp (n _ (ac)>

202 202

k
< n_l(l — anbglcn)(l + anb,;l(l — anbglcn)_%) exp <2ancnb3f_1>
o
0_2 0_2 —2k
<n! (1 + ?b;% <1 - ?b;% log log bik> > exp(log log b2*)

2 2 —2k
< sup { <1 + %bg% <1 - %b;zk log log bik> ) n" log(202(1 4 ¢)** log n)}

n>no

<Cn
< 1.

So,
inf {1 — \I’n($)} >1—-Cy1 > 0.

x>—cCn
Noting that the following inequalities

2

log(1 —x) > —x—ﬁ, log(l—z) < —z, as 0<z <1,
we have
nW2(x)
0 Rn < T n\7
<l = 50w, )
n¥2(—cp)

S 21— o))
- n" 1+ anby, (1 — anby, ten) ~2%)2a,b; t exp{2¢,}
2(1 — U, (—cpn))anbn




noC11 2 k nilb%k exp{QCn}
log(202logng) ) 202(1—C11) an by '

By (3.6), we can have

n 10 exp{2¢,} < n 710 < n7H(20%(1 + ¢o)*F logn)® < Cia, as n > ng.

Putting (3.9) into (3.8), we have

-1 -1
anb,” = Cizanb,, .

noCi1 2 kCi2
log(202logng) ) 20%(1 —Cy1)

R,(x) < <

So,by 1 —e ™ <z, x>0, we have

|Bn(2) — 1] < Ru(z) < Cizanb,t, for n > ng.

By inequality (3.10) we obtain
|[F"(anz + bn) — A(z)| = | exp{— Ry ()} An(2)A(z) — A(2)]
< A(z)Bn(2)|An(z) — 1] + |Bn(z) — 1
< A(2)|An(z) — 1| 4 Cizanb;, ',
for x > —¢,,.
Next we prove (3.3). Note that, as k > 1,
(1+2)% > 14 kx, for >0,

combining with (1.6), we obtain

b 2k_b2k
x_(anx+2n)2 <0, for x>0.
g

By (1.5), (1.6), (3.12) and the definition of A, (x), we have

Al (z) = exp{—n¥,(z) + e " }-nV,(z) + 7
= — An(@)e 1 — 1€ F'(ani + by)]

-z k -1 2k bng z (anx + bn)%
=—-Ap(x)e {1 — ﬁanbn (anz + by)"" exp (W erexp (=5
n bn 2k ka:
=—A,(z)e™ {1 -1+ anbglx)zk exp {a: — (anz + 5 )2 n H
o

<0
for > 0. Since A, (z) — 1 as x — oo, we have

sup [An(z) — 1|
x>0

:‘An(o) - 1|

o’ —2k
=] exp{—?bn +nr(by)} — 1

9
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<exp{nr(b,)} —1

<nr(by,) exp{nr(b,)}

2k —1
<(2k — —1 Sl
<(2k — 1)aypb,, " exp { Sk Tog }
=C14anb;1.

The inequalities come from the facts that e* — 1 < ze® for 0 <z <1,

2k — 1)o* _ _
0 < nr(b,) = (kQ)bn‘“‘f < (2k — Dapb; !,
and
exp{nr(b,)} < exp{(2k — D)a,b,'} < ex 2kl for n>n
p n p nOn p 2%k log 1 ) 0-

Combining with (3.11), we have

sup |F™(anz +by) — A(z)| < (C13+ C14)anb;1.
0<z<c0

Secondly, we consider the case of —¢,, <z < 0. By (1.5), (1.6) and Lemma 2.1, we have

—nW,(x)+e”

_ (anx + by) o? ok (anz + by)?*
=—n [Qk/QUI/kF(1+k/2) 1+?(anx+bn) exp | 5 5 — —r(ay + by)

+e”
2 2%k
=-n [ (ane + bn) <1 + 7 (anz + bn)2k> exp <_(anx + bn) >

2621 /KT (1 + k/2) k 202

2k = D(anz + by )14k
k251 /h=4k2D (1 + k/2)

2 ka — (ay, bn 2k
= — (1 + anb, ') (1 + T (g + bn)‘2k> exp < n = (@n + bn) )

+e”

(anz + bn)%)

dp(anx + by) €xp <— 5,2

k 202

2k —1 4 b2k:_ . +bn2k

—i-(kz)a(l + anb; ta) bR (apx + by) exp < L (a20x2 ) > +e®

2 2% — 1 4
=(1+ anbnlx)ex{ — [1 + %(anaz + bn)72k — W(l + anbglaz)k‘lkb;‘lkdn(anaz + bn)]

(anx + bp)%k — 028 — 2022 1 -1
X exp (— 5,7 + (1 +anb, )",
where 0 < dy,(apz + b,) < 1 and
o’ o (2k—=1)0* 1\ 1—dky—4k
Dp(z)=—-<1+ ?(anx +by) " — T(l + anb, ) b, “dy(anx + by)
n bn 2k b2k -9 2
X exp (_(a v )2 T Ux)—i—(l—l—anb;lm)_l.
o

10



Noting that

A+z)f>1—ke, (Q42)F<l—ks for —1<z<0, (3.13)
and
anr +b, >0 for x >—¢c, and e *>1—x for x>0,
we obtain
(anT + by)?F — b2F — 2022 o? ok
D, (z) < — (1 - 572 1+ ’ (anx + by)
2k — 1)o?
- (/€k2)0(1 + anbglx)1_4kb;4kdn(an:v + bn)} +(1+ anbglx)_l
(an® + bn)** = b2F — 20%x (2k =o' 4 ~1
<—<1— o L— b, (- (L - dkjanb, ')

+ (14 apb, tx) ™t

(2k — 1)t _1 (an® + bp)?k — b2k — 2022
Tbn (1= (1 —4k)apb, =)+ 5,7

< (2k — 1)(anb; )21 = (1 — 4k)anb, tz) — anby ta(1 + apb, tz) ™t
< (2k — D)anb,t — anby, tz(1 4 anb, tz) ™t

<—-1+

+ (1 + apbytz) ™!

Meanwhile, utilizing (3.13), we have

2

Dp(x) > —1— %(anw +bn) " + (1 + anby 'z) ™

> —(1+ apb,tz) *a,b, !
> —(1 — 2kanb;, 'x)a,b, L.
Hence,
|Dp(x)] < {2k —1 — (1 + axb, 'z) "t 4+ (1 — 2kayb, ' z)Ya,b, b

Therefore, for n > ng,

| —nW,(x) +e | < (14 anby, *z)e | Dy(2)]
< {2k(1 — apbytx) — 2(1 + anby 'x) (1 + anb, 'x)e "a,b, !
< {2k(1 4 (anb;)2c2) + cpn}emanbyt
< Ca.

So,

A(2)|An(z) — 1] =A(z)|exp{—nWp,(z) + e "} — 1|
<A(z)] —n¥,(x) + e “|{exp{—n¥,(x) + e} + 1}
<(e°2 + 1){2k(1 — (anb,1)%2?) — z}e "A(x)anb;, "

<C22anb;1.

Now Combining the above inequalities with (3.11), the proof of (3.4) is complete.

11



In the end, we consider the case of —co0 < & < —c¢p,. If apx + b, <0, we have F"(anz + b,) = 0.
Noting that A(—x) < 1/z, as x > 1, we obtain

sup |F"(apz +by) —A(z)]= sup A(z)
Z'S_bn/an mg_bn/an

k
< AM==5b2F) < anby !
g

So, we only need to consider the case of a,z + b, > 0. Applying the monotonicity of A(x), we have

k
sup  A(z) < A(—cp) = —2anb;1,
—oco<z<—¢p g
moreover,
sup  |F™"(anx + by) — Ax)| < F"(by, — ancy) + A(—cp)
—oo<r<—Cn
< sup |[F"(apz + by) — A(2)| + 2A(—cp)
—cn<z<0
4 2k
< (Ca2 + C13)anbnl + ﬁanbn1
= Cglanbgl.
The proof of (3.5) is complete. This completes the proof of Theorem 1.1. O
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