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Abstract

We discuss matrix polynomials expressed in a Bernstein basis, and the associated
polynomial eigenvalue problems. Using Md&bius transformations of matrix polynomials,
large new families of strong linearizations are generated. We also investigate matrix
polynomials that are structured with respect to a Bernstein basis, together with their
associated spectral symmetries. The results in this paper apply equally well to scalar
polynomials, and include the development of new companion pencils for polynomials
expressed in a Bernstein basis.

Key words. matrix polynomial, Bernstein polynomials, Mobius transformation, eigenvalue,
partial multiplicity sequence, spectral symmetry, companion pencil, strong linearization, structured
linearization.
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1 Introduction

The now-classical scalar Bernstein polynomials were first used in [4] to provide a construc-
tive proof of the Weierstrass approximation theorem, but since then have found numerous
applications in computer-aided geometric design [5, 16, 18], interpolation and least squares
problems [14, 33, 34], and statistical computing [35]. For additional applications of Bern-
stein polynomials, as well as for more on the historical development and current research
trends related to Bernstein polynomials, see [17, 20] and the references therein.

This paper focuses on matrixz polynomials expressed in Bernstein basis, and the associ-
ated polynomial eigenvalue problems. The classical approach for solving such eigenproblems
is via a linearization, hence that notion takes a central role in this paper. We provide a
rich source of new (strong) linearizations for matrix polynomials expressed in Bernstein ba-
sis, and outline a simple procedure to easily generate them. Further, we study the impact
that various matrix polynomial structures have on its spectrum, the existence of structured
linearizations, and how existing structure-preserving algorithms can be applied. Along the
way, we also describe a method for generating a family of new companion pencils for scalar
polynomials expressed in Bernstein basis. It is important to emphasize that even though
all the results in this paper are stated using the language of matrix polynomials, they cer-
tainly also hold for the special case of scalar polynomials expressed in Bernstein basis. This
could have numerical significance when computing with a Bernstein basis at the scalar level
[5, 38].

The remainder of this paper is organized as follows. Some background on matrix poly-
nomials and linearizations, as well as a brief review of the classical (scalar) Bernstein poly-
nomials is given in Section 2. Section 3 then introduces matrix polynomials expressed in
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Bernstein basis, and describes a simple method for generating strong linearizations of them.
Finally, Section 4 describes some special spaces of linearizations for matrix polynomials in
Bernstein basis, while in Section 5 we discuss matrix polynomials that are structured with
respect to a Bernstein basis.

2 Preliminaries

Throughout this paper N denotes the set of non-negative integers, F is an arbitrary field,
F denotes the algebraic closure of F, and Fo, := F U {oc}. The ring of all univariate
polynomials with coefficients from F is denoted by F[A], and the field of rational functions
over F by F()).

The vector space of univariate scalar polynomials of degree at most n is denoted by P,,,
and the set M = {1,x,x2, ... ,x"} is referred to as the monomial basis or the standard
basis for P,. The space of all n x n invertible matrices with entries in F is denoted by
GL(n,TF).

Definition 2.1. (Companion pencil of a scalar polynomial)
For a scalar polynomial p(z) in P, any matric pencil xC + D € F"*"[z] such that
det(zC + D) = ap(x) for some nonzero a € F is called a companion pencil for p(z).

Remark 2.2. The notion of a companion pencil can be extended to any regular matrix
polynomial. In particular, a square matrix xC + D is a companion pencil for a regular
matrix polynomial P(z) if det(zC + D) = avdet(P(x)), where « is a nonzero scalar. While
such matrix pencils have applications, see for example [6], the focus in this paper will be on
the more restricted class of companion pencils that are also linearizations (see Definition 2.8
and the commentary following it).

The matrices
1 1 —a
R=R, := [1 . ] and B,y = [_1 b] (2.1)
nxn

are used throughout the paper, where a,b € F. When there is no risk of confusion, B, will
be abbreviated to just B.

2.1 Linearizations and eigenvalues

An arbitrary m x n matrix polynomial of grade k can be expressed in the form

k
P = > XA,
i=0
where Ag, A1, ..., Ax € F™*" Here we allow any of the coefficient matrices, including Ay, to

be the zero matrix. In contrast to the degree of a nonzero matrix polynomial, which retains
its usual meaning as the largest integer j such that coefficient of A in P()\) is nonzero,
having grade k indicates that the polynomial P()) is to be interpreted as an element of the
F-vector space of all matrix polynomials of degree less than or equal to k. Note that by
this convention the grade of a matrix polynomial is an integer at least as large as its degree.
Since a polynomial of grade k can also be viewed as a polynomial of any grade higher than
k, the grade under consideration must be chosen; the grade of a matrix polynomial P()\)
thus constitutes a feature of P(\) in addition to its degree. Throughout this paper, then, a
matrix polynomial P is always accompanied by a choice of grade, denoted grade(P). In the



context of this paper, where most polynomials are expressed in a Bernstein basis, the choice
of grade will be obvious, whereas the degree will not always be so clear. See Example 3.1
for an illustration of this point. Note that throughout the paper we reserve the word pencil
to refer only to matrix polynomials of grade 1.

A polynomial P()) is said to be regular if it is invertible when viewed as a matrix over
F()), equivalently, if det P(\) # 0; otherwise it is said to be singular. The rank of P(\),
sometimes called the normal rank, is the rank of P(\) when viewed as a matrix with entries
in the field F()), or equivalently, the size of the largest nonzero minor of P(\).

Definition 2.3. (Reversal)
Let P be a nonzero matriz polynomial of grade k > 0. The reversal of P is the matriz

polynomial rev P given by
(rev P)(\) := A*P(1/)). (2.2)

The fact that grade(P) > deg(P) plays a key role in Definition 2.3, since it guarantees
that rev P is also a matrix polynomial. Further, if P is a matrix polynomial of grade k
expressed in the standard basis, i.e., P(\) = Ef:o A; N then rev P(\) = Zf:o Ap_iA\'. Thus
taking the reversal of a matrix polynomial expressed in the standard basis has the effect
of simply reversing the order of its coefficients. That is not usually the case if a matrix
polynomial is expressed in a non-standard basis.

Theorem 2.4. (Smith form (Frobenius, 1878) [19])

Let P(\) be an m x n matriz polynomial over an arbitrary field F. Then there exists r € N,
and unimodular (i.e., with nonzero constant determinant) matriz polynomials E(\) and
F(X\) of size m x m and n X n, respectively, such that

EMNPNF ) = diag(di(A); - -+ din fm,n} (A)) =2 D(A), (2.3)

where di(),...,d-(\) are monic, dri1(N), ..., dmin{mn}(A) are identically zero, and
di(A),...,d,(X) satisfy the divisibility chain property, that is, d;(\) is a divisor of dj1(X)
forj=1,...,r —1. Moreover, D()\) is unique.

The nonzero diagonal elements d;()), j = 1,...,r in the Smith form of P(\) are called the
invariant factors or invariant polynomials of P()).

Observe that the uniqueness of the Smith form over a field F implies that the Smith
form is insensitive to field extensions. In particular, the Smith form of P over F is the same
as that over F, the algebraic closure of F. It is sometimes more convenient to work over F,
since the invariant polynomials can then be completely decomposed into a product of linear
factors.

Definition 2.5. (Partial multiplicity sequence [32])
Let P(\) be an m x n matriz polynomial over a field F with rank r and grade k. For any
Ao € F, the invariant polynomials d;(\) of P for 1 < i <r can each be uniquely factored as

di(A) = (A= 20)" pi(A)  with a; €N, pi(Ao) #0.
The sequence of exponents (i, g, ..., ay) satisfies the condition
0<ap<ay<--<a

by the divisibility chain property of the Smith form, and is called the partial multiplicity
sequence of P at Ao, denoted J(P, o). For Aoy = oo, the partial multiplicity sequence
J(P,00) is defined to be identical with J(rev P,0). Since rank(rev P) = rank(P), we see
that the sequence J (P, 00) is also of length r.



Definition 2.6. (Eigenvalue)

An eigenvalue of P is an element \g € Foo such that J (P, \o) does not consist of all zeroes.
If an eigenvalue Ao has J (P, o) = (a1,2,...,q,), then the algebraic multiplicity of Ao
is just the sum a1 + az + - -+ + a,, and the geometric multiplicity of Ao is the number of
positive o ’s in J (P, \o).

Remark 2.7. It is worth noting that the sequence J (P, \g) is nontrivial only for a finite
subset of Ag’s in Fs. From the Smith form the following properties of partial multiplicity
sequences are easily deduced, and will be used freely throughout the rest of the paper:

j(P7>‘0) = j(PTa)‘O)
and J(cP, o) = J(P, ), forall \g € F, and any c # 0. (2.4)

Now given a matrix polynomial P, we are interested in solving the associated polynomial
eigenvalue problem P(\)x = 0, that is, to find eigenpairs (A, z) such that P(A)z = 0 holds.
The classical approach to this is to first reduce the given polynomial eigenproblem to an
equivalent eigenproblem for a matrix pencil, i.e., to find a linearization for the polynomial
P, as in the following definition.

Definition 2.8. (Linearization)
Let P(X\) be an m x n nonzero matriz polynomial of grade k > 1. A matriz pencil L(\) =
AX +Y is alinearization of P(X) if there exist unimodular matriz polynomials E(X), F'(X)
and s € N such that

PA)| O

EALWFR) = | ™

(2.5)

A linearization L(\) is called a strong linearization if rev L(\) is also a linearization of
rev P()\).

From Definition 2.8 it follows immediately that any linearization of a regular matrix
polynomial P is also a companion pencil for P. But the converse is not true. For example,
consider the scalar polynomial p(z) = (A — 1)? and the 2 x 2 pencils

Ll(/\)::[/\gl Aﬁl] and Lg(/\)::[/\al Ail].

Clearly both L; and Lo are companion pencils for p(A), but it can be shown that only Lo
is a linearization for p(A). This example illustrates the fact that linearizations constitute a
restricted class of companion pencils. Just as for companion pencils, a linearization for a
regular polynomial P always possesses the same finite eigenvalues with the same algebraic
multiplicities as P. But a linearization also has the same geometric and partial multiplicities
as P, which a companion pencil may not. In addition, a strong linearization for P has the
same infinite eigenvalues with the same algebraic, geometric, and partial multiplicities as
P. Tt is also worth noting that the concept of (strong) linearization extends to singular
matrix polynomials, whereas that of a companion pencil does not.

2.2 Scalar Bernstein polynomials

For references on scalar Bernstein polynomials, see for example [3, 17, 36]. Here we only
establish the notation we will be using, and state some relevant properties of Bernstein
polynomials.



Definition 2.9. For two distinct elements a,b of an arbitrary field F, we define the Bern-
stein polynomials of grade n > 1 to be of the form

Bin(\;a,b) := (b_la)n (Z‘) A—a)i(b—X\N""", for i=0,1,...,n. (2.6)

The binomial coefficient (}) in (2.6) is to be interpreted [15] as the sum of the identity
element in F taken u(nnilz)v times, while W denotes the multiplicative inverse of (b —a)"
in F.

The most interesting and familiar case of Bernstein polynomials is for F = R and finite
a and b, which is the case originally considered by Bernstein himself [4]. Note that there
are n + 1 Bernstein polynomials of degree n. We will often use the shorter notation 3; ()
instead of B; »(A;a,b), unless the truth of a statement depends on a particular choice of a
and b.

It is often convenient to consider the scaled Bernstein polynomials of degree n, denoted

¢in(A;a,b), and defined as
bin(Na,b) := (A —a)'(b—\)""". (2.7)

Again, we will often use the abbreviated notation ¢; ,,(\) for the scaled Bernstein polyno-
mials, whenever there is no risk of confusion. In particular, scaled Bernstein polynomials
of grade one will be used extensively in this paper, and so are highlighted here for ease of
reference:

Po1(N;a,b) == b— A and #11(Na,b) = XA —a. (2.8)

Remark 2.10. It is important to emphasize that Bernstein and scaled Bernstein polynomi-
als have some nontrivial differences. For example, Bernstein polynomials form a partition of
unity over F, which is an important fact in applications where F = R. On the other hand,
when F is a field of finite characteristic, then Bernstein polynomials of grade n may no
longer form a basis for P, since some of the binomial coefficients (?) in (2.6) may be zero.
By contrast, scaled Bernstein polynomials of grade n always form a basis for P, over any
field F. Thus we establish the following convention for the rest of the paper — any result
stated for a Bernstein basis is to be understood to be for an arbitrary field of characteristic
zero, while results for a scaled Bernstein basis hold for every field.

The following proposition gathers together some well known and easily proven facts
about (scaled) Bernstein polynomials that are important for this paper.

Proposition 2.11. (Properties of Bernstein polynomials [3, 17])

(a) For any field F and any choice of distinct a,b € F, the scaled Bernstein polynomials
din(A;a,b) of grade n form a basis for the vector space Pn. When F has characteristic
zero, then the Bernstein polynomials fB; »,(X; a,b) also form a basis for P,.

(b) The polynomials B n(X;a,b) and Bp—;n(X;a,b) are mirror images of each other about
the midpoint X = b*'?“, i.€., Bn—in(b+a— Xa,b) = Bin(Xa,b). The polynomials
din(A;a,b) and ¢pn—in(A;a,b) also have this mirror image property.

3 Matrix Polynomials and Linearizations in Bernstein Basis

An m x n matrix polynomial P()) of grade k expressed in a Bernstein basis is of the form
k
PO = AiBir(N) (3.1)
i=0
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where A; € F™*" for ¢ = 0,1,...,k. Equivalently, any matrix polynomial expressed as in
(3.1) can be rewritten in terms of scaled Bernstein polynomials; i.e.,

k
Z Azﬁz k Z 1¢Z k s where A\z = (b—la)k <lj> Az . (32)

=0

When a matrix polynomial is expressed in Bernstein basis it is important to keep in mind
the distinction between its grade and its degree. Note that the degree of a matrix polynomial
is determined by finding the first leading nonzero matrix coefficient when the polynomial is
expressed in the standard basis. However, for a matrix polynomial in Bernstein basis, none
of the individual matrix coefficients determines the degree of the matrix polynomial.

Example 3.1. Consider the 2 x 1 matrix polynomial G of grade 5 in Bernstein basis with
a=0and b=1, given by

G = [_114} fos() + [_17] Brs() + [_12] Bas(N)

+ [H B35(A) + B] Bas(N\) + [ﬂ Bs.5(N).

Observe that all matrix coefficients of GG in Bernstein basis are nonzero, but when rewritten
in the standard basis we have

GA) = [—%o] X+ [35] At [—114}’

so that deg(G) = 2 even though grade(G) = 5. This example clearly illustrates that the
degree of a matrix polynomial expressed in Bernstein basis is not at all obvious from simply
looking at the coefficient matrices. Hence the use of the grade is fundamental when working
in Bernstein basis.

3.1 Linearizations in Bernstein basis

The classical approach to solving a polynomial eigenvalue problem P(\)x = 0 is to first find
a (strong) linearization for P()), and then do computations with the linearization. It is
well known that if L is a strong linearization for P, then L and P have the same finite and
infinite elementary divisors including partial multiplicities [12, 21, 22]. In many recently
investigated examples of strong linearizations [9, 10, 11, 27|, eigenvectors and minimal bases
of P are easily recoverable from L, and there is a simple relation between the minimal indices
of P and L. These concepts have been extensively studied when P is expressed in standard
basis.

By contrast, the situation is not nearly so well understood for polynomials expressed
in Bernstein basis. The eigenvalue problem for companion pencils associated to scalar
polynomials in Bernstein basis has been studied in [24, 38]; these results have been partially
extended to matrix polynomials in [1]. In this paper we not only show how to generate
large families of companion pencils for scalar polynomials in Bernstein basis, but indeed
how to characterize all strong linearizations for matrix polynomials in Bernstein basis. As
a consequence we easily recover the results from [1, 24, 38| as special cases of the more
general construction provided here.

The following very simple procedure for producing strong linearizations for any matrix
polynomial expressed in Bernstein basis is the heart of this paper:



Linearization Procedure (for polynomials in Bernstein basis):

1.

Given a matrix polynomial P()\) = Zf:o A;Bik(\) of grade k in Bernstein basis,
first rewrite it in terms of the corresponding scaled Bernstein basis as in (3.2), i.e.,

PO =YK Aidik (V).

. Define a new matrix polynomial ]3()\) of grade k in the standard basis, using the same
coefficients A; as in step 1, i.e., P(\) := Zf:o AN

. Find a strong linearization L(A\) = AX +Y for P(\) by any technique whatsoever, see
for example [2, 7, 8, 9, 10, 11, 22, 27, 28, 37].

. Use exactly the same coefficients X and Y from step 3 to build the new pencil
L) == ¢11(MNX + ¢ (V)Y

expressed in scaled Bernstein basis of grade 1. By Theorem 3.3 the pencil L(\) will
be a strong linearization for P(\).

(Optional) Multiply the pencil L(A) from step 4 by the scalar (ﬁ) to obtain the
pencil £11(AN)X + B0,1(A)Y expressed in Bernstein basis of grade 1, which is also a
strong linearization for P(\).

Remark 3.2. Several features of this procedure deserve special attention:

(a)

(b)

Not only is the procedure simple and easy to apply, but more importantly, it lever-
ages the large body of existing knowledge about linearizations for matrix polynomials
expressed in the standard basis.

The strong linearizations obtained in step 4 are expressed in scaled Bernstein basis for
P1, in contrast to the usual practice of expressing linearizations only in the standard
basis. The linearizations from step 4 can also be easily re-expressed in Bernstein basis
as in step b of the Procedure. Since either of these linearizations are equally adequate,
in this paper we emphasize the use of strong linearizations expressed in scaled Bernstein
basis, mainly for simplicity and ease of exposition.

From the point of view of doing computations on pencils, the linearizations from Step 4
(or Step 5) of the procedure are just as good as pencils expressed in the standard basis.
Indeed, any algorithm that works by treating a pencil simply as a pair of matrices
can be easily adapted to find the eigenvalues of any regular pencil of the form L(\) =
$1,1(N)X + ¢0,1(N)Y. For example, using the QZ algorithm to simultaneously reduce
X and Y to upper triangular form T'x and Ty, then the pencil T'(\) = ¢11(N)Tx +
¢0,1(A)Ty has the same spectrum as L(\). But the eigenvalues of T'(\) are now readily
computed from the diagonal entries to be

a(T'x )i — b(Ty )i

A= (Tx)ii — (Ty)ii

i=1,...,¢.

If (T'x)s — (Ty)i; = 0 for some i, then of course \; = oo.

To complete this section we state the theorem that justifies the Procedure, and then

illus
resu
first

trate the Procedure with several concrete examples. The proof of Theorem 3.3 (the main

It of the paper) is postponed until Section 3.2, so that all the necessary background can
be established.



Theorem 3.3. (Strong linearizations in Bernstein basis)
Let P(\) be an arbitrary m x n matriz polynomial of grade k expressed in Bernstein basis,
i.e.,

k
Z AiBi k(A Z i k(A where A= T _la)k <I:> A; (3.3)

1=0

fori=0,...,k. Then a pencil LX) = ¢1.1(MN)X 4+ ¢01(N)Y is a strong linearization for

P(A) if and only if the pencil L()\)
P(A) = i A,

It is worth stressing that Theorem 3.3 establishes a bijection between the set of all
strong linearizations of P and the set of all strong linearizations of P. This bijection is the
basis for the Linearization Procedure, which we now illustrate with several examples.

AX +Y is a strong linearization for the polynomial

Example 3.4. Let P(\) = ZZ "0 Angz &(A) be an m x n matrix polynomial of grade k, and
consider the new matrix polynomial P()\) 1= Sk 0 A\ of the same grade. If

X1 = diag(;{\ka I(k—l)n)7 Xy = diag(;{k’ I(k—l)m)a
Fer A o Ay Ber Iy e 0 9
-, 0 - 0 Apy 0 . (3:4)
Y| = . . . . ) and Yy = . . )
: .. .. : : : I,
0 e =1, 0 A -+ 0 0

then 61()\) = AX;+Y) and C’Q(A) = AX2 +7Y; are the first and the second Frobenius com-
panion forms for P(\), respectively. Since Ci()) and Ca()) are always strong linearizations,
for regular or singular P(\) [11, 21], then by Theorem 3.3 the pencils

P11(NX; + po1(N)Y;  for i=1,2 (3.5)

are strong linearizations of P(\).

Note that when m = n and k = 5, the pencil in (3.5) with ¢ = 2 almost recovers the
example appearing in [1]. More precisely, the linearization L(A) from [1] is simply related
to the pencil in (3.5) by

L) = (Rs @ 1I,) - D [¢p11 (M) X2+ ¢o1(N)Y] - (Rs ® I,) (3.6)
where Rj is the 5 x 5 reverse identity and D = dlag( , 5, 110, i 5) ® I,,. The fact that L(\)

from [1] is a strong linearization for P(\) = Y27 , A;B;5(\) is now an easy consequence of
Theorem 3.3; by contrast, the argument in [1] requires some nontrivial special knowledge
of the LU factors of L(A). Furthermore, Theorem 3.3 guarantees that L()) is a strong
linearization for P(\) over an arbitrary field, whereas in [1] the underlying field is required
to be algebraically closed, due to the use of the local Smith form as an essential tool in the
argument.

Finally we would like to note the importance in this example of expressing L()) in
a scaled Bernstein basis rather than the standard basis (as was done in [1]). Doing this
reveals the connection between L and the second companion form for P more transparently;
together with similar examples this helped us to clarify our view that studying strong
linearizations for matrix polynomials in Bernstein basis is most effective if the linearizations
themselves are also expressed in (scaled) Bernstein basis.



Example 3.5. Consider a scalar polynomial of grade n on [0, 1], i.e.,

k

k
p()\) = Z aiﬁi,k()\; 0, 1) = Zaqul,k()\, 0, 1) s where az = (n) a; € F.

; , ]
=0 1=0

Jénsson and Vavasis in [24] and Winkler in [38] both provided the same companion pencil
for p(\) and studied its properties. Using the notation in this paper the companion pencil
in [24, 38] can be expressed as

L(A) = Ry Dy [¢11(N)X2 + ¢o1(A\)Y2] - D2 Ry,

where X9 and Y3 are given by (3.4), R, is the n x n reverse identity, and

Dy = ding (). () () snd Dy =ding (0.2 ().

Note that det(D; - Dg) = 1.

In contrast to [38], where a significant amount of work was needed to show that det L(\) =
p(A), here that fact is almost immediate from Theorem 3.3. On the other hand, the ap-
proach in [24] is similar to the argument provided here, but it is only applied to an isolated
case. Most importantly, though, using the procedure described in this paper one can easily
generate many more companion pencils for a scalar polynomial expressed in Bernstein basis,
and study their numerical properties.

Example 3.6. Let W(\) = 30_ A;8i5(\) = S0, /Tiqﬁm()\) be an nxn matrix polynomial
of grade five. Then applying the Linearization Procedure to pencils expressed in standard
basis from [2, 30], we see that the following pencil is always a strong linearization of W (\):

(A, 1, | [Ay O |
I, 0 O 0O o0 I,
L(A) = ¢1,1(N) 0 A; I, + ¢o,1(N) I, A 0 ~ (3.7)
I, 0 O o o0 I,
0 A I, Ay

In general, for an arbitrary matrix polynomial of odd grade expressed in Bernstein basis,
we can always find a strong linearization with the block-tridiagonal structure analogous
to (3.7). If the grade of a matrix polynomial V' is even, analogous block-tridiagonal lin-
earizations exist provided that the leading coefficient is invertible [2]. For example, if
V() = Z?:o AiBia(\) = Z?:o A\igbiA()\) and A4 is nonsingular, then a variation of a pencil
in [2] together with Theorem 3.3 gives a strong linearization for V(A):

0 I — A

I A, Ay I
¢1,1()\) 0 T + ¢D,1(A) I 0

I A Ao

(3.8)

On the other hand, even if the leading coefficient of an even grade matrix polynomial is
singular, then a strong linearization with block-pentadigonal structure can still be found [10].

Note that (3.7) and (3.8) are particularly suitable for scalar polynomials in Bernstein
basis, since the invertibility of the leading coefficient is trivial to check. These low bandwidth
linearizations not only are aesthetically pleasing, but they also are closely connected to the
construction of various types of structure-preserving linearizations [30, 31]. In addition,
they may have a significant computational payoff [13].



In the preceding examples we have seen how easy it is to apply Theorem 3.3 and the
resulting Linearization Procedure to find strong linearizations for matrix polynomials ex-
pressed in Bernstein basis. Now that we have a better feel for how to generate these strong
linearizations, we turn next to the proof of Theorem 3.3. The next section begins by estab-
lishing the necessary background.

3.2 Mbobius transformations and the proof of Theorem 3.3

Let P(\) = Zf:() AiBik(\) = Zf:o le\lqﬁzk()\) be an m x n matrix polynomial of grade k, and
consider the new matrix polynomial ﬁ(/\) = Z?:o gi/\i of the same grade, built using the
same coefficients A; as appear in P(A). The key ingredient in the Linearization Procedure
for generating strong linearizations for P turns out to be the relationship between P and
P. The most effective way to capture this relationship is via a Mébius transformation of
matriz polynomials, which we now define.

Definition 3.7. (M&bius Function and Mobius Transformation [32])
Let V' be the vector space of all m x n matriz polynomials of grade k over the field F, and

let A= [Z Z} € GL(2,F). Then
(a) the Mobius function on F., := F U {oco} induced by A is the map m, : Foo — Foo
defined by

a\+b
mA(A) = C)\—i-d, (39)

(b) the Mébius transformation on V' induced by A is the map M4 : V — V defined by

k k
MA(ZBZ-)\i) (1) == ZBi(au—t—b)i(c,u—l— d)Ft. (3.10)
=0 =0

Remark 3.8. Using a standard convention for working with the Mébius function m 4, we
set % = oo and m,(o0) = 2. Also notice that the relation between the Mobius function and
the Mobius transformation induced by A is given by

Ma(P)(p) = (cp+d)*P(my(p)) - (3.11)

It is worth emphasizing that a M6bius transformation acts on graded polynomials, returning
polynomials of the same grade (although the degree may increase, decrease, or stay the same,
depending on the input polynomial).

Example 3.9. As an example of a Mobius transformation consider the matrix R = [ }],
and let P be any matrix polynomial of grade k expressed in the standard basis. Using
(3.11) it is easy to see that Mg(P) = rev P, i.e., reversal is the Mobius transformation Mp
acting on the vector space of all matrix polynomials of grade k.

The following proposition summarizes some of the fundamental properties of Mobius
transformations; proofs can be found in [32].

Proposition 3.10. Let V be the vector space of all m X n polynomials over F of grade k,
and let A € GL(2,F). Then

(a) My is an F-linear operator on V| i.e.,
MA(P+ Q) =Ma(P)+Ma(Q), and My(cP)=cMy(P),
for any c € F and for all P,Q,€ V.

10



(b) (Ma)~t=My-1, so My is a bijection on 'V, indeed a linear isomorphism from V back
into itself.

(c) Let P be any n x n matriz polynomial of grade k; by convention, we assume that
grade(det(P)) = kn. Then det(Ma(P)) = My (det(P)).

(d) For any P € V, we have rank M 4(P) = rank(P).

(e) Let P and @ be matriz polynomials of grades k and ¢, respectively. Provided that the
grades of PQ and P ® Q are chosen to be k + £, and PQ is defined, then

Ma(PQ) = Ma(P)MA(Q), (3.12)
M4(P®© Q) = Ma(P) @ Ma(Q) . (3.13)

The essential result needed to prove Theorem 3.3 is the following:

Theorem 3.11. ([32], Corollary 8.6)

Let P be any m x n matriz polynomial over an arbitrary field F, and A € GL(2,F) with
the associated Mobius transform My. Then L is a strong linearization for P if and only if
M4(L) is a strong linearization for M (P).

This now gives all the tools needed to prove Theorem 3.3.

Proof of Theorem 3.3: Let P()\) be an m X n matrix polynomial of grade k expressed
as in (3.3), and consider the matrix polynomial P(\) = Z?:o AN Let B = [711 7], and
note that B is nonsingular since a # b. Then using Definition 3.7(b) we have

k k
Mp(P)(\) = Y Ai(A—a)'(b— =" Aigin(N) = P(). (3.14)

1=0 =0

Now let E()\) = AX +Y be any pencil expressed in the standard basis. By Theorem 3.11,
L(\) is a strong linearization for P(\) if and only if

L) == Mp(L)(A) = 11 (VX + ¢o1(N)Y

is a strong linearization for P(\) = MB(I3)()\). This completes the proof of Theorem 3.3.
O

The proof of Theorem 3.3 makes it clear that the essential fact underlying the Lin-
earization Procedure is the relation of the monomial basis to any scaled Bernstein basis via
a Mobius transformation. But scaled Bernstein bases are not the only polynomial bases
that can be related to the standard basis via some Mo6bius transformation. In particular, if
G = [! ¥] is any nonsingular matrix, then the Mdbius transformation Mg applied to the

space Py of 1 x 1 polynomials of grade k implies by Proposition 3.10(b) that the image of
the monomial basis, i.e.,

k

g::{%() (EA + w) (oA + w)*™ } , (3.15)

=0

is also a basis for P. Thus we have the following mild generalization of Theorem 3.3.

Corollary 3.12. Let G = {v(A) := (tA +u)'(vA +w)*~ Z}f:o with tw —vu # 0 be a
polynomial basis for Py, and conszder an m X n matric polynomial P of grade k ex-
pressed in G-basis, i.e, P(\) = Z,’f 0 Aivi(X) where A; € F™*™ for all i. Then a pencil
L(A) = (A +u)X + (VA +w)Y is a strong linearization for P( ) if and only if the pencil
AX +Y s a strong linearization for the polynomial P( )= Zl o AN

11



Proof. Observe that we have Mg(ﬁ)( A) = EZ 0 Ai(tA + w)i(vX + w)*" = P()\) and
Mg (AX +Y) = L(A), so the desired result follows from Theorem 3.11. O

Remark 3.13. It is important to note that the Linearization Procedure described in Sec-
tion 3.1 does not work if a “weak” linearization (i.e., a linearization that is not strong) is
used in Step 3. The essential difficulty is the use of Theorem 3.11, which is only valid for
strong linearizations, in the proof of Theorem 3.3. Indeed, as a consequence of Theorem 8.7
in [32] and the fact that B is not upper triangular, it follows that if E()\) in Step 3 is a weak
linearization, then L(A) in Step 4 will never be even a linearization for P()\), let alone a
strong linearization. Thus the necessity of using strong linearizations is the “weak link” in
the Linearization Procedure.

4 Spaces of Strong Linearizations in Bernstein Basis

We have seen in Proposition 3.10 that for any fixed B € GL(2,F), in particular for B =
[_11 *a] the Mo6bius transformation Mp defines a linear isomorphism from the space V
of all m x n matrix polynomials over a field F of fixed grade k back into itself. Thus the
symbol M p actually denotes a whole family of isomorphisms, one for each choice of size,
grade, and field. In the specific case of pencils, i.e., for kK = 1, the transformation Mp is

simply described by the formula
AX+Y ME 6 (VX + doi(NY = A—a)X + (b—\Y, (4.1)

which defines a bijection between the space of all pencils and itself. For any two partner
polynomials

k k
i=0 1=0

of grade k, Theorem 3.11 shows that the bijection (4.1) of pencil space restricts to a bijection

between the set of all strong linearizations of P and the set of all strong linearizations of P.

Also associated to a square polynomial P of grade k in monomial basis are several well-

studied vector spaces of pencils L; these spaces have proven to be fertile sources of strong
linearizations [9, 27], and are defined by

- i
- {i

and DL(P) := Ly(P)NLy(P),

)

Ly ( (A) : L( JARI) = v®]3(/\) for some v € Fk},
LN : (AT@ DI\ = v @ P()), for some w € ]Fk}, (4.3)

=)

Lo

where A := [ M=l oox 1 ]T is of grade k — 1. In this section we introduce some
analogous pencil spaces that are naturally associated to the partner polynomial P as in
(4.2), and investigate the relationships among these spaces using a different restriction of
the Mobius transformation Mpg.

Letting ® denote the matrix polynomial of grade k — 1 given by

Gr—1,k—1(N)
P .= : ,
H1k—1(N)
$0,k—1(N)

12



we define the following spaces of pencils L associated with a matrix polynomial P(X) of
grade k expressed in scaled Bernstein basis as in (4.2):

By (P) : {L()\) L L)@ ® 1) = v® P()\) for some v € F’f},

Bo(P) : {L(/\) (@7 @ DL(\) = wT @ P()) for some w € Fk} , (4.4)
and DB(P) := By (P) N Ba(P).

Note that the only change from (4.3) to (4.4) is that A has been replaced by ®

From basic properties of Kronecker product it is easy to see that By (P), Bo(P), and
DB(P) are all F-vector spaces. Observe that while the definitions in (4.3) are well-adapted
to having both L and P expressed in monomial basis, the definitions in (4.4) are more
readily understood if L and P are both expressed in scaled Bernstein bases. The simple
relationship between the spaces in (4.3) and those in (4.4) is revealed by the following
theorem.

Theorem 4.1. Let P(\) = E?:o AiBik(Na,b) = E?:o A\igbi,k()\;a, b) be an n X n matriz
polynomial in Bernstein basis of grade k, and consider the partner polynomial P(\) =
S GAN. IfB=1[_} 78], then

(a) the restriction of the Mdbius transformation Mp to Ly(P), i.e.,

Mp:Li(P) — By(P)

EO) 2 AX4Y s i1 (AX + doa (Y = L) (45)

is a vector space isomorphism.

(b) the restriction of the Mobius transformation Mg to Lo(P) is a vector space isomor-
phism between Lo(P) and Ba(P).

(c) the restriction of the Mdbius transformation Mp to DL(P) is a vector space isomor-
phism between DL(P) and DB(P).

Proof. (a) That Mp is linear and injective when restricted to ]L1(13) follows immediately
from Proposition 3.10(a) and (b). What remains is to see why this restriction is well-defined
as a map into Bl(P) and why this map is an isomorphism.

Let L(\) € Li(P), and define L()\) := Mp(L())). Then by (4.3) there exists a right
ansatz vector v € F¥ such that L(\) (A ® I) = v ® P(A). Applying Mp to each side of this
equality and using properties of M&bius transformations from Proposition 3.10(e) gives

Mp(L(\)(A® I,,)) = Mp(L(\)Mp(A® I,
= LO)Mp(A)®1,) = L(\) (P® 1) (4.6)

and
Mp(v® P(N) = v@Mp(P()) = ve P(). (4.7)

Note that in (4.6) we have used the easily checked fact that
Mpg(A) = @. (4.8)
The equality of LN (A® I,) and v ® P(\) now implies that L(A\)(® ® I,,) = v ® P()), so

L(A) =Mp(L)(A) € B1(P), i.e., the restricted transformation Mp is well defined as a map
from LL; (P) into By (P).
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Next observe that if we apply (Mp)~! = Mp-1 to the ends of (4.6) and (4.7) we obtain
Mp 1 (L)@ @) = L) (A@1) (4.9)

and

Mp-1(v®P(\) = v@ P()). (4.10)

Thus if L(A) € By (P), then L(A)(® ® I) = v ® P()\), which implies that L(A) = Mp-1(L)
satisfies the relation L(\) (A ® I) = v ® P()\), that is, L(A) € Li(P). Consequently, we
see that the restriction of Mp-1 to By (P) gives a well-defined linear map from B;(P)
back to Ly (P ) this provides an inverse for the map in (4.5), showing that it is indeed an
isomorphism.

(b) The argument for this part is completely analogous to that given for part (a), and
so is omitted.

(c) This follows immediately from parts (a) and (b). O

Remark 4.2. Theorem 4.1 has some very useful consequences. It allows us to effectively
work with matrix polynomials expressed in Bernstein basis via pencils from the B, Bo,
and DB vector spaces with essentially the same ease as using pencils from the Ly, Lo, and
DL vector spaces to handle matrix polynomials in the monomial basis. In particular, it
enables the immediate transfer of results already proved for the LLi, Lo, and DL spaces
over to the settmg of the By, By, and DB spaces. For example, it is known [9, 27] that
almost every! pencil L(A) = AX + Y € Li(P) is a strong linearization for P()). As
a consequence of Theorems 3.3 and 4.1 we can now conclude that almost every pencil
L(A) = ¢11(N)X + ¢01(N)Y € By (P) is a strong linearization for P(\).

The following example illustrates the fact that the By, Bo, and DB vector spaces are, in
general, nice sources of linearizations for matrix polynomials in Bernstein basis.

Example 4.3. Let P(\) = Z?:o AiBiz(\) = Z?:o 121\1'@73()\) be an n x n matrix polynomial
of grade 3 expressed in Bernstein basis, and consider the partner matrix polynomial P (N :=
Z?:o AN\ Tt is easy to check [27] that the pencil L(\) = AX + Y, where

0 A3 0 ~A3 0 0
X = A3 AQ 0 and Y = 0 A1 AO 5 (4.11)
0 0 -4 0 Ay 0

is in DIL(P) with the ansatz vector es = [0,1,0]7.

It was shown in [27] that a necessary and sufficient condition for L()\) to be a strong
linearization for a regular P is for A3 and Ao to both be nonsingular. Now by Proposi-
tion 3.10(d) we know that P(\) = MB(P(/\)) is regular if and only if P is regular. Thus we
see from Theorem 4.1 that L(\) = ¢1,1(A\)X + ¢0,1(A)Y is in DB(P), and from Theorem 3.3
that L()\) is a strong linearization for a regular P()\) if and only if As and A, equivalently
As and Ag, are both nonsingular.

Remark 4.4. In contrast to Example 4.3, when P()) is singular the space DB(P) is not a
good source of strong linearizations. It was shown in [9] that no pencil in DL(P) can ever
be a strong linearization when Pis singular. But P is singular if and only if P is singular
by Proposition 3.10(d), and Theorem 4.1 implies that a strong linearization in DB(P) can
only arise from some strong linearization in ID)]L(]3). Thus there can not be any strong
linearization in DB(P) whenever P is singular.

'Here by “almost every” we mean for all but a closed, nowhere dense set of measure zero in Ly (ﬁ)
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4.1 Eigenvalues

In this section we exploit the Mobius connection between partner polynomials P and P as
in (4.2) to study the relationship between their eigenvalues. This simple relationship makes
it possible to obtain an analog of the Eigenvalue Exclusion Theorem [27] that is adapted
to matrix polynomials expressed in Bernstein basis; it also aids the study in Section 5 of
matrix polynomials that are structured with respect to Bernstein basis.

The following theorem describes the fundamental connection between the partial mul-
tiplicity sequences of two matrix polynomials related by a Mobius transformation.

Theorem 4.5. (Partial multiplicity sequences of M&bius transforms, [32])

Let P(X\) be an m x n matriz polynomial over F with grade k and rank P(\) = r. Suppose
A is any nonsingular 2 X 2 matriz over F, with associated Mdbius transformation M 4 and
Moébius function m 4. Then for any py € Foo,

T (M4(P), o) = T (Pymy(pg)) -

From this theorem we immediately obtain a basic result about the nodes a and b as
potential eigenvalues of a matrix polynomial expressed in Bernstein basis.

Corollary 4.6. Let P and P be n x n matriz polynomials of grade k as in Theorem 4.1.
Then

J(Pa) = J(P,0) and  J(Pb) = J(P,x).

Proof. Recall from (3.14) that with B := [711 7], we have Mp(P) = P. Then from
Theorem 4.5 the following equivalences are immediate:

J(Pa) = JMp(P),a) = J(P,mg(a) = J(P,0), (4.12)

and
J(Pb) = J(Mg(P),b) = J(P,mgh) = J(P,o0). (4.13)
O

Remark 4.7. From Corollary 4.6 it is clear that the numbers a and b play the same role
for P as 0 and oo play for P. Consequently, we see that b is an eigenvalue for P if and only
if rank A < rank P; similarly, a is an eigenvalue of P if and only if rank Ay < rank P.

Next we consider the question of determining when a pencil in DB(P) is a strong lin-
earization for a given matrix polynomial P expressed in Bernstein basis. Because of the
isomorphism between DB(P) and }D)L(ﬁ), it is reasonable to expect that known results
about DI spaces can be transferred over to analogous results about DB spaces. In order to
do this, we begin by briefly recalling the fundamental theorem about pencils in DL spaces.

Definition 4.8. (v-polynomial, [27])
Let v = [v1,v2,...,v;]7 be a vector in F*. The scalar polynomial

k-1

p(x;v) = v +vpzF 2 4 i oy,

1

is referred to as the “v-polynomial” of the vector v. We adopt the convention that p(x;v)
has grade k — 1, and hence that p(z;v) has a root at co whenever vy = 0.

Theorem 4.9. (Eigenvalue Exclusion Theorem [27])

Suppose that Q(N) is a regular matriz polynomial expressed in the standard basis and L(\) €
DL(Q) with nonzero ansatz vector v. Then L(X) is a (strong) linearization for Q(X) if and
only if no root of the v-polynomial p(x; v) is an eigenvalue of Q(N). (Note that this statement
includes 0o as one of the possible roots of p(x;v) or possible eigenvalues of Q(N).)
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As a consequence of Theorem 3.3, an analog of Theorem 4.9 for matrix polynomials
expressed in Bernstein basis can now be obtained.

Theorem 4.10. (Eigenvalue Exclusion Theorem for Polynomials in Bernstein Basis)
Suppose P(\) = Zf:o AiBik(\) = Zf:(] A\Z(ﬁlk()\) is a regular matriz polynomial of grade
k expressed in Bernstein basis. For a given nonzero vector v € F¥, let L(\) = ¢11(\)X +
$0,1(AN)Y be the unique pencil in DB(P) with ansatz vector v. Then L(\) is a (strong)
linearization for P(\) if and only if no root of MB(p(a:;v)) is an eigenvalue of P(\).

Proof. Consider the partner matrix polynomial P(\) = Zf:o AN so that Mp(P) = P(A).
Letting L(A\) = AX + Y be the unique pencil in DL(P) with ansatz vector v, we also have
Mp(L) = L(A). Then Theorem 3.3 implies that L(A) is a strong lincarization for P(\) if
and only if E()\) is a strong linearization for ﬁ()\) By the Eigenvalue Exclusion Theorem,
that is equivalent to saying that no root of p(z;v) is an eigenvalue of ]3()\) But this in
turn is equivalent by Theorem 4.5 to saying that no root of MB(p(x; U)) is an eigenvalue

of MB(ﬁ) = P(\), which completes the proof. O

4.2 Eigenvector recovery

There are a number of ways to obtain eigenvectors of a regular matrix polynomial P ex-
pressed in Bernstein basis; in this section we describe two such methods. The first is based
on the following result on eigenpairs of Mobius-related matrix polynomials.

Proposition 4.11. ([32, Corollary of Theorem 6.11])

Let P(\) = Z?:o ﬁz(bzk()\) be a regular matriz polynomial of grade k, and consider the
partner polynomial ]3()\) = Z?:o AN If (@, M) is an eigenpair for P, then (z,mg_1(No))
is an eigenpair of P = Mp(P).

This proposition enables us to leverage our knowledge of eigenvector recovery for matrix
polynomials ﬁ()\) in standard basis and apply it to matrix polynomials P()) expressed in
Bernstein basis. Choose any strong linearization f()\) = AX+Y for ]3()\) for which there is
a known (preferably simple) way to recover eigenvectors of P from eigenvectors of E; e.g.,
one could employ any Fiedler pencil [10], or any strong linearization from ]Ll(ﬁ), I[Jg(]g), or
DL(P) [27]. Then by Proposition 4.11 any eigenpair (z, Ao) for P that is recovered from L
will induce a corresponding eigenpair (x,m,_;(Ag)) for P.

A second method is based on Theorem 3.1 in [23], which concerns any linearization L(\)
of a polynomial P(\) that satisfies an identity of the form

LIVE) = GOVP(N)

for some matrix functions F'(\) and G(\) of full rank. Observe that for P()) in Bernstein
basis, any strong linearization L(A) = ¢11X + ¢01Y in the space B (P) satisfies just such
an identity, namely

L()‘)((I) ® In) = (U ® In)P()‘) )
a small variation of the defining equation (4.4). Applying Theorem 3.1 from [23] to this
scenario then gives the following eigenvector recovery result.

Proposition 4.12. Let P(\) = Zf:o A\quzk()\) be a reqular n X n matriz polynomial in
Bernstein basis over C, and let L(A\) = ¢1.1X + ¢01Y € B1(P) be a strong linearization
with nonzero ansatz vector g € C*. Then the following holds:

(a) x is a right eigenvector of P with eigenvalue \o if and only if
®(\) @ x is a right eigenvector of L with eigenvalue \g.
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(b) If y € C™ is a left eigenvector of L with eigenvalue p, then w = (g ® I,)*y is a left
etgenvector of P with eigenvalue u, provided that w is nonzero.

5 Structured Matrix Polynomials in Bernstein Basis

The matrix polynomials considered so far have been quite general in the sense that the
only relevant distinguishing features have been regularity/singularity and size (square or
rectangular). However, matrix polynomials that arise from applications often have addi-
tional structure, at least when expressed in the monomial basis. In this section we extend
classical definitions of structure to matrix polynomials expressed in Bernstein basis, and
study the impact of those structures on eigenvalue pairings and the existence of structured
linearizations.

Definition 5.1. (x—Adjoint)
Let 11 = {mg,m1,...,7k} be an ordered basis for Pk, and let P(\) = Z?:o A;mi(X) be an
n X n matriz polynomial of grade k over IF, expressed in the 11-basis. Then

k

PX(\) == > AFa(N) (5.1)
=0

defines the x-adjoint P*()\). Here % is used as an abbreviation for transpose T when F
1s arbitrary, and either T' or conjugate transpose x when F = C. For a scalar polynomial
m(A) = Z?:o ;N of grade k over F, we define

T(A) when x =T,

* .
T = { 7(A) =35 @M whenF =C and *=x. (5:2)

Remark 5.2. Note that Definition 5.1 also applies to scalars, so that for any ¢ € F,, we

have
* )t when x =T
t _{t when F = C and % = x, (5.3)
where 50 := oco. Also when F = C and x = * we have
k
P*0)=P"(\) where P(A):=Y Am(\). (5.4)

1=0

With this definition of P(\) we have the property P(\) = P(\). This property together
with (2.4), (5.4), and Lemma 4.5(c) from [32] then imply that

TP, X)) = TP, x) = TP, N) = TP*,N) (5.5)

for any \g € Co with * = x. Thus we see that J (P, \g) = J(P*, Ay) holds for any )¢ in
any extended field F,, with any choice for *.

Definition 5.3. Let IT = {mg, 71,..., 7} be an ordered basis for Py, and consider an n X n
matriz polynomial P(\) = Z?:o Aimi(N) of grade k over F. Then P()) is said to be

(a) II-Hermitian if F =C, x =%, AY = A;, and nf =7 =m; fori=0,...,k, (the
condition on the m; polynomials just says that Il is a real basis for Py.)

(b) H-palindromic if AX =¢- Ax_; fori=0,...,k and e = £1,
(and when F = C and % = *, then also n} =7; =m; fori=0,...,k)
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(c) H-alternating if A =¢-(—1)'A4; fori=0,...,k and e = £1.
(and when F = C and * = x, then also n} =7; =m; fori=0,...,k)

Remark 5.4. Throughout the rest of this paper matrix polynomials with any of the struc-
tures described in Definition 5.3 are collectively referred to as II-structured. Now consider a
polynomial P; expressed in the II1-basis, and a P, expressed in the IIy-basis. When we say
that Py is IIj-structured and P is [lo-structured of the same type, then this is to be under-
stood to mean that both are Hermitian, or both are palindromic, or both are alternating,
each with respect to their own basis.

In particular, we investigate matrix polynomials that are structured with respect to
either a Bernstein basis B = {8 (), B1.x(N),- .., Bekx(N)}, a scaled Bernstein basis S =
{00,6(N), #1,6(N), ..., dkk(N)}, or the monomial basis M = {1,A,..., A"} for Py.

A few things are worth observing. First, a matrix polynomial might be structured when
expressed in one basis but need not be when expressed in another basis. For example, the
pencil

I S BN e

is B-alternating but not M-alternating. On the other hand, it is not hard to see that
every B-palindromic matrix polynomial is also S-palindromic, and vice versa. To see why,
consider an n X n matrix polynomial of grade k

k
~ 1 k
Zam = Cidix(V),  where ciz(b_a)k<i>ci.

=0

(Note that if F = C and x = *, then we will also assume a,b € R so that B and S are real
bases, as required by Definition 5.3.) Then

Cr=¢c-Cpy
1 k 1 k 1 k
- CF=¢g.—— Cphij = ——— Chi
<b—a>k<z‘> e <b—a>k<z‘> s <b—a>k<k—z‘) ¢
= Cf=cCh,, (5.6)
where the second line uses the fact that (lf) = (kli l) foralli=0,1,...,k. The equivalence

(5.6) shows that P(\) is B-palindromic if and only if P()) is S-palindromic. Similar relations
hold for alternating and Hermitian structures.

Proposition 5.5. A matriz polynomial P is B-structured if and only if it is also S-
structured of the same type.

In order to more effectively study matrix polynomials that are structured with respect
to an ordered basis Il = {mg,m,...,m,} for Py, it is useful to introduce two mappings
Wy, Wy : V — V on the space V of all n x n matrix polynomials of grade k. These mappings
are defined by

k k
1 <Z AZT(Z()\)> = ZAﬂTk,Z()\)
=0 1=0
k k
and Uy <Z Am(/\)> = A(—1)'m()N). (5.7)
=0 ;
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Then it is easy to see from Definition 5.3 that a matrix polynomial P is II-palindromic if
and only if ¥ (P) = eP*, and [I—alternating if and only if Wo(P) = eP*. Note that the
definition and meaning of ¥ and W, are heavily dependent on the choice of the basis II.

In the special case of the monomial basis II = M the mappings ¥; and ¥y are well
known; Wy is just the reversal mapping P — rev P, while Wy is the map P(\) — P(=M\).
Even more significant in our context is the fact that these two mappings are Mobius trans-
formations. In particular, Uy (P) = rev P is Mz(P) and Wy(P) is Mg(P), where R and S
are the nonsingular matrices

R:E é] and sz[_é (1)] (5.8)

Thus we see that a polynomial P is M-palindromic if and only if Mg(P) = ¢P*, and
M-alternating if and only if Mg(P) = e P*.

The key observation for this paper is that for either a Bernstein basis B or a scaled
Bernstein basis S, the maps ¥; and Wy can still be realized by Mobius transformations.
This is the essential content of the next result and its corollary.

Theorem 5.6. With distinct a,b € F, let B = {Bor(\;a,b),...,Bkr(A;a,b)} be an ordered
Bernstein basis and S = {¢o k(X;a,b), ..., ¢pi(A;a,b)} be an ordered scaled Bernstein basis
for P.. Define

| -1 a+db 1 ja+b —2ab
K{ 0 1 } and A'a—b[ 5 —(a+b)} (5.9)

in GL(2,F). Then

Mk (Bik(N) = Be—ip(A)  and Mg (d; k(X)) = dp_ir(N), (5.10)

while
M (Bir(N) = (=1)'Bix(A)  and  Ma(dir(A) = (=1)'¢ix(A) (5.11)
foralli=0,1,... k.

Proof. The claims in (5.10) and (5.11) are easily established by straightforward computa-
tions starting from Definition 3.7. For example, it is immediate from the definition that
My (Blk(/\)) = Bix(a+b—A). But then f; (e +b— ) = Biy—; x(\) by Proposition 2.11(b),
which completes the verification of the first claim in (5.10). The results in (5.11) require
nothing more than Definition 3.7 followed by some straightforward simplifications. O

Remark 5.7. The idea that the matrix K in (5.9) will induce a Md&bius transformation
My that satisfies (5.10) is more or less obvious in light of the mirror image property
Bir(a+b—X) = Br_ir(A). On the other hand, it is not so obvious at all that there is
any Mobius transformation satisfying (5.11), and if there is what the underlying matrix A
might be. This question can be resolved by drawing an analogy to the case of the monomial
basis M, where the corresponding Mobius transformation is Mg with S as in (5.8), and
the associated Mébius function is mg(A) = —A. For this function mg the numbers 1 and
—1 are interchanged, while 0 and oo are fixed. But recall from (4.8) that the monomial and
scaled Bernstein bases are related via the Mobius transformations induced by the matrix
B = [_11 _g] and its inverse. Now by Definition 3.7 and Remark 3.8 we have

a+b
2 9

mp-1(1) = mp-1(—1) =00, mgz1(0)=a, and mgz_,(c0)=0b. (5.12)
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Thus by analogy with mg¢ we should search for a Mobius function m 4 that interchanges “T*'b

and oo, leaves a and b fixed, and is an involution. Straightforward computations aimed at
satisfying these requirements now lead to the Mdobius function induced by the matrix A in
(5.9); note that A is indeed an involution, as expected.

Based on Theorem 5.6, we now have the following characterizations of palindromic and
alternating structures with respect to the B and S bases.

Corollary 5.8. Let P(\) be a square matriz polynomial over F of grade k. Then
(a) P is B-palindromic (and S-palindromic) if and only if Mg (P)(\) = eP*(\),
(b) P is B-alternating (and S-alternating) if and only if Ma(P)(\) = eP*()\),

where K and A are given by (5.9).

Proof. Both parts follow immediately from (5.7), Theorem 5.6, and the linearity of M&bius
transformations of matrix polynomials. O

5.1 Spectral symmetry

It is well known that additional structure in a matrix polynomial often results in certain
restrictions on its spectrum, such as eigenvalue pairings. This phenomenon has been previ-
ously investigated for several types of M-structured matrix polynomials in [28, 30, 31]. In
this section we extend this investigation to B-structured and S-structured matrix polyno-
mials, and discuss the underlying geometry of the resulting eigenvalue pairings.

Proposition 5.9. Let P(\) = Z?:o AiBi k(A;a,b) with a,b € R be a square matriz polyno-
mial over C of grade k that is B-Hermitian (or equivalently S-Hermitian). Then

J(P,A) = J(P,X). (5.13)

Proof. Since the bases B and S are real, from Definitions 5.1 and 5.3(a) we see that B-
Hermitianness (or S-Hermitianness) of P(\) is equivalent to the condition P*(\) = P(\).
Thus (5.5) implies that

J(P,N) = J(P X)) = J(P,)N), (5.14)
as desired. ]

Remark 5.10. Observe that (5.13) is a statement about eigenvalue pairing; whenever
Ao € C\R is an eigenvalue of a B-Hermitian P, then so is )\g, with exactly the same
algebraic, geometric, and partial multiplicities. In other words, eigenvalues of B-Hermitian
polynomials come in (Mg, \g) pairs. But this is the same kind of eigenvalue pairing that is
well known for M-Hermitian matrix polynomials. This is not a coincidence, since the same
argument used to prove Proposition 5.9 actually applies to II-Hermitian matrix polynomials
for any real basis II. A polynomial P(\) being II-Hermitian is equivalent to the condition
P*(X) = P()), and the chain of equalities in (5.14) then follows.

A different kind of eigenvalue pairing holds for B-palindromic matrix polynomials.

Proposition 5.11. Let P()\) be a square matriz polynomial over F of grade k that is
B-palindromic (or S-palindromic). Then

J(P,p) = T(P,a+b—p*).
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Proof. Corollary 5.8(a) implies that Mg (P)(\) = eP*()\), where K is given by (5.9).
Applying Theorem 4.5 then gives the following chain of equivalences:

TP = T (P ) = T (P )
= j(MK(P),,u*)
= J(Pmg(p) = T (Pa+b—p),

where the first two equivalences follow from (5.5) and (2.4), respectively. O

Remark 5.12. Proposition 5.11 says that if 4 is an eigenvalue of a B-palindromic matrix
polynomial P()), then so is a+b— p*, and this pair of eigenvalues have identical algebraic,
geometric, and partial multiplicities. When F = C this eigenvalue pairing has a simple
geometric interpretation, illustrated in Figure 1. If x = T and p is an eigenvalue of P, then
the eigenvalue a + b — u* = a + b — p can be obtained by inverting yu through the midpoint
t = (a +b)/2. On the other hand, if x = * then the eigenvalue a + b — u* = a +b— i is
simply the reflection of pu through the vertical line Re(z) = t.

Proposition 5.13. Let P(\) be a square matriz polynomial over F of grade k that is
B-alternating (or S-alternating). Then

(5.15)

J(P ) = j<P7 (a+b)u*—2ab>

2u* — (a+b)

Proof. Corollary 5.8(b) implies that M4 (P)(\) = eP*()\), where A is given by (5.9). Then
applying Theorem 4.5, one easily obtains the following chain of equivalences:

T (Pp) = T (eP*,p*) = J (Ma(P), 1)

T (Pymy(p*)) = j(P, (

a+ b)u* — 2ab
2% —(a+0b) )’

as desired. O

Remark 5.14. In contrast to the eigenvalue pairing for B—palindromic matrix polynomials,
the meaning of the eigenvalue pairing for B-alternating matrix polynomials described by
(5.15) seems rather obscure, at least at first glance. However, when F = C this eigenvalue
pairing also turns out to have a nice geometric interpretation.

Let T" be the circle with the interval [a, b] as one of its diameters. If x = % and p is an
eigenvalue of a B—alternating matrix polynomial P, then the eigenvalue m 4(u*) = m 4 (%)

R R A )
a/_i_b_u. ............ : ........... .lL[/
} ll } R
0 a .t b
at+b—pe t=ofb
| . bh— 2\
Re(z) =t! ot

Figure 1: Eigenvalue pairing for B—palindromic matrix polynomials
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can be obtained by the classical geometric operation of inverting u through the circle I, as
illustrated in Figure 2. On the other hand, if x = T then the eigenvalue m 4 (u*) = m ,(u)
is obtained by first inversion through I', followed by conjugation. This second type of
eigenvalue pairing from (5.15) is also illustrated in Figure 2.

r

N
R

Figure 2: Eigenvalue pairing for B—alternating matrix polynomials

In order to see why the eigenvalue pairings (5.15) truly have the claimed geometry, first
observe that the involution A (and its negative —A) from (5.9) is similar to the standard
involution R; in particular we have T-! (U~ RU)T = — A, where

- =i _[o1
T._[O ) ] U._{O Loamd Re= L (5.16)

Thus the Mobius function m, can be understood as the composition
mA = m_A = mT,1 OmU71 OmRomUomT.

Now m;. as a Mobius function on the complex plane simply translates points horizontally
so that the center ¢ of I' maps to the origin, then m; acts as a scaling transformation
centered at the origin that takes the radius (b—a)/2 of I" to 1. Thus the combined effect of
My = My o My is to map I' to the unit circle centered at the origin. The function my, is
just the mapping A — (1/X), which is well known to have the geometric effect of inversion
through the unit circle followed by conjugation. Finally, the remaining transformations
My 11 = Mp_y oMy, simply undo the scaling and translation, returning I' back to its
original position, with the geometric effect of the inversion and conjugation left intact.

5.2 Structured linearizations in Bernstein basis

The classical approach to solving the polynomial eigenvalue problem is via a (strong) lin-
earization, i.e., by transformation to a matrix pencil with the same finite (and infinite)
elementary divisors. For structured matrix polynomials, as we have seen in the previous
section, spectral symmetries are often present, and when computing eigenvalues of such
structured eigenproblems in finite precision, it is desirable to preserve those spectral sym-
metries. One way to ensure that computed solutions have these symmetries is to first find a
structured linearization, and then apply a structure-preserving algorithm to that lineariza-
tion.

In the case of M-structured matrix polynomials, the existence of structured lineariza-
tions and the development of structure-preserving algorithms for computing eigenvalues of
structured pencils have been extensively studied [25, 26, 28, 29, 30, 31]. Ideally, one would
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like to leverage all of this existing theory for M-structured matrix polynomials and some-
how transfer it over to B-structured ones. Fortunately, this is straightforward to do, using
a strategy analogous to that described in Remark 3.2(c) for general pencils. We start by
considering a typical structure-preserving algorithm, and see how it can be easily adapted
to a different structured setting.

Example 5.15. Let E()\) be an M-palindromic pencil, i.e., E()\) =AW + W7, where W
is an arbitrary n X n matrix over C. It was shown in [29] that there always exists a unitary
matrix U such that

UTLO)U = UTOW + WU = AA+ AT, (5.17)

where A = [w; ;] = UTWU is anti-triangular, that is, A;; = 0 whenever i + j < n.
Furthermore, several methods for computing this anti-triangular form were investigated
n [29]. The eigenvalues of the pencil A(A) = AA + AT are the same as those of L()), so
once this anti-triangular form is achieved the eigenvalues of a regular E()\) can be readily
obtained from the anti-diagonal entries of j(/\), simply by solving scalar equations of the
type (A~ wjpn—jy1 + wp—jt1,;) =0for j=1,...,n.

Now consider the S-palindromic pencil L(\) = ¢1.1(A\)W + ¢o1(A\)W?T. Using exactly
the same unitary matrix U as in (5.17) for the M-palindromic pencil L()) transforms the
pencil L(A) into the pencil A(X) = ¢1.1(A\) A+ ¢o,1(A)AT, which is again S-palindromic, and
has the same eigenvalues as L(A). But just as in the M-palindromic case, the eigenvalues
of the anti-triangular pencil A()) are readily obtained from the anti-diagonal entries, this
time by solving scalar equations of the type ((;5171(/\) CWjm—jt+1 + P0,1(A) - wn_j+17j) =0.

Example 5.15 highlights two very important points. First, for pencils there is no par-
ticular disadvantage in being expressed in a non-monomial basis. In fact, as we will see
soon, for the special case of S and B bases it allows us to readily find structured lineariza-
tions. Secondly, any structure-preserving eigenvalue algorithm developed for M-structured
pencils that just works on a pair of matrices, such as the algorithms in [25, 26, 29], can be
used without change on § and B-structured pencils as well. Consequently, the problem of
finding eigenvalues of a B-structured matrix polynomial essentially boils down to finding a
structure-preserving linearization.

Let P(A) be an n x n matrix polynomial of grade k expressed as

k
~ 1 k
Z AZ/B’L k ;0 Z¢l k s where A7, = m (/L> AZ . (518)
For such a polynomlal | P()\) we consider (as in Theorem 3.3) the associated partner poly-
nomial P( ) = Zz 0 A;X' in the monomial basis. Then using Proposition 5.5 and Defini-
tion 5.3, the following equivalences are easily verified:

P is B-structured <= P is S-structured <= P is M-structured (5.19)

where all of the structures are of the same type.

Now Theorem 3.3 together with (5.19) implies that L()\) = AX 4+ Y is a strong M-
structured linearization for an M-structured matrix polynomial P()) if and only if L(\) =
61,1 (N X + ¢01(N)Y is a strong S-structured linearization for S-structured P(X), where
all the structures are of the same type. Further, Proposition 5.5 implies that finding a
strong B-structured linearization for a B-structured polynomial P is equivalent to finding a
strong S-structured linearization for S-structured P. Hence the entire problem of finding
a strong B-structured linearization for P reduces to that of finding a strong M-structured
linearization for P , a problem about which much is already known.

We now look at a few examples.
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Example 5.16. Let P(\) = Y0 A;Bis(\) = Y0, 2@@5(}\) be a square B-Hermitian
(and S-Hermitian) matrix polynomial, regular or singular, of grade five. Then the pencil
given by (3.7) is a strong S-Hermitian linearization for P, and by (5.19) it is also a strong
B-Hermitian linearization for P.

Example 5.17. Let P(\) = Z?:o AiBis(A) = Z?:o A\z‘@,?,()\) be a square regular B-palin-
dromic (and S-palindromic) matrix polynomial of grade 3, with ¢ = +1. Then the pencil
L) = (Rs @ I)[¢11(N)X + ¢0,1(N)Y | with X,Y given by (4.11) and R3 as in (2.1) is a
strong B-palindromic (and S-palindromic) linearization for P if and only if A3 and A are
nonsingular.

Examples 5.16 and 5.17 clearly illustrate the simplicity of finding a strong S-structured
linearization for an S-structured matrix polynomial. In fact, finding a strong S-structured
linearization for an S-structured matrix polynomial is almost identical to the Linearization
Procedure described in Section 3.1, except that at step 3 we look for a strong M-structured
linearization of P of the same structure type. Hence we obtain the following structured
version of Theorem 3.3.

Theorem 5.18. Let P(\) = Z?:o AiBik(\) = Z?:o gl@k()\) be a square S-structured
matriz polynomial and define the M-structured matriz polynomial pP= Zf:o Ei)\i, of the
same structure type. Then ¢1.1(N)X + ¢o1(AN)Y is a strong S-structured linearization for P
if and only if AX +Y is a strong M-structured linearization for P.

6 Conclusions

We have shown how to generate large new families of strong linearizations for matrix poly-
nomials (regular or singular) expressed in Bernstein basis, which recover as special cases
all of the known examples currently in the literature. In fact, we have shown in principle
how to find all such strong linearizations, by establishing a simple bijection between the
set of all strong linearizations for a matrix polynomial expressed in Bernstein basis, and
the set of all strong linearizations for an associated partner matrix polynomial expressed
in the monomial basis. As a consequence of an extensive use of Md&bius transformations
of matrix polynomials throughout our analysis, we have seen that strong linearizations are
most naturally expressed in scaled Bernstein basis. This small shift in emphasis turns out
to be the essential ingredient for gaining insight into working with matrix polynomials in
Bernstein basis and their strong linearizations.

Matrix polynomials that are structured with respect to an arbitrary polynomial basis
have also been defined. In the specific case of Bernstein-structured matrix polynomials, we
studied the various spectral symmetries that result from these structures, and showed how
to easily generate structured strong linearizations.

Finally, it is worth emphasizing that the entire theory in this paper applies equally
well to scalar polynomials expressed in Bernstein basis. In particular, large families of new
companion pencils for scalar polynomials in Bernstein basis have been introduced, some
of them having promising tridiagonal Fiedler-like structure. The impact that these new
companion pencils have on numerical properties is a subject for future investigation.
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