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Abstract

We give necessary and sufficient conditions for the almost sure (a.s.)
relative stability of the overshoot of a random walk when it exits from a
two-sided symmetric region with curved boundaries. The boundaries are
of power-law type, £rn®, r >0, n =1,2,---, where 0 < b < 1, b # 1/2.
In these cases, the a.s. stability occurs if and only if the mean step length
of the random walk is finite and nonzero, or the step length has a finite
variance and mean zero.
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1 Introduction

This paper continues the investigation begun in [3] of the asymptotic behaviour
of the overshoot of a random walk when it exits from a two-sided symmetric
region with curved boundaries of power-law form. In what follows, S = (S,,n >
0), So = 0, will denote the random walk with step size X,, = S,, — Sp—1 (some-
times we write X (n)), which is assumed to be non-degenerate with distribution
function F, and b will be a constant in the range [0,1). We define the exit time

T, =min{n > 1:|S,| >}, r>0 (1.1)
(with T} = oo if |S,,| < rn® for all n > 1), and the overshoot by
O, := |Sr,| — rT?. (1.2)

Our aim is to find necessary and sufficient conditions for the overshoot to be
almost surely (a.s.) asymptotically small as compared to the boundary, viz, for

0. 1 (sl
T  r \ TP

r) %0 as r — oo; (1.3)

we refer to this as almost sure relative stability of the overshoot.

For the case 0 < b < 1,b # 1/2, it was shown in [3] and [4] (see also [5] for
the case 0 < b < 1/2 and [9] and [6] for the case b = 0) that the in probability
version of (1.3) can occur in two and only two situations; S has to be relatively

stable, in the sense that S, /c, £ 11 for some positive norming sequence c,
or else, if b < 1/2, S must belong to the domain of attraction of the Normal
distribution, without centering. (We write S € RS or S € Dy(N).) Moreover
in case b = 0 it was also shown in [6] that a necessary and sufficient condition
(NASC) for the a.s. result (1.3) is:

cither EX? < oo and EX =0, or 0 < |EX| < E|X| < c0. (1.4)

In the present paper we generalise this result to the case of curved (power
law) boundaries. This is not a straightforward exercise since the techniques
required to deal with almost sure results for non-constant boundaries have not
previously been worked out, and it was not at all obvious that we could expect
such a clearcut equivalence as in (1.4). (Nevertheless, our methods rely on some
basic relationships worked out in [3] and [4].) As it turns out, we do get a very
easily interpretable answer. The dichotomy in (1.4) essentially extends to our
situation, and its simplicity augers well for possible applications of our result in
statistics and elsewhere.

As another application, we provide in Proposition 5 below an alternative
derivation of a key result in [10] concerning the limsup behaviour of the random
walk.



Theorem 1 If0<b< 1 andb# %, the following are equivalent:

(i) (1.4), for 0 <b<1/2, (1.5)
! 0<|EX| < E|X|<oo, forl/2<b<1; '
. a.s. OT’ a.s.

it » < oo for all r an = 0asT — oo; :
(i7) T, "< oo for all 7 > 0 and —7 30 (1.6)
and

a.s. . |ST |a.s.

(tit) T, < oo for all r >0 and limsup T?’ < L for some L € (1,00). (1.7)

Remark 2 From Theorem 8.1 in [6] we can read off two more probabilistic

conditions which are also equivalent to (1.4) and hence to (1.5)-(1.7) for the

values of b specified; with S}, = maxi<,<n, |Sr| and |X,(11)| = maxi<,<n | X;| they

are

S* a.s.
nh_}n;(jﬁ =" 00, (1.8)
and
nlirréoﬁ = 00. (1.9)

We will also need an analytic condition equivalent to (1.4) which can be
found in Lemma 4.2 of [6]; to state it we need some notation. We write X for
a generic step in the random walk, and put, for = > 0,

G(z) = P(X|>2), Ulx)= [ 2yG(y)dy,

Alz) = B(XAz)V(-2)), k(z)=2"2U()~+z A (1.10)

Then the condition is

L[ oWl [ e
I_/[O,oo) U($)+9€|A(x)|_/[oyoo) k() < 00. (1.11)

(We remark that [3], [4] and [12] use a slightly different but closely related
function h(-) rather than k(-) in (1.11) and elsewhere; these are equivalent in
our context, as pointed out in [6].)



Proof of Theorem 1: The result is known from [6] for b = 0 (note that we
always have T). < 0o a.s. for all 7 > 0 in this case, as long as X is not degenerate
at 0), so take 0 < b < 1. First assume (1.5). Then for 0 < b < 1/2, T, C oo for
all r > 0 follows from the law of the iterated logarithm or from the strong law of
large numbers, according as EX? < oo and EX =0, or 0 < |[EX| < E|X| < o0;
while for 1/2 < b < 1 it follows from the strong law of large numbers, under the
assumption that 0 < |[EX| < E|X| < co. Also (1.5) implies (1.4) which implies
(1.8). So, replacing n by T, we can argue that

|XTT| a.s.
ST, |

0 asr — oo,

and hence, because |S7,| < rT? + | X7, |, we have for large enough r

1 |ST | |XT | |XT | a.s.
0< = UER < T < r 0
= 7“( 0 ) ST CTSn - [Xo]

which is (1.6). Clearly this implies (1.7), and our major task is to show that
(1.7) implies (1.5), which we will do by establishing (1.11), and then arguing
that this gives (1.5) for the values of b specified.

So, let (1.7) hold. First note that, since |Sz,_,| < rT?, a consequence of
(1.7) is that

: |XT7*| : |ST7*| @S- .
llﬂs;}pr—ﬁgllgs;}pr—ﬁ—i—l < L+1:=K, (1.12)

where of course K € (2, 00). Moreover (1.7) implies the corresponding in prob-
ability condition, so by Theorems 2.4 and 2.5 of [4] (see also Theorems 2.1-2.3
of [3]) we know that either 0 < b < 1,5 # 1/2,and S € RS, or 0 < b < 1/2
and S € Dy(N). In the first case it is known that either A(zx) is positive for all
large enough x, or negative for all large enough x, that |A(x)| is slowly varying
at 0o, and that U(z) = o(z|A(x)|) as x — oo; and thus that

k(z) = 272U (z) + 2 HA(2)] » 27 A(z)].

In the second case it is known that U is slowly varying at oo, and that z|A(x)| =
o(U(z)) as x — oo; and thus that k(x) «~ 272U (z). Furthermore, in both cases,

G(x)
k(x)

—0asz — oo. (1.13)

So from now on we can assume that k(-) € RV(-1) or that 0 < b < 1/2
and k(1) € RV(—2). (Here RV («) is the class of positive functions which are
regularly varying at oo with index «a; see [1]). This allows us to rewrite (1.11)
in a simpler form: we have




and since the inner integral is asymptotic to ¢/k(z) as x — oo (here and through-
out ¢, ¢y, co, -+ - denote generic positive constants whose values can change from
one line to the next), we see that J < oo is equivalent to (1.11). Next note that
for r > 0 and = > 2r

X . . . .
P (| T_:Iz:r| > x) =Y P(T =i, |X)| > 2i’) =) G(ai®) P(T, > i). (1.14)
T i>1 i>1

To exploit this, we need some results about P(7, > i) and P(T, < i); these are
proved in [3] and [4] by establishing extensions of the classical results for b =0
in [12]. (T, is defined using the h(-) function for 0 < b < 1/2 in [3] and extended
to 0 < b < 1 in [4], Section 4. Again we can equivalently use the k() function
as in (1.15) and [11].)

Proposition 3 If 0 < b < 1 we can define a function I' by
T, = inf{z : 2k(rz®) > 1}, 7 > 0. (1.15)

Then T', — 00 as r — o0,

Lk(rT) =1, 7 >0, (1.16)
there is a § > 0 with
P(T, <4T,) <1/2, (1.17)
and for any a >0
i m* ' P(T, > m) ~ T (1.18)
m=1

[Here and elsewhere = means that the ratio of the two sides is in [c1,ca], for
some 0 < ¢1 < ¢a < 00, for all sufficiently large r.]

Another useful fact, valid in all cases, is that

(

(x

2
<

o~
<
~—

<3, y>xz>0. (1.19)

@N| 8
>~

~

In our particular situation, we have extra information (see [1], pp. 28-29). As
the inverse of a function in RV(1 —b) or RV (1 —2b), we have I' € RV (1/1 —b)
when k() € RV(—1), and I" € RV (1/1 — 2b) when k(-) € RV (—2). (Recall in
this latter case that b < 1/2.)

Using (1.17) in (1.14) gives, for = > 2r > 0,

|XT| 1 b 5FT bb
- > = >
P<T£ >z ZZG(xk)f 5 G(2d"Ty)
E<OT,.
5G(8°2T?)

= e (1.20)



where we have also used (1.16). Now write g(r) = rI'%, let g~! denote an
asymptotic inverse of g; that is, g~!(z) = inf{r : g(r) > z}, for large z, [1], p.
28, and put
r(n) =g 1 (2"), n > 1.

Then g € RV (1/1—b)or g € RV((1—b)/(1—2b)), and we have g~! € RV (1-b)
or RV((1—2b)/(1—10)). Also, g~! is nondecreasing. So we can fix ng such that
r(n) is strictly increasing for n > ng and

(g~ '())

g
sup |

1
1< =
>2m0 X 2

We will also write r(-) for a continuous and increasing interpolant of r on [ng, 00),

so that .
1 - (@), -
2~ 2T -

RE
E, = {T()) >2Kr(n) p.

Putting 7 = r(n) and z = 2Kr(n)/d*, K > 6°, in (1.20) gives, for n > ny,

X 0G(2K 1N
P(En) - p <M S 2Kr(n)> > ( r(n) r(n))

Trb(n) Zk(r(n)Flr’(n))

 6GKg(r(n)) _ e1GAK2™)
= o)) k@) (1.21)

where ¢; > 0 and we have used (1.19). Hence

> P(E,) DY TR =@ 22 7k(9)

m>n>no m>n>no m>n>ng 2" <j<2n 1l

~ 8K2™
e Z G(4K7j) > CBA G(z)dx (1.22)

Jk(5) Kono  Tk(x)

| W

for all z > ng,

and define the event

Y

2m+l>j22n0

So if we can show that Zn>n0 P(E,) is finite, this would give J < oo, thus
(1.11), hence (1.4). Since we already know that either 0 < b < 1, b # 1/2, and
Se€RS,or0<b<1/2and S € Dy(N), we deduce (1.5).

We reach this conclusion by contradiction, showing that the assumption

> P(E,) =00 (1.23)

leads to P(E, i.0.) > 0, which of course would contradict (1.7). So now we
assume (1.23) and aim to apply the generalized Borel-Cantelli lemma in Spitzer
([13], p. 317); to do this we need to establish that

. ZZL:l Z?:Hl P(Ei N Ej)
lim sup — 5
ne (21 P(E))

(1.24)



Establishing (1.17) requires some rather intricate though not routine calcula-
tions. So as not to interrupt the main points we relegate this to the Appendix,
and complete this section with some comments and the application to [10].

Remark 4 The argument in the first paragraph of the proof of Theorem 1 in
fact will show that (1.4) implies a.s. relative stability of the overshoot whenever
b>0and T, < 00 a.s. for all v > 0; thus, when 0 < b < 1 and (1.4) holds,
or when b > 1 and E|X|"/* = co. So we have sufficient conditions for the a.s.
relative stability in all cases. As discussed in [3] and [4], for the converses, the
cases b = 1/2, b = 1 clearly have special features and the case b > 1 seems to
present special difficulties.

Finally we point our that our result leads to an alternative proof of the
following result, due to Kesten and Maller in [10].

Proposition 5 Assume that § < b < 1,E|X| < 00, EX = 0,E(X*)% = oo,
and

X a'zs' —c, for some 0 < ¢ < 0. (1.25)

Then g
limsup — =" co. 1.26
e .20

Proof: Because we assume that E|X|# = oo, it follows from the Markinkiewicz-
Zygmund strong law of large numbers (see [2], p. 125) that

. 1Snl a.s.
1m sup — =
n

n—oo

oo,

so if (1.26) failed, we would have

. Sy, a.s. o S, a.s.
hmsup—z < oo and hmmf—: = —o0.
n—oo N n—oo M

This would then imply that

lim X7, < 0.
In view of (1.25) this would imply that |X7,.| = — X7, = O(rT?), a.s., hence
|S7.| = O(rT?), a.s., as r — oo, and so (1.7) would hold, giving a.s. relatively
stability of the overshoot. But this is equivalent to (1.5), contradicting our
assumptions, and proving our claim. ]

Remark 6 Actually it is shown in [10] that the Proposition holds without the
assumption (1.25). But the result of Proposition 5 as we state it provides a key
step in the proof in [10].



2 Appendix: Proof of (1.24)

In the case b = 0 it is possible to find an upper bound for P(E, ) which
differs from the lower bound only by a constant multiple; when b > 0 things are
a little more complicated. We proceed as follows. From (1.14) and (1.18), for r
large enough,

P <|);?| > m) < ) G@i’)+GTh) Y P(T, > i)

i<T, i>T,

> Gai’) + G, < (1+a1) Y G(ai).

i<, i<D,

A

IN

Put r =r(n) and x = 2Kr(n), K > 2, in this to get

P(E,) <cy Y GQ2Kr(n)i’) := coen, n > no. (2.1)
1< (n)

Now note that

iai - Z S GREr( Z/M (2K r(i)2")dz

1=no i=no m<T () 1=no
1 n N 2K (i) ") 1y
= 33K / T Gy
1=no y=
n X 4K2" b
< o [ ey / v G(y)dydu
y=0
= 01/ y/ (r(u)~"du
y= n>u>ng,2%>y/ca
< c/ y/ du
< ¢ ST A
y= n>u>ng,2u>y/cs 20 k(2¥)
e dv
< 04/ dy/ — (2:2)
y=0 y/ca ’UT]C(’U)

Noting that the integrand is regularly varying with index strictly less than —1,

we see that -
dv cs
T “ as y — 00,
y

Jer 0 R() Yt k(y)

and hence



Going back to (2.1) and writing V (x o yk(?;)) dy, we see that

Z P(E;) < ¢2V(e22™), n > ng, (2.3)

1n0

and because we are assuming that the lefthand side tends to co as n — oo, we

have - G( )
Y _
y=0 Yk(y) k()™
Since
V' (x) _ G(x) .
V(z) k(x) ’

we see that V € RV (0), and we conclude from (1.22) and (2.3) that

Z P(E;) = V(2"). (2.4)

i=no

Now takej > 1 > no fixed and write P(EZ N Ej) = Pi,j + Q’i,jv where Pi,j =
P(EiﬂEj, Tr(i) < Tr(j)) and Q;; = P(EiﬂEj, Tr(i) = Tr(j))- Note that, without
loss of generality, we can take 2K as large as we wish; initially we take 2K > 2,
and write

Py = > ) PENE;,Tw=mTy =1)
m=1l=m-+1
= > Y P{A.in By}, say, (2:5)
m=11l=m+1

where

|SU| - . b
J— <
A i {lgaixm o S (i), | Xm| > 2Kr(i)m® ¢,

S . .
B, ;= { max | b| <r(),|Xi| > 2Kr(])lb} )

(2.5) is valid because maxi<y<m |Sy|/v® < r(i) and |X,,| > 2Kr(i)m® imply
|Sm|/mP > r(i), thus T,;y = m, and similarly with m replaced by I and i
replaced by j.

Next we split this sum and write P; ; = P(l) + Pl(J), where

P = Z S P{Ami0 B},
m=11<t<m*

A > 0 is a fixed positive constant, and m* denotes the integer part of Am. Note
that if B,,4 ; occurs for a value of ¢ with 1 <¢ < m*, then

(Sl < 7()(m + )" < F()(L + A)Pm for v = 0,1, — L;



also |S| < 7(5)mP. So if we write S, = Sm+v — Sm, which is independent of
Ap, i forv=20,1,---, then we have

112a§t |S | <r(j)(1+ A)bmb + r(j)mb < ZKT(j)mb,

as long as we take K large enough that (1 + A)®? +1 < K. Thus we have, for
[ >m,

Z P (BertJ |Am7i)

1<t<m*

< Z P (max 18| < Kr()m®, | Xmae| > 2K7’(j)mb>
1<t<m*

= Y P(TOGmY) = t1Xi| > 2Kr(j)m")
1<t<m*

< P(TOEGm") <m’),

where we have written 7 (r) for T} in the case b = 0. For this we have, from
[12],

r (T(O)(Kr(j)mb) < m*) < cm*k (Kr(j)mb) .
Next we show that
Z k(Kr(j <ck( ()mb) for m > 1 and ¢ > ny. (2.6)
j=i+1

We have 7(n + 1)/r(n) — 7, where v = 217 (in case b < 1) or 201720)/(1=b) (in
case b < 1/2), s0 1 < v < 2. Thus without loss of generality we can assume

that
r(n+1)
r(n)

So when j > i > ng we have r(j) > r(i)y? ", and hence by (1.19), as i — oo,

Z k(Kr(j)m?) < 3 Z k(Kr(i)’y{_imb)

1<m < < vy < 2 for all n > nyg.

j=it1 j=it1
) o0 d
R y—r
_ c/ | k(z)_ch(Kr(z)m)ch(()mb),
Kr(i)mb

and (2.6) follows.

10



Thus, since P(Ap;) = P(T,u) > m)G(2Kr(i)mP), and 207! < r(i)I‘f(i) <
3.27 1 we have the bound

n

> Py

j=i+1

IN

¢ Z mP (T, > m)G2Kr(i)mb)k (r(i)mb)
m=1

< ¢ Z mG(ZKr(i)mb)k(r(i)mb)
m<Th(i)
T+ BGERErO KT ) S mP(Ty = m)
m>I )
= cf{o(1,i) +0(2,4)}, say

(where we used (1.19) in the second inequality). Now by (1.18) with a = 2 we
have

o(2,1) 2cG(2K7(i)T )k (r ()T 0 )T

<
< 60(1,4) (using (1.19)again)

so we need only consider o(1,4). By repeating the calculation leading to (2.2)
we see that

n 2™ )
2 2-b dv
al,iéc/ ybGykydy/ o
St e [ vTewrma [ i

Again the integrand is regularly varying with index strictly less than —1, so it
follows that

i=ng

e dv cs a5 1) — 00
A — 5
yles 00 {ER(0)}2 y{k(y)}2
and hence -
n c22™ 2-0b G
Z o(l,3) < 06/ wdy =gV (c22m).
i=ng y=0 ye k(y)
From (2.4) we now deduce
noosw o p(l)
lim sup Zim1 2=t L < oo, (2.7)

n—oe (3) P(E:)

We can also write

Pi(j’) = Z ZP{Am,i N By +s,5-}

m=1s=1

11



Again write S, = Sy, 1y — S, and now take K > (24 A)((1+ A)/A)P. Then

IN

IN

IN

<

It follows that

P

9

Z P(Bm+m*+s,j |Am,i)

s=1

o0

X;P
ZP

(

t=m-+1

P (IX (Tir) | > 2K1() T ) -

IN

v<m+s m —|—’U)b -

|S’m*+v| . |Xm+m*+s| .
—mmrl <9 ——— > 2K
max (m+m* +ov)b — r(7) > 2K7(7)

“(m+m*+ s)b

|S *+v| 1+A b . |Xm+m*+s| .
— <2 — — > 2K
max A ) T e > 2 )

( 5 < ) B >2Kr<j>>

> P (X0, | 2 m) G Kr@m") P (X1, | > 2K0() T ()

P (X1, | 2 2K7()They ) ) P (1 X000 | > 2K7() Ther )

where it is easy to check that Y P(Ej) =Y P(E;). Thus

(2)
. Z?:l Z?:i—i—l Pz J
lim sup

. (2.8)
n—oo (307 P(E;))

Finally, we write

Qij

IN

IN

IN

ZP(max' b' < (),|Xm|>2Kr(j)mb>

m=1 vsm v

> P (B < i) Gt

m=1

O

> GEEr(j)m') + GREr()q) D P(Ty < m)
m=1 m>Ir)

O

G2Kr(j)m®) + Ly G2Kr(j)IY ;)  (using (1.18))

- L)
(1+¢) > GEKr(j)m").

12



Recall that when j > i > ng we have r(j) > r(i)y] ; thus

Tri)
(1+¢) ZG2K71 “r(i)ymP).
m=1

At this stage we need the following technical fact;

W) = / h %dy.

Then if S € RS or S € Do(N) we have, for some ¢ >0,

Lemma 7 Define

/ Wiy )dy < cV(x) for all sufficiently large x.
1 yk(y)

Proof of Lemma 7: First consider the case that S € Dy(N), when

k(z) ~ &Zj), where U(z) = /090 2yG(y)dy,

and we have

22G(x)
U(x)

U € RV (0) and

— 0 as x — o0.

Thus

oW (1) = / 2ny( gy — w%dy

_ﬂf)+2/j%§)dy:o<ljx@>.

X

Now

0(1)+2/ yUW {UW) - v*Gy)} dy

0(1)+{2+o(1)}/1 U(yg dy.

13

(2.10)

(2.11)

x) n / ’ W(yl (29U () — U ()} dy



and the result follows.

If S € RS we have A(z) > 0 for all large enough x, or A(x) < 0 for all large
enough z, and |A(x)| is in RV (0); and we also have U(x) = o(zA(z)) as x — oo.
So, taking A(z) > 0 for all large enough x, we have

002 !
/ yG()dy / U,
T x y
2/ y3
i sy
T T
If we now observe that

[ = | S /1W’ ok
W

1) aW(x) /w W(y yA’( )
Yy
1

2W (x)

Al)  Ax) A(y A(y)
O(1) + {1+ 0(1)} /Ty))dy,

because (yA'(y))/A(y) — 0 as y — oo, then this case is also proven. A similar
proof works if A(z) < 0 for all large enough z. 1
Using Lemma 7, we can argue that

n o r(z)Fi(z) b
< / / w o r(x)”?G2K~]w)dwdydz
=0 Jy=0 Jw=0
n oo 3.2t
< c/ / GQK”w)d dyda
2=0 Jy=0 Jw=0 20 k(27)
2” 3. /2 o0 2K
= ¢ / / 1+b Zw)d dwdv
v=1 b

2" 31)/2 1-b
- ¢ / / blmb/@Kw)dwdv (using(2.10))

o d
w' W(2Kw)dw/ Hbiv
v=2w/3 V b k(’l})

IN

o
T
g

IN
o
QU
g

0 wk(w)
2™)  (using(2.11))

2™), asn — oo.

A
SRS
< <

14



Together with (2.7) and (2.8), this concludes the proof of (1.24), and the theorem
is proved. ]
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