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FREE CENTRE-BY-(ABELIAN-BY EXPONENT 2) GROUPS

MARIA ALEXANDROU AND RALPH STÖHR

Abstract. We study free centre-by-(abelian-by-exponent 2) groups. Our

main result is a complete description of the centre. It is isomorphic to a

direct sum of a free abelian group and a torsion subgroup. The latter is a

direct sum of cyclic groups of order two and cyclic groups of order four. We

exhibit a generating set consisting of elements of infinite order, order 2, and

order 4, such that the centre is the direct sum of cyclic subgroups generated by

those generators. Our approach makes essential use of homological methods.

1. Introduction

Let F be a free group of rank n > 1 on a free generating set X = {x1, . . . , xn},
R a normal subgroup of F , and let G = F/R. Consider the quotient

(1.1) F/[R′, F ]

where R′ is the commutator subgroup of R. This group is a free central extension

of F/R′:

1→ R′/[R′, F ]→ F/[R′, F ]→ F/R′ → 1.

While the quotient F/R′ is always torsion-free [3], elements of finite order may

occur in the central subgroup R′/[R′, F ]. The perhaps most prominent instance

where torsion is present is the free centre-by-metabelian group F/[F ′′, F ], that

is (1.1) with R = F ′. C.K. Gupta [1] discovered in 1973 that, if n > 4, then

the quotient F ′′/[F ′′, F ] contains an elementary abelian 2-group of rank
(
n
4

)
, an

unexpected result at that time. Three years later Yu.V. Kuz’min [5] published an

alternative proof using homological methods. Due to the intriguing phenomenon of

torsion in such central extensions, and to the connection with homology of groups,

in subsequent years quotients of the form (1.1) were studied in a number of papers,

see [6] - [9], [11]-[14] and [2]. Kuz’min [6] proved that, for any R, the central

quotient R′/[R′, F ] is isomorphic to a direct sum of a free abelian group and an

abelian group of exponent dividing four. Moreover, he exhibited an example where

the torsion subgroup contains an element of order precisely 4. Thus the bound of

4 on the exponent of the torsion subgroup is the best possible in general. However,

in many cases the torsion subgroup of F/[R′, F ] is actually an elementary abelian

2-group or trivial. In fact, a comprehensive description of the torsion subgroup

was given under the condition that the group G has no elements of order 2. It was

proved by the second author [12] that in this case the torsion subgroup t(R′/[R′, F ])

is isomorphic to the homology group H4(G,Z2). An easy proof of this result and

of Kuz’min’s general bound on the exponent of the torsion subgroup can be found
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in [13]. The remaining challenge is still the case where the group G does contain

elements of order 2. Very little is known. There are various characterizations of the

torsion subgroup in terms of exact sequences (see [9], [13], [2]), and there are some

conditional results, for example, it was shown in [6] that if the integral homology

group H4(G) has no elements of order 2 then the torsion subgroup t(R′/[R′, F ])

has no elements of order 4. However, the only instance of an explicit element of

order 4 in a group of the form (1.1) known up to now is the example given by

Kuz’min in 1982. He showed [6, Section 4] that if F has rank 2, and R is the

normal closure of x21, x22 and [x1, x2], i.e. G = F/R is a Klein four group, then the

elements
[
x21, [x1, x2]

]
and

[
x22, [x2, x1]

]
have order 4 in (1.1).

In this paper we study free central extensions of the form (1.1) in the case where

R = F 2, the subgroup generated by all squares in F . Thus G is an elementary

abelian 2-group of rank n, and (1.1) is the free centre-by-(abelian-by-exponent 2)

group. Our main result is a complete description of the central subgroup R′/[R′, F ].

We prove that if R = F 2, then

R′/[R′, F ] ∼= Z⊕ · · · ⊕ Z︸ ︷︷ ︸
a

⊕Z4 ⊕ · · · ⊕ Z4︸ ︷︷ ︸
b

⊕Z2 ⊕ · · · ⊕ Z2︸ ︷︷ ︸
c

where

a =

(
n− 1

2

)
2n + (n− 1), b = 2

(
n+ 1

3

)
, c = n2n − n

2
(n2 + n+ 2)

with the convention that
(
n
i

)
= 0 for i > n. Moreover, we exhibit a generating

set for R′/[R′, F ] such that this group is the direct product of the cyclic subgroups

generated by the elements of that generating set. The generators of order 4 are the

elements [
x2i , [xi, xj ]

]
,

[
x2j , [xj , xi]

]
with 1 6 i < j 6 n, that were already discovered by Kuz’min [6], plus the elements[

x2i , [xj , xk]
] [

[xi, xk], [xi, xj ]
] [
x2j , [xi, xk]

] [
[xj , xk], [xj , xi]

]
and [

x2j , [xk, xi]
] [

[xj , xi], [xj , xk]
] [
x2k, [xj , xi]

] [
[xk, xi], [xk, xj ]

]
with 1 6 i < j < k 6 n. The complete result is stated in Section 11.

In the next section we introduce some more notation and our main tools, the

isomorphism (2.1) and the six-term exact sequence (2.4), both of them valid in

general, that is, for an arbitrary normal subgroup R. At the end of this section we

turn to the case where R = F 2, and give a brief outline of our strategy. This is then

carried out in the remaining Sections 3 - 11. Basic results on homology of groups

will be used without special references being given. These, however, can easily be

found in [4].

2. The 6-term exact sequence

In this section F is the free group with free generating set X = {x1, . . . , xn}
for n > 1, R is a normal subgroup of F , and G = F/R. The relation module

of G = F/R is the free abelian group M = R/R′ with right G-action induced
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by conjugation in F . For an arbitrary G-module A, the trivialization of A is

AG = A⊗G Z, the largest quotient of A upon which G acts trivially. The exterior

and symmetric squares of A will be denoted by A ∧A and A ◦A, respectively, and

both of them as well as the tensor square A ⊗ A will be regarded as G-modules

with diagonal action. It will be convenient to introduce some special notation

for the trivialization of these modules, and also of arbitrary tensor products. We

will denote the canonical image of an element a1 ∧ a2 with a1, a2 ∈ A under the

trivialization homomorphism A ∧ A → (A ∧ A)G by a1 ∧∗ a2. Similarly, we write

a1 ◦∗ a2 for the canonical image of a1 ◦ a2 ∈ A ◦A in (A ◦A)G, and, if B is another

G-module, a ∈ A and b ∈ B, we write a ⊗∗ b for the image of a ⊗ b ∈ A ⊗ B in

the trivialization (A ⊗ B)G. The ring of integers Z will be regarded as a trivial

G-module and we set Z2 = Z/2Z. The quotient R/[R′, R] is a free nilpotent group

of class 2. For its commutator subgroup there is an isomorphism of G-modules

R′/[R′, R] ∼= R/R′ ∧R/R′ = M ∧M

where the G-action on R′/[R′, R] is induced by conjugation in F , and the G-

action on M ∧M is the diagonal action. In view of the canonical isomorphism

(R′/[R′, R])G ∼= R′/[R′, F ], trivializing the action on both sides yields an isomor-

phism

(2.1) R′/[R′, F ] ∼= (M ∧M)G.

Explicitly, the isomorphism (2.1) acts as follows. For r1, r2 ∈ R,

[r1, r2][R′, F ]↔ r1R
′ ∧∗ r2R′.

Throughout this paper we will examine the group on the right hand side of (2.1),

and only in the final section we will use the isomorphism to restate our findings in

the language of group theory.

The relation module M fits into a short exact sequence

(2.2) 0→M
µ−→ P

σ−→ IG→ 0

where P = IF ⊗F ZG is a free G-module of rank n with free generators

ei = (xi − 1) ⊗ 1 (1 6 i 6 n), IG is the augmentation ideal of ZG, and the

maps are given by rR′ 7→ (r − 1) ⊗ 1 (r ∈ R) and ei 7→ xiR − 1, see [4, Section

VI.6]. The injection µ is usually called the Magnus embedding. The augmentation

ideal IG fits into the short exact sequence

(2.3) 0→ IG
ι−→ P

ε−→ Z→ 0

where ι is the inclusion map and ε is the augmentation map. The short exact

sequences (2.2) and (2.3) yield a 6-term exact sequence of G-modules

(2.4) 0→M ∧M α4−→ P ∧ P α3−→ P ⊗ IG α2−→ ZG ◦ ZG α1−→ ZG ε̃−→ Z2 → 0

see [12, Section 7.1] or [10, Lemma 5.1]. The maps in (2.4) are as follows. The map

on the right, ε̃ : ZG → Z2, is the canonical epimorphism defined by aε̃ = aε + 2Z
for a ∈ ZG. The kernel of this map is the ideal ĨG generated by all elements

g + h ∈ ZG where g, h ∈ G. The next map α1 is the composite of the embedding
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ZG ◦ZG→ ZG⊗ZG defined by a1 ◦ a2 7→ a1 ⊗ a2 + a2 ⊗ a1 and the epimorphism

ε⊗ 1 : ZG⊗ ZG→ Z⊗ ZG(= ZG), thus

(a1 ◦ a2)α1 = (a1ε)a2 + (a2ε)a1 for a1, a2 ∈ ZG.

The map α2 is the composite of σ ⊗ 1 : P ⊗ IG → IG ⊗ IG, the canonical

projection IG⊗IG→ IG◦IG, and the canonical injection map IG◦IG→ ZG◦ZG,

so (p⊗ q)α2 = pσ ◦ q for p ∈ P, q ∈ IG.

The map α3 is the composite of the embedding P ∧P → P ⊗P that is given by

p1 ∧ p2 7→ p1 ⊗ p2 − p2 ⊗ p1 and the map 1⊗ σ : P ⊗ P → P ⊗ IG, thus

(p1 ∧ p2)α3 = p1 ⊗ p2σ − p2 ⊗ p1σ for p1, p2 ∈ P.

Finally, the map α4 is the map µ ∧ µ for the Magnus embedding µ : M → P , so

(m1 ∧m2)α4 = m1µ ∧m2µ for m1,m2 ∈M .

Next we record some easy facts about the modules in the sequence (2.4). For

simplicity we now assume that G is an elementary abelian 2-group. Part (ii) of the

following lemma is well-known (see, for example, [4, Chapter VI.11]), for Parts (i)

and (iii) we refer to [13, Lemmas 4.1 and 6.1].

Lemma 2.1. If G = F/R is an elementary abelian 2-group, then

(i) the exterior square P ∧ P is a direct sum of a free G-module that is freely

generated by the elements ei ∧ ejg with 1 6 i < j 6 n and g ∈ G, and a direct

sum of the cyclic G-modules generated by the elements ei ∧ eig with 1 6 i 6 n

and g ∈ G, g 6= 1. Each of the latter is isomorphic to the ideal (g − 1)ZG.

(ii) The tensor product P ⊗ IG is a free G-module that is freely generated by the

elements ei ⊗ (g − 1) with 1 6 i 6 n and g ∈ G, g 6= 1.

(iii) The symmetric square P ◦ P is a direct sum of a free G-module that is freely

generated by the elements ei ◦ ejg with 1 6 i < j 6 n and g ∈ G, and the

elements ei ◦ ei with 1 6 i 6 n, and a direct sum of the cyclic G-modules

generated by the elements ei ◦ eig with 1 6 i 6 n and g ∈ G, g 6= 1. Each of

the latter is isomorphic to the ideal (g + 1)ZG.

This yields the following for the respective trivializations.

Corollary 2.2. (i) If G = F/R is an elementary abelian 2-group, then

(i) the trivialization (P ∧P )G is a direct sum of a free abelian group that is freely

generated by the elements ei ∧∗ ejg with 1 6 i < j 6 n and g ∈ G, and a

direct sum of the cyclic groups of order 2 generated by the elements ei ∧∗ eig
with 1 6 i 6 n and g ∈ G, g 6= 1;

(ii) the group (P ⊗ IG)G is a free abelian group that is freely generated by the

elements ei ⊗∗ (g − 1) with 1 6 i 6 n and g ∈ G, g 6= 1;

(iii) the trivialization (ZG ◦ ZG)G is a free abelian group that is freely generated

by the elements 1 ◦∗ g with g ∈ G.

We conclude this section with a brief outline of our approach. Recall that our

aim is to determine the structure of the abelian group (M ∧M)G in the case where
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R = F 2, and hence G = F/R is an elementary abelian 2-group. To this end we

consider the homomorphism

(M ∧M)G → (P ∧ P )G

that is induced by the homomorphism α4 in (2.4). Clearly, our group (M ∧M)G

is an extension of the kernel of this homomorphism by its image in (P ∧ P )G. In

view of Corollary 2.2(i), this image is a direct sum of a free abelian group and

an elementary abelian 2-group. We shall exploit the six-term exact sequence (2.4)

to determine the kernel of this homomorphism. It turns out that that kernel is

a homomorphic image of the homology group H4(G,Z2), an elementary abelian

2-group. Consequently, the kernel belongs to the torsion subgroup T of (M ∧M)G.

Moreover, as we will see in the penultimate Section 10, the kernel actually coincides

with 2T .

3. The relation module of G = F/F 2

For the rest of this paper R = F 2, the subgroup of the free group F that is

generated by all squares, and hence G = F/R is an elementary abelian 2-group of

rank n. For xi ∈ X we set yi = xiR ∈ G = F/R. Thus G is the direct product of

the cyclic subgroups of order 2 that are generated by the elements yi,

G = 〈y1〉 × 〈y2〉 × · · · × 〈yn〉.

The relation module M = R/R′ will be written additively with the right G-action

denoted by “·”. Thus, for r ∈ R and 1 6 i 6 n we have rR′ · yi = x−1i rxiR
′.

The normal subgroup R is generated by all squares in F . Alternatively, R is the

normal closure in F of the squares x2i (1 6 i 6 n) and the commutators [xi, xj ]

(1 6 j < i 6 n). Hence M = R/R′ is as a G-module generated by the elements

x2iR
′ (1 6 i 6 n) and the commutators [xi, xj ]R

′ (1 6 j < i 6 n). Note that the

following holds in M for all r ∈ R and 1 6 i 6 n

rR′ · (yi − 1) = [r, xi]R
′.

Indeed, bearing in mind that the module M is written additively, we have

rR′ · (yi − 1) = x−1i rxiR
′ − rR′ = r−1x−1i rxiR

′ = [r, xi]R
′.

This identity will be used throughout without reference. In what follows we will

abuse notation by suppressing the R′ when working in the relation module. For

example, the above identity will be written as

r · (yi − 1) = [r, xi].

One easily calculates that the images of the generators of M under the embedding

µ are as follows:

(3.1) x2iµ = ei(yi + 1), [xi, xj ]µ = ei(yj − 1)− ej(yi − 1).

Our next aim is to find a free generating set for M as a Z-module. The following

relations will be useful.

Lemma 3.1. In the relation module M we have, for 1 6 i, j, k 6 n,
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(i) x2i · yi = x2i
(ii) [xi, xj ] · (yi + 1) = x2i · (yj − 1)

(iii) [xi, xj ] · (yk − 1) + [xj , xk] · (yi − 1) + [xk, xi] · (yj − 1) = 0 (Jacobi identity).

Proof. Part (i) is obvious, and the relations (ii) and (iii) can easily be verified by

using the embedding µ. For example,

([xi, xj ] · (yi + 1))µ = [xi, xj ]µ(yi + 1)

= (ei(yj − 1)− ej(yi − 1))(yi + 1)

= ei(yi + 1)(yj − 1)

= x2iµ(yj − 1)

= (x2i · (yj − 1))µ,

which proves (ii). �

Now we derive a generating set for M as a Z-module. First observe that the set

B = {(yi1 − 1)(yi2 − 1) · · · (yis − 1); 1 6 i1 < i2 < · · · < is 6 n, 1 6 s 6 n} ∪ {1}

is a Z-basis of the additive group of the group ring ZG. Since M as a G-module is

generated by the elements x2k (1 6 k 6 n) and [xk, xl] (1 6 l < k 6 n), it follows

that the elements

(3.2) [xk, xl] · b 1 6 l < k 6 n, b ∈ B

together with the elements

(3.3) x2k · b 1 6 k 6 n, b ∈ B

form a generating set for M as a Z-module. In view of Lemma 3.1 (ii), the elements

(3.2) where b involves either yk−1 or yl−1 are redundant. Indeed, if, for example,

b = (yk − 1)b′ where b′ ∈ B and b′ does not involve the factor yk − 1, then, using

Lemma 3.1 (ii),

[xk, xl]·b = [xk, xl]·(yk−1)b′ = [xk, xl]·(−2+(yk+1))b′ = −2[xk, xl]·b′+x2k ·(xl−1)b′

where [xk, xl] · b′ is of the form (3.2) with b′ not involving yk − 1, and x2k · (xl− 1)b′

can be written as a linear combination of the elements of the form (3.3). Moreover,

of the remaining elements of the form (3.2) the ones where b = (yi1 −1) · · · (yis −1)

with i1 < l are redundant. Indeed, write b = (yi1 − 1)b′ where b′ ∈ B does not

involve yk − 1 and yl − 1, then, by using Lemma 3.1 (iii) we have

[xk, xl] · (yi1 − 1)b′ = −[xl, xi1 ] · (yk − 1)b′ + [xk, xi1 ] · (yl − 1)b′,

where the terms on the right hand side are (up to sign) of the form (3.2) with

b = (yi1 − 1) · · · (yis − 1), l < i1 and k, l 6= i1, . . . , i2. Finally, in view of Lemma

3.1(i), the generators of the form (3.3) where b involves the factor yk − 1 are zero.

Consequently, M is generated by the elements

x2k · (yi1 − 1) · · · (yis − 1) = [x2k, xi1 , . . . , xis ]

with 1 6 k 6 n, 1 6 i1 < · · · < is 6 n, k 6= i1, . . . , is, 0 6 s 6 n− 1
(3.4)
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together with the elements

[xk, xl] · (yi1 − 1) · · · (yis − 1) = [xk, xl, xi1 , . . . , xis ]

with 1 6 l < k 6 n, 1 6 l < i1 < · · · < is 6 n, k 6= i1, . . . , is, 0 6 s 6 n− 2.

(3.5)

We claim that this generating set is linearly independent over Z. To verify the

claim we count the number of elements in it. The number of elements of the form

(3.5) is

n∑
s=2

(
n

s

)
(s− 1) =

n∑
s=1

(
n

s

)
s− n−

n∑
s=0

(
n

s

)
+ 1 + n = n2n−1 − 2n + 1,

and the number of elements of the form (3.4) is

n

n−1∑
r=0

(
n− 1

r

)
= n2n−1.

So altogether we we have (n− 1)2n + 1 elements in this generating set. But this is

precisely the rank of M = R/R′ as a free abelian group. Indeed, this rank is equal

to the rank of the free subgroup group R of F , and the latter is (n − 1)2n + 1 by

Schreier’s formula. It follows that this generating set is a Z-basis. We summarize

our discussion as follows.

Lemma 3.2. The relation module M is a free Z-module of rank (n−1)2n+ 1, and

the elements (3.4) together with the elements (3.5) form a Z-basis for it.

4. A generating set for (M ∧M)G

Let M denote the Z-basis of the relation module M given in Lemma 3.2. Then

the exterior square M ∧M is, as a Z-module generated by the elements m1 ∧m2

with m1,m2 ∈ M, and so is its quotient (M ∧M)G. In fact, if < is a linear order

on M, then the elements m1 ∧m2 with m1,m2 ∈M and m1 < m2 form a Z-basis

of M ∧M . In order to get the trivialization (M ∧M)G from M ∧M , we need to

factor out the subgroup generated by the elements

(m1 ∧m2)(g − 1) (m1,m2 ∈M, g ∈ G \ {1}).

In other words, in (M ∧M)G we have the relations (m1 ∧∗ m2)(g − 1) = 0, and

these are equivalent to the relations m1 · g ∧∗ m2 = m1 ∧∗ m2 · g, which, in turn,

are equivalent to

(4.1) m1 · r ∧∗ m2 = m1 ∧∗ m2 · r (m1,m2 ∈M, r ∈ ZG).

An obvious consequence of these relations is

(4.2) m1 ∧∗ m2 · r = −m2 ∧∗ m1 · r (m1,m2 ∈M, r ∈ ZG),

which will often be used in what follows. Using (4.1), the generating set of (M∧M)G

consisting of the elements m1 ∧∗m2 with m1,m2 ∈M can obviously be reduced to

consist of the elements

(4.3) x2i ∧∗ m, (1 6 i 6 n, m ∈M \ {x2i })
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and

(4.4) [xi, xj ] ∧∗ m (1 6 j < i 6 n, m ∈M \ {[xi, xj ]}).

Our aim is to further reduce this generating set. First of all, if m in (4.3) is of the

form (3.4) with k 6= i, we may assume that i > k as by (4.2) we have

x2i ∧∗ x2k · (yi1 − 1) · · · (yis − 1) = −x2k ∧∗ x2i · (yi1 − 1) · · · (yis − 1).

We also may assume that i 6= i1, . . . , is as if yir = yi for some 1 6 r 6 s (using

(4.1) and Lemma 3.1(i))

x2i ∧∗ x2k · (yi1 − 1) · · · (yis − 1)

= x2i · (yi − 1) ∧∗ x2k · (yi1 − 1) · · · (yir−1
− 1)(yir+1

− 1) · · · (yis − 1)

= 0.

If m in (4.3) is of the form (3.4) with k = i and s > 1 then using Lemma 3.1(ii)

and (i) and the relation (4.1) we get:

x2i ∧∗ x2i · (yi1 − 1) · · · (yis − 1)

= x2i ∧∗ [xi, xi1 ] · (yi + 1)(yi2 − 1) · · · (yis − 1)

= x2i .(yi + 1) ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

= 2x2i ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1).

Hence these elements are redundant in our generating set. To summarize, of the

elements of the form (4.3) with m of the form (3.4) we keep the elements

x2i ∧∗ x2j · (yi1 − 1) · · · (yis − 1) = x2i ∧∗ [x2j , xi1 , . . . , xis ]

with 1 6 j < i 6 n, 1 6 i1 < · · · < is 6 n, i, j 6= i1, . . . , is, 0 6 s 6 n− 2.
(4.5)

Next consider the elements (4.3) where m is of the form (3.5). Suppose that k = i

in (3.5) (and so i 6= i1, . . . , is). For 1 6 i, l, q 6 n, and r ∈ ZG, we have

x2i ∧∗ [xi, xl] · (yq − 1)r = −x2i ∧∗ [xl, xq] · (yi − 1)r − x2i ∧∗ [xq, xi] · (yl − 1)r

= −x2i · (yi − 1) ∧∗ [xl, xq] · r + x2i ∧∗ [xi, xq] · (yl − 1)r

= x2i ∧∗ [xi, xq] · (yl − 1)r.

In other words, the relation

x2i ∧∗ [xi, xl] · (yq − 1)r = x2i ∧∗ [xi, xq] · (yl − 1)r

holds for all xi, xl, xq ∈ X and r ∈ ZG. In view of this relation, each element (4.3)

where m is of the form (3.5) with k = i is (up to sign) equal to an element of the

form

x2i ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1) = x2i ∧∗ [xi, xi1 , xi2 , . . . , xis ]

with 1 6 i 6 n, 1 6 i1 < · · · < is 6 n, i 6= i1, . . . , is, 1 6 s 6 n− 1.
(4.6)

If we have an element of the form (4.3) where m is of the form (3.5) with l = i,

anti-commutativity allows us to interchange l with k and turn it into an element of

the form (4.6) (possibly with a minus sign) using the same relation. To summarize,

of the elements (4.3) where m is of the form (3.5) with k = i or l = i we keep the

elements (4.6).
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Consider the elements (4.3) with m of the form (3.5) and i 6= k, l. Clearly, these

are zero if one of the subscripts i1, . . . , is is equal to i. Thus it remains to deal with

those elements where i 6= k, l, i1, . . . , is. None of these are redundant, we keep them

all in our generating set. In other words, we keep all the elements

x2i ∧∗ [xi1 , xi2 ] · (yi3 − 1) · · · (yis − 1) = x2i ∧∗ [xi1 , xi2 , xi3 , . . . , xis ]

with 1 6 i 6 n, i1, . . . , is ∈ {1, . . . , n}\{i}, i1 > i2 < i3 · · · < is,

i1 6= i3, . . . , is, 2 6 s 6 n− 1

(4.7)

in our generating set.

Consider now the elements of the form (4.4). If m is of the form (3.4) the relation

(4.2) converts these elements to elements of the form (4.3) (with a minus sign) with

m of the form (3.5) which have been discussed above.

Thus we turn to the elements of the form (4.4) where m is of the form (3.5).

Firstly we are concerned with a more general set of elements which contains the

elements we are interested in. More precisely we examine the elements of the form

(4.8) [xj1 , xj2 ]∧∗ [xj3 , xj4 ] ·(yj5−1) · · · (yjs−1), j1, . . . , js ∈ {1, . . . , n}, s > 4,

where we do not impose any conditions on the subscripts j1, . . . , js. We require the

following lemma.

Lemma 4.1. Any element of the form (4.8) such that two of the subscripts j1, . . . , js

are equal to some i with 1 6 i 6 n belongs to the span of the elements

(4.9) [xi, xi1 ] ∧∗ [xi, xi2 ] · (yi3 − 1) · · · (yis − 1), i1 6 i2, s > 2

involving the same subscripts (counting multiplicities).

Proof. The arguments used in [10, Section 3, Lemmas 3.1-3.3] are easily adapted

to the current situation. �

In order to further reduce the set (4.9) we need the following result.

Lemma 4.2. For all 1 6 i, j, k, q 6 n and all r ∈ ZG we have

[xi, xj ] ∧∗ [xi, xk] · (yq − 1)r = [xi, xj ] ∧∗ [xi, xq] · (yk − 1)r

−2[xi, xj ] ∧∗ [xq, xk] · r

+x2i ∧∗ [xq, xk] · (yj − 1)r.

Proof. By using the Jacobi identity, Lemma 3.1 (ii) and (4.1) we obtain

[xi, xj ] ∧∗ [xi, xk] · (yq − 1)r

= [xi, xj ] ∧∗ [xi, xq] · (yk − 1)r + [xi, xj ] ∧∗ [xq, xk] · (yi − 1)r

= [xi, xj ] ∧∗ [xi, xq] · (yk − 1)r − 2[xi, xj ] ∧∗ [xq, xk] · r

+[xi, xj ] · (yi + 1) ∧∗ [xq, xk] · r

= [xi, xj ] ∧∗ [xi, xq] · (yk − 1)r − 2[xi, xj ] ∧∗ [xq, xk] · r

+x2i · (yj − 1) ∧∗ [xq, xk] · r

= [xi, xj ] ∧∗ [xi, xq] · (yk − 1)r − 2[xi, xj ] ∧∗ [xq, xk] · r
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+x2i ∧∗ [xq, xk] · (yj − 1)r

as required. �

The next result will enable us to further reduce the elements of the form (4.8)

in our generating set.

Lemma 4.3. Any element of the form (4.8) such that two of the subscripts j1, . . . , js

are equal to some i with 1 6 i 6 n belongs to the span of the elements (4.9) sat-

isfying the additional condition that i1 6 i2 6 · · · 6 is, elements of the form (4.3)

with m of the form (3.4) and (3.5) and elements of the form (4.8) in which all the

subscripts j1, . . . , js are distinct.

Proof. We use finite induction on s. The claim is clearly true for s = 4. Now

consider an element (4.8) with s > 4. By Lemma 4.1 we may assume that the

element is actually of the form (4.9) with s > 2. By applying Lemma 4.2 and

possibly (4.2) repeatedly, we get that our element is (up to sign) equal to an element

of the form (4.9) with i1 6 i2 6 · · · 6 is plus elements of the form (4.3) with m of

the form (3.4) and (3.5) (using Lemma 3.1(ii)) and elements of the form (4.8) with

smaller s. If the latter involves two equal subscripts, induction applies, and if not,

then all subscripts are distinct as required. �

Lemma 4.4. Any element of the form

[xi, xi1 ] ∧∗ [xi, xi2 ] · (yi3 − 1) · · · (yis − 1), s > 2

in which two of the subscripts i1, . . . , is are equal or one of them is equal to i belongs

to the span of elements of the form (4.6), (4.5) and elements of the form (4.9) in

which all the subscripts i1, . . . , is are distinct and not equal to i.

Proof. If i1 = i or i2 = i, the element is clearly zero. If one of i3, . . . is is equal

to i we may assume that i3 = i, and then apply Lemma 4.2 with j = i1, k = i2 ,

q = i3 = i, and r = (yi4 − 1) · · · (yis − 1). The lemma then gives that our element

is equal to a sum of three elements, the first of which is zero, the second of which

is of the same form with fewer of the ij being equal to i (so induction applies), and

the third of the form x2i ∧∗ [xi, xi2 ] · (yi1 − 1)r which is in the span of the elements

of the form (4.6) and (4.5) (by (4.1) and Lemma 3.1(ii)) as required. If two of the

subscripts i1, . . . , is are equal to j, say, we use Lemma 4.2 and (4.2) to write the

element as

[xi, xj ] ∧∗ [xi, xj ] · (yi1 − 1) · · · (yis − 1)

plus elements with fewer of the ij being equal between then and elements of the

form x2i ∧∗ [xi, xi2 ] · (yi1 − 1)r. It turns out that the last displayed element is zero.

Once this will be established, the proof of the lemma will be complete. So, to finish

the lemma off, consider the element 2[xi, xj ] ∧∗ [xi, xk] · (yi1 − 1) · · · (yis − 1). We
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have

(4.10)

2[xi, xj ] ∧∗ [xi, xk] · (yi1 − 1) · · · (yis − 1)

=[xi, xj ] · (yi1 − 1) ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

− [xi, xj ] ∧∗ [xk, xi1 ] · (yi − 1)(yi2 − 1) · · · (yis − 1)

− [xi, xj ] ∧∗ [xi1 , xi] · (yk − 1)(yi2 − 1) · · · (yis − 1)

=− [xj , xi1 ] · (yi − 1) ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

− [xi1 , xi] · (yj − 1) ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

− [xi, xj ] ∧∗ [xk, xi1 ] · (yi + 1)(yi2 − 1) · · · (yis − 1)

+ 2[xi, xj ] ∧∗ [xk, xi1 ] · (yi2 − 1) · · · (yis − 1)

+ [xj , xk] · (yi − 1) ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

+ [xk, xi] · (yj − 1) ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

=− [xj , xi1 ] · (yi + 1) ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

+ 2[xj , xi1 ] ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

− x2i · (yj − 1) ∧∗ [xk, xi1 ] · (yi2 − 1) · · · (yis − 1)

+ 2[xi, xj ] ∧∗ [xk, xi1 ] · (yi2 − 1) · · · (yis − 1)

+ [xj , xk] · (yi + 1) ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

− 2[xj , xk] ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

=− x2i · (yk − 1) ∧∗ [xi1 , xj ] · (yi2 − 1) · · · (yis − 1)

+ 2[xk, xi] ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

− x2i · (yj − 1) ∧∗ [xk, xi1 ] · (yi2 − 1) · · · (yis − 1)

+ 2[xi, xj ] ∧∗ [xk, xi1 ] · (yi2 − 1) · · · (yis − 1)

+ x2i · (yi1 − 1) ∧∗ [xj , xk] · (yi2 − 1) · · · (yis − 1)

+ 2[xj , xk] ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

=2
(
x2i ∧∗ [xj , xk] · (yi1 − 1)(yi2 − 1) · · · (yis − 1)

+ [xi, xj ] ∧∗ [xk, xi1 ] · (yi2 − 1) · · · (yis − 1)

+ [xj , xk] ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

+ [xk, xi] ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)
)
.

We now return to the elements of the form [xi, xj ]∧∗ [xi, xj ] · (yi1 − 1) · · · (yir − 1).

We have

[xi, xj ] ∧∗ [xi, xj ] · (yi1 − 1) · · · (yis − 1)

= −[xi, xj ] ∧∗ [xj , xi1 ] · (yi − 1)(yi2 − 1) · · · (yis − 1)

−[xi, xj ] ∧∗ [xi1 , xi] · (yj − 1)(yi2 − 1) · · · (yis − 1)

= −[xi, xj ] · (yi + 1) ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+2[xi, xj ] ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

−[xi, xj ] · (yj + 1) ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)
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+2[xi, xj ] ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

= −x2i · (yj − 1) ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+2[xi, xj ] ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+x2j · (yi − 1) ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

+2[xi, xj ] ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

= −x2i · ∧∗[xj , xi1 ] · (yj + 1)(yi2 − 1) · · · (yis − 1)

+2x2i · ∧∗[xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+2[xi, xj ] ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+x2j ∧∗ [xi1 , xi] · (yi + 1)(yi2 − 1) · · · (yis − 1)

−2x2j ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

+2[xi, xj ] ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

= −x2i ∧∗ x2j · (yi1 − 1)(yi2 − 1) · · · (yis − 1)

+2x2i ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+2[xj , xi1 ] ∧∗ [xj , xi] · (yi2 − 1) · · · (yis − 1)

−x2j ∧∗ x2i · (yi1 − 1)(yi2 − 1) · · · (yis − 1)

+2x2j ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

+2[xi, xi1 ] ∧∗ [xi, xj ] · (yi2 − 1) · · · (yis − 1)

= 2
(
x2i ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xi, xj ] · (yi2 − 1) · · · (yis − 1)

+x2j ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

+[xj , xi1 ] ∧∗ [xj , xi] · (yi2 − 1) · · · (yis − 1)
)
.

Using (4.10) we get

2
(
x2i ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xi, xj ] · (yi2 − 1) · · · (yis − 1)

+x2j ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

+[xj , xi1 ] ∧∗ [xj , xi] · (yi2 − 1) · · · (yis − 1)
)

= 2
(
x2i ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

+x2i ∧∗ [xi1 , xj ] · (yi2 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xj , xi2 ] · (yi3 − 1) · · · (yis − 1)

+[xi1 , xj ] ∧∗ [xi, xi2 ] · (yi3 − 1) · · · (yis − 1)

+[xj , xi] ∧∗ [xi1 , xi2 ] · (yi3 − 1) · · · (yis − 1)

+x2j ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

+x2j ∧∗ [xi1 , xi] · (yi2 − 1) · · · (yis − 1)

+[xj , xi1 ] ∧∗ [xi, xi2 ] · (yi3 − 1) · · · (yis − 1)
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+[xi1 , xi] ∧∗ [xj , xi2 ] · (yi3 − 1) · · · (yis − 1)

+[xi, xj ] ∧∗ [xi1 , xi2 ] · (yi3 − 1) · · · (yis − 1)
)

= 0.

This completes the proof of the lemma. �

This lemma together with Lemma 4.3 tells us that all elements of the form

(4.8) with two of the subscripts equal between them are redundant in our generat-

ing set, except the elements of the form (4.9) with the additional conditions that

i 6= i1, . . . , is and i1 < i2 < · · · < is. In other words, the elements we keep are

[xi, xi1 ] ∧∗ [xi, xi2 ] · (yi3 − 1) · · · (yis − 1) = [xi, xi1 ] ∧∗ [xi, xi2 , xi3 , . . . , xis ]

with 1 6 i 6 n, 1 6 i1 < i2 < · · · < is 6 n, i 6= i1, . . . , is, 2 6 s 6 n− 1.
(4.11)

Finally, we are left with reducing the set of elements (4.8) in which all subscripts

are distinct.

Lemma 4.5. Any element of the form (4.8) such that the subscripts j1, . . . , js are

mutually distinct is in the span of the elements

(4.12) [xi1 , xi2 ] ∧∗ [xi3 , xi4 ] · (yi5 − 1) · · · (yis − 1), 4 6 s 6 n.

such that {i1, . . . , is} = {j1, . . . , js} with i1 > i2, i3 > i4, i1 > i3, i2 > i4,

i2 < i5 < · · · < is, and the element

(4.13) [xk3 , xk2 ] ∧∗ [xk4 , xk1 ] · (yk5 − 1) · · · (yks − 1)

where {j1, . . . , js} = {k1, . . . , ks} with k1 < k2 < · · · < ks.

Proof. We refer to the proof of Lemma 3.3 in [10]. The arguments used there in

the context of Lie rings are easily adapted to the group commutators in the present

paper. �

Following [10], we call elements of the form (4.12) Kuz’min elements. We summa-

rize the result of our discussion so far as follows. The group (M ∧M)G is generated

by the elements (4.5), (4.6), (4.7), (4.11), and, for all subsets {j1, . . . , js}, 4 6 s 6 n

of mutually distinct elements in {1, 2, . . . , n}, the Kuz’min elements (4.12) and the

elements (4.13) as specified in Lemma 4.5.

We conclude this section by making some further modifications to this generating

set. Consider the elements (4.11) with s = 2, that is elements of the form

[xi, xi1 ] ∧∗ [xi, xi2 ] with 1 6 i 6 n, 1 6 i1 < i2 6 n, i 6= i1, i2.

For each triple i, j, k with 1 6 i < j < k 6 n, the following elements of type (4.11)

with s = 2 are in the generating set of (M ∧M)G:

[xk, xi] ∧∗ [xk, xj ], [xi, xj ] ∧∗ [xi, xk], [xj , xi] ∧∗ [xj , xk].

We keep the first of those, and replace the second and third by

x2i ∧∗ [xj , xk] + [xi, xk] ∧∗ [xi, xj ] + x2j ∧∗ [xi, xk] + [xj , xk] ∧∗ [xj , xi]

and

x2j ∧∗ [xk, xi] + [xj , xi] ∧∗ [xj , xk] + x2k ∧∗ [xj , xi] + [xk, xi] ∧∗ [xk, xj ],
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respectively.

Now consider the generators (4.11) with s > 3, that is generators of the form

(4.14) [xi, xj ] ∧∗ [xi, xk] · (yi1 − 1) · · · (yis − 1),

with 1 6 i 6 n, 1 6 j < k < i1 < · · · < is 6 n, i 6= j, k, i1, . . . , is, 1 6 s 6 n− 3.

We replace (4.14) by the following element

x2i ∧∗ [xk, xj ] · (yi1 − 1) · · · (yis − 1) + [xi, xj ] ∧∗ [xi, xk] · (yi1 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xj , xk] · (yi2 − 1) · · · (yis − 1)

+[xi1 , xj ] ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

+[xi, xj ] ∧∗ [xi1 , xk] · (yi2 − 1) · · · (yis − 1).

It is clear that the resulting set is again a generating set for (M ∧M)G. Now we

are able to state the main result of this section.

Proposition 4.1. The group (M ∧M)G is generated by the following elements.

(i) The elements

x2i ∧∗ [x2j , xi1 , . . . , xis ]

with 1 6 j < i 6 n, 1 6 i1 < · · · < is 6 n, i, j 6= i1, . . . , is, 0 6 s 6 n− 2,

(ii) the elements

x2i ∧∗ [xi, xi1 , xi2 , . . . , xis ]

with 1 6 i 6 n, 1 6 i1 < · · · < is 6 n, i 6= i1, . . . , is, 1 6 s 6 n− 1,

(iii) the elements

x2i ∧∗ [xi1 , xi2 , xi3 , . . . , xis ]

with 1 6 i 6 n, i1, . . . , is ∈ {1, . . . , n}\{i}, i1 > i2 < i3 · · · < is,

i1 6= i3, . . . , is, 2 6 s 6 n− 1,

(iv) the elements

(a) [xk, xi] ∧∗ [xk, xj ] with 1 6 i < j < k 6 n,

(b) x2i ∧∗ [xj , xk] + [xi, xk] ∧∗ [xi, xj ] + x2j ∧∗ [xi, xk] + [xj , xk] ∧∗ [xj , xi] and

x2j ∧∗ [xk, xi] + [xj , xi] ∧∗ [xj , xk] + x2k ∧∗ [xj , xi] + [xk, xi] ∧∗ [xk, xj ]

with 1 6 i < j < k 6 n,

(c) x2i ∧∗ [xk, xj , xi1 , . . . , xis ] + [xi, xj ] ∧∗ [xi, xk, xi1 , . . . , xis ]

+ [xi, xi1 ] ∧∗ [xj , xk, xi2 , . . . , xis ] + [xi1 , xj ] ∧∗ [xi, xk, xi2 , . . . , xis ]

+ [xi, xj ] ∧∗ [xi1 , xk, xi2 , . . . , xis ]

with 1 6 i 6 n, 1 6 j < k < i1 < · · · < is 6 n, i 6= j, k, i1, . . . , is,

1 6 s 6 n− 3,

(v) for all subsets {j1, . . . , js}, 4 6 s 6 n, of mutually distinct elements in

{1, 2, . . . , n}, the Kuz’min elements

[xi1 , xi2 ] ∧∗ [xi3 , xi4 , xi5 , . . . , xis ], 4 6 s 6 n,

with {i1, . . . , is} = {j1, . . . , js} and i1 > i2, i3 > i4, i1 > i3, i2 > i4,

i2 < i5, · · · < is, and the element

[xk3 , xk2 ] ∧∗ [xk4 , xk1 , xk5 , . . . , xks ]

where {j1, . . . , js} = {k1, . . . , ks} with k1 < k2 < · · · < ks.
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5. Homology of elementary abelian 2-groups

In this section we exhibit a free resolution for the trivial G-module Z, and record

some facts about the homology of the group G. Recall that G = G1× · · · ×Gn is a

direct product of cyclic groups of order 2. For each Gi = 〈yi | y2i = 1〉, the complex

Pi : · · · → vi3ZGi
∂i
3−→ vi2ZGi

∂i
2−→ vi1ZGi

∂i
1−→ vi0ZGi

εi−→ Z→ 0

with

vij∂
i
j =

{
vij−1(yi − 1), for odd j > 1;

vij−1(yi + 1), for even j > 2

is a periodic free resolution for the trivial Gi-module Z. Then the tensor product

V = P1 ⊗ · · · ⊗Pn is a free resolution of the trivial G-module Z. The terms Vm of

this resolution are free G-modules with free generators

v(s1,...,sn) = v1s1 ⊗ · · · ⊗ v
n
sn

with s1, . . . , sn > 0 and s1 + · · · + sn = m, and the differentials ∂m : Vm → Vm−1

are given by

v(s1,...,sn)∂m =

n∑
k=1

(−1)s1+···+sk−1v(s1,...,(sk−1),...,sn)rk

where rk ∈ ZG is defined as

rk =

{
yk − 1, for odd sk > 1;

yk + 1, for even sk > 2.

Here we use the convention that v(s1,...,sn) = 0 if one of the subscripts is negative,

and that s1 + · · · + sk−1 = 0 for k = 1. The rank of the free G-module Vm is

equal to the number of degree m monomials in n commuting variables, that is

rkVm =
(
m+n−1

m

)
. The homology groups Hm(G,Z2) can instantly be obtained

from the resolution V. They are the homology groups of the complex Z2⊗GV. All

the differentials in this complex are zero maps, and this gives the following result.

Lemma 5.1. The homology groups Hm(G,Z2) for m > 1 are elementary abelian

2-groups of rank
(
m+n−1

m

)
. As homology groups of the complex Z2 ⊗G V they are

generated by the cycles 1⊗ v(s1,...,sn) with s1 + · · ·+ sn = m.

We also need to know the homology of G with coefficients in the exterior and

symmetric squares of free G-modules. By Lemma 2.1, this amounts to determining

the homology of G with coefficients in the cyclic modules (1 ◦ g)ZG and (1∧ g)ZG.

It is easily seen that the complex

(5.1) Pg : · · · g−1−−→ eZG g+1−−→ fZG g−1−−→ eZG→ (1 ◦ g)ZG,

is a free resolution of the cyclic module (1 ◦ g)ZG. Hence the homology groups

Hm(G, (1 ◦ g)ZG) can be obtained as the homology of the complex Pg ⊗G Z. The

terms of this complex are infinite cyclic groups, and the differentials are zero maps in

odd dimensions, and multiplication by 2 in even dimensions. This yield the following

result for H∗(G, (1 ◦ g)ZG), and the corresponding result for H∗(G, (1∧ g)ZG) can

be obtained similarly.
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Lemma 5.2. Let g ∈ G, g 6= 1. Then

Hm(G, (1 ◦ g)ZG) =

{
Z2, for odd m > 1;

0, for even m > 2.

Hm(G, (1 ∧ g)ZG) =

{
0, for odd m > 1;

Z2, for even m > 2.

As cycles in the complex Pg ⊗G Z the nontrivial elements of H∗(G, (1 ◦ g)ZG) are

generated by the cycles f ⊗ 1.

Of course, the groups Hm(G, (1 ◦ g)ZG) can also be obtained as the homology

groups of the complex (1 ◦ g)ZG ⊗G V. One of the technically most challenging

tasks in this paper will be to determine the homology groups Hm(G, (1 ◦ g)ZG) in

terms of cycles in that complex. This will be carried out in Section 9.

By combining Lemma 5.2 with Corollary 2.2 we get the following.

Corollary 5.3. We have

(i) Hm(G,P ∧ P ) = 0 for all odd m > 1,

(ii) Hm(G,ZG ◦ ZG) = 0 for all even m > 2.

6. The kernel of the homomorphism (M ∧M)G → (P ∧ P )G

In this Section we explore the six-term exact sequence (2.4) to obtain information

about the kernel of the homomorphism (M ∧M)G → (P ∧ P )G. For brevity, we

denote this kernel by T2, and we also suppress the group G in the standard notation

for homology, i.e. we write Hm(A) rather than Hm(G,A) for the m-th homology

group with coefficients in a G-module A. First of all, we break up (2.4) into four

short exact sequences as follows. Firstly, we have

(6.1) 0→M ∧M → P ∧ P → Q→ 0

where Q = kerα2, then we have

(6.2) 0→ Q→ P ⊗ IG→ IG ◦ IG→ 0,

furthermore we have

(6.3) 0→ IG ◦ IG→ ZG ◦ ZG→ ĨG→ 0,

and finally we have

(6.4) 0→ ĨG→ ZG→ Z2 → 0.

Consider the long exact homology sequence stemming from (6.1)

· · · → H1(P ∧ P )→ H1(Q)→ (M ∧M)G → (P ∧ P )G → QG → 0.

Since H1(P ∧ P ) = 0 by Corollary 5.3, this yields an isomorphism

T2 ∼= H1(Q).

Dimension shifting using the short exact sequence (6.2) whose middle term is a free

G-module gives H1(Q) ∼= H2(IG ◦ IG), and hence we have an isomorphism

(6.5) T2 ∼= H2(IG ◦ IG).



FREE CENTRE-BY-(ABELIAN-BY- EXPONENT 2) GROUPS 17

The long exact homology sequence stemming from (6.3) yields an exact sequence

(6.6) · · · → H3(ZG ◦ ZG)→ H3(ĨG)→ H2(IG ◦ IG)→ 0,

where the zero on the right is actually H2(ZG◦ZG) which is zero by Corollary 5.3.

Finally, dimension shifting using (6.4) gives an isomorphism H3(ĨG) ∼= H4(Z2). By

combining this with (6.5) and (6.6) we get the following.

Lemma 6.1. There is an exact sequence

· · · → H3(ZG ◦ ZG)→ H4(Z2)→ T2 → 0.

In particular, T2 is an elementary abelian 2-group, a quotient of the homology group

H4(Z2).

7. Torsion elements in the generating set

In this section we examine the images in (P ∧ P )G of some of the elements in

the generating set of (M ∧M)G in Proposition 4.1.

Lemma 7.1. The images in (P ∧ P )G of the elements (ii), (iv.b) and (iv.c) in

Proposition 4.1 are of order 2, and, moreover, they are linearly independent over

Z2.

Proof. We know from Corollary 2.2 (i) that (P∧P )G is a direct sum of a free abelian

group and its torsion subgroup t((P ∧ P )G), an elementary abelian 2-group. The

latter is (as a Z2-module) freely generated by the elements ei ∧∗ eig with 1 6 i 6 n

and g ∈ G \ {1}. It is easily seen that the elements

(7.1) ei ∧∗ ei(yi1 − 1) · · · (yis − 1)

with 1 6 i 6 n, 1 6 i1 < · · · < is 6 n and 1 6 s 6 n also form a Z2-basis of

t((P ∧P )G). Now, the images of the module generators x2i and [xj , xi] of M under

the Magnus embedding µ have been recorded in (3.1). Using this, one calculates

that the images of the elements (ii), (iv.b) and (iv.c) in Proposition 4.1 in (P ∧P )G

are, respectively, as follows:

(ii)′ ei ∧∗ ei(yi − 1)(yi1 − 1)(yi2 − 1) · · · (yis − 1),

(iv.b)′ ei ∧∗ ei(yj − 1)(yk − 1) + ej ∧∗ ej(yi − 1)(yk − 1),

ej ∧∗ ej(yi − 1)(yk − 1) + ek ∧∗ ek(yi − 1)(yj − 1),

(iv.c)′ ei ∧∗ ei(yj − 1)(yk − 1)(yi1 − 1) · · · (yis − 1).

We observe that the images of all those elements are in t((P ∧ P )G). The ele-

ments (ii)′ and (iv.c)′ are distinct basis elements of the form (7.1): the former

involve both ei and yi but the latter don′t. Moreover, for each triple i, j, k with

1 6 i < j < k 6 n, the images (iv.b)′ involving the subscripts i, j, k span a 2-

dimensional subspace in the 3- dimensional subspace of t((P ∧P )G) that is spanned

by the basis elements

ei ∧∗ ei(yj − 1)(yk − 1), ej ∧∗ ej(yi − 1)(yk − 1), ek ∧∗ ek(yi − 1)(yj − 1).

These elements are not of type (ii)′ (since those elements involve both ei and yi)

and they are not of type (iv.c)′ (since for those elements s > 1). Hence all these 2-

dimensional subspaces (for distinct triples i, j, k) and the span of the elements (ii)′
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and (iv.c)′ generate their direct sum in t((P ∧ P )G). It follows that the elements

(ii)′, (iv.b)′, and (iv.c)′ are linearly independent over Z2 and, consequently, the

elements (ii), (iv.b) and (iv.c) with a range of subscripts as in Proposition 4.1 are

also linearly independent over Z2. �

Lemma 7.1 tells us that, modulo T2, the elements (ii), (iv.b) and (iv.c) in Propo-

sition 4.1 have order 2, and since T2 is an elementary abelian 2-group, these elements

have order 2 or order 4 in (M ∧M)G. We conclude this section by showing that

some of these elements are actually of order 2.

Lemma 7.2. Of the elements in the generating set for (M ∧ M)G as given in

Proposition 4.1, the elements (ii) with s > 1 and the elements (iv.c) have order 2.

Proof. Consider the element x2i ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1) with s > 1. We

have

x2i ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

= x2i · (yi2 − 1) ∧∗ [xi, xi1 ] · (yi3 − 1) · · · (yis − 1) by (4.1)

= [xi, xi2 ] · (yi + 1) ∧∗ [xi, xi1 ] · (yi3 − 1) · · · (yis − 1) by Lemma 3.1 (ii)

= [xi, xi2 ] ∧∗ [xi, xi1 ] · (yi + 1)(yi3 − 1) · · · (yis − 1) by (4.1)

= [xi, xi2 ] ∧∗ x2i · (yi1 − 1)(yi3 − 1) · · · (yis − 1) by Lemma 3.1 (ii)

= x2i ∧∗ [xi2 , xi] · (yi1 − 1)(yi3 − 1) · · · (yis − 1).

Hence we can write

2x2i ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

= x2i ∧∗
(
[xi2 , xi] · (yi1 − 1)(yi3 − 1) · · · (yis − 1)

+[xi, xi1 ] · (yi2 − 1) · · · (yis − 1)
)

= −x2i ∧∗
(
[xi1 , xi2 ] · (yi − 1)(yi3 − 1) · · · (yis − 1)

)
by the Jacobi identity

= −x2i · (yi − 1)(yi3 − 1) · · · (yis − 1) ∧∗ [xi1 , xi2 ] by (4.1)

= 0.

This shows that the element x2i ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1) has order 2. For

the elements (iv.c) we have

2
(
x2i ∧∗ [xk, xj ] · (yi1 − 1) · · · (yis − 1)

+[xi, xj ] ∧∗ [xi, xk] · (yi1 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xj , xk] · (yi2 − 1) · · · (yis − 1)

+[xi1 , xj ] ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

+[xi, xj ] ∧∗ [xi1 , xk] · (yi2 − 1) · · · (yis − 1)
)

= 2
(
x2i ∧∗ [xk, xj ] · (yi1 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xj , xk] · (yi2 − 1) · · · (yis − 1)
)

−[xi, xj ] ∧∗
(
[xk, xi1 ] · (yi − 1) + [xi1 , xi] · (yk − 1)

)
(yi2 − 1) · · · (yis − 1)

+[xi, xj ] · (yi1 − 1) ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)
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+2[xi1 , xj ] ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

−2[xi, xj ] ∧∗ [xk, xi1 ] · (yi2 − 1) · · · (yis − 1)

= 2
(
x2i ∧∗ [xk, xj ] · (yi1 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xj , xk] · (yi2 − 1) · · · (yis − 1)
)

+[xi, xj ] · (yi + 1) ∧∗ [xi1 , xk] · (yi2 − 1) · · · (yis − 1)

+[xi, xj ] · (yk − 1) ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

−
(
[xj , xi1 ] · (yi − 1) + [xi1 , xi] · (yj − 1)

)
∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

−2[xj , xi1 ] ∧∗ [xi, xk] · (yi2 − 1) · · · (yis − 1)

= 2
(
x2i ∧∗ [xk, xj ] · (yi1 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xj , xk] · (yi2 − 1) · · · (yis − 1)
)

+x2i · (yj − 1) ∧∗ [xi1 , xk] · (yi2 − 1) · · · (yis − 1)

+
(
[xk, xi] · (yj − 1) + [xi, xj ] · (yk − 1)

)
∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

+[xi, xk] · (yi + 1) ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

= 2
(
x2i ∧∗ [xk, xj ] · (yi1 − 1) · · · (yis − 1)

+[xi, xi1 ] ∧∗ [xj , xk] · (yi2 − 1) · · · (yis − 1)
)

−x2i · (yi2 − 1) · · · (yis − 1) ∧∗
(
[xk, xj ] · (yi1 − 1) + [xj , xi1 ] · (yk − 1)

)
−[xj , xk] · (yi − 1) ∧∗ [xi, xi1 ] · (yi2 − 1) · · · (yis − 1)

+x2i · (yk − 1) ∧∗ [xj , xi1 ] · (yi2 − 1) · · · (yis − 1)

=
(
x2i · (yi1 − 1)− [xi, xi1 ] · (yi + 1)

)
∧∗ [xk, xj ] · (yi2 − 1) · · · (yis − 1)

= 0.

This shows that these elements have order 2. �

The remaining torsion elements in our generating set, that is the elements (ii)

with s = 1 and the elements (iv.b) have order 4. This will be shown in Section 10.

But first we turn to the free abelian part of (M ∧M)G.

8. The free abelian part of (M ∧M)G

In this section we deal with the elements of our generating set from Proposition

4.1 that have not been discussed in Section 7. We will show that these elements

freely generate a free abelian group. In order to prove this, we first determine the

number of these elements, and then we exploit the exact sequence (2.4) to show

that this number is precisely the rank of the free part of (M ∧M)G.

When counting the various sets of elements, we will use the identities

n∑
k=0

(
n

k

)
= 2n,

n∑
k=q

(
n

k

)(
k

q

)
= 2n−q

(
n

q

)
and

n∑
k=0

k2
(
n

k

)
= (n+ n2)2n−2.

The number of elements of type (i) is(
n

2

) n−2∑
m=0

(
n− 2

m

)
=

(
n

2

)
2n−2 = n22n−3 − n2n−3.
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As to type (iii), for a fixed set of distinct free generators {xi1 , . . . , xis} the number

of elements of the form [xi1 , xi2 , xi3 , . . . , xs] with i1 > i2 < i3 · · · < is is s − 1.

Consequently, the number of elements of type (iii) is

n

n−1∑
s=2

(
n− 1

s

)
(s− 1) = n

n−1∑
s=2

(
n− 1

s

)
s− n

n−1∑
s=2

(
n− 1

s

)
= n2n−2(n− 1)− n(n− 1)− n2n−1 + n+ n(n− 1)

= n22n−2 − n2n−2 − n2n−1 + n.

The number of elements of type (iv.a) is clearly
(
n
3

)
. The number of Kuz’min

elements with distinct entries {xi1 , . . . , xis}, 4 6 s 6 n is 1
2s(s−3) (see [10, Lemma

7.1(ii)] where this is proved for s > 5, and the case s = 4 is easily verified directly).

Hence the total number of Ku’min elements of type (v) is

1

2

n∑
m=4

(
n

m

)
m(m− 3) =

1

2

n∑
m=4

(
n

m

)
m2 − 3

2

n∑
m=4

(
n

m

)
m

=
1

2
(n+ n2)2n−2 − 1

2
n− 1

2

(
n

2

)
4− 1

2

(
n

3

)
9

−3

2
n2n−1 +

3

2
n+

3

2

(
n

2

)
2 +

3

2

(
n

3

)
3

= n2n−3 + n22n−3 + n+

(
n

2

)
− 3n2n−2.

Also, for each set of distinct entries {xi1 , . . . , xis}, 4 6 s 6 n we have precisely one

extra element of type (v), i.e. we altogether have

n∑
m=4

(
n

m

)
= 2n − 1− n−

(
n

2

)
−
(
n

3

)
such elements. Hence the total number of elements of types (i), (iii), (iv.a) and (v)

is (
n22n−3 − n2n−3

)
+
(
n22n−2 − n2n−2 − n2n−1 + n

)
+

(
n

3

)
+
(
n2n−3 + n22n−3 + n+

(
n

2

)
− 3n2n−2

)
+
(

2n − 1− n−
(
n

2

)
−
(
n

3

))
= n22n−1 − n2n−1 − n2n + 2n + n− 1

= n(n− 1)2n−1 − (n− 1)2n + (n− 1)

=
[(n

2

)
−
(
n− 1

1

)]
2n + (n− 1)

=

(
n− 1

2

)
2n + (n− 1).

We record the result as follows.

Lemma 8.1. The total number of elements of types (i), (iii), (iv.a) and (v) in the

generating set for (M ∧M)G in Proposition 4.1 is(
n− 1

2

)
2n + (n− 1).
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Now we work out the rank of the free abelian part of (M ∧M)G. It is plain that

this rank coincides with the dimension of ((M ∧M)⊗Q)G. Tensoring the six-term

exact sequence (2.4) with Q gives an exact sequence

0→ (M ∧M)⊗Q→ (P ∧ P )⊗Q→ (P ⊗ IG)⊗Q

→ (ZG ◦ ZG)⊗Q→ ZG⊗Q→ 0,

which remains exact upon trivializing the G-action:

0→ ((M ∧M)⊗Q)G → ((P ∧ P )⊗Q)G → ((P ⊗ IG)⊗Q)G

→ ((ZG ◦ ZG)⊗Q)G → (ZG⊗Q)G → 0.

This exact sequence yields

dim((M ∧M)⊗Q)G = dim((P ∧ P )⊗Q)G − dim((P ⊗ IG)⊗Q)G

+ dim((ZG ◦ ZG)⊗Q)G − dim(ZG⊗Q)G.
(8.1)

In view of Corollary 2.2, (P ∧ P )G is a vector space with basis ei ∧∗ ejg with

1 6 i < j 6 n and g ∈ G. Hence

dim((P ∧ P )⊗Q)G =

(
n

2

)
2n.

The tensor product (P⊗IG)G is free on ei⊗∗ (g−1) with 1 6 i 6 n and g ∈ G\{1},
so

dim((P ⊗ IG)⊗Q)G = n(2n − 1),

(ZG ◦ ZG)G is free abelian on 1 ◦∗ g for g ∈ G, so

dim((ZG ◦ ZG)⊗Q)G = 2n

and, finally, (ZG⊗Q) ∼= QG, so

dim(ZG⊗Q)G = 1.

Substituting into (8.1) we get

dim((M ∧M)⊗Q)G =

(
n

2

)
2n − n(2n − 1) + 2n − 1

=

(
n− 1

2

)
2n + (n− 1).

Since this number is equal to the rank of the free abelian part of (M ∧M)G, we

can now state the following.

Lemma 8.2. The rank of the free abelian part of the tensor product (M ∧M)G is(
n−1
2

)
2n + (n− 1).

Lemmas 8.1 and 8.2 together imply the final result of this section:

Proposition 8.1. The elements of types (i), (iii), (iv.a) and (v) in the generating

set for (M ∧M)G in Proposition 4.1 freely generate a free abelian group of rank(
n−1
2

)
2n + (n− 1).
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Let us summarize what we have got so far. Modulo T2, the tensor product

(M ∧M)G is a direct sum of a free abelian group, freely generated by the elements

specified in Proposition 8.1, and an elementary abelian 2-group, say T1, generated

by the elements specified in Lemma 7.1. Moreover, by Lemma 7.2 some of the

generators of T1 have actually order 2 in (M ∧M)G itself (rather than modulo T2).

By Lemma 6.1, the kernel T2 is also an elementary abelian 2-group. In other words,

(M ∧M)G is a direct sum of a free abelian group and a torsion subgroup T , and the

latter is an extension of T2 by T1. In the next two sections we work out the nature

of this extension. This requires a closer examination of the kernel T2. Note that all

the generators of T have non-zero images in T1 so none of them belongs to T2. If

α ∈ T we can only have that 2α = 0 or 0 6= 2α ∈ T2. In the latter case 2(2α) = 0

which implies that α has order 4 in T . Thus the rank of T2 is the number of the

linearly independent generators of T of order 4.

9. The homomorphism H3(G,ZG ◦ ZG)→ H4(G,Z2)

By Lemma 6.1, T2 is a homomorphic image of the homology group H4(Z2), more

precisely, it is isomorphic to the quotient of H4(Z2) by the image of H3(ZG ◦ZG).

In this section we work out that image. The discussion in Section 6 shows that this

image can be obtained as follows. First we need to work out the image of of the

homomorphism

(9.1) H3(ZG ◦ ZG)→ H3(ĨG)

in (6.6) that is induced by the epimorphism ZG ◦ ZG → ĨG in (6.3), and then we

need to apply the inverse of the isomorphism

(9.2) H4(Z2)→ H3(ĨG),

which is a connecting homomorphism stemming from the short exact sequence (6.4),

to the result. The group H3(ZG ◦ ZG) is direct sum of the groups H3((1 ◦ g)ZG)

where g ∈ G \ {1}. Each of those is isomorphic to Z2 and generated by the cycle

f ⊗ 1 in the complex Pg ⊗G Z. As mentioned at the end of Section 5, in order to

compute the homomorphism (9.1), we need to find a cycle that generates this group

in (1 ◦ g)ZG⊗G V. This can be done via the double complex Pg ⊗G V. We start

with the cycle f ⊗ 1 ∈ fZG⊗G V0, and then alternating with applying differentials

and taking inverse images along the following staircase diagram until we get a cycle
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in (1 ◦ g)ZG⊗ V3.

fZG⊗G V0y
eZG⊗G V1 −−−−−→ eZG⊗G V0y

fZG⊗G V2 −−−−−→ fZG⊗G V1y
eZG⊗G V3 −−−−−→ eZG⊗G V2y

(1 ◦ g)ZG⊗G V3

It is plainly sufficient to perform this calculation for group elements of the form

g = y1y2 · · · yr with 1 6 r 6 n. The result for an arbitrary group element

g = yi1yi2 · · · yir with 1 6 i1 < · · · < ir 6 n can be obtained from the former

by a suitable substitution. Note that we write v(1,·) for v(1,0,...,0) ∈ V1 and simi-

larly for any other element in the modules V1, V2, . . . , the dot will imply that the

remaining entries in the index vector of v are zero.

So, let g = y1y2 · · · yr with 1 6 r 6 n and consider the cycle f ⊗1 in fZG⊗G V0.

This element is mapped to e(g − 1)⊗ 1, and by using the identity

y1y2 . . . yr − 1 = (y1 − 1)y2 . . . yr + (y2 − 1)y3 . . . yr + · · ·+ (yr − 1),

this can be rewritten as

e(y1y2 . . . yr − 1)⊗G 1 =

r∑
i=1

eyi+1 . . . yr ⊗G (yi − 1).

An inverse image of this element in eZG⊗G V1 is
r∑
i=1

eyi+1 . . . yr ⊗G v(0,...,0,1i,·)

where 1i indicates that 1 occurs in the ith position of the subscript vector. This

element is mapped to the element
r∑
i=1

f(y1 . . . yr + 1)yi+1 . . . yr ⊗G v(0,...,0,1i,·)

=

r∑
i=1

f(y1 . . . yi + yi+1 . . . yr)⊗G v(0,...,0,1i,·)

= f

r∑
i=1

(
−

i−1∑
s=1

(ys − 1)y1 . . . ys−1yi+1 . . . yr

+(yi + 1)y1 . . . yi−1

+

r∑
s=i+1

(ys − 1)y1 . . . yi−1ys+1 . . . yr

)
⊗G v(0,...,0,1i,·)

=

r∑
i=1

fy1 . . . yi−1 ⊗G v(0,...,0,1i,·)(yi + 1)
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−
∑

16i<j6r

fy1 . . . yi−1yj+1 . . . yr ⊗G

[v(0,...,0,1j ,·)(yi − 1)− v(0,...,0,1i,·)(yj − 1)]

in fZG⊗G V1. An inverse image of this element in fZG⊗G V2 is

r∑
i=1

fy1 . . . yi−1⊗Gv(0,...,0,2i,·)−
∑

16i<j6r

fy1 . . . yi−1yj+1 . . . yr⊗Gv(0,...,0,1i,0,...,0,1j ,·).

This element is mapped to the following element in eZG⊗G V2
r∑
i=1

e(y1 . . . yr − 1)y1 . . . yi−1 ⊗G v(0,...,0,2i,·)

−
∑

16i<j6r

e(y1 . . . yr − 1)y1 . . . yi−1yj+1 . . . yr ⊗G v(0,...,0,1i,0,...,0,1j ,·)

=

r∑
i=1

e(yi . . . yr − y1 . . . yi−1)⊗G v(0,...,0,2i,·)

−
∑

16i<j6r

e(yi . . . yj − y1 . . . yi−1yj+1 . . . yr)⊗G v(0,...,0,1i,0,...,0,1j ,·)

= e

r∑
i=1

( i−1∑
s=1

(ys − 1)ys . . . yi−1 + (yi − 1)yi+1 . . . yr

+

r∑
s=i+1

(ys − 1)ys+1 . . . yr

)
⊗G v(0,...,0,2i,·)

+e
∑

16i<j6r

(
−

i−1∑
s=1

(ys − 1)ys . . . yi−1yj+1 . . . yr + (yi + 1)yj+1 . . . yr

+

j−1∑
s=i+1

(ys − 1)yi . . . ys−1yj+1 . . . yr − (yj + 1)yi . . . yj−1

−
r∑

s=j+1

(ys − 1)yi . . . yj−1ys+1 . . . yr

)
⊗G v(0,...,0,1i,0,...,0,1j ,·)

=

r∑
i=1

eyi+1 . . . yr ⊗G v(0,...,0,2i,·)(yi − 1)

+
∑

16i<j6r

eyj+1 . . . yr ⊗G [v(0,...,0,1i,0,...,0,1j ,·)(yi + 1) + v(0,...,0,2i,·)(yj − 1)]

+
∑

16i<j6r

eyi . . . yj−1 ⊗G [v(0,...,0,2j ,·)(yi − 1)− v(0,...,0,1i,0,...,0,1j ,·)(yj + 1)]

−
∑

16i<j6r

eyi . . . yj−1yk+1 . . . yr ⊗G [v(0,...,0,1j ,0,...,0,1k,·)(yi − 1)

−v(0,...,0,1i,0,...,0,1k,·)(yj − 1) + v(0,...,0,1i,0,...,0,1j ,·)(yk − 1)].

An inverse image of this element in eZG⊗G V3 is

r∑
i=1

eyi+1 . . . yr ⊗G v(0,...,0,3i,·)
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+
∑

16i<j6r

eyj+1 . . . yr ⊗G v(0,...,0,2i,0,...,0,1j ,·)

+
∑

16i<j6r

eyi . . . yj−1 ⊗G v(0,...,0,1i,0,...,0,2j ,·)

−
∑

16i<j6r

eyi . . . yj−1yk+1 . . . yr ⊗G v(0,...,0,1i,0,...,0,1j ,0,...,0,1k,·).

Finally, this element is mapped to the following element in (1 ◦ g)ZG⊗G V3
r∑
i=1

(1 ◦ y1 . . . yr)yi+1 . . . yr ⊗G v(0,...,0,3i,·)

+
∑

16i<j6r

(1 ◦ y1 . . . yr)yj+1 . . . yr ⊗G v(0,...,0,2i,0,...,0,1j ,·)

+
∑

16i<j6r

(1 ◦ y1 . . . yr)yi . . . yj−1 ⊗G v(0,...,0,1i,0,...,0,2j ,·)

−
∑

16i<j6r

(1 ◦ y1 . . . yr)yi . . . yj−1yk+1 . . . yr ⊗G v(0,...,0,1i,0,...,0,1j ,0,...,0,1k·)

=

r∑
i=1

yi+1yi+2 . . . yr ◦ y1y2 . . . yi ⊗G v(0,...,0,3i,·)

+
∑

16i<j6r

yj+1yj+2 . . . yr ◦ y1y2 . . . yj ⊗G v(0,...,0,2i,0...,0,1j ,·)

+
∑

16i<j6r

yiyi+1 . . . yj−1 ◦ y1y2 . . . yi−1yjyj+1 . . . yr ⊗G

v(0,...,0,1i,0...,0,2j ,·)

−
∑

16i<j<k6r

yiyi+1 . . . yj−1yk+1yk+2 . . . yr ◦ y1y2 . . . yi−1yjyj+1 . . . yk ⊗G

v(0,...,0,1i,0...,0,1j0,...,0,1k,·).

Lemma 9.1. The cyclic group H3((1 ◦ g)ZG) with g = y1y2 · · · yr with 1 6 r 6 n

is, as a homology group in the complex (1 ◦ g)ZG⊗G V, generated by the cycle

(9.3)

r∑
i=1

yi+1yi+2 . . . yr ◦ y1y2 . . . yi ⊗G v(0,...,0,3i,·)

+
∑

16i<j6r

yj+1yj+2 . . . yr ◦ y1y2 . . . yj ⊗G v(0,...,0,2i,0...,0,1j ,·)

+
∑

16i<j6r

yiyi+1 . . . yj−1 ◦ y1y2 . . . yi−1yjyj+1 . . . yr⊗G

v(0,...,0,1i,0...,0,2j ,·)

−
∑

16i<j<k6r

yiyi+1 . . . yj−1yk+1yk+2 . . . yr ◦ y1y2 . . . yi−1yjyj+1 . . . yk⊗G

v(0,...,0,1i,0...,0,1j0,...,0,1k,·).

Next we calculate the image of (9.3) under the homomorphism (9.1). We get

the following cycle in ĨG⊗G V3
r∑
i=1

(y1y2 . . . yi + yi+1yi+2 . . . yr)⊗G v(0,...,0,3i,·)
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+
∑

16i<j6r

(y1y2 . . . yj + yj+1yj+2 . . . yr)⊗G v(0,...,0,2i,0...,0,1j ,·)

+
∑

16i<j6r

(y1y2 . . . yi−1yjyj+1 . . . yr + yiyi+1 . . . yj−1)⊗G v(0,...,0,1i,0...,0,2j ,·)

−
∑

16i<j<k6r

(y1y2 . . . yi−1yjyj+1 . . . yk + yiyi+1 . . . yj−1yk+1yk+2 . . . yr)⊗G

v(0,...,0,1i,0...,0,1j0,...,0,1k,·)

=
∑

16i<j<k6r

(( i−1∑
s=1

(ys − 1)ys+1 . . . yr + (yi + 1)yi+1 . . . yr

+

r∑
s=i+1

(ys − 1)y1 . . . ys

)
⊗G v(0,...,0,3i,·)

+
( i−1∑
s=1

(ys − 1)ys+1 . . . yi−1yi+1 . . . yj − (yi − 1)y1 . . . yj

−
j−1∑
s=i+1

(ys − 1)yi+1 . . . ys−1yj+1 . . . yr

+(yj + 1)yi+1 . . . yj−1 +

r∑
s=j+1

(ys − 1)yi+1 . . . yj−1ys+1 . . . yr

)
⊗G

v(0,...,0,2i,0...,0,1j ,·)

+
( i−1∑
s=1

(ys − 1)ys+1 . . . yi−1yj . . . yr + (yi + 1)yi+1 . . . yj−1

−
j−1∑
s=i+1

(ys − 1)yi+1 . . . ys−1yj . . . yr

−(yj − 1)yi+1 . . . yr −
r∑

s=j+1

(ys − 1)yi+1 . . . yj−1yj+1 . . . ys

)
⊗G

v(0,...,0,1i,0...,0,2j ,·)

+
(
−

i−1∑
s=1

(ys − 1)ys+1 . . . yi−1yj . . . yk − (yi + 1)yi+1 . . . yj−1yk+1 . . . yr

+

j−1∑
s=i+1

(ys − 1)yi+1 . . . ys−1yj . . . yk − (yj + 1)yi+1 . . . yj−1yj+1 . . . yk

−
k−1∑
s=j+1

(ys − 1)yi+1 . . . yj−1ys . . . yk + (yk + 1)yi+1 . . . yj−1yk . . . yr

+

r∑
s=k+1

(ys − 1)yi+1 . . . yj−1yk . . . ys

)
⊗G v(0,...,0,1i,0...,0,1j0,...,0,1k,·)

)

=

r∑
a=1

(ya + 1)⊗G v(0,...,0,3a,·)ya+1 . . . yr

−
∑

16a<b6r

[
(ya − 1)⊗G v(0,...,0,2a,0...,0,1b,·) − (yb − 1)⊗G v(0,...,0,3a,·)

]
y1 . . . yb
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+
∑

16a<b6r

[
(ya + 1)⊗G v(0,...,0,1a,0...,0,2b,·)

+(yb + 1)⊗G v(0,...,0,2a,0...,0,1b,·)
]
ya+1 . . . yb−1

+
∑

16a<b6r

[
(ya − 1)⊗G v(0,...,0,3b,·)

−(yb − 1)⊗G v(0,...,0,1a,0...,0,2b,·)
]
ya+1 . . . yr

−
∑

16a<b<c6r

[
(ya + 1)⊗G v(0,...,0,1a,0...,0,1b,0...,0,1c,·)

+(yb − 1)⊗G v(0,...,0,2a,0...,0,1c,·)
−(yc − 1)⊗G v(0,...,0,2a,0,...,0,1b,·)

]
ya+1 . . . yb−1yc+1 . . . yr

+
∑

16a<b<c6r

[
(ya − 1)⊗G v(0,...,0,2b,0...,1c,·)

−(yb + 1)⊗G v(0,...,0,1a,0...,0,1b,0...,0,1c,·)
−(yc − 1)⊗G v(0,...,0,1a,0,...,0,2b,·)

]
ya+1 . . . yb−1yb+1 . . . yc

+
∑

16a<b<c6r

[
(ya − 1)⊗G v(0,...,0,1b,0...,0,2c,·) − (yb − 1)⊗G v(0,...,0,1a,0...,0,2c,·)

+(yc + 1)⊗G v(0,...,0,1a,0,...,0,1b,0,...,0,1c,·)
]
ya+1 . . . yb−1yc . . . yr

−
∑

16a<b<c<d6r

[
(ya − 1)⊗G v(0,...,0,1b,0...,0,1c,0...,0,1d,·)

−(yb − 1)⊗G v(0,...,0,1a,0...,0,1c,0...,0,1d,·)
+(yc − 1)⊗G v(0,...,0,1a,0,...,0,1b,0,...,0,1d,·)
−(yd − 1)⊗G v(0,...,0,1a,0,...,0,1b,0,...,0,1c,·)

]
ya+1 . . . yb−1yc . . . yd.

Now we apply the inverse to the isomorphism (9.2) to this element. In order to

compute the images of the generators of H2(Z2) under this isomorphism we use the

diagram

Z2 ⊗G V4x
ZG⊗G V4 −−−−→ ZG⊗G V3x

ĨG⊗G V3

which is part of the exact sequence of complexes obtained by tensoring the short

exact sequence (6.4) with the resolution V. The image of a generator of H2(Z2)

is obtained by taking inverse images and applying differentials as indicated in the
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diagram. For the five principal types of generators of H2(Z2) this works as follows:

1⊗G v(4,·) 7→ (y1 + 1)⊗G v(3,·)
1⊗G v(3,1,·) 7→ (y1 − 1)⊗G v(2,1,·) − (y2 − 1)⊗G v(3,·)
1⊗G v(2,2,·) 7→ (y1 + 1)⊗G v(1,2,·) + (y2 + 1)⊗G v(2,1,·)
1⊗G v(2,1,1,·) 7→ (y1 + 1)⊗G v(1,1,1,·) + (y2 − 1)⊗G v(2,0,1,·)

− (y3 − 1)⊗G v(2,1,·)
1⊗G v(1,1,1,1,·) 7→ (y1 − 1)⊗G v(0,1,1,1,·) − (y2 − 1)⊗G v(1,0,1,1,·)

+ (y3 − 1)⊗G v(1,1,0,1,·) − (y4 − 1)⊗G v(1,1,1,·)
Now that we have the images of these five elements we can obtain the image of a

general cycle of the form 1 ⊗G v(q1,...,qn) ∈ Z2 ⊗ V4 by a suitable substitution. In

order to apply the inverse isomorphism of (9.2) to the image of the element (9.3),

note that this element is a sum of cycles in ĨG ⊗G V3, and for each of them the

image in Z2 ⊗G V4 can easily be read of using the calculation above. The image of

the element (9.3) in Z2 ⊗ V4 is the cycle

(9.4)
∑
q∈Ir

1⊗G vq

where Ir denotes the set of all subscript vectors q = (q1, q2, . . . , qn) with

q1 + · · · + qr = 4 and qr+1 = · · · = qn = 0. This allows us to describe the im-

age of the homomorphism H3(G,ZG ◦ ZG)→ H4(G,Z2) as follows.

Lemma 9.2. The image of the homomorphism H3(G,ZG ◦ ZG) → H4(G,Z2) is

generated by the elements

(i) 1⊗G v(4,·)
(ii) 1⊗G v(3,1,·) + 1⊗G v(2,2,·) + 1⊗G v(1,3,·)

(iii) 1⊗G v(2,1,1,·) + 1⊗G v(1,2,1,·) + 1⊗G v(1,1,2,·)
(iv) 1⊗G v(1,1,1,1,·)

and all elements that can be obtained from them by a place permutation of the

subscript vectors. In particular, the rank of this image is
(
n
1

)
+
(
n
2

)
+
(
n
3

)
+
(
n
4

)
.

Lemma 9.3. T2 is an elementary abelian 2-group of rank 2
(
n
2

)
+ 2
(
n
3

)
.

Proof. By Lemma 6.1, T2 is isomorphic to the quotient of H4(G,Z2) by the image

of the homomorphism H3(G,ZG ◦ ZG) → H4(G,Z2). By Lemma 5.1 , H4(G,Z2)

is an elementary abelian 2-group of rank(
n+ 3

4

)
=

(
n

1

)
+ 3

(
n

2

)
+ 3

(
n

3

)
+

(
n

4

)
.

Combining this with Lemma 9.2, we get the result. �

10. The homomorphism H4(G,Z2)→ (M ∧M)G

In order to get T2, it remains to work out the image of the homology group

H4(Z2) in (M ∧M)G. In fact, it is sufficient to find the images of the elements

1⊗G v(3,1,·) and 1⊗G v(2,1,1,·) since, by Lemma 9.2, these elements and all elements

obtained from them by a place permutation of the multidegree vectors, generate



FREE CENTRE-BY-(ABELIAN-BY- EXPONENT 2) GROUPS 29

H4(G,Z2) modulo the kernel of H4(G,Z2) → (M ∧M)G. The discussion leading

up to Lemma 6.1 shows that the homomorphism H4(G,Z2) → (M ∧ M)G is a

composite of connecting homomorphisms stemming from the four short exact se-

quences obtained from breaking up the six-term exact sequence (2.4). To work

out this homomorphism, we tensor (2.4) with the resolution V. This results in a

double complex, and we can obtain the image in (M ∧M)G of an element from

H4(G,Z2) by starting with a cycle in Z2 ⊗G V4 (see Lemma 5.1), and then alter-

nating with taking inverse images and applying differentials along the following

staircase diagram

Z2 ⊗G V4x
ZG⊗G V4 −−−−−→ ZG⊗G V3x

. . . −−−−−→ P ⊗ IG⊗G V1x
P ∧ P ⊗G V1 −−−−−→ P ∧ P ⊗G V0x

(M ∧M)⊗G V0

until we get to (M ∧M) ⊗G V0, and then on to (M ∧M)G. The result of this

calculation for the relevant elements is given in the following lemma.

Lemma 10.1. The connecting homomorphism H4(G,Z2) → (M ∧M)G has the

following effect on the elements of H4(G,Z2), represented by cycles in Z2 ⊗ V4:

1⊗G v(3,1,·) 7→ 2x21 ∧∗ [x1, x2]

1⊗G v(2,1,1,·) 7→ 2
(
x22 ∧∗ [x3, x1] + [x2, x1] ∧∗ [x2, x3]

+x23 ∧∗ [x2, x1] + [x3, x1] ∧∗ [x3, x2]
)

Proof. First we deal with v(3,1,·) ∈ Z2⊗G V4. A preimage of 1⊗G v(3,1,·) ∈ Z2⊗G V4
in ZG⊗G V4 is 1⊗G v(3,1,·). This has the following image in ZG⊗G V3

1⊗G [v(2,1,·)(y1 − 1)− v(3,·)(y2 − 1)] = (y1 − 1)⊗G v(2,1,·) − (y2 − 1)⊗G v(3,·).

A preimage of (y1 − 1)⊗G v(2,1,·) − (y2 − 1)⊗G v(3,·) in ZG ◦ ZG⊗G V3 is

(1 ◦ y1 − 1 ◦ 1)⊗G v(2,1,·) − (1 ◦ y2 − 1 ◦ 1)⊗G v(3,·).

This maps to the following element in ZG ◦ ZG⊗G V2

(1 ◦ y1 − 1 ◦ 1)⊗G [v(1,1,·)(y1 + 1) + v(2,·)(y2 − 1)]

−(1 ◦ y2 − 1 ◦ 1)⊗G v(2,·)(y1 − 1)

= (y1 ◦ 1− y1 ◦ y1 + 1 ◦ y1 − 1 ◦ 1)⊗G v(1,1,·)
+(y2 ◦ y1y2 − y2 ◦ y2 − 1 ◦ y1 + 1 ◦ 1− y1 ◦ y1y2
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+y1 ◦ y1 + 1 ◦ y2 − 1 ◦ 1)⊗G v(2,·)
= −(y1 − 1) ◦ (y1 − 1)⊗G v(1,1,·)

+
[
(y2 − 1) ◦ (y1y2 − 1) + y2 ◦ 1 + 1 ◦ y1y2 − (y2 − 1) ◦ (y2 − 1)

−1 ◦ y2 − (y1 − 1) ◦ (y1y2 − 1)− y1 ◦ 1− 1 ◦ y1y2 + 1 ◦ 1

+(y1 − 1) ◦ (y1 − 1) + 1 ◦ y1 − 1 ◦ 1
]
⊗G v(2,·)

= −(y1 − 1) ◦ (y1 − 1)⊗G v(1,1,·)

+
[
(y2 − 1) ◦ [(y1 − 1)y2 + (y2 − 1)]− (y2 − 1) ◦ (y2 − 1)

−(y1 − 1) ◦ [(y2 − 1)y1 + (y1 − 1)] + (y1 − 1) ◦ (y1 − 1)
]
⊗G v(2,·)

= −(y1 − 1) ◦ (y1 − 1)⊗G v(1,1,·)
−(y2 − 1) ◦ (y1 − 1)⊗G v(2,·)y2 + (y2 − 1) ◦ (y2 − 1)⊗G v(2,·)
−(y2 − 1) ◦ (y2 − 1)⊗G v(2,·) + (y1 − 1) ◦ (y2 − 1)⊗G v(2,·)y1
−(y1 − 1) ◦ (y1 − 1)⊗G v(2,·) + (y1 − 1) ◦ (y1 − 1)⊗G v(2,·)

= −(y1 − 1) ◦ (y1 − 1)⊗G v(1,1,·) − (y1 − 1) ◦ (y2 − 1)⊗G v(2,·)y2
+(y1 − 1) ◦ (y2 − 1)⊗G v(2,·)y1.

A preimage of this element in P ⊗ IG⊗G V2 is

−e1 ⊗ (y1 − 1)⊗G v(1,1,·) − e2 ⊗ (y1 − 1)⊗G v(2,·)y2
+e1 ⊗ (y2 − 1)⊗G v(2,·)y1

= −e1 ⊗ (y1 − 1)⊗G v(1,1,·) − e2y2 ⊗ (y1 − 1)y2 ⊗G v(2,·)
+e1y1 ⊗ (y2 − 1)y1 ⊗G v(2,·).

The image of this element in P ⊗ IG⊗G V1 is

−e1 ⊗ (y1 − 1)⊗G [v(0,1,·)(y1 − 1)− v(1,·)(y2 − 1)]

+
(
− e2y2 ⊗ (y1 − 1)y2 + e1y1 ⊗ (y2 − 1)y1

)
⊗G v(1,·)(y1 + 1)

=
(
e1y1 ⊗ (y1 − 1) + e1 ⊗ (y1 − 1)

)
⊗G v(0,1,·)

+
(
e1y2 ⊗ (y1 − 1)y2 − e1 ⊗ (y1 − 1) + e2y1y2 ⊗ (y1 − 1)y2

−e2y2 ⊗ (y1 − 1)y2 + e1 ⊗ (y2 − 1) + e1y1 ⊗ (y2 − 1)y1

)
⊗G v(1.·)

=
(
e1y1 ⊗ (y1 − 1)− e1 ⊗ (y1 − 1)y1

)
⊗G v(0,1,·)

+
(
e1y2 ⊗ y1y2 − e1y2 ⊗ y2 − e1 ⊗ y1 + e1 ⊗ 1

+e2y1y2 ⊗ y1y2 − e2y1y2 ⊗ y2 − e2y2 ⊗ y1y2 + e2y2 ⊗ y2
+e1 ⊗ y2 − e1 ⊗ 1 + e1y1 ⊗ y1y2 − e1y1 ⊗ y1

)
⊗G v(1,·)

=
(
e1y1 ⊗ (y1 − 1)− e1 ⊗ (y1 − 1)y1

)
⊗G v(0,1,·)

+
(
e1y2 ⊗ (y2 − 1)y2 − e2y2 ⊗ (y1 − 1)y2 − e1y2 ⊗ 1 + e2y1y2 ⊗ (y1 − 1)y2

−e1y2 ⊗ (y2 − 1)y1y2 + e1y2 ⊗ y1
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+e1y2 ⊗ (y1 − 1)− e1 ⊗ (y1 − 1)y2 − e1y2 ⊗ y1 + e1y2 ⊗ 1 + e1 ⊗ y1y2
+e1 ⊗ (y2 − 1)y1 − e2y1 ⊗ (y1 − 1)− e1 ⊗ y1y2 + e2y1 ⊗ y1 − e2y1 ⊗ 1

+e1y1 ⊗ (y2 − 1)y1 − e2y1 ⊗ (y1 − 1)y1 + e2y1 ⊗ 1− e2y1 ⊗ y1
)
⊗G v(1,·).

A preimage of this element in P ∧ P ⊗G V1 is

e1y1 ∧ e1 ⊗G v(0,1,·)
+
(
e1y2 ∧ e2y2 + e2y1y2 ∧ e1y2 + e1y2 ∧ e1 + e1 ∧ e2y1 + e1y1 ∧ e2y1

)
⊗G v(1,·).

The image of this element in P ∧ P ⊗G V0 is

e1y1 ∧ e1 ⊗G (y2 − 1)

+
(
e1y2 ∧ e2y2 + e2y1y2 ∧ e1y2 + e1y2 ∧ e1 + e1 ∧ e2y1

+e1y1 ∧ e2y1
)
⊗G (y1 − 1)

=
(
e1y1y2 ∧ e1y2 − e1y1 ∧ e1 + e1y1y2 ∧ e2y1y2
+e2y2 ∧ e1y1y2 + e1y1y2 ∧ e1y1 + e1y1 ∧ e2 + e1 ∧ e2
−e1y2 ∧ e2y2 − e2y1y2 ∧ e1y2 − e1y2 ∧ e1 − e1 ∧ e2y1 − e1y1 ∧ e2y1

)
⊗G 1

=
(
e1y1 ∧ [e1(y2 − 1)− e2(y1 − 1)]− e1y1 ∧ e1y2

+e1 ∧ [e1(y2 − 1)− e2(y1 − 1)] + e1 ∧ e1(y1 + 1)y2

−e1 ∧ e1y1y2 − e1 ∧ e1y2 − e1y2 ∧ e1(y1 + 1)y2

−e2y1y2 ∧ e1(y1 + 1)y2 + e2y2 ∧ e1(y1 + 1)y2 + e1y1y2 ∧ e1(y1 + 1)

−e1y1y2 ∧ e1 + e1y2 ∧ e1(y1 + 1)− e1y2 ∧ e1y1 − e1y2 ∧ e1
)
⊗G 1

=
(
e1(y1 + 1) ∧ [e1(y2 − 1)− e2(y1 − 1)]

+[e1(y2 − 1)− e2(y1 − 1)]y2 ∧ e1(y1 + 1)y2

+e1(y1 + 1)y2 ∧ e1(y1 + 1)
)
⊗G 1.

A preimage of this element in (M ∧M)⊗G V0 is(
x21 ∧ [x1, x2] + [x1, x2] · y2 ∧ x21 · y2 + x21 · y2 ∧ x21

)
⊗G 1.

The image of this element in (M ∧M)G is

x21 ∧∗ [x1, x2] + [x1, x2] · y2 ∧∗ x21 · y2 + x21 · y2 ∧∗ x21
= x21 ∧∗ [x1, x2]− x21 · y2 ∧∗ [x1, x2] · y2 +

(
x21 + [x1, x2] · (y1 + 1)

)
∧∗ x21

= −x21 · (y1 + 1) ∧∗ [x1, x2]

= −2x21 ∧∗ [x1, x2]

= 2x21 ∧∗ [x1, x2]

using the fact that x21∧∗ [x1, x2] belongs to the torsion subgroup of (M∧M)G which

has exponent dividing 4.

Now we deal with the element 1 ⊗G v(2,1,1,·) ∈ Z2 ⊗G V4. A preimage of

1 ⊗G v(2,1,1,·) ∈ Z2 ⊗G V4 in ZG ⊗G V4 is 1 ⊗G v(2,1,1,·). This has the following

image in ZG⊗G V3

1⊗G [v(1,1,1,·)(y1 + 1) + v(2,0,1,·)(y2 − 1)− v(2,1,·)(y3 − 1)]
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= (y1 + 1)⊗G v(1,1,1,·) + (y2 − 1)⊗G v(2,0,1,·) − (y3 − 1)⊗G v(2,1,·).

A preimage of (y1 + 1) ⊗G v(1,1,1,·) + (y2 − 1) ⊗G v(2,0,1,·) − (y3 − 1) ⊗G v(2,1,·) in

ZG ◦ ZG⊗G V3 is

1 ◦ y1 ⊗G v(1,1,1,·) + (1 ◦ y2 − 1 ◦ 1)⊗G v(2,0,1,·) − (1 ◦ y3 − 1 ◦ 1)⊗G v(2,1,·).

This maps to the following element in ZG ◦ ZG⊗G V2

1 ◦ y1 ⊗G
[
v(0,1,1,·)(y1 − 1)− v(1,0,1,·)(y2 − 1) + v(1,1,·)(y3 − 1)

]
+(1 ◦ y2 − 1 ◦ 1)⊗G

[
v(1,0,1,·)(y1 + 1) + v(2,·)(y3 − 1)

]
−(1 ◦ y3 − 1 ◦ 1)⊗G

[
v(1,1,·)(y1 + 1) + v(2,·)(y2 − 1)

]
=

(
− y2 ◦ y1y2 + 1 ◦ y1 + y1 ◦ y1y2 − y1 ◦ y1 + 1 ◦ y2 − 1 ◦ 1

)
⊗G v(1,0,1,·)

+
(
y3 ◦ y1y3 − 1 ◦ y1 − y1 ◦ y1y3 + y1 ◦ y1 − 1 ◦ y3 + 1 ◦ 1

)
⊗G v(1,1,·)

+
(
y3 ◦ y2y3 − y3 ◦ y3 − 1 ◦ y2 + 1 ◦ 1− y2 ◦ y2y3 + y2 ◦ y2 + 1 ◦ y3
−1 ◦ 1

)
⊗G v(2,·)

=
(
− (y2 − 1) ◦ (y1y2 − 1)− 1 ◦ y1y2 + (y1 − 1) ◦ (y1y2 − 1) + y1 ◦ 1

+1 ◦ y1y2 − 1 ◦ 1− (y1 − 1) ◦ (y1 − 1)− 1 ◦ y1 + 1 ◦ 1
)
⊗G v(1,0,1,·)

+
(

(y3 − 1) ◦ (y1y3 − 1) + 1 ◦ y1y3 − (y1 − 1) ◦ (y1y3 − 1)− y1 ◦ 1

−1 ◦ y1y3 + 1 ◦ 1 + (y1 − 1) ◦ (y1 − 1) + 1 ◦ y1 − 1 ◦ 1
)
⊗G v(1,1,·)

+
(

(y3 − 1) ◦ (y2y3 − 1) + y3 ◦ 1 + 1 ◦ y2y3

−(y3 − 1) ◦ (y3 − 1)− 1 ◦ y3 + (y2 − 1) ◦ (y2 − 1)

+1 ◦ y2 − 1 ◦ 1− (y2 − 1) ◦ (y2y3 − 1)− y2 ◦ 1− 1 ◦ y2y3 + 1 ◦ 1
)
⊗G v(2,·)

=
(
− (y2 − 1) ◦

[
(y1 − 1)y2 + (y2 − 1)

]
+ (y1 − 1) ◦

[
(y2 − 1)y1 + (y1 − 1)

]
−(y1 − 1) ◦ (y1 − 1)

)
⊗G v(1,0,1,·)

+
(

(y3 − 1) ◦
[
(y1 − 1)y3 + (y3 − 1)

]
− (y1 − 1) ◦

[
(y3 − 1)y1 + (y1 − 1)

]
+(y1 − 1) ◦ (y1 − 1)

)
⊗G v(1,1,·)

+
(

(y3 − 1) ◦
[
(y2 − 1)y3 + (y3 − 1)

]
− (y3 − 1) ◦ (y3 − 1)

+(y2 − 1) ◦ (y2 − 1)− (y2 − 1) ◦
[
(y3 − 1)y2 + (y2 − 1)

])
⊗G v(2,·)

= (y1 − 1) ◦ (y2 − 1)⊗G v(1,0,1,·)y2 − (y2 − 1) ◦ (y2 − 1)⊗G v(1,0,1,·)
−(y1 − 1) ◦ (y2 − 1)⊗G v(1,0,1,·)y1 − (y1 − 1) ◦ (y3 − 1)⊗G v(1,1,·)y3
+(y3 − 1) ◦ (y3 − 1)⊗G v(1,1,·) + (y1 − 1) ◦ (y3 − 1)⊗G v(1,1,·)y1
−(y2 − 1) ◦ (y3 − 1)⊗G v(2,·)y3 + (y2 − 1) ◦ (y3 − 1)⊗G v(2,·)y2.

A preimage of this element in P ⊗ IG⊗G V2 is

e1 ⊗ (y2 − 1)⊗G v(1,0,1,·)y2 − e2 ⊗ (y2 − 1)⊗G v(1,0,1,·)
−e2 ⊗ (y1 − 1)⊗G v(1,0,1,·)y1 − e1 ⊗ (y3 − 1)⊗G v(1,1,·)y3



FREE CENTRE-BY-(ABELIAN-BY- EXPONENT 2) GROUPS 33

+e3 ⊗ (y3 − 1)⊗G v(1,1,·) + e3 ⊗ (y1 − 1)⊗G v(1,1,·)y1
−e2 ⊗ (y3 − 1)⊗G v(2,·)y3 + e3 ⊗ (y2 − 1)⊗G v(2,·)y2

=
(
− e1y2 ⊗ (y2 − 1)− e2 ⊗ (y2 − 1) + e2y1 ⊗ (y1 − 1)

)
⊗G v(1,0,1,·)

+
(
e1y3 ⊗ (y3 − 1) + e3 ⊗ (y3 − 1)− e3y1 ⊗ (y1 − 1)

)
⊗G v(1,1,·)

+
(
e2y3 ⊗ (y3 − 1)− e3y2 ⊗ (y2 − 1)

)
⊗G v(2,·).

The image of this element in P ⊗ IG⊗G V1 is(
− e1y2 ⊗ (y2 − 1)− e2 ⊗ (y2 − 1) + e2y1 ⊗ (y1 − 1)

)
⊗G

[v(0,0,1,·)(y1 − 1)− v(1,·)(y3 − 1)]

+
(
e1y3 ⊗ (y3 − 1) + e3 ⊗ (y3 − 1)− e3y1 ⊗ (y1 − 1)

)
⊗G

[v(0,1,·)(y1 − 1)− v(1,·)(y2 − 1)]

+
(
e2y3 ⊗ (y3 − 1)− e3y2 ⊗ (y2 − 1)

)
⊗G v(1,·)(y1 + 1)

=
(
− e1y1y2 ⊗ (y2 − 1)y1 − e2y1 ⊗ (y2 − 1)y1 − e2 ⊗ (y1 − 1)

+e1y2 ⊗ (y2 − 1) + e2 ⊗ (y2 − 1)− e2y1 ⊗ (y1 − 1)
)
⊗G v(0,0,1,·)

+
(
e1y2y3 ⊗ (y2 − 1)y3 + e2y3 ⊗ (y2 − 1)y3 − e2y1y3 ⊗ (y1 − 1)y3

−e1y2 ⊗ (y2 − 1)− e2 ⊗ (y2 − 1) + e2y1 ⊗ (y1 − 1)

−e1y2y3 ⊗ (y3 − 1)y2 − e3y2 ⊗ (y3 − 1)y2 + e3y1y2 ⊗ (y1 − 1)y2

+e1y3 ⊗ (y3 − 1) + e3 ⊗ (y3 − 1)− e3y1 ⊗ (y1 − 1)

+e2y1y3 ⊗ (y3 − 1)y1 − e3y1y2 ⊗ (y2 − 1)y1

+e2y3 ⊗ (y3 − 1)− e3y2 ⊗ (y2 − 1)
)
⊗G v(1,·)

+
(
e1y1y3 ⊗ (y3 − 1)y1 + e3y1 ⊗ (y3 − 1)y1 + e3 ⊗ (y1 − 1)

−e1y3 ⊗ (y3 − 1)− e3 ⊗ (y3 − 1) + e3y1 ⊗ (y1 − 1)
)
⊗G v(0,1,·)

=
(
− e1y1y2 ⊗ y1y2 + e1y1y2 ⊗ y1 − e2y1 ⊗ y1y2 + e2y1 ⊗ y1
−e2 ⊗ y1 + e2 ⊗ 1 + e1y2 ⊗ y2 − e1y2 ⊗ 1 + e2 ⊗ y2
−e2 ⊗ 1− e2y1 ⊗ y1 + e2y1 ⊗ 1

)
⊗G v(0,0,1,·)

+
(
e1y2y3 ⊗ y2y3 − e1y2y3 ⊗ y3 + e2y3 ⊗ y2y3 − e2y3 ⊗ y3 − e2y1y3 ⊗ y1y3

+e2y1y3 ⊗ y3 − e1y2 ⊗ y2 + e1y2 ⊗ 1− e2 ⊗ y2 + e2 ⊗ 1 + e2y1 ⊗ y1
−e2y1 ⊗ 1− e1y2y3 ⊗ y2y3 + e1y2y3 ⊗ y2 − e3y2 ⊗ y2y3 + e3y2 ⊗ y2
+e3y1y2 ⊗ y1y2 − e3y1y2 ⊗ y2 + e1y3 ⊗ y3 − e1y3 ⊗ 1 + e3 ⊗ y3 − e3 ⊗ 1

−e3y1 ⊗ y1 + e3y1 ⊗ 1 + e2y1y3 ⊗ y1y3 − e2y1y3 ⊗ y1 − e3y1y2 ⊗ y1y2
+e3y1y2 ⊗ y1 + e2y3 ⊗ y3 − e2y3 ⊗ 1− e3y2 ⊗ y2 + e3y2 ⊗ 1

)
⊗G v(1,·)

+
(
e1y1y3 ⊗ y1y3 − e1y1y3 ⊗ y1 + e3y1 ⊗ y1y3 − e3y1 ⊗ y1 + e3 ⊗ y1 − e3 ⊗ 1

−e1y3 ⊗ y3 + e1y3 ⊗ 1− e3 ⊗ y3 + e3 ⊗ 1 + e3y1 ⊗ y1
−e3y1 ⊗ 1

)
⊗G v(0,1,·)
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=
(
e1y2 ⊗ (y1 − 1)y1y2 − e1y1y2 ⊗ (y1 − 1)y2 + e1y2 ⊗ y1y2

−e1y1y2 ⊗ y2 + e2 ⊗ (y1 − 1)y1y2 − e1y1y2 ⊗ (y2 − 1) + e2 ⊗ y1y2
+e1y1y2 ⊗ y2 − e1y1y2 ⊗ 1 + e1y1y2 ⊗ (y1 − 1)− e1 ⊗ (y1 − 1)y1y2

+e1y1y2 ⊗ 1 + e1 ⊗ y2 − e1 ⊗ y1y2 + e1y2 ⊗ (y2 − 1)y1 − e2y1 ⊗ (y1 − 1)y2

−e1y2 ⊗ y1y2 + e1y2 ⊗ y1 − e2y1 ⊗ y2 + e2 ⊗ (y2 − 1)y1 − e2y1 ⊗ (y2 − 1)

−e2 ⊗ y1y2 + e2y1 ⊗ y2 + e1y2 ⊗ (y1 − 1)− e1 ⊗ (y1 − 1)y2 − e1y2 ⊗ y1

+e1 ⊗ y1y2 − e1 ⊗ y2
)
⊗G v(0,0,1,·)

+
(
e3 ⊗ (y1 − 1)y2y3 − e1y2y3 ⊗ (y3 − 1)− e3 ⊗ y1y2y3 + e3 ⊗ y2y3

−e1y2y3 ⊗ 1 + e1y2y3 ⊗ (y2 − 1)− e2 ⊗ (y1 − 1)y2y3 + e1y2y3 ⊗ 1

+e2 ⊗ y1y2y3 − e2 ⊗ y2y3 + e2y1y3 ⊗ (y3 − 1)− e3 ⊗ (y2 − 1)y1y3

+e2y1y3 ⊗ 1 + e3 ⊗ y1y2y3 − e3 ⊗ y1y3 + e1 ⊗ (y2 − 1)y1y3

−e2y1y3 ⊗ (y1 − 1)− e1 ⊗ y1y2y3 + e1 ⊗ y1y3 − e2y1y3 ⊗ 1

+e2 ⊗ (y3 − 1)y1y2 − e3y1y2 ⊗ (y2 − 1)− e2 ⊗ y1y2y3 + e2 ⊗ y1y2
−e3y1y2 ⊗ 1 + e3y1y2 ⊗ (y1 − 1)− e1 ⊗ (y3 − 1)y1y2 + e3y1y2 ⊗ 1

+e1 ⊗ y1y2y3 − e1 ⊗ y1y2 + e2y3 ⊗ (y3 − 1)y2 − e3y2 ⊗ (y2 − 1)y3

+e2y3 ⊗ y2 − e3y2 ⊗ y3 + e2y3 ⊗ (y2 − 1)− e2 ⊗ (y2 − 1)y3 − e2y3 ⊗ y2
+e2 ⊗ y2y3 − e2 ⊗ y3 + e2 ⊗ (y1 − 1)y2 − e1y2 ⊗ (y2 − 1)− e2 ⊗ y1y2
+e3 ⊗ (y3 − 1)y2 − e3y2 ⊗ (y3 − 1)− e3 ⊗ y2y3 + e3 ⊗ y2 + e3y2 ⊗ y3
+e1y3 ⊗ (y3 − 1)− e3 ⊗ (y1 − 1)y3 + e3 ⊗ y1y3
+e2y1 ⊗ (y1 − 1)− e1 ⊗ (y2 − 1)y1 + e1 ⊗ y1y2 − e1 ⊗ y1
+e1 ⊗ (y3 − 1)y1 − e3y1 ⊗ (y1 − 1)− e1 ⊗ y1y3 + e1 ⊗ y1

+e3 ⊗ (y2 − 1)− e2 ⊗ (y3 − 1)− e3 ⊗ y2 + e2 ⊗ y3
)
⊗G v(1,·)

+
(
e1y1y3 ⊗ (y1 − 1)y3 − e1y3 ⊗ (y1 − 1)y1y3 + e1y1y3 ⊗ y3 − e1y3 ⊗ y1y3

+e1y1y3 ⊗ (y3 − 1)− e3 ⊗ (y1 − 1)y1y3 − e1y1y3 ⊗ y3 + e1y1y3 ⊗ 1

−e3 ⊗ y1y3 + e1 ⊗ (y1 − 1)y1y3 − e1y1y3 ⊗ (y1 − 1)− e1 ⊗ y3
+e1 ⊗ y1y3 − e1y1y3 ⊗ 1 + e3y1 ⊗ (y1 − 1)y3 − e1y3 ⊗ (y3 − 1)y1

+e3y1 ⊗ y3 + e1y3 ⊗ y1y3 − e1y3 ⊗ y1 + e1 ⊗ (y1 − 1)y3

−e1y3 ⊗ (y1 − 1)− e1 ⊗ y1y3 + e1 ⊗ y3 + e1y3 ⊗ y1

+e3y1 ⊗ (y3 − 1)− e3 ⊗ (y3 − 1)y1 − e3y1 ⊗ y3 + e3 ⊗ y1y3
)
⊗G v(0,1,·).

A preimage of this element in P ∧ P ⊗G V1 is(
e1y2 ∧ e1y1y2 + e2 ∧ e1y1y2 + e1y1y2 ∧ e1 + e1y2 ∧ e2y1
+e2 ∧ e2y1 + e1y2 ∧ e1

)
⊗G v(0,0,1,·)

+
(
e3 ∧ e1y2y3 + e1y2y3 ∧ e2 + e2y1y3 ∧ e3 + e1 ∧ e2y1y3 + e2 ∧ e3y1y2

+e3y1y2 ∧ e1 + e2y3 ∧ e3y2 + e2y3 ∧ e2 + e2 ∧ e1y2 + e3 ∧ e3y2
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+e1y3 ∧ e3 + e2y1 ∧ e1 + e1 ∧ e3y1 + e3 ∧ e2
)
⊗G v(1,·)

+
(
e1y1y3 ∧ e1y3 + e1y1y3 ∧ e3 + e1 ∧ e1y1y3 + e3y1 ∧ e1y3

+e1 ∧ e1y3 + e3y1 ∧ e3
)
⊗G v(0,1,·).

The image of this element in P ∧ P ⊗G V0 is(
e1y2 ∧ e1y1y2 + e2 ∧ e1y1y2 + e1y1y2 ∧ e1 + e1y2 ∧ e2y1
+e2 ∧ e2y1 + e1y2 ∧ e1

)
⊗G (y3 − 1)

+
(
e3 ∧ e1y2y3 + e1y2y3 ∧ e2 + e2y1y3 ∧ e3 + e1 ∧ e2y1y3

+e2 ∧ e3y1y2 + e3y1y2 ∧ e1 + e2y3 ∧ e3y2
+e2y3 ∧ e2 + e2 ∧ e1y2 + e3 ∧ e3y2 + e1y3 ∧ e3
+e2y1 ∧ e1 + e1 ∧ e3y1 + e3 ∧ e2

)
⊗G (y1 − 1)

+
(
e1y1y3 ∧ e1y3 + e1y1y3 ∧ e3 + e1 ∧ e1y1y3 + e3y1 ∧ e1y3

+e1 ∧ e1y3 + e3y1 ∧ e3
)
⊗G (y2 − 1)

=
(
e1y2y3 ∧ e1y1y2y3 + e2y3 ∧ e1y1y2y3 + e1y1y2y3 ∧ e1y3 + e1y2y3 ∧ e2y1y3
+e2y3 ∧ e2y1y3 + e1y2y3 ∧ e1y3 − e1y2 ∧ e1y1y2 − e2 ∧ e1y1y2
−e1y1y2 ∧ e1 − e1y2 ∧ e2y1 − e2 ∧ e2y1 − e1y2 ∧ e1 + e3y1 ∧ e1y1y2y3
+e1y1y2y3 ∧ e2y1 + e2y3 ∧ e3y1 + e1y1 ∧ e2y3 + e2y1 ∧ e3y2
+e3y2 ∧ e1y1 + e2y1y3 ∧ e3y1y2 + e2y1y3 ∧ e2y1 + e2y1 ∧ e1y1y2
+e3y1 ∧ e3y1y2 + e1y1y3 ∧ e3y1 + e2 ∧ e1y1 + e1y1 ∧ e3 + e3y1 ∧ e2y1
−e3 ∧ e1y2y3 − e1y2y3 ∧ e2 − e2y1y3 ∧ e3 − e1 ∧ e2y1y3 − e2 ∧ e3y1y2
−e3y1y2 ∧ e1 − e2y3 ∧ e3y2 − e2y3 ∧ e2 − e2 ∧ e1y2 − e3 ∧ e3y2
−e1y3 ∧ e3 − e2y1 ∧ e1 − e1 ∧ e3y1 − e3 ∧ e2 + e1y1y2y3 ∧ e1y2y3
+e1y1y2y3 ∧ e3y2 + e1y2 ∧ e1y1y2y3 + e3y1y2 ∧ e1y2y3 + e1y2 ∧ e1y2y3
+e3y1y2 ∧ e3y2 − e1y1y3 ∧ e1y3 − e1y1y3 ∧ e3
−e1 ∧ e1y1y3 − e3y1 ∧ e1y3 − e1 ∧ e1y3 − e3y1 ∧ e3

)
⊗G 1

=
(
e1y1y2 ∧ [e1(y2 − 1)− e2(y1 − 1)] + e1y2 ∧ [e1(y2 − 1)− e2(y1 − 1)]

−e1y1y3 ∧ [e1(y3 − 1)− e3(y1 − 1)]− e1y3 ∧ [e1(y3 − 1)− e3(y1 − 1)]

−e1y1y2y3 ∧ [e1(y2 − 1)− e2(y1 − 1)]− e1y1y2y3 ∧ e1 + e1y1y2y3 ∧ e2
−e1y2y3 ∧ [e1(y2 − 1)− e2(y1 − 1)]− e1y2y3 ∧ e1 − e1y2y3 ∧ e2y1
+e1y1y2y3 ∧ [e1(y3 − 1)− e3(y1 − 1)] + e1y1y2y3 ∧ e1 − e1y1y2y3 ∧ e3
+e1y2y3 ∧ [e1(y3 − 1)− e3(y1 − 1)] + e1y2y3 ∧ e1 + e1y2y3 ∧ e3y1
−e1y1y2y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]− e1y1y2y3 ∧ e2 + e1y1y2y3 ∧ e3
−e1y2y3 ∧ [e2(y3 − 1)− e3(y2 − 1)] + e1y2y3 ∧ e2y3 − e1y2y3 ∧ e2
−e1y2y3 ∧ e3y2 + e1y2y3 ∧ e3 + e1y2y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]y1

+e1y2y3 ∧ e2y1 − e1y2y3 ∧ e3y1 − e3y1y2 ∧ [e2(y3 − 1)− e3(y2 − 1)]y1

−e3y1y2 ∧ e2y1 − e1y2 ∧ [e2(y3 − 1)− e3(y2 − 1)]y1 + e1y2 ∧ e2y1y3
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−e1y2 ∧ e2y1 − e1y2 ∧ e3y1y2 + e1y2 ∧ e3y1
+e3y2 ∧ [e2(y3 − 1)− e3(y2 − 1)]y1 − e3y2 ∧ e2y1y3 − e3y2 ∧ e3y1
−e2y1y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]− e2y1y3 ∧ e2 − e2y1y3 ∧ e3y2
+e2y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]− e2y3 ∧ e3
+e1y2y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]− e1y2y3 ∧ e2y3 + e1y2y3 ∧ e2
+e1y2y3 ∧ e3y2 − e1y2y3 ∧ e3 − e1y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]

+e1y3 ∧ e2y3 − e1y3 ∧ e2 − e1y3 ∧ e3y2 + e1y3 ∧ e3
+e3y1y2 ∧ [e1(y2 − 1)− e2(y1 − 1)]− e3y1y2 ∧ e1y2 + e3y1y2 ∧ e2y1
−e3y1 ∧ [e1(y2 − 1)− e2(y1 − 1)] + e3y1 ∧ e1y2 + e3y1 ∧ e2
−e2y1y3 ∧ [e1(y2 − 1)− e2(y1 − 1)] + e2y1y3 ∧ e1y2 + e2y1y3 ∧ e2
+e2y1 ∧ [e1(y2 − 1)− e2(y1 − 1)]− e2y1 ∧ e1y2
−e2y3 ∧ [e1(y3 − 1)− e3(y1 − 1)] + e2y3 ∧ e1y3 − e2y3 ∧ e1 + e2y3 ∧ e3
+e2 ∧ [e1(y3 − 1)− e3(y1 − 1)]− e2 ∧ e1y3 + e2 ∧ e1 + e2 ∧ e3y1
+e3y2 ∧ [e1(y3 − 1)− e3(y1 − 1)]− e3y2 ∧ e1y3 + e3y2 ∧ e1 + e3y2 ∧ e3y1
−e3 ∧ [e1(y3 − 1)− e3(y1 − 1)] + e3 ∧ e1y3 − e3 ∧ e1
+e1y1 ∧ [e2(y3 − 1)− e3(y2 − 1)] + e1 ∧ [e2(y3 − 1)− e3(y2 − 1)]

−e1 ∧ e2y3 + e1 ∧ e2 + e1 ∧ e3y2 − e1 ∧ e3
)
⊗G 1

=
(
e1(y1 + 1)y2 ∧ [e1(y2 − 1)− e2(y1 − 1)]

−e1(y1 + 1)y3 ∧ [e1(y3 − 1)− e3(y1 − 1)]

−e1(y1 + 1)y2y3 ∧ [e1(y2 − 1)− e2(y1 − 1)]

+e1(y1 + 1)y2y3 ∧ [e1(y3 − 1)− e3(y1 − 1)]

−e1(y1 + 1)y2y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]

+[e1(y3 − 1)− e3(y1 − 1)]y2 ∧ [e2(y3 − 1)− e3(y2 − 1)]y1

+[e1(y2 − 1)− e2(y1 − 1)]y3 ∧ [e2(y3 − 1)− e3(y2 − 1)]

−[e2(y3 − 1)− e3(y2 − 1)]y1 ∧ [e1(y2 − 1)− e2(y1 − 1)]

−[e2(y3 − 1)− e3(y2 − 1)] ∧ [e1(y3 − 1)− e3(y1 − 1)]

+e1(y1 + 1) ∧ [e2(y3 − 1)− e3(y2 − 1)]
)
⊗G 1.

A preimage of this element in (M ∧M)⊗G V0 is(
x21 · y2 ∧ [x1, x2]− x21 · y3 ∧ [x1, x3]− x21 · y2y3 ∧ [x1, x2] + x21 · y2y3 ∧ [x1, x3]

−x21 · y2y3 ∧ [x2, x3] + [x1, x3] · y2 ∧ [x2, x3] · y1 + [x1, x2] · y3 ∧ [x2, x3]

−[x2, x3] · y1 ∧ [x1, x2]− [x2, x3] ∧ [x1, x3] + x21 ∧ [x2, x3]
)
⊗G 1.

The image of this element in (M ∧M)G is

x21 · y2 ∧∗ [x1, x2]− x21 · y3 ∧∗ [x1, x3]− x21 · y2y3 ∧∗ [x1, x2]

+x21 · y2y3 ∧∗ [x1, x3]− x21 · y2y3 ∧∗ [x2, x3] + [x1, x3] · y2 ∧∗ [x2, x3] · y1
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+[x1, x2] · y3 ∧∗ [x2, x3]− [x2, x3] · y1 ∧∗ [x1, x2]

−[x2, x3] ∧∗ [x1, x3] + x21 ∧∗ [x2, x3]

= −x21 ∧∗ [x2, x1] · y2 + x21 ∧∗ [x3, x1] · y3 + x21 · y3 ∧∗ [x2, x1] · y2
−x21 · y2 ∧∗ [x3, x1] · y3 − x21 ∧∗ [x2, x3] · y2y3 + [x1, x3] · y1 ∧∗ [x2, x3] · y2
−[x1, x2] ∧∗ [x3, x2] · y3 − [x2, x3] ∧∗ [x1, x2] · y1 + [x3, x1] ∧∗ [x3, x2]

+x21 ∧∗ [x2, x3]

= x21 ∧∗ [x2, x1]− x21 ∧∗ x22 · y1 + x21 ∧∗ x22 − x21 ∧∗ [x3, x1] + x21 ∧∗ x23 · y1
−x21 ∧∗ x23 − x21 · y3 ∧∗ [x2, x1] + x21 · y3 ∧∗ x22 · y1 − x21 · y3 ∧∗ x22
+x21 · y2 ∧∗ [x3, x1]− x21 · y2 ∧∗ x23 · y1 + x21 · y2 ∧∗ x23 + x21 ∧∗ [x2, x3] · y3
−x21 ∧∗ x22 + x21 ∧∗ x22 · y3 − [x1, x3] ∧∗

(
− [x2, x3] + x22 · y3 − x22

)
+x21 · y3 ∧∗

(
− [x2, x3] + x22 · y3 − x22

)
−x21 ∧∗

(
− [x2, x3] + x22 · y3 − x22

)
+ [x1, x2] ∧∗ [x3, x2]− [x1, x2] ∧∗ x23 · y2

+[x1, x2] ∧∗ x23 + [x2, x3] ∧∗ [x1, x2]− [x2, x3] ∧∗ x21 · y2 + [x2, x3] ∧∗ x21
+[x3, x1] ∧∗ [x3, x2] + x21 ∧∗ [x2, x3]

= x21 ∧∗ [x2, x1]− x21 ∧∗ [x3, x1] + x21 ∧∗ [x1, x2] · y3 + x21 ∧∗ [x3, x1] · y2
−x21 ∧∗ [x2, x3]− x21 ∧∗ x23 · y2 + x21 ∧∗ x23 − x21 ∧∗ x22 + x21 ∧∗ x22 · y3
+[x1, x3] ∧∗ [x2, x3]− [x3, x1] ∧∗ x22 + x23 · y1 ∧∗ x22 − x23 ∧∗ x22
+[x1, x3] ∧∗ x22 − x21 ∧∗ [x3, x2] + x21 ∧∗ x23 · y2 − x21 ∧∗ x23 + x21 ∧∗ x22
−x21 · y3 ∧∗ x22 + x21 ∧∗ [x2, x3]− x21 ∧∗ x22 · y3 + x21 ∧∗ x22 + [x1, x2] ∧∗ [x3, x2]

−[x2, x1] ∧∗ x23 + x22 · y1 ∧∗ x23 − x22 ∧∗ x23 + [x1, x2] ∧∗ x23
+[x2, x3] ∧∗ [x1, x2] + [x2, x3] ∧∗ x21 − x22 · y3 ∧∗ x21
+x22 ∧∗ x21 + [x3, x1] ∧∗ [x3, x2]

= x21 ∧∗
(
[x3, x1] · (y2 − 1) + [x1, x2] · (y3 − 1) + [x2, x3] · (y1 − 1)

)
+2
(
x22 ∧∗

[
x3, x1] + [x2, x1] ∧∗ [x2, x3] + x23 ∧∗ [x2, x1] + [x3, x1] ∧∗ [x3, x2]

)
= 2

(
x22 ∧∗

[
x3, x1] + [x2, x1] ∧∗ [x2, x3] + x23 ∧∗ [x2, x1] + [x3, x1] ∧∗ [x3, x2]

)
.

�

Corollary 10.2. The elements (ii) with s = 1 and (iv.b) have order 4 and generate

their direct sum in (M ∧M)G.

Proof. Let T4 denote the group generated by those elements. In view of Lemma

10.1, 2T4 coincides with the image of H4(Z2) in (M ∧M)G (which is T2). The latter

is an elementary abelian 2-group of rank 2
(
n
2

)
+ 2
(
n
3

)
= 2

(
n+1
3

)
(see Lemma 9.3)

which is precisely the number of those generators of T4. The result follows. �

11. The main result

It remains to put the results of the previous sections together to obtain the main

result of this paper.
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Theorem. Let F be a free group of rank n with free generating set X = {x1, . . . , xn}
for n > 1, and let R = F 2 be the verbal subgroup of F that is generated by all

squares. The quotient R′/[R′, F ] is the direct product of the cyclic groups generated

by

(i) the elements [
x2i , [x

2
j , xi1 , . . . , xis ]

]
with 1 6 j < i 6 n, 1 6 i1 < · · · < is 6 n, i, j 6= i1, . . . , is, 0 6 s 6 n− 2,

(ii) the elements [
x2i , [xi, xi1 , xi2 , . . . , xis ]

]
with 1 6 i 6 n, 1 6 i1 < · · · < is 6 n, i 6= i1, . . . , is, 1 6 s 6 n− 1,

(iii) the elements [
x2i , [xi1 , xi2 , xi3 , . . . , xis ]

]
with 1 6 i 6 n, i1, . . . , is ∈ {1, . . . , n}\{i}, i1 > i2 < i3 · · · < is,

i1 6= i3, . . . , is, 2 6 s 6 n− 1,

(iv) the elements

(a)
[
[xk, xi], [xk, xj ]

]
with 1 6 i < j < k 6 n,

(b)
[
x2i , [xj , xk]

] [
[xi, xk], [xi, xj ]

] [
x2j , [xi, xk]

] [
[xj , xk], [xj , xi]

]
and[

x2j , [xk, xi]
] [

[xj , xi], [xj , xk]
] [
x2k, [xj , xi]

] [
[xk, xi], [xk, xj ]

]
with 1 6 i < j < k 6 n,

(c)
[
x2i , [xk, xj , xi1 , . . . , xis ]

][
[xi, xj ], [xi, xk, xi1 , . . . , xis ]

] [
[xi, xi1 ], [xj , xk, xi2 , . . . xis ]

][
[xi1 , xj ], [xi, xk, xi2 , . . . , xis ]

] [
[xi, xj ], [xi1 , xk, xi2 , . . . , xis ]

]
with 1 6 i 6 n, 1 6 j < k < i1 < · · · < is 6 n, i 6= j, k, i1, . . . , is,

1 6 s 6 n− 3,

(v) for all subsets {j1, . . . , js}, 4 6 s 6 n, of mutually distinct elements in

{1, 2, . . . , n}, the Kuz’min elements[
[xi1 , xi2 ], [xi3 , xi4 , xi5 , . . . , xis ]

]
, 4 6 s 6 n,

with {i1, . . . , is} = {j1, . . . , js} and i1 > i2, i3 > i4, i1 > i3, i2 > i4,

i2 < i5, · · · < is, and the element[
[xk3 , xk2 ], [xk4 , xk1 , xk5 , . . . , xks ]

]
where {j1, . . . , js} = {k1, . . . , ks} with k1 < k2 < · · · < ks.

Of these, the elements (i), (iii), (iv.a) and (v) have infinite order, the elements

(ii) with s = 1 and (iv.b) have order 4, and the elements (ii) with s > 1 and the

elements (iv.c) have order 2.

Proof. We use the isomorphism (2.1) to translate the results obtained for the tensor

product (M ∧M)G into the setting of the quotient R′/[R′, F ]. By Proposition 4.1 it

is generated by the elements (i)-(v). In Section 7 we have shown that the elements

(ii), (iv.b) and (iv.c) are torsion elements. Then, in Section 8, we have shown that

the elements (i),(iii), (iv.a) and (v) freely generate a free Z-module. By Corollary

10.2, the elements (ii) with s = 1 and (iv.b) have order 4 and generate their direct

product. Finally, by Lemma 7.2 the elements (ii) with s > 1 and the elements
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(iv.c) have order 2, and by Lemma 7.1 they are linearly independent over Z2. The

theorem follows. �

For completeness we add that the number of infinite cyclic factors in R′/[R′, F ] is(
n−1
2

)
2n+(n−1), the number of cyclic factors of order 4 is 2

(
n+1
3

)
, and the number

of cyclic factors of order 2 is n
∑n−1
m=2

(
n−1
m

)
+n

∑n−1
m=3

(
n−1
m

)
= n2n− n

2 (n2 +n+ 2).
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