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FREE CENTRE-BY-(ABELIAN-BY EXPONENT 2) GROUPS

MARIA ALEXANDROU AND RALPH STOHR

ABSTRACT. We study free centre-by-(abelian-by-exponent 2) groups. Our
main result is a complete description of the centre. It is isomorphic to a
direct sum of a free abelian group and a torsion subgroup. The latter is a
direct sum of cyclic groups of order two and cyclic groups of order four. We
exhibit a generating set consisting of elements of infinite order, order 2, and
order 4, such that the centre is the direct sum of cyclic subgroups generated by

those generators. Our approach makes essential use of homological methods.

1. INTRODUCTION

Let F be a free group of rank n > 1 on a free generating set X = {z1,...,2,},
R a normal subgroup of F, and let G = F/R. Consider the quotient

(1.1) F/[R, F]

where R’ is the commutator subgroup of R. This group is a free central extension
of F/R':
1— R/[R,F|— F/|[R,F|— F/R — 1.

While the quotient F/R' is always torsion-free [3], elements of finite order may
occur in the central subgroup R'/[R’, F]. The perhaps most prominent instance
where torsion is present is the free centre-by-metabelian group F/[F”, F], that
is (1.1) with R = F’. C.K. Gupta [1] discovered in 1973 that, if n > 4, then
the quotient F”/[F", F] contains an elementary abelian 2-group of rank (Z), an
unexpected result at that time. Three years later Yu.V. Kuz’min [5] published an
alternative proof using homological methods. Due to the intriguing phenomenon of
torsion in such central extensions, and to the connection with homology of groups,
in subsequent years quotients of the form (1.1) were studied in a number of papers,
see [6] - [9], [11]-[14] and [2]. Kuz’'min [6] proved that, for any R, the central
quotient R'/[R’, F] is isomorphic to a direct sum of a free abelian group and an
abelian group of exponent dividing four. Moreover, he exhibited an example where
the torsion subgroup contains an element of order precisely 4. Thus the bound of
4 on the exponent of the torsion subgroup is the best possible in general. However,
in many cases the torsion subgroup of F/[R/, F] is actually an elementary abelian
2-group or trivial. In fact, a comprehensive description of the torsion subgroup
was given under the condition that the group G has no elements of order 2. It was
proved by the second author [12] that in this case the torsion subgroup t(R’/[R’, F])
is isomorphic to the homology group Hy(G,Zs3). An easy proof of this result and

of Kuz’'min’s general bound on the exponent of the torsion subgroup can be found

2010 Mathematics Subject Classification. Primary 20E22, 20J05.
1
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in [13]. The remaining challenge is still the case where the group G does contain
elements of order 2. Very little is known. There are various characterizations of the
torsion subgroup in terms of exact sequences (see [9], [13], [2]), and there are some
conditional results, for example, it was shown in [6] that if the integral homology
group Hy(G) has no elements of order 2 then the torsion subgroup t(R'/[R’, F])
has no elements of order 4. However, the only instance of an explicit element of
order 4 in a group of the form (1.1) known up to now is the example given by
Kuz'min in 1982. He showed [6, Section 4] that if F' has rank 2, and R is the
normal closure of 27, 23 and [z, 23], i.e. G = F/R is a Klein four group, then the
elements [2%, [z1,x]] and [23, [22, 21]] have order 4 in (1.1).

In this paper we study free central extensions of the form (1.1) in the case where
R = F?, the subgroup generated by all squares in F. Thus G is an elementary
abelian 2-group of rank n, and (1.1) is the free centre-by-(abelian-by-exponent 2)
group. Our main result is a complete description of the central subgroup R'/[R’, F.
We prove that if R = F2, then

R/IR,FIZ2® ®LOL D DLy®Lo® - DLy

a b c

where

-1 1
az(n2 >2"—|—(n—1), sz(n;— ), c=n2”—g(n2—|—n+2)

with the convention that (7;) = 0 for ¢ > n. Moreover, we exhibit a generating
set for R'/[R’, F] such that this group is the direct product of the cyclic subgroups
generated by the elements of that generating set. The generators of order 4 are the
elements
2 2
I:.’L'Z-7["Ei,$j]:|7 I:LL'],[CEJ,LUZH

with 1 <4 < j < n, that were already discovered by Kuz’min [6], plus the elements

(27, [z, )] ([, 2], (o, 2] (23, (o, )] ([, 2], 25, 23]
and

[:L‘?, [xka le ij, xi]a [xj’ zkH [xiv [xj? le “xka xi]v [zlﬁ .CC]H
with 1 <17 < j < k < n. The complete result is stated in Section 11.

In the next section we introduce some more notation and our main tools, the
isomorphism (2.1) and the six-term exact sequence (2.4), both of them valid in
general, that is, for an arbitrary normal subgroup R. At the end of this section we
turn to the case where R = F2?, and give a brief outline of our strategy. This is then
carried out in the remaining Sections 3 - 11. Basic results on homology of groups

will be used without special references being given. These, however, can easily be
found in [4].

2. THE 6-TERM EXACT SEQUENCE

In this section F' is the free group with free generating set X = {z1,...,z,}
for n > 1, R is a normal subgroup of F, and G = F/R. The relation module
of G = F/R is the free abelian group M = R/R’ with right G-action induced
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by conjugation in F. For an arbitrary G-module A, the trivialization of A is
Ag = A®qg Z, the largest quotient of A upon which G acts trivially. The exterior
and symmetric squares of A will be denoted by A A A and A o A, respectively, and
both of them as well as the tensor square A ® A will be regarded as G-modules
with diagonal action. It will be convenient to introduce some special notation
for the trivialization of these modules, and also of arbitrary tensor products. We
will denote the canonical image of an element a; A as with a;,as € A under the
trivialization homomorphism A A A — (A A A)g by a; Ax ag. Similarly, we write
ay o4 ay for the canonical image of aj oags € Ao Ain (Ao A)g, and, if B is another
G-module, a € A and b € B, we write a ®, b for the image of a ® b € A® B in
the trivialization (A ® B)g. The ring of integers Z will be regarded as a trivial
G-module and we set Zg = Z/27. The quotient R/[R’, R] is a free nilpotent group

of class 2. For its commutator subgroup there is an isomorphism of G-modules
R'/[R,R|2R/R"NR/R' = M NM

where the G-action on R’/[R/,R] is induced by conjugation in F, and the G-
action on M A M is the diagonal action. In view of the canonical isomorphism
(R'/[R',R])¢ & R'/[R/, F], trivializing the action on both sides yields an isomor-
phism

(2.1) R'/IR,F| = (M AM)g.
Explicitly, the isomorphism (2.1) acts as follows. For r1,75 € R,
[’I“l, TQ] [R/, F] — TlR/ N TQR/.

Throughout this paper we will examine the group on the right hand side of (2.1),
and only in the final section we will use the isomorphism to restate our findings in
the language of group theory.

The relation module M fits into a short exact sequence

(2.2) 0-MELPLIG-0
where P = IF ®p ZG is a free G-module of rank n with free generators

ei = (i —1)®1 (1 < i < n), IG is the augmentation ideal of ZG, and the
maps are given by rR’ — (r—1)® 1 (r € R) and ¢; — ;R — 1, see [4, Section
VI1.6]. The injection p is usually called the Magnus embedding. The augmentation
ideal IG fits into the short exact sequence

(2.3) 0-IG5PSZ—0

where ¢ is the inclusion map and € is the augmentation map. The short exact
sequences (2.2) and (2.3) yield a 6-term exact sequence of G-modules

(24) 0 MAMELPAP S PRIG 227G oZG 25 7G5 Ty — 0

see [12, Section 7.1] or [10, Lemma 5.1]. The maps in (2.4) are as follows. The map
on the right, € : ZG — Zs, is the canonical epimorphism defined by aé = ac + 2Z
for a € ZG. The kernel of this map is the ideal IG generated by all elements
g+ h € ZG where g,h € G. The next map «a; is the composite of the embedding
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ZG o ZG — Z.G ® ZG defined by a1 0 ag — a1 ® as + as ® a1 and the epimorphism
e®1:2ZGR7ZG — Z ® ZG(= ZG), thus

(a1 0 ag)ay = (ar€)as + (aze)ay  for aq,as € ZG.

The map s is the composite of c ® 1 : P® IG — IG ® IG, the canonical
projection IG®IG — IGolG, and the canonical injection map IGolG — ZGoZG,
s0 (p® q)ag =poogforpe P,qeIG.

The map a3 is the composite of the embedding P A P — P ® P that is given by
PLADP2 = p1 ®p2 —p2 @p; and the map 1® o : P® P — P® IG, thus

(p1 Ap2)az =p1 @ peo —p2 @pro for pi,ps € P.

Finally, the map a4 is the map p A p for the Magnus embedding p : M — P, so
(m1 Ama)ag = mip A map for my,me € M.

Next we record some easy facts about the modules in the sequence (2.4). For
simplicity we now assume that G is an elementary abelian 2-group. Part (ii) of the
following lemma is well-known (see, for example, [4, Chapter VI.11]), for Parts (i)

and (iii) we refer to [13, Lemmas 4.1 and 6.1].

Lemma 2.1. If G = F/R is an elementary abelian 2-group, then

(i) the exterior square P N P is a direct sum of a free G-module that is freely
generated by the elements e; Nejg with 1 < i< j<n and g € G, and a direct
sum of the cyclic G-modules generated by the elements e; Ne;g with 1 <i < n
and g € G, g # 1. Each of the latter is isomorphic to the ideal (g — 1)ZG.

(ii) The tensor product P @ IG is a free G-module that is freely generated by the
elements e; @ (g — 1) with1 <i<nand g € G, g # 1.

(iii) The symmetric square P o P is a direct sum of a free G-module that is freely
generated by the elements e; o ejg with 1 < ¢ < j < n and g € G, and the
elements e; o e; with 1 < i < n, and a direct sum of the cyclic G-modules
generated by the elements e; o e;g with 1 <i<n and g € G, g # 1. Each of
the latter is isomorphic to the ideal (g + 1)ZG.

This yields the following for the respective trivializations.

Corollary 2.2. (i) If G = F/R is an elementary abelian 2-group, then

(i) the trivialization (P A\ P)g is a direct sum of a free abelian group that is freely
generated by the elements e; A ejg with 1 <1 < j <nandg € G, and a
direct sum of the cyclic groups of order 2 generated by the elements e; Ay e;g
withl <i<nandgeqG, g#1;

(i) the group (P ® IG)q is a free abelian group that is freely generated by the
elements e; @, (9 — 1) with1<i<n andg € G, g #1;

(iii) the trivialization (ZG o ZG)q is a free abelian group that is freely generated
by the elements 1 o, g with g € G.

We conclude this section with a brief outline of our approach. Recall that our

aim is to determine the structure of the abelian group (M A M) in the case where
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R = F?, and hence G = F/R is an elementary abelian 2-group. To this end we
consider the homomorphism

(M/\M)G*)(P/\P)G

that is induced by the homomorphism a4 in (2.4). Clearly, our group (M A M)¢
is an extension of the kernel of this homomorphism by its image in (P A P)g. In
view of Corollary 2.2(i), this image is a direct sum of a free abelian group and
an elementary abelian 2-group. We shall exploit the six-term exact sequence (2.4)
to determine the kernel of this homomorphism. It turns out that that kernel is
a homomorphic image of the homology group Hy(G,Zs), an elementary abelian
2-group. Consequently, the kernel belongs to the torsion subgroup T of (M A M)¢.
Moreover, as we will see in the penultimate Section 10, the kernel actually coincides
with 27".

3. THE RELATION MODULE OF G = F/F?

For the rest of this paper R = F?2, the subgroup of the free group F that is
generated by all squares, and hence G = F/R is an elementary abelian 2-group of
rank n. For x; € X we set y; = 2;R € G = F/R. Thus G is the direct product of
the cyclic subgroups of order 2 that are generated by the elements y;,

G = (y1) x (y2) X -+ X (Yn)-

The relation module M = R/R’ will be written additively with the right G-action
denoted by “”. Thus, for r € Rand 1 < i < n we have TR’ - y; = xi_lrxiR’.
The normal subgroup R is generated by all squares in F'. Alternatively, R is the
2 (1 < i < n) and the commutators [z;, ;]
(1 <j<i<n) Hence M = R/R’ is as a G-module generated by the elements
z?R’ (1 < i < n) and the commutators [z;, z;]R (1 < j < i < n). Note that the
following holds in M forallr € Rand 1 <i<n

normal closure in F' of the squares x

TR (yi — 1) = [r,z] R
Indeed, bearing in mind that the module M is written additively, we have
rR' - (y; — 1) = x; 'ray R —rR = r Yo, ray R = [r, 2] R

This identity will be used throughout without reference. In what follows we will
abuse notation by suppressing the R’ when working in the relation module. For
example, the above identity will be written as

re(yi—1) = [r i,

One easily calculates that the images of the generators of M under the embedding

w are as follows:

(3.1) i =e;(y; +1), [zi,zjlp=ei(y; —1) —ej(yi — 1).

Our next aim is to find a free generating set for M as a Z-module. The following

relations will be useful.

Lemma 3.1. In the relation module M we have, for 1 <i,j,k < n,
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(i) a7 -y =z}
(i) (s 5] (g +1) = a? - (y; — 1)
(iil) [zi,xj] - (ye — 1) + [2j, 2%] - (ys — 1) + [zg, 23] - (y; — 1) = 0 (Jacobi identity).

Proof. Part (i) is obvious, and the relations (ii) and (iii) can easily be verified by
using the embedding p. For example,
(o zs] - (i + D) = [z, 5] ply: +1)
= (eily; —1) —ei(yi — )i +1)
= e+ 1Dy —1)
= aiu(y; —1)
= (a7 (g, — D,
which proves (ii). O
Now we derive a generating set for M as a Z-module. First observe that the set
B={(yi, —D(yi, = 1) (yi, —1); 1<ip <ig<---<iy<n, 1<s<npU{l}

is a Z-basis of the additive group of the group ring ZG. Since M as a G-module is
generated by the elements 27 (1 < k < n) and [zx, 7] (1 <1<k < n), it follows
that the elements

(3.2) [xg, 2] - b 1<i<k<n, bekB
together with the elements
(3.3) zi-b 1<k<n,beB

form a generating set for M as a Z-module. In view of Lemma 3.1 (ii), the elements
(3.2) where b involves either y; — 1 or y; — 1 are redundant. Indeed, if, for example,
b= (yr — 1)V where b’ € B and b’ does not involve the factor y; — 1, then, using
Lemma 3.1 (ii),

[:Ek,xl]-b = [mk,xl]~(yk—1)b' = [:Ek,.%'l]'(—2+(yk+1))b/ = —2[1‘]@,1'1]-5/4-1‘%(331—1)1)/

where [z, 2] - b is of the form (3.2) with b’ not involving y; — 1, and 27 - (z; — 1)V
can be written as a linear combination of the elements of the form (3.3). Moreover,
of the remaining elements of the form (3.2) the ones where b = (y;, —1) -+ (y;, — 1)
with ¢; < [ are redundant. Indeed, write b = (y;; — 1)’ where b’ € B does not
involve y,, — 1 and y; — 1, then, by using Lemma 3.1 (iii) we have

[, 1] - (i = DY = =z, 24,] - (e = DY + [wp, @i, ] - (w1 — DY,
where the terms on the right hand side are (up to sign) of the form (3.2) with
b= (yy, —1) - (yi, — 1), l < iy and k,l # i1,...,i2. Finally, in view of Lemma

3.1(i), the generators of the form (3.3) where b involves the factor y;, — 1 are zero.
Consequently, M is generated by the elements

xi.(yil 1) (yi, — 1) = [l’%;xilw--axis]

withl <k<n, 1<iy<--<ig<n, k#£iy,...,i5, 0<s<n—1

(3.4)
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together with the elements

(3.5)
[zi, 2] (i, — 1) (Wi, — 1) = [k, 20, 24y, - 20
withl <I<k<n, I1<I<ii<---<ig<n, k#£iy,...,05, 0<s<n—2.

We claim that this generating set is linearly independent over Z. To verify the
claim we count the number of elements in it. The number of elements of the form
(3.5) is

n n

S AIERES S RETED of ( ERER At

s=2 s=1 s=0

and the number of elements of the form (3.4) is
L A .
n; < , ) =n2" .
So altogether we we have (n — 1)2™ + 1 elements in this generating set. But this is
precisely the rank of M = R/R’ as a free abelian group. Indeed, this rank is equal
to the rank of the free subgroup group R of F, and the latter is (n — 1)2" + 1 by

Schreier’s formula. It follows that this generating set is a Z-basis. We summarize

our discussion as follows.

Lemma 3.2. The relation module M is a free Z-module of rank (n—1)2" +1, and
the elements (3.4) together with the elements (3.5) form a Z-basis for it.

4. A GENERATING SET FOR (M A M)¢

Let M denote the Z-basis of the relation module M given in Lemma 3.2. Then
the exterior square M A M is, as a Z-module generated by the elements mj A mq
with mq, me € M, and so is its quotient (M A M)q. In fact, if < is a linear order
on M, then the elements mi A mo with m1, ms € M and my < mso form a Z-basis
of M A M. In order to get the trivialization (M A M)¢g from M A M, we need to
factor out the subgroup generated by the elements

(m1 Amg)(g—1) (my,mg € M, g € G\ {1}).

In other words, in (M A M)g we have the relations (mj Ax ma)(g — 1) = 0, and
these are equivalent to the relations my - g Ax mo = my Ax mg - g, which, in turn,

are equivalent to

(4.1) M1 -7 A Mo =M1 Ay Mo - T (my,m2 € M, r € ZG).
An obvious consequence of these relations is

(4.2) M1 N Mo - T = —Mo Ay My - T (my,me € M, r € ZG),

which will often be used in what follows. Using (4.1), the generating set of (M AM )¢
consisting of the elements mi A, mo with my, ms € M can obviously be reduced to

consist of the elements

(4.3) 2 Ay m, (1<i<n, meM\{z?})
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and
(4.4) [zi, zj] A m (1<j<i<n, me M\{[ziz;]}).
Our aim is to further reduce this generating set. First of all, if m in (4.3) is of the
form (3.4) with k # i, we may assume that ¢ > k as by (4.2) we have
i A} (i, — 1) (v, — 1) = =2f A} - (yi, — 1) (v, — 1)
We also may assume that ¢ # iq,...,is as if y;, = y; for some 1 < r < s (using
(4.1) and Lemma 3.1(i))
w} Ay (g, — 1) (i, — 1)
= 2= DAk (o =1 Wiy = D Wiy — 1) (yi, — 1)
~ 0.
If m in (4.3) is of the form (3.4) with ¥ = ¢ and s > 1 then using Lemma 3.1(ii)
and (i) and the relation (4.1) we get:
o} Aewd - (i, — 1) (i, — 1)
=2} A [z ] (i + )Y = 1) (i, — 1)
= a7 (yi + 1) As e, i) (i — 1) (ys, — 1)
=227 A [i, i) - (Yi, — 1) -+ (i, — 1),
Hence these elements are redundant in our generating set. To summarize, of the
elements of the form (4.3) with m of the form (3.4) we keep the elements

iC? /\*xi(yn _1)(yzs —].):{L'?/\* ["'E‘?ﬂ‘rll??‘rls]

(4.5)

withl1<j<i<n, 1<i1 < <isg<m, i,jF£i1,...,05, 0<8<n—2.

Next consider the elements (4.3) where m is of the form (3.5). Suppose that k =i
in (3.5) (and s0 @ # 41,...,45). For 1 <4,l,qg < n, and r € ZG, we have
o} Al @] - (yg = Dr = =2 A o, ag] - (s — Dr —af A [zg, 2] - (= D)r
= =27 (yi — D) As [, 0] -7+ 22 A [i, ] - (g1 — 1)
= 27 A w1y (y — D).
In other words, the relation
23 A [zis 2] - (yq — V1 = 27 As [0, 2] - (1 — 1)r
holds for all x;,x;,z, € X and r € ZG. In view of this relation, each element (4.3)
where m is of the form (3.5) with k£ =4 is (up to sign) equal to an element of the
form
o} A [ty @] - (i = 1) (g, — 1) = 2F As [, @iy, Tig -, 203,

(4.6)
withl<i<n, 1<ii<--<ig<n, 1 Fi1,...,05, 1 <s<n—1.

If we have an element of the form (4.3) where m is of the form (3.5) with | = 4,
anti-commutativity allows us to interchange ! with k and turn it into an element of
the form (4.6) (possibly with a minus sign) using the same relation. To summarize,
of the elements (4.3) where m is of the form (3.5) with & = ¢ or | = i we keep the
elements (4.6).
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Consider the elements (4.3) with m of the form (3.5) and i # k,[. Clearly, these
are zero if one of the subscripts i1, ..., s is equal to ¢. Thus it remains to deal with
those elements where i # k, [, 41, ...,4s. None of these are redundant, we keep them

all in our generating set. In other words, we keep all the elements

zzz A [zi17xi2] ’ (yis - 1)(y1< - 1) :I? N [xilaxianiga---axiJ
(4.7) with 1 <4< n, 41,...,45s €{1,...,n\{i}, i1 > i <iz- - <is,
il 752'3,...,@'5, 2<s<n—1

in our generating set.

Consider now the elements of the form (4.4). If m is of the form (3.4) the relation
(4.2) converts these elements to elements of the form (4.3) (with a minus sign) with
m of the form (3.5) which have been discussed above.

Thus we turn to the elements of the form (4.4) where m is of the form (3.5).
Firstly we are concerned with a more general set of elements which contains the

elements we are interested in. More precisely we examine the elements of the form

(4'8) [‘levxjfz] Nx [$j3,$j4] : (yjs 71) T (yjs - 1)7 Jis---5Js € {17 s ,’I’L}, s =4,
where we do not impose any conditions on the subscripts j1,...,Jjs. We require the

following lemma.

Lemma 4.1. Any element of the form (4.8) such that two of the subscripts ji, ..., js

are equal to some i with 1 < i < n belongs to the span of the elements
(49) [‘riax’h] N« [‘riawiz] : (yz:s - 1) T (yls - 1)’ il < i27 s=2
involving the same subscripts (counting multiplicities).

Proof. The arguments used in [10, Section 3, Lemmas 3.1-3.3] are easily adapted
to the current situation. O

In order to further reduce the set (4.9) we need the following result.
Lemma 4.2. For all 1 <i,j,k,qg <n and all v € ZG we have
(w6, 23] As [ 2] (yg =V = [wi, 23] A [i, 2] - (g — D7
—2[xs, i) As (g, g - T
+27 Ay [, 8] - (y; — D)7
Proof. By using the Jacobi identity, Lemma 3.1 (ii) and (4.1) we obtain

[wi, 5] A [z, 2p] - (yg — D

= [z, zi] A [ziszg] - (ye — Dr + [0, 2] As [zg, i) - (i — Dr

= [ 5] A [is 2] - (Y — 1)1 = 2[ms, 5] As [g, 2] - 7
(
[

+wg, m5] - (yi + 1) As [mg, 2] - 7
= [xlvxj] A ‘T“‘T(I] ( Yk — 1)T - 2[1‘1’,1']‘} Ax [IQﬂzk] T
+af - (y; — 1) A feg o) -7

=[x, i) As (@i, 2] - (Y — 1)1 = 2[4, 5] As (g, 28] - 7
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2
27 Av g, 2] - (y; — Dr

as required. O

The next result will enable us to further reduce the elements of the form (4.8)

in our generating set.

Lemma 4.3. Any element of the form (4.8) such that two of the subscripts ji, ..., js
are equal to some i with 1 < i < n belongs to the span of the elements (4.9) sat-
isfying the additional condition that i; < ia < --- < is, elements of the form (4.3)
with m of the form (3.4) and (3.5) and elements of the form (4.8) in which all the

subscripts j1,...,Js are distinct.

Proof. We use finite induction on s. The claim is clearly true for s = 4. Now
consider an element (4.8) with s > 4. By Lemma 4.1 we may assume that the
element is actually of the form (4.9) with s > 2. By applying Lemma 4.2 and
possibly (4.2) repeatedly, we get that our element is (up to sign) equal to an element
of the form (4.9) with i; < iy < -+ < is plus elements of the form (4.3) with m of
the form (3.4) and (3.5) (using Lemma 3.1(ii)) and elements of the form (4.8) with
smaller s. If the latter involves two equal subscripts, induction applies, and if not,

then all subscripts are distinct as required. O

Lemma 4.4. Any element of the form

[6, @i ] Av @i @ip] - (yiy = 1)+ (g, = 1), s 22
in which two of the subscripts iy, ..., is are equal or one of them is equal to i belongs
to the span of elements of the form (4.6), (4.5) and elements of the form (4.9) in
which all the subscripts i1, ...,is are distinct and not equal to .

Proof. If i1 = i or iy = i, the element is clearly zero. If one of i3,...75 is equal
to ¢ we may assume that ¢35 = 4, and then apply Lemma 4.2 with j = 41, k = 4o,
q=ri3=71,and r = (y;, — 1) (y;, — 1). The lemma then gives that our element
is equal to a sum of three elements, the first of which is zero, the second of which
is of the same form with fewer of the i; being equal to ¢ (so induction applies), and
the third of the form z? A, [z, 2;,] - (yi, — 1)r which is in the span of the elements
of the form (4.6) and (4.5) (by (4.1) and Lemma 3.1(ii)) as required. If two of the
subscripts i1, ...,is are equal to j, say, we use Lemma 4.2 and (4.2) to write the
element as

[, 5] Aw i 2] - (yiy = 1)+ (yi, = 1)

plus elements with fewer of the i; being equal between then and elements of the
form z? A, [m;, 2i,] - (yi;, — 1)r. It turns out that the last displayed element is zero.
Once this will be established, the proof of the lemma will be complete. So, to finish
the lemma off, consider the element 2[z;, z;] Ay [z, zx) - (yi, — 1)+ (y;, — 1). We



have

(4.10)
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2z, 5] As (i 2] - (Yi, — 1) -+ (yi, — 1)

(i, — 1) (v, — 1)
2[931‘7933] N« [mk i) (Wi, — 1) (i, — 1)

+ 2[1’],1'21] A [zi,xk} ' (yi2 - 1) e (yis - 1)
—a} (Y — D) As s wa, ] (Wi, — 1)+ (i, — 1)
+ 2[zi, 2] Ax [T, iy ] (Yiy — 1)+ (yi, — 1)

(Wi, — 1) (yi, — 1)

[z, 2] - (yi — 1) As [Ty, @] - (i, — 1)+ (yi, — 1)
[Tk, 2] - (Y5 — 1) As (@i, i) - (i, — 1) -+ (yi, — 1)
— g, 2] (i + 1) As [ 2k] - (i, — 1) -+ (yi, — 1)

+ g zk] - (yi + 1) As i, il - (Yi, — 1) - (i, — 1)

= 2[zj, zk] Ax [Tiy, i) - (Y, — 1) (g, — 1)

=—a; (g — D As i, 2] (i, = 1) (3, — 1)

+ 2z, ] Ax [z, 2] (Y3, — 1)+ (i, — 1)
—ai - (yy = 1) As w2 ] (i, = 1) (g3, — 1)
+ 2[wi, 2] As [, @i - (e, — 1) - (yi, — 1)
+al (g, — 1) As (g 2] - (i, — 1)+ (yi, — 1)
+ 2[zj, wp] As i, ] - (yi, = 1) - (i, — 1)

K

:2(1:? A lzgs k] (Y, — D)y, — 1) -+ (95, — 1)

Yip = 1)+ (g, — 1)
+ [$j7 xk] Ax [mi7mll] (ylz ) (yis - 1)
(

v = D)o (i~ D).

+ [xlaxj] /\* [xkaxll]

+ [k, ) Ax (24, 24, ] -

We now return to the elements of the form [x;, x;] Ay [z4, ;] - (yi, —

We have

[wi, 5] Az 5] - (yi, — 1) -+ (3, — 1)
= —lzi,z Aoy @] (i — D, — 1) (v, — 1)
=l 2] As (@i, @] - (= Di, — 1) (33, — 1)
= —lwiag] (v + 1) A [z, wan] - (9i, = 1) - (i,
+2[zi, 2] As (25, 20] - (Wi, — 1) - (yi, — 1)
—[zi, zi] - (g + 1) A [@iy, 2] - (Y, — 1) -+ (33, —

1)

,1)

1)

11

(i, — 1).
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+2[z, 5] Av (@i, @] - (Yi, — 1) -+ (5, — 1)
—x} - (y; — ) As g ] - (Y, — 1) - (g, — 1)
+2[g, 5] A [y, wan] - (i, — 1) (g3, — 1)
a5 (yi — 1) As [, @] - iy — 1)+ (i, — 1)
+2[z, 5] Av (@i, @] - (Yi, — 1) -+ (5, — 1)
=} Aalg, ] - (g + Dy, — 1) (g, — 1)
+227 - Aalzg, i) - (i, — 1)+ (yi, — 1)
2w, 5] As g @i - (i, — 1)+ (w5, — 1)
a5 A iy, ] - (i + D (Y, — 1) - (i, — 1)
=225 As iy, i) - (yi, — 1)+ (yi, — 1)

+2[zi, y] As @i, @) - (Yi, = 1)+ (g3, — 1)
Wi — D, — 1) (v, — 1)
+217 A [xj,z“] (i, = 1)+ (yi, — 1)
+2[j, @i, | As [z, 2] - (i, — 1)+ (g3, — 1)
2 (Y — D — 1) (i, — 1)
—|—2x§ A [Tiy24,) - (i, — 1) -+ (g5, — 1)
2z, i | A i, 75 - (ys, —1) - (Zh; 1)
2(963 N lzg @iy ] - (Y, — 1) (v

Fzs, wi ] Ax i, 2] - (i, — 1) -

23 A (6,20, ) - (Yig — 1)+ (s, — )

)

+[xj)mi1] A [mjaxz} (yzg 1

Lvl\?

2
—T N

Using (4.10) we get

2(w2 A [y @] - (g = 1)+ (9, = 1)
@i, i ] A (i, 2] (i, = 1) - (wi, — 1)
3 As [ w0, ] - (Yig — 1)+ (i, — 1)
gy wi] A 2@ - (i = 1) (s, = 1))

2(a2 A [ i) - (i = 1) (s, — 1)

+ad A [y, 5] (Y, — 1) - (g, — 1)
Fwi, wi ] A [, wi,] - (g — 1) -+ (3, — 1)
@iy, 5] As (@i, 2] - (i — 1) - (3, — 1)
g, ] Ad @iy, 2] - (Yis — 1) - (95, — 1)
a3 A [ @] (i — 1)+ (i, — 1)
a5 A [y @] - (i — 1)+ (s, — 1)
+zj win] As (@i, 2] - (i — 1) - (i, — 1)
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Flwiy, ] A, i) - (s = 1) -+ (yi, — 1)
+@i, 2] Av [y, i) - (yig = 1) -+ (yi, — 1))
= 0.
This completes the proof of the lemma. O
This lemma together with Lemma 4.3 tells us that all elements of the form
(4.8) with two of the subscripts equal between them are redundant in our generat-

ing set, except the elements of the form (4.9) with the additional conditions that
1#41,...,05 and i1 < iy < --- < i5. In other words, the elements we keep are
(4.11) (@i, @i ] A (@i @in] - (yig = 1) -+ (s, — 1) = [wi, @iy ] As [, @iy, Ty -5 3]

U with 1<i<n, 1<i1<ig<- - <ig<mn, iFir,... is, 2<s<n—1.
Finally, we are left with reducing the set of elements (4.8) in which all subscripts
are distinct.

Lemma 4.5. Any element of the form (4.8) such that the subscripts j1,...,Js are

mutually distinct is in the span of the elements

(4.12) [®iys Tiy] Ak [Tigy iy - (Yig — 1) -+ (i, — 1), 4<s<n.

such that {i1,...,is} = {J1,...,Js} with iy > ia, i3 > i4, i1 > i3, 12 > i4,
io < i5 < --- <14, and the element

(4.13) [k Tha) A [Thgs Thy) - (s — 1) - (g, — 1)

where {j1,...,Js} = {k1,... ks} with ky < ko < --- < ks.

Proof. We refer to the proof of Lemma 3.3 in [10]. The arguments used there in

the context of Lie rings are easily adapted to the group commutators in the present

paper. ]

Following [10], we call elements of the form (4.12) Kuz’min elements. We summa-
rize the result of our discussion so far as follows. The group (M A M) is generated
by the elements (4.5), (4.6), (4.7), (4.11), and, for all subsets {j1,...,7s}, 4 < s<n
of mutually distinct elements in {1,2,...,n}, the Kuz’min elements (4.12) and the
elements (4.13) as specified in Lemma 4.5.

We conclude this section by making some further modifications to this generating

set. Consider the elements (4.11) with s = 2, that is elements of the form
[xi,xil] Ny [xi,xiz] withl <i<n, 1 <i; <is <n, i F#i,io.

For each triple 4, j, k with 1 < i < j < k < n, the following elements of type (4.11)
with s = 2 are in the generating set of (M A M)g:

[k, @] A [, 5], (i, 23] As [, k], [, 23] A [, 2]
We keep the first of those, and replace the second and third by
x? Ay [, 2] + [0, o8] As [, 2] + 175 As [Ti @] + [z, 2] Ay [T, 2]
and

m? A [, i) + [, 23] A [, 2] + @3 As (25, 2] + [Tn, @3] As [0, 25,
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respectively.
Now consider the generators (4.11) with s > 3, that is generators of the form

(4.14) [z, 23] A (i, on] - (i, — 1) -+ (i, — 1),

withl<i<n, 1<j<k<ii<---<isg<n, i#jki,...,i5, 1 <s<n—3.
We replace (4.14) by the following element

2 A [ 2] (i = 1) (s, — 1)+ [y 5] A [ en] - (i, — 1) -+ (i, — 1)
+wi, zi ] A [z, 2] - (i, = 1) - (i, — 1)
i, 2] A i, ae) - (Yi, — 1) - (yi, — 1)
+zi, 2] Av [y, 2] - (Y, — 1) - (g3, — 1).

It is clear that the resulting set is again a generating set for (M A M)g. Now we
are able to state the main result of this section.

Proposition 4.1. The group (M N M)q is generated by the following elements.
(i) The elements

x? A [x?,mil,...,xis]
withl1 <j<i<n, 1<ip <+ <ig<n, 4,] Fi1,...,0s, 0< 8<n—2,
(ii) the elements
:c2 A [Tiy Ty s Tigy oo vy T
withl <i<n, 1<i1 <+ <ig<n, 1t F41,...,0s, L <s<n—1,
(iii) the elements
T2 Ay [Ty Tigs Tigs - - -5 T4 ]
with 1 <i <, ip,...yis € {1, ..., n\{i}, i1 > in < i3--- < is,
i1 F03,...,0g, 2<5<n—1,
(iv) the elements
() [zr, 2] As [T, 5] with 1<i<j<k<n,
(b) 22 Ay 25, 28] + [z, 28] As [T, 5] + x? Ag (@4, xp] + (25, 2k] A [T, 24] and
x? A [@h, @) + [, 3] As [T, 2r] + 23 A [, 23] + [T, 23] A [T, 7]
with 1<i<j<k<n
(€) @2 Ay [Thy Tjy Tiyy ooy @i ]+ [T, 5] A (@0, T, iy - ooy 2]
@, Ty | A (B, @hy Ty s oo @iy ]+ @iy, 5] Ak [T, Tk, Ty, -+ 5 T4, ]
+ @i, @] A [Ty, Ty Tigs -5 T4,
with1 <i1<n, 1< ]<k<21< c<ig<m, 1#E j, ki1, ..., 0,
1<s<n-3,
(v) for all subsets {j1,...,js}, 4 < s < n, of mutually distinct elements in

{1,2,...,n}, the Kuz’min elements
[xipxzj}/\* [xi37xi4uxi57"'axis]7 4<S<n7

with {il,...,is} = {jl,...,js} and 17 > 1o, 13 > 14, 11 > 13, i9 > ig4,
io < i5, -+ < ig, and the element

[mkwm/@] N« [$k4,$k1,1'k5, cee 7$ks]

where {j1,...,j4s} = {k1,..., ks} with k1 < ko < -+ < ks.
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5. HOMOLOGY OF ELEMENTARY ABELIAN 2-GROUPS

In this section we exhibit a free resolution for the trivial G-module Z, and record
some facts about the homology of the group G. Recall that G =G; x--- X G, is a
direct product of cyclic groups of order 2. For each G; = (y; | y? = 1), the complex

i i a3 ; a3 ; oi ; I
P! = w26 = v2G = VLG — LGy — L — 0
with
vidh = v;:_l(yi —1), for odd j.> 1;
U;'_l(yi +1), forevenj>2

is a periodic free resolution for the trivial G;-module Z. Then the tensor product
V =P!®---®@P" is a free resolution of the trivial G-module Z. The terms V,,, of
this resolution are free G-modules with free generators

.1 n
U(s1,.08n) = Usy Q- Us,,

with s1,...,8, > 0 and s1 + --- + s, = m, and the differentials 0,, : V;,, — Vi1

are given by

where r;, € ZG is defined as

yr — 1, forodd s; > 1;
T =
F yr + 1, for even s > 2.

Here we use the convention that vy, . ) = 0 if one of the subscripts is negative,
and that s; + .-+ sx_1 = 0 for k = 1. The rank of the free G-module V,, is
equal to the number of degree m monomials in n commuting variables, that is
rkV, = (m+m"_1). The homology groups H,,(G,Zs) can instantly be obtained
from the resolution V. They are the homology groups of the complex Zs ®c V. All
the differentials in this complex are zero maps, and this gives the following result.

Lemma 5.1. The homology groups H,,(G,Zs3) for m > 1 are elementary abelian

m+n—1
m

2-groups of rank ( ) As homology groups of the complex Zo ®c V they are

generated by the cycles 1 @ vy, ... s,) with $1 4+ + s, = m.

We also need to know the homology of G with coefficients in the exterior and
symmetric squares of free G-modules. By Lemma 2.1, this amounts to determining
the homology of G with coefficients in the cyclic modules (1 0 g)ZG and (1 A g)ZG.
It is easily seen that the complex

(5.1) P, I enG 2 576 L5 €26 — (10 g)ZG,

is a free resolution of the cyclic module (1 o g)ZG. Hence the homology groups
H,,(G,(10¢)ZQG) can be obtained as the homology of the complex P, ®¢ Z. The
terms of this complex are infinite cyclic groups, and the differentials are zero maps in
odd dimensions, and multiplication by 2 in even dimensions. This yield the following
result for H,(G, (10 ¢)ZG), and the corresponding result for H,.(G, (1A g)ZG) can
be obtained similarly.
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Lemma 5.2. Let g€ G, g# 1. Then
Zo, for odd m > 1;

0, for evenm > 2.

Hm(Ga (1 o g)ZG) = {

0, foroddm >1;
Zo, for evem m = 2.

Hm(G7 (1 A g)ZG) = {

As cycles in the complex Py @¢ Z the nontrivial elements of H.(G, (1 0 g)ZQG) are
generated by the cycles f ® 1.

Of course, the groups H,,(G, (1 0 g)ZG) can also be obtained as the homology
groups of the complex (10 g)ZG ®g V. One of the technically most challenging
tasks in this paper will be to determine the homology groups H,,(G, (1 0 ¢)ZG) in
terms of cycles in that complex. This will be carried out in Section 9.

By combining Lemma 5.2 with Corollary 2.2 we get the following.

Corollary 5.3. We have
(i) Hn(G,PAP)=0 forall odd m > 1,
(ii) Hn(G,ZG o ZG) =0  for all even m > 2.

6. THE KERNEL OF THE HOMOMORPHISM (M A M)g — (P A P)a

In this Section we explore the six-term exact sequence (2.4) to obtain information
about the kernel of the homomorphism (M A M)g — (P A P)g. For brevity, we
denote this kernel by T5, and we also suppress the group G in the standard notation
for homology, i.e. we write H,,(A) rather than H,,(G, A) for the m-th homology
group with coefficients in a G-module A. First of all, we break up (2.4) into four

short exact sequences as follows. Firstly, we have

(6.1) 0O>MAM—->PAP—-Q—0

where Q = ker ap, then we have

(6.2) 0-Q—=PRIG—IGoIG—0,

furthermore we have

(6.3) 0— IGoIG — ZG o ZG — IG — 0,

and finally we have

(6.4) 0— IG = ZG — Zy — 0.

Consider the long exact homology sequence stemming from (6.1)
o3> Hi(PANP)—= Hi(Q) - (MAM)g — (PAP)g — Qg — 0.

Since Hy(P A P) = 0 by Corollary 5.3, this yields an isomorphism

Tp = Hq1(Q).

Dimension shifting using the short exact sequence (6.2) whose middle term is a free
G-module gives H1(Q) = Hy(IG o IG), and hence we have an isomorphism

(6.5) Ty = Hy(IG o IG).
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The long exact homology sequence stemming from (6.3) yields an exact sequence
(6.6) oo = H3(ZG 0 ZG) — H3(IG) — Ho(IG o IG) — 0,

where the zero on the right is actually Hy(ZG o ZG) which is zero by Corollary 5.3.
Finally, dimension shifting using (6.4) gives an isomorphism Hs(IG) 2 Hy(Zs). By
combining this with (6.5) and (6.6) we get the following.

Lemma 6.1. There is an exact sequence
- —= H3(ZG o ZG) — Hy(Zsg) — To — 0.

In particular, Ty is an elementary abelian 2-group, a quotient of the homology group
Hy(Zs).

7. TORSION ELEMENTS IN THE GENERATING SET

In this section we examine the images in (P A P)g of some of the elements in
the generating set of (M A M)¢ in Proposition 4.1.

Lemma 7.1. The images in (P A P)g of the elements (ii), (iv.b) and (iv.c) in
Proposition 4.1 are of order 2, and, moreover, they are linearly independent over
Zs.

Proof. We know from Corollary 2.2 (i) that (PAP)¢ is a direct sum of a free abelian
group and its torsion subgroup t((P A P)¢g), an elementary abelian 2-group. The
latter is (as a Zs-module) freely generated by the elements e; A, e;g with 1 < i< n
and g € G\ {1}. It is easily seen that the elements

(7.1) ei A ei(yi, — 1) (yi, — 1)
with 1 <i<n, 1<i; < --<ig<nandl < s <n also form a Zy-basis of
t((P A P)g). Now, the images of the module generators #? and [z, x;] of M under
the Magnus embedding p have been recorded in (3.1). Using this, one calculates
that the images of the elements (ii), (iv.b) and (iv.c) in Proposition 4.1 in (PAP)¢
are, respectively, as follows:
()" eiAveilyi = Dy =Dy, =1 (i, — 1),
(iv.b)" e Avei(y; — D(yk — 1) + €5 Axej(yi — 1)y — 1),
ej Avej(yi = )(ye — 1) + e A er(yi — 1) (y; — 1),
(ive) e Aseily; — D(ye = D(ya, — 1) -+ (i, — 1)
We observe that the images of all those elements are in t((P A P)g). The ele-
ments (ii)’ and (iv.c)’ are distinct basis elements of the form (7.1): the former
involve both e; and y; but the latter don’t. Moreover, for each triple 4, 7, k with
1 €i < j <k < n, the images (iv.b)’ involving the subscripts 4, j, k span a 2-
dimensional subspace in the 3- dimensional subspace of t((P A P)¢) that is spanned

by the basis elements

ei N ei(y; — D(yr — 1), ej Awej(yi — D(yr — 1), ex Awer(yi —1)(y; — 1).

These elements are not of type (ii)’ (since those elements involve both e; and y;)
and they are not of type (iv.c)’ (since for those elements s > 1). Hence all these 2-

dimensional subspaces (for distinct triples 4, j, k) and the span of the elements (ii)’
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and (iv.c)’ generate their direct sum in ¢((P A P)¢g). It follows that the elements
(ii)’, (iv.b)’, and (iv.c)’ are linearly independent over Zs and, consequently, the
elements (ii), (iv.b) and (iv.c) with a range of subscripts as in Proposition 4.1 are

also linearly independent over Z. O

Lemma 7.1 tells us that, modulo T%, the elements (ii), (iv.b) and (iv.c) in Propo-
sition 4.1 have order 2, and since T5 is an elementary abelian 2-group, these elements
have order 2 or order 4 in (M A M)g. We conclude this section by showing that
some of these elements are actually of order 2.

Lemma 7.2. Of the elements in the generating set for (M N M)g as given in
Proposition 4.1, the elements (ii) with s > 1 and the elements (iv.c) have order 2.

Proof. Consider the element 22 A, [z;,7;,] - (i, — 1)+ (yi, — 1) with s > 1. We
have

'rzz Ns ['/Eiaxh] . (yiz - 1) e (yls - 1)

=27 (Wi — 1) Av iy, - (Wi — 1) -+ (ys, — 1) by (4.1)

= [wg, @5,] - (i + 1) As [wi, 24, ] - (i, — 1) - (s, — 1) by Lemma 3.1 (ii)
= (@i, Tio] Av [, @0, ] - (i + D (i, — 1) -+ (yi, — 1) by (4.1)

= [2i, @i Aw @F - (yir = D(yis — 1) - (%, — 1) by Lemma 3.1 (ii)

=2} s [2iy, 2] - (i = D(yis — 1) -+ (i, — 1)
Hence we can write
223 Ay g, i) - (yi, = 1) -+ (i, — 1)
= a7 Ax ([ins i) - (Yi, = D(yis = 1) -+ (i, — 1)
i i) (Y, = 1) - (33, — 1))
==z Ay ([2a, 2,) - (g = D(ysy, — 1) -+ (35, — 1)) by the Jacobi identity
=27 (i = Dia — 1 i, — 1) Ax [y, 23] by (4.1)
=0.
This shows that the element z? A, [z;, 7] - (yi, — 1)+ (i, — 1) has order 2. For

the elements (iv.c) we have

2(»’03 N [, 5] (i, — 1) -+ (i, — 1)

[
[i, @i ) As (g, 2] - (i, — 1) - (g3, — 1)
i ] As i, o] - (yi, = 1) - (i, — 1)
[wi, @3] A [ay, 2] - (Yo, — 1) - (ya, — 1))
= 2(27 A fow 2] (g, — 1) (yi, — 1)
i,z ] A g an] - (Y — 1) (yi, — 1))
—lws i) A ([ @] (yi = 1) + o, @] - (g — 1) (9, — 1) - (93, — 1)
+wi, 5] - (Y, — 1) A [, 2k] - (Wi, — 1) -+ (3, — 1)
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2wy, 5] A (i, an] - (Yi, — 1) - (33, — 1)
—2[zs, 5] As [r, @iy (Wi, —1) -+ (i, — 1)
= 22} Av [ ag) - (g, = 1) (g, — 1)
i, v ] A g an] - (Y = 1) (yi, — 1))
Flen i) - (e + 1) As [wigs e - (i, = 1) -+ (43, = 1)
o zs] - (e — 1) As [o @i, ] - (g, — 1)+ (ws, — 1)
—(lrgowa] - (i = 1) + i, @] - (g5 = 1) Ax [z 2] (i = 1) -+ (yi, — 1)
=2[zj, @i ] As [wiy an] - (Yo, — 1)+ (yi, — 1)
= 22 A fos 2] (g = 1) (g, — 1)
g,z A 2, 20] - (Y, — 1) (g, — 1))
+af - (g = 1) A i, ze] - (g, = 1) - (yi, — 1)
F(lr @] - (g5 — 1) + [z 25] - (g = 1) A [z, 23,] - (i, = 1) -+ (i, — 1)
Flei, ae] - (i + 1) Al 2] (gi, = 1) - (3, — 1)
= 22} Au [ ] - (yi, = 1) (g, — 1)
g, v ] Az an] - (i, = 1) (33, — 1))
=z} (yi, = 1) (Wi, = D) A ([ows 2] - (i, = 1) + [z, 20,] - (ye — 1))
—lzj,wp] - (i — 1) A [ms 2, ] - (3, = 1)+ (w3, — 1)
+af - (ye = 1) Axfeg, @] - (g = 1) (ys, — 1)
= (27 (i = 1) =z aa] - (i +1) A fowag] - (i — 1) (v, — 1)
= 0.
This shows that these elements have order 2. (]
The remaining torsion elements in our generating set, that is the elements (ii)

with s = 1 and the elements (iv.b) have order 4. This will be shown in Section 10.
But first we turn to the free abelian part of (M A M)g.

8. THE FREE ABELIAN PART OF (M A M)q

In this section we deal with the elements of our generating set from Proposition
4.1 that have not been discussed in Section 7. We will show that these elements
freely generate a free abelian group. In order to prove this, we first determine the
number of these elements, and then we exploit the exact sequence (2.4) to show
that this number is precisely the rank of the free part of (M A M)¢.

When counting the various sets of elements, we will use the identities

£ EQE)-) w0 500 -0rm

The number of elements of type (i) is

n—2
(7;) 3 (nﬂ; 2) _ (Z) gn—2 _ 2gn—3 _ on—3

m=0



20 MARIA ALEXANDROU AND RALPH STOHR

As to type (iii), for a fixed set of distinct free generators {z;,,...,z; } the number
of elements of the form [x;,, iy, ig, ..., &s) With 43 > o < ig--- < 45 is s — 1.

Consequently, the number of elements of type (iii) is
/n-1 “/n-1 /-1
nZ( . )(5—1) = né( < )s—n;( . )
= n2"%(n—-1)-nn—-1)—n2""t+n+n(n-1)
= n?2" 2 —p2n 2 2"l g,
The number of elements of type (iv.a) is clearly (3). The number of Kuz'min
elements with distinct entries {z;,,..., ;. }, 4 <s < nis 3s(s—3) (see [10, Lemma

7.1(ii)] where this is proved for s > 5, and the case s = 4 is easily verified directly).

Hence the total number of Ku’min elements of type (v) is

5 (e -

m=4

= n2" 3 42" 3 4n+ (Z) — 3n2"2,

Also, for each set of distinct entries {z;,,...,z;, }, 4 < s < n we have precisely one

extra element of type (v), i.e. we altogether have

> ()= (3) - (5)

m=4
such elements. Hence the total number of elements of types (i), (iii), (iv.a) and (v)

is

(2273 — n2"=3) 4 (22772 — 272 — 2" ) (g)

+(n2”*3 +n22" 3 4 n 4 <Z) — 3n2”72) + (2” —1-n-— (Z) — (;L))

= p2n o2l o2t 424 n—1
= nn-1D2"1—(n-12"+(n—1)

_ [g>_(";1)}zn+<n_1>

_ (";1)2n+(n_1).

We record the result as follows.

Lemma 8.1. The total number of elements of types (i), (iii), (iv.a) and (v) in the
generating set for (M AN M)g in Proposition 4.1 is

(”21>2”+(n1).
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Now we work out the rank of the free abelian part of (M A M)¢. It is plain that
this rank coincides with the dimension of ((M A M) ® Q). Tensoring the six-term

exact sequence (2.4) with Q gives an exact sequence
0->MAM)®Q—= (PAP)RQ— (PRIG)®Q
= (ZGoZG) ®Q - ZG ® Q — 0,
which remains exact upon trivializing the G-action:
0= (MAM)2Q)e = (PAP)2Q)e — (P& IG)© Q¢
=+ ((ZG o ZG) ® Q)¢ — (ZG ® Q)g — 0.

This exact sequence yields
51) dim(M AM)®Q)g =dim((PAP)® Q)¢ —dim((P® IG) ® Q)¢

+ dim((ZG 0 ZG) ® Q)¢ — dim(ZG ® Q)¢

In view of Corollary 2.2, (P A P)g is a vector space with basis e; A, e;g with
1<i<j<nandgeG. Hence

dim((P A P) ® Q)¢ = (Z) om.

The tensor product (PRIG)q is free on e; @, (g—1) with 1 <i < nand g € G\{1},
S0

dim((P © IG) © Q)g = n(2" — 1),
(ZG 0 ZG)¢ is free abelian on 1 o, g for g € G, so
dim((ZG 0 ZG) @ Q) = 2"
and, finally, (ZG ® Q) = QG, so

dim(ZG ® Q)¢ = 1.

Substituting into (8.1) we get

dim((M AM)®Q)a <Z)2"—n(2”—1)+2"— 1

= <n21>2”+(n1).

Since this number is equal to the rank of the free abelian part of (M A M)q, we
can now state the following.

Lemma 8.2. The rank of the free abelian part of the tensor product (M N M)¢g is
(";h2" + (n—1).

Lemmas 8.1 and 8.2 together imply the final result of this section:

Proposition 8.1. The elements of types (i), (iii), (iv.a) and (v) in the generating
set for (M A M)q in Proposition 4.1 freely generate a free abelian group of rank
(";h2" + (n—1).
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Let us summarize what we have got so far. Modulo T», the tensor product
(M A M)g is a direct sum of a free abelian group, freely generated by the elements
specified in Proposition 8.1, and an elementary abelian 2-group, say 77, generated
by the elements specified in Lemma 7.1. Moreover, by Lemma 7.2 some of the
generators of T} have actually order 2 in (M A M) itself (rather than modulo T3).
By Lemma 6.1, the kernel T is also an elementary abelian 2-group. In other words,
(M AM)¢ is a direct sum of a free abelian group and a torsion subgroup 7', and the
latter is an extension of T5 by T7. In the next two sections we work out the nature
of this extension. This requires a closer examination of the kernel T5. Note that all
the generators of T" have non-zero images in 77 so none of them belongs to T5. If
a € T we can only have that 2o = 0 or 0 # 2a € Ts. In the latter case 2(2a)) =0
which implies that « has order 4 in 7. Thus the rank of 75 is the number of the

linearly independent generators of T" of order 4.

9. THE HOMOMORPHISM H3(G,ZG o ZG) — H4(G,Zs2)

By Lemma 6.1, T5 is a homomorphic image of the homology group Hy(Zs), more
precisely, it is isomorphic to the quotient of Hy(Z2) by the image of H3(ZG o ZG).
In this section we work out that image. The discussion in Section 6 shows that this
image can be obtained as follows. First we need to work out the image of of the

homomorphism

(9.1) H3(ZG o ZG) — Hs(IG)

in (6.6) that is induced by the epimorphism ZG o ZG — IG in (6.3), and then we

need to apply the inverse of the isomorphism

(9.2) Hy(Z2) — Hs(IG),

which is a connecting homomorphism stemming from the short exact sequence (6.4),
to the result. The group H3(ZG o ZG) is direct sum of the groups Hs((1 0 g)ZG)
where g € G\ {1}. Each of those is isomorphic to Zs and generated by the cycle
f ®1 in the complex Py, ®g Z. As mentioned at the end of Section 5, in order to
compute the homomorphism (9.1), we need to find a cycle that generates this group
in (10g)ZG ®¢ V. This can be done via the double complex P, ®c V. We start
with the cycle f ® 1 € fZG ®@g Vo, and then alternating with applying differentials
and taking inverse images along the following staircase diagram until we get a cycle
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in (10¢9)ZG ® Vs.
f72G ®c Vo

!

eZG @a Vi —— eZG ®a Vo

!

726G ®c Vo —— fZG ®@c V1

!

eZG ®a V3 — eZG ®¢ Vo

!

(109)ZG ®¢ V3
It is plainly sufficient to perform this calculation for group elements of the form
g = yiy2---yr with 1
9 = Vi, Yip -+ Ys, with 1
by a suitable substitution. Note that we write v(; .y for vy, 0) € V1 and simi-

r < n. The result for an arbitrary group element

i1 < --- < i, < n can be obtained from the former

NN

larly for any other element in the modules Vi, Vs, ... , the dot will imply that the
remaining entries in the index vector of v are zero.

So, let g = y1y2 - - -y with 1 < 7 < n and consider the cycle f® 1 in fZG ®g Vy.-
This element is mapped to e(g — 1) ® 1, and by using the identity

yiy2---Yr—1=W1—Dya...yr + (Y2 — Dys ...y + -+ (yr — 1),

this can be rewritten as

r

ey -y —1)@a 1= eyir1--.yr a (v — 1).
=1

An inverse image of this element in eZG ®¢g Vi is

s
Z €Yi+1-- - Yr QG V(0,...,0,15,)
=1

where 1; indicates that 1 occurs in the ith position of the subscript vector. This

element is mapped to the element

T
Z fi- yr + Dyit1 - Yr @G V(0,....0,15,)
=1

T
= Z flyr o v +Yig1 ... Yr) Qc v(0,...,0,1;,)
i=1

T i—1
= Y (—Z(ys — Y1 Yo 1Yit1 Yo
=1 s=1

+yi + Dy1 - yia

T
+ Z (ys - 1)y1 e Yi—1Ys+1 - - ~yr> ®¢ V(0,...,0,1;,")
s=i+1

T
= Z Jyi - ¥ic1 ®c v(o,...0,1,,) (¥ +1)
=1
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- Z fyi- vy -y ©a
1<i<j<r

[U(o,..‘,o,1j,-)(yi -1) - U(o,.“,o,h,»)(yj - 1)]

in fZG ®¢ V1. An inverse image of this element in fZG ®g Vs is

s
Z fyi v Rc(,...,0,2;,-) — Z fyi - Yi1Yi4r - Yr &G V(0,...,0,1;,0,...,0,1;,-) -
i=1

1<i<j<r

This element is mapped to the following element in eZG ®g V5

.
Z e yYr — Dy1 ... ¥im1 ®c v(0,...,0,2:,)
i=1
- Z er - yr — Dy ¥ic1Yjv1 - Yr Qa v(0,...,0,14,0,...,0,1;,-)
1<i<j<gr
.
eWi- Yr —Y1..-Yi—1) DG V(0,...,0,2:,)
i=1
- Z e(yi ... Y — Y1 Yi-1Yj41--- Yr) ®c Y(o,...,0,1;,0,...,0,1;,")
1<i<j<r

T i—1

ez (Z(ys —Dys o yic1 + (Wi — Dyig1 - yr
i=1 s=1

+ Z (Ys — D)ysy1 - -~yr) ®a v(o,...,0,2;,)
s=i+1

i—1
+e Z (_Z(ys —1)ys...yi_1yj+1...yT—i—(yi—i—l)yjH...yT
Ii<ysr s=1

j—1
+ Z (Ys = D¥i - Ys—1Yj1 ¥ — (5 + Dyi Y51
s=i+1

T
- Z (Ys = D)Yi - Yj—1Ys+1- ~-yr) Q@ v(,...,0,15,0,...,0,15,)
s=j+1

.,
Z eYit1 - Yr Da V(0,...,0,2,,) (Wi — 1)
=1

+ Z eYj+1---Yr ®c [V(0,...0,15,0,...,0,1;,) (¥ + 1) +v(0,....0,2:,) (¥5 — 1)]

1<i<j<r

+ Z eYi. .. Yji—1 Qqg [’U(o,...,o,2j,‘)(yz‘ -1) - U(o,..4,0,1@-,0,44.,0,1j,~)(yj +1)]
1<i<ji<r

— ) i YUk Y O [0(0,0.1,.0,01,. (U — 1)
1<i<j<r

—0(0,...,0,11,0,...,0,1.,) (¥j — 1) +v(0,....0,1:.0,....0,1,,) (Yr — 1)].

An inverse image of this element in eZG ®¢g V3 is

r
Z eYi+1 .- Yr G V(0,...,0,3;,")
i=1
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+ E €Yj+1---Yr @G V(0,...,0,2:,0,...,0,1; ")
1<i<i<r

+ E eYi ... Yj—1 DG V(0,...,0,1;,0,...,0,2;,-)
1<i<j<r

- Z eYi - Yji—1Yk+1 - - Yr G V(0,...,0,1,,0,...,

1<i<j<r

0,1,

0,...y

0,1p,)"

Finally, this element is mapped to the following element in (1 0 ¢)ZG Q¢ V3

T

Z(l oOYr... yr)yiJrl < Yr QG V(0,...,0,35,)
i=1

+ > (Lo Un)Yjs1 - Yr BG V(0,....0.2,.0,...0,1,,)

1<i<j<r

+ Z Loyt yr)¥i---Yj—1 DG V(0,....0,1,,0,...,0,2;,")

1<i<y<sr

- Z Loyt yr)¥i- - Yj—1Uks1 - Yr OG V(0,...,0,14,0,..

1<i<j<r
i
= Z Yit1Yit+2 - - Yr O Y1Y2 - Yi G V(0,...,0,3;,")

+ Z Yj+1¥j+2- - YrOY1Y2 ... Y
1<i<j<r

Xa v(o,...,0,2;,0..

50,15,

+ Z YilYit1---Yj-19Y1Y2 - - Yi-1YYj+1 - - - Yr QG

1<i<j<r
Y(o,...,0,1;,0...,0,2;,-)
- E YiYi+1 - Yj-1Yk+1Yk+2 - - - Yr OY1Y2 - .
1<i<j<k<r
Y(o,...,0,1;,0...,0,1;0,...,0,15,-) -

Lemma 9.1. The cyclic group H3((1 o g)ZG) with g = y1y2 - - -

50,15

0,...,

“Yi—1Y5Yj+1 -

yr with 1 < r

0,1-)

NVl

is, as a homology group in the complex (10 g)ZG ®c V, generated by the cycle

Z Yit1¥Yi+2 .- - Yr O Y1Y2 . - . Yi QG V(0,...,0,3;,")

+ Z Yj+1¥j+2---Yr O Y1Y2 ... Y; Qa V(0,...,0,2;,0
1<i<j<r

0,15,

(9.3) + Z Yilit1 -+ -Yj—1°0Y1Y2 - - - Yi-1YjYj+1 - - - YrQa

1<i<j<r
Y(o....,0,1;,0...,0,2;,)

Z YiYi+1 - Yj—1Yk+1Yk+2 - - - Yr OY1Y2 . ..
1<i<j<k<r

Y(o,...,0,1;,0...,0,1;0,...,0,1%,-) *

Next we calculate the image of (9.3) under the homomorphism (9.1).

the following cycle in IG @¢ Vs

Z(ylyQ c Vi FYir1Yig2 - Yr) DG V(0,...,0,3:,)
i=1

Yi—1YjYj+1 - - - YOa

25

<n

We get
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+ Z (Y192 - Yj T Yjt1Yj42 - - Yr) @G V(0,...,0,2:,0....0,1;,)
1<i<j<r

+ Z (Y1¥2 - Yi1YjYi1 - Yr + Yilit1 - Yj—1) DG V(0,...,0,1,,0...,

1<i<j<r

- Z (ylyQ e Yio1Y5Yi41 - Yk T Yilit1 - Yi—1Yk+1Yk+2 - - .yr) el

1<i<j<k<r
Y(0,...,0,1;,0...,0,1,0,...,0,15,")

i—1
- > ((Z(ys—1)ys+1~~yr+(yi+1)y¢+1...yr
s=1

1<i<j<k<r
s
+ Z (ys — Dy - ~-ys> ®aG v(,...,0,3:,)
s=i+1

i—1
+<Z(ys = DyYst1-- - Yi-1Yit1---Y5 — (Wi — Dy1 ... y;
s=1
- Z DYit1 - Ys—1Yj41 - - Yr
s=i+1
+(j + DYitr - yj-1+ Z DYit1 - Yj—1Ys41 - -yr> ®a
s=j+1

Y(o....,0,2;,0...,0,1;,")

+(Z(ys —Dyst1---Yim1¥j - Yr + Wi + Dyig1 -y
s=1
- Z = Dyiv1-- Ys—1Yj - Ur
s=i+1
.
—(yj - 1)yi+1 s Yr — Z (ys - 1)yi+1 e Yi—1Yi41 - - ys> (e
s=j+1

Y(o....,0,1;,0...,0,2;,")
i—1

+< - Z(ys = DYst1-Yim1Yi - Yo — W + D¥iv1 - Yj—1Ykt1 - Yr

s=1

+ Z Dyit1---Ys—1Yj Y& — (U5 + DYit1 - Yj-1Yj+1--- Yk
s=i+1

- Z DYit1---Yj—1Ys - Y& + (U6 + D¥Yit1 -+ Yj—1Yk - Yr
s=j+1

+ Z Dyit1 - ~yj—1yk-~-ys) Qc U(o,..‘,o,h,0..‘,0,1j0,,..,o,1k,-))
s=k+1

T
= Z(Zl/a +1) ®c v(0,...,0,34,)Yat+1 - - Yr
a=1

o Z [(ya - 1) ®G U(Oa-<~70a2a70-~7071b7') - (yb - 1) ®G U(O,_4,7O,3a7~):|yl

1<a<bsr

0,2;,)

Y
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+ Z [(ya +1) ®c v(0,...,0,14,0...,0,25,-)

1<a<bsr
+(yp + 1) ®G V(0,...,0,20,0...,0,15,) | Yat1 - - - Yo—1
+ Z [(ya —1) ®¢ v(....,0,3,)

1<a<bsr
—(p — 1) ®a U(o,..4,0,1a,0..4,0,2b,.)]ya+1 < Yr

- E [(ya + 1) ®G V(0,....0,10,0...,0,15,0....0,10,")
1<a<b<eLr

+(yp — 1) ®c v(0,...,0,24,0...,0,1.,-)
—(y. — 1) ®¢ ’U(o,...,o,Qa,o,...,o,lb,-)]ya+1 s Yo—1Yet1 - - Yr

+ Z [(ya — 1) ®G v(0,...0,20.0....1..)

1<a<b<esr
—(yp + 1) ®G V(0,....0,14,0..-,0,15,0...,0,1.,)
—(y. — 1) ®¢ v(o,...,o,la,0,...,0,2b,.)]ya+1 e Yb—1Ybt+1 - - Yo

+ Z [(ya — 1) ®¢ v(0,...0,15,0....02.,) — Wb — 1) @G V(0,....0,14.0...,0,20.,1)
<b<

+(ye + 1) ®¢ U(O,..‘,0,1a,0,".,0,15,0,‘..,0,1c,~)]ya+1 e Yb—1Ye - - Yr
- Z [(ya — 1) ®c v(0,....0,15,0...,0,10,0...,0,14,")

1<a<b<e<d<r
=y — 1) ®c v(0,...,0,14,0....0,1.,0....0,14,")
+(¥e = 1) ®G V(0,...,0,14,0,...,0,15,0,...,0,14,)

~(Ya = 1) G V(0,...,0,10,0,...,0,15,0,..,0,10,) | Yat1 - - - Yb—1Ye - - - Yd-

Now we apply the inverse to the isomorphism (9.2) to this element. In order to
compute the images of the generators of Ha(Zs) under this isomorphism we use the

diagram

Loy ®c Va

I

7G Rq Vy —— ZG Q¢c V3

I

IG®a Vs

which is part of the exact sequence of complexes obtained by tensoring the short
exact sequence (6.4) with the resolution V. The image of a generator of Hz(Zs)
is obtained by taking inverse images and applying differentials as indicated in the
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diagram. For the five principal types of generators of Hy(Zs) this works as follows:

1 ®¢ V(4,") = (yl + 1) ®a U(3,.)

1 ®a (3,1, (1 — 1) ®c v,y — (12 — 1) ®c v,

1 ®c v2,2,) = (g + 1) @cvaey + (Y2 + 1) ®c vz,

1®cv@z,1,1,) (11 +1) @c va,1,1,) + (Y2 — 1) ®a v(2,0,1,

—(y3— 1) ®c v,
1®cvaaaa,y = (W —1)®cvo1,1,1,) — W2 —1) ®c v1,01,1,)
+ (3 — 1) ®cva,1,01,) — Wa— 1) ®c v,

Now that we have the images of these five elements we can obtain the image of a
general cycle of the form 1 ®g v(q, ... q,) € Z2 ® V4 by a suitable substitution. In
order to apply the inverse isomorphism of (9.2) to the image of the element (9.3),
note that this element is a sum of cycles in /G ®¢ Vs, and for each of them the
image in Zs ®¢ Vi can easily be read of using the calculation above. The image of
the element (9.3) in Zy ® V} is the cycle

(94) Z 1 Ra Vq

g€l
where I, denotes the set of all subscript vectors ¢ = (q¢1,42,...,¢,) with
¢1+--+¢q =4and ¢41 = --- = ¢, = 0. This allows us to describe the im-

age of the homomorphism H3(G,ZG o ZG) — H4(G,Z2) as follows.

Lemma 9.2. The image of the homomorphism Hs(G,ZG o ZG) — H4(G,Zs) is
generated by the elements
(1) 1®c v,
(i) 1 ®¢ v3,1,) T 1 ®c ve2) +1Q®c 13,
(ili) 1®cvei1,) +1®cva21,)+1®avaa,2,)
(iv) 1®cvai11,,)
and all elements that can be obtained from them by a place permutation of the

subscript vectors. In particular, the rank of this image is (Tf) + (Z) + (g) + (Z)
Lemma 9.3. Ty is an elementary abelian 2-group of rank 2(2) + 2(75)

Proof. By Lemma 6.1, T3 is isomorphic to the quotient of Hy4(G,Zs) by the image
of the homomorphism H5(G,ZG o ZG) — Hy4(G,Z2). By Lemma 5.1 , Hy(G,Z2)

is an elementary abelian 2-group of rank

n+3 n n n
(07) = () =2() () - (5)
Combining this with Lemma 9.2, we get the result. O

10. THE HOMOMORPHISM Hy(G,Z3) — (M AN M)¢

In order to get T», it remains to work out the image of the homology group
Hy(Z3) in (M AN M)g. In fact, it is sufficient to find the images of the elements
1®gvs,1,) and 1 ®@g v(z,1,1,) since, by Lemma 9.2, these elements and all elements

obtained from them by a place permutation of the multidegree vectors, generate
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H4(G,Z2) modulo the kernel of Hy(G,Z2) — (M A M)g. The discussion leading
up to Lemma 6.1 shows that the homomorphism H4(G,Zs) — (M A M)¢g is a
composite of connecting homomorphisms stemming from the four short exact se-
quences obtained from breaking up the six-term exact sequence (2.4). To work
out this homomorphism, we tensor (2.4) with the resolution V. This results in a
double complex, and we can obtain the image in (M A M)g of an element from
H,(G,Zs) by starting with a cycle in Zs ®¢ V4 (see Lemma 5.1), and then alter-
nating with taking inverse images and applying differentials along the following
staircase diagram
Za ®c Va

I

2GRqgVy —— ZG ®qg V3

|

— PRIG®c V1

I

PAP®RgVi — PAP®cW

I

(M AM)®c Vo
until we get to (M A M) ®¢ Vp, and then on to (M A M)g. The result of this
calculation for the relevant elements is given in the following lemma.

Lemma 10.1. The connecting homomorphism Hy(G,Z2) — (M N M)g has the
following effect on the elements of Hy(G,Zs), represented by cycles in Zo @ Vy:

1®cvEa,) = 227 A 21, 2]
1@gve11y — 2(25 Ax [ws,21] + [22, 21] As [22, 23]

+a3 Ay w2, 21] + [23, 21] A [23, 22])

Proof. First we deal with v(z 1) € Z2®¢g Vy. A preimage of 1®cv(3,1,.) € Z2®c Vs
in ZG ®g V4 is 1 ®g v(3,1,.)- This has the following image in ZG ®¢ V3

1®¢g [V, —1) —vEa(ye —1)] = (11 — 1) g v,y — (Y2 — 1) @ vgs,.)-
A preimage of (y1 — 1) ®g v2,1,) — (Y2 — 1) ®g v(s,.) in ZG o ZG @¢ Vs is
(loyi —101)®g @,y — (loya —101) @ v(3,.).

This maps to the following element in ZG o ZG ®¢g Vs

(loyr —101) ®q [v(1,1,)(¥1 + 1) + vz, (y2 — 1)]

—(loyz—101)®c v, (y1 —1)

= (y101—y10y1—|—10y1—101)®Gv(1717.)
+(y2oy1y2 —y20y2 —loyr + 1ol —yr1oyiys
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tyroyr +loys —101)®¢a v,
= —(y—Do(y1—1)®cvau,,
a2 — 1oy — D+ ol +Tomm — @ —1)o (12— 1)
—loys— (1 —1)o(yy2—1) —yrol —loyya +101
+(y1—1)0(y1—1)+1oy1—101} QG v(2,)
= —(nn—Do(y1—1)®c v,
= Dol - Dy + (o~ D - o~ Do (12— 1)

—(pr—Dof(ya—=Dy1+ (w1 — D]+ (g1 — Do (y1 —1)| ®c v,

= —(m—1Do(y1 —1)®c v,
—(y2—1Do(y1 — 1) ®cve, Y2+ (y2 — 1) o (y2 — 1) ®c v(2,
—(ya—1)o(y2— 1) ®cve.)+(y —1)o(y2 — 1) ®c v,y
(1 —1Do(yn—1)®cve)+ @ —1o(y —1) ®c v,

= —~(pm—-Doy—1)®cvau,y— (1 —1)o(y2 — 1) @¢q vz, )2
+Hyr = 1) o (y2 — 1) ®c vz, %

A preimage of this element in P ® IG Q¢ Vs is

—e1® (1 — 1) ®a v,y —e2® (y1 — 1) @c v(2,)Y2
te1 ® (Y2 — 1) ®c v,y
= —e1® (W —1)®cgva,) — e ® (y1 — Dy2 @a v(2,,)
+e1yr @ (y2 — Dy1 ®g vz,

The image of this element in P ® IG ®qg Vi is
—e1 @ (y1 — 1) ®c [vo,1,)(y1 — 1) — v,y (y2 — 1)]
+< —e2y2® (y1 — D)y2 +e11 @ (y2 — 1)3/1) ®c v(1,)(y1 + 1)
= (amem-D+aom-1) o,
+(€1y2 @ (1 — Dya —e1 ® (y1 — 1) + e2192 @ (y1 — D)y
—e2y2 @ (y1 — Dya +e1 @ (y2 — 1) + e1y1 ® (y2 — 1)?;1) ®c v(1.)
= (e1y1 @y —1)—e1®(y1 — 1)y1> ®a V0,1,
+<61y2 Quiyz —€1Y2 QY2 —e1 @y +e1 @1
teay1ye @ Y12 — €2y1y2 ® Y2 — €2y2 @ Y1Y2 + e2y2 ® Y2
te1®@y—e1®@l+ey1 @yiy2 —e1y1 @ y1) ®c v(1,)
= (61?]1 ®(y1—1) —e1 @ (y1 — 1)y1) ®c (0,1,

+(€1y2 @ (y2 — Dy2 —e2y2 @ (y1 — D)y2 — e1y2 @ 1 + ea1y2 @ (y1 — 1)y
—e1y2 @ (Y2 — D)y1ya + €192 @y
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te12@ (-1 —ea® @y — Dy —e1ye @y +e1y2 @ 1+ e1 ® y13y2
+e1®@ (Y2 — Dy1 —eay1 @ (y1 — 1) —e1 @ y1y2 + €21 @ Y1 — eay1 @ 1
+e1y1 ® (y2 — Dy1 —e2y1 ® (y1 — Dyr +e2p1 @ 1 — eayp @ y1) ®a v,
A preimage of this element in P A P ®¢ V; is
e1y1 Ae1 ®a V(o,1,,)
+(e1y2 A eaya + e2y1y2 A erya + e1y2 Aer +er Aeayr + eryr Aeayr) Oa v,
The image of this element in P A P ®g Vj is
eryr Aer ®c (y2 — 1)
+(e1y2 A eayz + eay1y2 A eryz + e1y2 A ey + e1 A eayn
+eiyr A 623/1) ®c (y1 —1)
= (ewny2 Aeryz —eryn Aer +eryiye A eayrya
+eaya N e1y1yz2 +e1yi1y2 Aeryr +eryr Nea +ep Aes
—e1yz A eaya — eay1y2 Aerya —e1yz Aer — e Aeayr —eryr Aeayr) @ 1
= <€1y1 Aler(yz — 1) —e2(yr — 1) — exyr Aerys
+er Alei(yz —1) —ea(yr — )] +exr Aer(yr + 1)y
—er Aeyiyz —er Aeryz —erya Aer(yr + 1)y
—eay1y2 Aer(yr + D)ya +eaya Aer(yr + 1)ya +eryiyz Ae(yr + 1)
—eipnya Aer Feya Aer(yr +1) —erya Aeryr —erya A 61) ®c 1

= (el + DA fenlyz = 1) — eays — 1)
+ler(yz = 1) —e2(yr — Dy Aer(yr + 1)y
+er(yr + Dy2 Aex(yr + 1)) ®a 1.
A preimage of this element in (M A M) ®¢ Vj is
(23 A zr, @o) + (21, @2] - y2 A2t Yo +2f - y2 Aal) ®¢ 1.
The image of this element in (M A M)¢ is
T3 A (21, 2] + [21, 2] Y2 Aw T - Yo + 25 - Yo Ay 27
= 2] A o1, @0] — 2T g2 A [z, @] - y2 + (2f 4 (w1, 20] - (11 + 1)) Av 2
= —af- (g + 1) A [21, 2]
= 222 A, [21, 9]
= 222 A, [21, 2]

using the fact that 22 A, [z1, 7] belongs to the torsion subgroup of (M A M)g which
has exponent dividing 4.

Now we deal with the element 1 ®¢ v(2,1,1,.) € Z2 ®¢ Va. A preimage of
1 ®cvei1,) € Z2 ®@c Vy in ZG ®g Vi is 1 ®g v(2,1,1,.)- This has the following
image in ZG ®g V3

1®a wan,yw +1) + 02,0192 — 1) = v, (ys —1)]
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= (m+1)@cvai)+ @ —1) @cveo,) — (Ys — 1) ®c vz,

A preimage of (y1 +1) ®g v(1,1,1,) + (¥12 — 1) ®g v(2,0,1,) — (¥3 — 1) ®c v(2,1,.) in
ZG o ZG ®qg V3 is

Loy ®av,1,1,) +(loya—101)®cv0,1,) — (loys —101) ®gv2,1,)-
This maps to the following element in ZG o ZG Q¢ Va
Loy ®a [v(0,1,1,) (1 — 1) — v, 2 — 1) +va,1,9(ys — 1)]
+(Loys —101)®¢ [va,01,) (W1 + 1) + vy (ys — 1)]
—(loys —101)®a [v1,) (w1 +1) + v (Y2 — 1)]
= (—woyye+loyi+yiomyz—yioyr+1loys—1ol) ®cvaoni,,)
+(ysoymys —loyr —yroyys+yioyr —loys+1ol) ®g v,
+(ysoyays —ysoys—loya+ 1ol —ysoyays +y20y2+ Loy
—1lo 1) Ra U(2,)
= (—(y2—1)0(y1y2—1)—1oy1y2+(y1—1)0(y1y2—1)+y101
+1Oy1y27 lol— (yl *1)O(y1 71) — lOyl +101) ®G’U(1,071,,)
+((y3 —Do(yys—1)+1loyys —(y1 —1)o(yiys—1) —yio1l
—loyiys+1ol+(y1 —1)o(y —1)+10y1—101> ®c (1,1,
+((y3 —1)o(yays —1)+ysol+1oyays
—(yz—1)o(ys—1)—loyz+(y2—1)o(y2—1)
+1oy271017(y2—1)o(y2y3—1)fygolfloyzngrlol) R v(2,,)
= (~@=De B =Dy + @ —D] + G — 1o (4~ Uy + (1 — 1)
—(y1 =1 o(y1 — 1)) G V(1,0,1,)

+((s = 1o [ = Dys + (55— D] = @ — Do [(ys = Dy + (32 — )]

+< ys —1)o 271y3+(3*1)]*@3*1)0@3*1)
+(y2 —1)o(y2—1) = (y2 — 1) o [(y3 — Dy2 + (y2 — 1)]) @G v(2,)
= (W —1o(y2—1)®cva,0.1,)¥2 — (Y2 —1)o(y2 — 1) ®c v(1,0,1,)
(1 —=1)o(y2—1)®cv,01,9%1 — (Y1 — 1) o (y3 — 1) ®c v(1,1,)¥3
+ys =1 o(ys—1) @c v,y + (v —1)o(ys — 1) ®c v,1,9¥
—(y2—1) o (ys — 1) ®c vz, yys + (Y2 — 1) o (y3 — 1) ®¢ v(2,.) Y-

[

+yr —1) o (y1 — 1)) ®cG V(1,1,)
[(
)

A preimage of this element in P ® IG ®¢g V3 is

e1® (Y2 — 1) ®a v1,01,)Y2 — €2 @ (Y2 — 1) ®a v(1,0,1,)
—e2® (y1 — 1) ®c v(1,0,1,9)¥1 — €1 ® (y3 — 1) ®c v(1,1,9Y3
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ez ® (Y3 — 1) ®c v, Tes® (y1 — 1) ®c v, )h
—e2® (y3 — 1) @G v(2,yy3 + €3 ® (Y2 — 1) @ v(2,.) Y2

= (—ame@m-1-eo -1 +en ey —1)) 9o,
+(61y3 @(yzs—1) +es®@(ys — 1) —e3y1 @ (y1 — 1)) ®c v(1,1,,)

+(62y3 @ (ys — 1) — e3y2 @ (y2 — 1)) R v(2,.)-

The image of this element in P ® IG ®¢g Vi is

(761y2®(y271)762®(y271)+62y1®(y171)) ®c
(V0,011 — 1) —va,)(ys —1)]
(e ® (s — 1) +es @ (g5 — 1) — eamn @ (11 — 1)) @
o1,y —1) —va,)(y2 — 1)]
(208 © (93— 1) — e ® (12 — 1)) G v, (1 +1)
( —e1y1y2 ® (Y2 — Dy1 —eay1 ® (y2 — Dy1 —e2 @ (y1 — 1)

te1ya @ (Y2 — 1) +e2 @ (y2 — 1) — eay1 @ (y1 — 1)) ®c V(0,0,1,)

+(€1y2y3 ® (y2 — Dys + €2y3 ® (y2 — 1)ys — e2t1y3 ® (y1 — 1)y
—e12®@ (2 —1) —e2®@ (y2 — 1) + 21 @ (y1 — 1)
—e1y2y3 ® (y3 — L)y2 — e3y2 ® (y3 — L)y + e3y1y2 ® (y1 — L)y
+e1ys @ (ys — 1) +es® (ys — 1) —eayn @ (y1 — 1)
+eay1ys @ (y3 — 1)y1 — eayiye @ (y2 — Dy
+eays ® (yz — 1) — e3y2 @ (y2 — 1)) ®a v(1,.)

+(61y1y3 ®(ys —Dy1 +espn @ (y3 — Dy1 +e3 @ (y1 — 1)

—e1y3 @ (ys — 1) —e3® (y3 — 1) + e3y1 @ (y1 — 1)) ®aG (0,1,
(—ewiy2 @ y1y2 + e1y1y2 © Y1 — e2y1 @ y1y2 + €21 O 1
—e®yrt+ea®l+tey2 @y —e1y2 @1 +e@yo
—e2 @1 —eay1 @Y1 + €21 ® 1) g v(0,0,1,)
+(e192y3 @ y2ys — €1y2y3 ® Y3 + €2y3 @ Y2ys — €2y3 ® Ys — €2y1y3 ® Y13
teayiys Dys —e1y2 @y +e1y2 @1 —ea @ y2 +e2 ® 1+ eay1 @y
—e2y1 @ 1 — e1y2y3 @ y2y3 + €1y2y3 ® Y2 — €3Y2 @ Y2y3 + €32 @ Y2
tesy1y2 @ Y1Ye —esy1y2 @ Y2 +e1ys Qys —e1ys @l +e3 @ ys —e3 ® 1
—e3y1 @Y1+ e3y1 @ 1+ e211y3 @ y1ys — €291Y3 @ Y1 — €3y1y2 & Y1Y2
+es3y1y2 @Y1 + €23 @ Ys — €2y3 @ 1 — e3y2 @ Y2 + €392 ® 1) @ v,
+(61y1y3 QY1Ys —e1y1ys @Y1 +e3y1 @ y1ys —e3y1 @Y1 te3 @y —e3® 1
—e1ysQusteys@1l —e3@ys+es®@1+esy1 @y
—e3y1 ® 1) ®c v(0,1,)
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= (613/2 ® (y1 — Dy1yz — e1y1ye @ (1 — 1)y2 + e1y2 @ y1y2
—e1y1Y2 @ Y2 +e2 @ (Y1 — Dy1y2 —e1y1y2 @ (y2 — 1) +e2 @ y1y2
te1y1y2 ®ye —e1y1y2 @ L+ ey @ (Y1 — 1) —e1 @ (y1 — Dy1ye
teiy1ye @1+ e @ya —e1 @y1y2 +e1ye @ (y2 — Dyr — e2y1 @ (y1 — 1)y
—e1y2 @ Y1Y2 +e1y2 @Y1 —eay1 Y2 +e2 @ (y2 — L)y1 — eay1 @ (y2 — 1)
—e2@uy1y2tey1 @Y +e12 @1 —1) —e1® (y1 — Dy —e1y2 @1
+e1 @ y1y2 —e1 ® yz) ®a v(0,0,1,)

+(€3 ®@ (y1 — 1)y2ys — e1y2y3 @ (y3 — 1) — e3 @ y1y2y3 + €3 @ Y2y3
—e1y2ys @ 1 +e1y2ys ® (y2 — 1) —e2 @ (y1 — 1)yays + e192y3 ® 1
+e2 @ y1y2ys — €2 @ Yays + e2y1y3 @ (Y3 — 1) —e3 @ (y2 — 1)y1y3
+eay1ys @ 1+ e3 @ y1yays — e3 @ y1ys + €1 @ (y2 — Dy1ys
—eay1y3 @ (y1 — 1) —e1 @ y1y2ys + €1 @ y1y3 — e2y1y3 @ 1
te2 @ (Y3 — Dy1yz — e3y1ye @ (Y2 — 1) — e2 @ y1y2y3 + €2 @ Y1y2
—e3y1y2 @ L+ esyiya @ (1 — 1) —e1 ® (y3 — Dyiye + esyiya ® 1
+e1 @ y1y2y3 — €1 @ y1y2 + e2y3 ® (Y3 — 1)y2 — e3y2 @ (y2 — L)ys
+eays @Yz — e3y2 WYz +e2y3 @ (y2 — 1) —e2 @ (Y2 — 1)ys — €2y @ y2
tea @yays —€2@Ys+e2® (Y1 — 1)y2 —e1y2 @ (Y2 — 1) — €2 @ y1y2
+e3 @ (Y3 —Ly2 —esya ® (y3 — 1) —e3 @ yays + €3 @ y2 + €332 O 3
+e1ys @ (ys — 1) —es ® (y1 — Dys + e3 ® y1ys
tey1 @ (y1— 1) —ea®@ (2 — D1 +e1 @y1y2 —e1 @y
+e1®@ys— Dy —espn @ (1 — 1) —e1 @yiys +e1 @y
te3®@(y2—1) —e2®@(ys — 1) —e3@y2 + €2 ® y3) ®c v(1,)

+(e1y1y3 ® (y1 — Dys —e1ys @ (1 — Dyiys + e191ys © ys — e1y3 © y1y3
+e1y1ys ® (Y3 — 1) —e3 @ (y1 — Dy1ys — e11y3 @ yz + e1y1ys @ 1
—e3@y1ys +e1 ® (y1 — Dyiys —e1yiys @ (y1 — 1) —e1 @ y3
+e1 ®@y1ys — e1y1ys ® 1+ e3y1 ® (y1 — ys — e1ys @ (y3 — Dwn
+e3yr @us +e1yzs @y1ys —e1yz @y +e1 @ (y1 — 1)y
—e1y3 @ (Y1 — 1) —e1 @ y1ys +e1 DYz + e1ys @y
tesy1 @ (Y3 —1) —es® (y3 — Dy1 —e3y1 QY3 +e3 ® y1y3) ®G (0,1,)-

A preimage of this element in P A P ®¢ Vi is

(elyz Neryryz +ex ANeryrys +e1yi1ys ANer +e1ys Aeayy
+ea Aegyr +e1ya A 61) ®a V(0,0,1,")
+(63 A e1Y2ys + e1yays A ex + eay1ys A ez + e1 A eayiys + e2 A esyiye
+esyiyz Aer + exys Aesya +exys Neg +ex Aerys + ez Aegys
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+ei1ys Neg +eayr Aer +er Aesyr +es A 62) ®aG V(1)
+(e1y1ys A erys + exyrys A es + e Aeryiys + esyi A erys
+e1 A erys + esy1 A es) R v(o,1,)-

The image of this element in P A P ®g Vj is

(61:l/2 Ae1y1yz +e2 Aerwyiyz + e1yiys A e1 + eryz A eayn
+ez Aeayr + e1y2 Aer) Qg (y3 — 1)
+(e3 A e1yays + e1y2y3 A €2 + e2y1ys A ez + e1 A eayrys
+ea A esyiyz + esyiyz A\ er + eays A esya
+eays Aea +ea Aerys +e3 Nesys +er1ys Aes
+eay1 Ner+ep Aesyr +e3 A 62) ®c (1 — 1)
+(e1y1y3 A erys + e1y1ys A es + e1 A eryrys + esyr A erys
+eir Newys +esyr A 63) ®c (Y2 — 1)
= (e1y2ys A e1yiyays + e2ys A e1y1y2ys + e1y1y2ys A €1ys + e1y2ys A eay1ys
+eays A eay1ys + e1y2ys A erys — eryz A eiyiyz — e2 A e1yiye
—e1yiy2 Aer —ery2 Aegyr — ea A eyt — eryz A er + esyr A eryiy2ys
+Te1y1yays A eayr + eays A esyr + e1yr A eays + eayr A ezl
+esy2 A ey + e2y1y3 A egyiye + eay1ys A eay1 + exy1 A eryiye
+esyr A esyryz +e1yi1ys Aesyr + ez Aeryr +eryr Aes + esyr A ey
—e3 Ae1yays — e1y2ys A ea — eay1ys A ez — e A eayiys — €2 N\ esyiy2
—e3y1y2 A e1 — eay3 Aeslya — eayz A ez — ez Aerys — es A ezys
—e1ys Neg —eayr Aer —er Aegyr — ez Aea + eryi1yays A e1Y2ys
+Fe1y1yeys A esyz + e1yz A e1y1yays + esyiya A e1y2ys + e1y2 A e1y2ys3
+esyiye A esyz —ewyi1ys Aeiys —eyiys Aes
—e1 Ae1yiys — esy1 Aerys — e Aeiys — esyr Aes) Qg 1
= (1w Aler(yz = 1) = ealyn = D] + eae Aler(yz = 1) = ealyn = 1)
—e1y1ys Aler(ys — 1) —es(yr — 1)] —erys Aler(ys — 1) —es(yr — 1)]
—e1yiyays Aler(y2 — 1) —e2(y1 — 1)] — exyayays Aer + eryiyays Aes
—e1yays Aler(y2 — 1) —e2(y1 — 1)] — e1yays A er — eryays A eayn
+e1yiyays Alen(ys — 1) —es(yr — 1) + eryiyeys Aer — eryiyays Aes
t+e1y2ys Aler(ys — 1) —es(yr — 1)] + e1y2ys A er + e1yays A ez
—e1y1y2ys Alea(ys — 1) — es(y2 — 1)] — exyiyays A ea + e1yiyays Aes
—e1yays Alea(ys — 1) —es(y2 — 1)] + e1yays A eays — e1yays A ea
—e1yoy3 A esye + e1y2ys A ez + e1yays Alea(ys — 1) —es(y2 — 1)
+e1yays A eayr — e1y2ys A esyr — esyiya A lea(ys — 1) —ez(y2 — 1)y
—e3y1y2 Aeayr —e1yz Alea(ys — 1) —es(y2 — L)lyr + e1y2 A eayiys
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—e1y2 A eayr — e1y2 A esyiyz + ery2 A esyr

+eaya Alea(ys — 1) —ez(y2 — 1)]y1 — e3ya A eay1ys — e3y2 A esyn
—eay1ys A lea(ys — 1) —e3(y2 — 1)] — eay1y3 A €2 — eay1y3 A €3y
+eays Alea(ys — 1) —es(y2 — 1)] — eayz Aes

+e1y2ys Alea(ys — 1) —es(y2 — 1)] — e1y2ys A eays + e1y2ys A ea
+e1y2ys A esyz — e1yays Aes — e1ys Alea(ys — 1) —es(y2 — 1)]

+e1ys Negys —erys Aex —erys Aesya +e1ys Aes

+esyry2 Aler(yz — 1) —ea(yr — 1)] — esyiya A eryz + esyiys A eayn
—esy1r ANer(y2 — 1) —ea(yr — 1)] + e3y1 Aeryz +esyr Aeg

—eay1ys Ale1(ye — 1) — ea(y1 — 1)] + eay1y3 A e1ya + eay1ys A e2
+eayr Aler(ya — 1) —ea(yr — 1)] — eay1 A erye

—e2ys Ale1(ys — 1) —es(y1 — 1)] + eays A e1ys — eays Aer + eays Aes
+ea Aler(ys — 1) —es(yr —1)] —ea Aerys +ea Aep +ex Aesyy
tesy2 Aler(ys — 1) —es(yr — 1)] — esya A erys + eszy2 Aer + esyz A esyn
—egAlei(ys —1) —es(yr — 1) +esAeys —es Aey

ey Alea(ys — 1) —es(y2 — )] +e1 Alea(ys — 1) — es(y2 — 1)]

—61/\62y3+€1/\62+€1/\€3y2—61/\63) ®al

= (61(y1 + 1)y2 N [61(2/2 - 1) - 62(?]1 - 1)]

—e1(yr +ys Alea(ys — 1) — es(yr — 1)]
—e1(y1 + Dyays Aler(y2 — 1) — ea(ys — 1))
+e1(y1 + 1)yays Aler(ys — 1) — es(yr — 1)]
—e1(y1 + 1)yayz Alea(ys — 1) —e3(y2 — 1)]
+lew(ys — 1) —es(yr — D]y2 Alea(yz — 1) — e3(y2 — 1)y
+lei(yz — 1) —ea(yr — ]ys Alea(ys — 1) —es(y2 — 1)]
—[ea(ys — 1) —es(y2 — D]yr Aler(y2 — 1) — e2(y1 — 1))
—[e2(ys — 1) —es(y2 — 1) Aler(ys — 1) — es(yr — 1)]
Fer(yr +1) Alea(ys — 1) = eslye — 1)]) @ 1

A preimage of this element in (M A M) ®¢q Vo is

(23 y2 A1, wa] — 27 - ys A [z1, 3] — 27 - yoys A [w1, 2] + 27 - yoys A [21, 73]
—a7 - yoys A [2, 23] + [71, 23] - y2 A [22, 23] - y1 + [21, T2] - Y3 A [22, 23]
—[ma, 23] - y1 A [z1, 2] — [0, 23] A 21, 23] + 22 A [x2, x3])) ®¢ 1.
The image of this element in (M A M)¢ is

Y2 As 1, 22] — 2 - ys Ax (21, 23] — 27 - y2ys A (21, 22)]

+$1 Y23 A (@1, 3] — 3?1 Y23 As [T, 3] + [T1, 23] - Y2 As [T2, 23] - Y1
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+r1, 2] - Y3 Aw (2, 23] — [T2, 73] - Y1 A [21, 2]
—[m2, 23] As [T1, 3] + 2T Ay [T2, 23]
= =2} A [z, m1] -y 2T A s, m] - ys 4+ 27 ys As [m2,21] - w2
—27 - Yo A 3, 31] - ys — T A [w2, T3] - yaus + [0, 23] - y1 As [12, 23] - 2
—[m1, ma] Ax [T3, 2] - Y3 — [T2, T3] As [1, T2] - Y1 + [T3, 71] A [23, 72]
+22 A, [z2, 23]
= 23 A w2, m1] — 23 Aw 2 yr + 2 A x5 — 22 Ay [z, 20] + 2 A 23
—2% Ay T2 — 27 Y3 Ay [T, 1] + 2T - Y3 Ak T3 - Y1 — T2 - Y3 As T2
+27 - Yo As [T3,71] — 2T - Y2 Aw 25 - Y1 + T - Y2 Aw 5 + 27 As [0, T3] - U3
f:c% A z% + x% N :c% -ys — [x1, T3] As (f [x2,x3] + x% “Y3 — x%)
427y As (= [z2, 23] + 23 - y3 — 23)
—z7 A, (— [T2, T3] + T3 - y3 — x%) + [21, T2] Ax [23, 2] — [T1, T3] As T3 - Y2
+r1, To] Aw 23 + [T, T3] As [1, 2] — [T2, T3] As 25 - Yo + [T2, T3] Ay 23
+[zs, 1] Ax [23, 2] + 22 A, [0, 23]
= 22 A, [m2, 1] — 22 Ay 23, 21] + 22 Ay [0, 20] - Y3 + 27 Ay [23,21] - Y2
—27 Ay [T2, T3] — T As @3 - Yo + 27 Aw T3 — 23 Ay T3 + 25 A 25 - Y3
w1, 3] Ay [T2, T3] — [23, 1] Ax 25 4+ 25 - Y1 As 25 — 3 Ay 25
Fzr, 23] A 22 — 22 A, [23, 2] + 22 Ay 22 - Yo — 22 Ay 22 4 22 A, 22
—27 Y3 Ay 3+ 27 Ay [, 23] — 27 Aw T3 - Y3 + 22 Ay 25+ [21, T2) As [23, 20]
—[m2, 1] Aw T3 4+ 23 - Y1 As T3 — 235 Ay T3 + [T1, 2] Ak 15
+xa, 23] Ax [21, 23] + [T2, 23] Ay 22 — 23 - Y3 Ay 2
+a2 Ay 22 4 (23, 21] Ay 3, 29
= P A ([es, 1) - (y2 — 1) + [0, 29] - (y3 — 1) + [w2, 23] - (y1 — 1))
+2(x§ As [m3,21] + [2, 1] As [2, 23] + T2 Ay [, 21] + [23, 21] As [x3, z2])

= Q(xg Ay [acg,xl] + [z2, 21] Ak [T2, 3] + x% As o, 1] + [23, 1] A [23, xg})
O

Corollary 10.2. The elements (ii) with s = 1 and (iv.b) have order 4 and generate
their direct sum in (M A M)g.

Proof. Let T, denote the group generated by those elements. In view of Lemma
10.1, 2T} coincides with the image of Hy(Z2) in (M A M) (which is Ty). The latter
is an elementary abelian 2-group of rank 2(72’) + 2(2) = 2(”;1) (see Lemma 9.3)

which is precisely the number of those generators of T,. The result follows. O

11. THE MAIN RESULT

It remains to put the results of the previous sections together to obtain the main

result of this paper.
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Theorem. Let F be a free group of rank n with free generating set X = {x1,..., 2, }
forn > 1, and let R = F? be the verbal subgroup of F that is generated by all
squares. The quotient R'/[R', F)] is the direct product of the cyclic groups generated
by

(i) the elements

27, [m?,xil,...,xis]]
withl<j<i<n, 1<y < - <ig<n, i,j Fi1,...,05, 0< s <n—2,
(ii) the elements
[x?,[xi,xil,xiz,...,xis]]
withl <i<n, 1<) < <ig<n, i #41,...,05, 1 <s<n—1,
(iii) the elements
[m?,[acil,xiz,xis,...,xis]]
with 1 <i <, i1y...yis € {1, ..., n\{i}, i1 > in < i3+ < is,
i1 £ 03,...,10, 2<8<n—1,

(iv) the elements
() [[zk, @il [wp,25]] with 1<i<j<k<
(b) [xf,[z],xk]] [[zi,zk],[xi,xj” [a: xz,xk] [x],xk o:j,:r,;]] and
(23, [on, @il (g, @), g, wal] [aF, (25, al] [, 2], [w, 25]]
with 1<1<j<k<n,

() [2, [xh, ), @iy, oy 35.]]
[[xhij[xiaxkvxila'”vxis]:l [[xhxh]a[xj7$kaxi27"'xis]]
[[wilawj] [mi,mkaxiza" y Lig ]] [[xivxj]v[:L'ikaaxiz,"-axisﬁ

withl1 <i<n, 1<j<k<ig<---<ig<n, i#j,ki1,...,10s,
1<s<n-3,

(v) for all subsets {j1,...,74s}, 4 < s < n, of mutually distinct elements in
{1,2,...,n}, the Kuz’min elements
H‘rilaxig]a[xi37xi47xi5a"'7xis]:|7 4<S<n7
with {il,...,is} = {jl,...,js} and i1 > lo, t3 > 14, ©1 > 13, lo > 14,
ig < is,--- < 1ig, and the element
[[xk?,vxkz]?[kaxkuka-~-axks]]

where {j1,...,Js} = {k1,...  ks} with ky < ko < --- < ks.
Of these, the elements (i), (iii), (iv.a) and (v) have infinite order, the elements
(ii) with s = 1 and (iv.b) have order 4, and the elements (ii) with s > 1 and the

elements (iv.c) have order 2.

Proof. We use the isomorphism (2.1) to translate the results obtained for the tensor
product (M A M) into the setting of the quotient R’ /[R’, F]. By Proposition 4.1 it
is generated by the elements (i)-(v). In Section 7 we have shown that the elements
(ii), (iv.b) and (iv.c) are torsion elements. Then, in Section 8, we have shown that
the elements (i),(iii), (iv.a) and (v) freely generate a free Z-module. By Corollary
10.2, the elements (ii) with s = 1 and (iv.b) have order 4 and generate their direct
product. Finally, by Lemma 7.2 the elements (ii) with s > 1 and the elements
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(iv.c) have order 2, and by Lemma 7.1 they are linearly independent over Z,. The
theorem follows. O

For completeness we add that the number of infinite cyclic factors in R’ /[R/, F] is

(";1)2” + (n—1), the number of cyclic factors of order 4 is 2(”;1), and the number

of cyclic factors of order 2is n 3L (") 4 S L (1) = 02" — 2(n2 +n+2).
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