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Abstract

We generalize the results of [2], showing that vertices of simple modules of
blocks of the type studied in [7] are radical. This means that in order to identify
simple modules whose vertices are not radical we must consider blocks ’involving’
blocks of positive defect of non-abelian simple groups.

1 Introduction

Let k be an algebraically closed field of prime characteristic p and G be a finite group.
In [2] it is proved that vertices of simple (kG)-modules for p-solvable groups G are
radical (recall that a p-subgroup @ of G is radical if Q = O,(Ng(Q))). However, when
the group is not p-solvable this is not necessarily the case (an example for p = 2, due
to Willems, is included in [2]). There are at present very few examples known of simple
modules whose vertices are not radical, and our purpose here is to restrict the places
to search for further examples, whilst generalizing the results of [2].

We show that if a p-block of a finite group has a simple module with vertex which
is not radical, then that block must 'involve’ a block of positive defect of a non-abelian
simple group, in the sense that there exist N <t<G and M <1 N with M /N non-abelian
simple such that a block of N covered by B has defect groups not contained in M.
This is equivalent to showing that vertices of simple modules for the blocks studied
in [7] (blocks in C,(G) as defined below) must be radical.

Before proceeding we take the opportunity here to give an example of a simple
module with non-radical vertices for an odd prime. Let G = PGU;3(8) and H =
PSU3(H) < G, so |G/H| = 3. Take p = 3, and let P € Syl;(H). By [4] we have
that Ng(P) has structure (Cy x Cy) x S3, but |P| = 3* so P # O3(Ng(P)). However,
by [11] H possesses a simple module S of dimension 133 with stabilizer H in G. By,
for example, [5, 19.26], P is a vertex for S since S has dimension prime to p. Then
Ind%(9) is a simple kG-module with non-radical vertex P.

We say that a composition series

1=Gy<xGi<---<xG,.1<G, =G
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for G is compatible with a p-subgroup @ of G if for each i > 0, G;/G;_; is a p-group
or Q; = Q;—1, where Q; = Q N G;. We write C,(G) for the set of p-blocks of G with a
defect group compatible with some composition series for G. In [7] it is proved that if
some composition series of GG is compatible with some defect group of a block B of G,
then every composition series of G is compatible with every defect group of B.

If N <G and B is a p-block of GG, then GG acts on the blocks of N by conjugation,
and the blocks of N covered by B (in the sense that the restriction to kN of some
module for B has a non-zero direct summand in the block of N) form a conjugacy
class under the action of G. We write I(b) for the stabilizer in G of a block b of N.

In Section 2 we give an explanation of some of the Clifford-theoretic results that
we use in the proof of the main result. The main result is found in Section 3, together
with some consequences.

2 Background results

In [2] use is made of results of [6] regarding blocks covering blocks of defect zero.
These results are also sufficient in our more general situation, but their application is
far from clear, as explicit reference to vertices of simple modules is not made. The
results of [6] are generalized in [12], although the results are again difficult to apply.
However, a discussion of the application of the relevant results of [12] can be found
n [13], where they are presented as a composition of two correspondences similar to
those investigated explicitly in the excellent paper [3] (although there they are only
applied in the case of a normal p’-subgroup).

For the convenience of the reader we provide a brief description of the constructions
n [13], and how they relate to [3] to give the tools we need for the proof of the main
theorem.

Lemma 2.1 Let B be a block of a finite group G covering a G-stable block of defect
zero b of a normal subgroup N of G. Let D be a defect group for B, and let X be the
unique (up to zsomorphzsm} simple kN -module in b. There is a central extension G of
G/N by a p'-group Z and a block (of defect zero) b of Z such that the following hold
for each H < G containing N (where we write H for the preimage of H/N in G under
the natural homomorphism):

(i) there is a one to one correspondence between blocks of H covering b and blocks
of H covering b;

(i1) there is a one to one correspondence between simple kH-modules covering X
and simple kH-modules covering the unique simple module X in b which respects the
block correspondence in (i). If Q is a vertex for a simple kH-module covering X, then
the corresponding simple kH-module has vertex Q, where QZ/Z QN/N.

(111) the block B corresponding to B has defect group D such that DZ/Z DN/N,
e, D= D.

(w) zf BH s a block of H covering b corresponding to the block By of H and

('U)BEC (@) zfand only if B € C,(G).



PRrROOF. This construction is well-known. An elementary argument that we may
choose a central extension by a p’-group can be found in [1]. Otherwise, the methods
of [3, Section 2] (which assume (|N|,p) = 1) apply more generally to our situation,
the correspondence studied being of the same form. To see this, we observe that the
only place in [3, Section 2] where the condition (|N|,p) = 1 is used is in the proof of
Proposition 2.3, where it is shown that QN/N = Q). But of course this follows just as
well from the fact that N N @Q = 1. This gives us (i)-(iii). Part (iv) follows from [8,
Section 1], and (v) follows as in [7, 3.2]. O

Lemma 2.2 Let B be a block of a finite group G covering a G-stable block of defect
zero b of a normal subgroup N of G. Let Q) be a p-subgroup of G contained in a defect
group for B such that G = NNg(Q). There is a 1-1 correspondence between simple
kG-modules in B with vertex Q@ and simple kNg(Q)-modules in blocks with Brauer
correspondent B and vertex Q).

PRrOOF. This follows from either of [6] or [12]. We start with the application of the
results of [12] given in [13, p.205], which we summarize here. Briefly, there is a unique
block b of NQ covering b, with defect group @Q. Let b; be the Brauer correspondent of
b in Nyg(Q) = QCx(Q). This covers a unique block b; of Cx(Q). There is a finite
group L which is 1som0rphlc to central extensions of both G/N and Ng(Q)/Ca(Q)
by the same cyclic p'-group. Effectively L is simultaneously playing the role of G in
Lemma 2.1 for blocks covering b and for blocks covering b;. There is a unique block B
of L corresponding to B, and B corresponds to a unique block C' of Ng(Q) (which by
the arguments in [8, Sectlon 1] must have Brauer correspondent B).

We can now apply Lemma 2.1 to give correspondences between simple modules of
C and of B, and between those of B and of C, to give our result. O

3 Main theorem and consequences

The proof of the main result is broadly the same as that in [2], the main difference
being that we cannot use the Glauberman correspondence in its original form. Instead
we use the Harris-Knorr correspondence.

Theorem 3.1 Let G be a finite group and B € C,(G). If Q is a vertex for a simple
kG-module S in B, then there is a simple kNg(Q)-module with vertex @ in a block
with Brauer correspondent B.

PROOF. Let (n,m) be minimal in the lexicographic ordering such that there is
a group G with ([G : Z(G)],|G|) = (n,m) and a simple kG-module S in a block
B € C,(G) with vertex () which is not radical. Let D be a defect group for B containing
Q.

We claim first that there is no non-central normal subgroup N with D NN = 1.
Suppose that N is such a subgroup. Then we may choose a block b (of defect zero) of
N covered by B such that D < I5(b). Write I = I(b). There is a simple kI-module



T with T% = S lying in a block B; with Brauer correspondent B. By [7, Lemma 2.2]
we have B € C,(I). Note that T has vertex conjugate in G to @), so without loss of
generality we may assume () is a vertex for T

Suppose that [ # G. Then [I : Z(I)] < [G : Z(G)], so by minimality there is a
simple N;(Q)-module M with vertex @ lying in a block C; with Brauer correspondent
Bj (and hence B).

By [9, V.3.5] there is a unique block ¢ of QN covering b. This must have defect group
Q. Let ¢; be the Brauer correspondent of ¢ in Non(Q). Then Ni(Q) = Ing)(b) =
Ing@)(c) = Ing(o)(c1). Let by be a (the) block of Ny(Q) = Cn(Q) covered by ¢;. This
is @-stable, hence Iy, @)(c1) = Ing(Q)(b1).

We claim that Cy covers b;. Write C' = C’NNI . Then CT = By. Since By covers b,
it follows that C' covers b, and hence ¢. Note that NQ I NN(Q), and Nyn, (o) (Q) =
N;(Q). Hence by [10] the Brauer correspondence gives a 1-1 correspondence between
blocks of NN;(Q) covering ¢ and blocks of N;(Q) covering ¢;. Hence C covers ¢;, and
so by as claimed.

Since N;(Q) = Ing)(b1), lt follows that L = IndN @) (M) is simple and lies in

the Brauer correspondent C’1 . Since the Brauer correspondent of C’fV ¢@ i @ is

defined it follows that it must be B since C¢ = B. Since M has vertex Q, it follows
that C’fv (@ pas vertex @, contradicting minimality. Hence G = I.

By Lemma 2.1 there is a central extension G of G/N by a p/-group Z, a simple
module S of G with vertex Q such that ZQ/Z = NQ/N, and a block B € C,(G)
containing S. Since [G : Z (é)] < |G : Z(G)], by minimality there is a simple module
M of kENg(Q) with vertex @ in a block b with Brauer correspondent B. Note that
by [7, 2. 2] we have b € C,(N&(Q)).

Now write H = NNg(Q) We claim that H/N = Ng/n(NQ/N). Clearly H/N <
Neg/n(NQ/N). Suppose that gN € Ng/n(NQ/N). Then QN = QN. Since b is
G-stable, both @) and )9 are defect groups for the unique block of QN covering b.
Hence there is n € QN such that Q9 = Q", so g € H, proving the claim. By a similar
argument H = Ng(Q), where H/Z = H/N.

To summarize, we have a simple module for kH with vertex Q, lying in a block
becC o H). Now H is obtained by the constructions in Lemma 2.1, so it follows that
there is a simple kH-module M with vertex @ lying in a block bH € C,(H). Since
(by)¢ = B, by Lemma 2.1 we have (by)® = B. It now follows by Lemma 2.2 that
there is a smlple kNp(Q)-module with vertex @ in a block with Brauer correspondent
by. Hence by the transitivity of the Brauer correspondence we get a contradiction, since
Ng(Q) = Ng(Q). So there is no non-central normal subgroup N with NN D = 1.

By [7, 2.4] we have O,(G) # 1. Write G = G/0O, »(G). Since Oy(G) < ker(S), we
may regard S as a simple kG-module S with vertex Q = Q/O,(G ) (see [9, I11.4.13]).
Let B be the block of G containing S. By [9, V.4.2] B has a defect group contained
in D/O,(G), so it follows easily that B € C (@) Now [G : Z(G)] < |G : Z(G)] and
|G| < |G, so by minimality there is a simple kNG(Q) module M in a block with Brauer
correspondent B with vertex Q. Note that Ng(Q) = Ng(Q)/O,(G), and let M be the
inflation of M to Ng(Q). Then M is simple and has vertex Q. Further, by [8, Section
1] we have that M lies in a block with Brauer correspondent B (noting that this is an
occurrence of the Dade correspondence). Hence G is not a counterexample after all,



and we are done.

Just as in [2], we obtain the following consequences.

Corollary 3.2 Let G be a finite group and B € C,(G). Let S be a simple kG-module
in B with vertex (). Then

(1) No(Q)/Q possesses a block of defect zero

(11) Q is a radical p-subgroup of G

(111) Q is a tame intersection of Ng(Q)-conjugate Sylow p-subgroups of G.

(iv) Let P be a Sylow p-subgroup of G containing Q. Then there is v € Ng(Q) such
that Q = P* N P.

PROOF. See Remark 2 following Corollary 2 in [2], noting that the same comment
applies to Corollary 3 of [2]. O
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