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A PRECONDITIONER FOR FICTITIOUS DOMAIN
FORMULATIONS OF ELLIPTIC PDES ON UNCERTAIN
PARAMETERIZED DOMAINS*

ANDREW GORDON AND CATHERINE E. POWELL ¥

Abstract. We consider the numerical solution of elliptic boundary-value problems on uncertain
two-dimensional domains via the fictitious domain method. This leads to variational problems of
saddle point form. Working under the standard assumption that the domain can be described by a
finite number of independent random variables, discretization is achieved by a stochastic collocation
mixed finite element method. We focus on the efficient iterative solution of the resulting sequence of
indefinite linear systems and introduce a novel and efficient preconditioner for use with the minimal
residual method. The challenging task is to construct a matrix that provides a robust approximation
to a discrete representation of a trace space norm on a parameterized boundary.

Key words. mixed finite elements, saddle point problems, stochastic collocation, random do-
mains, algebraic multigrid, preconditioning.
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1. Introduction. Numerical methods for solving partial differential equations
(PDEs) with uncertain (or random) data is currently a very active research area.
In particular, there is now a vast literature treating elliptic PDEs with uncertain
coefficients (see e.g., [4], [24], [23], [5], [21], [10], [13], [17],[12]). Discretization schemes
(e.g., Monte Carlo, stochastic Galerkin, stochastic collocation), error bounds and
iterative solvers for such problems have been extensively studied. On the other hand,
PDEs posed on domains with uncertain geometry or more precisely, domains described
by uncertain parameters (see [3], [9], [19] and [30]), have received less attention.
Solutions to such problems often have low regularity and existing literature focuses
on the challenging question of well-posedness, regularity results and a priori error
estimates. Armed with such analysis and a tried and tested discretization scheme for
deterministic PDEs, we focus here on efficient linear algebra.

We examine second-order elliptic PDEs on uncertain domains D C R2?. To ac-
count for uncertainty, we take a probabilistic approach and treat D as a function of
w € Q, where  is an abstract sample space. To that end, let (Q, F,P) be a proba-
bility space, consisting of the sample space (), a o-algebra F and probability measure
P. For each w € ), D(w) is a realization of D with boundary 0D (w) and we assume
D(w) is a bounded polygon P—a.s. (with probability one). Now, let D : Q — B(R?),
where B(R?) is the Borel o-algebra on R? and assume the data a, f : D — R where

D:= ] Dw). (1.1)

weN
We want to find p : {(sc,w) weQxe D(w)} — R such that P—a.s.,

=V - (a(x)Vp(z,w)) = f(x) in D(w), (1.2
p(x,w) =0 on 9D(w).

w
~— ~—
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For simplicity, we focus on homogeneous Dirichlet boundary conditions, as in [30] and
[9]; Neumann boundary conditions are considered in [19]. There are many reasons why
the domain for the model problem (1.2)—(1.3) could be uncertain. It may correspond
to an object that is inaccessible (such as a subterranean layer of rock in a potential
flow simulation) or to an object that is subject to manufacturing inaccuracies (such
as a component of an engine in a steady-state heat diffusion simulation).

One possibility is to transform (1.2)—(1.3) into a boundary-value problem (BVP)
on a fixed domain £ C R2. Suppose there exists an invertible mapping 7 = n(z,w)
with inverse * = x(n,w), that transforms D(w) into E. That is, for almost every
w e e Dw)givesn € E and n(D(w),w) = E. By applying a change of variable,
(1.2)—(1.3) can be transformed into a new BVP on E with random data a(n,w),

o~

f(n,w). Details about how to construct such a mapping can be found in [30].

Of course, we could also solve (1.2)—(1.3) directly by a Monte Carlo method.
That is, generate realizations D(w) of D and solve the resulting deterministic BVPs
using e.g., finite elements. A serious disadvantage is that for each D(w), re-meshing
is required and a new finite element stiffness matrix has to be formed. A different
approach, based on the fictitious domain method (FDM) [14, 15] is taken in [9]. Here,
(1.2)—(1.3) is solved on a larger fixed domain F, in the original co-ordinate system,
and the boundary conditions are enforced weakly on dD. This yields a saddle point
problem with deterministic coefficients. When sampling is applied, only one stiffness
matrix is required on E and only the boundary 0D needs to be re-meshed. Hence,
we follow [9] and use the FDM strategy.

In Section 2, we briefly review the FDM for solving PDEs on fixed, certain do-
mains. We return to the stochastic problem (1.2)—(1.3) in Section 3 and assume that
D(w) can be described by a finite number of random variables & : 2 — R. In this
work, we assume the &, are bounded. We then combine the FDM with a stochas-
tic collocation mixed finite element method (SCMFEM) (see [25], [29]). The main
contribution of our work is presented in Section 4, where we consider the efficient nu-
merical solution of the sequences of linear systems generated by the combined FDM-
SCMFEM scheme. In particular, we introduce a novel preconditioner for use with
minimal residual (MINRES) iteration. Numerical results are also presented to inves-
tigate robustness of the suggested solver with respect to the discretization parameters
and the statistical parameters describing the uncertainty in the domain geometry. To
conclude this introduction, we recall some standard definitions and results that will
be needed in the sequel.

1.1. Trace spaces and norms. Consider a bounded set £ C R? with bound-
ary OF and let H'(E) denote the Hilbert space of L?(E) functions with weak first
derivatives in L?(E). If OF is sufficiently smooth then it is well known (e.g., see [2,
Section 7.3.4]) that there exists a bounded operator 7 : H'(E) — L?(0F), called a
trace operator, that satisfies 7(v) = v|gg for all v € H*(E) N C1(E). The range of 7
is not the whole of L?(OFE) but the so-called trace space H'/2(0E). We next recall
that H}(E) = {ve H'(E) : 7(v) =0}, the set of H'(E) functions that are zero, in
the sense of trace, on dFE. For v € Hj(E), we define

/
HU||H3(E) = ||Vl L2, vl (e) = (”UH%Q(E) + H’UH%I&(E)) 5
and, denoting the Poincaré constant for £ by K, we recall the norm equivalence,

1/2
ol ) < ollem < (L+ER) " ol m)- (1.4)
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Now consider a bounded domain D C E C R2. If v € H}(E) then v € H'(D) and
clearly, [[v|| g1 (p)y < ||v]| a1 (g). Assuming 0D is sufficiently smooth, we can examine
the trace of any v € H'(E) on dD. Instead of the usual trace operator that relates
H(E) functions to their boundary values, we consider a trace operator

r: HYE) — HY?(8D),
where 0D is a one-dimensional closed curve contained in E. In this setting, we define
H'Y2(0D) := {6 : 6 =r(v) for some v € H'(E)}, (1.5)
the set of traces of H'(FE) functions on D, which is equipped with the norm

0 = inf . 1.6
6llvom) =y, dint - lellmce) (16)

We identify H~'/2(9D) as the dual space of H'/2(0D) and if we define the duality
pairing by

(1, 0)gp = /aD w(s)0(s)ds, pe HY%9D),0 € H/?(dD),

then the natural norm on H~/2(9D) is given by

{u, 0)
||M||H*1/2(6D) = sup 0 oD . (17)
0€HY/2(0D) H ||H1/2(8D)

2. FDM for deterministic problem. Let D C R? be a bounded polygon and
consider the elliptic BVP: find p: D — R such that,

-V (a(x)Vp(x)) = f(x),  inD, (2.1)
p(x) =0, on 0D. (2.2)

The BVP (2.1)-(2.2) is the deterministic analogue of (1.2)-(1.3) and we recall that
the standard weak formulation is: find p € H} (D) such that

/ a(x)Vp(x) - Vo(z) de = / f(x)v(z)de, Yove Hy(D). (2.3)
D D

In the deterministic case, the fictitious domain method (FDM) is advantageous when

D is difficult to mesh. Instead of solving (2.3), a “fictitious domain” E with simple

geometry is chosen with D C E C R2. The weak problem is solved on E and a

Lagrange multiplier is used to constrain the solution so that (2.2) is satisfied weakly.

We must hence assume that f and a can be extended to F and, in particular, that

f€L*E)and a € L®(E) with 0 < amin < a() < @max almost everywhere in E.
Define the Lagrangian function £ : H} (E) x H='/?(dD) — R by

Lo, 1) ::%/Ea(a:)|Vv(a:)|2d:c—/Ef(:c)v(:c)dsc—|—/8D,u(s)r(v)(s) ds, (2.4)

where 7 : HY(E) — H'/2(9D) is the trace operator discussed in Section 1.1. We now
consider the saddle point pair (p, \) € H}(E) x H~/?(8D) satisfying

inf sup L(v, 2.5
vEH§(E) e H-1/2(8D) ( ) ( )
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which can be found [8] by solving: find (p, \) € H}(E) x H~'/2(9D) such that

/ a(z) V(@) - Vo(@)dz + | A(s)7(v)(s) ds = / f@)v(@)de,  (2.6)
E E

oD

/ u(s)7(P)(s) ds = 0, (27)
oD

for all v € HY(F) and u € H=/2(9D). Here, we apply homogeneous Dirichlet bound-
ary conditions on E but this is not a restriction. We note that p|p = p, where p solves
(2.3) and X\ = [0p/On],p , the jump of the normal derivative of p across 0D; see [9].

THEOREM 2.1. Let a € L®(E) with 0 < apmin < a(@) < Gmaz for almost all
x € E and f € L*(E). Then (2.6)~(2.7) has a unique solution (p,\) € Hi(E) x
H~'/2(0D).
Proof. We appeal to the classical theory of saddle point problems [8], which states
that a unique solution to (2.6)—(2.7) exists if the following conditions are satisfied.
1. Je; > 0 such that

< allwlluy 2|l m), Vw2 € Hy(B).

/ a(@)Vu(e) - Va(@) da
E

2. Jep > 0 such that, for all (z,u) € HY(E) x H-'/2(0D),

/ u(s)r(2)(s) ds
oD

< eollullg-17200) 121 2 (1)
3. Ja > 0 such that
/Ea(ac) V()| do > o2l g1 m), V2 € Xo,
where Xo 1= {z € H}(E) : (11, 7(2))gp = 0, Yu € H-Y/2(0D)}.
4. 38 > 0 such that

H, T(2 _
sup (e, 7())op > Bllullg-120p), Y€ HY2(9D). (2.8)
2€H} (E),27#0 ||Z||H5(E)

Using the assumption on a and applying the Cauchy-Schwarz inequality we see that
the first condition holds with ¢; = aymas. Using (1.6) and (1.4) gives

<) /2@y llell 17200y < 12|l @)l -172(0)

[ uorrs)ds
oD

< (1+ K2)"2|l2ll g llpall -1/ o) (2.9)

and hence condition 2 holds with ¢ = (1 + K]%J)l/ 2. Condition 3 is satisfied with
Q = min for all z € H}(E) (by the definition of || - ||z (z)). That condition 4 (the
so-called inf-sup condition) holds is well known, (e.g., see [14, Section 2], or [9]). O

2.1. Finite Element Discretization. We use a mixed finite element method to
discretize (2.6)—(2.7). Specifically, we consider a piecewise bilinear approximation to
p and a piecewise constant approximation to A. To do this, we introduce two meshes,
one on E and one on 9D. We choose E to be a rectangle (there is no restriction) and
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construct a uniform mesh of square elements with characteristic edge length h. The
ny, interior vertices are denoted @1, ..., x,, and we define X}, := span{¢1,..., ¢, } C
H}(E), where ¢; is the piecewise bilinear function on F satisfying ¢;(z;) = d;;. Next,
we partition the polygonal boundary 0D into ny disjoint straight line segments 0D;
and assume that for each i, H < |0D;| < ¢H for some ¢ < oo where H := min; |0D;|.
We then define Yy := span{ty,...,¥n, } C H™/2(0D) where ¢; = 1|sp, satisfies
Yi(x) =1if & € 9D; and ¢;(x) = 0, otherwise.

Working in X;, x Yy, the finite-dimensional analogue of (2.6)—(2.7) is: find
(Ph, A\m) € X x Yy such that,

| o(@¥hi(a) - Vola)do+ [

oD

)\H(s)T(v)(s)ds:/f(m)v(m)dm, (2.10)
E

/ 1(s) 7(Bn)(s) ds = 0, (2.11)
oD

for all v € X}, and pu € Y. To show that (2.10)—(2.11) is well-posed, we appeal again
to classical saddle point theory, [8]. Conditions 1-3 (see Theorem 2.1) are satisfied on
the finite-dimensional spaces since Xj, C H}(E) and Yy € H=Y/2(9D). The inf-sup
condition now reads: 38 > (B, > 0 (with 8, independent of h and H) such that
sup . 7(2))op > Bllpalla-1/200), Vom € Ya. (2.12)
2p €Xp,2n#0 ”Z}LHH%(E)
The choice of the mesh parameters is crucial. In [14], (2.12) is shown to hold when
piecewise linear triangular elements are used on E, provided 3 < H/h < L, for a
constant L. Hence, we require that each element 0D; on dD is of a comparable
length to h but larger by a factor of at least three. This ensures the dimension of
X, is large enough compared to that of Y. To the best of the authors’ knowledge,
there is no such theoretical result for bilinear elements (also used in [9]). However,

numerical evidence suggests that a similar result holds.
Define A € R™*"n and B € R™# X" by

Ajj = /Ea(ac) Voi(x) - Voj(x)dx, By := /BD Yi(s)7(9;)(x(s)) ds.

Then, (2.10)—(2.11) leads to a linear system of the form

A BT\(p\ [f
B 0 A L0 )
where f; = [, f(x)¢;(x)dz. In addition, define A; as A with a(x) = 1. Then, for
zn € Xp and pg € Yy, we have
||Zh|‘§{é(E) = ZTA[Z, </1’Ha T(zh)>8D = H’TBZ7

where z € R"» p € R™® are the vectors of coefficients appearing in the expansions
of z, and pp, respectively. Now, if we can find a matrix X € R™#*™H guch that

||/‘H||i1—1/2(ap) =p'Xp, (2.13)
then (2.12) may equivalently be written as

T 2
52 PLTXI'L < max (I'L BZ)

max - =W BAT'BTu, VueR™\{0}. (214)

5



Hence, 32 is the smallest eigenvalue Apin in BAl_lBTu = AX . The matrix X is not
easy to compute, however, as || - || -1/2(9p) is defined by (1.7). In Section 4, we will
construct an X such that HH’H”?—[fl/Z(aD) ~ulXp.

A priori error estimates for the mixed finite element method on triangular meshes
of E are established in [14]. Since the solution p to (2.6) is singular in the vicinity of
0D, only on a strict subset D’ C D (see [6]), do we obtain the bound

1P = Dull oy < b= |1 fllL2(e), Ve > 0.
On domains that contain 9D, the H} norm of the error is (in the worst case) O(h'/?).

3. FDM for stochastic problem. We now consider (1.2)—(1.3) and make the
standard assumption that D depends on M independent real-valued random variables
&1y 1 — Rso that D(w) = D(€(w)) where € := (&1, ..., & ). Denote the joint
density of & by p and define ' := £(Q2) € RM so that y = £(w) € T'. We assume that
each & is bounded and focus on the uniform distribution. Hence, if & ~ U(—7g, V&)
for some v > 0, then I' = [—7y1,71] X -+ X [—va, 7] and

M

py) =] @w) "' foryel,  py)=0 fory e RM\T.
k=1
The BVP (1.2)—(1.3) can now be written in the equivalent parametric form: find
p: {(m,y) yelxe D(y)} — R such that for almost all y € T,

=V (a(z)Vp(z,y)) = f() in D(y), (3.1)
plz,y) =0 on 9D(y). (3.2)

To establish well-posedness of weak formulations and to perform analysis, the pa-
rameterization of the boundary in terms of y = (y1,...,ynm) requires some thought.
Following [9], we assume that for each y € T, dD(y) may be obtained from the bound-
ary 0Dy of a reference polygon Dy C R?, by applying a piecewise smooth invertible
mapping 7o : 0Dy x I' — R2. That is, we assume there exists a well-behaved mapping
7o such that for each y € T', 9D(y) = 70(0Do,y) and dDy = v, (0D(y), y).

Let E C R? be a domain such that E O D(y) for almost every y in I' and define

Ly(T, Hy(E)) = {v PEXT —R: /Fp(y) oG )7 () dy < o0,
and v(-,y) = 0 on OF (in the sense of trace) Yy € F}.

The fictitious domain weak formulation of (3.1)-(3.2) is: find p € L?,(F; H}(E)) and
A € LAy H-Y/%(9D)) such that

/p/ aVﬁ-Vvdwdy—i—/p/ )\Ty(v)dsdy:/p/fvdwdy, (3.3)
r Je r Joap(y) r JEe

[o] un@dsay=o (3.4)
r 9D(y)

for all v € L2(I;Hi(E)) and p € L%(I‘;Hil/Q(&D)), where the trace operator
my + HY(E) — H'Y2(0D(y)). For brevity, we now drop the arguments in the in-
tegrands. Note that each of the boundary integrals in (3.3)—(3.4) can be trans-
formed into an integral on 0Dy using v, ! This mapping also allows us to associate
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H~'/2(0D(y)) functions with H~1/2(9Dy) functions. Hence, the meaning we give to
e L2(T; H~Y2(dD)) (see [9]) is that the function pg : dDg x T satisfying

/ po(- y)vo ds = / 1 y) (voo vy (-, y)) ds, Yvg € HY/2(0Dy),Vy € T,
Do 0D(y)

belongs to L2(I', H='/2(0Dy)), where

LT, H™'/?(0Dy)) = {Mo 10Dy xI' = R : /Fp(y) 10 (oY) %-1/2 (o) 4 < OO}'

Well-posedness of (3.3)—(3.4) is established in [9, Proposition 6.1] for the case
a = 1. By assuming that (2.8) holds for the deterministic problem associated with
any fixed y € I', with a constant 3 independent of y, it can be shown that

(1, 7y(2)) _
sup 0D >3 ellLzr;m-1/2(0m)), Vi € LA H™'?(0D)).

2€L2(T;HE (E)),20 ||Z||Lg(r;Hg(E))

That is, the stochastic problem (3.3)—(3.4) is inf-sup stable. When a # 1, if the
assumption on a in Theorem 2.1 holds, then the problem is well-posed.

3.1. SCMFEM discretization. To derive a finite-dimensional problem, we
apply a SCMFEM. That is, we combine collocation on I" with the mixed finite element
discretization from Section 2.1. A continuous approximation on I' is then constructed
by interpolation.

Let 2 := {y,,...,y, } CT C RM be a chosen set of collocation points. In the
SCMFEM approach, for each y, € Z we find (7}, Apr) € X x Yp, that solves

/ aVpy, - Vvdzx +/ Nig, 7 (v) ds = / Sfvde, Yv € Xy, (3.5)
E 9D(y,) E
/ ur(Py) de = 0, Ve Yy, (3.6)
0D(y,)

where 7, : H'Y(E) — HY?(0D(y,)) is the trace operator for dD(y,). We assume
that E is a rectangle, construct a uniform mesh of rectangles with edge length &, and
choose X;, C HL(E) to be the set of piecewise bilinear functions. For each y, € T,
we partition dD(y,.) into ny, disjoint straight line segments OD? such that for each
one, H, < |0D7| < cH, for some ¢ < oo, where

H, :=min |0D;|.

We then define Yy, := span{y1,.... 45, } C H='2(0D(y,)) where ¢} = 1|spr is
the indicator function associated with the element 0D} . Hence, Yy, contains piecewise
constant functions on dD(y,.). Note that the dimension ny, may be different for each
collocation point y, and the partitions are not uniform in general.

After solving each of the decoupled problems (3.5)—(3.6), we construct an approx-
imation to pon E x I via

Phz(@,y) =Y P () L(y), «xecEyel (3.7)
r=1

7



where L, is the Lagrange polynomial satisfying L,(y,) = J,s. Note that p} is a fi-
nite element approximation to p(-,y,), where p solves (3.3)-(3.4). Similarly, A}
approximates A(+,y,.). Constructing an interpolant from the Lagrange multiplier ap-
proximations is not quite so straightforward as each one is defined on a different
one-dimensional manifold. However, using 7, L=~ (,y,) to map Apyonto the

boundary of the reference domain Dy, we can form an approximation on 0Dy x I' via

ne

Xoz(@o,y) =D (Ngz, ©70.0) (@) Lr(y), wo = (w) € IDg,y €. (3.8)

r=1

From (3.7), we have pj, = € X, ® Sz where Sz := span{L,(y),y, € =Z}. Sz is a
set of multivariate polynomials determined by the set Z=. We choose = so that

Sz C L2(T) := {v T—>R: /Fp(y)v(y)Qdy < oo} .

This gives X, ® Sz C L2(T', Hy(E)). In so-called tensor product schemes, Z is the
Cartesian product of M sets of interpolation points on the intervals T'y = & (Q).
Possibilities include Clenshaw-Curtis and Gauss points. If di + 1 points are selected
on I'y, so that the one-dimensional rule is exact for polynomials of degree dj, then
n. = 2| = H,ﬂil(dk + 1). This is intractable as M — oo and sparse grid schemes
(e.g., see [18]) are favoured when M is large. For the applications we have in mind
here, however, we do not anticipate the number of random variables to be large.
Certainly, far fewer than the number of variables required to represent a spatially
varying uncertain material coefficient. In our experiments we apply tensor product
schemes because M is small.

The notation Sz is used to stress that the set = is part of the discretization. For
tensor product schemes, the polynomial degrees d,...,dy; determine = and so, like
H and H,, are discretization parameters. To ensure existence and uniqueness of the
SCMFEM solution, it is sufficient to show that each of the n. deterministic problems
(3.5)—(3.6) is well-posed. In particular, we must ensure that (2.12) holds for each one.
Since the mesh parameter H, can be different for each 0D(y,), care must be taken
in implementation to ensure that for each y,., 3 < H,/h < L, for some L > 0.

The authors of [9] focus on a related stochastic Galerkin mixed finite element
method (SGMFEM). It is equivalent to a tensor product collocation scheme in the
case where d + 1 points are chosen on each I'y, so that n. = (d + 1)M. It can be
shown that when f is sufficiently smooth (and a = 1), then p is Holder continuous as
a function of y on E with some exponent v € (0, 1]. However, on D* = NycrD(y), D
is smoother. Based on the results for the SGMFEM studied in [9], if we choose dy, = d
points in each direction, we can only expect that

15 = Bhz oy ey= O'?) + O(™7).
However, on some strict subset D’ C D*, we have
” ﬁ_lb\h,E ”L,z,(F,H(l)(D/)): O(h) + O(dfr/Q)’

where 7 > 1 depends on the regularity of f.

3.2. Numerical results. To illustrate the SCMFEM scheme, we present results
for a test problem. Consider (1.2)—(1.3) with a =1, f =1 and

D(w)={x=(z1,22) : =05 <21 <05+ & (w),—0.5 <29 <054+ &(w)}
8



FiG. 3.1. Top line: Uniform mesh on E = (—1,1)? with h = 1/16 and stable partitions of three
sample boundaries 8D(y,.), where D(y,) = (—0.5,0.5 + y1,») X (=0.5,0.5 + y2,r), r = 0,1,2 and
yo = (0,0), Hy/h =4 (left), y; = (0.2,0), H1/h = 3.84 (middle) and y, = (—0.2,0.2), Ho/h = 3.84
(right). Bottom line: zoom of plots on top line.

where & ~ U(—v1,7m) and & ~ U(—72,72) are independent, for some 71,72 > 0.
This corresponds to a rectangular domain of uncertain width and height with a fixed
vertex at (—0.5, —0.5). We choose E = (—1,1)? (note that it contains all realizations
of D) and transform (1.2)—(1.3) into (3.3)—(3.4). We then perform collocation on
' = [—v1,7] X [=72,72] and apply the mixed finite element method from Section 3.1.

Each collocation point y, € I" generates a new domain D(y,.) and a new saddle
point system. Since 0D(y,) is one-dimensional, it is feasible to re-mesh it for each
y,.. For a fixed mesh on E with elements of size h, we construct the mesh on 0D (y,.)
so that |0D?|/h is close to 4. Figure 3.1 shows a uniform mesh of squares on E with
h = 1/16 and three samples D(y,.) of D. The meshes constructed on the corresponding
boundaries dD(y,.) are also shown. Observe that the number of elements on 9D(y,.)
varies with y,, and the meshes on E and dD(y,.) are not necessarily aligned.

Now, let 73 = 0.2 = 75 and choose = = X7 x X1, where X is the set of d+1 Gauss
points in [—0.2,0.2]. Cross-sections (at zo = 0) of the mean E[p}, =] and the variance
Varlpn =] of the SCMFEM solution, obtained with d = 26 and varying choices of
mesh parameters h and H,, are shown in Figure 3.2. There are 729 collocation points
in total. To compute the statistics we set each Dy (-, y,.) in (3.7) to zero in E\D(y,.).
As anticipated, there is little variation in the solution when z7; = —0.5 and the largest
variation occurs when z1 ~ 0.3. A two-dimensional plot of the mean and variance of
Dh,= obtained in the case h = 1/64 is also shown in Figure 3.3.

4. Linear systems. We now focus on the iterative solution of the sequence of
linear systems corresponding to (3.5)—(3.6). We have to solve n. systems of the form

A BT b
(Br i )(1;):(0) r=1,..., 1, (4.1)
—_——

=:C,.

where n. = |E| is the number of collocation points. Note that the rth system consists
of np + ny, equations, where nj and ny, are the dimensions of the spaces X and

9



0.08 0.08 0.08
0.06 0.06 0.06
0.04 0.04 0.04
0.02 0.02 0.02
—% 5 0 0.5 —%.5 0 0.5 —% 5 0 0.5
8x104 8x10'4 8><104
6 6 6
4 4 4
2 2 2
—00 5 0 0.5 —%.5 0 0.5 —% 5 0 0.5

F1G. 3.2. Cross-sectional plots on [—0.5,0.7) x {0} of the expected SCMFEM solution E[py, =]
(top) and variance Var[py ] (bottom) for the test problem with h = 1/8 (left), h = 1/16 (middle)
and h =1/32 (right). For all samples, 3.6 < H,./h < 4.4, forr=1,...,729.

F1G. 3.3. Plot of the expected SCMFEM solution E[py, =] (left) and variance Var[py =] (right)
for the test problem with d =26, h =1/64 and 3.9 < H,/h < 4.1, forr =1,...,729.

Y4, , respectively. For each r =1,...,n.,
Bly= [ wine)ds= [ éslanyds (42)
0D(y,.) oDy
fori =1,....nm,, j = 1,...,np, where Yy, = span{yf,...,1;, } is the set of

piecewise constant functions on 9D(y, ). In addition, we have
Aij = / a(x)Vo;(x) - Vo,(x) dx, b; = / f(@)pi(x)de, i,j=1,...,np
E E

where X, = span{¢1, ..., ¢, } C Hi(E). We recognise A as a standard finite element
diffusion matrix; it is sparse, symmetric and positive definite. From (4.2) we see that
the (i, 7)th entry of B, is non-zero only when dD! intersects an element of E with
vertex x; (where ¢;(x;) = 1). Since H, /h is fixed to ensure stability, this number of
elements is small relative to n, (see Figure 3.1), and hence B, is sparse.

Applying Sylvester’s law of inertia reveals that the matrix C,. in (4.1) has nj,
positive eigenvalues and np . negative eigenvalues. Consequently, it is indefinite as

10



well as symmetric and sparse. Linear systems with such coefficient matrices may
be solved via the (preconditioned) minimal residual method (MINRES, see [20]) and
this is the approach we take. Other authors (e.g., see [15]) have considered the
iterative solution of the single linear system that arises when the FDM is applied to
the deterministic problem (2.3). Instead of solving the indefinite system, however,
existing studies focus on the reduced Schur-complement system associated with the
Lagrange multiplier A. This system has a dense positive definite matrix BA~' BT
(where B is defined as in (4.2) but on a fixed domain). The authors of [15] discuss
preconditioning for it, in the special case where D is a circle.

To determine whether preconditioning is required when MINRES is used to solve
the sequence of linear systems (4.1) associated with the stochastic PDE problem
(1.2)—(1.3), we first examine eigenvalue bounds for the matrix C.

THEOREM 4.1. Let 0,0 denote the minimum and maximum eigenvalues of A
and let Oy min, Ormaz be the minimum and mazimum singular values of B,. Then,
for each v =1,... ,n., the eigenvalues of Cy in (4.1) are contained in

B (0 /02 + 407 00 % (0- /02 + 4037%)} u {0, % (0+/02+ 4037%,@)] :

Proof. This is a well-known result, due to Rusten and Winther; see [22]. O
For bilinear elements on uniform meshes of F and a = 1, it is known (e.g., see [11])
that the eigenvalues of A are contained in a bounded interval of the form [ch?,¢] for
some ¢, ¢ > 0, independent of h. Hence, § = O(h?) and © = O(1) in Theorem 4.1. If
a is spatially varying with 0 < amin < a(@) < apmaee a.e. in E, then the eigenvalues of
A are contained in the interval

[ Caminh27 amamg] .

The singular values of B,., however, depend on the particular realization dD(y,.) and
the associated mesh. The following simple example illustrates that o, ;in and oy max
depend on both h and H,.

Example 4.1 Consider E = (—1,1)? and Dy = (—0.5,0.5)> C E. Since Dy is
square, we can partition dDg into ny, = 4/Hp elements dD? of length Hy. On E,
we select a uniform mesh of squares with edge length h. If h = 2% for some k > 1,
then the meshes on E and 0Dy are aligned. For example, see the leftmost plot in
Figure 3.1 (where h = 1/16 and Hy = 1/4). Now, let By be the rectangular matrix
associated with 0Dy, defined as in (4.2). We have

np

[BoBg )ij = Z[Bo]ik [Boljk, tj=1,...,nH,,
k=1

and for the specific meshes described,

h if &y, lies in the interior of GD?
[Bolit = { h/2 if x4 is an end point of DY (4.3)
0 otherwise

where ) is a vertex of the mesh on E. Each 0D{ is composed of Hy/h edges of
elements in F. Hence, there are at most Hy/h + 1 nodes xj, such that [Byl;x is non-
zero. Two of these are end points of DY and the rest lie in the interior. If i = j,
np
[BoBgj lii = Y _[Boly = h*/A+ h*/4+ (Ho/h —1)h* = h*/2+ (Ho/h — 1)h?,
k=1
11



and if 7 # j, then

e h?/4 if DY and DY are connected
A . J— i j 3
[BoBo Jiy kz_l[BO]lk [Boljw { 0 otherwise. (4.4)

If we number the elements DY in a circular fashion, starting at the vertex (—0.5,0.5)
and travelling around 0Dy in an anti-clockwise direction, it is easy to show that

(Ho—h/2)h h%/4 0 ... 0 12 /4
12 /4 0
BoBY = 0 oo 0 (4.5)
o .
0 12 /4
h2 /4 0 ... 0 h%/4 (Hy—h/2)h

The eigenvalues A; of this symmetric circulant matrix are determined only by the
entries in the first row (or column) and are given explicitly by

ng,—1 .
Aj = [BoBg i1 + [BoBg ha(wj1 +w; 0 7),  j=1,...,nn,

where wj_1 = exp(2in(j — 1)/nm,). The largest cigenvalue is
M= (Ho = h/2)h + (h*[4)(2) = Hoh
and if ny, is even, the smallest eigenvalue corresponds to j = 1 + ng, /2, which is
Mtnpy 2 = (Ho — h/2)h + (h? /4) (exp(im) 4 exp(im)"#o 1) = Hoh — h?.

Hence, the smallest and largest singular values of By are, respectively,

00,min — V HOh - h27 00,maxr — V Hyh.

If we fix Hy/h = Lo, then Hoh = Loh? and both 00,min ad 00 maz are O(h).

The above example tells us how the singular values of B, behave with respect
to the mesh parameters, for one particular realization of the uncertain domain. For
other realizations, the dependence of 0 ;i and oy mee in Theorem 4.1 on H, and h
varies with the relationship between the selected meshes on 0D(y,.) and E.

4.1. Preconditioning. The discussion above tells us that for a fixed y,., the
eigenvalues of C, in (4.1) depend on the mesh parameters h and H, and the diffusion
coefficient a. Since the eigenvalues depend on y,., the variation across all n. systems is
potentially also affected by the standard deviation of the input random variables and
by the polynomial degrees dj that determine the one-dimensional interpolation rules
underpinning the tensor product collocation. Preconditioning is therefore essential.
We consider block-diagonal preconditioners of the form

_( Xa 0 _
PT—( 0 Xr)’ r=1,...,n, (4.6)
where X 4 is a fixed symmetric and positive definite approximation to A and X, is a

symmetric and positive definite approximation to the Schur complement matrix

S, :=B,A"'BT, r=1,...,n. (4.7)
12



REMARK 4.1. SGMFEMs constructed using tensor product polynomial approz-
imation in the variables y1,...,yn also lead to sequences of decoupled saddle point
systems of the form (4.1) (see [9]). Hence, the preconditioners of the form (4.6) that
we develop for SCMFEMs could also be applied for these alternative discretisations.

The next result provides eigenvalue bounds for the preconditioned matrix P=1C,.

THEOREM 4.2. Let 0, © denote the minimum and maximum eigenvalues of
XglA, respectively, and let o, B denote the minimum and mazximum eigenvalues of
X 71S,.. Then, for each r =1,...,n., the eigenvalues X of

A Bg Uy Y XA 0 Uy
B, 0 p. ) U ¢ Dy
are contained in the union of two intervals

[%(Q—M),%(@—M)]u[9,%(@+¢m>].

Proof. The eigenvalues we seek coincide with those of

—1/2 4 —1/2 ~1/2 ~1/2
P12, p1/? XA XX < A BT )
r rtor = 3 B = ~r 0
X: UQBrXAl/Q 0

The eigenvalues of A coincide with those of XglA and the squares of the singular

values of BT are the eigenvalues of BTB%F = Xf1/2 (BTXngf) Xfl/Q. Note that the

latter coincide with the eigenvalues of X1 (BTXngf) . Now, since,

o' (B,X,;'B')v _ (vTB.X;'Blv\ (vTSw
vT X,v o vT S,v vT X, v

) , Yo € R™r \ {0},

and the eigenvalues of S, ! (BnglBTT) coincide with those of X ;' A, we conclude

that the squares of the singular values of B, are contained in [fc,, ©3,]. The result
now follows by applying Theorem 4.1. O

To approximate the action of A~', we apply a V-cycle of algebraic multigrid
(AMG, [7], [26], [27]) with symmetric smoothing. This implicitly defines the matrix
X4 that we will use in (4.6). Note that A is an M-matrix (the meshes on E are
uniform) and for such matrices, AMG provides an optimal approximation. That is,
the constants # and © in the bounds in Theorem 4.2 are independent of i and often
insensitive to a. Many other efficient solvers for diffusion problems exist which can be
used for X 4. The challenge in designing a good preconditioner P, of the form (4.6)
lies in identifying a matrix X, such that the constants «, and (3, in the bounds in
Theorem 4.2 are (ideally) independent of i and H,., for each r.

Consider, first, the linear operator S, : H~'/2(dD(y,.)) — H'/?(dD(y,.)) defined
by Sy := 7, (uy, ), where u,, € H}(F) satisfies

/ aVuy,, -Vvdr = / pr7r (V) ds, Vv € Hy(F)
E 9D(y,)

and 7, : HY(E) — H'/?(0D(y,.)) is the trace operator. It follows that

<Sr.ur7 :LLT>8D(yT) = 5p(fr fr)
13



where s, : H=Y/2(0D(y,.)) x H~Y/?(0D(y,)) — R is defined by
Sr(p,v) = / aVuy, - Vu, dz.
B

Since we assumed that a is positive and bounded on E, the bilinear form s,(-,) is
symmetric, positive definite and H~'/2(0D(y,.))-elliptic; see [15, Proposition 3.1].
Hence, for any u, € H='/2(dD(y,)), we have

Clr HNT”%}A/Z(@D(%,)) < <STMT’MT>8D(yr) < o HNTH%{—l/z(aD(yr))v (4.8)

for some ¢y 5, c2, > 0 depending on @ and r (due to the change in geometry).

Now consider the analogous operator §T : Yy, — Zj associated with the finite-
dimensional spaces Y, ¢ H~Y/2(0D(y,)) and Z; C HY?(9D(y,)), where Z} :=
7r(X4) is the set of traces of piecewise bilinear functions on E. The Schur complement
matrix S, in (4.7) is a discrete representation of this operator. Indeed, for p, € Yz,
we have grur =7 (up, ), where u,, = >"" w;p; € X) satisfies,

/ aV (Z U7¢1> -V, =/ pr7r (@) ds, Jj=1,...,np.
E i—1 OD(y,.)

Writing p, = Z?:H{ i) then gives

Np TH;

> (/ aVoi - Vo, dw) =D pns / wiTe(¢5)ds |

— E i=1 0D(y,)
for j = 1,...,ny and so Auy, = Blp, where uy, = [u1,...,up,|" and p, =
[:UTJ? s 7,“7’,77,HT]T' Hence, for each Hr € YH"’

<§T'MT’ ‘UT> - / Hor Ty (U',Ufr) ds = / avuﬂr : vu’l"r dx = uHTTAuHT
oD(y,) aD(y,.) E

= (AT'B )" (Bl p,) = pf B AT Bl = S,
It also follows that

grra r> = Sr\lr, Ur), vrey.a
< M) ooy Sr( i, fir) tr € YH,

and since s,.(-,-) is H~Y2(0D(y,))-elliptic and Yz, € H='/2(0D(y,.)), we have

617T||/1’T||§—I*1/2(8D(y7,)) < <Ser7Mr> < szr||/1’T|‘%I*1/2(8D(yr))’ vﬂr S YHT

0D(y,.)

where ¢, and ¢, are the positive constants from (4.8). Hence,

Cl,r||/‘r||i171/2(aD(yT)) < py Sep, < CQW||/1’7‘||§—[*1/2(8D(y7,))7 Vi € Yu,. (4.9)

Now, if we can construct an ng, X ng, matrix X, that satisfies

bl,r||/‘r||?{fl/2(ap(y7.)) < Xop, < ba,r| Nr”?{fl/z(ap(w))y Vir € Yg,, (4.10)

for some positive constants by, and by, then we have
T
Cl,r < l‘l'r S’I‘I‘l’r CQ,T. (4.11)

b2,r o /%TXTNT B bl,r
14
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If the action of X, ! can be effected cheaply and b; ;. and bs . in (4.10) do not depend
on h or Hy, then (4.11) tells us that we have a good preconditioner for S,. Since
we have a sequence of systems to solve, it would be desirable to have bounds that
are insensitive to the change in geometry induced by y,.. It is unlikely that we can
satisfy this in practice. Moreover, since ¢;, and cz, depend on Gmin and Gymee, the
bounds in (4.11) will be sensitive to the diffusion coefficient. Nevertheless, the above
discussion does tells us that a sensible choice for X, is a matrix representation of a
norm that is equivalent to || - HH*1/2(8D(y,r))'

Fractional power Sobolev spaces (e.g., H-1/2, H3/4) can be interpreted as inter-
polation spaces [V, W]y, where (V,W) is a generating pair of Hilbert spaces—with
V dense in W—and 6 € R is the “index”. Discrete representations of norms on
such spaces are discussed in [1]. When the generating pair is a suitable pair of fi-
nite element spaces Vj, C V, W;, C W (of dimension n, say), it can be shown that the
finite-dimensional interpolation space [V}, W}]g is equipped with a norm that is equiv-
alent to the one on [V, Wly. Matrix representations of the norm on [V}, W] are then
readily constructed from n x n Grammian matrices associated with an appropriately
chosen basis for V}, and W},. The authors of [1] apply this theory to construct a matrix
representation of a norm that is equivalent to || - || z-1/2(9p) (Where 9D C R is the
boundary of a fixed convex polygon). This is used to design a solver for the biharmonic
problem. More precisely, 0D is first decomposed into edges I'; (i.e., one-dimensional
domains) and matrix representations of || - || z-1/2(r,) are sought.

To develop a preconditioner X, for S,, we follow [1] and assume that each real-
ization D(y, ) of the uncertain domain is a convex polygon. Hence, we can decompose
9D(y,) into K, edges (straight lines), which we denote by I'; C R. We do not consider
circular domains. Then,

K,
oD(y,) =15,  r=1,...n
j=1

and we want to construct a matrix X, € R™#r*"Hr of the form

K,
X, = xi, (4.12)
j=1
where X7 is a discrete representation of a norm that is equivalent to || - || z7-1/2(pr).
J

Ideally, we want (4.10) to hold where, recall, Yy, is the set of piecewise constant
functions on D(y,.). The analysis in [1] yields discrete representations of ||-|| ;-1 /2(r7)
on finite-dimensional subspaces of the dual space of '

Hyg*(T5) = [ (T5), L2 (T
which is a subspace of H~/ 2(I‘;). To apply this analysis, however, we have to work
with finite-dimensional subspaces Vj, of V = H} (I'}). This precludes the use of piece-
wise constant functions to construct X7. Another difficulty is that I} is meshed
independently of F and (unlike the problems in [1]) does not inherit a mesh that is
the restriction of the mesh on the domain of the underlying PDE problem. A natural
idea is to use the traces of the bilinear basis functions ¢; for X, C H}(E) to obtain a
subspace of H&(F;) However, since several ¢;s have non-zero trace on each element
of I';, the dimension of the resulting subspace is too high.
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We need a subspace of HJ (I';) of dimension nj,, where n;, is the number of
elements on I'}, so that ny . +ngr+- - +nk, » = nuy, = dim(Yy, ). We simply choose

p— A T 1pr
VHj,r T bpan{(pl,j) RS Spnjm,j} C HO (Fj)
where 7, . is a piecewise linear “hat function” associated with an interior vertex of

a dual mesh on I'; of width Hj, = |F§|nJ_T1 We then define X7/ € R™.»*"ir by

X =M; (M} A; )72, j=1,... K, (4.13)

T

where M;, and A;, are mass and diffusion matrices associated with I';. That is,

(M rlmn = /FT ©Om.;(8) wn i (s)ds, m,n=1,...,n;5,, (4.14)
Cde () die ()
(A, = /1“ d; . d; ds, m,n=1,...,nj,. (4.15)

A
J

We have no rigourous proof about the dependence of the constants in (4.10) and (4.11)
on r and on the discretisation parameters. However, with the above construction, the
theoretical arguments in [1] suggest that

q,j”ﬂjm”%—lﬂ(r;) < ,UJ;‘CTXZNJ',T < bg,j”#iﬂ@z—lﬂ(r;)a Vi € Vh, .

for some constants b7 ; and b5 ; depending on j and here, on 7, where p; .. is the vector
of coefficients associated with p;, when expanded in the basis for Vg, . and hence
that (4.10) holds with b1, = min;{b7 ;} and bs, = max;{b; ;} for functions

pr € Vi, , + Vi, + -+ Vi,

Note that we do not fine-tune the choice of subspaces Vy, . for the rth system and
the dependence of the resulting constants b] ; and b5 ; on Hj, and r is not clear.
However, our suggestion offers a fair compromise in terms of computational work. We
simply construct two one-dimensional finite element matrices for each edge I';. Given
the mesh parameters H; ., j = 1,..., K,, this is computationally trivial. We could
adapt the choice of Vi, to dD(y,) more closely by working, say, with the traces of
the basis functions for Xj and then taking a linear interpolant with respect to the
particular mesh on each I';. This may result in improved bounds but requires more
computational effort.

In summary, the matrix X, in (4.12) is the direct sum of matrices representing
norms that are equivalent to the H~'/2 norm on each edge I of 0D(y,.). Although
we cannot specify the constants in (4.9) and (4.10), we do anticipate some variation
in the performance of X, as a preconditioner for S, as r varies. Moreover, since
the norms do not incorporate the diffusion coefficient, the constants in the bounds in
(4.9), and hence in (4.11), depend on a. When a # 1, some modification to A;, and
M;,, may be required to maintain robustness. We put this theory to the test for a
simple model problem.

4.2. Numerical results. In this section, we report MINRES iteration counts
obtained using the preconditioners

P ( AM(S(A) ? ) ’ P ( AM(S(A) )?T ) ’
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where AMG(A) means that one V-cycle of AMG is applied to approximate the action
of A=Y I is the ny, x ng, identity matrix and X, is defined in (4.12)—(4.13). Using
P4 constitutes a one-preconditioner-fits-all approach since it is fixed for all systems
(up to the change in dimension of I). On the other hand, the preconditioner P, is
different for each r = 1,2,...,n.. Note that it is difficult to find one representative
approximation for every matrix S, since the dimension changes with each sample of
0D(y). The usual ‘mean-based’ approach of constructing one preconditioner for all
systems (e.g., see [12]), based on a fixed sample point such as y, = (0,0), cannot be
applied here.

In general, the cost of applying n. distinct preconditioners should not be over-
looked. A few remarks are therefore warranted. Fach preconditioned MINRES itera-
tion with P, requires a matrix-vector multiplication with X, and the application of
one V-cycle of AMG to a linear system with coefficient matrix A. The latter can be
performed optimally, in O(ny) work. Note also that the AMG set-up only needs to
be performed once, offline. Fortunately, X, is block-diagonal by construction and so

K,
X7 =@ (X)) where  (X9)7'= (M }4;,) M) (4.16)
=1

Since diagonal approximations are efficient for mass matrices (e.g., see [28]) we also
consider the following cheaper variants of X,

® X, diag : defined as X, with the matrices M; , replaced by their diagonals

e X, :defined as X, with the matrices M, replaced by identity matrices

leading to the following variants of the block-diagonal preconditioner P,

[ AMG(4A) 0 [ AaMG(4) 0
Pndv,ag - ( 0 Xr,diag ) ) PTJ - < 0 Xr’[ .

Applying the actions of X!, X - (}m o and X - 11 requires the computation of K, matrix
square roots. This is not expensive since the dimensions of the matrices involved are
equal to the numbers of elements on I'}, j = 1,..., K, each of which is O(H ™).
Recall also that K is the number of sides of the convex polygon D(w), and this is
also small (e.g., K, = 4 for a rectangle). Sophisticated methods for computing matrix
square roots exist (e.g., see [1] and references therein), but are not needed here. In the
experiments below, we simply use the MATLAB function sqrtm. For MINRES, we set
the stopping tolerance on the preconditioned relative residual error to be tol = 1076,
Test Problem 1 First, consider (1.2)—(1.3) with a(z) =1, f(x) =1 and

D(w)={x=(z1,22): =05 <21 <05+ & (w),—0.5 <25 < 0.5+ &(w)}

where & ~ U(—71,71) and & ~ U(—72,72). The fictitious domain is chosen to be
E = (—1,1)? and we apply the FDM-SCMFEM scheme outlined in Section 3. We
use a tensor product grid of collocation points y,. € [—y1,71] X [—72,72], based on
a (d + 1)-point one-dimensional Gauss rule. This yields a sequence of n. = (d + 1)?
saddle point systems of the form (4.1). The K, = 4 edges of each sampled boundary
0D(y,.) are partitioned such that the ratio H,/h is as close to 4 as possible.

In Table 4.1 we record the total number of MINRES iterations required to solve
the single linear system (4.1) corresponding to the sample point y, = (0,0). If we fix
Hy/h = 4 then, with no preconditioner, the number of iterations required to satisfy
the stated tolerance grows roughly like h=3/2. When we apply the preconditioner
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h=1/32 h=1/64 h=1/128 h=1/256
Preconditioner | Hy =1/8 Hy=1/16 Hy=1/32 Hy=1/64
None 112 295 732 1915
Py 22 39 51 62
Py 27 32 34 34
Po.diag 24 26 26 28
Por 18 22 22 23
TABLE 4.1

Iteration counts for Test Problem 1 with v1 =0 =72, d =0 (corresponding to one collocation
point yo, = (0,0)) and Ho/h = 4 fized.

P4, the iteration counts grow less rapidly with mesh refinement but it is clear that
convergence is not independent of the mesh parameters. All three variants of our new
preconditioner P,., however, are optimal! Iteration counts are completely independent
of the discretization and are static as h — 0 with Hy/h fixed. The approximate
preconditioner P, g;q4 leads to slightly lower iteration counts than P, because the
chosen diagonal approximation to the mass matrix causes the eigenvalues of X . (}m gST
to be more tightly clustered than those of X715, and similarly for P, ;.

Next, in Table 4.2, we record the average number and the range of MINRES
iterations required to solve the entire sequence of n. = 121 systems that arises when
we select y1 = 0.2 = 49 and d = 10. We vary both h and H, whilst keeping H,/h
roughly fixed. The symbol * indicates that the unpreconditioned experiment was too
time-consuming to run. For each of the three variants of the preconditioner P, we
observe that the minimum iteration count coincides with that obtained for the single
linear system associated with y, = (0,0) and is bounded as h — 0. The maximum
iteration count grows however, as h — 0. This is slightly disappointing. However,
it is to be expected that P, behaves differently for each system. There are several
possible reasons for this. Some realizations of dD(y) are roughly square and may
be partitioned with uniform meshes, whereas some realizations are rectangular and
necessarily have non-uniform meshes. In addition, the interplay between the meshes
on E and 0D(y,) changes. When y, = (0,0), the meshes on E and 9D(y,) happen to
be aligned, and the preconditioner seems to work the best for that system. The choice
of subspace Vy, ., which underpins the construction of the preconditioner, although
optimal for some systems, is not the best possible one, for all systems.

The systems that have the highest preconditioned iteration counts also have the
highest unpreconditioned iteration counts, suggesting that those systems are simply
harder to solve. It is clear that P, does not perform well on some systems, for some
values of h. However, when the entire sequence is considered collectively, the moderate
increase in the average number of iterations as h — 0 is acceptable. The most efficient
preconditioner proved to be Py giqg, which yielded a 98% decrease in the number of
MINRES iterations compared to doing no preconditioning (in the case h = 1/128)
and up to a 50% decrease compared to using the weaker preconditioner P4 (for the
range of values of h considered).

To investigate the robustness of the preconditioners with respect to the stochastic
discretization, we repeat the experiment reported on in Table 4.2, for d = 26. That
is, we increase the degree of the polynomial for the Gauss rule that generates the set
of collocation points. This yields n, = 729 systems. Results are shown in Table 4.3.
Comparing the iteration counts with those in Table 4.2, we see that the results are
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Preconditioner | h=1/32 h=1/64 h=1/128 h=1/256

None 377 906 2062 *

[112,445] [295,1033] [732,2331] *

Py 40 55 69 86
(22,48]  [39,61] 51,83]  [62,101]

P, 35 40 45 51
(27,42]  [32,54] (34,64]  [34,108]

P, diag 30 34 38 43
[24,34]  [26,46] 26,52] 28,75

Py 30 35 42 48
[18,37] (22, 45] [22,56] [23,79]

TABLE 4.2

Average iteration counts and range [min, max| for Test Problem 1 with v1 = 0.2 =72, d =10
(ne = 121 systems) and varying h, Hy with 3.6 < H,/h < 4.4.

completely insensitive to the change in the discretization parameter d.

Preconditioner | h=1/32 h=1/64 h=1/128 h=1/256

None 391 917 2146 *

[112,448]  [295,1085]  [732,2509)] *

Py 41 54 70 88
[22, 48] [39,67] [51, 85] [62,109]

P, 36 41 47 53
(27,44]  [32,64] 34,81]  [34,110]

P diag 30 34 40 44
[24, 38] [26, 50] [26, 67 [28,80]

Py 30 35 43 49
[18,37] [22,51] [22,70] [23,91]

TABLE 4.3

Average iteration counts and range [min, max| for Test Problem 1 with v1 = 0.2 =72, d =26
(ne = 729 systems) and varying h, Hy (keeping 3.6 < Hy/h < 4.4).

Finally, we vary the standard deviation of the two random variables that pa-
rameterize the uncertain boundary. Recall that & ~ U(—v;,7:), ¢ = 1,2 and so
the standard deviations are o; = 7;/v/3. Increasing o; corresponds to increasing the
amount of uncertainty we have in the geometry of the domain. We vary the standard
deviation by varying v and ~». Results for P4 and P, 4iog are shown in Table 4.4,
for h fixed. Not only do we observe that both preconditioners are robust with respect
to the standard deviation of & and &, we also observe that the unpreconditioned
iteration counts do not grow as the standard deviation increases. This suggests that
the eigenvalues of the saddle point matrices C,. are not affected directly by o1 and o4
but simply by the different meshes.

Test Problem 2 We conclude by repeating Test Problem 1 with a non-unit
diffusion coefficient. Specifically, we choose

a(z) = (14100(2? +23)) ", (4.17)

which satisfies amin < a(x) < amae a.e. in E = (=1,1)? with @, = O(1072) and
amaz = 1. Iteration counts required to solve the single linear system associated with
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Preconditioner | vy =72 =01 v =% =02 vy =7 =04
None 380 391 393
[112,445] [112,448] [112,448]
Py 39 41 40
[22, 48] [22, 48] [22, 48]
Prdiag 29 30 30
24, 36] 24, 38] 24,38
TABLE 4.4
Average iteration counts and range [min,maz] for Test Problem 1 with d = 26 (n. = 729
systems), h =1/32 and 3.6 < H,/h < 4.4, for varying y1 and 2.
h=1/32 h=1/64 h=1/128 h=1/256 h=1/512
Preconditioner | Hy=1/8 Hy=1/16 Hy=1/32 Hy=1/64 Hy=1/128
None 509 1,476 4,051 10,962 %
Py 24 35 41 50 64
i) 41 47 53 57 62
Po.diag 33 37 41 45 49
Por 23 24 24 25 27
TABLE 4.5

Iteration counts for Test Problem 2 with v1 =0 = 72, d =0 (corresponding to one collocation
point yo, = (0,0)) and Ho/h = 4 fized.

Yo = (0,0) are recorded in Table 4.5. Comparing with the results in Table 4.1, we
observe that the unpreconditioned iteration counts have increased, confirming our
hypothesis that the matrices C, are ill-conditioned with respect to a. We made no
modification to X, to account for the non-unit coefficient, however, and we see that
P, now fares worse than P4 on all but one of the meshes considered. On very fine
meshes, however, P, does start to yield lower iteration counts than P4. The modified
preconditioner P, giqq outperforms P4 for the meshes with h < 1/256, while P, ; fares
the best on all meshes.

Preconditioner | h=1/32 h=1/64 h=1/128 h=1/256
Py 41 50 62 78
(24, 54] (35, 70] [41,93] [50,115]
Pr,diag 47 57 67 75
[33,62] [37,76] [41,102] [45,132]
P.r 35 37 42 50
(23, 50] (24, 54] [24, 69] [25, 89]
TABLE 4.6

Average iteration counts and range [min, max| for Test Problem 2 with v1 = 0.2 =72, d = 26
(ne = 729 systems) and varying h, Hy (keeping 3.6 < Hy/h < 4.4).

Next, in Table 4.6, we record the average number and the range of MINRES
iterations required to solve the entire sequence of n, = 729 systems that arises when
we select v3 = 0.2 = 9 and d = 26. We vary both h and H, whilst keeping H,/h
close to 4. For brevity, we include only the results for the more efficient variants of the
preconditioner. Comparing the results with those in Table 4.3 we see that once again,
average preconditioned iteration counts increase slightly with mesh refinement. To
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Preconditioner | vy =72 =01 v =% =02 vy =7 =04

Py 38 41 50

[24, 46] 24, 54] 24, 77]
Prdiag AT a7 57

33, 50] (33, 62] 33, 80]
Py 31 35 44

23, 38] 23, 50] 23, 69

TABLE 4.7
Average iteration counts and range [min,maz] for Test Problem 2 with d = 26 (n. = 729

systems), h =1/32 and 3.6 < Hy,/h < 4.4, for varying y1 and 2.

combat this, some modification to X, would be required to account for the variation in
a(x) on 0D(y, ). However, since this would have to be done for each y,., this increases
computational costs. Recall, the constants ¢1 , and ¢z, in the bounds (4.9) do depend
ON Gypin AN Gz in a potentially different manner, for each r. For P, r, however, the
rise is acceptably small. In fact, only this version of the preconditioner beats P4 on
all the meshed considered.

Finally, we vary the standard deviations o1, 05 of the random variables &; and
&5, Comparing the results in Table 4.7 with those in Table 4.4 we see that increasing
the standard deviations causes the average iteration counts to rise slightly. In con-
trast to the experiment with unit coeflicients, the worst recorded performance of the
preconditioner on a single system deteriorates as o1, oy increase. When the standard
deviations are increased, we encounter domains D(y,.) whose boundaries 0D(y,.) are
located in regions of E where a(x) takes larger values. Since X, represents a norm
that does not contain the diffusion coefficient, its performance is poorer for Schur-
complements associated with these domains. For the specific coefficient (4.17), a(x)
takes is maximum value at the centre of E' and decays towards OF. Note also that
Yo = (0,0) is a collocation point for any value of v, and 7, and, in particular, a(x) is
small on the reference boundary dD(y,) of D(y,) = (—0.5,0.5)2. The preconditioner
performs best for that system, in particular.

4.3. Conclusions. We have demonstrated that the sequence of linear systems
(4.1) arising from stochastic collocation mixed finite element discretizations of ficti-
tious domain formulations of elliptic PDEs on uncertain parameterized domains can
be solved efficiently using preconditioned MINRES. Although not optimal for each
individual saddle point system, our novel block-diagonal preconditioner—which is
based on a discrete approximation of the H~1/2 norm on edgewise decompositions
of the sampled boundaries dD(y, )—is practical and yields iteration counts that are
robust with respect to the statistical parameters. Moreover, average iteration counts
display only a slight growth with respect to spatial mesh refinement. A subset of
the saddle point systems proved to be very challenging to solve and fine-tuning the
preconditioner for this subset, to reduce average iteration counts even further, will be
the subject of future work.

Since the only source of uncertainty in our model problem is in the domain geom-
etry, only the off-diagonal block B, of the coefficient matrix C, in (4.1) changes from
system to system. Incorporating multiple sources of data uncertainty into the under-
lying PDE model is our long-term goal and leads to saddle point systems in which
more components change as the collocation point is varied. Of particular interest is
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the elliptic findp: < (x,w) 1w e,z e Dw), — R such that P—a.s.,
he elliptic BVP: find Q D R h that P

-V - a(z,w)Vp(z,w) = f(x), in D(w) x , (4.18)
p(x,w) =0, on 9D (w) x Q.

This arises in potential flow models where both the diffusion coefficient and the do-
main are uncertain. SCMFEM discretizations lead to very long sequences of saddle
point matrices where both the (1,1) block A and the off-diagonal block B change.
We anticipate that combining the recycled AMG preconditioning strategy in [16] (for
elliptic PDEs with uncertain coefficients on certain domains) and the H='/2(0D(y,.))
preconditioner suggested in this work will yield an efficient solver for FDM-SCMFEM
discretizations of (4.18).
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