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Numerical Solution of the Equations Governing 2D
Eulerian Gas-Solid T'wo-Phase Flow

Justin Hudson * David Harris’

Abstract

This paper extends the 1D model discussed in Hudson & Harris [8] to 2D. A
high resolution scheme is used to discretise two formulations of the 2D model and a
variety of test cases are investigated to determine how the model behaves and the
accuracy of the scheme.

1 Introduction

We adapt the 1D version of Eulerian gas-solid two-phase flow, see Hudson & Harris [8],
to 2D using a 2D version of the high resolution scheme. In 2D, the equations are: the
mass equations,

(ekpr)e + V- (erpeUg), = 0 (1.1a)

momentum equations,
(expUk)e + V - (xpe U @ Uy) + w1 3Vpy + wauVps = exprg T (U, — Uy),  (1.1b)

and the fluctuation energy equation,

2
(EspsT5>t +V- (€SPST5US) = _g (psv Uy + 36Ts) . (1'1C)
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The values of wy are chosen such that w; + w3 and ws + wy are equal to either 0 or 1. As
with the 1D version, the gas phase is assumed to be isentropic with pressure,

Py (Pg) = Cﬂg

and the solids phase has the simple pressure term

ps<€sa Ts) = EspsTs-

The interphase drag force is,

3
ﬁ - ECDegesdeg - Usl (1'2)
where Cp is a constant and
€g+ € =1

We include a gravity vector term g = (g, g,). To close the models, we assume that the
density of the solid is constant, ie p, = C.

There are numerous choices of the values wy in the momentum equations (1.1b), but
we are primarily interested in two standard models, which are well documented in the
literature:

1. Model A, which is based on the work of Jackson [9] and modernised by Ding &
Gidaspow [3], Boemer et al. [1] and Bouillard et al. [2]. This model can be obtained
by setting,

wi =€, wy=0, w3=¢ and wg=1.

Unfortunately, Model A is conditionally hyperbolic and thus, may only be used in
certain regions for the area of interest in this paper.

2. Model B, which is based on the work of Rudinger & Chang [15] and modernised by
Bouillard et al. [2], Boemer et al. [1] and Gidaspow [4]. This model can be obtained
by setting,

wi =1, wy=0, w3=0 and w,;=1.

Unlike Model A, Model B is unconditionally hyperbolic, but the model is apparently
less physical than Model A.



2 Formulations

To aid the numerical discretisation, we re-write the model (1.1) in system form as
w,+F(w),+Gw),=f+g+8, (2.1)

where w contains the conserved variables, F and G are the flux-functions, f and g contain
the source terms with first order derivatives in the x and y direction respectively and S
contains all the other source terms. We consider two formulations of the model.

2.1 Formulation S

Here, the model is written in system form with the gas pressure term rewritten as

w1,3(Pg)e = (Pg)z — (1 — w1,3)(Pg)us

thus obtaining

€9Pg €gPglyg €gPgVg
€gPgly Egpgu?, + Py €gPgUgUqg
€gPgVg €gPgUglq 5gng§ + Dy
W = €5 F= €5l G = €5Us ,
€4l esu? + e, Ty €5VsUsg
I E5UsVs €02 + €, T,
€51 €51 Ug €5V s
[ 0 1 0
(1 - wl)(pg)x - WQ(ps)ac 0
0 (1- wl)@y)y - WQ(ps)y
f = 0 , g= 0
—wsp; ! (Pg)a + (1 = wa)py ' (ps)a 0
0 —w3ps " (Pg)y + (1 —wa)p; ' (ps)y
L _3psps(us)ax ] _mps(vs)y
and _ -
0
€9Pg9x — Blug — us)
€gPgGy — Blvg — vs)
S = 0
€s9x + ﬁ(ug — Uy)
€sGy + pﬁs(vg — Ug)
_p_iﬁTs




The Jacobian matrices of this system are

i 0 1 0 0 0O 0 O
et cc—ul 2uy, 0 pgeStc 0 0 0
UgVy Vg Ug 0 0 0 O
J, = 0 0 0 0 1 0 0
0 0 0 eTuc2—u? 2u, 0 dy
0 0O O — UV vy uUs 0
i 0 0 0 —uT, T, 0 s
and ~ _
0 0 1 0 0O 0 O
—UgVg Vg Ug 0 0O 0 O
e;fcc—v2 0 20, peetez 000
J, = 0 0 0 0 o 1 0|,
0 0 0 —UgVs vy, us 0
0 0 0 eTu2—v2 0 2v, dy
i 0 0 O —v, T 0 T, v, |

whose eigenvalues are

Al2 = Ughy + Vgny £ AV, 6517 A3 = UgN)y + Vghy,

Ais = Uy + sy /Ty and A7 = Ush)y + V1.

Here, 1, and n, denote the  and y direction. Thus, for J,, n, = 1 and 7, = 0 and for J,,
Ne = 0 and 7, = 1.

2.2 Formulation P

An alternative formulation is presented in order to try and minimise the significance of
an inhomogeneous term, —psV - Uy, present in the fluctuation energy equation (1.1c).
This term can create difficulties in obtaining an accurate numerical approximation, see
Hudson & Harris [8]. Thus, we rewrite the term using the product rule, e.g.

_ps(us)az = _(psus)a: + us<ps)a:~



By using this approach, we obtain

€9Pg €gPgllg €gPgVg
€gPglUg 69:09“?, + Py €gPgUglq
€gPg Vg €gPglUglq Egng§ + Py
W = €5 , F= €5l , G= €sVUs ,
€5l esu? + €T, €sVUsUg
€5Vs €E5UgVs esvf + €, T,
Ty | 2e,Tyus 26,057,
[ 0 i I 0
(1— Wl)(pg)a: — wa(ps)e 0
0 (1 —wi)(pg)y — w2(ps)y
f= 0 , g= 0
—wsp; H(pg)e + (1 — wi)p (ps) 0
0 —wspy  (Pg)y + (1 — wa) o (Ps)y
L gus(esTs>z i L %Us(esTs)y
and -~ _
0
€9Pg9z — B(ug — us)
€9PgGy — B(Vg — vs)
S — 0
€sGz + pﬁs(ug - Us)
€sGy + %(Ug - US)
i — 5T ]
The Jacobian matrices of this system are
[ 0 1 0 0 0O 0 0 ]
et —uZ 2u, 0 peelc) 0 0 0
—UgVg Vg Ug 0 O 0 0
J, = 0 0 O 0 1 0 O
0 0 0 eTi2—u? 2us 0 dy
0 0 O — Uy vs ug 0
0 0 0 —3uT, 3T, 0 3u, |
and ~ _
0 0 1 0 0 0 0
—UgVy Vg Ug 0 0 0 0
e;fcc—v2 0 20,  peetez 000
J, = 0 0 O 0 0 1 0 ,
0 0 O UgVg Vg Usg 0
0 0 0 eTd—v2 0 2v, dy
0 0 0 0T, 0 2T, 2u, |
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Figure 3.1: The two dimensional mesh.

whose eigenvalues are

AL2 = Ughy + Vg £ AV, 6;17 A3 = UgN)y + Vghy,

4 1
Aijs = g(usm +un,) £ §\/u§nx +v2n, + 15Ty and  Ag7 = usn, + vy

Here, 1, and 7, denote the x and y direction. Thus, for J,, n, = 1 and 7, = 0 and for J,,
ne = 0 and n, = 1.

3 High Resolution Scheme

We extend the numerical scheme used in Hudson & Harris [8] for 1D problems to 2D.
The high resolution scheme is based on Roe’s scheme [14] and was adapted by Hubbard
& Garcia-Navarro [6]:

Wit = wiy = s (Fry —Fry ) =5, (Gooy — Gy ) +AHRE 481, (1)

7'_51.7 Zvj+§

where the numerical flux-functions are

5

* 1 n n 1 ~r|\T nx ~T|\\XT
L= 5Pl +F) — 5 7 GHATI( - @)1 - 78]

k=1 i+3.



and

G*

7.]+2

k=1

S(Gl + G = 3 S a0 - ®@) (1 - 7))

ij+3

The source terms not containing first order derivatives, S, are approximated using a

pointwise approach,

— 0 aqn
€gPgYx — ﬁ(ug - US)
€gPgGy — ﬂ(Ug - US)
Sy = 0
€s0x + pﬁs(ug - U,s)
€sGy + pﬁi(vg - 1)3)
| _zﬁTs 1
and the source terms with first order derivatives are calculated using,
AMRY = so(f 0+ ) +sy(8 5,0 &) 0),
where s
1 T Nz N ~T
£, =5 ; [ﬁkek(l + san(30) (1 — ®(67)(1 — |”k|>>>L+;,j
and
1 ; ;
8y = 5 O | BLelll £ sen(D (1 - @@ - 7))
k=1 o

The step sizes in space and time are Ax, Ay and At with 7, 7 and n denoting the spatial
and time grid number, respectively. The upstream and downstream boundaries are at
(zo,%0) and (zr,ys) (I and J are the total number of spatial grid points in x and y), ty
is the final time,

At At o o . (&:kc;)LJr 2J . ~T
= Ap T Ay TN s (0722)—2’ L=i—sen(@)iy s
~ (G )iars
07 = NI;—’MJFQ, M=j- Sgn@g)z’,ﬁ%?

(o M+

and either the minmod flux-limiter [16],

®(0) = max(0, min(1,0)),



or the van Leer [17] flux-limiter,

_|0|+49

d(0) = ——
(9) 1+ 10|

is used. To ensure the scheme remains stable, the time step is calculated using

Ap— Y min(Az, Ay)
2max; ;(|A7], [A])

where max(|A|) is the maximum wave speed and v <1 is the required Courant number.

The scheme is an adapted form of Roe’s scheme [14] and requires Roe average values
(denoted by ~ ) of the Jacobian matrices, eigenvalues (), eigenvectors (&), wave strengths
(&) and inhomogeneous values (). A full derivation of the Roe averages for the general
system is presented in Appendix A and a summary is given in Tables 3.1 & 3.2, where the
superscripts denote the corresponding system. The values of 7, and 7, are used to write
the Roe averages in a compact form. Here, the a® values are obtained by setting 7, = 1
and 1, = 0 (in this case Aw = wg; — wy ;) and the @’ values are obtained by setting
Ny = 0 and 7, = 1 (in this case Aw = w; g — w; ). The high resolution scheme can now

be used to approximate the general system of equations for various multipliers wy.

4 Numerical Results

We are interested in investigating glass beads being transported by air. Thus, we take
a solids density of p, = 2660 kg/m?* and particle diameter d, = 0.005 m. For the gas
phase, data corresponding to air at room temperature (20°C) with atmospheric pressure
(100.0437 kPa), density p, = 1.2885 kg/m? and viscosity p, = 1.58 x 1077 Pa.s are taken.
Also 7, = 1.4 and C, = 75916.16 m*?/(kg"*s?).

In 1D, Model A is conditionally hyperbolic (see [8]) thus, we expect the 2D version of
Model A to also be conditionally hyperbolic. However, illustrating this is considerably
more complicated in 2D. Thus, we only solve the 2D model in areas for which we anticipate
the equations to be hyperbolic. Moreover, we only investigate the numerical solution of
Model AP due to the robustness of the formulation in 1D.

We now investigate a variety of test cases using the above data. We only solve the general
system when it is hyperbolic and require appropriate initial and boundary conditions



Roe Averages

roev(a, b) NN

. varbr,++/arbr ~

%((EQ)R +(eg)L) | G4 = { .

Apg
Apg

(pg>

e}

if Ap, #
otherwise

Pg = %((PQ)R + (pg)r)

s((es)r + (e)r)

U, = roev(egpg, Ug)

U, = roev(eg, Uy)

Ty = roev(es, 1)

Jk _ (S‘k*ﬂgnz*ﬁgny)%g*%

PgCs
Eigenvalues
5\1,2 - ﬂgnﬂz + T)gny + 69 \V gg_la 5\3 - fagnz + ﬁgny
;\2,5 = @s% + @sny + v Ts: 5\6,7 = ﬂsﬁz + 63"7@;;
Aoy = 4ians + Bany) £ S\ Jazn, + oo, + 15T,
Eigenvectors
1 ] [0 ] [0 ]
)\1,277:10 ‘tagny Ty 0
VgNe + A127y " 0
€= 0 , e3=1|01], e=1|0
0 0 My
0 0 N
i 0 ] | 0] | 0 ]
1
)\4,5,77]:13 j‘ agny
697711 ‘f /\4,5,77731
€457 = das,7

(A5, 77 + @sﬁy)@b,?
(O + Ay )das 7
dis7(Mas7 — Ushy — Ushy)?

Table 3.1: Roe Average Values (superscripts denote formulation)




Wavestrengths (k # a # b)

~4,5,7 — (S\aj\b*’agnz*f’gny)Aes*(5‘a+5\b*2(ﬂsnz+ﬁsny

a FAb—2(is N+ 051y )) A (€5 (Mo ts +1yvs))+A (€5 Ts)
k di (A —Xa) (A —Ap)

~ __M@atAs@stArar—(Gatdstar—Alegpg))Aa1 —Alegpg (NetigF1yvg))
Qp2 =+ S

a3 = A(PgEg(Ung + nyug)) - (Uxf)g + Uyﬁg)A(Eng)

Qg = A(Es(nxvs + nyus» - (7793175 + nyfbs)AGS

Inhomogeneous Terms

2457 _ (2(77337234:771/776)_S\Na_j\~b)F4+7~'5 Bio= :F5\454+;\555+5\7Bz*(@4+ﬂ~5+57)5\2,17772
k de(Ce—ra) M—rp) 0 L2 X1— X2

and 3376 =0 where 74= —%Apg + (1 — wy)A(esTy)

ro = (1 — u)l)Apg — pSLUQA(GSTS) 7:53 - _§g3T8A<n$us + nyvs)'

il = %(%Us + 0y vs) A(€sT).

Table 3.2: Roe Average Values (superscripts denote formulation)
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for each test case. Unless stated otherwise, the high resolution scheme is used with
Ax = Ay =1, a Courant number v = 0.8 and free flow boundary conditions,

n+1 __ n n+l1 n nt+l n ntl "
o Wovj’ W1+i,j - WI,j7 Wi7_j — Wj,ﬂ and Wi,j+.] = Wi,J'

All of the following test cases are for g = 0.

4.1 Dome Advection

For the first test case, we consider a simple solids advection problem, which has an
analytical solution. The analytical solution is derived by assuming that the gas density
and phase velocities are constants,

pe(z,y,t) =R, wuy(z,y,t) =us(z,y,t) =U and wvy(z,y,t) =vs(z,y,t) =V,
then the model simplifies to
(Es)t + U(Es)az + V<€s)y = 07 ps<x: Y, t) =P and (Ts)t + U(Ts>:p + V<Ts)y = Oa

where P is a constant. Thus, we obtain the analytical solution

P
es(x,y,t) = es(x —Ut,y —Vt,0) and Ty(z,y,t) =—.
€s

To simulate a dome propagating at 45°, we use the initial conditions,

( 0) 0.1+ 0.1sin*(Z5(z — 5)) sin*(Z(y — 5)) if 5 < (x,y) <25
YY) = 01 otherwise

with
R=1288, U=V =5 and P =0.01.

Figure 4.1 illustrates the results at ¢ = 10 s compared to the analytical solution. The
scheme propagated the dome to the correct location and preserved the values of the con-
stants. However, dissipation is present in the results of the volume fraction and granular
temperature. The dissipation is considerably less than the first order version of the scheme
and can be minimised by using a smaller mesh, but at the expense of longer computational
run times.

11
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Figure 4.1: Dome Advection Test Case at ¢t = 10 s.



900

L0°0

800

600

T0

900

L0°0

800

600

T0

170

900
L0°0
800
600

T0
T1°0
[AN¢

00T 0§ 0
00¢ =1
X
00T 0§ 0

(014

ov

09

08

00T

(014

ov

09

08

00T

(114

ov

09

08

00T

L0°0

800

600

TO

L0°0

800

600

TO

170

900
L0°0
800
<600
TO
110
[AN0

00T 0S 0

00T 0S8 0

0 90°0
0z 00
oFr 800
<
09 600
08 10
00T TTO
0 90°0
0z L00
oy 800
< .
0o 600
10
08
110
00T
0 90°0
0z 00
80°0
o
<600
09
70
08 1190
00T 2T0

00T 0S oo
0¢
ov
09
08
00T

00T 0S8 oo

(14

oy

09

08

00T

0c¢

ov

09

08

00T

Figure 4.2: Dome Test Case (€5, us & vs).

13



Figure 4.3: Dome Test Case (T, uy & v,).
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4.2 Dome & Cylinder

For the second and third test cases, we consider a dome or cylinder of solids in the centre
of the domain. The initial conditions for this test case are,

pg(z,y,0) =1.2885, w(z,y,0) = v(z,y,0) =0, Ts(x,y,0)=0.1¢

and either

( 0) = 0.1 4 0.1sin*(Z5(z — 40)) sin®*(35(y — 40)) if 40 < (z,y) < 60
YT 04 otherwise

for the dome test case or

es(z,y,0) = {

for the cylinder test case.

0.2 if (z —50)? + (y — 50)* < 100
0.1 otherwise

Figures 4.2 & 4.3 and Figures 4.4 & 4.5 illustrate the results until ¢ = 200 s for the dome
and cylinder test cases, respectively. As expected, the solids volume fraction spreads out
in a circular pattern and produces a pebble effect, which the scheme accurately captures.
Moreover, the results are smooth and free from any numerical problems (e.g. spurious
oscillations or kinks) and the scheme accurately captures the shocks. The numerical
problem associated with stagnation points (as discussed in [8]) is also not present in the
results here due to the problematic term being rewritten and discretised in a different
manner.

4.3 Cube

For the forth test case, we consider a cube of solids in the centre of the domain. The
initial conditions for this test case are,

i < <
e(2,1,0) = { 0.2 if 40 < (z,y) <60

0.1 otherwise
with
pg(x,y,0) =1.2885, uk(z,y,0) = vg(zr,y,0) =0 and Ty(z,y,0) = 0.1e,.

Figures 4.6 & 4.7 illustrate the results until ¢ = 200 s. Again, the results are smooth
and free from any numerical problems (e.g. spurious oscillations or kinks). Notice that
initially, four shock waves propagate away from the cube in different directions, but they
eventually merge together into a circular pattern.
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5 Conclusion

We have extended the 1D isentropic Eulerian gas-solid two-phase model (as discussed
by Hudson & Harris [8]) to 2D and presented two different formulations of the model.
The high resolution scheme was successfully adapted to 2D and the results obtained for a
variety of test cases were promising due to no spurious numerical oscillations occurring in
the results. A variety of test cases were investigated to try and determine the behaviour
of the model in 2D.

The high resolution scheme accurately captured the circular motion / spreading for the
dome and cylinder test cases even though a cartesian mesh was used. However, for such
test cases a more appropriate mesh would help improve the accuracy of the results. Thus,
an extension of the scheme to a finite volume scheme for variable meshes is desirable.

We only considered the results of Formulation AP since Formulation AS produces a numer-
ical error at stagnation points. Moreover, the results of Model B are practically identical
to Model A. This is due to the gas density p, remaining almost constant for the test
cases under investigation, which results in the gradient of gas pressure being small. Since
Models A and B only differ due to the gas pressure derivatives, there is little difference
between them if the gradient of the gas pressure term is negligible.

Thus, we have demonstrated that the high resolution scheme can be used to obtain an
accurate numerical solution of Models A & B in 2D.
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A Roe Averages

The numerical scheme discussed in Section 3 is based on Roe’s scheme [14] and thus,
requires Roe averaged values. In this section, we briefly outline the derivation of the Roe
averaged values for the general system.
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We require Roe averaged Jacobian matrices (for both F and G), J(wp, wg), which satisfies
the following u-properties [14],

!

R

(wr, wg) must be diagonalisable with real eigenvalues (hyperbolicity);
(

wr,wg) — J(W) as w,wr — W (consistency);

>

o AF = J(wy, wr)Aw (conservation).

We obtain such a Roe averaged Jacobian by using the conservation u-property to obtain
Roe averaged values of the variables, which can then be used to obtain the eigenvalues
and eigenvectors.

We now derive the Roe average values for each flux-function.

A1l F(w)
We first derive the Roe averages for the Jacobian matrix associated with F, i.e.

1. Formulation S,

[ 0 1 0 0 0 0 O €gPglyg
€;1é§ — ﬂg 2ug 0 ﬁg€;163 0 0 O egpgug + Py
) — g Vg Vg  Ug 0 0 0 0 €gPglglqg
J, = 0 0 O 3 0 1 0 O and F = €sUsg
0 0 0 &T,—a® 2a, 0 1 esu? + e, T,
0 0 O —UgVg vy ug O €E5UgVg
L O O 0 _asTS S O '&/S a L EsTsus
2. Formulation P,
[ 0 1 0 0 0 0 0 ] [ epguy
69_153 — &f] 2u, O ﬁgglég 0 0 0 Ggng§ + py
) —UgUg Uy Ug 0 0 0 0 €gPgllyVq
J, = 0 0 0 0 1 0 O and F = €slls
0 0 0 €&T;— ﬂg 2u, 0 1 esug + €, T
0 0 O —UsVs vs  us 0 €sUsVs
0 0 0 =371, 37, 0 3a, | sesToug




A.1.1 Values

We require Roe average values, which can be obtained by satisfying
AF = J,Aw.
Both formulations result in ensuring that the following equations are satisfied:
Aegpgug) = Alegpguy),
A(Egpgui) + Apy = (652;‘?;1 - a;)A(Egpg> + 2047 (egpgug) + ﬁggg_légQJAesv
Alegpgtgvg) = —lgUgA(€gpg) + Vg A(€gpgtig) + UgA(€gpgvg),
Alesug) = A(esus),
Alesu?) + A(e,Ty) = —i2Aeg + 2, A(esuy) + Ale,Ty),
A(esusvs) = —Us0sA€s + Vs A(€stus) + Us A(€5v5)

and

A(esusTy) = —i, Ty Aey + ToA(esus) + s A(e,T)).
Clearly, equations (A.la) and (A.1d) are automatically satisfied and by letting
ﬁﬁA(egpg) — 2, A(egpyuy) + A(Egpguf;) =0

and
2 Aes — 2U,A(eus) + Aleu?) = 0,

we obtain

V (es)L(us)L + \V (ES)R(US)R‘

PR (€gpg)r(ug)r + /(€9Pg) r(Ug) R and G —
! Vegpg)r + v/ (€gpg)r ’ Ve +V(e)r

From (A.1c), (A.1f) and (A.1g) by substitution we can easily obtain

7=V (es)c(T5)r + V(es)r(Ts)r 5 V()L (0)r + v/ (e5)r(vs)r

Vier+vVer 0 Ve +V(e)r
A Egpg)n(vg)r + v/ (Egpg>R(Ug)R‘

v Vopor + v/ (Copor

and

Now, we are left with
€Ap, = 5§(A(69pg) — pgAey)
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Apg

Apy’ we obtain
g

By substituting ¢ =
Alegpg) = EgApg + pyAey.

Here, we have two options:

o= 5((e)i+(e)r) and 3y = 2((og)1 + (py)) (A2)
= Jelegn ma j, = LU 2 VGrp)n (A3)

Thus, all the Roe averages have been obtained.

A.1.2 Eigenvalues & Eigenvectors
The Roe averaged eigenvalues are the same as the original values,

1. Formulation S,
Mo =1y £85, /6 N =1y, Ms=1,+\T, and Ag7 =i,
2. Formulation P,

~ ~ ~ 4 1 / ~ ~
)\172 = ﬂg + 6g g;l’ )\3 = ’l~Lg, )\475 = g’as + g ﬂ,g + 15T5 and )\6,7 = ﬂs.

For simplicity (and computational efficiency), the eigenvectors are determined in terms of
the eigenvalues:

1. Formulation S,

0 0 0 e
12— 2,— N 0 e, le 0 0 0 es
Uiy, Dy g — A 0 0 0 0 e3
0 0 0 -\ 1 0 0 es | =0.
0 0 0 &T,—u® 2i,—X 0 1 es
0 0 0 TR by ds—A 0 €6
0 0 0 —i T, T, 0 d@s—A | Ler]



2. Formulation P,

)\ 1 0 0 0 0 0 i
Gl -2 20— 0 pElE 0 0 0
— gl Uy Ug — A 0 0 0 0
0 0 0 —A 1 0 0
0 0 0 &T,—a 2i,—A 0 1
0 O O '&S'&S ~S as >\ O
5~ 5 5~ g
| 0 0 0 gusTS §Ts gus — A 1 L
Thus, i
ez = ey,
(6,162 —a2)ey + (2dy — Nea + pyé, ' eles = 0,
—iyDge1 + Dgea + (ity — Nes = 0,
€5 — 5\647
—@i%ey + (205 — Nes +e7 = 0,
—UsUge4 + Vses + (Us — :\)66 =0
and either

—a Teeq + Taes + (s — 5\)67 =0
for Formulation S or

~ 5. 5 ~
—gﬁsTse4 + 5T365 + (gfbs - )\)67 =0

for Formulation P. Now, by substituting (A.4a) into (A.4b), we obtain

(aggg — & — (20, — X)@X) ((X — 11y)2E, — 53)
€4 = €1 = ~ €1

5 52
pgcg

and similarly for (A.4c), R
(i — Mes — ye1) = 0.

Also, by substituting (A.4d) into (A.4e) and (A.4f), we obtain
(s — M) (e — Uses) =0 and ey = eg(X — 1iy)?,

respectively.
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Thus, we obtain

[ 1] [0 ] E
~1,2 0 A4
@g 1 ?9
61,2 = 0 y é3 = 0 , é475 = d4,5
0 0 5\4,5d~475
0 0 Usda 5
L 0 L 0] J4,5(5\4,5 — )
F 01 SR
0 /[’28
0 Vg
e= 10 and e; = dr; ,
0 Giydy
1 f}sd?
L 0 L 0 |
where
i (>\k — ﬁg) 69 63
k= pop :
PgCy

A.1.3 Wave Strengths

We obtain wave strengths are determined through the decomposition,

7
Aw = Z &kéka
k=1
which for both formulations results in solving
Alegpg) = @1 + G + Gy + &5 + ar,
A(egpgug) = 5\16&1 + 5\2662 + 5\46&4 + 5\5655 + 5\7657,
A((—:gpgvg) = ﬁg&l + @gONéQ + 6&3 + 1~)g0~é4 + 69&5 + 179&7,
AES = d~4d4 + J5C~145 + J7d7
Al(esus) = Madyy + Asdsds + Ardrdy,
A(esvs) = Dsdabiy + D5dsbis + Gig + Uydrdiy
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and
A(ESTS) = CZ4(5\4 — ’INLS)20~64 + CZ5(5\5 — ﬂs)20~é5 (A5g)

for .. Unfortunately, by solving these set of simultaneous equations, algebraic expressions
of &9 are complicated. To keep the algebraic expressions in a compact form, we solve
(A.5d), (A.5e) and (A.5g) to obtain dups 7,

(Aado — 02) A€y — (Ng 4+ X — 2i15) A(estis) + AesTh)
A = Xa) O — Ap)

ay =
where k # a # b, and then solve &; 5 in terms of &y57,

5\45(4 + 5\55(5 + 5\76&7 — (O~é4 + 6&5 + O~é7 — A(Ggpg)):\gJ — A(egpgug)
A — A

12 = F

We can then easily obtain the last two wavestrengths by solving,

ag = Alegpgvy) — VgA(€gpg) = \/(Egpg)R(Egpg)LAvg

and

G = A(€5v5) — UsAes = \/ (€5)r(€s) L Avs.

A.1.4 Inhomogeneous Terms

The values of (5 are also determined from the decomposition,

7

k=1

which for both formulations results in solving

0= P+ Ba+ Ba+ Bs + fr, (A.6a)

7o = A1 B+ MaBo + By + AsfBs + APy, (A.6b)
0= 6931 + 77932 + B+ 6934 + 17935 + 69377 (A.6c)
0 = dyfy + dsf5 + di 3, (A.6d)

75 = Aadafy + Nsds 5 + Ardz By, (A.Ge)

0 = Bydafs + V535 + B + Vsdr 7 (A.6f)
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and

T = ci4(5\4 — 7j059)264 =+ CZE>(5‘5 - aS)QBE’ (A.Ge)
for Bk Here,
ra = (1= wi)Apy — pw2lA(eT5),
Py = _%Apg —+ (1 — W4)A(€5Ts)7

2_ - 2
7 = —3&TAu,  and il = 5aSA(.sg_;).

As with the wave strengths, algebraic expressions of BLQ are complicated. Thus, we solve
(A.6d), (A.6e) and (A.6g) to obtain (457,

= (205 — Ag — Ny)Ts + 77
k= 5% SR =
A (M — Aa) (Ax — Ap)

where k # a # b, and then solve BLQ in terms of 34,5,7,

MiBiy + AsBs + MfBr — (34 + fBs + 37)5\2,1 — Ty
A — A '

51,2 =+
The last two values of 3 can now be solved,
Bg =0 and 56 =0.
A2 G(w)

We first derive the Roe averages for the Jacobian matrix associated with G, i.e.

1. Formulation S,

0 0 1 0 0 0 0 €9Pg Vg
—Ugly Vg Uy 0 0 0 0 €gPgUgVg
) &l —07 0 20, pestez 0000 €9PgVs + Dy
J, = 0 0 O 0 0 1 0 and G = €5Vs
0 0 O —Us0s Vs Ug O IR
0 0 0 &T,—o2 0 20, 1 esv2 + €T,
I 0 0 0 -0, 0 T, 9 esvsT,
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2. Formulation P,

[0 0 1 0 0 0 0
—lyD, By 0 0 0 0
] G2 —02 0 20, pt 0 00
J, = 0 0 0 0 0 1 0 and G =
0 0 0  —G0, 0 s O
0 0 0 &l,—o 0 20, 1
0 0 0 =237, 0 3T, 20,

A.2.1 Values

We require Roe average values, which can be obtained by satisfying
AG = J,Aw.
Thus, for both formulations we must ensure that
A(egpgvg) = Al€gpgvy),
A(egpgtigvg) = —Ug0eA(€gpg) + VgA(€gpguy) + UgA(€gpyv,),
Alegpgvl) + Apy = (Goe, ! — 02)Alegpy) + 20,A(€9pgvg) + pyé, ' ErAEs,
A(esvs) = Alesvs),
A(esusvs) = —Us0s A€ + Vs A€5us) + U A€svs)
Alev?) + A(eTy) = —02Ae, + 20,A(e5v5) + A(e,Ty),

and
AlesvsTy) = — 0, T, Ae, + TSA(eSvS) + U, A(esT5).

€gPgVqg
€gPgUglqg
egpgvs + Dy
ES/US
ESUSUS
€02 + €, T

5
3 6svsj“’s

Clearly, equations (A.7a) and (A.7d) are automatically satisfied and by letting

@SA(EQPQ) — 20,A(€gpg04) + A(egpgvs) =0

and
72 A€; — 20,A(€5v5) + Alesv?) = 0,

we obtain

-~V (€gpg)r(vg)L + \/ (€g09)R(Vg)R and 7, = \V (€s)n(vs)r + \V (€S)R(US)R‘

" \/(egpg)L + \/(Egpg)R \/(ES)L + \/(ES)R
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From (A.7b), (A.7e) and (A.7g) by substitution we can easily obtain

Y (€5)0(Ts)r + Y, (es)r(TS)rR 0=V (€s)r(us)r + Y, (es)r(us)r
S Vi + Ve Vieor + Vien

i = V (Egpg)L(ug)L + V (Egpg)R(ug)R.
! \/(egpg)L + \/(Egpg)R

and

Now, we are left with
€gApy = EE(A(GQPQ) — Pgeg)
By substituting ¢ = i—zz into (??), we obtain
Alegpg) = EgApg + pyAey.

Here, we have two options:

= (et @) and 5y = () + () (A8)
=\l and = VBT VIR

VgL + v/ (€)r

Thus, all the Roe averages have been obtained.

A.2.2 Eigenvalues & Eigenvectors
The Roe averaged eigenvalues are the same as the original values,

1. Formulation S,

Mo =70, £8\/6Y N=10y Ms=0,£2\T, and g7 =10s.

2. Formulation P,
~ R o ~ . ~ 4 1 /- = . .
A =0y £Co\ /€1, A3 =10y, Mi5= §U5 + 3 024157, and Ag7 = 0s.

For simplicity (and computational efficiency), the eigenvectors are determined in terms of
the eigenvalues, which are obtained by solving:
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1. Formulation S,

€q

2. Formulation P,

R}
<

Thus,

and either

for Formulation S or

5

Y
_agﬁg 179
A
0
0
0
0
Y
agf}g 179
1~2 ~2
Cq — Uy
0
0
0
0
~—1~2
(Eg Cg —

>~
™
oY
no

R
L

9~g
—A
—UsVs
&1, — 02
_ﬁsfs

9

o O

—1 ~
ggc

>
=)
2

QN

_asf&s
éT, — 02

5 ~
_gvsTs

e3 = ey,

—@iy0ge1 + (Ty — Neg + Ggez = 0,

U2)er + (20, — Nes + g€, 'eaeq = 0,

€ — )\64,

—?23’17364 + (1~)5 — )\)65 + ’11566 =0

—02ey + (20, — Neg + e7 = 0,

—65T5€4 -+ TSGG + (?75 - 5\)67 =0

~ 5. 5 ~
3 ~5T564 + gTSGG + (gﬁs — )\)67 = O

_— o O O o O

for Formulation P. Now, by substituting (A.10a) into (A.10c), we obtain

-

2
pgcg

@g-@j—@@—ﬁﬁg)e
1
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and similarly for (A.10b), .
(@~ N(ea — yer) = 0.

Also, by substituting (A.10d) into (A.10e) and (A.10f), we obtain
(0 — 5\)(65 —ugey) =0 and e = 64(5\ — 7y)?,

respectively.

Thus, we obtain

[ 1] [0 ] 1
i, 1 Ug
5\172 0 /\~4,5
él,2 = 0 > ég = 0 R é475 = d4,5
0 0 sy s
0 0 5\4,5654,5
L 0] | 0] Ci4,5(/~\4,5 — ¥g)?
0 SR
0 Ug
O US
&= |0 and & = | dr |,
1 liydy
0 1~)SCZ7
L 0 L 0 |
where
s (A —0g)% 53
k= o~ .
PaCy

A.2.3 Wave Strengths

We obtain wave strengths are determined through the decomposition,

7
Aw = Z &kéka
k=1
which for both formulations results in solving
A(Egpg) = d/l + 6(2 + C~Y4 + 6&5 —+ O~[7,
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A(€gpgtty) = gl + gy + Gy + TyGy + Tyas + g0, (A.11D)
Alegpavy) = My + Aadig + Agdug + Ass + Mréir, (A.11c)
Ae, = dyay + dsés + drdy (A.11d)
A(estis) = Uydybry + tigdsdvs + dg + tsdrdir (A.1le)
A(esvs) = Mdydiy + Nsdsds + Ardrdr, (A.11f)
and o o
A(eTs) = da(As = 05)%a + ds(As — 0,)%a5 (A.llg)

for a.. Unfortunately, by solving these set of simultaneous equations, algebraic expressions
of ;o are complicated. To keep the algebraic expressions in a compact form, we solve
(A.5d), (A.5e) and (A.5g) to obtain dy s 7,

(Aads — 02) Ay — (Mo + Ao — 205) A(e05) A(e,T)
di(\e = Xa) (A — M)

Qy, =
where k # a # b, and then solve &, 2 in terms of dy 57,

5\4614 + 5\5@5 + 5\70?7 — (5&4 + (5&5 + C~¥7 — A(Egpg))j\Zl — A(egpgvg)
A — Ao

Q12 = F .

We can then easily obtain the last two wavestrengths by solving,

as = A(egpgug) — tigA(egpy)

and
ag = Aesug) — usAeg

A.2.4 Inhomogeneous Terms

The values of (5 are also determined from the decomposition,
7 ~
Ayg = Biéy,
k=1
which for both formulations results in solving
0=731 + Bo+ Ba+ B + Br, (A.12a)
0 = iy + TiyBa + s + g + iy B5 + Tiyr, (A.12D)
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s = MB1 + Moo + Aafa + AsB5 + M7, (A.12¢

)
0= dyfs + dsf5 + dr s, (A.12d)
0 = Ggdyfy + TisdsBs + Bg + disdrBq (A.12e)
76 = Aadyfy + Nsds 05 + Ardr fr, (A.12f)
and o . o .
7 = dg( A — D)1 + ds(As — 05)% 05 (A.12g)
for /3. Here,

fs = (1 — U)l)Apg - psWQA(ESTS)’
Fe = _%Apg —+ (1 — W4)A<ESTS)7

2 2
T7 = _§~STSAUS and 7= §178A(€ST5>'

As with the wave strengths, algebraic expressions of @1,2 are complicated. Thus, we solve

(A.6d), (A.6f) and (A.6g) to obtain (457,

N (265 - 5\a - 5\b)fﬁ -+ f7
di(Ae — Aa) (A — Ap)

where k # a # b, and then solve 6172 in terms of 5475,7,

5 N + A5 + Arfir — (34 + G5+ 57)5\2,1 — T3
/81,2 =+ X 5\ )
1— A2

where w
73 = (1 — wi)Apy — powslA(e,Ty), 76 = ——Apy + (1 — wi) A(e,Ty)

and 5
Fr = — =&, T Avs.
3

The last two values of B can now be solved,

33:0 and B(;:O
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