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Abstract

The University of Manchester

Daniel Mark Robinson

Doctor of Philosophy

The Homotopy Exponent Problem For Certain Classes of Polyhedral
Products

28 September 2012

Given a sequence of n topological pairs A; C X; for + = 1,...,n and a
simplicial complex K on n vertices, there is a topological space (X, A)K by a
construction of Buchstaber and Panov. Such spaces are called polyhedral prod-
ucts and they generalize the central notion of the moment-angle complex in toric
topology. In this thesis, we study certain classes of polyhedral products from a
homotopy theoretic point of view.

The boundary of the 2-dimensional n-sided polygon, where n > 3, may be
viewed as a 1-dimensional simplicial complex with n vertices and n faces which
we call the n-gon. When K is an n-gon for n > 5, (D2, 5" is a hyperbolic
space, by a Theorem of Debongnie. We show that there is an infinite basis of the
rational homotopy groups m,((D?, S 1)K) ® Q represented by iterated Samelson
products.

When K is an n-gon, for n > 3, and P™(p") is a Moore space with m > 3,7 >
1, we show that the order of the elements in the p-primary torsion component of
the homotopy groups m, ((Cone QP™(p"), QP™(p"))*) is bounded above by p"*!,
adding new evidence to a conjecture of Moore. Moreover, this bound is the best
possible. In fact, if a certain conjecture of M.G. Barratt is assumed to be true,
then this bound is also valid, and is the best possible, when K is an arbitrary
simplicial complex.
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General Notation

Throughout this thesis, unless stated otherwise, all spaces are assumed to be
simply connected, based topological spaces which have the homotopy type of
finite type CW-complexes, and all maps are basepoint preserving.

The identity map on X is denoted by 1x or just by 1 if it is clear which
space we are referring to. In homotopy commutative diagrams, X —— X is
also used for the identity. A left homotopy inverse for a map f: X — Y is a
map ¢g: Y — X such that the composite X NEING VN X, denoted by g o f,
is homotopic to the identity on X. Similarly, a right homotopy inverse for f is
amap ¢g: ¥ — X such that f o g is homotopic to the identity map on Y. If
g is both a left and right homotopy inverse for f, then f is called a homotopy
equivalence, and X is said to be homotopy equivalent to Y. The notation ~ is
used to denote both a homotopy of maps f ~ g as well as homotopy equivalent
spaces X ~ Y.

Let X,Y be spaces. The wedge sum X V'Y is the disjoint union of X and Y
modulo the identification of the basepoints xy ~ *y. The smash product X N'Y
is the quotient space X x Y/ ~ where (x,*) ~ (*,y) for each x € X and y € Y.
The wedge sum of n copies of X is denoted nX, the smash product of n copies
of X is denoted X", and the product of n copies of X is denoted X™.

Let n > 1 be an integer. For an H-space X, the n-power map defined by the

multiplication on X is denoted by n: X — X. For a co-H-space Y, the degree

10
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n map defined via the co-multiplication is denoted [n]: Y — Y.

The n-dimensional disc {z € R™ | |z| < 1} is denoted by D™. The boundary
of D" is called the n-dimensional sphere and is denoted by S™. A related space
of particular interest in this thesis is the (mod p") Moore space P™(p") which
is defined for m > 2 and r > 1 as the homotopy cofibre of the degree map
[pr]: §m~ — SmL,

Let I = [0, 1] be the unit interval. The reduced suspension of X is the quotient
space XX = X x I/ ~ where (z,0) ~ (x,1) ~ (*,t) for x € X and t € I. The
reduced cone of X is the quotient space Cone X = X x I/((X x {1})U (xx x I)).
The join of spaces X,Y is the quotient space X *Y = X x [ x Y/ ~ where
(z,0,y) ~ (z,0,vy') and (z,1,y) ~ (2/,1,y) for each z € X and y € Y. There is a
natural homotopy equivalence X Y ~ XX AY. The (right) half-smash product
is the quotient space X XY = (X xY)/* xY and similarly, the (left) half smash
product is the space X x Y = (X x Y)/X X .

Let X,Y be topological manifolds of dimension n, and choose a point x €
X and y € Y. Let B, be an open neighbourhood in X, centered at z, and

denote the closure by B,. Similarly, let B, be an open neighbourhood of y €
Y, with closure B,. Then the connected sum of X,Y is the space X#Y =
(X\B, [TY\B,) [1(IxS" 1)/ ~ where {0} x S"~! is identified with the boundary
of B,, and {1} x S™! is identified with the boundary of B,. It is a standard
result that upto homeomorphism, the connected sum does not depend on the
choice of the points z,y, the choice of the open neighbourhoods B,, B, or the
identification of the boundaries B,, B, with the ends of the cylinder I x S™1,
Let X be a space. The diagonal map A: X — X x X is defined by A(z) =
(x,z) and the fold map V: X V X — X is the map whose restriction to each

wedge summand is the identity map on X.
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Let f: X — Y, g: A — B be maps. We use the notation

xvA=yvB, XAAL%y A B, X x AL%y x B,
where (fVg)(z)is f(z)if z€e X org(z)if z€ A; (fAg)(zANa)= f(z)Agla);
and (f x g)(z,a) = (f(x), 9(a)).

The unbased pathspace of X, denoted X7, is the set of all (unbased) continuous
maps I — X, with the compact-open topology. The (based) path space of
X, denoted PX is the set of all based maps I — X, with the compact-open
topology. The subspace QX = {f: I — X € PX | f(0) = f(1)} is called the
(based) loopspace of X.

Given spaces X, Y, the set of homotopy classes of maps [X,Y] is called the
homotopy set of X,Y. If either X is a co-H-group or Y is an H-group, then
[X,Y] can be given a natural group structure. In the case that both X is a
co-H-group and Y is an H-group, the group structures coincide and the group
[X,Y] is Abelian. For arbitrary spaces X,Y, there is an isomorphism of groups
XX, Y] = [X,QY], since ¥ and 2 are adjoint functors.

The Whitehead product of maps f: XX — Z, g: XY — Z is denoted
by [f,g9]: ¥ X ANY — Z and the Samelson product of maps f: X — QZ,
g: Y — QZ is denoted by (f,g): X NY — QZ. We define these products in
Section 2.2.2.

Finally, Z/n denotes the cyclic group of order n and for a prime p, X(;) is the

localization of X at p.



Chapter 1

Introduction

The calculation of the homotopy groups of topological spaces is a notoriously
difficult problem in general. The homotopy groups of spheres for example, despite
much progress over the past century still remain a great mystery. In his PhD
thesis, Serre showed that the homotopy groups of simply connected finite CW-
complexes are finitely generated Abelian groups and showed in [27] that 7 (S™)
is a finite group except for ,(S") 2 Z, and my,,_1(S*") = Z, modulo torsion, for
all n > 1. In particular, it is the torsion in the homotopy groups of spheres which
has been so problematic to calculate.

This situation led topologists to take a more qualitative approach. In the
50’s, James [17], [18] introduced what are now known as James-Hopf invariants
and using associated fibrations was able to determine that the 2-primary torsion
in m,(S?"™!) is annihilated by 4". Toda [29],[30] quickly built on the work of
James and extended his result to odd primes by defining analogous invariants. In
particular, Toda showed that p*" annihilates the p-torsion in 7, (S***1).

It took twenty years for further improvements on the work of James and Toda
to appear. In 1978, Selick [23] showed that for odd primes, the p-torsion in

7,(S?) is annihilated by p, improving on Toda’s result of p?, and this was almost

13



CHAPTER 1. INTRODUCTION 14

immediately extended by Cohen, Moore and Neisendorfer [7] who showed that
p" annihilates the p-torsion in m,(S?"*1) for each n > 1 when p is odd. Gray [12]
had earlier shown that for odd primes, and n > 1, 7,.(S*"!) contains elements of
order p™. Thus the result of Cohen, Moore and Neisendorfer is the best possible.
For the prime 2, it is known that James’ result is not the best possible. See for
example [24]. In fact the best possible bound in this case is still unknown.

In modern parlance, results such as those outlined above are known as expo-
nent results. The homotopy exponent of a space X, (at the prime p), denoted
exp,, (X ), is the least p" which annihilates the p-torsion in the homotopy groups
of X.

As well as determining the homotopy exponent for all odd primes of odd
dimensional spheres, Cohen, Moore and Neisendorfer [6] were also able to deter-
mine the homotopy exponent of another very interesting family of spaces. For
n > 1 and p a prime, the cofibre of the p” degree map on the m — 1 sphere
[p]: 8™t — S™71 s called the mod p” Moore space of dimension m and de-
noted P™(p"). For odd primes, and r > 1, they proved that exp,(P™(p")) = p"*".

At the end of the 70’s, Moore made an intriguing conjecture relating the
existence of finite homotopy exponents for a space X to the dimension of the

rational homotopy groups m.(X) ® Q as a vector space over Q.

Conjecture 1.1 (Moore’s Conjecture). Let p be a prime and let X be a simply
connected finite CW-complex. Then 7.(X) ® Q is finite-dimensional if and only

if X has a finite homotopy exponent at p.

Spaces which have finite-dimensional rational homotopy are called elliptic
spaces and spaces which are not elliptic are called hyperbolic. Interestingly,
Moore’s Conjecture is independent of the prime p, and so if correct, the implica-

tion is that the finiteness of the homotopy exponent at a specific prime, implies
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the finiteness of the homotopy exponent at all primes. Moore did not publish this
conjecture officially, but for some historical background and illuminating discus-
sion of this conjecture, the reader is advised to consult Selick’s expository article
[25].

Another conjecture of interest was put forward by Barratt regarding the ho-
motopy exponents of double suspensions, and emerged out of the work in [3]. An
expository discussion is also given in the aforementioned article of Selick [25]. We

state the weak form of Barratt’s Conjecture here:

Conjecture 1.2 (Weak form of Barratt’s Conjecture). Suppose that the p™ degree

map [p']: XY — XY is null-homotopic. Then epr(EZY) < prtl,

Moore spaces are one of very few families of spaces which are known to satisfy
Barratt’s Conjecture.

In this thesis, we study a family of topological spaces called polyhedral prod-
ucts. Given a sequence of pairs of spaces {(X;, 4;)}, with A; a subspace of
X, for each 7, and a simplicial complex K, the associated polyhedral product,
denoted (X, A)K, is the homotopy colimit U,cY? over the face category of K,
where Y7 = {(z1,...,2x) € [[., Xi | z; € A;if j ¢ o}. Polyhedral products
generalize a construction, due to Buchstaber and Panov [4], of the moment-angle
complex Zx and Davis-Januszkiewicz space D Jg, which were first introduced in
[8] and are central objects of study in the field of toric topology. In this thesis,
inspired by the conjectures of Moore and Barratt, we study certain sub-classes of
polyhedral products, and obtain results related to their rational homotopy and

their homotopy exponents.
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1.1 Summary of the main results

Our first result concerns the classical moment-angle complex Zg, which is the

polyhedral product obtained by taking (X;, A;) = (D?,S!) for each i.

Theorem A. Suppose n > 5 and let K be the n-gon. Then there is a subspace
W of (D% S 1)K, where W is a wedge of spheres, and the homotopy fibre of the
inclusion W —— (D? S 1)K is homotopy equivalent to a wedge sum of infinitely

many spheres.
As a consequence of Theorem A we prove:

Theorem B. Suppose n > 5 and let K be the n-gon. Then 7,((D% 5")*) @ Q

has an infinite basis of iterated Samelson products as a vector space over Q.

One conclusion of Theorem B is that (DZ,Sl)K is hyperbolic for such K.
Actually this was already known by a special case of a theorem of Debongnie [9],
who showed that (D2, S1)" is elliptic if and only if K is a join of simplices and
boundaries of simplices. However, our result complements that of Debongnie by
providing extra information about the basis.

Our next results concern the polyhedral products (Cone QX , QX )K where X;

is a Moore space for each 1.

Theorem C. Let n > 3 and let K be the n-gon. Let p be an odd prime and

take X; = P™i(p"i) where m; > 3 and r; > 1 for each i. Then
exp,((Cone X, QX)™) = pfi+t,

where R = max{r;}!" ;.

Our final result extends the statement of Theorem C, under the hypothesis

that Barratt’s Conjecture is true, to m; = m > 4,r; = r > 1, and all simplicial
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complexes K, except the full simplex, in which case the associated polyhedral

product is contractible.

Theorem D. Let K be a simplicial complex on n > 1 vertices, K # A" !, and

let P = P™(p") where m >4 and r > 1. If Barratt’s Conjecture holds, then

exp,((Cone QP, QP)%) = prtt.

1.2 Outline of the thesis

A brief description of the organization of this thesis is as follows.

Chapter 2: We introduce basic homotopy theoretic definitions and consider
various classical results and methods concerning decompositions of spaces up to
homotopy.

Chapter 3: In this chapter we introduce our main of objects of study, poly-
hedral products, and record some basic facts and useful properties.

Chapter 4: We introduce homotopy exponents and discuss the conjectures
of Moore and Barratt. We also review some of the work of Cohen, Moore and
Neisendorfer and others on the homotopy exponents of spheres and Moore spaces.

Chapter 5: In this chapter, we begin to discuss our main results. We re-
view what is known about the ellipticity/ hyperbolicity problem, and homotopy
exponents, for polyhedral products, and conclude by proving Theorems A and B.

Chapter 6: In the final chapter we study the polyhedral product (Cone Q.X, QX )K
where X is a Moore space P™(p") for m > 3,7 > 1. In the case that K is an n-
gon we obtain the value p"! for the p-primary homotopy exponent, and we show
that if Barratt’s conjecture holds, then the exponent is also p"*! for arbitrary

K # A" when m > 4. This proves Theorems C and D.



Chapter 2

Preliminaries

2.1 Basic homotopy theory and definitions

In this chapter we introduce our basic homotopy theoretic definitions, construc-

tions and philosophies related which permeate the work in this thesis.

2.1.1 Homotopy pullbacks and pushouts

Two fundamental constructions which appear throughout this thesis are homo-
topy pushouts and homotopy pullbacks. First of all, we recall the definitions of
the standard topological pullback and pushout. Given maps f: X — Z and
g:Y — Z, the topological pullback of f and ¢ is the space P = {(z,y) €
X xY | f(x) = g(y)}. Moreover, the maps P — X and P — Y induced by

the projection maps fit into a commutative diagram called a pullback diagram

—Y
lg
— 7.

P
X f
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The pullback satisfies the following universal property. If a: A — X and
B: A — Y are maps such that f o a = g o 3, then there exists a unique
map A — P such that a equals the composite A — P — X and [ equals
A— P —Y.

Dually the topological pushout of maps f: X — Y and g: X — Z is the
adjunction space @ = (Y U Z)/ ~, where f(x) ~ g(x). The inclusion maps
Y — @ and Z — (@ fit into a commutative diagram called a pushout diagram,
and we have the following universal property. If «: Y — A and f: Z — A are
maps, such that ao f = o g, then there exist a unique map () — A such that
« is the composite Y — () — A and f is the composite 7 — ) — A.

In the homotopy category, that is, the category of simply-connected CW-
complexes with homotopy classes of maps, we have the notion of homotopy pull-

back and homotopy pushout.

Definition 2.1. The homotopy pullback of two maps f: X =W, g: Y — W is

given by

P ={(z,w,y) € X x W x Y|f(z) = w(0), gly) = w(1)}

where W7 is the unbased pathspace on W. The projection maps m: P — X,

my: P — Y produce a homotopy commutative square

2

—

Q

P Y
o]

P is universal in the sense that for any two maps h: A — X, k: A — Y there
exists a map m: A — P, unique upto homotopy, such that m om ~ h and

mTgom ~ k.
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Example 2.2. The product X X Y is both the topological pullback, and the
homotopy pullback of the trivial maps X — % and ¥ — *. Moreover, the

induced maps X x Y — X and X x Y — Y are the projection maps.
The notion of homotopy pushout is dual to that of the homotopy pullback.

Definition 2.3. The homotopy pushout of two maps f: X = Y, g: X — Z is

given by the double mapping cylinder

W=YUuZu(X xI)/~

where the equivalence relation ~ is defined by (x,0) ~ f(x), and (z,1) ~ g(z).
The inclusion maps of Y an Z into YU Z U (X x I) induce inclusions i;: Y — W,

to: Z — W respectively which fit into a homotopy commutative square

N

X7

~
.
N}

=

Y —
1

W is universal in the dual sense to Definition (2.1).
A very simple example of a pushout is the wedge of two spaces.

Example 2.4. The topological pushout of the two maps f: x — X and g: * —
Y which include the basepoint, is given by the disjoint union X LY with the
basepoints identified *x ~ xy. This is by definition the wedge X V Y. The
homotopy pushout of f and g on the other hand, is the disjoint union X LY LI [
modulo the identification of 0 € I with *x and the identification of 1 € I with

xy. This is clearly homotopy equivalent to the wedge X VY.

In general, homotopy pullbacks and homotopy pushouts do not coincide with

their topological counterparts upto homotopy. In fact, the topological pushout @
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of maps f: X — Y, g: X — Z is not well-defined in the homotopy category,
and similarly for the topological pullback. That is, if we replace f, g with homo-
topy equivalent maps f, 3, it needn’t be the case that the topological pushout of
£, 7 is homotopy equivalent to Q.

The classic example of this is the following:

Example 2.5. The diagram

D? «+ St < D?

is equivalent upto homotopy to the diagram

* ¢ ST x,

However, the topological pushout defined by the first diagram is homotopy equiv-
alent to S?, whereas the topological pushout defined by the second diagram is

contractible.

On the other hand, if we replace X, Y, Z by homeomorphic spaces X', Y’ 7/,
and replace f,g by maps f': X’ — Y’ and ¢': X' — Z’ such that there are

commutative diagrams

X —Y Y —7
X/TY/’ Y — 7'
g

then the topological pushout of the maps f’, ¢’ is in fact homeomorphic to @, so
the topolgical pushout, is well-defined in the category of topological spaces and

continuous maps. Similarly topological pullbacks are well defined in this category.
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The homotopy pushout and homotopy pullback are the correct modification re-
quired to the definition of their topological counterparts in order to ensure that

pushouts and pullbacks exist in the homotopy category.

2.1.2 Homotopy fibrations and cofibrations

Homotopy fibrations and cofibrations are extremely important in homotopy the-

ory and will feature heavily in our work.

Definition 2.6. A map p: £ — B is called a topological fibration, (or fibration),
if the following homotopy lifting property is satisfied. For all spaces W and maps
go: W — B, hg: W — E, and a homotopy ¢g;,: W — B of gy such that

p o hg = go, there exists a homotopy h;: W — E of hg such that po h; = g;.

If p is a topological fibration, we call p~!(x) the topological fibre of p. We
generally write fibrations as sequences F' 'y E %5 B to indicate that pis a
fibration with topological fibre F', with ¢ being the inclusion.

A homotopy fibration is a sequence of maps which is a fibration up to homo-

topy:

Definition 2.7. A homotopy fibration is a sequence of maps X — Y — 7

such that there is a homotopy commutative diagram

—Y —

M

1;

in which the vertical maps are homotopy equivalences and the bottom row is a

T—N

— F—

topological fibration.

The following construction shows that any map may be viewed as a homotopy

fibration.
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Construction 2.8 (Replacing a map by a homotopy fibration). Let f: X — Y

be a map and let

X ={(v,w) € X xY'| f(z) =w(1)}.

Then there is a homotopy commutative diagram

where ey is the evaluation map defined by (z,w) — w(0). The homotopy equiv-
alence X —» X is given by the inclusion z — (z,%,) where %, is the constant

path at x.

The map evy in Construction 2.8 is a topological fibration, with topological
fibre {(z,w) € X x PY | f(z) = w(1)}. This leads us to define the homotopy

fibre of a map.

Definition 2.9. Let f: X — Y be a map. The homotopy fibre of f is the space
{(z,w) € X xPY | f(x) =w(1)}.

Notice that if F'is the homotopy fibre of f: X — Y, and p: FF — X is the

projection (x,w) +— x, then there is a homotopy commutative diagram

in which the bottom row is a topological fibration, and thus by Definition 2.7,

the sequence F - X L visa homotopy fibration.
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Next we state some useful properties exhibited by homotopy fibrations.

Proposition 2.10. Let F —s E -5 B be a homotopy fibration, and f: X — E
be any map which becomes null-homotopic after composing with p. Then, there

exists a lift of f to a map f: X — F. Thus, there is a homotopy commutative

diagram,
X
N
F SN EFE—B
Proof. Trivial. O

We now go on to prove a useful fibre square property, which is useful for

constructing new fibrations. First we need a lemma.

Lemma 2.11. Let

be a homotopy commutative square and let Fy, Fy be the homotopy fibres of q1, qo
respectively and let G, Gy be the homotopy fibres of p1, po respectively. Then the

following are equivalent:
1. there exists an induced map Fy — Fy which s a homotopy equivalence,

2. the square 1s equivalent in the homotopy category to a topological pullback

i which q1 and qo are topological fibrations
3. there exists an induced map G — Go which is a homotopy equivalence,

4. the square 1s equivalent in the homotopy category to a topological pullback

in which py and py are topological fibrations.

Proof. See [26], Proposition 7.6.1. O
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Now we can prove the fibre square property. The proof we give follows [6].

Proposition 2.12. Any homotopy commutative square

Qe—m
O+—w

can be extended to a homotopy commutative diagram of the following form

in which all rows and columns are homotopy fibrations.

Proof. Construction 2.8 allows us to replace the original square by the following

homotopy commutative square

(2.1)

o
l\
oo

S
(_

T

<—

@}
>

in which the 7; are topological fibrations, homotopy equivalent to i, j respectively.
In particular, m; satisfies the homotopy lifting property and so f can be replaced,
if necessary, by a homotopic map which makes the diagram (2.1) strictly commute.

Let P be the topological pullback of 7 and m,. By universality, there is a unique
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map A — P is defined, making the following diagram commute.

A (2.2)

|

N

.

—

T

,<—

-

—
2

After replacing the map A — P with a topological fibration, A — P, as in
construction 2.8, all maps in diagram (2.2) are now topological fibrations.

Let H be the fibre of A — P. Extending the maps in the commutative
square

f
—

SN

B
;

to fibration sequences, there is a commutative diagram

s}
(_

(O}

—

™2

F1—>F2 (23)

Since P is a pullback, the map P — C in diagram (2.2) has the same fibre as
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m1. Thus there is a commutative diagram

L
-

27

in which all columns are fibration sequences. Since the map C — C is the

identity, the upper left square is a pullback. Thus, F} — Fj is a fibration with

the same fibre as A —» P, namely H. A similar argument also shows that

G1 — G5 is a fibration with fibre H.

Hence diagram (2.3) can be completed to give a commutative diagram

;f
L

Qm—;u—'ﬁj
b<—baz<—;}j

in which all rows and columns are fibrations. Replacing A, B, C' with the homo-

topy equivalent spaces A, B, C gives the result.

]

We now briefly discuss homotopy cofibrations which are defined dually to

homotopy fibrations. First we define topological cofibrations.

Definition 2.13. A map f: A — X is called a (topological) cofibration if for

any space Z, maps ¢go: A — Z and hg: X — Z and a homotopy ¢;: A — Z

of gy such that hg o f = gg, there exists a homotopy h;: X — Z of hg such that

hio f = g:.
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If f: A— X is a cofibration, we call the space X/im(f) the topological
cofibre of f. The sequence A Iy X % C s also referred to as a cofibration,

where ¢ is the quotient map.

Definition 2.14. A homotopy cofibration is a sequence of maps X — Y — 7

such that there is a homotopy commutative diagram

T<_><
o
QN

in which the vertical maps are homotopy equivalences and the bottom row is a

topological cofibration.

We remark that by a constructon dual to Construction 2.8, any map may be
replaced by a homotopy cofibration. This construction leads to the definition of

the homotopy cofibre of a map.

Definition 2.15. Let f: A — X be a map. The homotopy cofibre of f is
defined as (X U Cone A)/ ~ where f(a) ~ (a,0) for each a € A.

We omit the details here but it is straightforward to dualize Proposition 2.10,
Lemma 2.11 and Proposition 2.12 to the corresponding results for homotopy
cofibrations.

An important family of spaces we shall consider in this thesis are Moore
spaces. Let m > 2 and let » > 1. Denote the homotopy cofibre of the p” degree
map [p"]: S™1 — S™=1 by P™(p"). We call P™(p") the mod p” Moore space
of dimension m. Moore spaces are to homology as Eilenberg-Maclane spaces are
to homotopy, in the sense that they have only one non-trivial integral homology

group Hy,—1 (P™(p"); Z) = Zyr.
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From now on all fibrations will be homotopy fibrations, unless stated other-

wise.

2.1.3 Homotopy actions and principal fibrations

A useful property possessed by certain homotopy fibrations is that there is an

action of the fibre on the base.

Definition 2.16. A homotopy fibration F' s E L Bis called a principal
fibration if there is a space X, a map f: B — X and a homotopy pullback

diagram

&

—PX

bS]
—

Sy

—>fX

It follows from the definition that if F —— E 2+ Bis a homotopy fibration
and 9: QB — F is the connecting map, then Q2B 2 F 5 Eis principal.
Next we define the notion of a left and right homotopy action of an H-space X

on a space Y.

Definition 2.17. Let X be an H-space with multiplication p: X x X — X, and
let f: X — Y be amap. A left homotopy action for fisamap #;: X XY — Y
such that the diagram

X xX-—t=X

Wi/

Xxy-2sy
is homotopy commutative.

Similarly, a right homotopy action for f is a map 6,: Y x X — Y which fits
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into a homotopy commutative diagram

Xx Xt Xx

S

YV x Xy,

Given a principal fibration QB 9 r S E , it is a classical and well known
result that 0 has a left homotopy action 6;: QB x F — F, and similarly, a
right homotopy action. Represent a loop in 2B by a map «: I — B such that
a(0) = a(1). The action of a on f € F'is given by lifting o to a path &: [ — E
such that @(0) = f. The endpoint &(1) belongs to F' and we set 0(«, ) = a(1).

Homotopy actions associated to principal fibrations are natural in the follow-

ing sense. Suppose there is a morphism of homotopy fibrations

F1—>E1—>Bl

|

F2—>E2—>BQ

with associated homotopy actions ¢;: QB; X F; — F} and ¢y: QBy X Fy — F)

respectively. Then there is a homotopy commutative diagram

QBl X FILFl

(Qf3)><fll lfl

QBQ X FQ TZJ—) FQ.
2
The following proposition gives conditions for recognizing when a principal

fibration splits.

Proposition 2.18. For any homotopy fibration sequence QB N ABIN BN

B. The following are equivalent:
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1. p 1s null-homotopic,
2. 1 admits a right homotopy inverse r: E — F,

3. there is a homotopy equivalence QB X E PR OB x F -2 F where r is the

right homotopy inverse in (2) and 6 is the standard homotopy action for 0,

4. 0 admits a left homotopy inverse l: F — OB,

5. there is a homotopy equivalence F Ly Fx F 24 OB x E where 1 is the

left homotopy inverse in (4).

Proof (1) = (2). If p is null-homotopic then the identity map on F lifts to a

map r: £ — F and so ¢ o r is homotopic to the identity. O

Proof (2) = (3). Suppose r is a right homotopy inverse for i. Let : QB x F —
F denote the homotopy action for 9 and let i be the loop multiplication on QB.

Then there is a homotopy commutative diagram

OB x «—5 0B x QB —5QOB (2.4)

o e

OBXE- QBxF—' 4 F

*X 1 l*xz‘ lz

* X F * X B FE

which yields a morphism of homotopy fibrations

9

B——=0OB

incl la
fo(1x7)

OBx F——F

proj l’b

E E.
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Looking at the induced long exact sequences of homotopy groups, the Five Lemma
shows that 6 is a weak homotopy equivalence and hence by Whitehead’s Theorem

is a homotopy equivalence. 0

Proof (4) = (5). Let l: FF — QB be a left homotopy inverse for 9. Then there

is a homotopy commutative diagram

1x*

OB —-2.0BxOBX*4,0B x *

| e e

F—2 FPxF—",OBxE

E——— %X E———%xE

which yields a morphism of homotopy fibrations

Q

0

sy

—0OB

(Ixi)oA OB x E

<—

=

<.

proj

E

&

Appealing to the Five Lemma and Whitehead’s Theorem establishes that (Ixi)oA

is a homotopy equivalence. O

We conclude this section by noting without giving explicit details that Def-
inition 2.16 dualizes to give the notion of a principal cofibration, and moreover,
for any homotopy cofibration A — B — C, the extended cofibration sequence
B — C' — ¥ A is principal. There is also a notion of homotopy coaction, dual
to that of the homotopy action and for any homotopy cofibration A — B — C,
there is an associated coaction C' — XX V C. See for example [1] for details.

Then Proposition 2.18 dualizes as follows:
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Proposition 2.19. For any homotopy cofibration sequence X Ty Lo

¥ X. The following are equivalent:
1. f is null-homotopic,

2. 1 admits a left homotopy inverse [: C — Y,

3. there is a homotopy equivalence C' anxve M NX VY where Y the

standard coaction for j.

4. 7 admits a right homotopy inverse r: X — C,

5. there is a homotopy equivalence XX VY Mhove o

2.2 Homotopy decompositions

In this section we introduce various methods for decomposing spaces upto ho-
motopy. Usually we are interested in decomposing a space as a product or as a
wedge of simpler spaces. Such decompositions are especially desirable owing to
fact that the homology of wedge sum splits as a direct sum of the homology of the
summands, and similarly the homotopy groups of a product splits as the direct
sum of homotopy groups of the factors. So such decompositions of a space can be
helpful in understanding and calculating their algebraic invariants. Conversely,
being able to decompose the homology or homotopy groups of a space can oc-
casionally be a good indication that the space admits an analogous homotopy

decomposition.

2.2.1 Mather’s Cube Lemma

In [19], Mather studied various properties of the homotopy pullback and pushout.

One result which will recur in our work is the following cube lemma.
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Lemma 2.20 (Mather’s Cube Lemma). Suppose there is a homotopy commuta-

tive diagram

such that
1. the bottom square A — B — C'— D 1is a homotopy pushout,

2. and each of the four vertical squares E — G —-A—-C, G—H —-C — D,
F—H-—-B—-Dand E—F — A— B is a homotopy pullback.

Then the top square E — F' — G — H is a homotopy pushout.
Proof. See [19], Theorem 25. O

An interesting special case of Lemma 2.20 can often be helpful in order to
calculate the homotopy fibres of certain maps by decomposing the fibre as a
homotopy pushout of simpler spaces. Suppose there is a space Z, and maps from

each corner of the homotopy pushout A — B —C' — D into Z making the diagram

fi C D
fa f2
Z = Ja

/]
/
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homotopy commutative. Let F; be the homotopy fibre of the map f; for each
i =1,...,4. If we consider the face A — B — Z — Z, we have a morphism of
homotopy fibrations

F1—>AL>Z

| ]

F2—>Bf—>Z

and since the map on the base space is the identity, the left hand square is a
homotopy pullback. Thus by extending each of the f; to homotopy fibrations,

we obtain a homotopy commutative cube

5

NN

F3 Fy

A B

\C \D

which satisfies both conditions 1 and 2 of Lemma 2.20. Therefore there is a

homotopy pushout of the homotopy fibres

F1—>F2

||

F3—>F4.

2.2.2 The Hilton-Milnor Theorem

Proposition 2.21. For spaces X,Y there is a homotopy equivalence

DX XxY)~EX VY V(EXAY)
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Proof. Using the group structure in [X(X X Y), XX VXY V X(X AY)] we can

add together the maps

Y

(X xY) S X¢ SXVIYVE(XAY) (2.6)

Yo

(X xY) nyc SXVIYVE(XAY)

DX XY) L N(XAY) e EXVIY VE(XAY)

where the 7; are the projections and ¢q is the quotient map. This map induces
isomorphisms in homology at every degree and since we are working with simply
connected CW complexes, it is therefore a homotopy equivalence by Whitehead’s

theorem. u

Definition 2.22. An H-group is an H-space with homotopy associative multi-

plication and homotopy inverse.

In particular, loop spaces are H-groups. Let XY, Z be spaces and let X EEIN
0Z,Y -4 QZ be maps. Since Q7 is an H-group there is a well defined commu-

tator map Q7 x Q7 - QZ defined by the following commutative diagram

QZ x Q7 < QZ

| [

(QZ xQZ) x (QZ X QL) ———— (22 x QZ) x (7 x QZ)TQZ x QZ

Ix1xexe

Since the restriction of ¢ to 27V Q7 is nullhomotopic, there exists a factorization

V7 xOZ— Q07

|

QLZNQZ

where the map Q7 x QZ — QZ N QZ is the quotient map and the map ¢ is
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unique up to homotopy. The composite
(f.g): XA Y 4 azr07 50z

is called the Samelson product of the maps f, g.

A closely related construction is that of the Whitehead product. Now suppose

that XY, Z are spaces and XX AN Z, XY %5 Z are maps. Let X AN

QZ and Y -%5 QZ be the adjoints of f and g. Then the Whitehead product
[f,g]: XX AY — Z of the maps f, g is defined to be the adjoint of the Samelson
product (f, ).

A Whitehead product of special interest is the universal Whitehead product.
Let X,Y be spaces and let ix: X — X VY and iy: Y — X VY be the
inclusions of X, Y into the wedge sum, and for each of A = X, Y, define {4 to be

the composite ¥QA4 -5 A 4y X VY. The Whitehead product
[Cx,Cyv]: ZQX AQY — X VY

is called the universal Whitehead product for X VY.

One of the most celebrated decomposition results in homotopy theory is the
Hilton-Milnor Theorem which shows that after looping, a wedge of suspension
spaces splits as a weak infinite product of the domains of certain iterated White-
head products.

Let 41,75 be the inclusions of XX and XY into X V XY respectively. Let
L(i1,15) be the free Lie algebra genereated by iy, i2 and suppose that B is a vector
space basis for L(iy,12). For a given iterated Lie bracket b € B, suppose that i,
occurs n; times and iy occurs ng times. Then we can form the corresponding

iterated Whitehead product wy,: IXM AY N2 — X VXY,
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Theorem 2.23 (Hilton-Milnor). There is a homotopy equivalence

ON(X VY) ~ [T aEx ™ Ayhe)
beB
such that the restriction to the factor QX(X"™ A Y""2) is given by the corre-

sponding looped Whitehead product Quwy,.

2.2.3 James’ Splitting

In this section we recall James’ classical result on loop suspensions. Namely, after
suspension, the loop suspension QXX of a space X decompses upto homotopy
as a wedge sum of spaces of the form X X"*. First of all, let us recap the James
construction which gives a combinatorial model for loop suspensions.

Let X be a space, and define J(X) to be the free monoid generated by X,
with unit given by the basepoint. Intuitively, J(X) is the set of formal products
{z129... 25 | K > 1,2; € X}, subject to the follwing equivalence relations. First
of all, an elementary equivalence is defined by replacing the product zixs ...z
with x129 ... 2,1 *xx; ... 23 for any 1 < i < k4 1, or vice versa. Two products
x1...7x and y; ...y are then equivalent in J(X) if one can be obtained from the
other by a finite sequence of elementary equivalences. The multiplication of two
elements xy ... 7 and y; ...y in J(X) is given by juxtaposition ... xgy; . ..y

Alternatively, J(X) can be defined as a certain colimit. Let Ji(X) be the
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quotient of the k-fold product X* by the equivalence relations

(xlaan"'7xk—17*> ~ (:L‘lyx%”'axk—?a*vxk—l)
Y
~ (xla*ax?n"'axk—%xk—l)
~ (*7xlax27"'7xk—27xk—1)'

Then there are well defined maps Ji_1(X) — Ji(X) induced by the inclusions
XF1 — X* sending (xy,...,75_1) to (21,...,75_1,%). Taking the colimit of

the sequence of inclusions

«=Jo(X)C J(X)C...C J(X)C...

defines J(X).

Theorem 2.24. If X is path-connected, there is a weak homotopy equivalence

J(X) ~ QXX
Proof. The original source is [17]. A proof is also given in [16], Chapter 4.J. [

Recall from the proof of Proposition 2.21 there is a homotopy cofibration
S(XVY) L B(X xY) 25 N(XAY) (2.7)

where 7 is the inclusion and ¢ is the quotient map. The cofibration splits to yield
the homotopy decomposition (X X Y) ~ XX VXY V(X AY), for connected
spaces X, Y. In particular, ¥q admits a right homotopy inverse s. This situation

generalizes easily to give the following proposition.
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Proposition 2.25. For connected spaces Xi,..., X, the quotient map X; X

X — Xi A N Xy admits a right homotopy inverse after suspending.

Proof. The quotient map decomposes as

(X1 XX Xp1) X X 253 (X %X Xg1) A X,
B2 (X)X X Xpo) A Xpoy A X
N
By XIALAX

where ¢; is the map
Q/\]_ (X1><. . XXZ>/\(XZ+1/\ . /\Xk) — (X1><. . XXz—l)/\Xz/\(XH—l/\ /\Xk)

Since >¢q has a right homotopy inverse s, then »¢; also has a right homotopy
inverse s;, for each i, given by s A 1. The composite s;_; o ... 0 s; then gives a

right homotopy inverse for ¥(q; 0 ... 0 q_1). ]

Lemma 2.26. For each k > 1 there is a homotopy equivalence
YJe(X) = X (X)) VIX
Proof. Notice that there is a homotopy cofibration
Jeo1(X) < J(X) - XOF, (2.8)

The map ¢: Jp(X) — X"* preceeded by the quotient map p: X* — Ju(X)
is the quotient map X* — X”¥. Applying the suspension functor we see that

the composite LX* 2 Y Jp(X) 24 X has a right homotopy inverse s by
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Proposition 2.25. It follows therefore that (Xp) o s is a right homotopy inverse
for ¥¢. Thus the homotopy cofibration (2.8) splits, after suspending, giving the

desired homotopy equivalence. O
[terating Lemma 2.26 produces the well known James spliiting.

Theorem 2.27 (James, [17]). For any space X, there are homotopy equivalences

a) LJn(X) ~ \,_ X", for each n > 1,

b) TJ(X) ~ TOSX ~ \/2 XM,

2.2.4 Porter’s Theorem

Now we introduce some notation. Let Xy,...,X,, be path-connected spaces and

for 1 <k <n —1 define T}’ to be the following subspace of X; x ... x X,

¢ ={(x1,...,2,) € X5 x ... x X,, | atleast k co-ordinates are the basepoint}.

(2.9)
The space 1§ is the product X; x ... x X,,. Denote the homotopy fibre of the
inclusion 7' — T by F}'. Porter [22] determined that there is a homotopy

decomposition of F}' into a wedge of suspensions of various smash products:

Theorem 2.28 (Porter [22], Theorem 1). Suppose X7, ..., X,, are path-connected

spaces and suppose 1 < k <n — 1. Then there is a homotopy equivalence

Fy ~ \n/ \ (fl - ;) SRQXG AL AQX,

j=n—k+1 \1<i1<...<ij<n

where (ZL:}C) is the binomial coefficient.
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2.2.5 More homotopy decompositions

We conclude this chapter by recording some useful results which follow from the

material in this chapter, and will be needed later in the thesis.

Proposition 2.29. The homotopy pushout of the projection maps m: X XY —>
X and my: X XY — Y is homotopy equivalent to XX NY . Moreover the induced

maps X — XX AY and Y — XX A'Y are null-homotopic.

Proof. Denote the homotopy pushout of 7,7 by (). By extending 7; and the
induced map Y — @) to homotopy cofibration sequences, we obtain a homotopy

commutative diagram

XxY -5 X C DX xY) - BX
] ]
Y Q DY,

By Proposition 2.21 there is a homotopy splitting X(X xY) ~ XX VEY VE(X A
Y'), and so ¥y admits a right homotopy inverse given by iy : XX — S(X xY),
where 7; is the inclusion of the first factor. By Proposition 2.19 it follows that
Y(X xY)~CVXEX and consequently, C ~ XY V(X AY).

From the diagram, f is homotopic to the composite C' — LY VE(XAY) —
YXVEYVIEXAY)) P 3y and thus has a right homotopy inverse given
by the inclusion of the XY summand. It follows that C' ~ @) V XY and hence
Q ~ XX ANY. The fact that Y — (@ is null-homotopic follows from Proposition

2.19 and the existence of the right homotopy inverse for f. The same reasoning

shows that X — () is null-homotopic. O

As a consequence of Proposition 2.29 we can give an alternative proof of the

following classical result which is a special case of Porter’s Theorem.
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Proposition 2.30. a) The homotopy fibre of the inclusion map i: X VY —»

X x'Y is homotopy equivalent to QX A QY.

b) The inclusion of the homotopy fibre is homotopic to the Whitehead product
[Cx, &) ZQX AQY — X VY, where Gy is the composite SQW Z5% W ——
XVY, forW=XY.

Proof. a) By Proposition 2.4 there is a homotopy pushout square

 —

JL

Y
i
VY.

Y.

— X
11

where 71, i5 are the canonical inclusion maps. Mapping each corner of the diagram

into X xY by inclusion and taking homotopy fibres produces a homotopy pushout

OX x QY 240X

o

QY — F

where 71, Ty are the projection maps and F' is the homotopy fibre of ¢. It follows
from Proposition 2.29 that F' ~ ¥QX A QY.
b) See [26], Theorem 7.7.4a’. O

Corollary 2.31. For spaces X,Y, there is a homotopy equivalence

QX VY) ~ QX x QY x Q(EQX A QY).

Proof. Consider the homotopy fibration YQX AQY — X VY «— X x Y from
Proposition 2.30. Let i1: X — (X VY)and is: Y — (X VYY) be the canonical

inclusion maps and let p be the loop multiplication on Q(X V Y). Then the
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composite

Qiq xQio

m: QX x QY QX VY)x QX VY)L5QXVY)

is a right homotopy inverse for Qi: Q(X VY) — Q(X x Y) where i is the
inclusion. To see this, let a« € QX g € QY. Then Qi o m(a, ) = 5o «a. Under
the homotopy equivalence Q(X x Y) — QX x QY given by v + (7x 0, my 07),
we see that 3 o v is mapped to (a, ).

Thus by Proposition 2.18, the fibration
QEOX AQY) — QX VY) 25 Q(X xY)

splits giving the desired homotopy equivalence. O]

We conclude the chapter by stating a splitting for the suspension of the half-
smash product (XX) x Y. Recall that the (right) half-smash product A x B is
defined as (A x B)/B.

Proposition 2.32. For spaces X,Y there is a homotopy equivalence
EX) XY ~3XV(EXAY).

Proof. See [22], Lemma 9. O



Chapter 3

Polyhedral Products

Polyhedral products arose as a natural generalization of the moment angle com-
plex introduced in 1991 by Davis and Januszkiewicz [8]. In this influential paper,
which provided the impetus for the birth of toric topology as a field of mathemat-
ics, they introduced a class of 2n-dimensional manifolds admitting an action of
the torus T™ = (S')", called quasitoric manifolds. Quasitoric manifolds serve as a
purely topological analogue of the algebraic non-singular projective toric varieties
of algebraic geometry.

In the course of their research into the cohomology of these manifolds, Davis
and Januszkiewicz were led to the construction of two very important spaces.

Firstly, for any given simple polytope P"™ with m facets, they constructed
a T™-manifold Zp called the moment-angle complex associated to P. The ex-
plicit construction can be found in [8] or [4]. In the same paper, Davis and
Januskiewicz also went on to generalize their construction of the moment angle
complex to work not only for polytopes, but for all simplicial complexes. In this
more general context, the space Zx associated to a simplicial complex K, is no
longer necessarily a manifold.

Davis and Januszkiewicz were led to the construction of a second space D Jk,

45
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for any simplicial complex K, which is very closely related to Zx. It turns
out that the integral cohomology ring H* (DJg;Z) is isomorphic to the Stanley-
Reisner ring Z[K]|, (for the definition, see for example [4] Chapter 3). Davis
and Januszkiewicz went on to show that the integral cohomology ring of a given
quasitoric manifold over the polytope P is a certain quotient of H* (DJk,;Z),
where Kp is the boundary of the polar dual of P.

Although the original motivations behind their construction were merely as
tools for understanding the cohomology of quasitoric manifolds, the moment angle
complex and it’s counterpart D.Jg have since become objects of great interest in
their own right, providing interesting interconnections between fields as diverse as
combinatorics and subspace arrangements, to robotics and configuration spaces.

In their survey [4], Buchstaber and Panov gave an alternative construction
of the spaces Zx and DJg as unions of certain product spaces indexed by the
faces of K. Their construction is much more intuitive than that of Davis and
Januszkiewicz and is the construction we shall work with throughout this the-
sis. As observed by Neil Strickland, Buchstaber and Panov’s construction of
the spaces Zx, DJg has a very natural generalization to a class of spaces which
we call polyhedral products. We shall spend this chapter looking at polyhedral

products and some of the useful properties they possess.

3.1 Simplicial complexes

Before jumping into the construction of polyhedral products, we take the chance
here to set some notation and recall some basic definitions related to simplicial

complexes. The standard n-simplex is the set

A" = {(toa"'atn) € Rn+1 ‘ th = 1,ti 2 0 fOI‘ all Z}

=0
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A co-ordinate hyperplane in R"™! is a set of the form

{{to,...,tn} an+1 | til :tzk :0,{i1,...,ik} Q {0,,’/1}}

Definition 3.1. A subset 0 € A" is called a face if it is given by the intersection

of A" with a collection of co-ordinate hyperplanes in R**1.

Definition 3.2. A geometric simplicial complex K is a union of sets, called
simplices, each homeomorphic to a standard simplex, such that the following

conditions are satisfied:

1. If 0 is a simplex in K, then each of its faces is also a simplex of K,

2. The intersection of any two simplices in K is a face of each simplex.

Definition 3.3. An abstract simplicial complex on a set S is a collection K of
subsets of S such that for each o € K, all subsets of o belong to K, including

the empty set .

The one element subsets are called vertices and if K contains all possible one
element subsets we say that K is a simplicial complex on the vertex set S. In the
case that S is a finite set of cardinality n, it is convenient to fix an ordering of S
and identify it with the set of natural numbers [n] = {1,...,n}.

We shall use A™ synonomously, to denote the standard n-simplex, the ge-
ometic simplicial complex which is the union of the standard n-simplex together
with all of its faces, and the abstract simplicial complex which is the power set
of [n + 1]. In this way, a geometric simplicial complex may be viewed as an
abstract simplicial complex, and vice versa, and from now on we simply use the
term simplicial complex to cover both definitions.

A subset of a simplicial complex K which is also a simplicial complex is called

a subcomplex of K. Let L be a simplicial complex on n vertices and let KX C L
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be a subcomplex on k vertices. Suppose the vertices of L are ordered such that
the first k vertices are the vertices of K. Then K is called a full subcomplex of L
if K ={cn{l,...,k} | o€ L}. Aface o € K is called mazimal if there is no
face 7 € K such that ¢ C 7. When listing the faces of a simplicial complex, it

suffices to list only the maximal faces.

Definition 3.4. Let K, L be simplicial complexes on [n| and [m] respectively.
A map f: K — L is called a simplicial map if it sends [n] to [m] and if 0 =

(i1,...,1x) is a simplex of K, then f(o) = (f(i1),..., f(ik))-

Some special examples of simplicial complexes

Here we introduce some constructions of simplicial complexes which we shall make
use of in this thesis. Let K be a simplicial complex on [n] and let 0 € K be a
face.

The star of o is the subcomplex of K, denoted stary (o), consisting of those
faces 7 € K such that o U T is a face of K.

The link of o is the subcomplex of K, denoted linkg (o), consisting of those
faces 7 € K such that c Ut is a face of K, and o N7 = 0.

The restriction of K to a subset S C [n] is the subcomplex resg(S) = {r N
S| 7 € K}. In the case that S = {1,...,i} for i <n, we shall write resg(i).

If L is another simplicial complex on [m]. Identify the vertices of K with
{1,...,n} C [n+ m] and the vertices of L with {n +1,...,n+m} C [n+ m)].
The join of K and L, is the simplicial complex on [n + m], with faces o U T for

o€ Kand 1€ L.

Example 3.5. Let K be the simplicial complex {{1,2},{1,3},{2,3,4}}, and let
L = {5}. Then

o linkx ({1}) = {{2}, {3}} and linkx ({4}) = {{2,3}}.
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o starg({1}) = {{1,2}, {1,3}} and starx({4}) = {{2,3,4}}.
o resi(3) = {{1,2},{1,3},{2,3}}.

o KL =1{{1,2,5}{1,3,5},{2,3,4,5}.

3.2 The moment angle complex Zy, and DJg

We shall not use the original construction of the spaces Zx, DJg due to Davis
and Januszkiewicz in this thesis. From a homotopy-theoretic point of view, the
following construction due to Buchstaber and Panov [4] is much more effective.
Let D? denote the 2-dimensional disk {z € C | || < 1} and let T denote the
subspace S' = {x € C | |z| = 1}. For a group G, let BG denote the classifying

space of G.

Definition 3.6. Let K be a simplicial complex on n vertices. For each face
o € K, let B, = {(z1,...,2,) € (D))" | z; € S'ifi ¢ o} and let BT, =
{(z1,...,2,) € (BT)" | &y = % if i ¢ 0}. The moment angle complezx associated

to K is defined to be the union Zx = U,cx B,, and the space DJx = U,cx BT,.

Example 3.7. 1. If K is the full simplex A"~ then Zx = (D?)" and DJg =
BT™.

2. For K = OA™ ! we get Zi = (D?*x...xD?*xSHU...U(STxD?x...xD?) =
8D2n:S2n—1'

An interesting result that Buchstaber and Panov were able to derive is that
the homotopy fibre of the inclusion map DJx — BT™ is homotopy equivalent

to Zk. Thus there is a homotopy fibration
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3.3 Polyhedral products

A very straightforward generalization of the moment-angle complexes, due to
Neil Strickland, leads to an interesting class of spaces called polyhedral products.

These polyhedral products form much of the focus of our thesis.

Definition 3.8. Let K be a simplicial complex on the vertex set [n], and for
i=1,...,n,let (X;, A;) be a pair of topological spaces such that A; is a subspace
of X;. Denote by (X, A), the sequence of pairs {(X;, A;)},. Now for each face
o € K define (X, A)? to be the subspace [, Y; C [[;_, X; where

lefl € o,

Al,lf’l ¢ ag.

The colimit Uyex (X, A)7 over all faces in K is called the polyhedral product
determined by the sequence (X, A) and the simplical complex K, and is denoted
by (X, A)K. In the case that X; = X and A;, = Afor alli=1,...,n we remove

the underlines and write simply (X, A)K.

Example 3.9. 1. The polyhedral product (D%, S!)* is precisely the moment

angle complex Zg.
2. (BT, %) = DJ.

3. Let K} be the k-skeleton of the the simplex At for 0 < k < n—1.
Then (X, *)K’? is the space T} as defined in equation (2.9). In particular,
(X, %) 1 =X, V... VX, and (X, %) is the fat wedge FW (X).

A slight generalization of Definition 3.8 can be made to allow for simplicial
complexes whose set of vertices V' is a proper subset of [n]. An element i € [n]

which is not a vertex is called a ghost vertex of K and the resulting polyhedral
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product is homeomorphic to (X, A)**") x [Ligv Ai- Usually we shall assume
that K has no ghost vertices, but they will make a one off appearance in Chapter

6 in which we review the work of Félix and Tanré [11].

Maps between polyhedral products

There are two main ways to construct maps between polyhedral products. Firstly,
amap f: (X, A) — (Y, B) is aset {f;} of maps of pairs f;: (X;, A;) — (Y3, B;).
Given such a map, the product map [[, f;: [[; Xi — [, Vi restricts to a map
(X.4)" — (¥.B)".

Let f: K — L be a simplicial map which is the inclusion of a full subcomplex.
Then for any face 0 € K, (X, A)? includes into (X, A)L. Passing to the colimit
gives an induced map (X, A)* — (X, A)". We shall make use of the following

useful result, taken from [10], later in the thesis.

Proposition 3.10 (See [10]). Let L be a simplicial complex on [m] and sup-
pose K is a full subcomplex of L on n < m wvertices. Then the induced map

(X, A% — (X, A" has a strict left inverse.

Proof. Relabelling the vertices of L if necessary, we may assume that K is a
simplicial complex on the vertex set [n] C [m]. By definition, f is the restriction
of the inclusion map [[;_; X; < [[*, X;. On the other hand, the projection
map [, X; — [, X; restricts to a surjective map [: (X, A)L — (X, A)K

and [ o f is clearly the identity map on (X, A)". O
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3.4 Some useful properties of polyhedral prod-
ucts

We record some useful properties of polyhedral products in this section which

crop up again and again in our main results.

Proposition 3.11. Let K, L be simplicial complezes on vertices {1,...,n} and
{n+1,...,m} respectively. Let (X, A) = {(X;, A;)} 4" be any sequence of pairs
of spaces, and let (X, A), = {(X;, A;)}7y and (X, A)p, = {(Xi, ) }i2ii- Then

there 1s a homeomorphism
(X, A) = (X, A)y % (X, A),,

Proof. Note that (X, A)" is a subspace of [[\, X;, (X, A)" is a subspace of

[147, X; and (X, A)"*" is a subspace of [[""," X;. The desired homeomorphism

is given by the obvious restriction of the homeomorphism

ﬁxi = (ﬁx) x (nff X)

i=1 i=n+1

O

Proposition 3.12 (See Denham and Suciu [10]). Let p;: (E;, E) — (B, B}) be
a map of pairs for i =1,...n such that p;: E; — B; has homotopy fibre F; and

pile s B — Bj has homotopy fibre F}. If either
1. F;,=F! foralli=1,...,n,

2. Bi=B! foralli=1,...,n,
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then the product fibration [}, F; — [1i=, EB; — [, B; restricts to a homo-
topy fibration
(E,F)" — (E,E)" — (B,B)".

Proof. We include a proof using Mather’s Cube Lemma in the case that B; = B!
for all ¢ = 1,...,n. In this case (B,B’)” = [[;_, B; for any simplex ¢ € K.
Now, the polyhedral product (E, E')" is the colimit Uycx (E, E')”. The map
of pairs induces a product map (E, E')” — (B, B’)?, for each 0 € K, and the
homotopy fibre is given by (£, F')°. Mather’s Cube Lemma now shows that the
map (E, E')* — (B, B)" has homotopy fibre (F, F')". O

A generalization of Buchstaber and Panov’s fibration

Using Proposition 3.12 we are able to construct a certain homotopy fibration
which generalizes the classical fibration (3.1) of Buchstaber and Panov. Let K
be a simplicial complex on n vertices and let X = {X7,..., X,,} be a sequence of

spaces. The fact that there is a homotopy commutative diagram

Cone OX; —— X; —— X;

L]

for each ¢ = 1,...,n, in which the horizontal rows are homotopy fibrations,
shows that there is an induced map of pairs (X, *) — (X, X), and that there is

a homotopy fibration

n

(Cone X, 0X)* — (X, )" — [ X:. (3.2)

=1
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Putting X; = BT for all ¢, recovers the the homotopy fibration (3.1). We record
here the result that this homotopy fibration splits after looping. The proof gen-

eralizes that of Proposition 2.31 and can also be found in [15] in the special case

that K = 0A™ 1.

Proposition 3.13. The inclusion map i: (X, *)K — [[iL, Xi admits a right

homotopy inverse after looping.

Proof. Denote the inclusion V., X; — (X, «)™ by j and let oy, denote the
inclusion Xy < V., X;. Let u denote the loop multiplication on Q (\/}_, X;).

Then the following composite gives the desired right homotopy inverse,

3

r H H”‘“HQ(\/X) —>Q(\/X> N

=1

To see that this is the case, an easy generalization of Corollary 2.31 shows that

the composite

ﬁ@xi AN Y0 S RELN Q(ﬁ X;) = ﬁQXi

i=1 i=1 i=1
is homotopic to the identity. Restricting to Q (X, *)K gives the result. O

Corollary 3.14. Let K be a simplicial complex on n wvertices and let X =

{X1,..., X} be a sequence of spaces. Then there is a homotopy equivalence
Q (X, %) ~ Q(Cone QX , QX)X x HQX
Proof. By Proposition 3.13, the homotopy fibration

Q(Cone OX, QX)* — Q(X, )" — [ X,
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obtained by looping (3.2), splits giving the desired homotopy equivalence. ]



Chapter 4

Homotopy Exponents

Serre [28], famously showed that the homotopy groups of a simply connected
finite CW-complex are finitely generated Abelian groups. In particular m;(X) is
isomorphic to a direct sum F'@T, where F' = Z®. . .BZ is the free part, and T, the
torsion part, is a direct sum of a finite number of cyclic groups. This is not true
for non-simply-connected finite complexes. For example 7o (S V S?) is generated
by the Laurent polynomials Z[t,t!] where ¢ is a choice of a generator for 7;(S* Vv
S?) = Z. Due to the intractability of the calculation of homotopy groups in
general, even for spaces as fundamentally simple as the sphere, homotopy theory
inevitably branched off into two distinct fields: rational homotopy theory and

primary homotopy theory. We discuss these two fields next.

Rational homotopy theory

It is an over simplification to say so in general, but in many important examples at
least, it tends to be the torsion which makes the problem of computing homotopy
groups so difficult. In many cases, the free part can often be much simpler to
calculate. In rational homotopy theory, the main objects of study are the rational

homotopy groups m,.(X) ® Q of a space X. Tensoring m,.(X) with the rationals

56
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kills all of the torsion and in doing so isolates the information about the free
part. Interestingly, m.(2X) ® Q comes equipped with a Lie algebra structure
with the bracket given by the Samelson product. Various techniques involving
commutative differential graded algebras, and the Sullivan minimal model for
example, have been successfully developed over time in order to gain insight
into spaces after rationalization. A nice result is the Dichotomy Theorem which
shows that the rational homotopy of simply-connected CW-complexes can behave
in one of two ways. Either 7, (X) ® Q is finite dimenional as a vector space over
Q in which case X is called elliptic. Or else the sequence Y ., dim(m;(X) ® Q)
grows exponentially with n. Such spaces are called hyperbolic. A few important

examples of elliptic spaces are the following:

Example 4.1. 1. Serre [27] showed that the sphere S™ is elliptic. Specifically,
he showed that m,(S™) ® Q = Q, with generator the identity map, and if
n = 2k then additionally m_1(S*) ® Q = Q, generated by the Whitehead
product of the identity 1 : S?* — S2* with itself. All other rational
homotopy groups of the n-sphere are trivial. Thus 7,(S") ® Q is either

1-dimensional, over Q, when n is odd, or 2-dimensional when n is even.

2. A product of finitely many elliptic spaces is elliptic. This is immediate since

(X XY)®Q = (m(X) © Q) @ (m(Y) ® Q).

3. The wedge of two spheres S™ V S* is hyperbolic. To see this, apply the
Hilton-Milnor Theorem to see that Q(S™ V S*) is homotopy equivalent to a
product of infinitely many looped spheres. Iterated use of the Hilton-Milnor
Theorem shows similarly that the wedge sum of more than two spheres is

hyperbolic.

4. The Moore space P™(p") is a rationally trivial space, that is, m.(P™(p")) ®
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Q = 0. Thus P™(p") is clearly an elliptic space.

Primary homotopy theory

In primary homotopy theory, it is the torsion in 7,(X) that is of interest. Usually
it is too difficult to calculate the torsion subgroup of m,(X) completely. Even for
spaces as simple as the sphere S™, which as we saw in example (4.1), is completely
understood from the perspective of rational homotopy theory, has highly complex
torsion. The calculation of the integral homotopy groups of spheres remains one
of the most important and long-standing unsolved problems in homotopy theory.
Taking a more qualitative approach in our study of homotopy groups can often be
fruitful in gaining new insight. One such approach is encapsulated in the notion
of homotopy exponents, which forms the main subject matter of this chapter of

the thesis.

Definition 4.2. Let G be an Abelian group. We say that n € N is an exponent
for G if ng = 0 for all g € G. If G has an exponent, we denote the least such by
exp(G).

Definition 4.3. Let X be a simply connected space and let p be a prime. We
say that p" is the homotopy exponent for X at p, (or the p-primary homotopy
exzponent of X), if exp(7,) = p” where T, is the the p-torsion subgroup of m,(X).
We write exp,(X) for exp(T}).

We shall often abuse notation by omitting the prime p and writing simply
exp(X), when it is safe that no confusion can arise, or in the case that the choice

of a specific prime p is unimportant.

Example 4.4. Suppose X is a simply connected space such that

(X)) =Z0Z/2®Z/2"®Z/5 ® Z/11°.
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Then expy(X) = 2%, exps(X) = 52 and exp;;(X) = 115, On the other hand,

suppose there is a space Y such that

(Y)=Z& (é Z/2k> ®Z/3.

k=1
Then the 2-primary homotopy exponent of Y does not exist, but exps(Y’) = 3.

Often the exact value of the homotopy exponent exp,(X) at a particular
prime may be too difficult to calculate. Sometimes looping a space can unlock
new information about the homotopy exponents of a space since the isomorphism
T (Q2X) = 7,41 (X) implies that exp,(2X) = exp,(X) for all primes p. In cases
where the homotopy exponent refuses to be pinned down precisely, it is desirable
to determine good upper and lower bounds. Omne of the simplest methods we
have for calculating upper bounds for the homotopy exponents of a space X is to
construct a homotopy fibration Y — X — Z for spaces Y, Z whose homotopy

exponents, or upper bounds thereof, are already known.

Proposition 4.5. Let Y S x L Zbea homotopy fibration and p a prime.

Then exp,(X) < exp,Y -exp, Z.

Proof. The result follows from the long exact sequence of homotopy groups as-
sociated to the fibration. Suppose o € 7.(X) and suppose exp,(Y) = p° and
exp,(B) = p'. Then f.(p' - a) = p*- f.(a) = 0. Thus by exactness, there exists

B € m.(B) such that i,(8) = p*-a. Asaresult we have 0 = p*-i,.(8) = (p°p')-a. O

The upper bound given in Proposition 4.5 is generally quite a rough estimate.
In the case of the trivial fibration X — X x Y — Y for example, it gives
the upper bound exp,(X x Y) < exp,(X) - exp,(Y). However, for products, the
homotopy exponent can be determined precisely in terms of the exponents of it’s

factors.
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Proposition 4.6. For spaces X,Y we have exp,(X xY) = max{exp,(X),exp,(Y)}.

Proof. Suppose exp,(X) = p* and exp,(Y) = p'. Since there is an isomorphism
T(X X Y) 2 m(X) ® 7 (Y), it is trivial that for o € m,(X) and § € m.(Y) we

have p*(a, ) = 0 if and only if p" - o = p" - § = 0. 0

Before proceeding to look at the homotopy exponents of some fundamental

spaces, we discuss the related ideas of H-exponents and co- H-exponents.

H-exponents and co-H-exponents

Throughout this section, we use the notation X,y to denote the localization of
X at a prime p.

Suppose X is an H-group, for example a loop space, with multiplication
p: X x X — X. Then the set [X, X] of homotopy classes of self maps of

X has the structure of a group with addition given by
Fro X 5 Xxxx 8 x xx X
The p" power map on X, denoted p": X — X, is the map p"(1) where 1 is the

identity map on X.

Definition 4.7. Let X be an H-group and let p be a prime. Then p" is called
an H-exponent for X if p"(1) = 0 in [X(,), X(»)]. We shall call the least such p",

the H-exponent for X.
A useful result is the following:

Proposition 4.8. Suppose X is an H-group and suppose that p" is an H-

exponent for X. Then exp,(X) < p'.
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Proof. Since p" is an H-exponent for X, then by definition, the p” power map on
X(p) is null-homotopic. But the p” power map induces multiplication by p" on

7.(Xp)), and hence p"1,(X(,)) = 0. O

Similarly, suppose X is a co-H-group, for example a suspension, with co-
multiplication ¢): X — X V X. Then the set [ X, X] of homotopy classes of self

maps of X has the structure of a group with addition given by
frox S xvxyMxvxy Yx

For a prime p, the map p"(1): X — X is called the p"-degree map, and is

denoted [p"].

Definition 4.9. Let X be a co-H-group and and let p be a prime. Then p” is

called the co-H-exponent of X at p if [p"]: X,y — X(p) is null-homotopic.

4.1 Homotopy exponents of spheres and Moore
spaces

Inspired by a conjecture of Barratt, which we shall discuss in Section 4.2.2, Cohen,
Moore and Neisendorfer began searching in the 70’s for elements of order p"*! in
the homotopy groups of P™(p”) with m > 3 and p an odd prime. They believed
such elements could be detected by certain Bockstein maps. Their work in [7] and
[6] led them to the following homotopy exponent results for spheres and Moore

spaces.

Theorem 4.10 (Cohen, Moore, Neisendorfer). For p an odd prime and n > 1,

expp(S*TH) = p".
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Theorem 4.11 (Cohen, Moore, Neisendorfer). For p an odd prime, m > 3 and
r > 1, exp,(P™(p")) = p'*'. In fact, the p"™" power map on Q*X*P™(p") is

nullhomotopic.

In the next section we show that Cohen, Moore and Neisendorfers exponent
result for Moore spaces can be used to deduce the homotopy exponents of wedges

of Moore spaces.

4.1.1 Wedges of Moore spaces

It is interesting to note that the p-primary homotopy exponent of P™(p") is
unaffected by the dimension m. This is in marked contrast to the behaviour of
the spheres where the homotopy exponent of S?"*! increases exponentially as n
increases. It is this interesting fact which belies the reason, as we see in this
section, why a wedge of at least two spheres has no homotopy exponent at any
prime, yet a wedge of at least two mod p" Moore spaces has a finite homotopy
exponent at p. We prove this result in this section. First of all we will need to
show that the p” degree map [p"|: P™(p") — P™(p") is null-homotopic, and to

show this we need the following lemma.

Lemma 4.12. The degree map is natural with respect to co-H-maps. That is, if

f: X — Y is a co-H-map then [k] o f is homotopic to f o [k].

Proof. Consider the diagram

X2y, x T X

[

The right hand square is clearly homotopy commutative, and since f is a co-H-

map, the left hand square also homotopy commutes. Since the composite V oy
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is precisely the degree kK map on X, and V o 9y is the degree £ map on Y, the

result follows. N

Consider the homotopy cofibration sequence
gm=t B gm-1 i, P™(p") pinch gm

which defines P™(p"). For m > 2, we have that [p"]: S™ — S™ is homotopic
to §1 A gmt BT g1 A gma1 which i by definition the co-H-map X[p]. If
m > 3, then similarly, 7 is homotopic to S' A S™~2 1A P™(p"), where
i’ is the inclusion of the bottom cell, which by definition is the co- H-map i’
Additionally, for m > 3 the pinch map P™(p") — S™ is homotopic to the co-
H-map S(pinch): S' A Pm=1(pr) "B5" G1 A §m-1. This observation, combined

with Lemma 4.12 leads to the following co- H-exponent result:

Proposition 4.13. For m > 3 and p # 2, the Moore space P™(p") has co-H -

exponent p".

Proof. Since m > 3, each of the maps in the homotopy cofibration sequence

gm=1 Wl gm-1 i, P™(p") Pl G are co-H-maps. Thus by Lemma 4.12, we

obtain a homotopy commutative diagram

Sm—l [p"] Sm—l i Pm(pr) pinch Sm

l[p’] l[pr] l[prl J[p’]

Smfl o Smfl Pm(pr) Sm

The restriction of [p"] to the bottom cell of P™(p") is given by the composite

gm=1 Ly pm(pr) WL pm (p") which is homotopic to [p”] o and therefore trivial.

Consequently there is a lift of the pinch map P™(p") — S™ to a map [: S™ —
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P™(p"), giving a factorization of the p” degree map on P™(p")

pinch

P (p") —— S™

[pﬂl /

P™(p").

Since p # 2, m, (P™(p")) = 0. See for example [21]. Thus [ is null-homotopic and
consequently so too is the degree map [p"]: P™(p") — P™(p").
[l

Lemma 4.14. Let p be an odd prime and let n,m > 2 and r > 1. Then there is

a homotopy equivalence P™(p") A P"(p") =~ P™ " (p") v P™=1(p").

Proof. The degree map [p"]: P3(p") — P3(p") can be defined by [p"] A1: ST A
P(p") — ST A P%(p"). since there is a homotopy cofibration sequence S* P,
St — P%(p"), then taking the smash product with P?(p") gives a homotopy

cofibration sequence
St AP ST S A PR ) — PR A PR,

On the other hand, the map [p"]: P3(p") — P3(p") is nullhomotopic by Propo-

sition 4.13 and so by Proposition 2.19, we see that
P2(p") N P2(p") = PP(p") v PA(p").

By suspending, we may obtain the required decomposition for any n,m > 2. [

A nice corollary of Lemma 4.14 which we shall also make use of in Chapter 6

is the following:
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Corollary 4.15. Let p be an odd prime and let m,n > 3. Then the p-primary

homotopy exponent of the wedge of Moore spaces P™(p")V P"(p") is equal to p™ .

Proof. By Corollary 2.31 there is a homotopy decomposition

QP™(p7) V P"(1)) = QP™(7) x QP"(') x QSQP™(p) A QP" (7).

Consider the final factor Q(XQP™(p") A QP"(p")). By iterated use of the James

splitting, there is a sequence of homotopy equivalences:

2

QPP ) ANQP(p") ~ ¥ (\/(P’”‘l( 7”))”“) AQP"(p")
(\/ (P™'(p ) A EQP™(p")

(00 Pm 1 >/\2 <<7(Pn1<pT)>/\k>

V EEm )Y AP )M

jk‘l

12

12

12

By iterating Proposition 4.14 the space P™~*(p"))N A (P~ !(p"))"* decomposes
as wedge of mod p” Moore spaces, and suspending just raises the dimension of the
wedge summands. Hence the factor Q(XQP™(p")AQP"™(p")) is actually homotopy
equivalent to X where X is a wedge of mod p” Moore spaces of dimension at
least 3. By iterated application of Corollary 2.31 we obtain a decomposition
QX ~ QA x QB, where A is a product of mod p" Moore spaces and B is a
wedge of mod p” Moore spaces. By induction, it follows that Q(P™(p") VvV P"(p"))
decomposes upto homotopy as a product of mod p” Moore spaces, and since the
homotopy exponent of a product is equal to the greatest homotopy exponent of

its factors, we see that exp,(P™(p") vV P"(p")) = p" ™. O
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4.2 Two conjectures of Moore and Barratt

To close this chapter we discuss two conjectures related to homotopy exponents.

4.2.1 Moore’s Conjecture

On the face of it, despite sharing the common goal of bettering our understanding
of the integral homotopy groups, the rational homotopy groups of a space appear
to have little in common with it’s primary homotopy. But during the academic
year 1977-78, John Moore proposed the following remarkable conjecture which
suggests that for simply connected finite CW-complexes, the two are intimately

intertwined.

Conjecture 4.16 (Moore’s Conjecture). Let p be a prime and X be a simply
connected finite CW-complex. Then X is elliptic if and only if X has a finite

homotopy exponent at p.

It is interesting to note that a nice consequence of this conjecture, should it be
true, is that since the statement is independent of the prime p, then the existence
of the homotopy exponent at a particular prime is equivalent to the existence of
the homotopy exponent at all primes.

Not many examples of spaces are known for which Moore’s Conjecture has
been verified. Two important examples which do fit the bill are the sphere S™
for n > 1, and the Moore space P™(p") for all p,r except when p =2 and r = 1.
Spheres and Moore spaces are elliptic spaces, and the results of Cohen, Moore
and Neisendorfer show that their homotopy exponents are known to exist at all

primes, except in the case of P (2).
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4.2.2 Barratt’s Conjecture

Barratt initiated the study of suspension spaces with finite co-H exponents, which
he termed finite characteristic, in [3]. The [p"] degree map on a suspension space

X is by definition homotopic to the composite

X 5 \/ X 5 ox
o

where 9 is the coproduct and V is the fold map. Barratt was able to find bounds
on the order of elements in 7, (X.X) for suspensions XX with finite co-H exponent
p". He did this by applying the Hilton-Milnor Theorem to decompose Q(V/ . £.X)
as a weak product which has p” factors QXX and other terms of the form QX X"
for r > 2.

If X is n — 1 connected and XX has characteristic p”, then X" is rn — 1
connected and the co- H-exponent of X X" divides p". It follows that after looping

the null homotopic degree map [p'], there is a homotopy commutative diagram

Qp'): QX L0V, £X) -2 nX

~_

[T, QEXx/ne

which factors the nullhomotopic map Q[p"] via [[, QXX Barratt was able
to deduce that multiplication by p” annihilates the p-torsion in m,(Q¥XX) for
g < 2n — 1, and by an inductive argument found that multiplication by p*"
annihilates the p-torsion in 7, (Q¥XX) for ¢ < 2°n. In particular, the homotopy
groups 7,(2X) have a finite exponent for each ¢, but Barratt’s bound is dependent
on q.

Barratt conjectured that if X is itself a suspension Y, with co- H-exponent
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p", then m,(XX) is annihilated by p™*.

Conjecture 4.17 (Barratt’s Conjecture). a) (Weak Form) Suppose that XY has

co-H-exponent p”. Then expp(EQY) < prti.

b) (Strong Form) Suppose that XY has co-H-exponent p". Then p™*! is an H-

exponent for Q*X2Y .

Notice that if Q%Y has H-exponent p"*' then it follows that exp,(X*Y) <

"1 50 the strong form of Barratt’s Conjecture implies the weak form. The

p
standard example of a space satisfying Barratt’s Conjecture is the Moore space
P(pr) ~ SP™(p") for m > 3. We saw in 4.13 that P™(p") has co-H-
exponent p". The fact that Q2X2P™(p") has H-exponent p™™! is precisely the

result of Cohen Moore and Neisendorfer from Theorem 4.11.



Chapter 5

Polyhedral Products For n-gons

The motivating questions behind the work in this thesis are the following:
Question 1: Are there conditions on (X, A) and K which guarantee that (X, A)*
is elliptic/hyperbolic?

Question 2: Are there conditions on (X, A) and K which guarantee the exis-
tence, (or not), of the homotopy exponent of (X, A)K at a given prime p? And
if the homotopy exponent exists, can we get an upper bound?

Question 3: Can we add to the existing evidence in support of Moore’s Conjec-
ture, by exhibiting some sub-collection of polyhedral products which are either
elliptic and admit a homotopy exponent at every prime, or else hyperbolic and

do not admit a homotopy exponent at any prime?

Background - What is already known

Suppose we fix the pair (D?, S!). One of the first non-trivial contributions in the
direction of Question 1 came in 2004 when Grbi¢ and Theriault [13] showed that
if K is a disjoint union of n vertices, then (D?, S I)K is homotopy equivalent to
a wedge of spheres \/7_, (?) (j — 1)S7TL. In particular, (D2, 51" is elliptic when

n = 2 and hyperbolic and when n > 3.

69
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In 2007, Grbi¢ and Theriault [14] extended their previous result to show that
(D%, S 1)K is homotopy equivalent to a wedge of spheres whenever K belongs to

a class of simplicial complexes called shifted complexes.

Definition 5.1. A simplicial complex K is called shifted if there exists an order-
ing of the vertices of K such that whenever ¢ € K, and v, w are vertices of K

such that v < w and w € o, then (c\w)Uv € K.

Example 5.2. 1. The k-dimensional skeleton of the simplex A™ is shifted for

0<k<n-—1.
2. The simplicial complex {{1,2},{1,3},{1,4},{2,3},{2,4}} is shifted.

In fact Grbi¢ and Theriault were able to further extend the family of simplicial
complexes for which (D2,Sl)K has the homotopy type of a wedge of spheres
beyond the class of shifted complexes by including also disjoint unions of shifted
complexes, and complexes KU, K5 obtained from gluing shifted complexes along
a common face, ([14]).

In 2008, Géry Debongnie [9] gave a complete and very aesthetically pleasing
answer to Question 1 in the case of the pair (D? S') by showing that there is
a very simple condition on K which determines whether (D? S 1)K is elliptic or

hyperbolic.

Theorem 5.3 (Debongnie). The following statements are equivalent:
2 NnK - .

a) (D*,8Y)" is elliptic,

b) K is a join of simplices and boundaries of simplices,

c) (D?, Sl)K 18 homotopy equivalent to a product of spheres.

Proof. See [9]. Note that the implications b) = c¢) is trivial by Proposition 3.11,

and also the implication ¢) = a) is trivial since spheres are elliptic. ]
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In fact, Debongnie’s result was stated in the language of complements of co-
ordinate subspaces but his result is equivalent to that stated above. The methods
employed by Debongnie were therefore very combinatorial, using various rational
models and techniques of rational homotopy theory, which are very particular to
the polyhedral product (D?, S 1)K but are not very adaptable to general polyhe-
dral products. It would be desirable to obtain a purely homotopy theoretic proof
of Theorem 5.3 with the hope that the techniques used may be adaptable to the
case of pairs (X, A) other than (D? S1).

For example, we conjecture that a very similar result to Theorem 5.3 should

hold for the pair (D™, S™ ') for m > 2.

Conjecture 5.4. The following statements are equivalent:

a) (D™, S™ 1" is elliptic,

b) K is a join of simplices and boundaries of simplices,

c) (D™, Smfl)K 1s homotopy equivalent to a product of spheres.

A proof of Conjecture 5.4 would would in turn have immediate implications
for polyhedral products constructed from the pair (P™(p"), S™ '), where the
inclusion of S™~! in P™(p") is the inclusion of the bottom cell. Because there
is a rational homotopy equivalence of pairs (P™(p"), S™ 1) ~¢q (D™, S™!), and
the polyhedral product functor preserves rational homotopy equivalences, then

(Pm(p), S™ " ~o (D™, Sm=1% Thus we have

Proposition 5.5. If Conjecture 5.4 holds then the polyhedral product (P™(p"), Sm_l)K

1s elliptic if and only if K is a join of simplices and boundaries of simplices.

Proof. Since there is a rational homotopy equivalence (P™(p"), Smfl)K ~o (D™, Sm’l)K
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it follows that there is an isomorphism of the rational homotopy groups
(T m—1\K ~ m m—1\K
~((P™(P"), 5" ) ) eQ=r((D™ 5" 1)) o Q.
Thus (P™(p), S™ 1™ is elliptic if and only if (D™, S )" is. O

Polyhedral products associated to n-gons

In this thesis, the main family of polyhedral products we study are those of the

form (X, A)", where K is an n-gon.

Definition 5.6. For a positive integer n > 3, the n-gon is the 1-dimensional sim-

plicial complex on n vertices consisting of the faces {1,2},...,{n — 1,n},{1,n}.

In the case of the pair (D?, S'), the polyhedral products for n-gons have a
very nice form. For example, the 3-gon is the simplicial complex dA? and we
have seen that (DQ,Sl)8A2 ~ S5 Also, the 4-gon is the join OA! x JA! and
(D?, 5’1)(%1*8Al ~ §3 x S3 by Proposition 3.11. In particular, the n-gon for n < 4
is a join of boundaries of simplices and the associated polyhedral products are
elliptic, as stated in Theorem 5.3. For n > 5, the n-gon is not a join of simplices
and boundaries of simplices and so Proposition 5.3 tells us that (D2,SI)K is
hyperbolic in these cases.

In this chapter we study a certain homotopy fibration over (D2, Sl)K, which
exists when K is an n-gon, with the intention of understanding more about its
rational homotopy groups. We show that m,((D?, S1)") ® Q has a basis realized
by an infinite set of iterated Samelson products.

It is worth noting that for n > 4 the n-gon is not a shifted complex, and

consequently the corresponding polyhedral product for the pair (D?,S') is not

covered by the result of Grbi¢ and Theriault.
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Proposition 5.7. For n > 4, the n-gon is not shifted.

Proof. Let n > 4 and let K be the n-gon. Every vertex in K is connected to
precisely two other vertices in K. Fix an ordering on the vertices. Now there
are precisely two integers p,q with 1 < p < ¢ < n such that {1,p} and {1, q}
belong to K. Furthermore, since n # 3, there exists an integer s with 1 < s <n
with s # p, ¢ such that {s,p} € K. But {1,s} is not a face in K, so K is not

shifted. O

It is therefore not unreasonable to suspect that for n > 5, the polyhedral
product (D2, S1)* despite being hyperbolic, is not in fact homotopy equivalent
to a wedge of spheres. In fact, this is indeed the case. In 1979, Mcgavran showed
that for n > 4, (D?, S 1)K is homotopy equivalent to a connected sum of various

products of spheres. We shall make use of this result in our calculations.
Theorem 5.8 (Mcgavran [20]). Let K be the n-gon for n > 4. Then there is a
homotopy equivalence

(D2’ Sl)K ~ #?:—13 <#j(’?—2) (Sj+2 x Sn—j)) '

Jj+1

5.1 (DZ,Sl)K when K is the 5-gon

We begin our work by considering the polyhedral product (D2, 5%)* in the case
that K is the 5-gon. By Theorem 5.8, (D%, S!)™ is homotopy equivalent to the
connected sum #5(S® x S%). With the obvious cell structure, the 4-skeleton is
given by the wedge \/(S® vV S*). Let ¢ denote the inclusion \/(S® Vv S*) —
#5(S3 x S1).

Our aim in this section is to show that there is a basis for the rational homo-

topy of (D?, Sl)K realized by an infinite set of iterated Samelson products. The
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method of attack we adopt is to determine the homotopy type of the fibre F5 in

the homotopy fibration
Fs — V(5P v §%) <5 #5(5° x 5. (5.1)
5

In particular, we prove that F5 is homotopy equivalent to a wedge sum of infinitely
many spheres. Moreover, we prove that the homotopy fibration sequence splits
after looping, and by considering the homotopy equivalence given by the Hilton-
Milnor Theorem, we are able to conclude . (#5(S% x S§*)) ® Q is isomorphic to
an infinite dimensional vector sub space of m.(\/5(S® V S*)). In section 5.3 we

generalize our results to n-gons where n > 5.

5.2 A simplified version of the problem

In order to keep the calculations tidy, we shall in fact study a simplified but anal-
ogous version of the problem outlined above, and show that the same techniques
applied in the simplified version carry over to the main problem.

Instead of studying the fibre of the inclusion \/;(S? Vv 5%) Uy (98 x Y,

we shall instead determine the homotopy fibre F? in the homotopy fibration
F2— \[(S*V 8%) — #(5% x 8%).
2

Let i1,12: S — \/,(S® V S*) be the inclusions of the first and second S?
summand respectively, and let 7y, jo: S* — \/, (9% v S*) be the inclusions of the
first and second S* summand. For the sake of brevity we write 2(S3V §%) for the
wedge sum \/,(S% v S*). Forming the Whitehead products wy = [i1, 1]: S® —

2(53 Vv S1), and wy = [ig, jo]: S® — 2(S? Vv §*) and taking their sum, we obtain
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a map
w: §% 5 56\ S8 V82 963\ 51 v 2(S3 v 1) s 2(S3 v Y,

where 1 is the standard co-H-space structure on S®. The following proposition

shows that the homotopy cofibre of w is the connected sum #,(S® x S*.)

Proposition 5.9. In the following homotopy pushout

SO, 9(53 v §Y) (5.2)

| |

*—)Q,

Q is homotopy equivalent to the connected sum (S x S*)#(S3 x S%).

Proof. The Whitehead product [, j;] is the attaching map of the top cell in
(93 x S1)v.§3v St Likewise, the Whitehead product [is, jo] is the attaching map
of the top cell in % vV §* Vv (5* x S*). Denote the two hemispheres of S® by S¢

and S%. The map w is by definition homtotopic to the composite
6 ¥, g6 6 _li]Viiz2.je] 3 4 3 4
SP— SPVv S ———— (S° VSV (STV S

where 1) is the standard coproduct on the co-H-space S®. That is, 1 restricted
to S¢ is homotopic to the composite S¢ Pl g6 < 6\ SO where the first
map pinches the boundary of the hemisphere to a point, and the second map is
the inclusion of the first wedge summand. Similarly, the restriction of v to S¢ is
homotopic to the composite S8 “ e G6 .y G\ 6 where the first map again
pinches the boundary of the hemisphere to a point and the second map this time

is the inclusion of the second wedge summand.

Since the Whitehead product [iy, j;1] is the attaching map of the top cell in in
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(53 x S*) v 83V S% there is a cofibration S° 7y 2(53 v 8 — (83 x SY v
S? v 8% By restricting [i1, j1] to the hemisphere S¢ we obtain the cofibration
S — 2(82 v SY) — ((S8? x SY\D7) v S§3 v S§% Similarly, the cofibre of
the restriction of [ig, jo] to the hemisphere S is homotopy equivalent to S* V
StV ((S? x S*)\D7). Now, gluing S$ and S back along the common boundary
we see that the homotopy cofibre of w is homotopy equivalent to two copies of

(93 x SH\ D7 identified along the common boundary. O

Notation 5.10. For the remainder of this chapter, let C' denote the connected
sum (5% x S)#(S3 x S4).

In the next section, we consider a certain map x which we shall call the
collapse map. Let X,Y be manifolds of the same dimension n. By definition, the
connected sum of X, Y is the adjunction space obtained by removing the interior
of a disc from each of X, Y and identifying X'\ D" with Y\ D" along the common
boundary sphere S"~!. The quotient map which collapses this copy of S~ ! to a

point defines a map y: X#Y — X VY.
Definition 5.11. We call the map x: X#Y — X VY the collapse map.

For the sake of completeness, we include a direct proof that C'is hyperbolic.
Proposition 5.12. The connected sum C' is a hyperbolic space.

Proof. To see that C is hyperbolic, consider the map a: S® VvV S? — C defined
as the composite S% Vv S3 — 2(53 Vv §1) — C, and the map §: C — S3 Vv §*
defined by the composite C' = (9% x %) v (9% x $%) =5 53 v $3, where y is

the collapse map and 7 is the projection S® x S* — S3. Clearly the composite

ERVE S RN AN S RV



CHAPTER 5. POLYHEDRAL PRODUCTS FOR N-GONS 77

is the identity map, and thus « is a right homotopy inverse for 5. Let G be
the homotopy fibre of €25. Then there is a homotopy decomposition QC ~

G x Q(S3 Vv S?), and therefore an isomorphism of rational homotopy groups
m.(Q0) ® Q = (1.(G) ® Q) & m.(US® Vv 5°) © Q).

Since 7,(2(S? vV 53) ® Q) is a free Lie algebra on two generators, it follows that

7.(C) ® Q is infinite dimensional over Q. That is, C' is hyperbolic. O

5.2.1 Construction of a certain cofibration

The collapse map x: #2(5%x 51) — (83 x 51) V(893 x S?) induces maps from each

corner of the homotopy pushout (5.2) into (53 x S*) Vv (S? x ), by composition.

Notation 5.13. For the remainder of this chapter, let P denote the space (S? x
SH v (S x 8%, denote x by ¢4, and let
S6 2. p «—25 P 2(S% v 5 24 P, (5.3)

?

denote the maps induced by ¢4 and homotopy pushout (5.2), giving the homotopy

commutative cube

S6 9(8% Vv SY

N\ ™~

e1 * C
P P Pa
P.

§ F
NN

P
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Proposition 5.14. There is a homotopy pushout

S6x QP LN (5.4)

1]

QP —— M

where
1. N is the homotopy fibre of 3,
2. M 1is the homotopy fibre of @4,
3. m is the projection map,
4. the restriction of f to QP is null-homotopic,

5. and f is homotopic to the composite
s xop L Nop 0y N
where f|gs is the restriction of f to S® and 0 is the homotopy action of QP
on N, defined via the homotopy fibration N — 2(S% v §%) 25 P.

Before proving Proposition 5.14 we need a lemma.

Lemma 5.15. Given spaces A, B,C and D, the inclusion map i: AV BV CV

D — (A x B)V (C x D) has a right homotopy inverse after looping.

Proof. Recall from Proposition 2.30 that for spaces X,Y there is a homotopy
fibration QX * QY — X VY L3 X x Y, where j is the inclusion. Moreover, by
Corollary 2.31, there is a right homotopy inverse r: Q(X xY) — Q(XVY') of the
map 27, and hence a homotopy equivalence Q(XVY) >~ QX xQY xQX(QXAQY).
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Now for spaces A, B, C, D, there are homotopy equivalences
QAVBVCOVD)~QAVB)xQCVD)xQE(QAV B)AQC VD))
and
QAXB)V(CxD))~QAx B)xQC xD)xQE(QUAXx B)ANQC x D)).
Furthermore, the map €2 decomposes as the product of the three maps

Qi QAVB) — Q(Ax B)
Qis: QCV D) — Q(C x D)

OX(iy Aig): QS(QAV B)AQCV D)) — QS(QA x B) AQ(C x D)).

where 41,75 are the inclusion maps. Clearly iy, Qis admit right homotopy in-
verses 11: Q(A X B) — Q(AV B) and r5: Q(C' x D) — Q(C'V D) respectively.
To see that the third map admits a right homotopy inverse, first notice that the

product of the composite maps

QA x B) 25 Q(AV B) 2% Q(A x B)
Q(C x D) 2 Q(C v D) 25 Q(C x D)
is homotopic to (11 0 Qiy) X (19 0 Qiy) which is the identity. Therefore there is an

induced homotopy commutative diagram

Q(A x B) AQ(C x D) 22,Q(AV B) AQ(C V D) (5.5)
(Tloﬂil)/\(rgoﬁ’iz)l lil/\iz
QAXB)ANQC x D)=—=Q(Ax B)ANQ(C x D)
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and thus r; A 7 is a right homotopy inverse of i A is.

Secondly, applying the functor Q¥ to all maps in diagram (5.5), we see that
QX(i1 Nig) o QX(ry Arg) =~ Q3((iy Adg) o (11 Arg)), which of course is the identity.
Thus the product of these three right homotopy inverses 1 X 15 X QX (rq Arg) is

a right homotopy inverse for €. m

In particular, Lemma 5.15 shows that the map 3 has a right homotopy inverse

after looping, a fact we shall use now as we go back and prove Proposition 5.14.

Proof of Proposition 5.14. Taking homotopy fibres of the maps ¢1,..., ¢4, in

(5.3), we obtain four homotopy fibrations:

F— 852 p (5.6)
G—* 2P (5.7)
N —2(S83v s 2 p (5.8)
M—C*S P (5.9)

The map ¢ is by definition homotopic to the composite S® — % 2 P and
is therefore null-homotopic. So we can express ¢, as the product S¢ x % =%
x X P from which it follows that I’ is homotopy equivalent to the product of
the individual homotopy fibres S® x QP. The homotopy fibration (5.7) is simply
the path-loop fibration and thus G is homotopy equivalent to Q2P. As for the
homotopy types of N and M, we leave these undetermined for now.

By mapping each corner of homotopy pushout (5.2) into P, we see from

Mather’s cube lemma, (Lemma 2.20), that there is a homotopy pushout of the
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fibres
S xQP—L N

1]

QP — M
for some maps 7 and f. This proves parts (1) - (2). Next we prove part (3).
Since ¢, is homotopic to the composite S& —s % = P, there is an induced

morphism of homotopy fibrations

S6x QP — 86 L, p

|

QP * WP

which defines 7. Since the map on the common base space P, is the identity, the
left hand square is a homotopy pullback diagram. By example 2.2 7 is homotopic
to the projection map.

Now we prove part (4). Since ¢; is homotopic to the composite S° SN

2(S3 v S%) 2, P, there is a morphism of homotopy fibration sequences

QP —— S5 x QP S6 2, p (5.10)
o ]

By Lemma 5.15, the map ¢3 has a right homotopy inverse after looping and so
it follows that the map Q2P — N is null-homotopic. Furthermore, since ¢ is
null-homotopic, the map QP — S® x QP is homotopic to the inclusion of the
second factor and so the square on the far left of the diagram shows precisely
that the restriction of f to QP is null-homotopic.

Now we prove part (5). Consider again the morphism of homotopy fibrations

in diagram (5.10). Associated to the homotopy fibration on the bottom row there
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is a homotopy action #: N xQP — QP, and similarly, there is a homotopy action
0': (S5 x QP) x QP — 8% x QP associated to the homotopy fibration in the
top row. By the naturality property of homotopy actions there is a homotopy

commutative diagram

(S8 x QP) x QP -2 56 x QP

| |7

N x QPG—>N.

Since the homotopy fibration S® x QP — S® x x — % x P on the top row
of diagram (5.10) is a product of homotopy fibrations, the associated homotopy
action @ is homotopic to 0" x pu where 6”: S¢ — S% is the homotopy action
associated to the trivial fibration S¢ — S% — x and p: QP x QP — QP is
the homotopy action associated to the path-loop fibration QP — x — P. It
follows directly from the definition of the homotopy action that 6” is the identity
map and g is the loop multiplication.
Ixxx1

Let ¢ denote the map S% x * x QP === S¢ x QP x QP. Since the restriction

of p to x x QP is homotopic to the identity, then the composite
SO x QP 5 55 x QP x QP %5 5% x QP.
is homotopic to the identity. So we now see that

e fo(oi
~ (fo(fx1)oi
~ 90(f|56><1)

as required. O
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The homotopy type of N

We will need to identify the map N — M appearing in diagram (5.4). Our
first step is to determine the homotopy type of N and show that it is homotopy

equivalent to a wedge of infinitely many spheres \/__; S™ by appealing to the

acl

Hilton-Milnor Theorem. We will need the following lemma which determines the
homotopy type of the homotopy fibre of the pinch map AV B — B which

collapses the wedge summand A to a point.

Proposition 5.16. The homotopy fibre of the pinch map AV B — B is homo-

topy equivalent to A x QB.
Proof. See [5], Proposition 2.3. ]

The homotopy type of N follows as a special case of the following more general

proposition. For spaces X, ..., X, and asubset o = {iy,..., it} of [n], let X;,

denote the smash product X;, A... AKX, .

Proposition 5.17. The homotopy fibre of the inclusion
X1VX2\/X3\/X4 — (Xl XXQ)\/(Xg X X4)

is homotopy equivalent to G x QG where
CL) G ~ EQ(Xl X XQ) AN Q(Xg X X4),

b) (mda >~ E(QX)12VZ(QX)34VE<QX)123\/E(QX)124\/E(QX)134\/E(QX)234\/
22(9)()1234.

Proof. Let H be the homotopy fibre of the inclusion \/;1:1 X; — (X1 x Xy) Vv
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(X3 x X4). Then there is a homotopy commutative diagram

T T (f (5.11)
T’—)Xl\/XQ\/Xg\/X;L—)(Xl XXQ)\/(XgXX4)
*—)X1XX2><X3XX4—X1 XXQXXgXX4

where all rows and columns are homotopy fibrations. By Proposition 2.30 there
is a homotopy equivalence G ~ YQ(X; x X3) A Q(X3 x X4). Then using the
decomposition of a product after suspending >A x B ~ YAV YXBV XA A B in

Proposition 2.21 we obtain a sequence of homotopy equivalences

G

12

Z(QXl X QXQ) A (QXg X QX4>

12

Y(02X)13 VE(QX )14 VIE(QX )3 VE(QX)oy
. E(QX)lzg V E(QX)124 V Z(QX)LM V Z(QX)234

c. Z(QX)1234.

In particular, GG is the wedge sum of the domains of the following iterated universal

Whitehead products:

1. [¢, ¢ for all pairs 1 < j < k < 4 except [(1, (2] and [(3,(4]. Call this

collection of Whitehead products W5.

2. (¢, [Cy G]] where 1 < 5 < k <1 <4, and [(k, (] belongs to W,. Call this

collection Ls.

3. ¢, Ckl, ¢] where 1 < j < k <1 <4, and [(j, (] belongs to W5. Call this

collection Rs and let W3 = L3 U Rs.
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4. [Cj7 [C’W [Cl’ Cm”] and [Cj? [Kk; Cl]a gm“ where (j7 ka l7 m) = (17 2’ 37 4) and [Cka [Cla Cm”
and [[Ck, (1], (] belong to Wi.

5. [[Cj? [Ck; CI]L Cm] and H[CJ? Ck]v CIL Cm} where (j7 ka lv m) = (17 27 37 4) and [Cj? [Cka Q]]
and [[¢;, Ck], ¢;] belong to Wi.

On the other hand, Porter’s Theorem tells us that there is a homotopy equiv-

alence

F ~ E(QX)H V E(QX)lg, V E(QX)14 V E(QX)23 V E(QX)24 V E(QX)M
. Q(Z(QX)lgg V Z(QX)124 V Z(Q‘Xr)l?ﬂl \ E(QX)Q?A)

e 3Z(QX)1234.

which is the wedge sum of the domains of the set of all the iterated universal
Whitehead products as constructed in W together with those new Whitehead
products obtained by adding [(1, (2] and [(3, (4] to the list Wh.

So G is the wedge sum of those iterated universal Whitehead products in F'

which are not generated by [(1, (2] and [(3, (4], namely F ~ G V G where

6 ~ Z(QX)H\/E(QX)34\/Z(QX)lgg\/E(QX)124

LV E(QX)134 V E(QX)234 V 22(9)()1234
and the map F' — G in diagram 5.11 is homotopic to the pinch map GVG — G.
Thus by Proposition 5.16, there is a homotopy equivalence H ~ G x QG. O

As an immediate corollary of proposition 5.17 we obtain the homotopy type

of N
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Corollary 5.18. There is a homotopy equivalence
N ~ G x QEQ(S? x S AQ(S? x §1))

where G ~ (XQS3 AQSY) V (ZQS3AQSH) V (BQS3AQSTAQS3) V (ZQS3 AQSEA
QSHV (ZQSEAQSBAQSY) V (BZQSTAQSEAQSY) V(28052 AQSTAQSEAQSY).

Proof. The result follows from Proposition 5.17 by putting X; = X3 = S? and

Xy, = Xy =S4 [l

In order to further decompose N into a wedge of spheres, the following two

lemmas will be useful.

Lemma 5.19. Suppose that X = XX and Y = XY are suspension spaces. Then

YOX A QY is homotopy equivalent to the wedge Vet XN AYNE

Proof. The result follows from iterated use of the James splitting. In particular,

applying the James splitting there is a homotopy equivalence
TOLX A QY ~ (8)/ XV) A QTY.
j=1

Taking the suspension through the smash product, this is homotopy equivalent to
(\/;’i1 XMNYAYOXY which by another application of the James splitting decom-
poses as (\/7Z; X™V) A (2 V2, Y"F). Since the smash product distributes over

the wedge, this gives the required result. O]

Lemma 5.20. Let n,m,k,l > 2. Then (S™V S™) x Q(S* v S') is homotopy

equivalent to a wedge of spheres.

Proof. Since (S™ V S™) is a suspension space, then by Proposition 2.32, there is
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a homotopy equivalence

(8" V8™ x QS Vv S) ~ STvSTV((S"VS™)AQSEVSY)

12

STV STV (ST AQSHV S .. (5.12)

LV (S™AQ(SE Vv SY)

By the Hilton-Milnor Theorem Q(S* v S!) is homotopy equivalent to the prod-
uct [z QUE(S%)A™ A (SY)"2) indexed by a basis B for the free Lie algebra
on 2 elements. Notice that Y (S*)\m A (§H)An2 ~ Shkmitinetl Tt follows that
the wedge summand S™ A Q(S* v S!) in equation (5.12) is homotopy equiva-
lent to X" [[5 QGkm+nat1l - Proposition 2.21 says that there is a decomposition
Y(X xY)~Y¥XVYEYVIEXAY for arbitrary spaces X, Y. Iterating this de-
composition shows that X" []; QS*1Hm2+1 is homotopy equivalent to a wedge of
spaces of the form X"QX; A ... AQX,; where each X; is a sphere, and iterated use
of the James splitting, as in Lemma 5.19 shows that each of these summands is
a wedge of spheres.

The same argument shows that the summand S™ A Q(S* Vv ') in equation
(5.12) is also homotopy equivalent to a wedge of spheres, and this gives the desired

result. O

We therefore obtain the following corollary.
Corollary 5.21. N has the homotopy type of an infinite wedge of spheres.

Proof. By Corollary 5.18, N is homotopy equivalent to

G 3 Q(EN(S% x §1) A Q(S? x SY))

where G is a wedge sum of spaces of the form QX7 A ... A QXj, where each X;
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is a sphere. By Lemma 5.19 it follows that G decomposes as a wedge of spheres.

On the other hand, by Proposition 2.21, there is a homotopy decomposition

YOS x S AQ(SE x S) ~ (205 v EQS; VE(QSE AQS,))

A(QSE V QST V(283 AQST).

Since the smash product distributes over the wedge, this is homotopy equivalent
to a wedge of spaces of the form QX A... AQX, where each X is a sphere. By
Lemma 5.19 each of these wedge summands is homotopy equivalent to a wedge
of spheres.

It follows that N ~ G x QG, where G and G are both wedges of spheres.
By generalizing the argument in the proof of Lemma 5.20 we obtain the desired

result that N is homotopy equivalent to a wedge of infinitely many spheres.

5.2.2 An extension of f: S x QP — N

Suppose f: X XY — Z is a map such that the restriction of f to Y is null-
homotopic. Then since there is a homotopy cofibration ¥ «—— X xY — X <Y,
there is an extension of f toamap f: X xY — Z.

In particular, the map f: S® x QP — N from Proposition 5.14 has an

extension f: S% x QP — N.

Proposition 5.22. The sequence
S x QP Ly N — L.

18 a homotopy cofibration.
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Proof. Consider the homotopy pushout from Proposition 5.14

SxoP—L N

1]

QP — M.

Since 7 is the the projection, it has a right homotopy inverse, given by the
inclusion i: QP — S%x QP, we see that the map QP — M factors as QP flﬂ;
N — M. But the restriction of f to QP is trivial by Proposition 5.14 and hence
the map QP — M is null-homotopic. Furthermore, the extension f: S% x
QP — N, of f, induces a monomorphism in homology. To see this, notice
that since S° is a suspension, there is a splitting S® x QP ~ S%V (§¢ A QP) by
Proposition 2.32. It is enough to check that f induces a monomorphism on each
wedge summand.

It follows from the homotopy decomposition of N found in Proposition 5.18
and Proposition 5.21 that N is a wedge of spheres of dimension at least 6, and
in particular, N is 5-connected. It therefore follows from the Hurewicz Theorem,
that the Hurewicz homomorphism gives an isomorphism 76(S%) — ms(N). In
particular, the homomorphism induced in homology by the restriction of f to S¢,
induces an isomorphism onto it’s image.

For the second summand S® A QP recall that in Proposition 5.14 we found

that f is homotopic to the composite

f|56)><1
s

S8 % QP - NxQP —% N

In particular, the restriction of f to S A QP is defined via the homotopy action
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0, associated to the fibration N — 2(S% v %) 2 P. That is,

Flssnar =SS A QP =X N AP 25 N

(f@)/\l

The map S® A QP N A QP induces a monomorphism in homology since
f|ss does, and therefore so too does 7|(56/\QP).
Since f induces a monomorphism in homology we may therefore pinch out the

factor (2P in the homotopy pushout diagram to obtain a new homotopy pushout

1

In particular, S¢ x QP TN S Misa homotopy cofibration. O

S6 QPL

Se—=

 —

5.2.3 The homotopy type of }"52

We are now ready to return to our main aim for this section, the determination

of the homotopy type of FZ, and of a basis for 7,(Q2C) @ Q.

Proposition 5.23. The homotopy fibre F? is homotopy equivalent to (S®xQP) x
QM.

Proof. Recall that from the proof of Proposition 5.14, there is a homotopy com-

mutative diagram

— P2 (5.13)

Y4
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in which all rows and columns are homotopy fibrations. In particular, F? is
homotopy equivalent to the homotopy fibre of the map N — M.

By Proposition 5.22 there is a homotopy cofibration S¢ x QP i> N —
M, where f induces a monomorphism in homology. By Proposition 5.21, N is
homotopy equivalent to a wedge of spheres, and by a similar argument, it is clear
to see that so is S¢ x QP. It follows that f is the inclusion of a wedge summand
and consequently, there is a homotopy equivalence N ~ (S x QP)V M, and the
map N — M is homotopic to the pinch map (S® x QP)v M — M.

Finally, Proposition 5.16 shows that there is a homotopy equivalence F2 =~

(S% % QP) x QM. O
Corollary 5.24. F? is homotopy equivalent to a wedge of infinitely many spheres.

Proof. This follows from Proposition Lemma 5.20 since S x QP and M are both

homotopy equivalent to a wedge of infinitely many spheres. O

We are now ready to state our main theorem of this section.

Theorem 5.25. The rational homotopy groups m,(QC) @ Q are generated by an

infinite set of Samelson products.

Proof. By loooping all spaces and maps in diagram 5.13 there is a homotopy

commutative diagram

OF2 ——=OF? (5.14)

QN -2, 02(S8 v §4) 2, qp

L]

QM QC QP.

Q4

in which all rows and columns are homotopy fibrations. Since Q¢35 admits a right

homotopy inverse, it follows by Proposition 2.18, that 2¢g admits a left homotopy
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inverse ¢’. Similarly, the map QM — QN has a right homotopy inverse given
by looping the inclusion of the wedge summand M into N. Hence €2f has a left
homotopy inverse f’. It follows that the composite Q2(S53V S4) Ian 2 OF2
is a left homotopy inverse for €2j and consequently, Proposition 2.18 implies there

are homotopy equivalences

02(S3v 8 ~ QF2xQC (5.15)
Q2(S*v 8Y) ~ QN x QP (5.16)
ON =~ QF2x QM (5.17)

Let S(ny,n9,n3,n4) denote the smash product (S3)™ A (S4)Am2 A (§3)7As A
(§%)"m4. Then by the Hilton-Milnor Theorem, Q2(5?V.S*) ~ [, 5 QXS (n1, na, ng, )
where B is a basis for the free Lie algebra on 4 elements, and 7, (22(S%Vv S*))®@Q

is generated by the set of iterated Samelson products
S(Tll, Ng, N3, Tl4) i) QES(TM, No, N3, n4) % 92(53 V 54)

where F: X — QXX is the adjoint of the identity on XX and wy is the White-
head product indexed by b.

Combining decompositions (5.16) and (5.17), there is a homotopy equivalence
Q(2(S% v §1) ~ QF2 x QM x QP.

It is clear that under the Hilton-Milnor equivalence, QM and QP correspond



CHAPTER 5. POLYHEDRAL PRODUCTS FOR N-GONS 93

to subproducts [ [, 2355(n1, na, n3, ng) and [[,c i g Q35S (11, 02, 3, 1) Te-
spectively, for disjoint B’ and B”. Tt follows that QF2 corresponds to the sub-

product
H QES(”I? ng, ng, 77/4)

beBCB
where B = B\(B’' U B"). Finally, decomposition (5.15) confirms that QC' corre-
sponds under the Hilton-Milnor equivalence to the subproduct ] [, p\5 €255(n1, na, n3, na)
and so 7, (QC)®Q is generated by those Samelson products in 7,(Q2(S3Vv .5))@Q
which do not belong to m,(QF2) ® Q. O

5.3 Generalization to n-gons for n > 5

In this section we show how to generalize our result, proved in Theorem 5.25,
which shows that the rational homotopy groups of the looped connected sum Q2C
has an infinite basis given by iterated Samelson products, to (D?, S 1)K where K
is an n-gon and n > 5.

Fix n > 5 and let K be the n-gon. Recall that by Theorem 5.8 there is a
homotopy equivalence

(D2, 81" ~ 3 (12) (8772 x "), (5.18)

Jj+1
Denote this connected sum by C' and let W be the wedge sum \/;:13 (7;12) (S92 v
S"7). Let JF, denote the homotopy fibre of the inclusion W — C. We claim

that all the results of Section 5.1 have analogues in the current setting.

To begin with, for fixed j, set an ordering of the (?;12) copies of S92 v S,

Then for j < j' set (S92 Vv §"77) < (S7+2 v §7~7"). This defines an ordering of

the E’;:_f’ (?ﬁ) wedge sums of pairs of spheres appearing in W.
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Fork=1,..., E?:_f’ (’;ﬁ) let

ip: S92 ey (STT2 SV s W

jki Sn_‘j — (Sj+2 V Sn_j)k — W
be the the inclusion maps into W and let w be the sum of the Whitehead products
n—3(n—2
(Zii_ll <J+1)[lk,]k]) : Sn+1 — W.

This map is the attaching map of the top cell in C' and so there is a homotopy
pushout diagram

gl vy (5.19)

|

x —— C.

Now let P = \/;:f’ (?ﬁ) (5972 x S"9). The collapse map x: C' — P induces
maps from each corner of the homotopy pushout (5.19) into P, and so Mather’s

Cube Lemma yields a homotopy pushout of homotopy fibres

sl QP N

1]

QP —— M.

By analogy with the results of Section 5.2, we may there is a homotopy cofibration
S QP 5 N 5 M where N ~ (S™T! % QP)V M is an infinite wedge of
spheres, M is the wedge of an infinite subcollection of the spheres in N, and
the map N — M is homotopic to the pinch map. Therefore F, is homotopy
equivalent to (S"™! x QP) — QM. and by analogy with Theorem 5.25 we are

able to state our main result for this chapter:
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Theorem 5.26. If K is an n-gon with n > 5, then (D?, Sl)K is hyperbolic and

m.(Q (D%, SHY )@ Q is generated by an infinite set of iterated Samelson products.



Chapter 6

Homotopy exponents for

(Cone QP™(p"), QP™(p"))

Throughout this chapter, let P denote a Moore space P™(p"), where p is an odd
prime and m > 3. As we saw in Chapter 3, Cohen, Moore and Neisendorfer
found that exp,(P) = p" 1. In this chapter we study the homotopy exponent of
the polyhedral product (Cone QP, QP)K, and show that when K is an n-gon, the
value of the exponent is also p"™!. For general K, we do not definitively obtain
the value of the exponent, but we believe it is also p"*!. In fact we show that
under the assumption that Barratt’s Conjecture is true, then this is indeed the
case.

Note that by Corollary 3.14 there is a homotopy decomposition
Q(P,+)" ~Q(ConeQP,QP)* x [[ QP
i=1

and so our results are also valid for (P, *)K by Proposition 4.6.
Before getting to our main results, we first need to review some work of Félix

and Tanré [11].

96
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6.1 Review of the work of Félix and Tanré

In [11], Félix and Tanré studied the rational homotopy theory of polyhedral
products. One of the constructions arising in their work is the existence of a
particular sequence of fibrations, for any polyhedral product (X, A)K, which can

be viewed as a decomposition of the fibration F — (X, A)* — [, Xi.
Theorem 6.1 ([11], Theorem 2). Let K be a simplicial complez on n vertices.

Fori=1,...,n, suppose that A; is a subspace of X; and define

K;, = resg(i)«{i+1,...,n},
}/; — (K) A)hnkrcsK(l)({Z}) ,

7, = (X’A>T€SK(i—l).

Let F! denote the homotopy fibre of Y; — Z; and F}" denote the homotopy fibre

of the inclusion A; — X;. Then there is a sequence of homotopy fibrations
B — (XA — I X,
B — (XA — (X4
F, — (X, A" — (X4

where F; is homotopy equivalent to F! x F'.

Proof. Any simplicial complex can be expressed as a homotopy pushout

linky ({n}) —— starg ({n})

S

resg(n — 1) ———
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Notice that starg ({n}) is the join linkx ({n})*{n}. Since (X, A)*** = (X, A)* x
(X, A)", then (X, Ayt — (x, gyimittd s,

By considering linkg ({n}) as a simplicial complex on {1,...,n —1} it can be
expressed as a join linkg ({n}) * 0, and similarly resy(n — 1) can be expressed as

resg(n — 1) * (). Thus there is an induced homotopy pushout

Y, x A, ——Y, x X, (6.1)

| |

Zy x A, — (X, A)F.

where Y, = (X, A)hnkK({n}) and 7, = (X, A)rESK(nfl).

Now set K,,_1 = resg(n—1)%{n} so that (X, A)*"~* = Z,x X,,. The inclusion
of K in K,,_; induces a map (X, A)K — (X, A)K’H. Denote the homotopy fibre
of this map by F),. By mapping the four corners of the homotopy pushout in (6.1)
into Z, x X,, and taking homotopy fibres, we obtain by Mather’s Cube Lemma
a homotopy pushout

/ n T !
F' x F' " F!

]

Fl —— F,.
where F is the homotopy fibre of the map Y,, — Z,, and F is the homotopy
fibre of the inclusion A, — X,,, and the maps 7, w9 are the projection maps. It
follows by Proposition 2.29 that F;, is homotopy equivalent to the join F) * F.

For the inductive step, let K; = resg (i) « {¢ +1,...,n}. Then

(X, A = (X, A s X X X X,

(l; A)KZ = (17 A)TBSK(i) X Xi+1 X Xi+2 oo X Xn’

and the homotopy fibre F;;; of the map (X, A)Ki“ — (X, A)Ki is homotopy
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equivalent to the homotopy fibre of
(X, A)reSK(i-i-l) N (i, A)reSK(i)XXi+l (62)

But since resk (i) can be expressed as the restriction of resg (i + 1) to the first ¢
vertices, then the same argument as before shows that F; is homotopy equivalent
to the join F, | x I\, where I, is the homotopy fibre of Y;1, — Z; ;1 and F\,

is the homotopy fibre of A; 11 — X, 1. O

One of the main results of [11] shows that for most choices of X and K, the

polyhedral product (Cone QX , QX )K is hyperbolic.

Proposition 6.2 ([11], Corollary 2). Suppose X is a CW -complez, and is nilpo-

tent of finite type, and let K be a simplicial complex on n vertices. If

1. K is not the full simplex A" ' and
2. H*(X;Q) # 0 and

3. and if the rational cohomology algebra H*(X; Q) is not a polynomial algebra

Q[ on one generator a of even degree,
then (Cone X, QX)" is hyperbolic.

We omit the defintion of nilpotent space here, but we note that the class of
nilpotent spaces of finite type includes simply-connected spaces of finite type.

Notice that in the case X = BT we have (Cone QX,0X)* = (D2, 51",
and since H* (BT; Q) = Q[a] where « is of degree 2, then Proposition 6.2 is not
applicable and thus does not contradict Debongnie’s result stated in Theorem 5.3.
Another family of polyhedral products which is not covered by the hypotheses
of Proposition 6.2 is that of (Cone QP, QP)" since H* (P;Q) = 0. In the next

section, we study the homotopy exponents of precisely this family.



CHAPTER 6. HOMOTOPY EXPONENTS FOR (CONE QPM (PE) QPM(PR))* 100

6.2 Homotopy exponents for n-gons

First of all we consider the special case where K is an n-gon and we determine
the value of the p-primary homotopy exponent for (Cone QP™(p"), QP™ (pT))K.
We see that the value of the exponent is independent of both n and m, and is in

r—+1

fact equal to p"™. For n = 3,4, the result is straightforward:

Proposition 6.3. Let K be the 3-gon. Then exp,((Cone 2P, QP)%) < prtt,
Proof. By equation (3.2), there is a homotopy fibration
3
(Cone QP,QP)* — (P,+)" — HH-,

i=1

and since K = A2, we have that (P, )™ = T3 in the notation of equation (2.9).
Thus Porter’s Theorem shows that (Cone QP, QP)* ~ $2QP, AQP,AQP;. By ap-
pealing to the James’ splitting together with Lemma 4.14, this is homotopy equiv-
alent to a wedge of mod p" Moore spaces and hence exp, ((Cone QP, QP)K) <prtt

by Proposition 4.15. [
Proposition 6.4. Let K be the 4-gon. Then exp,((Cone QP, QP)") < prtt.

Proof. By Corollary 3.14 there is a homotopy decomposition
4

Q(P,+)" ~Q(ConeQP,QP)* x [[ QP
i=1

Since K is the join DA! * A, there is a homeomorphism (P, %)™ ~ (P, V P) x

(Ps Vv Py) by Proposition 3.11. Thus exp,,((P, )™ is equal to

max{exp, (P V Py),exp,(Ps V Py)} = p™.
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The 5-gon is the first non-trivial case, which we consider in Section 6.2.1. We

then consider the case of n > 5 in Section 6.2.2.

6.2.1 The 5-gon

To keep our proofs tidy we shall initially work in the more general setting, working
with (Cone QX, QX )K for an arbitrary choice of spaces X;. Once we have laid
some necessary groundwork we shall then specialize to the case X; = P for all ¢
in order to obtain our homotopy exponent results for (Cone 2P, QP)K.

First of all we consider the 5-gon and subsequently generalize our results to

all n-gons for n > 5. Recall that by Theorem 6.1 there is a sequence of four

homotopy fibrations:

F, — (ConeQX, QX)K2 — H?Zl Cone Q.X;,
F; — (Cone X, QX)K3 — (Cone QX QX)K2 (6.3)
Fy, — (ConeQX,QX)*™ — (ConeQX,0X)"
F; — (ConeQX,0X)* — (ConeQX,QX)"*.
where
Ky = resk(2)x{3,4,5} ={1,2} x{3,4,5}
K3 = resg(3)«{4,5} = {{1,2},{2,3}} « {4,5}
Ki = res(d) {5} = {{1,2}, 12,3}, {3,4}} = 5}

K5 = resg(h) =K

and F; ~ F!« F/ for each ¢. In this case F" is the homotopy fibre of the inclusion
QX,;, — Cone X, and therefore F; is homotopy equivalent to F} *«QX;. We wish

to determine the homotopy type of each of the F;, and as we have just reasoned,
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to do so, it is enough to calculate the homotopy type of the F/.
Proposition 6.5. The homotopy fibre F is contractible.

Proof. Recall that F} is the homotopy fibre of the inclusion map Y; — Z; where
Y; = (Cone QX QX)linkresK“)({i}) and Z; = (Cone QX QX)YGSK(FD. When i = 2
we have linkyeq, (2)({2}) = {1} = resig(1) and hence the map Y, — Z, is the

identity map on Cone 2X;. Therfore F} is contractible. O
Proposition 6.6. There is a homotopy equivalece Fy ~ QX;.

Proof. We have resk (3) = {{1,2},{2,3}} and thus link,e, (3)({3}) is the simpli-
cial complex with a single O-simplex {2}. Taking into account the ghost vertex
{1} we see that ¥; ~ QX; x ConeQ2X,. On the other hand, resk(2) is the full
I-simplex {1,2} and so Z3 = Cone 2.X; x Cone Q2X,. Thus the map Y3 — Z3 is

homotopic to the trivial map QX; — * and hence F} ~ QX;. O

For the calculation of the homotopy type of Fy and FY, the following Lemma

will be needed.

Lemma 6.7. The homotopy fibre of the inclusion map A — AV B is homotopy
equivalent to QB x Q(EQANQB).

Proof. Consider the homotopy commutative diagram

W Qf J EQAf\QB
G ]1 A\[B
Ax B Ax B

in which all rows and columns are homotopy fibrations. The map j is null-

homotopic by Proposition 2.29, and hence G ~ QB x Q(XQA A QB). ]
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Now we may calculate the homotopy type of Fj.

Proposition 6.8. There is a homotopy equivalence
Fi ~ QXl X QXQ X Q(QXl * QXg)

Proof. Let L = linkyes, (4)({4}) and R = resg(3). Then L is the simplicial com-
plex with a single vertex {3} and ghost vertices {1}, {2}, and R is the simplicial
complex {{1},{3}} * {2}. Let L' be the simplicial complex {3} obtained from L
by forgetting the ghost vertices. Then (Cone X, QX)L = (Cone QX QX)L/ X
QX; x QX5 and (X, )" = (X, %) x * x *.

There is a homotopy commutative diagram

Fl—— (QX; x QX5) x (Cone X, QX)* —— (Cone X, QX))
F} (X, )" ! (X, )"
H§:1 Xi H?:l X;

in which all rows and columns are homotopy fibrations. In particular, F} is
homotopy equivalent to the map f: (X, *)L/ — (X, *)R induced by the inclusion
of L’ into R. But f is homotopic to the inclusion map X3 «— (X V X3) x Xs.
And hence F; ~ G x QX, where G is the homotopy fibre of X; — (X3 V X3).
By Lemma 6.7, G is homotopy equivalent to QX x Q(3QX; A QX3). ]

Before calculating the homotopy type of F? we state a further lemma, proven
by Grbié¢ and Theriault in [14], which is very useful for calculating the homotopy
type of (Cone QX, QX )K where K is obtained by gluing two sub-complexes along

a common face.
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Lemma 6.9 ([14], Theorem 10.2). Let K be a simplicial complex on n vertices
and suppose there are sub-compleres K1, Ky and a face 0 € K such that K =
Ky U, Ky. List the vertices of K1 as {1,...,l,...,m} and the vertices of Ky as
{L+1,...,m,....,n}, with {l 4+ 1,...,m} being the vertices of the common face

o. Let
a) M =T[_, QX;, and N =], ., QX,
b) Ay = (Cone QX, QX)™, and Ay = (Cone QX , QX)"™*.

Then there is a homotopy equivalence
(Cone QX , QX)) ~ (SM AN)V (M x Ay) V (A; x N).

Proof. See [14]. O
Now we calculate the homotopy type of F.

Proposition 6.10. There is a homotopy equivalence
F; ~ (2X3 x QX3) x QB x Q(XQA N QB)
where A = XQX; ANQX, and
B = (XQX1A0X35)V(ZQXoNAQX )V (EQXIAQXONAQX )V (EQXTAQX3AQXY).

Proof. Let L = linkyes, (5)({5}) and R = resg(4). Then L is the simplicial
complex {{1},{4}} and ghost vertices {2}, {3}, and R is the simplicial complex
{12}, {23}, {3, 41},

Let L' be the simplicial complex {{1}, {4}} obtained from L by forgetting the
ghost vertices. Then (Cone QX QX)L = (Cone QX QX)L, x QX5 x QX3 and
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(X, %)" = (X,*)L, Xk X k.

Now, the homotopy commutative diagram

Fl —— (Cone QX, QX)" x (2X, x QX3) — (Cone QX QX)"*
| | :
F; (X, )" (X, )"
| N
H?:1 Xi H?:1 Xi

in which all rows and columns are homotopy fibrations shows that the homo-
topy fibre of the map (X, )" — (X, *)" induced by the inclusion L — R is
also homotopy equivalent to Fy. Thus there is a second homotopy commutative
diagram

Q (X, ) 25T, QX (6.4)

G 4 P:5/ QXQ X QX3

|

(Cone QX QX)LI — (X, *)L, — Xy X Xy

l

(Cone QX QX)R — (X, *)R — H?:l X;

in which all rows and columns are homotopy fibrations. By Proposition 3.13,
Qi admits a right homotopy inverse r: []i_, QX; — Q (X, «)®. Let 1 be the
restriction of r to 22X, x X3 and let 6 be the homotopy action associated to the

middle vertical fibration in diagram (6.4). Then it follows that
(X5 x QX3) x G 8 (X, %) x FL -2

is a homotopy equivalence.
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To determine the homotopy type of GG, consider the homotopy fibration
G —s (Cone X, QX)* — (Cone X, QX)". (6.5)

Clearly, (Cone QX, QX )Ll is homotopy equivalent to ¥QX; A QX,. Now since
R = Ry U, Ry where R; is the simplicial complex {{1,2},{2,3}}, Rs is the
simplicial complex {3,4} and o = {3}, then by Lemma 6.9, there is a homotopy

equivalence
(Cone QX , QX)) ~ (SM AN)V (M x Ay) V (A; x N).
where

XM NN

12

E(QXl X QXQ) VAN QX4

12

(QX, V EQX5 V EQX, A QXo) AQX,

12

(SQX7 A QX)) V (EQX5 A QXL V (SQX; A QXs A QXY),

M x Ay ~ (X1 x QX5) x (Cone X3 x Cone QX))

12

*,

Al XN ~ (EQXl A QXg) bl QX4

12

(SQX1 A QX3) V (SQX] A QX5 A QX))

Thus the fibration in equation (6.5) can be written

G— A— AVB (6.6)
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where A = ZQXl VAN QX4 and B = (EQXl VAN QXg) V (ZQXQ VAN QX4) V (ZQXl VAN
OXo A QXy) V(2QX; AQX3 AQXY).
Finally, by Lemma 6.7 we see that G is homotopy equivalent to QB x Q(3XQAA

OB). O

The Exponent Bound

Before proceeding to calculate the p-primary homotopy exponent for the poly-
hedral product (Cone 2P, QP)K in the case that K is the 5-gon, we first need a

couple of lemmas.

Lemma 6.11. Let K be a simplicial complex on n vertices, and let K; be defined
as in Proposition 6.1, and suppose that (X, A) is a sequence of pairs such that
X, is a contractible space for each i = 1,...,n. Then, fori = 2,...,n the map
fir (X, A)K’ — (X, A)K”l induced by the inclusion K; — K;_1, admits a right

homotopy inverse.

Proof. Recall that for 1 <1 < n, K is defined as the simplicial complex resy (1) *
{l+1,...,n}. By Proposition 3.11 (X, A)Kl is homeomorphic to the product

(X, A)resx® [1j_ 1 Xj, and it follows that f; is homotopic to the map

(X4 5 25 (A % X ) x Q
where () = H?:l 41 X; and f; is the restriction of f;. Note that since Q is con-
tractible f; is actually homotopic to f;
Finally, since X; is contractible, the projection (X, A)"**<0Vx X, — (X, A)rx(-

is a homotopy equivalence and so f; may be expressed as the composite

(l’ A)TESK(i) L) (1’ A)resk(ifl) x X, i» (iyé)resK(ifl)
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Since we have simply restricted f; to the first + co-ordinates and then projected
to the first ¢ — 1 co-ordinates, this composite is clearly homotopic to the map

(X, A s (X, A% induced by the projection H;zl X; — [T X5

J]=

It follows that the map (X, A<D 5 (X A)**% induced by the inclusion

resg (i — 1) — resk(7) is a right homotopy inverse for f;. ]

Lemma 6.12. Suppose Y is a space of the form SQP™(p") A Q(][; A;) where
each A; is either a product of mod p" Moore spaces, or a wedge sum of mod p”

Moore spaces. Then'Y is homotopy equivalent to a wedge of mod p" Moore spaces

Proof. The proof follows by iterated use of the James splitting and the decom-
position X(X xY) ~ XX VY V 3(X AY) of Proposition 2.21. O

Now we turn our attention to the polyhedral product (Cone QP, QP)K where
K is the 5-gon, and use the results of this chapter to obtain an upper bound for

its homotopy exponent.

Theorem 6.13. Let K be the 5-gon. Then
exp,((Cone QP, QP)™) = pr .

Proof. From Equation (6.3) we have a sequence of homotopy fibrations

F, — (ConeQP,QP)* LN [1._, Cone QP;,

F; — (ConeQP,QP)" LN (Cone QP, QP)"
Fy — (ConeQP,QP)% L% (ConeQP,QP)"
Fs — (ConeQP,QP)X 5 (ConeQP,QP)k*,

By Proposition 6.6, F3 is homotopy equivalent to XQP; A QP which by Lemma
6.12 is homotopy equivalent to a wedge of mod p” Moore spaces. The homotopy

exponent of a wedge of Moore spaces was calculated in Proposition 4.15 and
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we see that exp,(F3) = p't. In fact, since (ConeQP, QP)K2 is contractible,
we see that there is a homotopy equivalence (Cone QP, QP)K3 ~ F3 and so too
exp,((Cone P, QP)"?) = pr+L.

Now, by checking the homotopy decomposition of Fj given in Proposition
6.8, Lemma 6.12 shows that F} is homotopy equivalent to a wedge of Moore

spaces and so exp,(Fy) = p"t.

Since f; admits a right homotopy inverse by
Lemma 6.11, there is a homotopy decomposition €2 (Cone QP,QP)K4 ~ QF, X
Q (Cone QP, QP)™*. Thus, comparing exponents we have exp, ((Cone QP, QP =
max{exp,(F4), exp,((Cone QP, QP)"*)} = pr+L.

Similarly, Proposition 6.10, and Lemma 6.12 together show that Fj is ho-
motopy equivalent to a wedge of mod p” Moore spaces. Thus exp,(F5) = prt
Since f5 admits a right homotopy inverse, there is a homotopy decomposition

Q (ConeQP, QP)K ~ QF5 x Q (Cone QP, QP)K4 and therefore comparing expo-

nents as before, gives the result exp,((Cone QP, QP)%) = prtt, O

6.2.2 Generalization ton > 5

In this section we generalize Theorem 6.13 to show that the p-primary homotopy
exponent for (Cone QP, QP)K where K is an n-gon for n > 5, is also bounded
above by p"ti.

In the proof of Theorem 6.13 we could actually have obtained the result by
considering only the final fibration in the sequence F5 —s (Cone QP,QP)" ELN
(Cone QP, QP)"* and showing directly that exp,((Cone QP, QP)% ) = prtl. We

shall follow this approach in this section. Specifically, fix n > 5 and let K be the
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n-gon. Then we have a sequence of homotopy fibrations

F, — (ConeQP,QP)%* 2 [ ConeQX;,
F; — (ConeQP,QP)% LN (Cone QP,QP)*

F, — (ConeQP,QP)X I (ConeQP,QP)<m.

We consider the fibration F, —s (Cone QP,QP)" Ty (Cone QP, QP)*"* and
show that (Cone QP QP)K’H has the homotopy type of a wedge of Moore spaces.
Recall that K,,_ is the join resg (n—1)%{n}, whereresx(n—1) = {{1,2},..., {n—
2,n — 1}}. This restricted complex has the nice property that it is built induc-
tively by gluing 1-simplices, one at a time, along a common O-simplex. The

following useful lemma shows that there is an analogous iterative construction of

(Cone QP, QP)"*"1.

Lemma 6.14. Let n > 3 and let A(n) denote the simplicial complex

An) ={{1,2},...,{n—1,n}}.

Let X = { X}, be a sequence of n arbitrary spaces. Then there is a homotopy

equivalence
(Cone X, QX)*™ ~ (M A N) V ((Cone QX, QX)) x N)

where M = H;:lz QX,; and N = QX,,.

Proof. The simplicial complex A(n) is obtained by gluing A(n — 1) and the sim-

plicial complex L = {n —1,n} along the common vertex {n — 1}. It follows from
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Lemma 6.9 that there is a homotopy equivalence
(Cone X, QX)*™ ~ (SMAN)V(M x (Cone QX, QX)*)V((Cone X, QX)* " VxN).

But since (Cone QX QX)L = Cone 2.X,,_1 x Cone 2.X,, is contractible, the result
follows. [

Proposition 6.15. Let n > 4 and let A(n) be the simplicial complex of Lemma
6.14. Then (Cone QP, QP)A(H) has the homotopy type of a wedge of mod p” Moore

Spaces.

Proof. We proceed by induction. For the case n = 4, refer to the proof of Propo-
sition 6.10. There it was shown that for an arbitrary space X, (Cone QX , QX )A(4)
decomposes as a wedge sum of spaces of the form L(QX)"* with k¥ < 3. When X
is a Moore space P, it is seen by iterating the James splitting that each of these
wedge summands splits as a wedge of mod p” Moore spaces.

Now suppose that (Cone QP,QP)A("_I) has the homotopy type of a wedge
of mod p” Moore spaces. Then Lemma 6.14 shows that (Cone QP, QP)A(") ~
(XM A N) V (Cone QP,QP)*"™ % QP where M = (QP)"2 and N = QP.
The summand XM A N splits as a wedge of mod p"” Moore spaces by Lemma
6.12. Furthermore, (Cone QP QP)A(nfl) is a suspension space and so there is a

homotopy splitting of the wedge summand
(Cone 0P, QP)A "™ % QP ~ (Cone QP, QP)A" ™V v (Cone QP, QP)* "~V A QP

by Proposition 2.32. The induction hypothesis tells us that the polyhedral prod-
uct (Cone QP, QP)A("_I) decomposes as a wedge of mod p" Moore spaces and

therefore so does the summand (Cone QP, QP)A("fl) A QP. In other words

(Cone QP, QP)A(") decomposes as a wedge of mod p" Moore spaces, as required.
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]

Now we can calculate the homotopy type of F| where F,, ~ F x F is
the homotopy fibre in the homotopy fibration F,, — (ConeQP, QP)K —

(Cone QP, QP)* "' as in the notation of Theorem 6.1.

Proposition 6.16. There is a homotopy equivalence F! ~ QA; x QA where

Ay, Ay are both homotopy equivalent to a wedge of mod p" Moore spaces.

Proof. By definition, F is the homotopy fibre of the map (Cone QP, QP)L —
(Cone QP, QP)" where L = linkg({n}) and R = resx(n — 1) = A(n —1). Note
that L is the simplicial complex {{1}, {n—1}} with ghost vertices {2}, ..., {n—2}.
Let L' be the simplicial complex {{1},{n—1}} obtained from L by forgetting the
ghost vertices. Then (Cone QP, QP)L/ ~ YQP, ANQP,_; and (ConeQP, QP)L ~
(Cone P, QP)" x [[\2} QP

Similarly to the proof of Proposition 6.10, there is a homotopy commutative
diagram

QP+ LT ap,

G v F 2P

1=2

(Cone QP, QP)L, — (P, *)L, —— P x P,

(Cone QP QP) —— (P, ) —— H?:_ll P
in which all rows and columns are homotopy fibrations. By Proposition 3.13
the map i has a right homotopy inverse 7: H?:_ll QP — Q(P, *)R, and so it

follows that there is a homotopy equivalence

n—2
(HQP,) <GS et x5 F
=2
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where 77 is the restriction of r to H?:_; Q) P; and 0 is the homotopy action associated

with the middle vertical fibration.

It remains to calculate the homotopy fibre G of the inclusion map
f: (ConeQP,QP)Y —s (Cone QP, OP)"

induced by the inclusion of simplicial complexes L' — R. By Lemma 6.14,
(Cone P, QP)" ~ (XM A N)V B where B = (Cone QP,QP)* "™ % N, M is
the product H;:f’ QP;, and N = QP,_,. By Proposition 2.21 there is a homotopy

decomposition X(Y] x Y3) ~ XY; V XY, V Y] A'Y; for arbitrary spaces Yy, Ys.

Iterating this decomposition, we see that

YMAN = E(QPIX...XQPn_g))/\QPn_l

12

(SQP, AQP,_,) vV C

where C'is a wedge of spaces of the form XQFP, A...AQF, with1 <14 <...<
i <n-—1.

The map f is homotopy equivalent to the inclusion of the wedge summand
YQPLAQP, 1 — (3QP, AQP, 1)V D where D = C'V B. Thus by Lemma

6.7 the homotopy fibre G is homotopy equivalent to

QD x QEQSQP, AQP,_1) A QD).

Let Ay = D and Ay = SQ(XQPAQP,_1)AQD. A; is clearly homotopy equivalent
to a wedge of Moore spaces since both B and C are. To see that A, is homotopy
equivalent to a wedge of mod p” Moore spaces, notice first that the space Z =

QP AQP,_1 decomposes as a wedge of Moore spaces by Lemma 6.12. Therefore
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Ay ~ ¥Q7Z N QD where both Z, D are homotopy equivalent to a wedge of mod
p" Moore spaces. Thus iterated use of the James splitting shows that A, is in

fact homotopy equivalent to a wedge of mod p" Moore spaces. O

Theorem 6.17. Let n > 3 and let K be the n-gon. Then
exp,((Cone QP, QP)%) = prtt.

Proof. The cases n < 5 were proven independently in Proposition 6.3 and Propo-

sition 6.4. For n > 5, consider the homotopy fibration
F, — (Cone QP, QP)" LN (Cone QP,QP)""1

Since f,, admits a right homotopy inverse by Proposition 6.11, there is a homotopy
equivalence Q (Cone QP, QP)* ~ QF, x Q (Cone QP,QP)*"" and hence

exp,,((Cone QP, QP)*) = max{exp, (F,), exp,((Cone QP, QP) 1} (6.7)

Now, the fibre F,, ~ X F! A F! is by Proposition 6.16 homotopy equivalent to
Y(QA; x QA5) AQP where Aq, Ay both decompose as a wedge of mod p” Moore
spaces. By Lemma 6.12 it follows that Fj, is also homotopy equivalent to a
wedge of Moore spaces. Moreover, by Proposition 6.15, (ConeQP, QP)K’H is
homotopy equivalent to a wedge of mod p” Moore spaces. Therefore exp, (F,) =
exp,((Cone QP, QP)% 1) = pr*! and as a consequence, equation (6.7) shows

that exp,((Cone QP, QP)K) = p"*! as required. ]

Finally, we conclude this section with a couple of observations. Throughout
this chapter, we we were concerned with polyhedral products (Cone QX QX )K

where X; = P = P™(p") for all i, and m > 3 is fixed. However, the results
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we have proven will work equally well in the case that X; = P™i(p"), where
m; > 3 for each i. Since the homotopy exponent of P™(p") is independent of the
dimension, the methods used in this chapter can be applied equally well to show
that the homotopy exponent is also p"*! in this more general case.

Moreover, our methods can be further extended to sequences X = {Xj,..., X,,}
where X; is a mod p™* Moore space of dimension m; > 3, with r; > 1. There is
only one aspect of our methods in this chapter which needs some extra care in this
situation. Throughout this chapter we have made extensive use of Proposition
4.14 which says that a smash product P™(p") A P*(p") of mod p” Moore spaces
decomposes as a wedge sum P™F(p") v P™n=1(pr). In fact this is a special case
of a more general result which says that for ¢ > s there is a homotopy equivalence
P™(p*) A PE(pt) = PR (p') v PR (pf),

These observations mean that we can immediately extend Theorem 6.17 to

the following more general result:

Theorem 6.18. Let n > 3 and let K be the n-gon. Fori =1,...,n let X; =

P™i(p") where m; > 3 and r; > 1. Then
exp,((Cone X, QX)") = pfi+t,

where R = max{r;},.

6.3 An application of Barratt’s Conjecture

As in the previous section we use P to denote a mod p” Moore space P™(p") where
r > 1, but this time we must take m > 4. In this concluding section of the thesis
we show that if Barratt’s Conjecture is true, then we may actually determine the

p-primary homotopy exponent of the polyhedral product (Cone QP,QP)K, for
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any simplicial complex K. In fact the value of the homotopy exponent does not
depend on K and is given by p"*! in all cases.

In section 6.2.2, where K was taken to be an n-gon, we were able to prove
Proposition 6.12 which said that for certain spaces X, the join XQP™(p") A X
always decomposes as a wedge of mod p” Moore spaces. As it turned out, we were
able to show that each of the homotopy fibres F} for i = 2,...,n always have this
property, and as such, we saw that for each ¢ = 2, ... n, the fibre F; ~ X F/ A F/
decomposes as a wedge of Moore spaces.

When we turn our consideration to the case of arbitrary K, it is not clear
whether the corresponding statement is true about the F;. If we assume the
truth of Barratt’s Conjecture, then we have the following lemma which provides

an analogous result to Proposition 6.12.

Lemma 6.19. Let X be a space and suppose m > 4. If Barratt’s Conjecture
holds, then

exp,(SQP™(p") A X) < pth

Proof. By the James splitting, together with Proposition 4.14 we have

l

QP (p YA X ~ (ZQEP™ ") AX

~ (Vo P (p") AN X

12

B(Va P p")) A X,

Since V,P™ ! (p") has co- H-exponent p”, then so does (VP! (p"))AX. Thus,
if Barratt’s conjecture holds then it follows that exp,(X(VoP" ! (p")) A X) <

p L But since X(Vo P (p")) A X ~ XQP™(p") A X, the result follows. [

If K is the full simplex A" ! on n vertices then (Cone QP, QP)" = []; Cone QP

is contractible. For allother simplicial complexes we have the following result:
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Theorem 6.20. Let K be a simplicial complex on n > 1 vertices, K # A",

and let P = P™(p") where m >4 and r > 1. If Barratt’s Congjecture holds, then
exp, ((Cone QP, QP)%) = prtt.

Proof. The proof is similar to that of Theorem 6.13. Consider the sequence of

homotopy fibrations

F, — (ConeQP,QP)% 24 []", ConeQP,
F; — (ConeQP,QP) 25 (ConeQP,QP)"

F, — (ConeQP QP)" In, (Cone QP,QP)" "1,

where K; = resg(i) x {i +1,...,n}, as defined in Theorem 6.1. Since K # A" !,
then K contains at least one missing face, that is, there exists a subset o C [n]
such that o ¢ K but all proper subsets of o belong to K. Let 7 be a missing face
of least dimension, £ — 1 say, and relabel the vertices of K if necessary so that
T={1,...,k}.

Now, for ¢ = 2,...,k — 1 we have resg (i) = A" and it follows that each of

the spaces in the fibrations
F, — (ConeQP,QP)" LN [T;-, Cone QP;,
fr—1

Fioy —> (ConeQP,QP) 1 24 (ConeQP,QP) 2.

is contractible. The first non-trivial fibration in the sequence is

F, — (Cone QP, QP)"* LN (Cone QP, QP)" 1
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Since Kj, = OA* 1« {k+1,...,n} then (Cone QP, QP)K’“ is homotopy equivalent
to (Cone QP, QP)‘?M_I. To determine the homotopy type of (Cone 2P, QP)aM_l ’

notice that equation (3.2) gives a fibration
(Cone QP, QP)" " — (P — ] A

The space (P, *)kail is the fat wedge, which is by definition the space TF in the
notation of equation (2.9). Thus Porter’s Theorem shows that (Cone QP, QP)**
is homotopy equivalent to a wedge of spaces of the form ¥ 1QP, A ... A QFp;,
and therefore by the James splitting, is homotopy equivalent to a wedge of Moore
spaces. In particular, exp,((Cone 2P, QP)K’“) = p"*t1. This concludes the base
step of our induction.

Now, let k& < I < n and suppose that exp,((ConeQP, QP)KI) < p'tl. By
Theorem 6.1, Fiyy ~ XF/ A F/\, where F/' | ~ QP ;. Thus by Lemma 6.19,
under our assumption that Barratt’s Conjecture holds, we have expp(FlH) <

pr—i—l

Now, by Proposition, 6.11, f;,1 has a right homotopy inverse and so there is
a homotopy decomposition Q (Cone QP, QP)*" ~ QF,; x Q (Cone QP, QP)".
It follows that exp,((Cone QP, QP)" 1) < pr+l.

By induction, we obtain the upper bound exp,((Cone QP,QP)K) < prti
Next we show that p"*! also bounds below. By Proposition 6.11, f; has a right

homotopy inverse for each £ <7 < mn. Thus there are homotopy decompositions
Q2 (Cone 2P, QP)Ki ~ QF; x 2 (Cone )P, QP)Kifl

for k < i < n. It follows that Q (Cone QP, QP)" ~ Q(Cone QP,QP)** x Z for
some space Z. In particular, 7, (Q (Cone QP, QP)™) contains (€ (Cone QP, QP)**)
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as a direct summand, and therefore contains elements of order p" ! since (Cone Q. P, QP)K"’

is a wedge of Moore spaces. this proves the result.

O

We conclude by observing that since Moore spaces are rationally contractible,
then so is (ConeQP,QP)*. That is the rational equivalence P™(p") ~g *
induces a rational equivalence (Cone QP,QP)K ~0 (*,*)K. It follows that
(Cone P, QP)K has trivial rational homotopy groups and is therefore elliptic.
Therefore Theorem 6.18 provides a family of spaces satisfying Moore’s Conjec-
ture, that we believe were not known previously. If Barratt’s Conjecture is true

then Theorem 6.20 extends this family.



Chapter 7

Further Work

We end the thesis by outlining some possibilities for further work which would

build on the results of this thesis.

Conjecture A. The following statements are equivalent:

a) (D™, 5™ VX is elliptic,

b) K is a join of simplices and boundaries of simplices,

c) (D™, Sm_l)K is homotopy equivalent to a product of spheres.

A proof of Conjecture A would extend Debongnie’s result, (Theorem 5.3),
which classifies those simplicial complexes for which (D? S 1)K is elliptic, to the
pair (D™, S™ 1) and consequently to (P™(p"), S™ 1) for m > 2. It should be
noted that during the final stages of writing this thesis, Bahri, Bendersky, Cohen
and Gitler ([2]) have found a geometric proof of Debongnie’s result, by show-
ing that when K is not a join of simplices and boundaries of simplices, then a
pair of intersecting missing faces in K can be chosen which realize a rational
wedge of spheres S V S* as a retract of (D2, S1)". This of course implies that

the rational homotopy groups of (DQ,SI)K contains a free Lie algebra on two

120
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generators, yielding the hyperbolicity result. We have not proven it here due to
time constraints, but we believe that the same methods should work for the pair
(D™, S™1) and therefore confirm Conjecture A.

Let p be an odd prime, and let P = P™(p") for m > 3 and r > 1.

Conjecture B. If K is any simplicial complex other than a full simplex, then

exp, ((Cone QP, QP)%) = prtt.

We proved in Theorem 6.20, that this result holds if we assume that Barratt’s
Conjecture is true. The proof that p"*! is a lower bound did not depend on
Barratt’s Conjecture and so this is holds in general. To prove Conjecture B, it is

enough to show that p"*! is an upper bound.
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