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L-PACKETS AND FORMAL DEGREES FOR SL,(K)
WITH K A LOCAL FUNCTION FIELD OF
CHARACTERISTIC 2

SERGIO MENDES AND ROGER PLYMEN

ABSTRACT. Let G = SLo(K) with K a local function field of
characteristic 2. We review Artin-Schreier theory for the field K,
and show that this leads to a parametrization of L-packets in the
smooth dual of G. We relate this to a recent geometric conjecture.
The L-packets in the principal series are parametrized by qua-
dratic extensions, and the supercuspidal L-packets by biquadratic
extensions. We compute the formal degrees of the elements in the
supercuspidal packets.
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In this article we consider a local function field K of characteristic
2, namely K =[F,((w)), the field of Laurent series with coefficients in
F,, with ¢ = 2/. This example is particularly interesting because there

are countably many quadratic extensions of F,((w)).

We consider G = SLy(K). Drawing on the accounts in [5, [16] [17],
we review Artin-Schreier theory, adapted to the local function field
F,((w)). This leads to a parametrization of L-packets in the smooth
dual of G. In this article, we reserve the term L-packets for the ones

which are not singletons.

Date: February 9, 2013.



2 S. MENDES AND R. PLYMEN

The L-packets in the principal series are parametrized by quadratic
extensions, and the supercuspidal L-packets by biquadratic extensions.
There are countably many supercuspidal packets.

By canonical formal degree we shall mean formal degree with re-
spect to the Euler-Poicaré measure on G, as in [12]. We compute the
canonical formal degrees of the elements in the supercuspidal packets,
relying on the Formal Degree component of the local Langlands cor-
respondence, see [12), §6]. The canonical formal degrees are all dyadic
rationals, in fact they are integer powers of 2. They depend on the
residue degree f, and on the breaks in the lower ramification filtration
of the Galois group Z/27Z x Z/27.

The commutative triangle in Theorem 4.3, and the bijective maps
b.2] 5.3 in §5, amount to a proof, for G, of the tempered version of
the geometric conjecture in [IJ.

Thanks to Anne-Marie Aubert for her careful reading of the file, and
for sending us some valuable comments. The first author would like to
thank Chandan Dalawat for a valuable exchange of emails and for the
reference [5].

2. ARTIN-SCHREIER THEORY

Let K be a local field with positive characteristic p. The cyclic
extensions of K whose degree n is coprime with p are described by
Kummer theory. It is well known that any cyclic extension L/K of de-
gree n, (n,p) = 1, is generated by a root « of an irreducible polynomial
2" —a € Klz]. If a € K* is a root of 2™ — a then K(«a)/K is a cyclic
extension of degree n and is called a Kummer extension of K.

Artin-Schreier theory aims to describe cyclic extensions of degree
equal to or divisible by ch(K) = p. It is therefore an analogue of
Kummer theory, where the role of the polynomial z" — a is played
by ™ — x — a. Essentially, every cyclic extension of K with degree
p = ch(K) is generated by a root a of ¥ —x — a € K|x].

We fix an algebraic closure K of K and a separable closure K* of K
in K. Let p denote the Artin-Schreier endomorphism of the additive
group K* [9]:

p: K°— K° x— a2 —ux

Given a € K denote by K (p~!(a)) the extension K (), where p(a) =
a and a € K°. We have the following characterization of finite cyclic
Artin-Schreier extensions of degree p:

Theorem 2.1. (1) Given a € K, either p(x) —a € K[z] has one
root in K in which case it has all the p roots are in K, or is
wrreducible.

(i1) If p(x) — a € Klx] is irreducible then K(p~*(a))/K is a cyclic
extension of degree p, with p~'(a) C K*.



FORMAL DEGREES 3

(i11) If L/ K be a finite cyclic extension of degree p, then L = K(p~(a)),
for some a € K.

(See [16], p.34] for more details.)

We fix now some notation. K is a local field with characteristic
p > 1 with finite residue field k. The field of constants & = FF, is a
finite extension of F,, with degree [k : F,] = f and ¢ = p/.

Let o be the ring of integers in K and denote by p C o the (unique)
maximal ideal of 0. This ideal is principal and any generator of p
is called a uniformizer. A choice of uniformizer w € o determines
isomorphisms K = F,((w)), 0 = F,[[w]] and p = wo = wF,[[=]].

A normalized valuation on K will be denoted by v, so that v(w) =1
and v(K) = Z. The group of units is denoted by 0*.

2.1. The Artin-Schreier symbol. Let L/K be a finite Galois exten-
sion. Let Np/x be the norm map and denote GL/K = Gal(L/K)™ the

abelianization of Gal(L/K). The reciprocity map is a group isomor-
phism

(2.1) K* /Ny L* — G

The Artin symbol is obtained by composing the reciprocity map with
the canonical morphism K> — K* /N /xL*

(2.2) be K* — (b, L/K)EGL/K

From the Artin symbol we obtain a pairing
(2.3) K x K* — Z/pZ, (a,b) — (b, L/K)(a) — «,
where p(a) = a, « € K* and L = K(«).

Definition 2.2. Given a € K and b € K*, the Artin-Schreier symbol
is defined to be

[a,b) = (b, L/K)(a) — a.

We summarize some important properties of the Artin-Schreier sym-
bol.

Proposition 2.3. The Artin-Schreier symbol is a bilinear map satis-
fying the following properties:
(1) [a1 + ag,b) = [a1,b) + [ag, b);
(1) [a,b1by) = [a,by) + [a, by);
(i77) [a,b) =0,YVa € K & b€ NpkL*, L =K(a) and p(a) = a;
(iv) [a,b) =0,Vbe K* < a € p(K).

(See [9, p.341])
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2.2. The groups K/p(K) and K*/K*P. In this section we recall
some properties of the groups K/p(K) and K*/K*? and use them to

redefine the pairing (2.3)).
Consider the additive group K. The index of p(K) in K is infinite

[6, p.146]. Hence, K/p(K) is infinite.

Proposition 2.4. K/p(K) is a discrete abelian torsion group.

Proof. The ring of integers decomposes as a (direct) sum
o=F,+p

and we have
p(0) = p(Fy) + o(p).
The restriction p : p — p is an isomorphism, see [5, Lemma 8]. Hence,

p(0) = p(Fy) +p
and p C p(K). It follows that p(K) is an open subgroup of K and

K/p(K) is discrete. Since p(K) is annihilated by p, K/p(K) is a
torsion group. O

Now we concentrate on the multiplicative group K*. The subgroup
K*? is not open in K* and the index [K* : K*P| is infinite [0, Lemma
p.115]. Hence, K*/K*? is infinite. The next result gives a characteri-
zation of the topological group K*/K*?.

Proposition 2.5. K*/K*? is a profinite abelian p-torsion group.
Proof. There is a canonical isomorphism K* = 7Z x o*. By [8, p.25],

the group of units 0™ is a direct product of countable many copies of
the ring of p-adic integers

oX§Zp><Zp><Zp><...:HZp.
N

Give Z the discrete topology and Z, the p-adic topology. Then, for
the product topology, K* = Z x [[yZ, is a topological group, locally
compact, Hausdorff and totally disconnected.

K*P decomposes as a product of countable many components

K & pZ x ply, X pZy % ... = pL x | [ pZy.-
N
Denote by y = [[,, ¥» and element of [ [ Z,, where y,, = > oo a; ,p" €

Z,, for every n.
The map

0 : 7 X HZP — ZL]pZ x HZ/pZ, (x,y) — (z(modp), Hpro(yn))

where pro(y,) = ao, is the projection, is clearly a group homomor-
phism.
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Now, Z/pZ x [y Z/pZ = [],—, Z/pZ is a topological group for the
product topology, where each component Z/pZ has the discrete topol-
ogy. Moreover, it is compact by Tyconoff Theorem, Hausdorff and
totally disconnected [2, TGIL.84, Prop. 10]. Therefore, [[ 2 ,Z/pZ is a
profinite group.

Since

kerp = pZ x Hpr,
N
it follows that there is an isomorphism of topological groups

KX /K7 =] pZ,,
N

where K*/K*P is given the quotient topology. Therefore, K*/K*? is
profinite. U

From Propositions and K/p(K) is a discrete abelian group
and K/K*? is an abelian profinite group, both annihilated by p =
ch(K). Therefore, Pontryagin duality coincides with Hom(—,Z/pZ)
on both of these groups, see [I7]. See also [13] for more details on
Pontryagin duality. The pairing restricts to a pairing

(2.1) [,.): K/o(K) x K*/K*? = Z/pL.

which we refer from now on to the Artin-Schreier pairing. It follows
from (i) and (iv) of Proposition 2.3 the pairing is nondegenerate (see
also [17, Proposition 3.1]). The next result shows that the pairing is
perfect.

Proposition 2.6. The Artin-Schreier symbol induces isomorphisms of
topological groups

K*/K*? = Hom(K/p(K),Z/pZ),bK*? s (a + p(K) — [a,b))
and
K/p(K) — Hom(K*/K*?,7./pZ),a + o(K) — (bK*P v [a, b))

Proof. The result follows by taking n = 1 in Proposition 5.1 of [17],
and from the fact that Pontryagin duality for the groups K/p(K) and
K*/K*P coincide with Hom(—,Z/pZ) duality. Hence, there is an iso-
morphism of topological groups between each such group and its bid-
ual. O

Let B be a subgroup of the additive group of K with finite index
such that p(K) € B C K. The composite of two finite abelian Galois
extensions of exponent p is again a finite abelian Galois extension of
exponent p. Therefore, the composite

Kp=K(p ' (B) = [ K(p™'(a))

a€eB
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is a finite abelian Galois extension of exponent p. On the other hand,
if L/K is a finite abelian Galois extension of exponent p, then L = Kp
for some subgroup p(K) C B C K with finite index.

All such extensions lie in the maximal abelian extension of exponent
p, which we denote by K, = K(p *(K)). The extension K,/K is
infinite and Galois. The corresponding Galois group G, = Gal(K,/K)
is an infinite profinite group and may be identified, under class field
theory, with K*/K*P  see [17, Proposition 5.1]. The case ch(K) = 2
leads to Gy = K*/K*? and will play a fundamental role in the sequel.

3. QUADRATIC CHARACTERS

From now on we take K to be a local function field with ch(K) = 2.
Therefore, K is of the form F,((ww)) with ¢ = 27,
Recall that a character of K* is a group homomorphism

x:K*—=T

where T = {z € C : |z| = 1} is the unit circle. Denote by K* the
group of characters of K*. There is a canonical isomorphism

—_— — —~
K*X=27Zxo*=T x 0X.

Therefore, given a character y € f(\x, we may write x = 2"xo, where
z € T, v is the valuation and xo, € 0%. If xo = 1 we say that x
is unramified. A character y of K* is called quadratic if x> = 1.
Since the unique quadratic character of Z is (n + (—1)"), a nontrivial
quadratic character has the form y = (—1)"xo, with x3 = 1.

When K = F,((w)), we have, according to [8, p.25],

UXgZQXZQXZQX...:HZQ
N

with countably infinite many copies of Z,, the ring of 2-adic integers.
Artin-Schreier theory provides a way to parametrize all the quadratic

extensions of K = F ((w)). By Proposition there is a bijection

between the set of quadratic extensions of F,((w)) and the group

Fy((@)) /Fy(())* = [ [ 222 = Go

where (G5 is the Galois group of the maximal abelian extension of ex-
ponent 2. Since (5 is an infinite profinite group, there are countably
many quadratic extensions.

To each quadratic extension K(a)/K, with a* —a = a, we associate
the Artin-Schreier symbol

la,.) : K*/K** — Z)2L.
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Now, let ¢ denote the isomorphism Z/27Z = ps(C) = {£1} with the
group of roots of unity. We obtain, by composing with the Artin-
Schreier symbol, a unique multiplicative quadratic character y, =

¢(la,.)):

(3.1) Xa 1 K — C*.

Proposition shows that every quadratic character of F,((ww))*
arises in this way.

Example 3.1. The unramified quadratic extension of K is K(p~1(0)),
see [B] proposition 12. According to Dalawat, the group K/p(K) may
be regarded as an Fy-space and the image of o under the canonical
surjection K — K/p(K) is an Fy-line, i.e., isomorphic to Fy. Since
O © P — P is an isomorphism, the image of p in K/p(K) is {0}, see
lemma 8 in [5]. Now, choose any ag € o\p. The quadratic charac-
ter Xao = @([ao,.)) associated with K(p~'(0)) via class field theory is
precisely the unramified character (n — (—1)") from above. Note that
any other choice by € 0\p, with ag # by, gives the same unique unram-
ified character, since there is only one nontrivial coset ag + @(K) for

ap € U\p

Let G denote SLy(K), let B be the standard Borel subgroup of G, let
T be the diagonal subgroup of G. Let x be a character of 7. Then,
x inflates to a character of B. Denote by 7, the (unitarily) induced
representation Indf(). The representation space of V;, of 7, consists
of locally constant complex valued functions f : G — C such that, for
every a € K*, be K and g € G, we have

(G0 )) = dx(@f(9)

The action of G on V) is by right translation. The representations
(my, V) are called (unitary) principal series of G = SLy(K).

Let x be a quadratic character of K*. The reducibility of the in-
duced representation Ind(x) is well known in zero characteristic. W.
Casselman proved that the same result holds in characteristic 2 and
any other positive characteristic p.

Theorem 3.2. [3, 4] The representation m, = Indg(x) is reducible if,
and only if, x is either |.|* or a nontrivial quadratic character of K*.

For a proof see [3, Theorems 1.7, 1.9] and [4, §9].

From now on, x will be a quadratic character. It is a classical result
that the unitary principal series for GL5 are irreducible. For a repre-
sentation of GLs parabolically induced by 1 ® y, Clifford theory tells
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us that the dimension of the intertwining algebra of its restriction to
SL, is 2. This is exactly the induced representation of SLy by :

d" " (1 © )jsper — Ind?%(x)

where B denotes the standard Borel subgroup of GLy(K). This leads to

reducibility of the induced representation Ind$ () into two inequivalent

constituents. Thanks to M. Tadic for helpful comments at this point.
The two irreducible constituents

(3.2) T, = Ind%(x) =7
define an L-packet {n, 7} for SL,.

+ —
X@WX

4. A COMMUTATIVE TRIANGLE

In this section we confirm part of the geometric conjecture in [I]
for SLy(F,((w))). We begin by recalling the underlying ideas of the
conjecture.

Let G be the group of K-points of a connected reductive group over
a nonarchimedean local field K. We have the Bernstein decomposition

Irr(G) = | |Trr(G)"

over all points s € B(G) the Bernstein spectrum of G, see [14].

Let xao = ©([ao,.)) denote the unramified character of K* associ-
ated with the unramified quadratic extension K(ag) = K(p~'(0)) as
in example 3.1] Fix a quadratic character y, = ¢([a,.)) associated
via class field theory with the quadratic extension K(a) (in a fixed

algebraic closure K), where o — a = a.

Proposition 4.1. There is a unique quadratic extension K(B) with
associated character Xqaot+a- Moreover, Xao+a = XaoXa-

Proof. The compositum K («)K (ap) is Galoisian over K, with Galois

group Z/27 x Z/2Z. Therefore, contains three subfields, which are

quadratic extensions of K, namely K(ap), K(a) and, say, K(5). The

extension K () is such that % — 8 = ag + a, and has an associated

quadratic character given by x4,+q. Hence

Xao+a = P([ao +a,.)) = ¢([ao, ) + [a,.)) = ¢([ao, .))e(la, ) = XaoXa-
O

By theorem [3.2] the induced representations
Tag = Indg‘(Xao) » Ta = Indg(Xa) and o4 = Ind%(X&o—i—a)

are reducible and split into a direct sum of two irreducible component.

Central to the geometric conjecture is the concept of extended quo-
tient of the second kind, which we now define.
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Let W be a finite group and let X be a complex affine algebraic
variety. Suppose that W is acting on X as automorphisms of X. Define

Xy = {(z,7) : 7 € Irr(W,) }.
Then W acts on )?2:
alz,7) = (o -z, a,T).
Definition 4.2. The extended quotient of the second kind is defined as
(X//W) = X /W

Thus the extended quotient of the second kind is the ordinary quo-
tient for the action of W on Xs.

Theorem 4.3. Let G = SLy(K) with K = Fy((w))). Let s = [T, xla
be a point in the Bernstein spectrum for the principal series of G. Let
Irr(G)® be the corresponding Bernstein component in Irr(G). Then the
conjecture [1] is valid for Irr(G)® i.e. there is a commutative triangle
of natural bijections

(T2 //W*)s

N

Irr(G)® £(G)*

where £(G)° denotes the equivalence classes of enhanced parameters
attached to s.

Proof. We recall that (G,T) are the complex dual groups of (G, 7).
Let W g denote the Weil group of K. If ¢ is an L-parameter

Wik x SLy(C) - G
then S, is defined as follows:
Sy =1y Ce(im ).

By an enhanced Langlands parameter, we shall mean a pair (@, p)
where ¢ is a parameter and p € Irr(S,). Following Reeder [12], we
shall denote an enhanced Langlands parameter by ¢(p).

Case 1. Let x be a quadratic character of 7: x* = 1,x # 1. Let
L/K be the quadratic extension determined by y. Now G contains
a unique (up to conjugacy) subgroup H ~ Z/27Z. FEach quadratic
extension L/K creates a parameter

v Wi — Gal(L/K) — G.
The map Gal(L/K) — H factors through K* /Ny xL*:
o Wi = Gal(L/K) ~ K* /N gk L* — H = G.
which shows that ¢y, is the parameter attached to the packet m,.



10 S. MENDES AND R. PLYMEN
To compute S, , let 1, w be representatives of the Weyl group W =
W (G). Then we have
Co(impr) =T UwT
So ¢ is a non-discrete parameter, and we have
Sy, = L)27.

We have two enhanced Langlands parameters, namely ¢ (triv) and
¢r(p) where p is the nontrivial character of S,,, .

Now define
@=x(% °
X w) = X 0 w—l

where w is a uniformizer in K.
Since x2 = 1, there is a point of reducibility. We have, at the level
of elements,

trlv

/ \

{memed {x(triv), oy (p)}
Case 2. Let x = 1. The principal parameter is the composite map
©o - WK X SLQ(C) — PSL(Q,(C)

defined by extending the principal homomorphism SLy(C) — PSLy(C)
trivially on W, is a canonical discrete parameter for which S, = 1.
In the local Langlands correspondence for G, the enhanced parameter
o (triv) corresponds to the Steinberg representation Stg, see [12), 6.1.8].

Let ¢ be the unique parameter for which ¢1(Wg x SLy(C)) = 1.
We have

imp; =1, Cg(imey) =G, S, =1
There is a unique enhanced parameter, namely ¢ (triv). We have, at
the level of elements, the commutative triangle

1 trlv

/\

{Stg, 1} {wpo(triv), @1 (triv)}

Case 3. x? # 1. There are no points of reducibility, and we have a
commutative triangle of sets, each with one element:

trlv

/\
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Corollary 4.4. Let L/K be a quadratic extension of K. The L-
parameters g serve as parameters for the L-packets in the principal
series of SLa(K).

It follows from §3 that there are countably many L-packets in the
principal series of SLy(K).

5. THE TEMPERED DUAL

The following picture

TN

serves two purposes. First, it is an accurate portrayal of the extended
quotient of the second kind

(T//W)2

where T = {z € C : |z| = 1} and the generator of W = Z/27Z acts on T
sending z to 271, Secondly, it is (conjecturally) an accurate portrayal
of a connected component in the tempered dual of G.

The topology on (T //W )y comes about as follows. Let

Prim(C(T) x W)

denote the primitive ideal space of the noncommutative C*-algebra
C(T) x W. By the classical Mackey theory for semidirect products, we
have a canonical bijection

(5.1) Prim(C(T) x W) = (T//W)s.

The primitive ideal space on the left-hand side of admits the Ja-
cobson topology. So the right-hand side of acquires, by transport
of structure, a compact non-Hausdorff topology. The picture at the be-
ginning of §6.1 is intended to portray this topology. We shall see that
the Langlands parameters respect this topology. The double-points in
the picture arise precisely when the corresponding induced representa-
tion has length 2.

The Plancherel Theorem of Harish-Chandra is valid for any local
non-archimedean field, see Waldspurger [I8]. This implies that, in
the case at hand, the discrete series and the unitary principal series
enter into the Plancherel formula. That is, the tempered dual of G
comprises the discrete series and the irreducible constituents in the
unitary principal series.

We now focus on the case of induced elements.
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Suppose x? # 1, with s = [T, x]g. Let ¢ be an unramified unitary
character of 7. Then we have a natural bijection

(5.2) Irr"*™(G)* ~ T, Ind 7y, — Y(w).

Suppose x? = 1,x # 1, with s = [T, x]g. Let W = Z/2Z. Then we
have a bijective map

(5.3) Irr*™?(G)* ~ (T)/W)s.

This map is defined as follows. Let p denote the nontrivial character
of W.

o If % # 1, send Ind 7y, to ¢(w).

e If ¢ = 1, send the pair of irreducible constituents 77;; , T, to the
pair of points (1, triv), (1,p) € (T//W)a.

e If 1) = € the unique unramifed quadratic character of T, send
the pair of irreducible constituents 7, 7

m_. to the pair of points
(—1, iv), (—1,p) € (T//W),.

ex? ex
Suppose x = 1 and let s = [T, 1]¢. Then we have a continuous
bijection which is not a homeomorphism:

(5.4) Trr™™™ (G)* — (T//W)s.

o If 2 # 1, send Ind 7y, to ¥(w@).

e If ¢y = 1, send the irreducible representations trivg, Stg to the
pair of points (1, triv), (1,p) € (T//W)s.

e If ¢ = € send the pair of irreducible constituents 7, 7~ to the
pair of points (—1,triv), (=1, p) € (T//W)s,.

By proposition [4.1] and the above argument, we may represent that
part of the tempered dual Irr**™?(SLy(FF,((cw)))) which corresponds to
the unitary principal series in a diagram along the lines of [11, p.418].

LN 4

Taq S Ta Tag+a

The first double point represent the L-packet {7, 7, }. The second
and third double-points represent, respectively, the L-packets {m, 7 }
and {7} ., To1a}. The second half-circle is repeated countably many
times, and is parametrized by L-parameters {@q,}ato(x), see theorem
44

TOPOLOGY ON THE TEMPERED DUAL. Let G = SLy(F,(w))). The
tempered dual of G is the disjoint union X = Xg of the discrete se-
ries and the irreducible constituents in the principal series. We equip
X with the following topology ¥ : The topology ¥ must induce the
standard topologies on each point, each copy of T, and each copy (ex-
cept one) of (T//W)s, all of which (except one) must become T-open
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sets. On the exceptional copy of (T //W), the Steinberg point Stg must
be T-isolated. Then ¥ is a locally compact topology on X. It is not
Hausdorff.

In the space X, each L-packet in the unitary principal series will
feature as a T-double-point.

There will be countably many double-points, one for each quadratic
extension K(a); cf. the diagram in [11] for the tempered dual of
SLy(Q,) with p > 2. In that diagram, there are just three double-
points. For SLy(Qy) there would be seven double-points.

Each supercuspidal L-packet will feature as four €-isolated points in
X.

We conjecture that ¥ coincides with the Jacobson topology on the
primitive ideal space of the reduced C*-algebra of G.

6. BIQUADRATIC EXTENSIONS OF F ((w))

Quadratic extensions L/K are obtained by adjoining an Fy-line D C
K/p(K). Therefore, L = K(p (D)) = K(a) where D = span{a +
o(K)}, with o — a = a. In particular, if aq is integer, the Fy-line
Vo = span{ag+ p(K)} contains all the cosets a; + p(K) where a; is an
integer and so K(p~'(0)) = K(p~'(Vy)) = K(ap) where a2 — ap = ag
gives the unramified quadratic extension.

Biquadratic extensions are computed the same way, by considering
planes W = span{a + p(K),b + p(K)} C K/p(K). Therefore, if
a+o(K) and b+ p(K) are Fyo-linearly independent then K (o' (W)) :=
K(a, 8) is biquadratic, where o> —a =a and 8> — 3 =10, o, 8 € K*.
Therefore, K (o, )/ K is biquadratic if b —a & p(K).

A biquadratic extension containing the line V; is of the form K («y, 5)/K.
There are countably many quadratic extensions Lg/K containing the
unramified quadratic extension. They have ramification index e(Ly/K) =
2. And there are countably many biquadratic extensions L/K which
do not contain the unramified quadratic extension. They have ramifi-
cation index e(L/K) = 4.

So, there is a plentiful supply of biquadratic extensions K (a, )/ K.

6.1. Ramification. The space K/p(K) comes with a filtration

(6.1) 0 VW Vi=W, oy Va=VyCp ... C K/p(K)

where V; is the image of o and V; (i > 0) is the image of p~* under
the canonical surjection K — K/p(K). For K = F,((w)) and i > 0,
each inclusion V5, Cf V41 is a sub-Fa-space of codimension f. The
[Fo-dimension of V,, is

(6.2) dimg,V,, =1+ [n/2],

where [x] is the smallest integer not less than .

i
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Let L/K denote a Galois extension with Galois group G. For each
i > —1 we define the i*"-ramification subgroup of G (in the lower
numbering) to be:

Gi={ceG:o(x)—zecpi™ Vreco}

An integer t is a break for the filtration {G;}i>_1 if Gy # Gyy1. The
study of ramification groups {G;};>_1 equivalent to the study of breaks
of the filtration.

There is another decreasing filtration with upper numbering {G'};>_;
and defined by the Hasse-Herbrand function ¢ = vy k:

G" = G-
In particular, G~! = G_; = G and G° = G, since ¥(0) = 0.

Let Gy = Gal(Ky/K) be the Galois group of the maximal abelian
extension of exponent 2, Ky = K(p '(K)). Since Gy = K*/K*?
(Proposition , the pairing K*/K*? x K/p(K) — Z/2Z from ({2.1)
coincides with the pairing Go x K/p(K) — Z/27.

The profinite group G5 comes equipped with a ramification filtration
(GY)u>—1 in the upper numbering, see [5, p.409]. For u > 0, we have
an orthogonal relation [5, Proposition 17]

(6.3) (G5)* = plvH =V
under the pairing Gy X K/p(K) — Z/27.

Since the upper filtration is more suitable for quotients, we will first
compute the upper breaks and then use the Hasse-Herbrand function
to compute the lower breaks in order to obtain the lower ramification
filtration.

According to [5, Proposition 17], the positive breaks in the filtration
(GY), occur precisely at integers prime to p. So, for ch(K) = 2, the
positive breaks will occur at odd integers. The lower numbering breaks
are also integers. If GG is cyclic of prime order, then there is a unique
break for any decreasing filtration (Gv), (see [5], Proposition 14). In
general, the number of breaks depends on the possible filtration of the
Galois group.

Given a plane W C K/p(K), the filtration (Vi); on K/p(K)
induces a filtration (W;); on W, where W; = W N'V;. There are three
possibilities for the filtration breaks on a plane and we will consider
each case individually.

Case 1 : W contains the line V, i.e. Ly = K(p '(W)) con-
tains the unramified quadratic extension K (p~'(Vp)) = K(ap) of K.
The extension has residue degree f(Lo/K) = 2 and ramification index
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e(Ly/K) = 2. In this case, there is an integer ¢ > 0, necessarily odd,
such that the filtration (W;); looks like

0y Wo=W,_1 W, =W.

By the orthogonality relation (/6.3]), the upper ramification filtration
on G = Gal(Ly/K) looks like

}=.=G"cC,G=.=G"c,G'=G

Therefore, the upper ramification breaks occur at —1 and ¢t. The lower
ramification breaks can be computed using the Hasse-Herbrand func-
tion. The table for the index of G* in G is as follows:

u € [0,¢] t,+oo]

G" = G° {1}
(G*:Gv)= 1 2

We have, 9(t) = [[(G® : G*)du = t, and the lower ramifications
breaks occur at —1 and ¢. It follows that the lower filtration is

(64) G.1=G=7/2Z X727 ; Go = ... = Gy = Z.)27 ; Gy1 = {1}

The number of such W is equal to the number of planes in V; contain-
ing the line V but but not contained in the subspace V;_;. Note that
this number can be computed and equals the number of biquadratic
extensions of K containing the unramified quadratic extensions and
with a pair of upper ramification breaks (—1,¢), t > 0 and odd.

Example 6.1. The number of biquadratic extensions containing the
unramified quadratic extension and with a pair of upper ramification
breaks (—1,1) is equal to the number of planes in an 1+ f-dimensional
Fy-space, containing the line V. There are precisely

1424224 42/ =~ —¢—1

of such biquadratic extensions.

Case 2.1 : W does not contains the line V; and the induced filtration
on the plane W looks like

0=W,_1 Co W, =W

for some integer t, necessarily odd.

The number of such W is equal to the number of planes in V; whose
intersection with V;_; is {0}. Note that, there are no such planes when
f=1. So, for K = Fy((w)), case 2.1 does not occur.
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Suppose f > 1. By the orthogonality relation, the upper ramification
ramification filtration on G = Gal(L/K) looks like
I}=.=G",G=.=G¢"=G

Therefore, there is a single upper ramification break occur at t > 0 and
necessarily odd. The lower ramification breaks occurs at the same t,
since we have:

u € [0,t] ]t,+oo]

Gi— @ {1
(G*:Gv)= 1 22
and so, ¢(t) = [[(G® : G")du = t, and the lower ramifications breaks
occur at —1 and ¢. It follows that the lower filtration is

For f = 1 there is no such biquadratic extension. For f > 1, the
number of these biquadratic extensions equals the number of planes W
contained in an Fy-space of dimension 1 + fi, ¢t = 20 — 1, which are
transverse to a given codimension-f Fo-space.

Case 2.2 : W does not contains the line Vj and the induced filtration
on the plane W looks like
O - Wt1—1 Cl th - Wt2_1 Cl Wt2 — W

for some integers t; and t5, necessarily odd, with 0 < t; < 5.
The orthogonality relation for this case implies that the upper ram-
ification filtration on G' = Gal(L/K) looks like

I}=..=G"'c,Gr=...=G"""'c,G""= ... =G
The upper ramification breaks occur at odd integers t; and t,.

Now, index of G* in GV is:

u € [0,t1] Jt1,ta] t2, +00[

(GO:GY) = 1 2 22
The lower breaks occur at
t1
w(t1> = / (GO . G”)du = tl.
0

and at

w(tg):/OtQ(GO:G")du:/Otl(GO:G")du+/t2(G0:G“)du

t1
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= tl -+ 2(t2 - t1> = 2t2 - tl-
In this case, the lower breaks occur at t; and 2ty —t1, with 0 < t; < ¢y
the odd integers where the upper ramification breaks occur.

We conclude that the lower filtration is given by
(6.6) G=Gy=..=Gy =7)27 x L]2Z
(67) Gt1+1 = ... = G2t27t1 - Z/QZ ) G2t27t1+1 = {1}

There is only a finite number of such biquadratic extensions, for a
given pair of upper breaks (or lower breaks) (¢1,ts).

7. FORMAL DEGREES

In this section, we are influenced by the lecture notes of Reeder [12],
and the preceding three talks in Washington, DC. For G = SLy(K), the
dual group G = SO;3(C) contains a unique (up to conjugacy) subgroup
J ~ 7Z/2 x 7Z/2, whose nontrivial elements are 180-degree rotations
about three orthogonal axes. One can check that the centralizer and
normalizer of J are given by

CG(‘]>:J7 NG(J) =0

where O ~ S, is the rotatation group of the octahedron whose vertices
are the unit vectors on the given orthogonal axes. The quotient O/J ~
GL2(Z/2) is the full automorphism group of J.

Each bi-quadratic extension L/K gives a surjective homomorphism

QOLZWF—)J

which is a discrete parameter with S,, = J, since Cq(J) = J, and
whose conjugacy class depends only on L, since O/J = Aut(J).

Since

|SS0L| =4
the L-packet II,, has 4 constituents. There are countably many bi-
quadratic extensions, therefore there are countably many L-packets
with 4 constituents.

None of these packets contains the Steinberg representation Stg and
so, according to Conjecture 6.1.4 in [12], these are all supercuspidal
L-packets, each with 4 elements.

Consider the principal parameter:

Ad ©o : WK X SLQ((C) — SLQ(C) — PSLQ(C) — Aut(s[g(C))

The adjoint gamma value is given by

where ¢ = 27.
Concerning the adjoint gamma value ~y(¢) we have

Ady: Wg — J — SO3(C) =2 Aut(s03(C))
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The adjoint representation of SO3(C) is equivalent to the standard
representation of SO3(C) on C? and so we replace the above sequence

of maps by
Ady : Wi — J — SO3(C).
For the L-function, we have

L(Ady,s) =

14qs

and so we have 5

- 1+q‘1'

v(p) S((%)

where
c(g) = 4"
Note that we have

(7.1) 2

()
= — - £ 90 .
S| =5 <09

Now a(y) is the Weil-Deligne version of the Artin conductor which
is give here by

dim(g/g"")
alo) = - YY)
() ; Do D]
see [12], Reeder’s notation.
We have to take the cases separately, beginning with .
Case 1: We have

G_l = G:Z/QZ X Z/QZ ) GO = ... = Gt :Z/2Z ) Gt+1 = {1}
We have
alp) = (1+1)2
According to Conjecture 6.1(1) in [14], we have

L 2@

Deg(meu(p)) = 1|5y | =1 5 F@)I= 2t~

the canonical formal degree of each supercuspidal constituent in the
packet IL,, , i.e. the formal degree w.r.t. the Euler-Poincaré measure
on G. If we fix the field K, then the formal degree tends to co as the
break number ¢ tends to co.

The least allowed value of tis ¢ = 1. When ¢t = f = 1, the canonical
formal degree of each element in the packet II,, is equal to 1. The
lower ramification filtration is

G1=G=7Z]2ZxZL)2Z ; Gy = G1 =7Z/27 ; Go = {1}
and so, according to 6.1(5 ) in [12], the elements in this packet are not
of depth zero.

Case 2.1: The lower ramification filtration is
G,1:G::Gt:Z/2ZXZ/QZ, Gt+1 :{1}
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We have

a(gp)zg%:(t%—lﬁ

According to 6.1(1) in [I2], we have

L [ (p)
Des(r,y () = § |
i 4 |7(po)
1 2
= — o+ — . 8 (p
1 g le(¢)]
= € 9a(p)/2
2q
L sa+e)/2
)
2q
_ 93(14+1)/2—f-1

Note that t is odd, therefore the formal degree is a rational number.

Case 2.2: This case admits the following lower ramification filtra-
tion:

G=GCGo=..=Gy =7)27 x L)2Z
th-i-l == G2t2—t1 = Z/2Z ) G2t2—t1+1 = {1}
We have
dim(g/g"”") (2t2)2
alp) =) L =(h+1)3+ =3+ 3t + 21,
= [Dyg : D] 2

and, according to 6.1(1) in [12], we have

1 | v(p)
Deg(me, (0) = 1 |5 100)
1 2
-1 le(¢)]
2q
1

— — . 93(1+t)/2+t2
2q
— 93(1+t1)/24t2—f—1

the canonical formal degree of each supercuspidal in the packet 11, .
If we fix f, then the formal degree tends to co as the break numbers
tend to oo.
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Note that ¢; is odd, therefore all the formal degrees are rational
numbers, in conformity with the rationality of the gamma ratio [7,
Prop. 4.1].
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