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ABSTRACT

Space-time autoregressive moving average models may be used for time series measured at
the same times in a number of locations. In this paper we propose a recursive algorithm
for estimating space-time autoregressive (AR) models. We also propose an information
criterion for estimating the model order, and prove its strong consistency. The methods are
illustrated using both simulated and real data. The real data corresponds to hourly carbon
monoxide (CO) concentrations recorded in September 1995 at four different locations in
Venice.
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1 INTRODUCTION

In many areas of research one is interested in the statistical analysis of measurements
of one quantity taken at various locations (space) and times. Examples include air
pollution concentrations at various locations in a city at different times, temperatures
in a region, wind speeds and the spread of epidemics. Different methods have been
proposed for the analysis of real data sets (see, for example, Mardia et al. (1998),
Wickle & Cressie(1999), Guttorp et al. (1994), Shaddick & Wakefield (2002), Haslett
& Raftery (1989)). (Elaborate on how they have been used?)

(First STAR or STARMA model used when? Was it the same as in (1)7) In this
paper we shall consider space-time autoregressions (Pfeifer & Deutsch (1980)). Let
X(sit) (1=1,...,N, t =1,...,T) denote a random variable associated with location
s; and time t. Let X(t) = (X(s1;t),..., X(sn;t)), t € Z. {X(t)} is said to be a

space-time AR process of order k if X(¢) satisfies a difference equation of the form

k
X (8)+ ) (dly + W)X (t = j) = (D) (1)
j=1
where the scalars ¢;, ¢; (j = 1,...,k) are unknown parameters. Iy is the N-
dimensional identity matrix, W is a non-zero N x N known weighting matrix, with
diagonal entries 0, without loss of generality) and off-diagonal entries related to the
distances between the sites. Each row sum of W is normalised to 1, again without

loss of generality. We assume that {¢ (¢)} is weakly stationary, with

E{e®)}=0 (2)

and
oc’ly ; s=0

E{c(t)e(t+3s)} = 0 sso

It is further assumed that the zeros of

det {IN+Z(¢jIN+ij) Zj} (4)

Jj=1



are outside the unit circle, which ensures that there exists a weakly stationary process
which satisfies (1).

Fields of application of the above models include meteorology (Subba Rao & An-
tunes(2004)), criminology (Pfeifer & Deutsch (1980)), ecology (Epperson (2000), Stof-
fer(1986)), transportation studies (Garrido (2000)) and many others. A space-time
AR process is a very parsimonious multivariate autoregression. It is this parsimony,
however, which prevents the use of algorithms such as the Whittle(1963) algorithm
to estimate the unknown parameters. However, we can use the principal ideas of
Whittle(1963) and Quinn (1980) (see also Hannan & Deistler (1988, sec.6, ch. 5))
to develop recursive equations for the estimation of these parameters. The Levinson-
Durbin and Whittle algorithms have a natural place in the estimation of uinvariate
and multivariate autoregressive order (references). In this paper we also introduce
an information criterion to estimate the order k£ of the process and demonstrate its
consistency.

In Section 2, we derive Yule-Walker relations for the space-time AR process. Using
these equations we obtain recursive relations for estimating the parameters of the
model. The sampling properties of the estimators are discussed in Section 3. The
problem of estimating the order of the model is considered in Section 4. For clarity of
explanation the proofs of the results obtained in Sections 2-4 are given in a separate
Section 5). We illustrate the methodology with simulated data in Section 6. In
Section 7 we use hourly carbon monoxide (CO) concentrations recorded in 1995 at

four locations in Venice to illustrate our estimation procedures.

2  YULE-WALKER EQUATIONS AND RECURSIVE ALGORITHM

Here we obtain Yule-Walker like equations for space-time AR processes. These will
be not the usually-specified ones, which represent a 1:1 relationship between autoco-

variances and system parameters, because of the fact that the autoregressive matrices



are specified by the (2k + 1) parameters o2 and the ¢y and 1. For j € Z, let

v =E{X ()X ([E+))},
mp=E{X' () WX (t+j)},
N\ = E{X () WWX (t+ )}

Put o7 = 0% and

(I)](gk) - [¢17 veey ¢k]/7
\Ij](gk) = [wla "'7¢k]/7

.....

ey

Fk—_% : %]Ia
M= n M |
Me=[m o om ]
Moo= |my - mk]/-

THEOREM 1 Let {X(t)} be a space-time AR process satisfying (1) where {e (t)}
satisfies (2) and (3). Then

Ue Vi || @ | | Ty 5
Vi F || oW I
No? =~ + [0 + 11, wi (6)

Proof: See Section 5.

That (IDék) and \I/ék) can easily be calculated solving (5) follows from the following

lemma.



LEMMA 2 The 2k x 2k matrix

1s invertible for any k.

Proof: See Section 5.

For given k, the determination of @,(f) and \Ill(f) requires the inversion of the 2k
by 2k matrix ;. The computational load can be reduced by using the Toplitz
structure of €, a fact which is utilised in the Levinson-Durbin and Whittle algorithms.
Moreover, as is the case with these algorithms, at each recursive step, information
about the system order is revealed. In the next theorem we introduce a recursive,
computationally efficient algorithm for solving (5). It should be recalled that the
Whittle recursion involves the invention of ‘forward’” autoregressive parameters. Our

recursion will need these as well as another ‘augmented’ set of parameters.

Let A,(f), @g‘:), @,(f), g,(f), A,(f), ng) satisfy

Ue Vi || @ A | T, I,
voR e oe® | | m, A,
and
Ue Vi || @7 A0 | | T T -
Vi B | |28 el I, Ay
For k=0,1,..., put
[ q>](€k+1) A}(€k+1) ]
of Al ] | el sy
Wi el || u e |
K asa e
[ g£k+1) élgk:-i-l) i
ol B R
LE;TEI) ngi—ql) gl(ck+1) @(k—l-l)
w s




where @D @D AFED gt g+ gD AR anq @D are k x 1 and

¢(k+1 ZU (ki) sht1) glhtd) HFHD D) 5 11 and 01 are scalar. For any vector

k+1 9 Tk+1 0 Yk+1 0 k+1 [ P I o S kJrl “k+1
/ /
T= |2 - T ] ,let ¥ = [ Ty -+ X1 | ,l.e. x with its elements reversed.
Let
7r T
Sy =T, = Yo To ,P0:Q6: 2! 1
N )\0 T_1 )\1
and for k£ > 1, let
p Ve+1  Thk+1 n f;c ﬁ; (I)Eck) Al(ck) (8)
k — ~ ~ )
| Tkl Ak | I I, A 1L ‘I’;gk) @;k) |
- : e~ 7T o
Op = Vel T—g—1 N I, I, @;(g ) é;(c ) (9)
i Thal Akl i i HZ; Aﬁc 1L Q;&k) Q;(.Ck) i
[ 1 T 1T a® A® ]
S B T e (10)
o A mooA || e e |
| "o Ao | | k] L Yk koo
S O R IR Ve )
L =
(0 ho | | T, A || B el
THEOREM 3 For k > 0,
(k k k
o ] o, [ )
(k+1) 9(k+1) o kR (k+1) 9(k+1) N koek
¢k+1 k+1 Ekﬂ Ykt
and for k > 1,
_ - _ - () ;
ot af | o ap] [8 A0 [ et st
= ~(k)  ~(k )
e Sl N 7 O I O N
ngk-‘rl) él(gk—i-l) Ql(f) éi(ck) EI“)ng) zék) ¢1(£+11 ég:n
= -
(k+1) o (k+1) k) k) T® k) k+1)  p(k+1)
v, (S i i v, 6y i | v, Oy 1L %(le) O i

Proof: See Section 5.
The following theorem shows that S, and T} are covariance matrices and are

invertible.

THEOREM 4 Let ey (t),ux (t), g (t) and uy, (t) be the differences between X (t) and

6



its predictors Zle (a; 1 4+ b;W) X (t — j) which respectively minimise

k ! k
E{X(t) —~ Z(ajl+bjW)X(t—j)} {X(t) - Z(aijjW)X(t—j)},
E{WX(t) —Z(cj]+djW)X(t—j)} {WX(t) —Z(cjf+djW)X(t—j)},

E{X(t) —Z(ajl+bjW)X(t+j)} {X(t) —Z(ajl—l—bjW)X(t—i—j)}

and

E{WX ic]HdW)X(tﬂ)} {WX icJHdW (t+j)}.

Then
g (2)
Ty, =FE en (1) uy (t
_M)_[-” o]

and Sy and Ty, are of full rank for all k. Furthermore, No? is the (1,1) entry of Sy.

Proof: See Section 5.

The following lemma presents recursive expressions for Sy, Tj, and 7. The equa-
tions (12) and (13) should be used instead of (10) and (11) when estimating, as the
former equations are expected to be less prone to rounding problems. Similar relations

exist for the Levinson-Durbin and Whittle algorithms.

LEMMA 5 Let Sy and Ty be as defined above. Then

k1) (k1) ] (k+1)  o(k+1) |
Syt = Sk T — ¢’(f+1 Qi1 ¢k+1 Ok (12)
k+1 (k+1) (k+1) (k+1) !
i %E;:l : O ] ¢k+1 011 ]
(k+1)  o(k+1) | k+1 (k+1) |
T o T ] N ¢k:+1 6k’+1 ¢l(€+1 : ék+1 (13)
MLk (h+1)  p(k+1) (k1) plk+1) ‘
77Z)k+1 k+1 77Z)k:+1 Lh+1



Proof: See Section 5.
The following lemma reduces the computations needed in solving the recursive

equations in Theorem 3.

LEMMA 6 Let P, and Qy, be as defined in (8) and (9), respectively. Then
Qi = P.
Proof: See Section 5.

3 PARAMETER ESTIMATION FOR SPACE-TIME AR PROCESSES

The above results describe exact relationships between the theoretical covariance and
autocovariance matrices, and the true parameters. The above algorithm becomes
an estimation algorithm when the theoretical covariances are replaced by consistent
estimators. Let {X(t)} be a space-time process. Given {X (¢);1 <t < T}, estimate

v;,7; and A; by the obvious moment estimators
T-3
=T X)X (t+]),
t=1
T—j
iy =T X () WX (t+ )
t=1

and

N
I

J

N=T"1Y X (H)WWX(t+37),

o~
Il
—

respectively. Without loss of generality, we shall assume that the X(¢) have mean
zero, for, in practice, we shall always mean-correct them. This mean-correction will
have no asymptotic effect, so we omit any further reference for notational simplicity.

The following additional weak assumptions will be made in order to develop the

asymptotic properties of the estimators:
1. {e(t)} is strictly stationary and ergodic;

2. E{c(t)| Fri} =0



3. E{c(t)e (t)| Fi1} = o*Iy;
4. E{ej(t)} <oo, j=1,...,N,
where F; is the o-field generated by {e(s);s <t}. In the following we denote

generically by 0 the estimator of 6 obtained from the recursion by substituting 4; for

v;, etc.
THEOREM 7 Let {X (t)} satisfy (1) and the above assumptions. Then

1. @,ik) and \Tf,(f) converge almost surely to @,(Ck) and ql,ik);
~ ! ~ 9/
2. The distribution of VT [ {(I)l(f) — @l&k)} {\Il,(f) — \III(C]"’)} } converges, as ' —
o0, to the normal with mean zero and covariance matrix

-1

U. Vi
Vi F

0_2

Proof: See Section 5.

4 ESTIMATING k

The above presupposes the true order £ to be known. In practice, however, we shall
need to estimate k. The following theorem describes the behaviour of a class of AIC-
type estimators of k and establishes conditions under which these estimators are

strongly and weakly consistent.

THEOREM 8 Let k be the minimiser of
o5 (k) = NTloga; + 2kf (T)

over k =0,1,..., K, where K is known a priori to be larger than kg, the true order,

and f(T) /T — 0 as T — oo. Then

1. % converges to ko in probability if f (T) diverges to oo;



2. If f(T) =c, for all T, then

. ~ . 0 ; J<0
lim Pr{k‘:k‘o—l—j} =
Tee PidK—ko—j 3 0=<j < K — ko,

where the p; and q; are generated by

ijzj = exp {Zjlzj Pr (ng > 2cj)}

=0 j=1

and

quzj = exp {Zjlzj Pr (ng < 20]')} .

j=0 j=1

In particular,
Tlim Pr {E = ko} = K-k

— exp {—Zjl Pr (ng > QCj)} ,

j=1
as K — oo.

3.k converges to ko almost surely if

lim inf f(T)

——>1
T loglogT ’

and only if

lim infﬂ > 1.
T loglogT

Thus, it can be seen that, when f(7') is constant, the asymptotic probability of
overestimating the order is greater than zero and the probability of underestimation
is zero. Also, the probability of estimating the correct order is strictly less than 1.
Hence the AIC estimator (which corresponds to the case where f(7T') = 2) is not a
consistent estimator of the order. The case

lim inf ﬂ =
T loglogT

10



is of some interest but will not be dealt with here, especially as the law of the iterated
logarithm used to prove these results (see Lemma 10 in the appendix) can only be

expected to hold for extremely large values of T'.

5 PROOFS OF THEOREMS

Here we prove the results contained in the theorems and lemmas stated in Sections 2
- 4.

PROOF of Theorem 1

We motivate the normal equations and recursions by developing the Gaussian max-
imum likelihood procedure, i.e. the maximum likelihood estimators when {e (¢)} is
assumed to be Gaussian. We do not, however, need to assume that {e (¢)} is Gaussian
— we merely use the Gaussian likelihood to obtain the correct “normal equations”,
which will hold whether or not { (¢)} is Gaussian. The Gaussian maximum likelihood
estimators of the parameters ¢;, ¥; (j = 1,..., k) and o2 for a space-time AR process

of order k£ can be obtained by maximizing the Gaussian log-likelihood function

T
TN 1
lk = —Tlog 27'('0' — 2— g

where ¢ (t) is now understood to be the function of ¢y, ..., dx, ¥1,...,%%, o and
X (1),...,X(T) given by
k
e(t) =X (1) + Y (o1 + ;W)X (t - ).

j=1

This is equiavlent to minimizing the sum of squares

Sp (@, W) =D & (t)e(t)

:Z{X(t)JFZ(%IJr%W)X(t—J’)}

X {X(t) +Z(¢jl+ij>X(t—j)}

=1

11



where @ = [¢1, ..., and U = [¢hy,....1;]’, and then setting TNo? equal to the
minimum value of Si(®, V).
Since Sy (P, V) is quadratic in ® and ¥, we can minimise Si(®, ¥) by differentiating

with respect to ¢, ¥, (m =1,...,k) and equating the derivatives to zero. Now,

S —22X’t— { <>+Z<¢jf+ij>x<t—j>}

j=1

65%1;1;\1/ _2ZX/ t— {X(t)—l—Z((b]I‘f‘d}gW)X(t_])}

j=1

“Least squares” estimators may be obtained by solving these equations, which com-
prise a set of 2k linear equations in 2k unknowns. We wish, however, to develop a
recursive algorithm such as the Levinson-Durbin and Whittle algorithms, and so need
to obtain the correct formulation for the Yule-Walker relations for space time autore-
gressions. These equations, which are theoretical “normal equations”, are obtained
by equating the expectations of the right hand sides of the above to 0. We thus have

foreach m=1,....k

k
Y+ D (D57mg + yTmg) = 0

k
T_m + Z (gbjwj—m + 77Z}j)‘m—j> =0.
j=1
Stacking these equations from m = 1 to k, we obtain (5). Note that v_,, = 7, and

Alm = Ay but that 7_,, # m,. It is straightforward to verify that these equations

hold true for any weakly stationary process {X (¢)} satisfying (1) . Moreover, from the

12



t=1
K K K K
=0+ (G575 +Um_g) + Y b (%‘ +) it Y ﬂh‘ﬂj—i)
j=1 j=1 i=1 i=1
K k K
+ Z Y; (W—j + Z ¢imi—j + Z %‘Aj—i)
j=1 i=1 i=1
K
=0+ Y (657 + ;).
j=1

This completes the proof of the theorem.
PROOF of Lemma 2
Let a and 3 be arbitrary constant kx 1 vectors, with [ o [ } # 0. The quadratic

form
«a

o ]|

is the expectation of

D X! (¢ —i) + BX (¢ =) WHaX (t = j) + BWX (¢ — )}

1,j=1

=77

where

Z:ZZj

J=1
and

Zj=a; X (t —j) + B;WX(t - 7).

Thus €2 is non-negative definite and it is invertible unless Z = 0 almost everywhere,
which occurs only when there is a linear relation amongst X (t —1),...,X (¢t — k) and
therefore amongst the € (¢) . However, we have assumed that {X ()} satisfies (1) and
is weakly stationary, and that {e (¢)} is an uncorrelated process. There can therefore

be no linear relations and so () is invertible and positive definite.

13



PROOF of Theorem 3
From (5), the normal equations of order k + 1 may be written, using the notation

in Theorem 3, as

U Th Vi T, o\ Ty
fﬁc 7o ﬁ;; o ¢k]ir+11 _ Th+1
vy I Fp Ay \P(Hl) o I,
ﬁ'_k o K% Ao i w,i’ff i T—k—1 |

We now proceed to derive the recursions for calculating (ID,(€ ++11 and \If,(:f:rll) in terms

of Cbgf) and \I/,(Ck). The above equations may be written as the two equations

U Vi CI’;(CHD Ty Ty ¢k/~:++11) [
/ wy | Tl s % k1) | (14)
v, E || e o, A, || oY . |
and -
=T k (k
A N I N Vi I (15)
m, A || e T Ao | | v Tkt |

Equations (14) and (5) give

CI),(Ck+1)
\If](ngrl)
-1 -1 r _
UV Te || Uk Va T Ty | | e
V] F I, V! F, I, A P
—1 - -
BE SRR T Ty || o
k 17 e k+1
N V. F, I, Ay T
Thus, from (15), we have
T T ! - T (k+1)
Yo To B F?C H;C Uk Vk Fk H_k ¢k+1
70 )\0 ﬁl_k K% Vk{ Fk ﬁk Kk Z/Jlgj:l)

Vk+1 n fﬁg ﬁ; <I>§f)
Tt ., A, || e



or

k+1
o
k1
e
_ - - T r 9-1r _ _ - —1
Yo 7o I, II Ue Vi Iy g
= - — | - _ - Py
_7T0 /\0_ _H/—k A;c_ _Vk/ Fk_ _Hk Ak ]
_ - _ - - - -1 r - —1
T I U, V! I, 11
N B L e EE S Pu  (16)
| 7o /\o_ _H',k A;__Vk Fe || W Ak_

where Py is the first column of P,.. The above simplification results using the following

reasoning: Suppose

U. V, a b r, I
k k _ k k ’ (17)

Vk/ F; k c d Hk Kk
where a, b, ¢ and d are of the same dimension. We can obtain

Iy Ik
Hk Ak

on the right hand side of (17) by reversing the rows of

e

and
R

To obtain recognisable matrices, we then need to reverse the relevant columns. Uy and
F}, remain unchanged, after reversal of both rows and columns, as they are Toplitz,
while V}, is changed to V). We preserve (17) by reversing a, b, ¢ and d. Thus (17) is

the same as

N
o

U, v/
|7

Iy I
Hk Ak

N
S

15



and we therefore have

T, I, Ue Vi T, I,
., A, V. F I, Ay
A I P
., A, c d
I, | |a b
., A, ||¢d

Noting the differences between

-1

U, v/ Ty T,
Vi Fy I, Ay
and the solution to (5) :
U, Vi Iy o*)
V! F I, g |

it is clear that we need a double recursion and that we also need to augment the
equations. Using the notation defined in the statement of the theorem, we augment

(5) to the equation

Ue Vi || @ Al Ty Tl 18)
V. F || v® e® M, Ay

and in the light of (16), define the ‘forward’ equations
Ue Vi | | 2 A Dy Ty (19)
Vi B || e e M A |

16



Using similar methods as used to obtain (14) and (15), we obtain

k

(k+1) (k+1)
o Al

gD g+

k

k

(I)ék) A]({;k)
\D}(Ck) @Egk)
o AP
\II](Ck) @](Ck)
@i(ckﬂ) é]gk+1)
glik+1) Q](gk_‘_l)
gl(ck) Qg@)
S
o AP ]
gl(gk) @gc)

k+

k+

Yo

o

Yo

o

(k+1 k+1
¢k+1) Piany

lc+1 k+1
Yoty o

1

o

Ao

7o

Ao

-1

Vi Iy I op oy (20)
Fy M Ay e
A || eln el o)
6 | [ wi” ety
vl [ R s ],
Fe | [T A | [ o) ol
A2 e 6y

& | | uitt oty
H;C- -Uk %4 B Dy g B

By

A} Vie Fy Ay

QT r —1
mof e A ),
N e el
vl [ e m ] e s
S N L Vo A G e
&I, || e A
moA ]| e el )

17



1.e.

k1) c(k+1) ]
?](g++1 ) ék-l—l
k+1 (k+1)
gl(f—l—l : Qk+1 i
_ - _ - -~ -1 —1
Yo To r, I, Up Vi Iy I 0
= — — k
i 0 )\0 i i H;g A;c 1L ‘/k/ Fk H_k Ak
- - - T —1
RN R o A 0
oy T A g®  g® K
| Mo Ao | | M oL Yk k

The above equations are valid for £ > 1. The recursion commences with the matrices

o o

ot o
and

¢ &

o 6"

From above, these are, respectively, given by

-1 -1
B U, Vi r 1L | w0 ™ Moom
Vi Fi I, Ay T Ao T_1 A

and

-1 —1
B U, i Iy I, _ | w0 ™ YT
i Fy L A To Ao ™ A1

= —55'Qo

This completes the proof.
PROOF of Theorem 4

18



Let e (t) be X (t) — S2%_ (a;1 + b;W) X (t — j), where the a; and b; are chosen

J=1

to minimise

k ! k
E {X(t) = (a5, W)X (¢ —j)} {X<t) =Y (g +b,W)X (¢ —j)} :
j=1 Jj=1
Then, since all relevant covariances exist, by differentiating and equating to zero we
obtain
0
10 : / .
= —%QiE {X(t) - ; (a;I +b;W) X (t —j)} {X(t) - ; (a;1 +b;W) X (t —j)}
k
=F | X'(t—1) {X(t) - Z(ajIerjW)X(t—j)H
j=1
k
=% = > (4% + b y)
j=1
and
0
10 é / -
=33 {X(t) - ; (a; T+ b,W) X (t —j)} {X<t> - ; (a1 +0;W) X (¢ —J)}
k
=E|X (t—i)W {X(t) —~ Z(ajIerjW)X(t—j)H
j=1
k
=1y — ) (agmy—i +biAi—) -
j=1

Similarly, we obtain

0=F

X' (t — 1) {WX () =) (eI +d;W) X (t —j)}]

Jj=1

k
==Y (i + djmiy)
j=1

19



and

k
0=E|X' (t—i)W { )= (gl +d;W) X (t—j)}]
7=1
k
=D (e did).
j=1
/ /! !/
Thus,from(18),ifa:[a1 ak},b:[bl bk],c:[cl e
!/
amdd:[d1 dk} , then
a c CD,E:k) A,(ck)
b d v el

Hence, letting ¢§-k) and w](.k) be the jth components of @2’6) and foff), we obtain, using

(5),

E{e, (t)er (1)}
k ! k
=E {X )+ (o1 + W) X (¢ —j)} {X 1)+ (o1 + W) X (¢ - j)}

j=1 j=1

= Z (65 +9Pn,) +Z¢(k {%+Z< Vi + 90 m J>}
j=1
+ Z i {Wj + Z (cf%(k)ﬂj—i + @Z’g('k)%—z‘) }
j=1 i=1

The above expression is just the (1, 1) element of Sy which is also equal to No;. The
same reasoning shows that F{e} (t)ux (t)} and E {u), (t)uy ()} are the (1,2) and
(2,2) elements of Si. The result for T}, follows using an identical argument, but using
‘prediction’ using the future, rather than the past.

We now show that Sy and T}, are (strictly) positive definite for each k. Suppose

Sk has a zero eigenvalue. Then there exist scalars a and 3, not both 0, such that

agy (t) + Puy (t) =0,
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a.e. But, letting kg be the true order, we have

agy (1) + Buk (t) = o {X(t) = > (ol +HW) X (¢~ j)}

j=1
k
{ )= (eI +d;W) (t—j)}
7=1
k
= (ol + W)X Z (aa; + Be;) T+ (ab; + Bd;) WYX (t — §)
=1 .
= (al + AW)e (t) = (@l + W) Y (51 +1;W) X (¢~ )
=1
) J
— > {(aa; + Be;) I + (ab; + Bd;) WX (& — j).
j=1
However, the last two terms (the sums) are linear in X (¢ —1),... and therefore

uncorrelated with e (). Thus aey (t) + Puy (t) is zero, a.e. only if (al + W) e (t) is

zero. This in turn implies that

e (1)
Y=FE e(t) We(t)
e (t)yw’
is not of full rank. But
N tr W
Y = o2
tr W tr (W'W)
2 N 0
0 tr(W'W)

Thus the Si (and in turn the Ty, since det T, = det Sy) are invertible as long as

tr (W'W) £ 0.
But
N
tr (WW) =Y W
ij=1
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Thus

with equality if and only if the W;; are zero for all + and j. But we have ruled out this

case, for otherwise {X (¢)} would be a vector of uncorrelated autoregressions.

tr (W'W) > 0,

PROOF of Lemma 5

Although (10) and (11
problems in practice.
Whittle(1963) recursions have alternative, more numerically stable formulae for the
innovation variances and covariance matrices (see Quinn (1980), for example), there

are alternative recursive formulae for the Sy and Tj. From (10) and (21) we have

Sk—i—l

|
b

) define Sy and Ty, these formulae can sometimes cause

Just as the Levinson-Durbin (Durbin (1960)) algorithm and

Yo To - n - AR | P @z(ﬁl) Aék:ll)
To Ao i i M A ‘Ijgfll) @i(c]i;l)
o i [ rooT, q>](€k+1) A](€k+1)
T Ao T I, \Ijl(f—‘rl) @lgk+1)
Vel Tk 1] kﬁl) e
Thtl  Mht1 /Efﬂl k]fil)
[F’ I, | | e AP
m, A, || v el
[% || o ol
mow |50 e ] s as
Yo+l Tk R
Tk+1 )\k+1 w;(fﬂl 91(!?:31)
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(b(k"'l) 5(k+1)

= k+1 k+1
= S + Qk (k+1)  p(k+D)

k+1 k41
O - e B
ool TR
g (g [ B | el Al
ol ol R

Similarly7

¢k+1 s+ ¢(k+1) 5(k+D)

k+1 k+1 ot skt
Thoy1 =Tk | [ —
HEHD gkt D) P gkt

PROOF of Lemma 6
By deﬁniti()n,

p— Vel Tkl 4 f;c ﬁk ‘I’z(fk) Al(ck)
e = _
i T_f—1 )‘k—i-l i i H/—k A; 1L \Il](ck) @]ik)
— — - - — — _1 —
| M e | Iy, 1L U Vi
| Tkr Ak || ., A 1LY B |
— — — — — _1 —
o e || Ty T U, Vy
| Tkl Ak | I I, A 1V B |
— — — / — ~ ~
o Mk T N Q;(fk) é;(f) Iy 1o
| Tker Ak || E;(Ck) @;(Ck) My Ay
_ Ye+1 T—k—1 n f; ﬁ/—k @l(ck) él(ck)
Thal  Aktl ﬁ;ﬂ K;c L gl(ck) @I(ck)
— Q;C

PROOF of Theorem 7

From (5) ’
R L
(I)]ik) = Up Vi I
@l(f) ‘71; ﬁk’ ﬁ—k
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Thus

o) ok U, Vi T, U, Vi o*)
W | g |- | o op = o A (k)
T o V! F, o, V! F, N

o®
-~ =5 k
e [ U Vi } (k)

\Ijk

18

T—j k T—|i—j|

T‘lzX’(t)X(t—j)+Z¢iT_l XWX (i - j])
T—[i—j|

Z ZX’ YWX (t+ i — j|)
—le{ +Z¢z t—z‘)+2wiWX<t—z'>}X(t—j>+o(T”‘S)’

almost surely, for any 6 > 0, since the difference involves only a finite number of
quadratic terms in the components of X (¢),X (¢t — 1),.... Thus the jth component
is

T
lea X (t—j)+o(T" oy

t=1

almost surely as 7' — oo. Similarly, the jth component of
S ] o")
o)

is

T
Ty e () WX (t—j4)+o(T7).

t=1

But both
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and
T (1) WX (t - j)

t=1

converge almost surely to 0 by the ergodic theorem. Also, since
U Vi
Vi B

converges almost surely to

Ue Vi
Vi

Y

again by the ergodic theorem, the first part of the theorem follows. Now, letting a

and b be arbitrary N-dimensional vectors, we have from the above,

PRt
¢ m_, V' B gk
k k k

T k
T IZ{:‘ 'Z a;In +b;W)X (t—j)+o0(T7).

t=1 7=1

But, letting

k

e() Y (a1 + b;W) X (t - j),
7j=1

we have

E{W)| Fia} =0

E{&t)|Fi} =0 {ZX’ (t — i) (aly + b;W") Z a;ln + b;W) X(t—j)}

=1
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and

-

E{&(t)} = 02E{
2

k
X/ (t =) (aily + bW > (a1 + b;W) X(t—j)}
J=1

=1

Mw

=0 alaj%,j + CLibjﬂ'Z;j + biCLjTiji + bibj)\i—j)
=1 j5=1
9 Uk Vk a
e[ v]
Vi || b

Thus, by Billingsley’s martingale central limit theorem (Billingsley (1961)), it follows
that

~ ! —~ 17/
oy {o ey

is asymptotically normal with mean zero and covariance matrix

—1 —1
2 U Vi U Vi Ue Vi
Vi F V] F V! B
-1
o | Ux Vi
=0
Vi Fy

PROOF of Theorem 8 The derivations of conditions for weak and strong con-

sistency of the minimiser of ¢ (k) each depend on the asymptotic properties of

’\2
o5 (k+1) — ¢y (k) = NTlog k“+2f( )

Ok
Now,
Oft1 14 Oky1 — O
o2 o2
k k
Skt+1 — Sk
=1+ — )
Sk
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where 5, denotes the (1,1) element of Sy.. From (12),

k+1 (k+1) (k+1)  (k+1)
Sk+1 — Sk = =Sk ?l(cﬂ ) Ok1 ¢k+1 Op1
k+1 k+1 (k+1) k+1)
1/’,2:1 : Q§c+1 : 1/}k+1 91(c+1
(k+1)  o(k+1)
— O Pry1 Oy
(k+1 k+1)
¢k+1 : el(e+1
= —QxT, ' Py
= -PT, P,
by Lemma 6. Thus,
Ske1— Sk = —PL T P
k+1)
Nk+1)  (k+1) Pri1
Drr1 Vi Nk+1)
k+1

It follows from Theorem 7 that fk converges almost surely to T}, which is positive
definite, and that gb,(f:rll and ¢k +1 converge almost surely to gb,gfll) and %Ef:; , which

are both zero when k > kg, but not when k£ = kg — 1. Thus, when k& > ky, we have
Ska1 — sk =T oz {1 +0(1)},

almost surely as T" — oo, where z; is defined in Lemma 10 and

-~

o5 (k+1) — ¢ (k) = NT log (1+M) +2f(T)

Sk

—1 .2/
— NTlog {1— T]\Of'—aj’fz’“{uo(l)}} 2 (T)

=~z {1+o0(1)}+2f(T).
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Also, when k < kg, we have, almost surely as T — oo,

( _
Prt1
_[¢k+1 1/)k+1}Tk <0 k<kp—1
§k+1—§k—> =¢k+1
Pro
_[(bko wko]Tko—l <0 ; k=ky—1.
\ _¢k0

It follows that
T o (k+1) = ¢r(k)}

converges almost surely to

_ D1
Nlog [ 1— 51#1 [ Gre1 VYrgr | Tk <0,
V1
it k <ky—1,to
_ o
Nlog | 1— skol [ Oy Ury ] Tho—1 ’ <0,
ko

if k = kg — 1, and is asymptotically equivalent to

T —z.z +2f (1)}

it k > k.

(23)

Hence ¢y (k) is asymptotically non-increasing when k < ky — 1, and strictly de-

creasing at k = ko — 1. Since by Lemma 10 the z; z; are asymptotically independent

and x3 when k > ko, ¢; (k+ 1) — ¢y (k) is asymptotically positive (in probability)

if f(T) diverges to oo with 7. Thus, % will be weakly consistent if f (T") diverges to

0o. Of course, consistency is an asymptotic concept, and criteria with larger values

of f(T) yield estimators which are equal or smaller. Thus in small samples, we may

in fact underestimate the order. It is of interest therefore to choose f so as to fix the

(asymptotic) probability of overestimation at some acceptable level. We proceed as
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in Quinn (1988). Put f (7T") = ¢ and note from above that
Pr {/15 < k:o} — 0.

Then, noting that the 2z, — 2c are asymptotically independent and distributed as
X3 —2c for k =ky,..., K — 1, we have

lim Pr{z:ko—l—j}

T—oo
PF{W1<O,...,WK_kO<O} ;7 3=20
PI‘{O<WJ',W1<VV]~,...,WJ',1<Wj,Wj+1<Wj,...,WK,kO<Wj} ; jZl,

where

and the U; are independent and identically distributed with U; + 2¢ distributed as x3.

Now

Pr{O<W; Wy <Wj,... W1 <W;, W1 <Wj, ..., Wk_y, <W;}
=Pr{Ui+---+U;>0,...,U; >0,Uj41 <0,...,Ujy1 + -+ Ug_g, <0}
=Pr{Ui+---+U;>0,...,U; >0} Pr{U;;1 <0,....Ujs1 + - + Ug—g, <0}
—Pr{W;>0,...,W; > 0}Pr{W; <0,...,Wgk_,_; <0}

= PjdK —ko—j>»
where
pj:PI'{Wl >0,...,VVj >O}

and

Qj:PI'{W1<O,...,Wj<O}.

Note that in the above we have relabelled the U; in order to obtain expressions in terms
of probabilities involving the W;. Setting py = ¢o = 1, and using Sparre-Andersen’s
theorems (see, for example, Sparre-Andersen(1954), Spitzer(1956) and Feller (1971)),
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we have

jll_r)rolo Pr {% = ko + j} = DjqK—ko—j,

where the p; and ¢; may be obtained from the generating functions
o
P .
Zplzl =e ]O_il jflzj PF{X§j>20‘j}
=0

and
o
P . ; .
Q'Zi =e 5210712 Pr{x3;<2ci }
E 2= .
i=0

When K is moderately large, we can approximate limy_, o, Pr {E = ko + j} by p;q,
where ¢ = limy_,o qx. Let 73 = ¢;_1 — ¢;. Then
k

k
domd = (g1 —q) 7
j=1

j=1

k-1 k
=1 —i—zquz] - quzj.
=0 =0
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Hence

k
= lim lim » (gj—1—¢;)?’
k—00 z2—1 1
k
= lim lim (gj—1 —q5) &’
z—1~ k—o0 =
=1 .
iy 3
7=1
o0 o
=14+ lim |z 27 — 20

P ‘
=1 lim {(1—z)e Fas Pl <}

z—1~

P )
log(1—2)+ 52,j57'%7 Pr{x§j<20j}

=1— lime
z—1—
P ) . )
=1— lim e 52107 [Pr{x3;<2ei } 1]

z—1—
P
471 2 .
e it Pr{x3>2}

Thus

g=e" ]‘?ilj_lPr{X%j>2cj}.

Note that when ¢ > 1, ¢ > 0, since by the central limit theorem as 7 — oo,
P, > 20} = Pr{ T o (1)
I X2, cj r i c j
NPr{Z> (c—1) \/3}

1

~ e 3(e=1)i

\2mg

Finally, we establish the conditions for strong consistency. From (23), the min-

imiser of ¢y depends on the behaviour of the terms

—zpz +2f (1),
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k=kq,...,K —1. From Lemma 10, we have for k = kg, ..., K — 1,

limsu —Z’;Zk =
T P 2loglogT
It
lim inf ﬂ > 1,
T loglogT
then

—z 2f (T
lim inf 22+ 2f (T)
T 2loglogT

>0,

and consequently k— ko, almost surely. If, on the other hand,

lim inf& <1,
T loglogT

then we have

lim inf ) (7)

<0
T 2loglogT ’

and so the event

or(k+1)—os(k) <0

occurs infinitely often, for each & > kj. Hence % will not converge almost surely to k.
The condition

. (D)
liminf "2 >1
T g log T =

is thus necessary for strong consistency.

6 EMPIRICAL ANALYSIS OF THE PROPERTIES OF ];‘

Let ¢y (k) = NT logoi + 2k f (T) be the criterion for selecting the order of the space-
time AR process. AIC, BIC and the Hannan & Quinn Criterion (HQIC) are obtained
by putting f (7)) = 2,logT and 2log (logT) (Quinn (1980)), respectively. In order
to compare the performance of the three criteria, the procedures developed in the
previous sections were implemented in MATLAB and tested on simulated data. The
performance is compared only for relatively small values of 7. All the simulations

reported were performed using pseudo-normal random numbers.
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Data was simulated from a system of nine sites with weighting matrix:

[ 0 2192 .1109 .1173 .1485 .1101 .0928 .1197 .0816 |
1674 0 .1661 .0958 1352 .1016 .0852 .1614 .0873
.0759 .1488 0 .0815 .1054 .0981 .0890 .2688 .1325
.0601 .0642 .0610 0 .2201 .2701 .1665 .0869 .0710
W = .0753 .0898 .0782 .2180 0 .2156 1252 .1219 L0759
.0470 .0568 .0612 .2252 .1816 0 .2514 .0964 .0804
.0489 .0588 .0686 1714 .1302 .3103 0 .1006 .1113
.0666 .1175 .2185 .0944 .1336 .1256 .1061 0 1377
.0616 .0863 1462 .1047 .1130 1421 .1593 .1869 0

and the errors were pseudo-N (0, 1). Each table below shows the results of 100 repli-
cations of each model for varying sample sizes T" and different parameters. Tables 1
and 2 show the frequencies of the orders estimated by each criterion for space-time
AR processes of order 1. Results for Space-Time AR processes of order 2 are shown
in Tables 3 and 4.

From the following tables it can be seen that, for small & and ¥ and small T,
AIC overestimates the order of the process more often than the other two criteria and
BIC underestimates the order more often. HQIC lies between these two criteria by
underestimating to a lesser degree than BIC and overestimating to a lesser degree than
AIC. On the basis of this we prefer. Negative values of the parameters do not seem
to give different results than positive values. When considering different values of the
parameters, the correct order seems to be found more often when the value of ® is
larger than when the value of W is larger. This can be observed in sub tables 3, 4 and
5 of Table 2. This observation seems to indicate a stronger weight of ® in the model
and reflects the fact that the influence of ¥ is somewhat weakened by the existence of
the weighting matrix W. Although the performance of AIC improves, as T' increases,
for small ® and W, this improvement stops after a certain value of T'. Also, for larger
values of the coefficients, the performance does not appear to improve with 7. This
is easily explained by the inconsistency of AIC, shown in Theorem 8. Particularly

bad performance from all criteria is observed in Table 3 for ® = ¥ = [0.5 0.5]'. The
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d=0=[01]

T=50 T=100 T=150 T=500
R o 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 31 52 10 7 4 75 3 3 1 8 9 8 0o 8 12 7
HQIC 48 48 1 3 18 79 3 0 2 94 3 1 0 95 4 1
BIC 74 25 1 0 42 57 1 0 13 8 0 0 0 100 0 O
d=0=1[02
T=50 T=100 T=150 T=500
R o 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 8 10 9 0 8 8 9 0 8 13 5 0 8 12 8
HQIC 1 92 5 2 0 97 3 0 0 9 4 1 0 94 4 2
BIC 3 9 1 0 0 100 0 0 0 100 0 0 0 100 0 O
d=w=1[03
T=50 T=100 T=150 T=500
R 0o 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 8 10 5 0 87 9 4 0 8 11 6 0 8 11 8
HQIC 0 95 4 1 0 99 1 0 0 97 3 0 0 99 1 0
BIC 0 97 3 0 0 100 0 0 0 99 1 0 0 100 0 O
® =0 =[-0.1]
T=50 T=100 T=150 T=500
R o 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 38 49 8 5 11 68 9 12 0 8 7 10 0 8 10 8
HQIC 53 43 4 0 17 79 2 2 2 95 2 1 0 98 1 1
BIC 64 3 0 0 36 63 1 0 13 8 1 0 0 99 1 0
® =0 =[-02]
T=50 T=100 T=150 T=500
R o 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 8 10 2 0o 8 11 7 0 8 11 9 0 8 8 9
HQIC 2 94 4 0 0 98 1 1 0 9 4 0 0 100 0 O
BIC 6 93 1 0 0 100 0 0 0 100 0 0 0 100 0 O

Table 1: Frequency of correct order selection, for simulated data from Space —
Time AR models of order 1.
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T=50 T=100 T=150 T=500
R 0 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 > 2
AIC 1 87 5 7 0 8 8 9 0 84 11 5 0 75 16 9
HQIC 3 94 2 1 0 97 2 1 0 96 4 0 0 95 5 0
BIC 7 92 1 0 0 99 1 0 0 100 O 0 0 100 O 0

& =[-0.2] ¥ =[0.2]

T=50 T=100 T=150 T=500
R 0 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 > 2
AIC 0 8 12 3 0 78 11 11 0 79 11 10 0 8 3 11
HQIC 0 93 7 0 0 94 6 0 0 97 2 1 0 97 3 0
BIC 3 95 2 0 0o 97 3 0 0 100 O 0 0 100 O 0
@ =[0.3] ¥ = [~0.1]
T=50 T=100 T=150 T=500
R 0 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 > 2
AIC 0 8 9 6 0 8 13 5 0 8 12 6 0 79 11 10
HQIC 0 9 3 2 0 9 5 0 0 97 3 0 0 9 2 2
BIC 0 99 1 0 0 9 2 0 0 98 2 0 0 100 0 0
& =[0.1] ¥ = [~0.3]
T=50 T=100 T=150 T=500
R 0 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 > 2
AIC 4 79 9 8 0 8 15 5 0 8 11 9 0 8 12 7
HQIC 10 8 3 2 1 93 6 0 1 94 5 0 0 97 2 1
BIC 24 76 0 0 6 9 0 0 1 9 0 0 0 100 0 0
& =1[0.1] ¥ = [0.3]
T=50 T=100 T=150 T=500
R 0 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 > 2
AIC 7 79 8 6 1 8 9 6 0 8 7 6 0 8 12 6
HQIC 18 76 6 0 1 91 5 2 0 9 4 0 0 985 2 0
BIC 29 68 3 0 4 95 1 0 0 100 O 0 0 100 O 0

Table 2: Frequency of correct order selection, for simulated data from Space —
Time AR models of order 1.
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® =¥ =1[0.10.1]

T=50 T=100 T=150 T=500
R o 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 25 19 40 16 2 3 8 15 0 3 8 16 0 0 8 14
HQIC 43 15 31 11 9 9 81 1 1 9 8 4 0 0 99 1
BIC 62 13 24 1 36 15 49 0 5 21 74 0 0 0 100 O
® =T =1[020.2]
T=50 T=100 T=150 T=500
R 0 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 1 8 15 0 O0 8 17 0 0 8 19 0 0 9 10
HQIC 0 1 96 3 0o 0 97 3 0 0 95 5 0 0 100 O
BIC 0 3 9 1 0 0 99 1 0 0 100 O 0 0 100 O
® =V =1[030.3]
T=50 T=100 150 T=500
R o 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 0 8 17 0 O0 79 21 0 0 8 11 0 0 79 21
HQIC 0 0 96 4 0o 0 97 3 0 0 96 4 0 0 96 4
BIC 0 0 98 2 0 0 100 0 0 0 100 O 0 0 100 O
® =T =[0.50.5]
T=50 T=100 T=150 T=500
R o0 1 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 > 2
AIC 0 0 3 57 0 0O 2 74 0 0 19 8 0 0 20 80
HQIC 0 0 4 5 0 0 32 68 0 0 34 66 0 0 31 69
BIC 0 0O 5 4 0 0 40 60 O 0 42 5 0 0 37 63

Table 3: Frequency of correct order selection, for simulated data from Space —
Time AR models of order 2.
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® =1[0.50.1] ¥ = [0.50.1]

T=50 T=100 T=150 T=500
R 01 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 33 5 13 0 5 77 18 0 3 8 12 0 0 8 17
HQIC 0 51 45 4 0 20 76 4 0 6 91 3 0 0 97 3
BIC 0 64 35 1 0 39 59 2 0 14 8 0 0 0 100 0
$ =[0.50.1] ¥ = [0.1 0.5]
T=50 T=100 T=150 T=500
R 01 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 O 8 12 0 0 8 16 0 0 8 19 0 0 79 21
HQIC 0 0 97 3 0o 0 93 7 0 0 92 8 0 0 97 3
BIC 0 4 96 0 0 0 9 2 0 0 99 1 0 0 100 O
=[0.10.3] ¥ =[-0.2 —0.2]
T=50 T=100 T=150 T=500
R 01 2 >2 0 1 2 >2 0 1 2 >2 0 1 2 >2
AIC 0 0O 8 20 0 0 8 13 0 0 8 14 0 0 8 18
HQIC 0 0 9 10 0 0 99 1 0 0 9 6 0 0 98 2
BIC 0 0 95 5 0 0 100 O 0 0 99 1 0 0 100 0

Table 4: Frequency of correct order selection, for simulated data from Space —
Time AR models of order 2.
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reason for this is that for these values, 2 of the zeros in (4) are 0. (Something wrong
here. Two zeros appear to be outside the unit circle. Could you do the simulations

again with 0.45 instead of 0.57)

7 DATA ANALYSIS: SPACE-TIME AR MODELS FOR CARBON MONOXIDE

CONCENTRATIONS IN VENICE

The atmospheric concentration of carbon monoxide (CO) is a central issue in en-
vironmental monitoring, because of the direct relationship between excess CO and
global warming (greenhouse effect). The problem is spatio-temporal in nature and
given time series from different monitoring stations, we expect better insights into the
dynamics of the process by fitting a spatio-temporal model to the data rather than
analysing the spatial and temporal features separately.

The data consist of 300 hourly carbon monoxide (CO) concentrations (in micro-
grams per cubic meter) recorded in September 1995 at four different locations in Venice
(see Figure 1). The data were considered in Tonellato(2001) and are available at
http://www.blackwellpublishers.co.uk /rss/datasets/tonellato.ZIP. In Tonellato(2001)
a multivariate time series model is fitted to the data using Bayesian methods. Tonel-
lato assumes that the process is isotropic, which may be difficult to justify. With
data available at only four locations it is also difficult to model the spatial covariance
structure of the system. Hence, we believe that the space-time autoregressive model

is suitable for modelling this data.

atmospheric CO (micgrim
BN W MO O
almusphencCO(m\cgr/mﬁ
BN W AMOO

0

—

L

amospherc CO (m\cgr/mzl
amospheric CO (m\cgr/mzl

100 =200 300 ) 160 200 s00

Figure 1: Original series of hourly carbon monoxide in 4 stations in Venice
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Site 2 3 4
1 1.680 1.420 1.356
2 0.624 1.176
3 0.672

Table 5: Distances between sites (in km)

7-1  Analysis

We follow Tonellato(2001) by replacing the missing data with the means of the val-
ues at the same site and same hour over the whole sample period. We analyse the
logarithms of the data, depicted in Figure 2. (This figure seems wrong. Compare
with the one I've attached. In particular, compare the first ten values in the first pic-
ture. I'm worried that the analysis might not be correct.) There is evidence that this
transformation stabilises the variance but we believe the data is still non-gaussian.
The distances between the sites (Table 5) are used to construct the weighting
matrix. The weights are taken as the inverse of the corresponding distances between

the sites. The weighting matrix is standardised such that each row sum is 1:

0 0.2922 0.3457 0.3621
0.1946 0 0.5274 0.2780
0.1856 0.4223 0 0.3921

0.2398 0.2764 0.4838 0

o.s

o

—o.s —o.s

-1 -1

—1.5 —1.5

-2 —2
o 100 200 EY

oo ) 100 200 300
t(hours) t(hours)

atmospheric CO (m\cgr/mﬁ
o
atmospheric CO (m\cgr/msj

almnspheﬂcCO(m\cgr)mZ)

A

NOROOOR®O
N

aumnsphemcC()(rmcgr/m3

[l (l) o

NORQOOOR

Figure 2: Logarithm of series of hourly carbon monoxide in 4 stations in Venice

Following Tonellato, we subtract the seasonal component present in each time
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series individually prior to modelling. Assuming that the length of each cycle is 24

hours and denoting by Y (¢) the logarithm of the original observations, we write

Y(t) = S(t)E+ X(t) (24)

where
S(t) = [ cos(mt/12) --- cos(6mt/12) sin(wt/12) --- sin(67t/12) ] ® Iy
and

5:[51,1 51’6 5471 54’6 fil 516 5271 5276]

and X(t) is the deseasonalised process in Figure 3, which will be used for fitting a
space-time AR model. In practice, X(¢) are the residuals obtained after fitting the
model (24) by least squares to the transformed data.

o.s
o
—o.5
-1
—1s

atmospheric CO (m\cgr/m3]

amospheric CO (m\cgr)ms)
| F" o
B 0O O R

—1.5

Figure 3: Deseasonalised series(using harmonics) of log-hourly carbon monoxide in 4
stations in Venice.

Using our methodology for order determination and using the recursive estimation
techniques, we found that the best order for the space-time AR model is 1 and the
corresponding estimated parameters are é = —0.5202, "@ = —0.1173, 62 = 0.1341.
The graph of the residuals obtained after fitting the space-time AR model (Figure 4)
does not present any specific pattern. The residual autocorrelation functions are not

significantly different from zero and the cross correlations are also very close to zero .
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Figure 4: Residual after fitting a space-time AR(1) model to the data in Figure 3.
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APPENDIX A. APPLICATION OF THE LAW OF THE ITERATED LOGARITHM

The following lemmas are needed for the proof of Theorem 8.

LEMMA 9 Let ﬁm denote the first column of ﬁk, where Py 1s defined in Theorem
3. Then, when k > kg, the true order,

B | Tt —k-De® 4 o(D)},
Tt~k —1)e(t)

almost surely as T — oo.

LEMMA 10 Let
2L = Tl/ZO'_lTl;l/zﬁkl,

—1/2 . ‘ U
where T, /2 s any matriz whose square is T), L. Then

1. For k =ky,..., K, where K is fized, the z, are asymptotically independent and

normally distributed with zero means and identity covariance matrices.
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2. For k > kg, if a is any 2-dimensional vector,

1
li e dzl =1
1mj§up 20’aloglog T o] ’

almost surely.

3. Fork =ky,..., K, where K is fized,

lim su ﬂ =
T P 2loglogT

almost surely.

PROOF of Lemma 9 From (8),

. o L, I || o
Pk?l: =R + =~/ =~/ A(k)
ﬂ-—k—l | H—k‘ Ak‘ \I]k |
Do §

Tei1 L, I, || eV

- R + :/ :I (k)
L ﬂ-—k—l | | H—k Ak i L \Ilk i

~I ~/ —
r, II, oM o\
Tl ox SONE (k)
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When k£ > ko,

Ve+1

T—k—1

-

~/

ol
~1 ~/
o, & | [ v

IS X ()X (t+k+1)

TS X (WX (t+ Kk +1)

ko
+> 9
j=1
ko
+ Z ),
j=1

=71

TS X)X (t+ k41— 7)
TS X (WX (E+k+1- )

t
TS XWX (t+k+1— )
TS X (O WWX (t+k+1— )

SE X (e(t+k+1)
ST X ()We(t+k+1)

Now, from the proof of Theorem 7,

~/ ~ —_
ol =/ ~ -
i, A, 7 v |
— _1 — —
I Uu. v, T U. v (k)
_ Nk Nk k k Ak + Ak Ak ](Ck) {1+0(1)}
T, A V. F, T, VR ol
— - —1 r . " - ! - - - A — -
U, Vi r, I r U. V, pP
_ k k Nk Nk: Ak i Ak: Ak kk {1+0(1>}
V! F M, A, . V. F, g®
- - —1 r ! _ - — -
U, V! r, II_ T U. v o™
_ ko Vg k k Ak i Ak Alc kk (1+0(1)}
Vi F I, Ay o, VB || el
o~ o~ , A~ A~ A~
3" AV T, 0, Vo || e®
=1 = =® PO I w | | e}
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Thus

S| T Xt —k—1)e()
TS X (t—k—1)We(t)

~ ~ ! . .
3 A0 | {rslixe-iem}

v’ &) | [ {rslLxe-gwem}

>

T35 e (t—k—1)e(t
T (t— k= 1)z (1)
PROOF of Lemma 10 The asymptotic behaviour of ﬁm is, from the above, the

same as that of
Ty g (t— k= 1)e ()

Ty (t—k—1)e(t)

Now

§;€(t—]{?—1) /

E{ (b= k1) S(t)s(t)[gk(t—k‘—l) Qk(t_k_l)}
§;€(t—]{3—1) ’

SEIEY () [ et —k-1) w(t-k-1) |[Fs
-k —1

— o’E Q'Et o [gk(t—k—l) gk(t—k—l)]
Up \U — K —

:O'QT]C,

by Theorem 4, since both g} (t — k — 1) and uj, (t — k — 1) are constructed from X (t —k —1),...,
X (t — 1) and are thus fixed given F;_;. Again using Billingsley’s martingale central
limit theorem (Billingsley (1961)), o’z is asymptotically normal with zero mean and
variance o'« In fact, if o, k = ko, ..., K are arbitrary 2-dimensional vectors, then

a2k, k = ko,..., K are asymptotically independent. To see this, without loss of
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generality choose k and [ with k > [ > ky. Then

Sack(t—k=0e@) | [ .
E ) . e (4 — 1 —
{lzflmk1>e<t>][2“‘°‘“>§l<t 1=1) S (-1 M}

| Tt -k-Dat-1-1) S (-k-Dut-i-1)
St (= k=D g (t—1—1) X (= k—Du (t—1— 1)
Now, using (7) and since, for i =0,1,...,1
1<k—-1+i<k,
we obtain

E{ey(t—k—-1)g(t—-1-1)}

E[{ (t—k—1) +Z(qsg,’f)INJrg,’f)W)X(t—k—1+j)}
l

{X(t—z—1)+Z(9§l>IN+y§”W)X(t—z—1+¢)}

k
RS O
j=1
l k
+Z¢() {fyk Z+Z+Z <¢§k Vh—l+i—j +¢ Tj—i+i— k:)}

=1 j=1
!
+ Z¢ {Wk I+i + Z <¢§k Th—lti—j T ¢ )\k—l-i-z'—j) }
=1
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Similarly,

E{uf (t—k — 1) (t -1 - 1)}

k /
—F [{WX(tk:1)+Z(§§k>1N+Q§.‘“)W)X(tk1+j)}
7j=1
l
{WX(t—l—1)+Z(éﬁ’)lN+Q§l)W>X(t—l—1+¢)}
=1
k
= {)\k_z + Z <é§'k)ﬂ'k—l—j + Q§-k)>\k_l—j> }
j=1
l
+Z5l {Wz fo— ri-Z( Ve—l4i— j+0‘k)7rl—k+j—i)}
=1
l
"‘Zel {)\k l+z+z<5§kﬂ'k I+i— j+9 >\k I+ j)}
i=1 7j=1
E{e ( Dy (t-1-1)}
k /
=F { (t—k—1) +Z(¢§k>1 + 1 ) (t—k—1+])}
7j=1
l
{WX(t—l—1)+Z(§§’>IN+9§”W) (t—l—1+z)}
=1

l k
l
+) e {%_m +) (?ﬁk)%—m—j + ﬂk)ﬁl—kﬂ‘—z‘) }
i=1 j=1
l k
+ ZQ’E“ {ﬂ—k—l—&-i -+ Z (?Ek)ﬂ-k_l—i—i_j -+ y;k)Ak—H-i—j) }
i=1 j=1

=0
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and
E{u,(t=k—-1)gt-1-1)}

k /
—E {WX(t—k:—1)+Z(ég.’“)JNJngk)W)X(t—k—1+j)}

=1

!
{X(t—l— D+ (ggﬂfmyg”vv) X(t—1- 1+¢)}
=1
k
= {Wl—k + Z (éﬁk)%_kﬂ- + Q§-k)7ﬁ—k+j> }
j=1
! k
+) gV {Wz—k—i +) <§§~k)%—k+j—z + Q§~k)ﬂz—k+j—i) }
i=1 j=1

! k
k k
+ ZE@ {Ak—l—i-i + Z <é§ )7Tk—l+i—j + Q§ ))\k—l—l—z’—j) }
i=1 j=1

= 0.

The z;, are thus jointly asymptotically normal and independent.

Using Stout’s law of the iterated logarithm (Stout(1970)), we also have

1
li W] =1
1stup 2a/aloglog T o2

almost surely. Using the methods in Hannan (1980), which we do not reproduce here,

it is also the case that

20 2k

limsup — &% —
T P 2loglogT
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