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Abt rac t  
A physical mystern governed by l0r-dirncdon.l dynunia may be described completely with 

jolt a €er meuurementr. Once one k u  roch a daaiptian, m y  fnrtha murnrementr u e  
rsdund.nt-one ought (0 he able to dekrmine the d t r  h m  what one d r e d y  b a r .  Here 
we qply thb idea to mult idate  time rexia; we ue the dgnd in one of the cham& to 
build model of the anderlying BY", then a= the model to predict all the other chmnek. 
We dcmonrtrate the method on a signal from flmid-mecb.niul cxpaimennt, then ditcnn the 
i m p l i u t i ~ ~  for d g d  amp& m d  for the aeaeq of m q a  muked by chaotic noLC. 

1 Introduction 
Nonlinear ryrtema CUI produce complex behaviour from rimple dynunia-keen purauit of genuine 
phyuul manifestations of thia truism ham produced a ckde of new, geometric techniques for the 

of tim aerisr. The main ides b that a hde, uniwiate time eerk can contain enough 
information to to build a faithful mode) of the underlying ryrkm--. model good enough for, ray, 
short term prediction [5, 3,6], or the d a b  of control s y r k m  [lo]. Hue we will how how to uee 
a model built from one c h m e l  of a multivariate ri(ln.l to reproduce the sign& in dl the other 
Ch.aneb. 

Figure 1 "marises the w u d  approach: one imagine that the mpd U a requence of meaaurt 
menta taken from a dekrminiutic rp t em that e v o h  recording to "e Werentid equation 

& 
di - = F ( t ) ,  

where z M a point in the (perhap unobrervrble) rkk qmce of the ryrtcm, M ;  at each inataut z(t) 
provides a complete dglcription of the ryrkm. Supporing our multivariate rignal to have k chmels, 
it appeam here ae the value of m m  k-component, vector-vdued function, v : M + R', recorded at 
pointa rpaced evenly in time dong a trajectory t ( t )  of (1). For the moment we rill suppress the 
dependence on the p h w  point z(t) and will XIEMUKC time in unite of the rampling interval K) that 
the time =ria is 

Our h t  goal n to turn thb  o e r k  into a geometric object with propertiea similar to tho# of M. 
r,, and Concentrating on just a ringle channel, ray the ,j-th one, we choocre a Kt of delays TI ,  22, 

use them to build vectors V,(f) E R", 

Vj(t) = (Uj(f + T I ) ,  Uj(t  + T2)r.. . t Uj ( f  + Tn)). (2) 
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Figure 1: A rchrmriic dirgnm of date rpcc madruetion wing #e mcihod of Iclayr. For 0 
tbonwyh trutmcrt r e ,  for ezrmpk, 17, lS, 18, 4. 

Barring an unfortunate choice of observable U,, delayr r,,, or embedding dimension n, a theorem of 
~ U K I  dates that the resuiting poinb lie on a wt dif€comorphic to M [13]. 

Thir approach, the method of delays, worh no mrtter which churnel we choae; ercb yielda a 
repmentation of M. But M L the rkk r p w  of the underlying phyricd ryrkm--co know one’s 
parition in it i m  to know everything there L to know about tbc qwt” even the d u e s  of the other 
okervablcs. Jurt  U we think of the componenh of our WaI U values of functions wm : M + R, 
m we CUI a h  think of them Y fUCtbM on the r t ” t ruckd  object. By approximating t h w  
functiom then we could build a model capable of recovering dl k &=neb of information from an 
obremtion of jut one. 

The next rection introducar tbe bob we need; it opene with a few more remarkr about the 
method of delays, then btroducsll a way to approldmak function6 on the monrtruckd M. The 
third mtion applia thew idem to a red experimen;d rignd urd the lmt d b c w  posrible urar for 
t b  method, including rigod compnrion, the recovery of r ip& mMked by chaotic noise and #me 

very intemting recent work [2] which rhows that a band-pm filtered version of a chaotic ugnd 
conkiar d e i e n t  information to recover the whole, unfiltered rignal. 

2 Delays, diffeomorphisms and functions 
The method of delay converts a time reries into a cloud of points in the embedding space, R“. BOW 
is this met connected to the original oyrtun’r etate space? The careful w w e r  is that each channel 
of the multiprobe rignal gives rise to a di%omorpbm @j : M -. R”, 

*j(fo) = (vj(t(T1))t uj(z(Q)), . . - I  Vj(+(rn)))- (3) 

Here to E M is a point in the syetem’r original state space and t ( t )  is the trajectory of (1) that 
pomes through t o  at 1 = 0. In other worda, the recolurtrUCted rtak rpace b the ementially the same 
aa M, differening from it only by a rmooth change of coordinates. 



2.1 approximating functions 
The method of delays leaves uo with a low dimensional model of our system’s state space. Here we 
introduce an elegant scheme to appramhWe functions on the reconstructed M. The method, f int  
propored by Martin Cvdyli in (91, rrg a?igin.lly intended for rhort term prediction. 

Suppae then that m have Y)IDC delay udddiag (i Iike the one in equation 3 and rbo, for euh 
the poinb SO, 21, E a ,  .-. dong our D m ’ D  *tory, the d u e  ofrome function u : M -.. R We 
want to find a function : R” - B rtirbipy 

fY(0CSj)) = u(q); 
th.t MI we want f,, to have the ~ U M  d u e  .t the -bedded point 4(+j) that U d o e  .t 2j. cud@ 

that we app- f,, with a L e u  Combiaation of rulial baeb functionr, “ething d 
the form 

where the eentm ck E R” u e  @ c o k t h n  of p h b  the embedding space, lbll b the u r d  
euclidean norm in R“, 4 : R 4 R b a function and the coefficients Xk ue &omen to “be the 
mean quare error. The advantage of this approuh b that the a p p w  linearly and 10 provided 
there ue fewer centra than pointa in the mien, they u e  given by u1 overdetermined linear ryrtenr 
if the trajectory has N poiub and there ue K centres the equation M 

One can mlve thin in the kaat q u a m  ense by doing a ringular-valued decomposition (ra, e.#. [SI). 

3 Exploiting redundancy 
&”der Figure 2. I t  rhows an experiment (about which we will ray more below) that produces 
32 channels of data. Choose one channel, ray channel 20, as a reference and w it, .long with 
the method of delays, to build a model of the underlying dynamical lyrtem. Now consider a point 
on M ,  ray 01, and the corraponding point in the reconstruction. It U a y  to recover the d u e  
of the twentieth observeable from the reconatruetion; it L jwt the fint coordinate of the point 
0ao(zl) = &(l) E R”. But one can ab0 think of the obrerverbk U) a function on the reconstructed 
object, the function that picks off the f h t  codinate .  Similarly, one can think of the measurement 
in channel twelve M another function on the reconstructed object. One cu1 repnrent thia function 
by bt ing ita values on the embedded trajectory, building up a table of pairs 

where the first entry is a point in the remnstruction and the recond is a red number, the d u e  
meaaured in channel twelve at the ram moment. Finally, one C(UI interpolate the tsble of pairs with 
radial basis functions to get a smooth approXimation to  that InCM”ent function which gives the 
d u e  of the twelfth obrerveable. Similarly, one could we the reconstruction based on channel 20 to 
recover all the other rignab. 

3.1 an application 
The apparatus in Figure 2 is a cartoon version of an experiment designed to simulate atmospheric 
circulation in the mid-latitudes. The annular tiink rests on a turntable and rotates slowly, simulating 
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Figure 2: A muhiprobe verrwn of Figure 1. Tbo rignab from the rame rppamtur give rire i o  two 
diflenni difcomorphic imagu of M I  but a poinf in eilher ncorrtmdion rpccifie.9 the rtate of the  
qrtem completely. 

0.0834 0.194 
24 45' 0.220 

90" 0.213 

Table 1: A rvmmary of rcrrhr for rcvcml channclr: A8 W ihe angular repamiion between the given 
probe and the reference pmbe; U is the r.m.8. value of the fluctuating pari of each rignal-ai r c b  a 
scale againri which to compm the envrr. 
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Figure 3: Short regmenis of the mfenna ripd end of one of the epptwheid rignob, ilhrirriiafl 
the ~ C C U I  of the ncoartrrciwn end appmrimaiion. The diamonl atv OW appmzimaiioar; tbe 
rolid EITWU art the r d d  murummeair. 

the rotation of the euth. The inner wall U ecded to rimulak the north pole while the outer while 
b heated to rixndak the equator. A ring d thermoeoupka located at mid-radius and mid-height 
in the tank provide the rignaln we .ndyw. Thir data, which WM given U by Peter Read of Oxford, 
M d i a d  more thoroughly in hia utick (111. 

We wed the rignal from the twentieth probe to reeanrtruct the rtak apace of the ryrkm (di- 
"ion n = 9, delays rj = S( j  - l)), then rtudied the h t  half the data (1000 pointr) to b d d  
approldmators for K V U ~  of the other 8ign.L. Thae were of the form (4), with 120 cent- cbaen 
randomly hom the data and bmb function 

where ro wpu) half the range of the data. 
Finally, we made an OutOfJlunple tu t  of the approximatom using the vcond half of the data 

(1000 points); Figure 3 r h m  the agreement between the approximat" and the u tua l  murure 
m m b  for both the reference channel urd one of the othm while Table 1 rummarites the d b  for 
channels at varioua angular distancar &om the reference probe. Somewhat mrprbingly, the quality 
of the approximation is rimilar for dl channeb but the reference probe. One can get betkr mdta 
by preprocessing the data to get a better embeddmg-see [l] for a good approach. 

4 Conclusions 
The m a t  obvious application of theuc idem i to rignd eompwiron. If we wished to transmit the 
rignab discussed above our work &ows that dkr ILD initial p h w  of model-construction we could 
send enough information to reproduce all 32 channels of the signal with only one channel's worth 
of data. A romcwhat more abstract description of what we have done: "use information in one 
component of a signal from a deterministic system to determine all other signals," suggests other 
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pwibilities. Perhaps the mart exciting b the prospect of recovering the whole of a chaotic signa 
from filtered vemions. A recent preprint, [2], &owe huw t o  uploit this idea to recover band-limited 
mgn& from behind an arbitrarily rtroly chaotic rcran. Their methodm bear directly on the recurity 
of -de maaked by chaotic mk. 

Suppae, for aclmpk, that ne were uebg a protocol ruggtsted by Pecora and Curou-they 
rryllcrt that both the tr.nrmitkr and the receiver rbould have identical copia of a chaotic dynunical 
q&eun, u y ,  two Larem .ttrutoce with the m n e  A ri&aal derived from the tr.lrwitter’r 
-tun k wd to drive, and rpchroole, the receiver’s system. After tbie e y n h m k i n g  preu&le 
the actual -e ia trrrumitted U weak s i p d  muked by a etronger chaotic compolrcnt. Sine 
the mcirv h u  an identical copy of the e h d c  “e, he rceovvI the -e euily. 

But the t d t t e r - r a a i v e r  pair ue juat the rort of ryrkm truted in thir papa; coupled 
together U they rmut be to .chieve r y o ~ . t i o n ,  they ue two putr oftbe mne qmtem. Clae 
atudy of one mnpment,  the rynchrooiriag pnrmble, U rufficient to davibe the whde d l y  
and K) d the “age. Although we have ovcratated the cue for the methods praeated 
here (the modeLcmrtruction phvc d thb paper’s approrch would require obrerntionr 00 both 
the truumitter and the d v ~ r ) ,  the probkm genui~c-rigr.lr &ed by chaotic nobe may be 
r e d  by anyone who cm model tbe chaotic noiW IQLVCC. And one CUI build good modeh of a 
chaotic myatem &om ndhiug more t h m  time ~ r i e s  ofmururementr. 
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