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K-theory and the connection index

Tayyab Kamran and Roger Plymen

Abstract

Let G denote a split simply connected almost simple p-adic group.
We study the spherical C*-algebra of G and prove that the rank of the
K-theory group K is the connection index f(G). We relate this result
to the recent conjecture in [4, §7] and to a recent result of Solleveld
[21].

1 Introduction

Let G denote a split simply connected almost simple p-adic group. We study
the spherical C*-algebra of G and prove that the rank of the K-theory group
K is the connection index f(G).

The dual of the spherical C*-algebra comprises the irreducible unitary
representations of G which admit nonzero K-fixed vectors, where K is a
good maximal compact subgroup of G. The spherical C*-algebra C* (G) is
a direct summand of the Iwahori C*-algebra Z, and so contributes to the
K-theory of 7.

We relate this result with the recent conjecture in [4, §7]: this is a ver-
sion, adapted to the K-theory of C*-algebras, of the geometric conjecture
developed in [2, 3, 4, 5].

Quite specifically, let F' be a local nonarchimedean field of characteristic
0, let G be the group of F-rational points in a split, almost simple, simply
connected, semisimple linear algebraic group defined over F', for example
SL(n). Let 7 denote a maximal split torus of G. Let GY, TV denote the
Langlands dual groups, and let G, T denote maximal compact subgroups:

GcgY, TcT".

Then G is a compact Lie group with maximal torus 7.

Let @ be the root system for the pair (G,T) and let ®¥ be the coroot
system associated to ®. Let Q(®) be the root lattice, P(®) be the weight
lattice; each weight takes integer values on the coroot lattice. Let P(®)/Q(P)
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be the quotient group. The order of the group P(®)/Q(®) is called the
connection index f = f(G) of G.

The abelian groups P/@ are tabulated in [10, Plates I-X, p.265-292]. For
A, B,,C,, D,, Es, E7, Es, Fy, G5 they are, respectively

Z/(n+1)Z, Z/2Z, 7Z/2Z, Z/AZ (nodd), 7Z/27Z x7Z/2Z (n even)

7/37, 7J2Z, 0, 0, 0

We will consider the unramified (or spherical) C*-algebra 2 = C* _(G) of
G. Let
m(t) := Ind%,(t® 1)

be the unramified unitary principal series of G, so that ¢ € U(T) is an
unramified unitary character of 7. Let C(t) be the commuting algebra of
7(t). Then

C(t) = C[R(1)],

where R(t) is the R-group of ¢, see [13].

The R-groups are tabulated by Keys [13]. When we compare the R-
group computations in [13] with the above list, we see that the maximal
R-groups are isomorphic to the fundamental groups P/@Q). In this Note, we
attempt to explain this fact, via the elementary geometry of the Lie algebra
t: the vector space t has the structure of a Euclidean apace tessellated with
alcoves. In the present context, we need a refinement of this tessellation by
barycentric subdivision. For example, if G = SL(3), then the standard tiling
of the Euclidean plane by equilateral triangles is refined to produce a tiling
by isosceles triangles. Reducibility in the unramified unitary principal series
is determined by the fundamental group P/Q).

Let K be a compact open subgroup of G. Choose left-invariant Haar
measure i on G. Let

ex(r) =u(K) tifr e K
=0 ife ¢ K
Then ef is an idempotent in the reduced C*-algebra C(G). Let Ky,..., K;

be an enumeration of the good maximal compact subgroups of G, one from
each conjugacy class in G.

Theorem 1.1. Let G be simply connected, let A = C} (G) and let f = f(G)
be the connection index of G. Then Ky() is a free abelian group on f(G)
generators, and Ky = 0. The idempotents eg,, ..., e, are generators of K.

K detects the tempered L-packet II(ty) in the unramified unitary prin-
cipal series with the maximal number of constituents.
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2 The alcoves in the Lie algebra of T

Our reference at this point is [10, IX, p.309-327]. The proof hinges on the dis-
tinction between the affine Weyl group and the extended affine Weyl group.
Let t denote the Lie algebra of T, and let exp : t — T" denote the exponential
map. The kernel of exp is denoted I'(T"). Denote by N(G,T) the subgroup
of I'(T") generated by the nodal vectors. The quotient I'(T")/N(G,T') can be
identified with the fundamental group of G. Thanks to the identification of
the nodal vector K, with the coroot a”, the group N(G,T) can be identified
with the group Q(®") generated by the set ®" of coroots.

The affine Weyl group is W, = N(G,T) x W and the extended affine
Weyl group is W, = I'(T") x W; the subgroup W, of W/ is normal. The
group W (resp. W,) operates simply-transitively on the set of chambers
(resp. alcoves). Let C' be a chamber and A an alcove. Then C (resp. A) is
a fundamental domain for the operation of W on t (resp. of W, on t). Let
H 4 be the stabilizer of A in W/. Then W, is the semi-direct product

W;:WQNHA.

We have to consider the C*-summand 2(G) in the reduced C*-algebra
C* (@) which corresponds to the unramified unitary principal series, see [13].
The algebra C(G) is defined as follows. We choose a left-invariant Haar mea-

sure on G, and form a Hilbert space L?(G). The left regular representation
A of LY(G) on L*(@G) is given by

AUDh) = f+h

where f € LY(G), h € L*(G) and * denotes the convolution. The C*-algebra
generated by the image of A is the reduced C*-algebra C*(G). Let 8 denote
the C*-algebra of compact operators on the standard Hilbert space H.

At this point we use Langlands duality. The Langlands dual of G is the
complex reductive group G¥ with maximal torus 7. Let G be a maximal
compact subgroup of GV, let T' be the maximal compact subgroup of 7.

The group ¥(7) of unramified unitary characters of 7 is isomorphic to
T. The unramified C*-algebra C.(G) is given by the fixed point algebra

Cr(G) = (T, R)Y
={feC(T,R): flwt)=c(w:t) f(t),we W}

where a(w : t) are normalized intertwining operators, and
c(w:t)=Ada(w :t)
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as in [16]. Then a: W — C(T,U(H)) is a 1-cocycle:
a(wal : t) = u(w2 : wlt)a(wl : t)

View t as an additive group, and form the Euclidean group t x O(t). We
have W, C t x O(t) and so W acts as affine transformations of t. B
We have A C t. The group H, is defined as the stabilizer in W, of A:

Hy:={weW,:wACA}

Then H, is a finite abelian group which can be identified naturally with
m(G), see [10, IX, p.326].

Since G is simply connected, the dual group GV is of adjoint type, and
so C(G) = 1. The special points of W, are the elements = of t such that
expx € C(G), see [10, IX, p.326]. In this case, expxz = 1. Let S be the set
of special points of A. The group H4 acts freely on S, and the exponential
map induces a bijection from S/H,4 to C(G), by [10, IX, p.327].

We will choose A such that 0 € A, see [10, p.327]. We choose sy € S and
note that the set S is a single H 4-orbit:

{w-sp:we Hy} = 8.

Define

1’02:% Z U}'SO:%ZS

weH 4 SES

Then z, is independent of the choice of s € S. Now A is convex , for it is
the closure of a simplex in t: therefore zo € A. We have

w'wo:% Z w’(w-so):% Z w - S = T

weH 4 weH 4

for all w’ € Hy, so xg is a fixed point under the action of H 4.

Then A is equivariantly contractible to zq:
ri(z) = (1 —t)zg + tx (1)
with 0 < ¢ < 1. This is an affine H4-equivariant contraction from A to xy.
Lemma 2.1. Let tg = expxg. There is an isomorphism of abelian groups:
Hy ~ W(ty) ~ R(to)

where R(ty) is the R-group of to.



Proof. The exponential map exp : t — T" commutes with the action of W.
Let h = yw = (y,w) € I'(T") x W. Then

hzo =1y = v €I(T) = exphxy = expwzy = wexp xy = wiy
This determines the map
Hy — W(ty), ywr—w

Now
w(ty) =ty = (Fy € T(T)) y(wxg) =g = YW € Hy

so that H4 — W (ty) is surjective. The map is injective because
(1, w) = (2, w) = N ="
This creates the canonical isomorphism of abelian groups:
Hy =~ W(ty)
In fact, W (to) is the image of H 4 in the canonical map W/ — W is W (ty):
D)« W — W, Ha~W(ty)

In general, we have R(tg) C W(tp). The calculations of Keys [13] prove

Theorem 2.2. The group Ko(C},.(QG)) is free abelian on f(G) generators,
and K1(C;,.(G)) = 0.

Proof. We have the exponential map exp : t — T. We lift f from T to a
periodic function F on t, and lift a from a 1-cocycle a : W — C(T,U(H)) to
a l-cocycle b: W) — C(t,U(H)):

F(x):= flexpz), bw' :z):=a(w:expr)
with w’ = (v, w). The semidirect product rule is

wywy = (y1,w1) (2, w2) = (Mwi(y2), wiws).
Note that b is still a 1-cocycle:

b(whw] : x) = a(wyw; : exp )

wy : wy(exp x)a(w : expx)

(
(

= a(ws : expwyz)b(w] : x)
(wy : expywix)b(w] : x)
(

wh : wiz)b(w) : x)



Now we define
O(w:x):=Adb(w : x), weWw, (2)
The fixed algebra C? (G) is as follows:
{FeCtR): Flwr)=0w:z) - F(z),weW,, x €t F periodic}
Now F is determined by its restriction to A. Upon restriction, we obtain
Cx (G)~{fecCAR): flwr)=0d(w:z)- f(x),w € Hy, v € A}

We want to make the b(w,z) independent of 2 € A. At this point, we
adapt a proof in Solleveld [20]. We will write H = H4. Let

¢ :=C(A R), B = C(A L(V))

so that C.(G) = €. Let € x H be the crossed product of € and H with
respect to the action of H on € via the intertwiners b(w : x). Let r; be
defined as in Eq.(1). Define

1
p(z) = HH)EZHB(U) R (3)

Then p; € B x H is an idempotent by Eq.(3). By [18], we have an isomor-
phism of C*-algebras:

o1 s ~p1(€x H)pr, o+~ piop;

Clearly the idempotents p, are all homotopic, so they are conjugate in 8 x H,
see [9, Proposition 4.3.3], e.g. p; = apga~!. Now €x H isa C*-ideal in BxH,
and so we have

Q:H ~ pl(Q: X H)pl

= apoa (€ x H)apoa™"

= apo(€ x H)poa™*
~ po(Q: X H)pg

as conjugate C*-algebras in ‘B x H. Define
eH(0) = {f € C(A, R) : flwz) =d(w: x0) - f(x),w € Hy, x € A}
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We have the the C*-algebra isomorphism
€(0) = po(€ x H)po, 0+ poopo

and so

e ~ po(€ x H)py ~ €(0)7

We have replaced the intertwiners b(w : z) by the constant (i.e. independent
of x) intertwiners b(w : o).

To the algebra €(0)# we will apply the homotopy r;. This shows that
¢#(0) is homotopy-equivalent to its fiber &(Vy)? over zy. Each element in
A(Vo)” must commute with the intertwiners {b(zo : h) : h € Hy}. Now we
have

{b(zo:h):he Hal={a(to:w):we W(ty)}

by Lemma 2.1 and Eq.(2). So each element in £(V;)"” must commute with
the commuting algebra
C(to) =~ C[H ]

Since H,4 is an abelian group of order f, we infer that
AV)? ~ ... .0 R

with f copies of &. It is now immediate that Ko() = Z/, K;(A)=0. O

The unramified unitary principal series is reducible at ¢y, and it splits the
Hilbert space Vj into f irreducible subspaces Hi, ..., Hy. Let E; : Vj — H;
be a rank-one projection. Let e; € 2 be such that e;(zg) = E;. Then
{e1,...,es} is a set of generators in Ky(A). The idempotents ey, ..., e; are
the Fourier transforms of the idempotents ek, ..., ek, defined in §1. See
[13] for a discussion of class 1 representations.

3 Relation to the Baum-Connes correspon-
dence

Let G be a reductive p-adic group. The Baum-Connes correspondence is a
definite isomorphism of abelian groups

K'™(G) = K, C}(C) (4)

with j = 0,1, see [14]. The idea that the LHS (left-hand-side) is an answer for
the RHS (right-hand-side) does not withstand scrutiny. For the LHS, defined
in terms of K-cycles, has never been directly computed for a noncommutative
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reductive p-adic group. A classical result of Higson [12] and Schneider [19]
allows us to replace the LHS with the chamber homology groups. These
groups have indeed been directly computed in two cases: SL(2), see [8] and
GL(3), see [6]. Even here, one can be sure that representative cycles in all
the homology groups have been constructed only by checking with the RHS.
In other words, one always has to have an independent computation of the
RHS. The present Note is a step in that direction.

We now reflect on the conjecture in §7 of [5]. This is the geometric
conjecture developed in [2, 3, 4, 5] adapted to the K-theory of C*-algebras.

We will focus on the C*-ideal Z C C}(G) determined by the Iwahori point
i € B(G). In this special case, the conjecture in [5, §7] asserts that

1,(Z) = Ky (T)

with 7 = 0,1. Here KﬁV(T) is the classical topological equivariant K-theory
[1, §2.3] for the finite group W acting on the compact Hausdorff space T
Applying the Chern character for discrete groups [7] gives a map

Ky (1) — @ H(T//W:C)

which becomes an isomorphism when K7, (T) is tensored with C. Hence the
geometric conjecture at the level of C*-algebra K-theory gives a much finer
and more precise formula for K,C(G) than Baum-Connes alone provides.

Lemma 3.1. The quotient space T /W is contractible.

Proof. The exponential map exp : t — T induces a homeomorphism of ordi-
nary quotients:

A/Hy ~T/W (5)

according to Bourbaki [10, IX, §5.2]. The space A is H-equivariantly con-
tractible. The map 7, in Eqn.(1) descends to the quotient A/H 4 and shows
that the quotient A/H, is a contractible space. Therefore, T/W is con-
tractible. O

It follows from the C*-Plancherel theorem [16] that the C*-ideal C? (G)
is a direct summand of the C*-ideal Z. Therefore, the K-theory of C* (G)
will contribute to the K-theory of Z.

THE SPECIAL LINEAR GROUP. Let G = SL({) with £ a prime number. We
have G¥ = PGL(¢,C), G = PU(¢,C) and T is a maximal torus in PU(¢, C).
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The Weyl group W is the symmetric group S;. Let «v denote the standard /-
cycle (123...¢) € S,. The fixed set of each of the permutations v, 7%, ..., 7!
is

to=expro=(1:w:w?:- ™) eTYT

where w = exp(27i/f). The L-group attached to tg is
L(ty) =< W™ >=7/(7.
and X (tg) = 0, so that the R-group is given by
R(ty) = Z /L.

The ¢ irreducible constituents of Ind$(ty) are elliptic representations [11].
These are the elliptic representations in the unramified unitary principal
series of SL(¥).

Let Cy denote the cyclic group generated by the permutation v. We have

TW = || T%/Z(w) | | T"/Z(w)
weCly wgCy
=T/WU{to}U---U{te} | | T*/Z(w)
wgCy

By Lemma 3.1, the cohomology H°(T'//W;C) contains the vector space C’.
This is consistent with Theorem 1.1:

Ko C* (SL(£)) ®z C = C".

Note that ¢ is the connection index of SL(¢). The unramified unitary
principal series of SL(¢) admits a unique L-packet with £ elliptic constituents,
and this is detected by K.

Let A//H, denote the extended quotient of A by H,. The canonical
projection B B
T A//HA — A/HA

is a model of reducibility at the point ¢y. The fibre 7! (#;) contains ¢ points.
This is very much in the spirit of the geometric conjecture in [2, 3, 4, 5].

In the special case of SL(3), the vector space t is the Euclidean plane R?.
The singular hyperplanes [10, IX, §5.2] tessellate R? into equilateral triangles.
The interior of each equilateral triangle is an alcove. The closure of an alcove
Ais denoted A. The affine Weyl group W, operates simply transitively on the
set of alcoves, and A is a fundamental domain for the action of W, on t, see
[10, IX.85.2]. Barycentric subdivision refines this tessellation into isosceles
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triangles. The extended affine Weyl group W acts simply transitively on the
set of these isosceles triangles, but the closure A of one such triangle is not a

fundamental domain for the action of W/. The corresponding quotient space
is [10, IX.§5.2]: a
t/ Wé ~ A / H A-

The abelian group Hy is the cyclic group Z /37 which acts on A by rotation
about the barycentre of A through 27 /3. The special points of A are the
vertices of A.

SOME EXCEPTIONAL GROUPS. If G = Eg, F, or G5 then we have P/Q) =
0 and so the connection index f = 1, see [10, Plates VIII, IX, X]. Therefore

T/W ~ A.

This is a contractible space. There are no L-packets. The K-theory of the
unramified unitary principal series of G is that of a point.

KAZHDAN-LUSZTIG PARAMETERS We begin by quoting a recent theorem
of Solleveld:

Ki(T) @2 Q = K;(C*(W*)) ®@2 C (6)

with j = 0,1. This theorem is a special case of [21, Theorem 5.1.4] when
' =1. We have

C*(We)=C" (X xW)~C(T) xW. (7)
By the classical Green-Julg theorem, we have
K;(C(T) x W) = Ky (T). (8)
Therefore we have
K;(T) ®z C ~ Ki,(T) ®; C. (9)
The Chern character for discrete groups gives

K;(C(T) x W) & C ~ @ HP(T//W; C)

so that, modulo torsion, the K-theory of the Iwahori C*-ideal Z is give by
the cohomology (even or odd) of the extended quotient T'//W .

The main result in [4] is that 7'//W is a model of the Kazhdan-Lusztig pa-
rameters. We have to identify the KL-parameters for the unramified unitary
principal series.
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For the irreducible elements in the unramified unitary principal series,
the KL-parameters are

{(t,1,1):t € T}. (10)
For the f irreducible constituents of the tempered L-packet
T(to) := Ind%,,(to ® 1)
the KL-parameters will be

{(to, 17p) ‘pE IFF(HA)} (11)

where p is a character of the component group of the centralizer in GV of
to. All such characters are allowed. By Lemma 2.1, this component group is
H,. The parameters in (10) and (11) will determine points in the extended
quotient 7'//W. This will, in turn, determine the inclusion

K;C,(9) = K51 (12)

and illustrate how II(tg) contributes to Ky Z.
We know that

Ko(C;,(G)) ®2 C=C! (13)

by Theorem 1.1.

For the exceptional groups G = Fg, Fj or G, the connection index f =1,
and so the map (12) is especially simple. There is no L-packet. The K-theory
of the unramified unitary principal series of G is that of a point.

THE GENERAL LINEAR GROUP. Let s be a point in the Bernstein spec-
trum of G = GL(n), and let Z, be the corresponding C*-ideal in C*(G).
According to [17, p. 131], we have a strong Morita equivalence from Z, to a
commutative unital C*-algebra:

T, ~ C(A ) WVs).

Applying the Chern character for discrete groups [7] gives

Kj(Iﬁ) ®z C = @ Hj+21(As//Ws§ (C)

Now each connected component in the compact space A, //W5 is a product of
symmetric products of circles. So each component is homotopy equivalent to
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a compact torus. Each K-group and each cohomology group is torsion-free.
Therefore, we have

K;(Zs) = Ky, (As)
which confirms the conjecture in [5, §7] for the general linear group.

The spherical C*-algebra 20 = C* .(G) is isomorphic to C(T' /W, f) and the
Iwahori C*-algebra is Morita equivalent to C'(7'//W), see [15]. The n-fold
symmetric product T//W of n circles is homotopy equivalent to one circle via
the product map

(21, vy 2n) > 217+ 2p

and so K;(2A) contributes one generator to K;(Z) with j =0, 1.
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