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Abstract

We obtain a formula for the distribution of the first exit time of
Brownian motion from the alcove of an affine Weyl group. In most
cases the formula is expressed compactly, in terms of Pfaffians. Ex-
pected exit times are derived in the type A case. The results extend to
other Markov processes. We also give formulas for the real eigenfunc-
tions of the Dirichlet and Neumann Laplacians on alcoves, and observe
that the ‘Hot Spots’ conjecture of J. Rauch is true for alcoves.

1 Introduction

The distribution of the first exit time of Brownian motion from the interval
(0,1) may be obtained by the reflection principle. If B is a Brownian motion,
T; the hitting time of the level 7, Ty 1 := Ty AT, and P, denotes the law of
B started at x € (0,1), then

Po(Toq>1t) = Y (Pe(Bi€2n+(0,1)) —Pu(B, € 20— (0,1))). (1)
neL

Using cancellation and the reflection principle, formula (1) may be rewritten
as Py (To1 > t) = ¢(x,t), where

$(a,t) =Po(Tp > t) + > (= 1)"[Pa(T; > t) — Py (T} > t)]. (2)
n=1

More generally, suppose that B is a standard Brownian motion in a real
Euclidean space V. If B is started inside the alcove A of an affine reflection
group acting on V, there exists an expression analogous to (1) for the dis-
tribution of the first exit time of B from A, which is given later in equation
(14). The expression involves integration of the Gaussian kernel over the
multi-dimensional alcove. The aim of this paper is to give a formula analo-
gous to (2)—that is, a formula for the exit probability of standard Brownian
motion from the alcove, in terms of exit probabilities from simpler domains.



As an example, in the type A case this formula involves only one-dimensional
exit probabilities and can be written in terms of Pfaffians (see appendix for
the definition of a Pfaffian).

To put our results in context, we state the following proposition. Let
Bi, ..., B beindependent standard Brownian motions started at x1, ...,z €
R and let (§, = ei%Bn)ne[k} be their projections onto the circle, where
[k] :={1,...,k}. Define the times of first collision

Tij = mf{t: Bi(t) = B;j(t)} ~ Tij = inf{t: &(t) = &(1)}
T=min{T;;:1<i<j<k} T= mln{T,J 1< <j<l<:}

Then T is equal to the first exit time of k& dimensional Brownian motion

started at x = (x1,...,xy) from a chamber of type Ax_1, and it was proved
n [8] that
PE(pij)ijelr (k even)
P.(T >t) = { 70 (3)
iy (=D PE(pig) jeppqy (K 0dd)

where for i < j, pi; = P,(T;; > t) and pj; = —p;;. As observed in [11], T is
equal to the first exit time of the Brownian motion from an alcove of type
Ajp_1. A special case of our main result gives a companion to (3):

Proposition 1. (i) If k is even then
P, (T >t) = Pf(pij)i,jek

where for i < j, p;j = ]P’x(ﬁ-j > t) and pj; = —Dij-
(ii) If k is odd then

=

T > t) Z l+ Pf(pi); i,7€[k\ {1}
=1

where for i < j, pij = Pu(Tyy > t) + 2P (Ti; < 1, Ty < Ty) and pji = —pyj-

The relationship between p;; and p;; is clarified by noting that B; — B; is
also a Brownian motion and

T,Z)($,t) = P (T()l > t) + 2P, (T01 <tTy < To)
= Pu(Tp > t) +Z (T_; > t) — Po(T; > 1)), (4)
which is proved in Lemma 25 and may be compared with (2). In the case
k = 3, T equals the first exit time of Brownian motion from an equilateral

triangle, which is the alcove of type A,. This relates to scaling limits oc-
curring in, for example, a three player gambler’s ruin problem and a three



tower problem [1, 5]. As a further example, if the alcove is of type Cj then T
relates to first collision times for k£ independent standard Brownian motions
on the interval. N

The expected exit time is obtained in the type A case, and also a general-
isation of de Bruijn’s formula for multiple integrals involving determinants.
The present work extends that in [8], where the authors consider the exit
time from a chamber - that is, an unbounded domain which is the funda-
mental region of a finite reflection group. The extension to Ai_; with odd
k was prompted by Neil O’Connell, who suggested the solution for k = 3.

The rest of the paper is organised as follows. Sections 2 and 3 present
necessary background material, the main results with applications, a gen-
eral reflection principle and an affine generalisation of De Bruijn’s formula.
Details of the main result in the different type cases are given in section 4.
Proofs are contained in section 5, and the real eigenfunctions of the Lapla-
cian with Dirichlet and Neumann boundary conditions are treated in section
6.

2 The geometric setting

2.1 Finite Weyl groups and chambers

Background on root systems and reflection groups may be found in, for
example, [12]. Let V be a real Euclidean space with a positive symmetric
bilinear form (x,y). Let ® be an irreducible crystallographic root system in
V with associated reflection group W. Let A be a simple system in ® with
corresponding positive system ® and fundamental chamber

C={zxeV:VaecA, (a,z)>0}.

We will call ®V the set of coroots oV = 2a/{a, ) for « € ®. Then, L :=
Z—span of ®V is a W-stable lattice called the coroot lattice. For o € ® and
x € V we make the definitions

H, = {yGVZ (a,y>:O}
sa(r) = z—{a,2)a”.

Thus 84, a € ® are the reflections in W.

2.2 Affine Weyl groups and alcoves

The affine Weyl group W, asociated with ® is the group generated by all
affine reflections with respect to the hyperplanes Hi,,,) = {z € V' : (z,0a) =
n}, « € ®T, n € Z. It has a semi-direct product decomposition in terms
of the Weyl group W and the coroot lattice L: each element of W, may
be written uniquely as 7(!)w, where w € W and 7(l) is the translation by



l € L. We may therefore attribute a sign to each w, = 7(l)w € W, by
e(wg) = e(w) = det(w). The fundamental alcove is the bounded domain
defined by

A = {z€eV:Vaed 0<(z,a) <1}
= {zeV:(r,a) <landVaecA, (z,a) >0}

where « is the highest positive root.

2.3 Affine root systems

We refer to [14] for this formalism although we use slightly modified nota-
tions for the sake of consistency.

Definition 2. If ® is an irreducible crystallographic root system as previ-
ously introduced, the corresponding affine root system is ®, := ® x Z. For
A= (a,n) € @, and x € V we define

AMz)=Azx = (a,x)—n
Hy = {yeV:\y=0}
sx(z) = - (\ax)a

Thus s) is the reflection with respect to the hyperplane Hy, and we may
write sy = 7(na")sy. Writing w, = 7(l)w € W,, we have that W, acts on
V by we(x) = w(z) + I; we define further the action of W, on ®, by

Definition 3. For w, = 7(l)w € W, and A = (a,n) € @,
we(A) = (wa,n + (wa, 1)) € D,

We then have w,(\).x = A\w; *(z) for w, € Wy, A € ®,, x € V, which is
analogous to the fact that W is a group of isometries; we also have w, Hy =
Hy,on- B A= (a,m), p = (8,n) € &, then we will refer to the angle
between A and u, meaning the angle between « and §; by A L y we mean
(a, ) = 0. The usual properties of a reflection are then preserved: sy(\) =
(—a,—n) =: —X and sy(u) = p if X L p.

Definition 4. The affine simple system is A, := {(,0), a € A; (—a,—1)}
and the corresponding positive system is ®F := {(a,n) : (n =0 and a €
®t) orn < —1}.

This definition is tailor-made so that

A={zcV:VAecd \Nz)>0}={zecV: V€A, Ax)>0}.



3 Background and main results

We present here our main results, which extend the main result in [8] to the

affine cases. In section 3.5 we give some applications in the type A case.

3.1 Consistency

Let (W, ¢,¢7,0,F) € {(W, 0,07, A C), (W, Po, ®F, Ay, A)} and for I C
¢T define W = {w e W:wl C ¢*} and T = {wl : w € W!}. For S C ¢,
we define the set of orthogonal subsets of S:

Ol)={Y CcS: VAX£ueY, AL u}

Definition 5 (Consistency). o We will say that I satisfies hypothesis
(C1) if there exists J € O(6N1I) such that if J C A€ then A=1.

o We will say that I satisfies hypothesis (C2) if the restriction of the
determinant to the subgroup U = {w € W : wl = I} is trivial, i.e.
VweUe(w)=detw=1.

o We will say that I satisfies hypothesis (C3) if T is finite.
o [ will be called consistent if it satisfies (C1), (C2) and (C3).

Condition (C2) makes it possible to attribute a sign to every element of
Z by €4 = e(w) for A € I, where w is any element of W' with wI = A.

3.2 Reflectability

Let X = (X;,t > 0) be a random process in V and let P, denote the law of
X started at x € F. We will call X reflectable if it satisfies the conditions
of the following:

Definition 6 (Reflectable process). e X has the strong Markov prop-
erty.

o The sample paths of X are almost surely continuous.

e The law of X is W-invariant - that is, Py o (wX)™! = Pygz 0 X1 for
allwe W,z eV.

3.3 Exit times

We now introduce some notation for exit times. Let X be a reflectable
process in V. For convenience we may write each A € ¢* in the form
(a,n) by identifying o € ® with (a,0) € ®,. Then for A = (a,n) € ¢+
define Ty, = inf{t > 0 : \.X; = 0} and for A = {A\,..., \g} C ¢T write
Ty = T, », = minycaT). Finally, let T denote the first exit time



of X from the fundamental chamber C—that is, T' = Tj in the finite case
W, ¢",6,F) = (W, ®F,A,C); and let T denote the first exit time of X from
the fundamental alcove A—that is, T' = Ty in the affine case (W, ¢+, 0, F) =
(Wa, @5, Ay, A).

3.4 Main results

The following Theorem extends the main result of [8] to include those affine
Weyl groups which have a consistent subset; the details of its application to
particular affine Weyl groups are given in section 4. Theorem 8 deals with
an important case where a consistent subset is not available.

Theorem 7. Suppose I is consistent, X is reflectable and x € F. Then :

Po(Ts > ) = Y eaPu(Ta > t). (5)
AeT

Note that the sum is finite even for affine Weyl groups. In the Ay
case with odd k, no consistent subset is available and we require a different
formalism: for A € O(®), define

Ey = {veSpan(A):VGeA, (v,0) €L}
ef _ (_1)#{66A : (v,6)>0}

lvla = max{[{v,3)|: 8 € A}
where # is the cardinality function. For v, 3 € V define

T3, = inf{t > 0: (X3, ) = (v, B)}, Ty = Iﬁni1141 T3.-
€

To clarify, E, is a lattice (equal to the Z-span of A/2) and €4, | - |4 give
a sign and norm respectively on this lattice; and T4, is the first time that
the projections of X; and v coincide along some (§ € A.

Theorem 8. In the case W = Ay_; with k odd, if X is reflectable and
x € A then

Po(T>1) =YY" > eaciPe(Tay>1) (6)

A€eT keN veE
[v]a=k

if this sum converges, where I and I are taken from the case W = Aj_1.

3.4.1 The ‘orthogonal’ case

We begin this section by recording some definitions.



Definition 9. o Wesay A C ¢T is block-orthogonal if it can be parti-
tioned into blocks (p;) such that p; L p; fori# j and each p; is either
a singlet or a pair of roots whose mutual angle is 7.

o Wesay A C ¢ is semi-orthogonal if it can be partitioned into blocks
(pi) such that p; L p; for i # j and each p; is either a singlet or a set
of vectors whose mutual angles are integer multiples of /4.

If I is block-orthogonal and X has independent components in orthogo-
nal directions, (5) factorises to give

Po(Ts > t) =Y ea[[Pu(Tp > 1) (7)

Ael i

In many cases it is convenient to write (7) in terms of Pfaffians, and the
details are given in section 4. Under slightly stronger conditions on X, (6)
factorises analogously:

Proposition 10. In the case W = gk_l with k odd, under conditions on
X which hold for Brownian motion we have

T>7f Z{;AH Tg/\T )>t]—|—2pm[T5>T(5,1)§t]). (8)
AeT BeA

This expression may also be written in terms of Pfaffians, as noted in
Proposition 1(ii).

3.5 Applications
3.5.1 Expected exit time in the type A case

The fundamental chamber for Ay isC={x €V 121 > a9 > ... > 21}
where V.= RF or V. = {z € R¥ : 2y + ... + 2 = 0}. As noted in the
introduction, 7T is the first ‘collision time’ between any two coordinates of
X. The fundamental alcove for the corresponding affine Weyl group Zk_l
isA={z eV :l+zy>z >20>...> 2t}

In the Aj;_; case, an explicit formula for the expected exit time of Brow-
nian motion from the fundamental chamber has been obtained in [8]:

E(T)= Y (~1)™E(zr) (9)

WEPQ(/C)

where p = |k/2] and 2 = (2; — 2j) ;< jiex € RY. Here Po(k) is the set of
partitions of [k] = {1,...,k} into k/2 pairs if k is even and into (k —1)/2
pairs and a singlet if k is odd. The quantity ¢(7) is the number of crossings
in the partition 7 (if k is odd, we consider an extra pair made of the singlet
and another singlet labelled 0, and use this pair to compute the number



of crossings); for an illustration see section 4.1. The notation {i < j} € 7
means that {4,j} € 7 and 7 < j, and the function F}, is given by

2PT10(p/2) [ Yp 21...dz
Fp(y17"'ayp)_ / / / K

7.‘-p/2 . _|_Zl2j)p/2_1'

We prove an analogous formula:

Proposition 11. In the Zk—l case, if X is Brownian motion then

E(T)= Y (~1)"™E(xx)

where

p
~ 1
B o) = 255 - gy [T st

where QO = 2N + 1 if k is even and O = 2N if k is odd, and with the formal
definition isin(ﬂlsys) = %ﬂys ifls = 0.

In the case &k = 3 we will recover the known formula
E.(T) = z19223(1 — x13), (10)
where 0 < z;; = x; —x; < 1, for the expected exit time of Brownian motion
from an equilateral triangle.
3.5.2 Dual formulae and small time behaviour

Dual to (2) and (4) are the formulae

1—¢(z,t) = Pu(Th<t) +Z Po(T_; <t) — P, (T; < t)] (11)
n=1

L—9(a,t) = Pu(To<t)+ Z (T_i <t) —Po(T; < t)]. (12)

In the block-orthogonal case of section 3.4.1, these dual formulae may be
used to obtain asymptotics for the small time behaviour of the exit prob-
ability. For example, exact asymptotics can be obtained in the Brownian
case, as in section 4.6.2 of [8] (we omit the details).

3.5.3 Eigenfunctions for alcoves

In section 6, using results from [4], we obtain formulae for the real eigen-
functions of the Laplacian on alcoves with Dirichlet or Neumann boundary
conditions. This confirms a version of the ‘Hot Spots’ conjecture of J. Rauch
for alcoves. We also prove the following



Proposition 12. Let A be the fundamental alcove of an affine Weyl group,
and let the corresponding Weyl group have positive system ®*. The function

H(z):= [] sin(r(z, ) (13)

is an eigenfunction for the Laplacian with Dirichlet boundary conditions on
A. Since H is positive on A, it is the principal eigenfunction. Further, each
eigenfunction is divisible by H in the ring of trigonometric polynomials.

3.6 The reflection principle and De Bruijn Formula

In this section we recall a reflection principle in the context of finite or
affine reflection groups, and use it to deduce a generalisation of a formula of
De Bruijn for evaluating multiple integrals involving determinants. For the
proof of Theorem 13 we refer to [10] and references therein.

Theorem 13. Let P, denote the law of a reflectable process X started from
x € F. Then for all measurable sets B C F,

P.[X, € B,Ty > 1] = ) e(w)P:[X; € wBl. (14)
weWw

We apply this result in the following two propositions. Suppose I is
consistent. For A € 7, denote by W4 the group generated by the reflections
sx, A € A. Denote by F4 the fundamental region associated to A, Fy =
{x e V:V e A Nz) > 0}. Also, since ® = & U (—dT), for 3 € & and
B C ® we may define the absolute values

: +
pi={ Py OSe  IBI=UBl:se B (19

Assume that Fy is the fundamental region for the reflection group Wy,
which is certainly the case if I is block-orthogonal or semi-orthogonal. The-
orem 7 and Lemma 13 in the Brownian case give

Proposition 14. If I is consistent and f : V — R is integrable, then

/F Z e(w) f(wy)dy = Z €4 Z e(w) /FA f(wy)dy. (16)

wEW A€T  weWy

If f factorises completely, then for most finite Weyl groups this formula
may be expressed in terms of Pfaffians (see [8]); the type A case was first
obtained by de Bruijn [6] using different methods. The next two results
work out the corresponding results in the type A case.



Proposition 15. Let W = A,_; and let flyr, - yuk) = filyr) - fr(yk)
for integrable functions f; : R — R. If k is even then

[ X clrtndy = P

UJEW(L

where Ji; = [(—=1)¥=2 fi(y) f;(2)dydz.

Proposition 16. Under the conditions of Proposition 15, if k is odd then

k
/A D e(w) f(wy)dy :Z(_l)l+l/Rfle(Hij)i,je[k]\{l}

weW, =1

e}

>/ )12y < o,
m—1 "~ y—2€(—00,—m)U(m,00)

where Hij = [ sgn(y—=z) fi(y) fi(2)dydz+2>"7_4 (oo m)U(m0) s (y—
2) fi(y) fi(z)dydz.

4 Application to the different type cases

Throughout this section we will assume that X has independent components
in orthogonal directions, to enable the writing of formula (7) in terms of
Pfaffians.

4.1 The zz{k—1 case, k even

In this case, W is &} acting on R¥ by permutation of the canonical basis
vectors, V=R or V={z e RF: Y 2, =0}, dT ={e; —¢;,1 <i<j<
E}, A={e;—ei1, 1 <i<k—-1},a=e —e,, A={zeV: 1+z >
x> >ap}, 0 =aforac ®and L = {dcZF: Zledizo}.

For even k = 2p, we take I = {(eg;—1 —e2;,0), (—ezi—1+e2;,—1); 1 <1i < p}.
Then I is consistent and block-orthogonal, and Z can be identified with the
set Py(k) of partitions of [k] as shown in the following example for k = 4.
Under this identification, the sign €4 is just the parity of the number ¢(7)
of crossings.

Hence, the formula can be written as

P, (T > t) = Z (—1)cm) H pij = Pt (Dij); jep (17)

wePs (k) {i<jlen

where Pij = Po(T{e,—e, 0 (—eite;—1) > 1) = Pa(¥s <t,0 < Xi = X{ < 1) =
¢(x; — xj,2t) where ¢(z,t) is defined in (38).

10



N

1 2 3 4
™= {{174}7{273}}
A= {(e1 — €4,0), (e2 — €3,0),
(—e1 +eq,—1),(—ea+e3,—1)}
e(m)=0

1 2 3 4
™= {{1’3}’ {2’4}}
A ={(e1 — e3,0), (e2 — e4,0),
(—e1 +e3,—1),(—ex +eq,—1)}
c(m)=1

SN N
1 2 3 4

™= {{172}7{374}}

A ={(e1 — €2,0), (e3 — €4,0),
(—61 + €2, —1), (—63 + ey, —1)}
c(m) =0

Figure 1: Pair partitions and their signs for ;{3.

For odd k, we do not have a consistent subset as the sign €4 is not well-
defined. The difference between even and odd k can be seen directly at the
level of pair partitions: interchanging 1 and k in the blocks of m € Py(k)
(which corresponds to the reflection with respect to {z1 — zy = 1}, which is
the affine hyperplane of the alcove) changes the sign of 7 if k is even while
the sign is unaffected if k£ is odd. In this case (which includes, for exam-
ple, the equilateral triangle in the case As), we instead use the approach of
section 5.2.

4.2 The 6’k case

In this case, W is the group of signed permutations acting on V = R,
A= {2, —e1,1<i<k—1},a=2e, A={zcRF: 1/2 >z >
o>, >0} and L = ZF.

For even k = 2p, we take

I = {(e2i—1 — €2i,0), (2€2,0), (—2e2;-1,—1); 1 < i < p}.

11



For odd k =2p+ 1,
I= {(621'—1_621'70)7 (2621'70)7 (_2€2i—17 _1)7 (2€k70)7 (—2€k, _1)7 1<i< p}
I is semi-orthogonal and again, Z can be identified with P5(k); the formula

P.(T >t) = Z (-1 c(7r D) H Dij (18)

meP>(k) {i<j}enm

where

pzy =Py (T(el—ej, 0),(2¢;,0),(—2e;,—1) > t) = PIE(VS <t 1/2 > X; > Xg > 0)7

pi - Px(T(2ei,0),(—2ei,—1) > t) = ]P):L‘(VS < tv 1/2 > X; > 0)7
and s(m) is the singlet of 7, the term Ds(x) being absent for even k.
Everything can be rewritten in terms of Pfaffians:
Pt (p;i). . if k£ is even,
P.(T > t) = & l_l(]j])l’”ev[k} e

> (=) Pt (pij)me[k]\{l} if k is odd.

Remark 1. This formula can be obtained directly by applying the exit prob-
ability formula for the chamber of type Cy (which is the same as By) to the
Brownian motion killed when reaching 1/2. But it was natural to include it
i our framework.

(19)

4.3 The Ek case

W is the group of signed permutations acting on V = R* A = {e;,e; —
eiv1, 1 <i < k—1}, @ = e +eg, A —{xERk:$1>--->xk>
0, 11 +x3 <1} and L ={d € Z¥: Y, d; is even}.

For even k = 2p, we take

I = {(e2i—1 — €2i,0), (e2;,0), (—e2i—1 — €23, —1); 1 <@ < p}.
For odd k=2p+1,
I = {(e2i—1—€2i,0), (e2:,0), (—e2i—1—e2;, —1), (ex,0), (—ex, —1); 1 < i < p}.

In this case, I is semi-orthogonal and the formula is:

P.(T >t) = Z (=1)™p H Dij (20)
TeP>(k) {z<]}€7r
where
Dij = Pm(T(ei—ej-,O),( ei—ej,—1),(e;,0) > t) x(VS <t 1-— Xg > X; > Xg > 0),

Pi = Po(Tie,0),(—es—1) > 1) = Pu(Vs < t,1> X! >0)

12



and s(7) denotes the singlet of 7, the term py(r) being absent for even k.

Everything can be rewritten in terms of Pfaffians:

Pf (ﬁij)i,je[k} if k is even,

P(T >1t) = 1 - e 21
( ) { Zle(—l)l ' pi Pf (pij)me[k}\{l} if k is odd. (21)

4.4 The 5k case

W is the group of evenly signed permutations acting on V = RF, A =
{ei—ei+1,€k_1+€k, 1< < k—l}, a=-e1+ey, A= {x e RF: Ty > >
Tp_1 > |zg|, o1+ 20 <1} and L= {d € ZF : > di is even }.

For even k = 2p, we take

I = {(e2i—1—€2i,0), (—ezi—1+e2;, —1), (e2i—1+e2;,0), (—ezi—1—e2, —1); 1 <i < p}.
For odd k =2p+1,
I = {(e2i—€2i+1,0), (—ezi+eziy1,—1), (e2i+e241,0), (—ezi—e2ir1,—1); 1 <i < p}.

1 is block-orthogonal and the formula then becomes:

PT>t)= Y (D [ 5y (22)
weP> (k) {i<j}en
where
pJZ] = ]PSC(T(ei—ej70)7(_6i+6j7_1)7(ei+ej70)7(_ei_ej’_1) > t) - ]57/] 132]7
Bij = Pu(Vs<t,1>X!—XI>0)=¢(z; —a;,2t),
Dij = Pa(Vs<t, 1> X!+ X! >0)=d(a; +x;,2t)

and ¢(z,t) is defined in (38). Everything can be rewritten in terms of
Pfaffians:

Pf (ﬁij)i,je[k} if k is even,

_ o e 23
Zéﬂzl(_l)l ! Pt (plj)l,je[k]\{l} if £ is odd. ( )

P.(T >t) :{

4.5 The éQ case

Here, V = {z € R, Y, 2; =0}, ®T = {e3 —e1,e3 — €2,€1 — €2, —2€1 + €2 +
es, —262+61+63, 263—61—62}, a= 263—61—62, A= {61—62, —2€1+€2+€3}
and L = {d € V : Vi, 3d; € Z}.

We take I = {(e1—e2,0), (—e1+ea, —1), (2e3—e1—e2,0), (—2ez+e1+e2, —1)},
which is consistent and we can describe Z as {I, Ay, Ao} with A; = {(es —
e1,0),(—es + e, —1),(—2e9 + €1 + €3,0), (2e2 — e1 — e3,—1)}, €4, = —1,
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Ay = {(63 - 62,0), (—63 + eg, —1), (—261 + es + es, 0), (261 — eg — €3, —1)},
€4, = L.

In this case, the chamber A is a triangle ABC' with angles (7/2,7/3,7/6)
as represented in Figure 2. If Tr denotes the exit time from the region R of
the plane and P(R) = P,(Tg > t), then Theorem 7 in this case gives

P(ABC) = P(ADEC) — P(FJCG) + P(FHCI), (24)

where ADEC, FJCG, FHCI are rectangles, as shown in Figure 11.2.

F
G H
D
A
T J
E
C

Figure 2: Tiling associated with ég

4.6 The ﬁ4 case

Recall that V =R%, &+ ={e; +e;, 1 <i<j<4;e;,1<i<4;(e;Lesst
esteq)/2}, A ={es—e3,e3 —ey,eq,(61 —ea—e3—e€4)/2}, @ =e1 +e2 and
L={deZ': Y .d;is even}.

I:={(es —e3,0),(—ex +e3,—1),(e1 —eq,0),(—e1 + e4,—1), (e3,0), (e4,0)}
turns out to be consistent and so Theorem 7 applies, although in this case
it does not seem easy to give the formula in a compact way.

5 Proofs

5.1 Theorem 7

All the formalism of affine root systems has been set for the proofs in this
section to be the same as those in [8]. Therefore, we only state the lemmas
(without proofs) to show how they have to be modified in this context.

Lemma 17. If I is consistent then for K C I and A € 6 N K+ we have
saL = L, where
L={A€Tl: KCA \¢ A}
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Lemma 18. Suppose condition (C3) is satisfied and that the function f :
Z — R and the root X € § are such that f(A) = 0 whenever A € A, and
f(A) = f(sxA) whenever N ¢ A. Then ) ,.7eaf(A) =0.

Lemma 19. If I is consistent then we have: ) o7e4 = 1.

Proof of Theorem 7. Appealing to Lemma 19 and the fact that Ty <
Ty for all A € 7, it is equivalent to prove ) .7 eaPe(Ta > t,T5 < t) =0
and therefore sufficient to prove ) o7 eaPp(Ta > t,T5 = Ty < t) = 0 for
each A € §. Since X is reflectable, f(A) = Py (Ta > t,T5 = T < t) satisfies
the conditions of Lemma 18. O

5.2 Theorem 8

Before proving Theorem 8 we record some preliminary results. Since a
consistent subset is available in the setting of the finite reflection group
Aj_1, we work in this context. The definitions of V,A,& and & when
W = Aj_1 have been given in section 4.1. It is proved in [8] that I = {e; —
€9,e3—e€4,...,€L_o—e€p_1} is consistent and orthogonal. In the following we
will make use of the notation introduced in sections 3.3-3.4 and (15). Also,
for 3 € ®* define

Ly={AcT:B¢A}

Lemma 20. A — [szA| is a permutation of Lz and €|, 4| = (—1)lAat g,
for all A e L;.

Proof Take A = wl € L. Since the elements of A\a" are orthogonal to
each other so are those of s5(A \ @) thus the product p := [genar ssa9)
is well-defined (and commutative). First, take « € AN at. Then |sza| =
la| = a. If 3 € A\ @t then 8 # a hence 3 L . Together with a L o, we
get sz(f) L a and s,_(g)sga = s, (g0 = a = |szal. Thus, psza = |szal.
Second, take a € A\ a*. Then sza € —®7T and |sza| = Ss4(a)Sa. For
pe A\at and 3 # a wehave 8 L —asosz3 L —sza = Ssasz. Therefore
PSaa = Ss_aSz0 = |sza|. We have proved that [szA| = pszgA = psawl. To-
gether with [sz A| C ®F, this yields |szA| € T and ¢ 4| = (—1)lANa g,
Moreover a ¢ |szA| since o ¢ A. Consequently |szA| € L5. It remains to
observe that A — |szA| is an involution hence a bijection. O

Observing that (e; —eg,e1 —e;) = (e1 —ex,e; —ep) =1for 1 <i,5 <k
gives

Lemma 21. For all 3 € ®+\ (aUat) we have (&, ) = 1.
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Also, calculations such as

€A — (_1)#{56,»4 :{8a0,6)>0} _ (_1)#{5€8aA : (sau,8a3)>0}

Sav
(_1)#{ﬁ€saA: (v,8)>0} _ 615}014

establish

Lemma 22. For alla€ &, A€ O(®) and v € E4 we have

A Sa A

saEA — EsaAv Esav = 61) (md |SQU|A = |U|SaA‘

Proposition 23. (i) Y 4c7 > pen D veEa epeld =1.
|

vla=k
(it) Suppose f: T x V — R is such that f(A,v) = f (|szAl, psza(sa1v))
whenever & ¢ A (pp is the orthogonal projection on Span(B)) and f is
sufficiently decreasing in the second variable (see the precise condition (28)

in the proof). Then 3 acr S ren o veEa €a8h f(A,v) converges and its
“ lvla=k
sum 18 zero.

(1)) If f : T xV — R and a € A are such that f(A,v) = f(Sa4, SaV)

whenever o & A, then Y acp > ren D veEs eagl f(A,v) converges and its
[v]a=k
sum 18 zero.

Proof (i) For A € O(®) and o € A define
S(Ak)= > e and S(Aa k)= Y 14,8,
veE 7 vEE 4

lv|a=k lv|a=k

where 1 is the indicator function. Since ef! = 1 forall A € T and 3 AcTEA =
1 by Lemma 19, we have

ZZ Z €A€f} = 1+26AZS(A,I<:). (25)

A€T keN veE, AeT  k>1
[vla=k
Ifu¢alt,el, =cet = ea\teduizal —e. Thus, setting v = squ
in S'(A,a, k) and using soFa = Fs,a = Ea, |Saqula = |u|s,a = |u|a,
lsaugoﬁ- = 1u¢al7 we get S/(A7a7 k) = Z‘u|€EA ]-ugfai- E?Qu = —S,(A,Oé, k) =
u|la=k

0. Therefore

SAk) = Y et= > el =5(A\{a}k).

vEE Nt VEE A\ {0}
[v|a=k [v] A\ {a}=F

By iteration S(A, k) = S(0, k), which is an empty sum (since Ey = {0} and
k > 1) hence null.
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(ii) Take A € L5 and u € E4. Now 5‘55&‘ = (—1)#{B€lsaAl: (s5,1u.0)>0}

and sz 1u = sgu + a; therefore if 3 € |szA| \ @t then writing v = —s50 €
A\ &t and applying Lemma 21 we have ((sa 1w, B) >0 <= (u,7) < 1).
Also, if B € [szgAlNat = Anat then ((sziu,B) >0 < (u,B) >0).
We conclude that gls{a Al (L) #DEAET () <UHA{BEAT : (wF)>0} A

(—1) M1 24 Since Elsg Al = (—1)M\a"+1e by Lemma 20, we have

Espaiearins (IsaAl s alsan) = —eacy f(A ). (26)

For K e N={0,1,2,...}, set

K
Sk = Z Z Z eac f(A,v).
A€Ly k=0 ‘Z‘eAE:Ak

Using the permutation A +— |szA| of L5 from Lemma 20 and since both
Eip) = Ep and v ;g = |v|p for B C O(®), we get

K
A
Sk=>" > > eaehif(lsadlv).
AeLs k=0 UEEsaA
\U\SaA:k

For A € Lz and u € E4, define gs(u) = ps;a(s5,1u) = sgu+ psza(a). Then
ga(u) € Span(szA) and for all 5 € A,

<gA(u)7S&ﬁ> = <8a,1U, S&ﬁ> = <U,ﬁ> - <a7ﬁ> €Z

since u € E4 and (&, 3) € {0,1} (Lemma 21). This proves that ga(u) €
E,_a and |ga(u)|s;a = |ula + na(u) where na(u) € {—1,0,1}. Then, g4 :
E4 — Es_4 is easily seen to be a bijection (check that g;*(v) = pa(sg,1v)).
Using this bijection as well as (26), we obtain

K
== 3> > caslf(Aw. (27)

AELs k=0  ueEa
lula+na(u)=k

Now, for i € {~1,0,1}, let Si(k) = Y pc.D.  ueBa eacdf(A ).
|ul =k, na(u)=i
Then (27) reads

K
Z k) 4+ Si(k —1) + S_1(k + 1)).

Since S = Y, (So(k) + Si(k) + S-1(k)) by definition, we get
2S5k = —=51(-1)+ S1(K) + S_1(0) — S_1(K +1).
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Now, S1(—1) and S_1(0) are empty sums hence null. The requirement on f
is
Jim > |f(4u)] =0, (28)
AeZ ueE 4
lula=F
which clearly implies limg ., 4 S;(K) = 0 and consequently limg ., 4 o S =
0.

(iii) Since s, is a permutation of £, (Lemma 17),

K K
Uk = Z Z Z eAsd f(A ) = Z Z Z 5,40 f(50.A,0)

A€Ly k=0 veE 5 AL k=0 vEE,, A
lv|a=k 0|50 a=Fk

K
aA _
= g Z g 5SQA€§Qu f(SaAa sau) = Uk,
A€Lo k=0 u€saFs,a
[sat]sqa=k

where the third equality follows from setting u = s,v and the fourth follows
from Lemma 22, the given property of f and €5, 4 = —e4. Thus, all partial
sums Uk are zero. O

Proof of Theorem 8
From (i) of Proposition 23, the theorem is equivalent to

Z Z Z eacy (PI[TA,U > 1] — P, [T > t]) =0.

A€T keN veE,
[v]a=k

For A€ Z,v € Esand § € A we have (v,3) € Z hence (v,3) ¢ (0,1).
Thus, T'< Tg, and so T' < Ty ,,. This implies

Po[Tay > 1] =P [T > 1] = Pu[Tay >t T <t
= > P[Tuu>t,T=T\<t. (29
AEA,

(If the events in (29) are not disjoint (up to a set of probability zero) we may
easily redefine the T to make them disjoint, without affecting the following
reflection argument.) Now fix A = (a,n) € {A x {0}} U {(a, 1)} (this set is
more convenient than A, since we have (&, 1) instead of (—a, —1)). We will
prove that

ZZ Z EAEUAP:U[TA,U >t T="T, <t =0.

AT keN vEE4
lv|a=k
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Since Pu[Thy > t, T =Ty <t] =P,[T =T\ <t] —Py[Ta, <t, T =Ty <]
and using (i) of Proposition 23 again, this is equivalent to

S = ZZ Z eact f(A0) = P[T =Ty < 1],

AET keN vEE4
[vla=k

where f(A,v) =P,[Ta, <t, T =T < t]. We first prove that
F(A0) = f(saA, syv). (30)

Since f(A,v) = P,[T = Ty < t] — g(A,v) where g(A,v) = Po[Ta, > t, T =
T\ < t], it is enough to prove g(4,v) = g(saA,s\v). We define X, =
Xulu<t, + sxXylu>T, and use obvious ‘hat notations’ for stopping times
associated with X. TheA reflectable process X has the same law as X so that

g(A,v) = Px[wa > t, T = f,\ < t]. Since X and X coincide before Ty = T\)\,

~

we have T' = T. Together with T4, 1T\A,v>TA = Ts, As\v ]‘TsaA,sAv>TA7 this
yields N

9(A,v) =Py[Ts A s,0 > t, T =T\ < t] = g(sad, srv),
which proves the claim.

In addition to the equality f(A,v) = f(|A],pav), equation (30) ensures
that f has the relevant property for Proposition 23 to yield

Z Z Z eacd f(A,0) =0

ALy keEN vEE

lv|a=k

so that S = Y aer D pen D veEa eacd f(Av). If @ € A then f(A,v) =
acA |v|A=k

f(A, sy\v) (thanks to (30)) and if A\(v) # O then 2 = —E?)\U. Then as in

the proof of Proposition 23(ii) we can use the bijection v — syv to remove
cancelling pairs and appeal to property (28) to conclude that

Y D Liwwoss f(Aw) =0

keN veFE 5
|v|a=k
sothat S = ZAS% £aS(A), where S(A) := >, oy Z|U|EEA 5 1yw)=o f(4,0).
« vla=k

If a € A and A(v) = 0 then f(A,v) =P,[T =T\ < t] and

S(A)=P[T=T\<t]> > ellypo

keN veFE 4
[v|a=k

For 8 € A\{a}, the bijection v — sgv flips the sign e/} creating pair can-
cellations for the terms with v not orthogonal to 5. Repeating this for all
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B # « as in the proof of Proposition 23(i), we are left only with that v which
is a multiple of « such that A(v) =0, i.e. v =na/2 : we have

S(A) = el joPulT = Ty < t].

It remains only to show that Y- aczeae? , = 1. When o € A this follows
acA

na/2
from the proof of Lemma 19, which can be found in [8]; for & = @, observe
that 52/2 = —1if o € A. Identifying A € Z with 7 € Py(k) as in section 4.1,
we have (¢ € A <= {1,k} € m). Now {1, k} crosses the pair containing 0,
and no other pair. It follows that ¢(m) =1+ ¢(7 \ {1,k}), so

Seam Y (D =— > (=1

{XEI 7T€P2(k) WEPQ(IC—Q)
acA {1,k}er
by Lemma 19. O

5.3 Proposition 10

Lemma 24. For A € O(®T), if projections of X in orthogonal directions
are independent then for x € A,

SN P Tan >t =[] D] D o(B)Pu[Tisp > 1, (31)

keN veE 4 BEANEN keZ
lvla=k |k|=n
where (k) = =1 if k > 0 and o(k) = 1 otherwise, if these sums converge.

Proof Set A = {f1,...,0,}. Rewriting and expanding the respective
partial sums gives, for N € N,

HZ Z Tipi.k) Z Z Ho T3,k > t)-

i=1n=0 keZ n=0 p_ p 1=1
\k|=n k (klv"'vkp)ez

|E|oo:"

Now, k = (k1,....kp) —v= %Zle k;(3; is a bijection from ZP to E 4 satis-
fying (v, 8;) = ki so that Tig, i,y = Tp, 0, [v]a = k|0 and e = [TP_, o(ks).
By independence [[7_, Po[T (3, k) > t] = Pg[min; Tig, ,) > t] = P, [TAm > 1],
and letting N — oo concludes the proof. O

Lemma 25. If X is reflectable then for x € A,

]P’x[Tg A Tw’l) > t] + 2]P’x[Tﬁ > Tw’l) < t] = Z Z O’(k)]P’x[T(@k) > t].
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Proof Let

S1 = Z (]P:c[T(ﬁ,—k) >t,Tg A\ T(ﬁ,l) > t] — ]P’I[T(@k) >t,Tg A\ T(ﬁ,l) > t])

k=1

S2 = Y (PolTig-n) >t Tig1) > T < t] = PulT(g ) > t. Tp,1) > Ty < 1)
k=1

S3 = Z (Po[Tip,—1) > t.Tp > Tp1y < t] — Pu[T(an) > t, T > Tip1) < t))

e
I
—_

Then the implication (T A Tig1y > t = Vk, Tigy) > t) shows that all
summands in S1 are 0. For S3 set aj, = P.[T(g_x) > t,T5 > T(3,1) < t] and
b, = Pm[T(B,k) > t,Tﬁ > T(ﬁ,l) < t]. Set X{L = X'U‘]‘UST(BJ) + 35,1Xu1u>T(ﬁ71)-
Then X and X’ have the same law so a = ]P’I[T(’@_k) > 1,15 > T(/ﬁ,l) <.
For k € Z, the definition of X’ gives

T(/ﬁ,—k) =T(,-k) 1Tw,7k>§Tw,1>+(T(ﬁ,2+k)09Tw,1>+T(ﬁ71))1Tw,fk)>Tw,1> (32)

where 0 is the shift operator. With £ = —1 this gives T(lﬁ )= Tp,1)- With
k=0 we get {T > Tp1) <t} ={Tp > T(p1) <t} and for all £,

ap = ]P)w[T(/g,_k) > t,Tﬁ > Tw’l) < t]. (33)

If k > 1 and Tg > T(g,1) then T(5 _1) > T > T(3,1), so (32) gives T(’ﬂ_k) =
Tip,2+k) © 0115, + T(p,1)- So (33) becomes

ap = ]P)x[T(ﬁQ—i-k) o HT(,B,l) + T(ﬁ,l) > t,Tg > T(ﬁ,l) < t].
For k > 0, T(5’2+k) > T(ﬁ,l) SO T(ﬁ,2+k) = T(5’2+k) o HT(,g’l) + T(@l) and
ap = PI[T(6,2+k) > t,Tg > T(ﬁ,l) < t] = bg+k.
In this way we get S3 = 2limy_, 1 oo ax — b1 — ba. Now by = 0, by = ag and
since {X(s) : 0 < s < t} is almost surely bounded we have limy_, . ap =
]P’I[Tg > T(ﬁ,l) < t] so that
S3 = QPI[Tﬁ > T(ﬁ,l) < t] — ]P’J;[T(gyl) < t,Tg > t].

The same line of reasoning gives S2 = 0. Finally observe that

> (PalTig—p) > t] = Pa[Tigp) > 1]) = S1+ 52+ S3.
k=1

Proof of Proposition 10 Apply Lemmas 24 and 25 to Theorem 8.
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5.4 Consistency in the different type cases
5.4.1 gk_l, k even

Let us first determine Z. If w, = 7(d)o € W/, then
wa{(e2i—1 — €2;,0), (—e2i—1 + €2, —1)} =

{(es2i=1) = €0(2i)> M) (—€o(2i-1) T €x(2i), —1 — 1)},
where n = d,(9;_1) — dgy(2s- Thus, n <0 and -1 —-n <0, ie n € {0,-1}. If

)
n = O, do’(2i—1) = d0(2i) and 0'(21—1) < 0'(22) Ifn= —1, do’(Qi—l) = d0(2i) —1
and 0(2i — 1) > 0(24). In any case,

wa{(€2i—1 — €2i,0), (—e2i—1 + €25, —1)} =

{(emin(o(2i-1),0(2i)) ~€max(0(2i-1),0(2i))» 0)s (—Cmin(o(2i-1),0(20)) Tmax(o(2i-1),0(2i))» — 1) }-

Thus, we identify @ = {{i; < 51}, 1 <1 < p} € Py(k) and A = {(e;, —
e;,,0), (—e;, +e5,—1);1 <1 < p} € Z. Then we take J, = {(e2i—1 —
e2i,0); 1 <1 < p} € O(A,). From the previous description of Z, (C1) and
(C3) are obvious. Now it is clear that

U, = {7(d)o : o permutes sets {1,2},{3,4},...,{k — 1,k} and Vi < p,

(do(2i-1) = dg(2:), 0(2i—1) < 0(20)) or (dy(2i—1) = do(2i)—1, 0(2i—1) > o(21))}.

Thus if 7(d)o € U, we can write 0 = 0109, where oy permutes pairs
(1,2),...,(k — 1,k) and o; is the product of the transpositions (o(2i —
1),0(2i)) for which dy2;_1) = dy(2s) — 1. Then g(02) = 1 from [8] so that
(o) = e(o1) = (=1)™, where m = |{i : dy(2;—1) = dg(2;) — 1}|. But since
de L,

p
0 = Z d; = Z (do(2i—1) + do(2i)) (34)
j i1
= 2 > do(2i) + 2 > do2iy —m,  (35)
1, dg(2i—1)=do(24) 1, dg(2i—1)=do(25)—1

which proves that m is even. Hence (o) = 1. The fact that 4 = (—1)¢(™)
comes from the analogous fact in [8].

Remark In the case of odd k = 2p + 1, the same discussion carries over
by adding singlets to the pair partitions and with o(k) = k if 7(d)o € U,.
But equality (34) is no longer valid, which explains why the sign is not
well-defined for such k.
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5.4.2 The cases Ek and ék

The argument for the cases Ek and 5’k is the same; we give the details in
the By case. Let us first suppose k is even, k = 2p. Suppose d € L, f is
a sign change with support f and o € & such that w, = 7(d)fo € W/.
Then,

wa{ (e2i-1—€2i,0), (€2:,0), (—eai—1—eai, —1) } = { (f(eo(2i=1)) — f€x2i)),m — 1),

(f(eo(2i))7n) ) (_f(ecr(%—l)) - f(eo(2i))7 —-1-m- n) } =S,

with m = f(0(2i — 1))dy2i—1) and n = f(0(2i))ds2;. Thus, m —n <
0,n <0,—-1—m—mn <0, which forces m =n =0or m = —1,n = 0.
If m =n = 0, then f(eg(%_l)) — f(eg(%)) € ot f(eg(%)) € ®*, which
implies ¢(2i — 1),0(2i) ¢ f and 0(2i — 1) < 0(2i). If m = —1,n = 0, then
—fleoim1)) — f(ex2i)) € T, fles(2)) € ®F, which implies o(2i — 1) €
f,0(2i) ¢ fand 0(2i — 1) < 0(2i). In any case,

S = {(%(%—1) - 60(22‘)70)7 (60(21')70)7 (—60(22‘—1) — €5(2i)» —1)}
and

W, = { T(d)fo € Wy 1 Vi, (da(2i—1) = dy(2;) = 0, o(2i —1),0(2i) ¢ f,

a

o(2i —1) < 0(2i)) or (dy@i—1) =1, dy2i =0, 0(2i — 1) € [,
o(2i) ¢ F, 02— 1) < o(2i) ) }

Then Z clearly identifies with P»(k) through the correspondence between
m={{it <g}, 1 <1 <p} e Py(k) and A = {(e;, — ¢;,0), (¢;,0), (—ei, —
e, —1); 1 <1 <p}. So, (Cl) and (C3) are obvious by taking J, = {(e2j—1—
€9, 0), (—61 — €2, —1)}. NOW,

U, = {7(d)fo € W! : ¢ permutes pairs (1,2),...,(2p — 1,2p)},

so that if 7(d)fo € U,, e(r(d)fo) = e(fle(o) = (=1)VL. But [f| =
> i do(2i—1) = > dj is even, which proves (C2).

For odd k = 2p + 1, Z identifies with P5(k) through the correspondence
between 7 = {{i; < ji},1 < 1 < p;{s}} € Po(k) and A = {(e;, —
e;,;0), (€5,,0), (—e;, —e€j,,—1),1 < I < p; (es,0), (—es,—1)}. Elements
7(d)fo € U, are described in the same way with the extra condition that
o(k) =kand dy, =0,k ¢ f or d, = 1,k € f. So the proof of (C2) carries

over.
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5.4.3 The Ek case

Let us first suppose k is even, k = 2p. Suppose d € L, f is an even sign
change and ¢ € &, such that w, = 7(d)fo € W/.. Then,

wa { (e2i-1 — €2i,0), (—€2i—1 + e2;, —1), (e2i—1 +€2;,0) (—e2i—1 — €2, —1) }

= {( 0(22 1 — fle (2i))7m - n) ) (_f(ea(2i—1)) + f(ea(2i))7 —1—(m— n)) )
(fleozi-1)) + f(ea@i))sm +n) , (= f(eoaiz1)) = feo(ziy)s =1 = (m +n))} := S,
with m = f(0(2i — 1))dy2i—1y) and n = f(0(2i))dy2;. Thus m —n <
0,-1—(m—n)<0,m+n<0,—1—(m+n) <0, which forces m =n =0
orm=—1,n=0. If m =n =0, then f(ey2-1)) = f(es(2;)) € ®*, which
implies o(2i — 1) gﬁ fand 0(2i — 1) < o(2i). If m = —1 n = 0, then
—f(es2i-1)) £ f(€s(2i)) € ®T, which implies ¢(2i — 1) € f and 0(2i — 1) <
0(2i). In any case, We have

S = { €o(2i—1) — €o(2i) 70)7 ( o(2i—1) +ea(2i)7_1) )
(60(22‘—1)) + €5(2i),0) (€x(2i-1)) + €o(2i), 0) },
and
Wl ={ 7(d)fo € W Vi, (dygair) = doay =0, 02 1) ¢ T,
0(2i —1) < 0(26)) or (dyi—1) =1, dyaiy =0, 0(2i — 1) € f,
(2 — 1) < 0(2i)) }
The correspondence between 7 = {{i; < j;},1 < 1 < p} € Py(k) and
A ={(ei —€5,0), (—ey + €, =1), (e, +¢;;,0), (—e; — €5, —1); 1 <1 <p}

identifies Z with P,(k). (C1) and (C3) are obvious with J, = {(e—1 —
e2i,0), 1 <i <p; (ex—1 + ek, 0)}. Moreover,

U, = {7(d)fo € W! : o permutes pairs (1,2),...,(2p — 1,2p)},
which makes (C2) easy since e(f) =1 for 7(d) fo € W,.
The case of odd k is an obvious modification.

5.4.4 The (NJQ case

Call o = e1 —e9, ag = 2e3—e1 —eg = @ and take J, = {(1,0), (—ag, —1)}.
We remark that I can be written

{(1,0), (—a1,—1), (a2,0), (—ag,—1)} with oy short, as long, oy L as.
(36)
If w, = 7(d)w € W/ then (way,d) € Z, (way,d) <0 and —1 — (way,d) <0,
which imposes (wa;,d) € {0,—1} for ¢ = 1,2. Thus, A = w,I can also be
written as in (36) for some o}, 4. This guarantees condition (C3) and if
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Jo C A then obviously oy = o, ag = o so that A = I, which proves condi-
tion (C1). Writing I as in (36) allows us to see that if w, = 7(d)w € W, then
wel = {(way,mq), (—wai, —1 — mq), (wag, ms), (—was, —1 — mgy)} where
m; = (wa;,d) € Z. Since W sends long (short) roots to long (short) roots,
w, € U, implies way; € {£a;} for i = 1,2. If we; = o for i = 1,2 (re-

spectively wa; = —ay for ¢ = 1,2), then w = id (respectively w = —id)
and e(w) = 1 (recall that dimV = 2). If way = a; and way = —ag then
(a1,d) = 0 and (ag,d) = 1. This implies d = (—1/6,—1/6,1/3) ¢ L, which
is absurd. The same absurdity occurs if wa; = —a1 and was = as.

For the determination of Z, it is easy to see that the sets of the form
(36) are I, A1, A2. The sign of the transformation sending (a1, az) to (e3 —
e1,—2e2 + e1 + e3) is 1 so that €4, = —1 and Ay is obtained from A; by
transposing e; and es, which finishes the proof.

5.4.5 The ﬁ4 case

Call oy = ey —e3, o) = e3, ag = e1 — ey, oy = e4. Then I can be written

{(alv 0)7 (—011, _1)’ (O/h 0)’ (012, 0)7 (_OQ’ _1)7 (0/27 0)}’ (37)

with ag, ag long, o, d) short, {ag,0)} L {ag,ah} and (o, ) = —1. The
same kind of reasoning as in the Gy case shows conditions (C1) and (C3),
with J, = {a1,a4}. Let us prove (C2). If w, = 7(d)w € Uy, then w,I =

{(wahml)v (—’LUOél, —-1- ml)v (wa/bm,l)a

(’lUOéQ, m2)7 (_'UJOZQ, -1 m2)7 (lUO/Q, mIZ)}a

with m; = (way, d), m} = (wal,d). Since w sends long (short) roots to long
(short) roots, necessarily w{a], ab} = {a}, a4} and m} = mf, = 0.
Suppose wa, = o}, i = 1,2. Since (wag,a}) = (ag,a)) = 0 # —1, we have
way € {a1,—a1} and way € {ag,—as}. If wa; = —ay, wag = ag then
my = 1, my = 0 = m} = m), which leads to d = (0,1,0,0) ¢ L, absurd!
If way = a1, was = —ag, a similar reasoning leads to the absurdity d =
(1,0,0,0) ¢ L. Hence, wa; = a1, wag = g OF way = —aq, Wag = —ao.
Then, using the basis (a1, o), ag,a)), e(w) = 1 is easily checked.
Suppose now wa) = af, wah, = ). Similar arguments show that way €
{a1,—a1} and way € {ag,—as}. If wa; = a9, wag = a3 or way =
—ag, wag = —aj then e(w) = 1. Suppose wa; = a9, was = —aq, then
mi1 = 0, mg = —1, which, as before, leads to d = (0,1,0,0) ¢ L. If way =
—ag, wag = a1, then my = —1, my = 0, which also gives d = (1,0,0,0) ¢ L.
Od
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5.5 Proposition 1

The definition of the Pfaffian is given in the appendix. We refer to (17) for
even k and (8) and for odd k. O

5.6 Proposition 11

We will use the following expansions involving the exit time 7|q ;) from (0, 1)
and the hitting times Ty and T3 of 0 and 1 respectively for one-dimensional
Brownian motion : for (z,t) € (0,1) x [0, 00),

d(z,t) = Py(To1 > 1) Z cie” M sin(nlx) (38)
le2N+1
¢(w,t> = P, (T() 1> t) + 2P, (T() > Tl) - QPI(T() >1T7 > t)
Z cie” M sin(rlx)
le2N

with ¢; = 4/(In), Ay = (I7)?/2 and the formal definition ¢ sin(nlz) = 2z if
I = 0. The first expansion may be found in, for example, [3]; in the case
of even k, it may be used to rewrite (17) into the form (39). The second
expansion is obtained using

Lemma 26. If X is Brownian motion and 3 = e; — e; then
[ee)
1 n+1
P.[Ts > Ty > t] = Z #e_ﬂ%%sin(ﬂnxij)
where x;; = x; —x; € (0,1).

Proof The series satisfies the heat equation (with diffusion coefficient
V2) for (zi5,t) € (0,1) x (0,00), takes the value 0 if z;; € {0,1}, and equals
x5 if t = 0. X;; := X; — Xj is a Brownian motion with diffusion coefficient
v/2. Therefore by applying for example Theorem 4.14 of [3], the series equals

Em[Xij(t); Ts A Tw’l) >t = Ex[Px[Tﬁ > Tw’l) > t| X (1), 1Tﬁ/\T(ﬁ,1)>tH
= Pm[Tﬁ > T(ﬁ,l) > t].
O

We record the following corollary, which follows from integration, inter-
changing integration with summation, and inversion of Fourier series:

Corollary 27. Under the conditions of Lemma 26,

0o 1
/0 ]P’x[Tﬁ > T(g,l) > t]dt = Exij(l - xl2])
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In the case of odd k, the second expansion in (38) may be inserted in
Proposition 10 to give (39):

P.(T > t) = > (DT (D ae™M sin(rlas,;,) | (39)
m={{is<js},1<s<m} s=1 \1leO
= Z Z o= (B2 ) HCl sin(nlyz;,;.)
ﬂ:{{is<js},l§s§m} leQm s=1

for z € A, where m = |k/2] € N, z;; = z; —z;, O = 2N+ 1 if k is even and
O = 2N if k is odd. Now for m = {{is < js}, 1 < s < m} define

Gp(x,m) = Z H c, sin(mlsx;, ;) (40)

le0m, N(l)=r s=1

where N(I) = 13+---+12,, and let F.(z) = Zwepﬂk)(—l)c(”)Gr(x,ﬂ). (Since
the sum defining G, (z, ) runs over a &,,-invariant set of indices, it does
not depend on the enumeration of the blocks of w but only on 7 itself.) With
those definitions we can write

(T>1) =3 ™ ( (41)
r>0

(note that by Proposition 2.4 of [§], ZWQPQ(k)(—l)C(”) [IL, xi,j, = 0 and so
the terms corresponding to r = 0 cancel.) As for expectations, we have

E,(T) = /OOO BT > t)dt =Y #Fr(x)
r>0

(note that F.(z) is bounded by a polynomial in 7, uniformly in z) and the
result follows. O

When k = 2 the previous formula becomes

neN

0 < z12 < 1, which is a well-known formula in Fourier series. When k = 3
we may use the above and Corollary 27 to obtain

~ oln 4 sin (2mnx;;
E.(T)= >, (-4}, ;W = r12223(1 — z13),  (43)
W:{is<js} neN

0 < z;; < 1. It is easy to check that (42) and (43) both solve Poisson’s equa-
tion %Au = —1 inside the interval and an equilateral triangle respectively
and vanish on the boundary, which confirms that they are the expected exit
times for Brownian motion from these domains. Formula (43) has also been
obtained using scaling limits for random walks (see [1, 5] ).
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5.7 The reflection principle and De Bruijn Formulae
5.7.1 Proposition 14
From (14), if T4 is the exit time of Brownian motion from F)4 then

Po[Ty > t] = / w)pe(x, wy)dy (44)
Fy weEW 4

where p; is the Brownian transition density and = € F4. The finite case was
proved in [8]; in the affine case it is easy to check the necessary interchanges
of summation, integration and limit operations and the same proof applies.

5.7.2 Propositions 15 and 16

We treat first the case of odd k. Let 3 € &+ = {e; —e¢;: 1 <i < j <k} and
xz € A. Then (z,0) € (0,1) and from (44), for k > 1

PolTipr >1t] = /< 5 pe(x,y) — pe(x, spy + kB)dy
Yy

= / pe(x, spu) — p(x, v+ kB)du
(u,8)>—k

where u = sgy. Also if k£ <0 then

BL[Ts > ] = / pi(,y) — pi(, 55y + kB)dy. (45)
(y.8)>k

Write 8 = e; — e;. Rewriting Theorem 8 using Lemma 24, equation (45)
and the identification of Z with P(k) from section 4.1 we have

PT >4 = > ()™ ] ( / pij (0)dyidy;
Yi>Yj

mePy (k) {i<j}er
+> / pij(0) + pij(k«’)dyidyj) (46)
k=17 Vi—y;>—k

where p;j(k) = ¥(zi,y; + k)Y(xj,y; — k) — ¥,y — k)(xj,y; + k) and

U(x,y) = ﬁe_(x_y)z/zt. Now f—k<yi—yj<kpij(0)dyidyj = 0 and making

the substitution (u;, u;) = (y; + k, y; — k) we have

/ pij(k)dyidyj = / pij(O)duiduj,
yi_yj>—k? ui—uj->k

so the infinite sum in (46) may be written 22,;“;1fi_yj>kpij(0)dyidyj.
From (44) we have the alternative expression

T>t /Z w)pt(x, wy)dy

wEW
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so integrating both expressions over R* with respect to f;(z;)dz;, i = 1,...,k
and applying Fubini’s theorem,

[T crsena = 3 (1

Awew, mEP (k)

{Z<J}€7T Yi>Y; yi—y; >k

k=1

where {l;} is the singlet in the partition 7 and P;; = P, fi(v:)Pifi(y;) —
P, fi(y;)Pifj(yi). To complete the proof for the case of odd k we obtain
uniform bounds in ¢ to justify the use of dominated convergence to let ¢ —
0 inside the infinite sum, and finally apply the definition of the Pfaffian.
Dividing the domain of integration into (—k++/t, k—+/t) and its complement
and applying the bound [ p;;(0)dy;dy; < 2 on the latter we have for t < 1/4

/ Pijdy;dy;
Yi—y; >k

L e () ) )

<[ [ s e ldndydeds,
zq,x;€ER i—Yyj >k

x;—x;E€(—00,—k+1/2)U(k—1/2,00)

and [ 1= €(— 00— k)U(k,00) |fl(x2)fj(x])|dx is summable in £ by assumption.
The standard estimate for the tail of the Gaussian distribution gives

/ (i, yi) (2, ;) dydy; < e~ F=@—29)?
Yi yg>k:

when z; — x; < k —/t, and Jrer e~ (k=(@i=2)))?| f(z)|dzx is summable in k.

When £ is even we have a consistent subset I as described in section 4.1
and so Proposition 14 applies. The proof is similar to that in section 7.6.1
of [8], with the difference that here we have the bijection

(€ Lene{£1}") s wy=70) [ 7 € Wa
{i<jtem

where m € Py(k) is the pair partition associated with A € Z, and L is
the coroot lattice associated with the affine Weyl group Wy; and now Fy
corresponds with Fr = Npicjierty 1 0 <y —y; <1} O

6 Eigenfunctions and eigenvalues for alcoves

It follows from equation (41) that F, is a real eigenfunction for the Dirich-
let Laplacian on the alcove of type Aj_1, with eigenvalue —27%r. As an
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example, when k£ = 3 the alcove is the equilateral triangle and we have

1 Fux) = { sin(2mnx12) + sin(2mnrag) — sin(2mnay3)  if r = 4n?
— F.(x) =

Can 0 otherwise,

giving the eigenfunctions with simple eigenvalues (see [15]), a feature which
can be anticipated from the symmetry of the equilateral triangle. Bérard
[4] obtained a general formula for the eigenfunctions of the Dirichlet and
Neumann Laplacians for alcoves of any type, and we provide here a charac-
terisation of the real eigenfunctions.

Defining
folm) =Y e(w)exp(2mi (x,wp)), gp(x) = > exp(2mi(z,wp)), (47)
weW weWw

the eigenfunctions for the Dirichlet Laplacian on A are {f, : p € P NC},
where e(w) = detw and P = {x € V : (o,x) € ZV a € A}, and the
eigenfunctions for the Neumann Laplacian on A are {g, : p € PNC}.

Remark It is immediate from (47) that if g, is real then for every y € A
we have g,(y) < sup,ecsa gp(z). The ‘Hot Spots’ conjecture of J. Rauch (see
[2]) is therefore true for alcoves. Note that in the two-dimensional case, the
alcoves are the equilateral triangle and the right triangles with an angle of
either 7/4 or 7/3.

Proposition 28. (i) For p € PNC, the eigenfunction f, of the Dirichlet
Laplacian on A is real iff

Jw; € W such that wip = —p. (48)

If (48) holds then, up to a constant factor,
fpz) = Z e(w)es2m (x, wp)
weW

where c¢s = sin if e(w1) = —1 and cs = cos if e(wy) = 1.
(ii) For p € P NC, the eigenfunction g, of the Neumann Laplacian on
A is real iff (48) holds and then, up to a constant factor,

gp(z) = Z cos 27 (z, wp) .
weW
Proof. (i) We have
fplz) = Z e(w) cos 2 (z, wp) + 1 Z e(w) sin 27 (z, wp) .
weWw weW

Suppose first that wip = —p for some w; € W. Then by conjugation, for
any w € W there exists v,, € W such that v, (wp) = —wp. The orbit Wp
may therefore be partitioned into pairs {wp, —wp}, and

cs2m (z, wp) £ cs2m (x, —wp) = 0
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where +£ = 4+, — if ¢s = sin, cos respectively. The sufficiency of condition
(48) is proved by noting that V w € W, e(v,w) = e(vy)e(w) = e(w)e(w).
Conversely, suppose that

Z e(w)es2m (x,wp) =0 VzxeV. (49)
weW

Let r € PNC and put x = tr, where t € R. Since r,p € P we have
(r,wp) € Z for all w € W. Multiplying (49) by cs2xt (r,p) and integrating
over t € (0,1) we obtain >’ &/(w) = 0, where ¢/(w) = +¢(w) and 3’ denotes
the sum over those w € W such that

(r,wp) = & (r,p) . (50)

Since W is finite and P N C is the intersection of a lattice with a cone, we
may choose r € P N C such that (50) is satisfied only when either wp = p
or condition (48) holds. Since p € C we have (wp = p = w = Id) and then
since Y &'(w) = 0, (48) must hold.
Part (ii) is proved similarly. O
Using standard facts about the longest element of a Weyl group (see
[14]) we obtain

Corollary 29. For the cases W = Ay, By, Ck, Do, E7, Eg, Fy, Go, Hy and
Hy, all the eigenfunctions of the Laplacian on A with Dirichlet or Neumann
boundary conditions are real. In all other cases, the eigenfunctions f,, gy
given by (47) are real iff p = 7(p), where T is the unique involution of the
Coxeter graph of W.

The root systems covered by the second case of Corollary 29 are

Type Ai_1, k > 2 Here 7(e; — €;41) = €x—; — €x—;+1 and so we require
p= Zf:_f a;j(e; —eip1) with a; =ap_; V1 <i<k-—1.

Type Doy 11 Here 7 leaves e; — e;41 invariant for 1 < i < 2k — 1, and
T(eor — €2+1) = €9 + eopr1. We therefore require p = 21251 ai(e; —ej+1) +
agk+1(e2r + eap41) With agy, = agg1.

Proof of Proposition 12 Defining p = % Y aca+ @ we have p € PNC
(see for example [14]). Then setting p = p in (47), the Weyl identity (also
called Weyl’s denominator identity) [13] gives that up to a constant factor,

folw) = [ sin(n{,z)). (51)

The next lemma establishes the final claim of Proposition 12.

Lemma 30. Suppose that F(X) = F(Xj);e is a polynomial in the (sin X, cos X;)jes
which vanishes whenever sin X; vanishes. Then sin X; divides F(X) in the
ring of trigonometric polynomials.
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Proof. Let R := (C[zj,zj_l ;7 € J] and let P(Zj,Zj_l)jGJ be an element of R
such that
X; —iX;
F(X)=P(e,e7). ).
The given cancellation property assures that P is divisible in R by the monic

2_
Z
. We conclude

polynomials z; — 1 and z;+ 1, and hence by Q(z;, zj_l) = 22Z
that F(X) is divisible by Q(e'*7,e™"¥i) = sin Xj. O

Since the eigenfunctions are alternating under the action of the affine
Weyl group (see for example [4]), and putting J = ®* and X, = 7({a, x),
the Lemma applies. Using continuity of the eigenfunctions and Lemma 30
again establishes the final claim of Proposition 12. O

Remark In the type A case, the principal eigenfunction was obtained
by Hobson and Werner in [11]; we give a direct proof in the appendix. See
also [7].

7 Appendix

7.1 Direct proof of Proposition 12 in the type A case

Set z;; = x; — x; and h(z) = [];<; j<xsinz;;. Computation of the loga-
rithmic derivative gives

Oh = h Z cos:nw

sin x”

which yields

2
COST;; COSXT; COS™ ;4
ot = g 3D SEDucedn, 5 (St
i1 SIn ;; Sin x4 Frn SN &
COS I;; COSXT;
= n{ Y mO gy
AL ) SIn &4 Sin x4

so that Ah = h(S(z) — k(k — 1)) with
() = Z/ COS Tjj COS Tj]

sinz;j sinx;; ’
where ) ' runs over ¢, j, [ pairwise distinct. By circular permutation, we get

! COS I;7 COS Xy COS T ] COS X j; COS Ij; COS X4
3S(LE) _§ : J ? + J J + J

sin x;; sin x; sinzj; sin xj; sin y; sin xy;

Z/ COS T;j COS Ty SIN T j; — COS T COS T35 SN Ty + Sin 45 COS Ty COS x]l
sin z;; sin x;; sin x j;

But trigonometry shows that each term in the previous sum equals —1, so
that S(x) = —k(k — 1)(k — 2)/3, which concludes the proof.
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7.2 The Pfaffian

For completeness we define the Pfaffian. If car K # 2, any skew-symmetric
matrix A € M, (K) can be written A = PDP! with P € GL(n,K),
D= diag(Bl, ce ,Bq) and Bp=0€Kor Bj=J = (] — i)lSiJSQ € MQ(K)
Hence, if n is odd, det A = 0. If n is even, one can use the previous decom-
position to prove

Proposition 31. There exists a unique polynomial Pt € Z[X;;,1 < i <
J < n] such that if A = (ai;) is a skew-symmetric matriz of size n, det A =
Pf(A)? and Pf(diag(J,...,J)) = 1.

The Pfaffian has an explicit expansion in terms of the matrix coefficients:

Proposition 32.

n—1
Pf(A) = Z (—1)6(#) H Qij = m Z (o) Hag(i)g(i_,_l).
=1

TEP>(n) {i<j}en S

For more on Pfaffians and their properties, see [9, 16].
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