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Commuting Involution Graphs for 4-dimensional
Projective Symplectic Groups

Alistaire Everett and Peter Rowley

Abstract

For a group G and X a subset of G the commuting graph of G on X, denoted by C(G, X),
is the graph whose vertex set is X with z,y € X joined by an edge if x # y and z and
y commute. If the elements in X are involutions, then C(G, X) is called a commuting
involution graph. This paper studies C(G, X) when G is a 4-dimensional projective sym-
plectic group and X a G-conjugacy class of involutions, determining the diameters and
structure of the discs of these graphs.

1 Introduction

For G a group and X a subset of GG, the commuting graph of G on X, C(G, X), is the graph
whose vertex set is X with z,y € X joined whenever x # y and xy = yz. In effect commuting
graphs first appeared in the paper of Brauer and Fowler [13], famous for containing a proof that
up to isomorphism only finitely many non-abelian simple groups can have a given centralizer
of an involution. The commuting graphs considered in [13] had X = G \ {1} - such graphs
have played an important role in recent work related to the Margulis—Platanov conjecture (see
[24]). The complement of this type of commuting graph appeared in [22] where B.H. Neumann
solved a problem posed by Erdos. Various kinds of commuting graphs have been deployed in the
study of finite groups, particularly the non-abelian simple groups. For example, the analysis and
subsequent construction by Fischer [18] of the three simple Fischer groups used the commuting
graph on the conjugacy class of 3-transpositions. While a computer-free uniqueness proof of
the Lyons simple group by Aschbacher and Segev [6] employed a commuting graph where the
vertices consisted of the 3-central subgroups of order 3. For G either a symmetric group, or
more generally a finite Coxeter group, or a projective special linear group and X a certain
conjugacy class of G, the structure of C(G, X) has been investigated at length by Bundy [14],
Bates, Bundy, Hart, Perkins and Rowley [8], [9], [10], [11] and [12]. Infinite Coxeter groups have
also been studied in Perkins [23]. A different flavour of graph (also called a commuting graph)
has been examined in Akbari, Mohammadian, Radjavi, Raja [3] and Iranmanesh, Jafarzadeh
[20]. There, for a group G, the vertex set is G\ Z(G) with two distinct elements being joined if



they commute. Recently there has been work on commuting graphs for rings (see, for example,
1], [2)).

This paper investigates C(G, X)) when G is a finite 4-dimensional projective symplectic group
and X is a G-conjugacy class of involutions. Such graphs are referred to as commuting involu-
tion graphs. From now on H will denote the symplectic group Sp(4, q), ¢ = p* and p a prime.
Let V be the natural (symplectic) GF(q)H-module, and set G = H/Z(H). So G = PSp(4,q)
and G = H when p = 2. In the case when p = 2, G has three conjugacy classes of involu-
tions. Recalling that for an involution x of G, V(z) = {v € V|(v,v") = 0} these three classes
X1, Xo, X3 may be described thus (see [7])

X, ={z€G|* =1, dim Cy(z)

Xy ={z €G|* =1, dim Cy(z)

Xs={zr € G‘x2 =1, dim Cy(x)
For t € X;, we define

b
, dim V(x) = 3}; and
, V(z) =V}

3
2
2

Ai(t) ={z € X;|d(t,x) =i}
where d is the standard distance metric on C(G, X;). Our four main theorems are as follows.

Theorem 1.1 Suppose that p =2 and i =1,3. Then C(G, X;) is connected of diameter 2 with
the disc sizes being

IAL(t)] =¢* —2; and
1A2(8)] = ¢*(q — 1)

Theorem 1.2 Suppose that p = 2. Then C(G, Xs) is connected of diameter 4, the disc sizes
being

|AL()] = ¢°(2q — 3);
|As(t)] = 2¢° (¢ — 1)%
|As(t)] = 2¢°(¢ — 1)% and
|A4(t)] = ¢ (¢ — 1)*.

Turning to the case when p is odd, we have that there are two G-involution conjugacy classes
Y; and Y;. We shall let Y; denote the G-conjugacy class whose elements are the images of an
involution in H, and Y5 to denote the G-conjugacy class whose elements are the image of an
element of H of order 4 which square to the non-trivial element of Z(H).

Theorem 1.3 If p is odd, then C(G,Y}) is connected of diameter 2 with disc sizes
L
(A1)l = 54l —1); and

1
|Ag(t)| = 5(614 @+ ¢ +q-2).



Theorem 1.4 (i) If ¢ =3 (mod 4) then C(G,Y3) is connected of diameter 3. Furthermore,

A1) = 3a(a? + 20— 1)

1Ay ()| = 116(q +1)(3¢° — 2¢* +8¢* — 30¢*> + 13¢ — 8); and
1A5(6)] = 15 ~ 150 — dg" — 2¢° +4¢” + 54+ 5).

(i1) If g =1 (mod 4) then C(G,Y3) is connected of diameter 3. Furthermore,
A (0] = gala® + 1)
At = 116(q C1)(3¢° — 64" + 324° — 10¢% — 27q — 8): and
|As(t)| = 116(q — 1)(5¢° + 22¢* — 8¢® + 344 + 51q + 24).

Theorems 1.1 and 1.2 are established in Section 2. While in Section 3 we give a proof of
Theorem 1.3. The structure and properties of C(G,Ys), in Section 4, are a much tougher
nut to crack than the other four cases. The reason for this is that for C(G, X;), (i = 1,2,3)
and C(G,Y;) the graph can be studied effectively by working in H = Sp(4, q) and looking at
certain configurations in the natural symplectic module V' involving Cy (x) for various = € X
(X =X;, i =1,2,30r XZ(H)/Z(H) = Y1). The key point being that, in these four cases
for v € X, Cy(x) is a non-trivial subspace of V' whereas, for = of order 4 and squaring into
Z(H), Cy(z) is trivial. If we change tack and look at G acting on the projective symplectic
space things are not much better. When ¢ = 3 (mod 4) elements of Y5 fix no projective points,
while in the case ¢ = 1 (mod 4) they fix 2¢ + 2 projective points. However, even in the latter
case, the fixed projective points didn’t appear to be of much assistance. It is the isomorphism
PSp(4,q) = Os(5, q) that comes to our rescue. If now V' is the 5-dimensional orthogonal module
and x € Y, then dim Cy(x) = 3. Even so, probing C(G, Y3) turns out to be a lengthy process.
Fixt € Y5. Then by Lemma 4.3, Y5 C U Cq(U) where U, is the set of all 1-subspaces of Cy ()

Uell
and as a result, by Lemma 4.4, C(G, Y2) may be viewed as the union of commuting involution

graphs for various subgroups of G. Up to isomorphism there are three of these commuting
involution graphs (called C(G~,Y ™), C(GT,Y ™) and C(G° Y?) in Section 4). After studying
these three commuting involution graphs in Theorems 4.6, 4.8 and 4.14 it follows immediately
(Theorem 4.15) that C(G,Y3) is connected and has diameter at most 3. Using the sizes of
the discs in C(G7,Y ™), C(GT,Y™) and C(G?,Y?) we then complete the proof of Theorem 1.4.
This “patching together” of the discs is quite complicated - for example we must confront such
issues as t and x in Y5 being of distance 3 in each of the commuting involution subgraphs which
contain both ¢ and z, yet they have distance 2 in C(G,Y3) (see Lemmas 4.29 to 4.34).

Our group theoretic notation is standard as given, for example, in [5] or [19].
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2 Structure of C(G, X;),i=1,2,3

We begin looking at G = Spa2,(q) where n > 2, ¢ = p* and p = 2. Let V) denote the GF(q)Go-
symplectic module of dimension 2n and let ty be an involution in Gy for which dim Cy (¢y) =
2n — 1. Put Xy = t((];o, the Gy-conjugacy class of tg.

Theorem 2.1 C(Gy, Xy) is connected and has diameter 2.

Proof For z € X,
CGO (ZL’) < StabGo(CVo(x))

with Stabg,(Cy, (x)) having shape ¢" 'S Ly, _5(q)(¢—1). Set K, = O% (Stabg,(Cy,(x))). Then
K, ~ ¢* 'SLa, 2(q) and Cg,(x) = K,. Let z € Xo \ {to}. If Cy,(to) = Cy (), then z € Ky,
and so x € Ay(ty). Now suppose that Cy,(ty) # Cy(x). Then dim(Cy,(ty) N Cy(z)) =
2n — 2. Let U be a 1-dimensional subspace of Cy,(tg) N Cy,(x). Since [Vo,to] is a 1-space
and G acts transitively on the l-spaces of Vj, there exists y € X, such that [Vp,y] = U.
So [Vo,y] < Cy,(to) N Cy,(x) and hence y leaves both Cy,(tg) and Cy,(x) invariant. Thus
y € Ky, N K, = Cg,(to) N Cg,(x) and so d(ty, z) < 2 and we see that C(Gy, Xp) is connected.
Since C(Go, X) cannot have diameter 1 (as then (X) would be abelian), the theorem follows.

0J

The remainder of this section is devoted to establishing Theorems 1.1 and 1.2. So we have
G = Sp(4,q) with ¢ = p* and p = 2. For V, the natural GF'(q) module for G, we choose the
symplectic basis {v1, va|vs, va} with (vi,v4) = (v2,v3) = 1. Thus the matrix defining this form
is

= o O
o = O

J:

_ o O O
OO O =

and we may suppose that G = {A € GL(4, q)‘ATJA = J}. We further define

1 a b c
B 01 d ad+d

S = 00 1 a a,b,c,de GF(q) p,

000 1
1 a b ¢ 1 0 b ¢
010 b 01 db

Q1= 00 1 a a,b,c € GF(q) p and Q2 = 0010 b,c,d e GF(q)

0 0 01 0 001



Lemma 2.2 (i) S € Syl,G.
(i) S = Q1Q, with QF U Q¥ consisting of all the involutions of S.

Proof 1t is straightforward to check that S is a subgroup of G. Since |G| = ¢*(¢> — 1)(¢* — 1)
and |S| = ¢*, we have part (i). Part (ii) is an easy calculation. O

The following three involutions are elements of G.

1001 1011 1100
;_joroof o _Joro1p 0100
! 0010 ™ 00107 0011

0001 0001 0001

Lemma 2.3 (i) Fori=1,2,3,t; € X;.

(ii) Cg(t1) ~ ¢*SL(2, q) with Os(Ca(t1)) = Q1 of order ¢°.

(1ii) Cg(ts) = S.

(i) | X1| =q¢* — 1.

(v) [ X2 = (¢* = D(¢" = 1).

Proof (i) Let v = (o, 3,7,0) € V. Then vt = (a, 8,7, +0), v2 = (o, B, + 7, + B+ 0)

and v = (o, + 3,7,7+ 9). Hence [v,t1] = (0,0,0, ), [v,ta] = (0,0,a, + 3) and [v,t3] =

(0, ,0,7). Consequently dim [V,#;] =1 and dim [V, 5] = 2 = dim [V, t3]. Thus ¢; € X;. Now
(v,v2) = ala+B+6)+ Ba+v) +y8+da=a*=0

implies that a = 0 and so dim V' (¢3) = 3. Therefore t; € X5. Turning to ¢35 we have that

(v,0°) = aly+8) + By +y(a+f) +da =0

implies that V' (t3) = V, as v is an arbitrary vector of V. Hence t3 € X3, and we have (i).
(ii) By direct calculation we see that

1 b ¢ d\| bed, f,g,h,k,m,ne GF(q)
Colty) = 0 f g hl|| gk+fm=1
G 0k m n|| b+hk+ fn=0
00 0 1 c+mh+gn=20

Moreover



f.9.k,m e GF(q)

SL2(Q)gR: fg+km=1

< Cg(th).

o O =
O - O
_— o O O

o 3w o

0

with @ a normal elementary abelian subgroup of Cg(t;) and |Q1| = ¢*. So Cg(t1) = RQ;.
Thus (ii) holds.

(iii) This is a routine calculation.
From parts (ii) and (iii) |Cg(t1)

| = a4
|G| = q*(¢*> — 1)(¢* — 1) yields (iv) and

q¢> — 1) and |Cg(t2)] = ¢*. Combining this with
(v)

. O

Lemma 2.4 |Cq(t;) N Xy =¢* — 1.

Proof Let s be an involution in S. Then, by Lemma 2.2(ii), s € Qfﬁ UQ?. Let v = (o, 3,7, 0)
be a vector in V. Assume for the moment that s € ;. Then

OO O =
O O = Q
O = O o
_—Q 0

where a,b,c € GF(q). So v* = (a, aa+ 3,b0+~, ca+bB+ay+4). Suppose that at least one of
a and b is non-zero. If v € Cy/(s), then we have aa = b3 = ca+bB+ay = 0. If, say, a # 0 then
this gives a = 0 and b3 + ay = 0. Hence v = A\j for some A € GF(q). Thus dim Cy(s) = 2,
with the same conclusion if b # 0.

When a = b = 0 we see that dim C/(s) = 3. Therefore we conclude that

Q1N X, =q—1. (2.4.1)
Now we suppose s € Q2 \ Q1. Then
1 0 a b
{01 ¢ a
"“loo 10
00 01

where a,b,c € GF(q) and ¢ # 0. Here v* = (o, 3, acc+ ¢S+, ba+af +0) and so, if v € Cy(s),
ac + ¢ = ba+ af = 0. Suppose that a = 0 and b # 0. Then ¢f = ba = 0 which yields
a =0 = . Hence dim Cy(s) = 2. Likewise, when a # 0 and b = 0 we get dim Cy/(s) = 2. On
the other hand, a = 0 = b gives dim Cy/(s) = 3.



Now consider the case when a # 0 # b and a® +bc = 0. From aa + ¢ = 0 we obtain 3 = aac™?
and so 0 = ba + a3 = ba+a*cta = (b+a*c™!)a. Since a® + be = 0, this equation holds for all
a € GF(q) and consequently dim Cy(s) = 3. Similar considerations show that dim Cy (s) = 2
when a # 0 # b and a® + bc # 0. So, to summarize, for s € Q2 \ Q1, s € X; when either
a=0=bora#0+#band a®+ bc = 0. For the former, there are ¢ — 1 such involutions (as
¢ #0). For the latter, there are ¢ — 1 choices for each of b and ¢ and in each case a is uniquely
determined (as GF(q)¥ is cyclic of odd order), so giving (¢ — 1)? involutions. Therefore

(X2 NS\ Q] = [X: N (Q2\ Q1) = qlg = 1) (2.4.2)

Since any two distinct Sylow 2-subgroups of SL(2,¢q) have trivial intersection and SL(2,q)
possesses ¢ + 1 Sylow 2-subgroups, Lemma 2.3(ii) together with (2.4.1) and (2.4.2) yields that

Cat)) N Xa|=(¢—1)+ql¢g—1)(g+1)
=(q-1)1+¢+q) =¢"—1.

This proves Lemma 2.4. O]

Proof of Theorem 1.1 As is well-known — see for example [16] — G has an outer automorphism
arising from the Dynkin diagram of type Cy = By. This outer automorphism interchanges the
two involution conjugacy classes X; and X3 and as a consequence C(G, X1) and C(G, X3) are
isomorphic graphs. Thus we need only consider C(G, X;). From Lemma 2.4, as A(t) =
(Ca(t) N X1) \ {t:},

At) =" -1 -1=¢"-2.

By Theorem 2.1, C(G, X;) has diameter 2. Hence, by Lemma 2.3(iv),
Do(t)] =X = (=) =" -~ (@ -D=¢"~¢"=¢* (¢ 1),

so proving Theorem 1.1.

Before moving on to prove Theorem 1.2 we need additional preparatory material. If W is
a subspace of V, then W+ denotes the subspace of V defined by

W+ ={veV|(v,w)=0for all w € W}

and we recall that dim W + dim W+ = dim V = 4.

By Lemma 2.3(i),(iii) we see that Cy(Cg(t2)) = {(0,0,0,a)|a € GF(q)} is 1-dimensional. For
x € Xy set Up(x) = Cy(Cg(x)) and Us(z) = Cy(x). So dimU;(x) = 1 and dim Us(z) = 2
(with the subscripts acting as a reminder). We denote the stabilizer in G of U (t2), respectively
Us(ts), by Py, respectively Pp. Then Py ~ ¢3SLa(q)(q — 1) for i = 1,2. Also Q; = Oo(P;) with
Cp(Q;) =Q; fori=1,2.

We start analyzing C(G, X5) by determining Ay (t2). For x € X, we let Z¢,(,) denote Z(Ce(x))N
XQ.



Lemma 2.5 X2 = URESyl G R
2

Proof Clearly X5 = Ugegy1,¢ Zr by Lemma 2.3(iii). If Zp N Zy = @ for R, T € Syl,G, then
we have some = € Z(R) N Z(T) N X5 whence, using Lemma 2.3(iii), R = Cg(x) = T. So the
lemma holds. O

Lemma 2.6 Let R, T € Syl,G. If there exists v € Zp and y € Zy such that [z,y] = 1 then
(Zgr, Z7] = 1.

Proof Since zy = yz, y € Cg(x) = R. Hence Z(R) < Cg(y) =T and so [Zg, Zr] = 1. O

Let A be the building for G and C(A) denote the chamber graph of A. We may view the
vertices (chambers) of C(A) as being { Ng(R)| R € Syl,G} with two distinct chambers Ng(R)
and Ng(T') being adjacent whenever (Ng(R), Ng(T)) < P? for some g € G and some i € {1,2}.
We use d° to denote the standard distance metric in C(A) and for a chamber ¢ put AS(c) =
{d e C(A)|d(c,d) =j}. The structure of C(A) is well-known.

Lemma 2.7 C(A) has diameter 4 and |AS(c)| = 2q; |AS(c)| = 2¢% |A§(c)| = 2¢% and
|AS(c)] = ¢".
Proof A straightforward calculation. O

We now introduce a graph Z whose vertex set is V(Z) = { Zg| R € Syl,G} with Zg, Zr € V(Z)
joined if Zg # Zr and [Zg, Zr] = 1.

Lemma 2.8 The graphs Z and C(A) are isomorphic.

Proof Define ¢ : V(Z) — V(C(A)) by ¢ : Zr — Ng(R) (R € SyL,G). If o(Zr) = p(Z7)
for R,T € Syl,G, then Ng(R) = Ng(T') and so R = T and then Zr = Zp. Thus ¢ is a bijec-
tion between V(Z) and V(C(A)). Suppose Ng(R) and Ng(T') are distinct, adjacent chambers
in C(A). Without loss of generality we may assume 7" = S. Then Ng(R), Ng(S) < P; for
i € {1,2}. The structure of P; then forces Z(R), Z(S) < @;. Since ), is abelian, we deduce
that [Zg,Zs] = 1. So Zr and Zg are adjacent in Z. Conversely, suppose Zr and Zg are
adjacent in Z. Then [Zg, Zs] = 1 with, by Lemma 2.5, Zp N Zg = &. Hence Zr C S and so
by Lemma 2.2(ii), Zp C Q1 U Q2. Now Q1 N Q2 N Xs = Zg and so we must have Zr C Q;
for i € {1,2}. The structure of P; now gives Ng(R) < P; and therefore Ng(R) and Ng(S) are
adjacent in C(A), which proves the lemma. O



Proof of Theorem 1.2

Since for all 1,2, € X, [x1,22] = 1 if and only if [Zc,,(2)), Zog(s)) = 1 by Lemma 2.5, then
for i > 1, d°(x1,x2) =i if and only if d®(Zcg(a1)s Zog(as)) = @ (Where d® denotes the distance
in Z). Note that if d°(z1,22) = 1, then either Zco, @) = Zog(@s) OF d%(Zeg(an)s Zog(s)) = 1.
Since X3 is a disjoint union of the elements of Z, then C(G, X») is connected of diameter 4.
Now

Mt)y= | Zp and A= ] Zp i>1
ReSyl,G ReSyl,G
[Zs,ZRr]=1 dZ(Zs,Zr)=i

and so |A;(t)] = | Zs|+2q | Zs|—1. From |Zs| = (¢—1)* we get |A1(t)] = (¢—1)*4+2q¢(¢—1)*~1 =
¢*(2q — 3). The remaining disc sizes are immediate from the structure of the chamber graph

C(A).

3 Structure of C(G,Y])

This section is devoted to the proof of Theorem 1.3. In order to investigate the disc structure
of C(G,Y)) it is advantageous for us to work in H = Spy(q) (and so H = H/Z(H) = G). We
assume that {vy, v, v3,v4} is a hyperbolic basis for V' with (vq,v1) = (v4,v3) = 1. Thus if J is
the matrix defining this form then

0 -1 0 O
100 O
/= 0o 00 -1}
0O 01 0
. 0 —1
and J has two diagonal blocks Jy where Jy = (1 0). We may suppose that for ¢ € Y7,
we have 5 = t where s = —1> 7 Put X = s”. Then V) = {Z|z € X}. For z € X, set
2

N, = Ny({xz,Z(H))). Evidently, for 77,73 € Y7 (where z1, 25 € X) 77 and T3 commute if and
only if z; € N,, (or equivalently xs € N, ). Now N consists of ¢ € H for which s9 = s or

él, g where A, B,C" and D are 2 x 2 matrices over GF(q), direct
calculation reveals that either B = C' = 0 or A = D = 0. Also, as ¢ € H, we must have
AT JyA = DT J,D = J, and therefore

o { (). oY <)

~ (SLy(q) x SLa(q)) : 2
Lemma 3.1 |A(t)| = 3q(¢* — 1).

s9 = —s. Letting g =




Proof Since X = s consists of all the involutions in H \ Z(H), a quick calculation gives

XﬁNSI{%’%‘AESLQ(Q)}U{S,—S}.

Under the natural homomorphism to G, for € X T = =z, and so [A(¢)] = 5[SLs(q)| =
za(¢* = 1). O

Put £ = (vs,vs). Then E+ = (v1,v;) and we note that Cy(s) = E. Furthermore we have
that Staby ({E, E*}) = N,. Put £ = {{F, F*}| F is a hyperbolic 2-subspace of V'}. Now let
B € GF(q) and set Uz = ((1,0,1,0), (0,3,0,—8 —1)). Then Uy is a hyperbolic 2-subspace of
V and so {Us, Uz } € ©. The N,-orbit of {Us, Uz} will be denoted by ¥g.

Lemma 3.2 Let F' be a hyperbolic 2-subspace of V with F # E or E+. Then {F, Fl} € Xg
for some 8 € GF(q). Moreover, for € GF(q), X3 =X _5_1.

Proof Since F # FE or E+, we may find w; € F with w; = (ay, 81,71,01) and {aq, 31} #
{0} # {7,5}. Now N, contains two SLs(q) subgroups for which (vy,v) and (vs,v,) are
natural GF(q)SLy(q)-modules. Because SLy(q) acts transitively on the non-zero vectors of such
modules, we may suppose w; = (1,0,1,0). Now choose ws € F' such that (w;,ws) =1 (and so
(wy,wy) = F). Then if wy = (o, 3,7, ) we must have f+§ = —1 and so wy = (o, 3,7, —B—1).
The matrices in Ny fixing w; are

1

CNS(wl): kCll
(1 ‘

Let g = o 1 1

a9 1

\ where a1, as € GF(q). Then w{ = wy.
We single out the cases § = 0 and § = —1 for special attention. If, say, § = 0, then wy, =
(c,0,7,—1). Hence wy — aw; = (0,0,7 — o, —1) and F' = (wy,wy — aw;). Since (0,0, —
a,—1)g = (0,0, (y — a) — ag, —1) and choosing a; = —y + «, we obtain Fg = Uy. For § = —1
a similar argument works (using ws — yw; instead of wy — aw;). So we may assume that
8 #0,—1. From

wag = (o, B,7, =0 — 1) = (a + Bar, B,7 + (= — L)az, =5 — 1)

by a suitable choice of a; and as, as 5 # 0, —1, we get wag = (0, 3,0, —F—1), whence Fg = Us.
Thus we have shown {F, F*} € X3 for some 8 € GF(q). Finally, for 3 € GF(q), 5 = Y_5,

a1

1) ai,as € GF(q)

10



follows from

Let ¢ : GF(q) \ {—1} — GF(q) be defined by
oA =—(1+A+D)21-X1)"" (A€ GF(q)).

There is a possibility that this is not well-defined should 1+ (A +1)72(1 — A?) = 0. This would
then give (A + 1)2 + (1 — A?) = 0 from which we infer that A = —1. So we conclude that ¢ is
well-defined.

Lemma 3.3 ¢ is injective.

Proof Suppose ¢p(A\) = ¢(p) for A\, p € GF(q) \ {—1} with A # p. Hence
(L O 1721 = 227 = (1 (e 1)72(1 = )
Simplifying and using the fact that ¢ is odd gives
24— A2 = A2 = A+ M =0,

and then
(+ A= A) + (=) + Al — A) = 0.

Hence (u— A)(p+ A+ 14+ M) = 0. Since p # A, we get p+ A+ 1+ Ay = 0 from which we
deduce that either A = —1 or p = —1, a contradiction. So the lemma holds. 0J

Proof of Theorem 1.3

We first show that Diam C(G,Y;) = 2. So let x € X be such that ¢ {t} U Ai(t). Now

{Cy(z),Cy(z)*} € T as Cy(z) # E or E* (otherwise € {s,—s} and then T = ¢?).

Hence {Cy(z),Cv(z)*} € ¥, for some p € GF(q) by Lemma 3.2. Let y = %’% €
2

X N N;. Then § € Ay(t). Our aim is to choose an zy € N, N X (so T € A(y)) for

which {CV(:L')\),CV(I)\)J‘} € X,. Since X, is an Nj-orbit, there exists h € N such that

{Cy(zy), C’v(:E,\)L}h = {Cv(z),Cy(z)*}. As a consequence either x = z or 2, and there-
fore T = 7", whence d(t,T) < 2.
We first look at the case when = —27%. Then u = —u — 1 and hence

U_y-1 = {((1,0,1,0),(0,1,0,1)).
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Observing that U_y-1 = Cy(y), we see that for p = —271, T € A(y), which we are not
concerned with here. So we may assume u # —271.

Ay | —B
B | =)\,
1— X2 So x), € X N N,. We now move onto the case when p = 0 (or equivalently u = —1).

Here we take A = 1 and B = 2 _2) noting that B satisfies the conditions to ensure that

Let z) = where A € GF(q)\ {0} and such that B has zero trace and determinant

2 =2)’
71 € A1(Y). Let v =(a, 3,7,0) € V. Then v € Cy(x;) precisely when

27y + 26 = 0; — 2y — 26 = 0;
—2a—-20—-v=m; 200+ 23 — 6 = 9;
and thus the only conditions we get are v = —3 — a and a+ 3 = §. Thus

Cv(r1) = {(a, 8, —a = B,a + B)}
= ((1,0,-1,1),(0,1,-1,1)).

It is straightforward to check that {Cy(z1),Cy(z1)*} € Xo. Therefore we may also assume

. A
that p # 0,—1. Choosing B = \ -

Take v = (o, 3,7,0) € V and calculating v** gives the relations

) we see that the requisite conditions are satisfied.

A=—Da+A—=A=0; A=1DB+\"=0A=0;
“da+AG—(A+1)y=0; —Ala+ M- (A+1)=0;

which, after rearranging gives

a=XA=17'0—-7);  B=AA-1)T-ATA-1)ly
y=AA DB =a)  S=AA+Dla—ATTA+1)

and note that the relations for v and ¢ are satisfied after substitution for v and 3. Hence

Cy(za) = {(@, B AN+ 1)7H(B = ), AA+ )T B = AT (A +1)7Ma) }
=((L,0,=AA+ 1) =2+ D), (0, L XA+ )TN AN+ D)) (3.3.1)
We want to determine which Ny-orbit, ¥, that Cy (z)) lies in. Our representative, Ug, for ¥4

has w; = (1,0,1,0) as one component of the hyperbolic pair, so we need an element of Ny to
send the first generator in (3.3.1) to w;. We need to find conditions on C, D € SLy(q) such

that
(L0, AA+ 1)~ =AT"(A+ 1) % = (1,0,1,0)
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and so without loss of generality we can take C' = I,. This reduces to solving

dy d
_ —1 _y—1 -1 1 d2) _
(AA+ 1)L =2 A+ 1)7 (d3 d4) (1,0)
and after multiplying out, we get that ds = —(d; + 1)A\> — X and dy = —dyA\2. Since D has
determinant 1, we find that do = A™'(A+ 1)7! and so dy = —A(A + 1)7!. Without loss of
generality, by taking d; = 1 we have that

b= (—2; — A—_Al((;:)):ll)

and a quick check shows that the first generator in (3.3.1) is mapped to w;. Using the same
matrix, by multiplying on the right of the second generator in (3.3.1), we get

Iy

(0, L, MA+ D)L A+ 1)7h) w15 A+ 1) (1= X)) =

p) =
and (wy, ) is a hyperbolic 2-subspace conjugate to some Us. Recall that for a fixed 5 € GF(q),
Ny is transitive on { (o, 3,7, —f — 1)| o,y € GF(q)}. Hence, we need only find the hyperbolic
pair representing such a conjugate of Ug, to determine 3. This is found by requiring that some
multiple of «’ has inner product 1 with wy, that is

B-l==1=-B(A+1)72(1-1)

for some 3 € GF(q). By expanding, we get that 3 = — (1 + (A +1)72(1 — )\2))_1 and so
Cy(zy) € Xg. By Lemma 3.3, ¢ : A — —(1+ (A4 1)72(1 — A\?))~! is an injective map
from GF(q) \ {—1} into GF(q). Since p # —27' u # —pu — 1 and therefore there exists
A € GF(q) \ {—1} such that ¢(\) = p or —p — 1. Bearing in mind that U, = U_,_; by
Lemma 3.2, we conclude that {Cy(z)),Cy(z))*} € X,. Consequently we have proved that
Diam C(G,Y;) = 2.

From |G| = £(¢%> — 1)(¢* — 1) and |Ce(t)] = ¢%(¢® — 1)* we see that |V;]| = £(¢* + 1). Using
Lemma 3.1 then gives

1
185 (1)] = 5(614 @+ +q-2),

which completes the proof of Theorem 1.3.

4 Structure of C(G,Y3)

In this section we present a proof of Theorem 1.4. The uncovering of the disc structures of
C(G,Ys) will be a long haul. As discussed in Section 1, it will be advantageous for us to use
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the well known isomorphism that PSps(q) = Os(q) (see Corollary 12.32 of [26]). So we take
G = Os(q) and from now on V will denote the 5-dimensional GF(q) orthogonal module for
G. Thus the elements of G are 5 x 5 orthogonal matrices with respect to the orthogonal form
(, ) which have spinor norm a square in GF'(¢). We may assume that the Gram matrix with

respect to (1, ) is
01
(ol
J = 0 0 1].
0 =2 0
1 00

(] \

B

Then t € G and Yy = t9. Let 6 = +1 where ¢ = § (mod 4).

Let

_ o O
|

O = O

o O =

Lemma 4.1 (i) dim(Cy(t)) = 3.
(ii) Cy(t)*: = [V, t] is a 2-subspace of V of d-type.
(iii) V = Cy(t) L Cy(t)*.

Proof An easy calculation. ([
Put L; = Cq(t) N Ce([V, t]).

Lemma 4.2 (i) Let x € Y. Then t = x if and only if Cy(t) = Cy(x).
(ii) Ca(t) = Stabg(Cv (1)) ~ (La(q) x 5°) 2°.
(iii) Ly acts faithfully on Cy(t) and Ly = Ly(q).

Proof

(i) Suppose Cy(z) = Cy(t). Then, using Lemma 4.1 (ii), [V, 2] = Cy(2)t = Cy(t)* = [V, 1].
Hence by Lemma 4.1(iii), tx acts trivially on V" and thus ¢tz = 1. Therefore t = x and (i) holds.
(i) Plainly Cg(t) < Stabg(Cy(t)), and if g € Stabg(Cy (t)), then Cy(t) = Cy(t)? = Cy (7).
Hence, and t9 € Y, t = t9 by part (i). So g € Ci(t) and thus Cg(t) = Stabe(Cy(t)). That
Stabg(Cy (t)) ~ (L2(q) X ‘%5).22 can be read off from Proposition 4.1.6 of [21].
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(iii) For any g € Cg(t), we have [V,t]9 = Cy(t)X = Cy(t9)t = Cy(t)t = [V,t] and so
Cq(t) < Stabg[V,t]. If any element in L; acts trivially on Cy(¢), then it would act trivially
on V and thus be the identity. Hence L; acts faithfully on Cy(¢). Let v € Cy(¢t) and by
Lemma 4.1(iii), we have [V,t] < (v)". Hence (v)" = [V,t] ® W where W < Cy(t). But since
dim((v)") = 4, we have dim(W) = 2 and so Cy(t) £ (v)". Therefore for all u € Cy(t),
(v,u) = 0 if and only if v = 0 and thus ( , ) is non-degenerate on restriction to Cy (¢). Hence
we have Ly — GO(Cy(t)) ~ GOs(q) as L; fixes [V, t] pointwise, by definition. Since L; < G
and acts as determinant 1 on [V, ¢], then it must act as determinant 1 on Cy(¢). In addition, as
L, fixes [V, t] pointwise, when the elements of L, are decomposed as products of refections, the
vectors reflected will lie in Cy (t). Since the spinor norm of the elements of L; are a square in
GF(q) and the vectors reflected lie in Cy/ (), then the spinor norm doesn’t change on restriction
to Cy(t). Hence, L; ~ O3(q) ~ L2(q) proving (iii).

O

Let U; denote the set of i-dimensional subspaces of Cy(t), i = 1,2. In proving Theorem 1.4,
our divide and conquer strategy is based on the following observation.

Lemma 4.3 Y; C U Ce(U).

Uell1 Uz

Proof Letz € Y5\ {t} and set U = Cy(t)NCy(x). By Lemmas 4.1(i) and 4.2(i), U € Uy Uls.
Since t,z € Ce(U), we have Lemma 4.3. O

The three cases we must chase down are presaged by our next result.

Lemma 4.4 (i) Let Uy be an isotropic 1-subspace of Cy(t). Then Cq(Up) ~ % : La(q).

(ii) Let U. be a 1-subspace of Cy(t), such that UL N Cy(t) is a 2-space of e-type (e = +1).
Then
SLy(q) o SLa(q)) d=¢

Calle) N{ Ly(q?) 0= —c.

Proof Let Uy be an isotropic 1-subspace of Cy (¢). From Proposition 4.1.20 of [21], we know
that Stabg(Up) ~ Cp : (C1 x Cy) (r) where C) acts as scalars on Uy, r a reflection of Uy and
Co ~ ¢®, Cy ~ Ly(q) fixing Uy pointwise. Hence Cq(Uy) ~ ¢* : La(q), so proving (i).

If § = 1, then [V,{] is a 2-subspace of V of +-type, and hence U+ = (U+ N Cy(t)) L [V,¢]
is a 4-subspace of +-type. Similarly, Ut = (UL N Cy(t)) L [V,t] is a 4-space of —type. If
d = —1, then [V, ¢] is a 2-subspace of V' of —-type, and the results for when 6 = 1 interchange.
Let W, and W_ be 4-subspaces of V of + and —-type respectively, such that W3- and W+
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are 1-subspaces of Cy (t), observing that Stabg(W.) = Stabg(W4). From Proposition 4.1.6 of
[21], we have

Staba (W) ~ Cy (s4)

Stabg(W_) ~ C_ (s_)

where Cy ~ SLy(q) o SLa(q) fixes W3 pointwise, C_ ~ Ly(¢?) fixes W= pointwise and sy, s_
are reflections of W2 and W= respectively. This proves (ii) and hence the lemma. O

Lemma 4.5 (i) Let Uy be a 2-subspace of Cy(t) such that U N Cy(t) is an isotropic 1-space.
Then Cq(Up) = ¢* : 2.

(i1) Let U. be a 2-subspace of Cy(t) of e-type (¢ = £1). Then Cg(U.) ~ La(q).
Proof See Propositions 4.1.6 and 4.1.20 of [21]. O

Define the following subsets of U;, i = 1, 2.

U ={U € Uh|Ca(U) ~ SLa(q) 0 SL2(q)}
U ={U eth|Ca(U) ~ Ly(¢*)}

U = {U eth|Ce(U) ~ ¢ : La(q) }

U ={U € Us| U is of +-type}

Uy, ={U € Us| U is of —type}

CG(U)NQ23q;5}-

LISz{UeLIQ 5

In the notation of Lemma 4.4, U;" is the case § = & while U; is when § = —e. Note by
Lemmas 4.4 and 4.5 that U; = U U U U U, i = 1,2. We now study Cg(U) N Yy for
U € U,. By Lemma 4.4 there are three possibilities for the structure of Cu(U). First we
look at the case U € U;, and set G~ = Cg(U). Then G~ = Ly(¢*) by definition of U; .
Define A; (t) = {x € G- NYs|d (t,x) =i} where i € N and d~ is the distance metric on the
commuting graph C(G—,G~ NY3).

Theorem 4.6 If ¢ # 3 then C(G~,G~ NY3) is connected of diameter 8 with

AT = 56"~ 1)
A5(0)] = (@ ~ (@~ 5); and
A50)] = 3(a* ~ 1)(g* + 7).
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Proof Since ¢> =1 (mod 4) and ¢ # 3 implies ¢* > 13, this follows from Theorem 1.1(iii) of
[10]. O

We move on to analyze GT = Cg(U) where U € U;". Hence, by definition of U;", GT ~ Ly o Ly
where Ly ~ SLs(q) ~ Lo (with the central product identifying Z(L,) and Z(Ls)). Set Y =
GT NY,. We begin by describing Y.

Lemma 4.7 Y* = {z123| x; € L; and x; has order 4, 1 =1,2}.

Proof Apart from the central involution z of G, all other involutions of G are of the form
g192 where g; € L; (i = 1,2) has order 4. Since all involutions in L;/Z(G*) are conjugate, it
quickly follows that {g192|g; € L; and g; has order 4, i = 1,2} is a G™-conjugacy class. Now
z acts as —1 on U+ and thus dim Cy(z) = 1. Therefore t # 2 whence, as t € G, the lemma
holds. 0J

Let d* denote the distance metric on the commuting graph C(G™,Y ™) and, for i € N, Af(¢) =
{z eY™*|d(t,x) =i}

Theorem 4.8 Assume that q ¢ {3,5,9,13}. Then C(GT,Y ™) is connected of diameter 3 with
1

AT ()| = i(q —6)?+1;
AF(0)] = 50— 00— 4~ ) + (g~ 0)(g — 2~ 6); and
AT ()] = gq‘* + %(1 +360)¢® — i(7+ 60)q? + ;(1 +6)q — %(29 4 206).

Proof Let G+ = Gt/Z(G*) (= L x Ly). Note that for z125 € Y+, 27 2y = z25" and
T1Ty = :)31_1:)32_ ! and so the inverse image of 7173 contains two elements of Y*. Let d¥ denote the
distance metric on the commuting graph of L; and Agi) (7;) the j* disc of Z; in the commuting
graph of L;. By Lemma 4.7, t = t,t, where, for i = 1,2, t; € L; has order 4. Let x = z125 € YT
with « # t. Then tx = xt if and only if ¢tz has order 2. So, bearing in mind that Y* U {z}
(where (z) = Z(G™)) are all the involutions of G*, we have that tz = zt if and only if one of

the following holds:- o1 = t;, 29 = t, ;21 = 1]}, 2y = to; T1 € Agl)(ﬂ) and Ty € A?’ (t3). Thus

AF(t) = {x1x2

e AV@), i= 1,2} U{tt;'}. (4.8.1)

Hence, using [10],

AT ()| =2 (%(q—(S)) +1= %(q—5)2+1. (4.8.2)
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Next we examine AJ(t). Let x € Y. Assume that x = a1ty or z1t;" where 77 € Agl)(ﬂ).
Then x € A (t1t5") (recall t¢,! = ] 't3) which implies, by (4.8.1), that z € AJ (t). If v = t,29
or t; 'z, where T3 € A§2) (t2), we similarly get z € Aj (t). Therefore

{$1$2

Now suppose x = x1x9 Where T € Aél)(ﬁ) and T3 € Af) (f2). So there exists 77 € L such that
(t1, 71, T7) is a path of length 2 in the commuting graph for L;. Then (t = tity, y125 ", T179 = T)
is a path of length 2 in C(GT,Y™). Thus, by (4.8.1), z € A5 (¢). If, on the other hand,
71 € AY(f) and 73 € AP (%) we obtain the same conclusion. Should we have 71 € AV (%)
and T3 € Agz) (t), similar arguments also give x € AJ (t). So

medl'®m) m=5}u{nw

e AP &), 7 = a} C AF(1). (4.8.3)

{mas |z e V@), me AP @) fu{om |7 e AV @), me AP@) |

U {xlxg e AV@), 7 e AY (g)} C AL (1) (4.8.4)
Since x = x11 € Aj(t) implies d?(%;,7;) < 2 for i = 1,2, A (¢) is the union of the two sets
in (4.8.3) and (4.8.4). Thus, employing [10],

A5 = gla—0/g—4-8)+ (g~ 9)la — 2~ 9). (48.5)

Now, as ¢ ¢ {3,5,9,13}, by [10] the commuting graph for L; is connected of diameter 3.
Arguing as above we deduce that C(G*,Y™) is also connected with diameter 3. Because
YH| =2 ’ELl’ ’ELQ’ = 1¢*(q+0)?, combining (4.8.2) and (4.8.5) we may determine |A] (t)| to
be as stated, so completing the proof of Theorem 4.8. O

Finally we look at Cg(U) where U € UY. This will prove to be trickier than the other two
cases. Put G° = C(U). So G° ~ ¢3 : Ly(q). We require an explicit description of G® which
we now give. Let Q = {(«, 3,7)| o, 5,7 € GF(q)} and

a>  2ab b
L=dlac adtbe va|| ©00dECFQ)

with L acting on @ by right multiplication. Then Q ~ ¢* and L ~ Ly(q). Since Q is the
3-dimensional GF(q)L-module (see the description on page 15 of [4]), G° =2 @Q x L. We
will identify this semidirect product with G°, writing G° = QL. Any g € G° has a unique
expression g = gggr where gg € Q and g;, € L - in what follows we use such subscripts to
describe this expression. Set Y9 = G N Yy, let d° denote the distance metric and A?(t) the
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ith disc of the commuting graph C(G°,Y?). In determining the discs of C(G°, Y°) we make
use of the commuting involution graph of L = L,(q) (as given in [10]). So we shall use d*
to denote the distance metric on C(L,L N YY) and for x € LNY? and i € N, AF(z) =
{y e LNnY°|d"(z,y) =i}. It is straightforward to check that

a? 2ab b2
LNY°= ac bc—a® —ab a,2b,c€2GF(q)
& —2ac a? @ +b7 =1

and, as G has one conjugacy class of involutions, Y° = {zgzr|z, € LNY? and x, inverts zq}.
Without loss of generality, we take

0 01
t=tr=(0 -1 0
1 00

and, up until Theorem 4.14, we will assume that ¢ ¢ {3,5,9,13}. Thus the diameter of
C(L,LNY?Y)is 3.

Lemma 4.9 (i) Q1N Y® = {(a, 6, —a)t| a, f € GF(g)} and Q1 N Y°| = ¢

(1) Qt N AY(t) = @.

Proof A straightforward calculation. O

Lemma 4.10 We have
a? 2ab b2
Alt) = x|rg = (a,0,a), 2, = [ab V¥ —a® —ab]|, > +b*=—1},
> —2ab  a®

and [AY(t)] = 3q(q — 9).

Proof Let z,y € Y°. If [z,y] = 1 then clearly [x1,y;] = 1. From [10] we have

a*>  2ab v?

AL(t) = ab b*—a* —ab||a® +b* =1

¥ —2ab  a®
If 2o = (o, 3,7) and z;, € AL(t) then [t,2] = 1 implies & = v and 3 = 0. Moreover, every
1 = (a,0,a)r, where z;, € AF(t), is in YO. Hence, AJ(#) is as described above. By [10], for
any involution z;, € L we have |Af(z;)| = 1(¢ — §) and there are ¢ possible values that o can
take for a fixed such x, proving the lemma. O

Lemma 4.11 Let z € Y° with x;, € AF(t). If v ¢ A(t), then x € AY(2).
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Proof Suppose z € Y where zg = («, 3,7) and
a®>  2ab b?
x, = |ab b® —a® —ab
¥ —2ab  a®
Then zj, inverts z¢ if and only if
a’a+2abB + b*y = —a
aba + (b — a*)B — aby = —3 (4.11.1)
Vo — 2abB + a*y = —7.
Suppose first that § = —1. Then, since —1 is not square in GF(q), we must have a,b # 0.
Rearranging the first equation gives a = 2ab™'3 + v and (4.11.1) remains consistent. Note

that when 8 = 0, we have a = v and so x € AY(t). So assume 8 # 0. Let y € AY(t) where
yo = (ab™'B+7,0,ab™'3 + v) and

b2 —2ab  a®
yr = | —ab a®> —b* ab
a? 2ab  b?

It is a routine calculation to show that [x,y] = 1, proving the lemma for 6 = —1. Now assume
0 = 1. If a,b # 0 then the argument from the previous case still holds, so assume first that
a = 0, and hence b is the unique element in GF'(q) that squares to —1. Then (4.11.1) simplifies
to a =, and so zg = («, 3, ). Let z € AY(t) where zg = (,0, ) and

-1 0 0
2L = 01 0
00 -1
An easy calculation shows that [z,z] = 1. Similarly, assuming b = 0 then a is the unique

element of GF(q) squaring to —1 and (4.11.1) simplifies to § = 0. Then zg = (a,0,7) and if
w € A¥t) where wg = (27 (a +7),0,27 (@ + 7)) and

0 0 -1
wr, = 0 —1 0
-1 0 O
then an easy check shows that [x,w] = 1, proving the lemma for 6 = 1. O

Lemma 4.12 We have Qt N Y° C {t} U AY(¢) U AY(¢). Moreover,

}Qtﬁ Ag(t)‘ = %((f —(1+0)g+9); and

|Qt N AY(1)] = %(q2 + (1+0)g—(2+90)).
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Proof Ifz € QtNY? and x # t then 29 = (a, 3, —a) and = ¢ AJ(¢) by Lemma 4.9. Let
y € AY(t) where yg = (7,0,7) and

a?  2ab b2
yr = |ab V> —a®> —ab
> —2ab  a®

with a? + 0> = —1. Then [z,y] = 1 if and only if —a*a = abB and —b?3 = aba.

Assume first that 6 = —1. Since —1 is not square in GF(q), we have a,b # 0 and so a = —a~'b0.
Hence if y € Qt is such that yg = (—a™'03, 3,a"'b3), then y € AY(¢). By looking at AL(t), we
see there are ¢+ 1 ordered pairs (a,b) that satisfy a®>+b* = —1. However, if (a,b) # (¢, d) where
a>+b0?=c*+d*=—1and a~'b = ¢7'd, then an easy calculation shows that (c,d) = (—a, —b).
Hence there are (¢ +1) distinct values of a™'b satisfying the relevant conditions. If 5 = 0 then
x =t and if 3 # 0 there are 1(¢? — 1) elements in Qt N AJ(¢).

Assume now that § = 1. If a,b # 0 then the arguments of the previous case still hold, with
the exception that there are now ¢ — 1 ordered pairs (a, b) that satisfy a? + b* = —1. However,
as a,b # 0 we exclude the pairs (+7,0) and (0,+:) where ¢ is the unique element of GF(q)
squaring to —1. Hence there are ¢ — 5 ordered pairs (a, b) satisfying a® +b* = —1, a,b # 0 and
thus $(¢ — 5) distinct values of a='b. Hence there are (¢ — 5)(¢ — 1) elements z € Qt N AJ(¢)
such that zg = (—a~'b3,5,a'b3) where 3 # 0 (note that if 3 = 0, then z = ¢). Suppose
a =0, then b # 0 and so 8 = 0. Hence 29 = (o,0, —a) and all such z lie in AJ(¢) if o # 0.
Similarly, if b = 0 then @ # 0 and zg = (0,3,0) where 3 # 0 and all such z lie in AJ(%).
Therefore, [Qt NA(t)] = 3(¢ —5)(¢ — 1) +2(¢ — 1) = 2(¢ — 1)? as required.

Hence it suffices to show that these remaining involutions all lie in AJ(¢). Let w € Qt be such
that wg = (v,&,—7). Choose s € Y such that sg = (abe — b*y, aby — a®c,b*y — abe) with
aby # a’c and

>  —2ab a®
sp = | —ab a®>—0* ab],
a? 2ab  b?

with a? + b? = —1. It is an easy check to show that s € AJ(¢), and moreover [w, s] = 1. This
accounts for the remaining involutions in Qt, thus proving the lemma. O]

Lemma 4.13 Suppose x € Y with x, € AL(t). Then x € AY(t).
Proof It can be shown (see Remark 2.3 of [10], noting the result holds for any odd ¢) that
for a fixed a,b € GF(q) such that a® + b* = —1,

a>  2ab V? A 2cd &2

2 4 de=—1
C ab > —a®> —ab = ce de—c* —cd €
’ > —2ab  a® e —2ce A ble +d) = —2ac
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Let y € Y be such that yg = (a, 3,7) and

A 2cd &2
yr = (ce de—c* —cd| € AL(1).
2 —2ce 2

So there exists a,b € GF(q) such that a* + b* = —1 and b(e + d) = —2ac with d # e. Since y;,
inverts yq, we have

o+ 2cdB + d*y = —a
cea + (de — ) — cdy = -3 (4.13.1)
e*a — 2cef + ity = —.

Assume first that § = —1. Since —1 is not square in GF'(q), then d,e # 0 and any a,b € GF(q)
such that b(d + €) = —2ac and a® + b*> = —1 must also be non-zero. Moreover, if ¢ = 0 then
d= —e ! and b(d — d~') = 0 implying that d = —1. But then y; =t ¢ AL(¢), so ¢ # 0. The
system (4.13.1) now simplifies to o = 2ce™ '+ de™ 1. Let z € AY(t) be such that zg = (¢,0,¢)

and
a?  2ab b2

x, = |lab b® —a® —ab
¥ —2ab  a?

where ¢ = —abc™ e (y+(d—e) 7' (2c+a" be—ab~te—(ab) 'e)3). Using the PolynomialAlgebra
command in MAGMA [15] we verify that [z,y] = 1 and so y € AJ(¢).

Assume now that § = 1. Let a,b € GF(q) be such that a®> + v* = —1 and b(d + ¢) = —2ac.
Suppose ¢,d,e # 0 and d # —e. Then b(d + e¢) = —2ac # 0 and so a,b # 0. The argu-
ment for the case when § = —1 then holds. Suppose then ¢,d,e # 0 and d = —e. Then
b(d +e) = —2ac = 0 and since ¢ # 0 we must have a = 0 and v* = —1. The system (4.13.1)
then becomes a = 2ce™' 3 —v. If z € AY(t) is such that zg = (—c e 3,0, —cte™'3) and

0 0 -1
T = 0 -1 O
-1 0 O

then a routine check shows that [z,y] = 1.
Now assume ¢ # 0 and d = 0. Since y;, € A%(¢), we must have e # 0 and so ¢* = —1. The
system (4.13.1) becomes a = 2ce™! 3 and using MAGMA [15] we deduce that if z € AY(t) where
rQ = (57 0, E),
a>  2ab V?
xp = lab b® —a® —ab
v —2ab @
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and € = (ce™ (1 —a?) —ab)B —27'0?~, then [z,y] = 1. Similarly, if ¢ # 0 and e = 0, then d # 0
and ¢ = —1. The system (4.13.1) becomes 3 = 27edy and [15] will verify that if z € A{(¢)
where z¢ = (¢,0,¢),
a®>  2ab b?
x, = |lab b® —a® —ab
V¥ —2ab a®

and ¢ = 271 (y — b®a + abedy — av), then [z,y] = 1.

Finally, if ¢ = 0 then d = —e™! and so a?> = —1 and b = 0 satisfies the relevant conditions.
Note that if d = £1 then y; = t, so we may assume d # £1. The system (4.13.1) becomes
a = d*y, so if z € AY(t) where zg = (2d*y(1 — d*)71,0,2d?y(1 — d*)~!) and

-1 0 0
T = 01 0
00 -1

then a routine check again shows that [z, y] = 1. Therefore, for all y € Y such that y;, € AL(¢),
there exists x € AF(¢) such that [z,y] = 1, so proving the lemma. O

Theorem 4.14 If q ¢ {3,5,9,13}, then C(G°,Y") is connected of diameter 3, with disc sizes

1

AT = Falg = 9);

1
A ()| = Z(q4 — (26 +2)¢* + (1 +26)¢* — 2¢ + 26); and

|AS(1)] = i(q4 +2(1+28)¢* — (3+20)¢” +2(1+ 8)g —2(2+9)).

Proof It is known that C(L, L N'Y?) has diameter 3. Hence, for any h; € AL(t), there exists
hit1 € AL (t) that commutes with h;, i = 1,2. Therefore for any z € Y° where x;, € AX(t),
there exists y € Y° with y;, € AL, (¢) and such that [z,y] = 1. Since any z € Y° where
zr, € A% (t) must commute with some w € Y with wy, € A¥(¢) (which lies in AY(¢) by Lemma
4.13), z € AY(t). This finally covers all possible involutions in Y° and so the diameter of
C(G°,Y?) is 3. Now for each z;, € LNY?, |Qzr NY?| = ¢* by Lemma 4.9, and therefore there
are £¢*(¢—9) involutions y € Y such that y, € Af(¢). From Lemma 4.10, |A}(¢)] = £q(q—9).
Therefore

1

U Qznade)|= %@F(q —0) = 54la—0) = %Q(q —1)(g —9).
zpeAL(1)
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There are ¢> |AL(t)| involutions z € Y° such that z;, € A%(t), which is known to be 1¢?(q —
5)(q — 4 —6) (see [10]). Also, by Lemma 4.12, |Qt N A(¢)] = £(¢* — (1 + 6)q — &). Hence

AS(H)| = [Qtn A+ | | QznAd®)| + ¢ | AL ()|

Z‘LEA{’(t)

1
= 40" = (26 + 2)¢° + (1 +20)¢" — 2q + 20).

Finally, there are |[Y°| = ¢* |LNY?| = 2¢*(¢ + ) involutions in G° and therefore
|[A3(0)] = [Y°] = |A3(0)] — |AT(®)] -1

- i((ﬁ +2(1+20)¢° — (3+28)¢* +2(1 + 8)g — 2(2 +9))

which proves Theorem 4.14. O

Theorem 4.15 C(G,Y3) is connected of diameter at most 3.

Proof For ¢ < 13, this is easily checked using MAGMA [15], so assume ¢ > 13. Combining
Lemma 4.3 with Theorems 4.6, 4.8 and 4.14 yields the theorem. 0

We now focus on finding the disc sizes of C(G, Y2). First, we need the following four lemmas.
Lemma 4.16 The sets U, U and UY are single Cq(t)-orbits. Moreover,

Uy =a+1;

‘L{ﬂ = %q(q +4); and

Uy | = %q(q —4).

Proof Since Cg(t) acts orthogonally on Cy(t), the first statement is immediate. Recall
the Gram matrix J for V' with respect to ( , ) and the basis {v;}. Observe that Cy(t) =
{(a, 8,7,0,7)|, 8,7 € GF(q)} and so a basis for Cy (t) is {vy, v9,v3 + v5}. Let v = (o, 3,7,0,7)
be a non-zero vector in Cy (t) and so (v,v) = 2a3 + 272

Suppose v is isotropic, so Cq({(v)) ~ ¢ : Ly(q) and (v,v) = 2a8 + 27> = 0. If v = 0, then
aff = 0 and so either & = 0 or § = 0 (but not both as v # 0). Hence there are 2(¢ — 1) such
vectors with v = 0. If v # 0, then o = —37'4? and there are (¢ — 1)? such vectors satisfying
this. Hence there are 2(¢ — 1) + (¢ — 1)? = (¢ — 1)(¢ + 1) non-zero isotropic vectors contained
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in Cy(t) and thus ¢ + 1 isotropic 1-subspaces of Cy (t).

Suppose now v is C(t)-conjugate to vs+us, which is non-isotropic. Note that (vg + vs)™NCy (¢)
is a 2-subspace of V of +-type. If § = 1, then by Lemma 4.1(ii), (v3+vs)" is a 4-subspace
of V of +-type and so Cg((vs + v5)) ~ SLy(q) 0 SLy(q). While § = —1 gives that (vg + vs) "
is a 4-subspace of V' of —type and so Cg((vs +vs)) ~ La(q?). A quick check shows that
(v3+vs5,v3+v5) = 2 and so (v,v) = 2aB+ 2% = 2)? for some A\ € GF(q)*. Thus, af+~* = \?
for some A € GF(q)*. If v = 0, then o = 371X? and so there are ¢ — 1 such vectors that satisfy
this. If v = £\, then a8 = 0 and so for both values of v, there are 2(¢ — 1) + 1 vectors that
satisfy this. Finally, if v € GF(q) \ {0, A, —=A}, then af =1 —+? # 0 and so a = 71(1 — ~?).
There are (¢ — 1)(¢ — 3) such vectors that satisfy this. Hence for any given A, there exist
(q—1)+4(q—1)+2+(¢—1)(¢—3) = q(qg+ 1) vectors that satisfy a3 +~* = A\2. Since there
are 1(q — 1) squares in GF(q), there are ¢(¢ + 1)(¢ — 1) vectors that are Cg(t)-conjugate to
v3 + vs and hence (g + 1) 1-subspaces of Cy () that are Cq(t)-conjugate to vs + vs.

This leaves the remaining orbit U; . Recall there are ¢*+ ¢+ 1 subspaces of Cy/(t;) of dimension
1, and hence the size of the remaining orbit is ¢> + ¢ +1— (¢ + 1) — 3g(¢ + 1) = 3q(q¢ — 1), so
proving the lemma. U

Corollary 4.17 The sets Uy, Uy and U are single Cq(t)-orbits. Moreover,

-+,

‘I/lﬂ = %q(q+ 1); and
1

Uy | = Salg = 1).

Proof Since Cy (t) is 3-dimensional, U+ N Cy(t) € U, for any U € U,, and so the result is
immediate by Lemma 4.16. O

Lemma 4.18 Let U, U’ € Uy be such that U # U'. Then Cq(U) N Cq(U') NYy = {t}.

Proof Suppose z € Co(U)NCq(U")NY,. Since U # U’ and x fixes each 2-subspace pointwise,
U+ U = Cy(t) and so x fixes Cy (t) pointwise. That is to say, Cy(z) = Cy(t) and so t = z by
Lemma 4.2(i). O

Lemma 4.19 Let Uy € U, and G° = QL, Y° be as defined in the discussion prior to Lemma
4.9. Let p: Cq(Us N Cy(t)) — G° be an isomorphism such that

0 01
tP=10 -1 0
1 00
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Then Cq(Uy) is totally disconnected and (Cq(Up) NYs)? = QtNY?P.

Proof Since Uy-NCy(t) is isotropic, it must lie inside of Uy and so Cg(Up) < Ca(Us NCy (t)).
As t fixes Uy pointwise, t* € (Cq(Up))? ~ ¢* : ‘%5 by Lemma 4.5(i). The subgroup of L with
shape % contains one single involution which must necessarily be t*. For all z € Y, we have
2 = 1 and xy, inverts zg, so (Cq(Up) NY2)? C Qt NY?. By comparing the orders of both
sides, we get equality. By Lemma 4.9(ii) Cq(Uy) N Cq(t) N Yy = {t}, hence Ci(Uy) is totally
disconnected. O

Lemma 4.20 |A;(t)| = 3q(¢* + (1 —0)g + 6).
Proof Clearly, x € Ay(¢) if and only if x € Ay(t) N Cq(U) for U = Cy(t) N Cy(x), so
At = | (A nca)).
Ueld;Ulha

If WW'" e Uy with W # W’ then W@ W’ € Uy and if y € Ca(W) N Cq(W') then y €
Ce(W & W') and hence y € Cq(W") for any 1-subspace W” of W & W’. Since there are ¢+ 1
subspaces of W” of dimension 1, any such y will lie in exactly ¢ + 1 such Cg(U) for U € U;.
Together with Cg(W”) and Lemma 4.18,

A=Y A1) NCa(U) —a Y [A:(h) N Ca(U))].-

Uelh U€ela

Combining Lemmas 4.16, 4.19 and Corollary 4.17 with Theorems 4.6, 4.8, 4.14 and [10], we
have

1A (t)] = %Q(q +1)(q—6) + %Q(q +6) B(q —6)* + 1] + EQ(q —0)(¢* — 1)
1

— §q(q —0) BQ(Q +1) + %Q(q - 1)]

1
= 54(¢" + (1 =9)g +9)
as required. O]
We now consider the second disc Ay(t). Here, we must be careful as elements that are distance

2 from ¢ in some subgroup C¢(U) may not be distance 2 from ¢ in another subgroup Cg(U’).
Moreover, there may be elements that are distance 3 from ¢ in every such subgroup centralizing
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an element of U, but actually are distance 2 from ¢ in G. We introduce the following notation.
Let AKX (t) be the second disc in the commuting involution graph C(K, K NY,) and

Ii(K) = {z € AF(t)|dim Cy ({t,z)) = i}

for K = Cq(U), U € Uy UlUy. Clearly, Ay(t) = T'1(G)UIy(G). A full list of cases with
corresponding notation is found in Table 1. Also we use the following notation: for any U <
Cy(t), define U;(U) to be the totality of i-dimensional subspaces of U and W;(U) to be the
totality of i-dimensional subspaces of Cy () containing U. Note that U; = U;(Cy (t)).

Lemma 4.21 (i) If W € U3, then [U) NU(W)| =1 and U NU(W)| = q.
(it) If W € Uy, then [U) NU(W)| =2 and [U NU(W)| = [Uf NUL(W)| = L.

(iii) If W € Uy , then U NUL(W)| = U Nty (W)| = 2.
Proof Recall the Gram matrix J, with respect to the ordered basis {v;},7 =1,...,5. Suppose
WLNCy(t) = Uy € UY. Without loss of generality, choose W = (vy, v3 + vs). Clearly (v) € U,
and (vs + vs)" N Cy(t) € Uy . Since

(U1 + >\(U3 + U5), U1 + >\(U3 + ’05)) = >\2(’03 + U5),

v1 + A(v3 4 vs) lies in the same Cg(t)-orbit as vs + vs and so (v 4+ A(vs + v5))" N Cy (1) € U,
proving (i).

Suppose now W € U;". Without loss of generality, choose W = (vy,v5). Clearly (vy), (v) € UY.
Let Uy = vy + Avg for A # 0 and note that (v; + Avg, v1 + Ave) = 2X = p # 0. Since the type of
Uit is determined by whether 1 is a square or a non-square in GF(q), and there are % of each,
it is clear that there exist % such Uy for which Uy is of +-type, and similarly for —-type,
proving (ii).

Finally suppose W € U, , so for all v € W, (v,v) # 0. The simple orthogonal group on W
is cyclic of order Z! and acts on the 1-subspaces of W in exactly two orbits with represen-
tatives (u1) and (ug) where (uy,u1) is a square and (ug,ug) is a non-square in GF(g). Since
U (W)] = g+ 1, both orbits must be of size 2. This proves (iii) and hence the lemma follows.
[

Corollary 4.22 Let U € U,. Then,

(i) Wa(U)| =q+1

(it) If U € UY, then [US N Ws(U)| =1 and |t N Wa(U)| = q.

(iii) If U € Uy, then Uy N Wa(U)| = 2 and [Us N Wi (U)| = [ty N WL(U)| = 5.
(iv) If U € Uy®, then |Us N Wo(U)| = |ty n Wa(U)| = 22,
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Case | Configuration Properties Description as Set
Ce(Ur) .
1 t:_;./\.m = A§G(U1)(t) U Fl(Cg(U))
Uy :Cv(<t,l'>) €U Uelh
oA [ Co(U18Us)
- -~ HASIVAN (1) )
92 «<—eo—>» Co (U1 @ Us) Ul @ U2 _ CV((t,fL')) U FQ(CG(W
\./ Ca(Uz) Uz € Lll W elds
/.\ Ce(U)
tzé.—ém Co(U1 & Us)
\/ Ca(Uz)
M Ca(U1)
t2 Y |CaU 0 Uy)
’/\_{7‘ v € AJU)(¢)
Calta) for some Us < Cy ((t, x))
3 A e x ¢ Aol |J Ta(Ce(U U To(Co(W
tz.\/ \/.z a0 Uy U, =Cy((t,x)) Uelh W etk
[ ) c(UreU; UZ c ul
\/ CalUs)
ﬁ Ca(U1)
t2< ° )’ Co(th © V)
\/ CalUs)
Celn) € AS(t) .
|| ’ v A0 (D) &)\ [JTu(Ca())
S~ Uy =Cv((t,z)) €Uy vein
H Ca(U1) = AG( )
“§ ey [vion ¢ AT (1) G)\ | Ta(Co(0)
5 for any U; <CV(<t x))

[

C

Ce(U2)

Uy @ U =Cy((t,x))
U, el

Table 1: List of cases in Ay(t)
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Proof Let U < W < Cy(t). Then Wt NCy(t) < UL NCy(t) < COy(t). The result follows
from Lemma 4.21. 0J

Lemma 4.23 LetU € UY and W € Ui "W, (U). If v € YoNCq(W) is such that d°¢MW) (¢, z) =
3, then d°U)(t,x) = 3. Moreover,

(q=3)(¢g—1)> ¢=1 (mod4)
2(g+1

(o) - { ) a= 1 (mod 4).

NN
R

Proof Recall that Cq(U) = QL ~ G° where G is defined as in the discussion prior to Lemma
4.9. By conjugacy, we may assume L = Cg(W). Now Cq(U)NCq(t) = QoCL(t) ~ q : Dih(q—9)
where Qy < @ is elementary abelian of order ¢. Let x € QuCr(t) N Ys, so 22 = 1 and
xy inverts xq. Clearly, 277 = zp23 ¢ L since Qo is of odd order. Hence, CL(t) is self-
normalizing in QyCp(t) and thus there are ¢ distinct conjugates of Cp(t) in QuCL(t). Let
g € QoCL(t) \ CL(t), so CL(t)9 # Cp(t). Now [CL(t),t] = [CL(t)9,t] =1 and so (CL(t), CL(t)9)
centralizes t. If Cr(t), Cr(t)9 < L" for some h € QL, then (Cr(t),Cr(t)?) < L". However,
CL(t) S (Cp(t),CL(t)?) < CL(t), a contradiction. Hence every conjugate of CL() lies in
a different conjugate of L and so there are ¢ distinct QoCy(t)-conjugates of L. Therefore,
Uy NW,(U) is contained in the same C(U) N Cg(t)-orbit, and |Uy” N Wy(U)| = ¢ by Corollary
4.22. There are exactly g +-type 2-subspaces of Cy/(t) containing U, all of which lie in the same
Cg(U) N Cg(t) orbit.

Let © € Cq(W) NY; be such that d°¢W)(t,z) = 3. Suppose W9 € U N Wy(U) for some
g € Ca(U)NCg(t), W # W9, If d°cW(t,x) = 2 then d°¢W) (9, 29) = %W (¢t 29) = 2,
and d°¢MW)(t ) = d°W)(t,29) = 3. Hence it suffices to prove the lemma for Cq(W). By
Theorem 4.14, any involution distance 3 away from ¢ in L is necessarily distance 3 away from
t in Ce(U), proving the first statement.

Let Wy € UY N Wh(U), so Ca(Wo) ~ ¢* : 2. By Lemma 4.19, A (1) N Co(W,) =

P
QtN AQCG(U)(t). Let W;, i = 1,...,q be the subspaces in U;" N W,(U). From Lemma 4.18,
Ce(W;) N Cq(W;) NYy = {t} if and only if ¢ = j. Using Corollary 4.22(i) with [10], we have

U ACG(WZ

Combining Lemma 4.12 with (4.23.1),

q
= [Ja ™

=1

(¢* = 2(1+ 6)¢® + (20 — 1)q + 26). (4.23.2)

4q(q—5)(q—4—5). (4.23.1)

T2 (Ce(U

+ |A5e (1) N Co(Wo)

s

m}a
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Together, (4.23.2) and Theorem 4.14 give

Ty (CalU)] = [AT5(0)] - ITa(Ca)
1

= Zq(q?’ — (26 +3)¢® + (46 +3)g— 26 — 1)

as required. m

Lemma 4.24 Let t,x € Ly(q). Then d*2@(t,x) < 2 if and only if the order of tx divides
3(q—9).

q
2

Proof See Lemma 2.11 of [10]. O

Lemma 4.25 Let U € U;", and W € (U UUy ) " W,(U).

(i) If § = 1 and Wy € U N Wa(U), then Ya N Ca(Wy) \ {t} € AT (4).
(i3) If x € Yo N Cq(W) is such that d°¢W)(t, x) = 3, then d°U)(t,2) = 3 and

(g —1)(g—3)(¢*> — 6q + 13) =1 (mod 4)
rCa)l = { 1 s N 1= -1 (mod 1)

Proof Recall that Cq(U) ~ GT ~ Ly o Ly for Ly ~ SLy(q) ~ Ls. Suppose y € Cg(W) is
such that d“¢W)(t,y) = 3. Since Cq(W) ~ Ly(q) is simple, then y = gg* for some g € L,
and ¢ : Ly — Ly. Since t € Cg(W), write t = ss? for some s € L;. Then d*(s,g) = 3, so
d°¢W)(t,y) = 3 by Theorem 4.8, and thus

AW (@) C AT (@) for all W€ (U ULy) N WL (D). (4.25.1)

If 6 = —1, then UY N Wh(U) = @ by Corollary 4.22. If § = 1, there exists Wy € U N Wy (U).
Recall that W3- N Cy(t) € UY so Ca(Wy) < Co(Wit N Cy(t)) ~ G° = QL. By Lemma
4.19, if x € Cg(Wy) NY, then ¢ = zgt and x¢ is inverted by ¢t and has order p. Since
xq also lies in Cg(U), we can write xg = hh¥ for some h € L;. Now xél = h~'h™'¥ and
so xp = xfy" = h*(h?)*" = h7'h™'%. Therefore, h* = h™" and h**" = h~'%. Moreover,
x = xgt = (hs)(hs)? where hs € L; is an element of order 4 squaring to the non-trivial
element of Z(Ly), and h = (hs)s has order p. By Lemma 4.24 and [10], d*'(hs, s) = 3 and so
d°cW)(t, xot) = 3 by Theorem 4.8. Therefore,

CeWo)NAS Dty =z for all Wy € U N W, (U). (4.25.2)
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Hence combining (4.25.1) with Lemma 4.21, [10] and, if 6 = 1, (4.25.2) we get

U ASG(W) (t)

U<W

= IDa(CaU)] = 40— (g —4-0).

This, together with Theorem 4.8 yields

Py (Ca(U))] = A5 (1)| - IP(Ca()
1

= 3@ —=1D(g—1-20)(¢" = (44 20)g+9 + 49),

which proves the lemma. O]

Lemma 4.26 Let U € Uy, and W € (Uy UlUy ) N Wy (U).

(i) If § = —1 and Wy € US N WL(U), then Yo N Ca(Wo) \ {t} € AW (1),
(ii) We have

Ce@N\ | TalColW))| = 1la—2+5)(@~ 1)

Wews(U)

and [T1(Ce(U))| = (¢ —1)*(¢ +1).

Proof First assume 6 = —1, and consider Ci(Wy). By Lemma 4.19, every involution in
Ce(Wy) can be written as ot where x has order p. But (zt)t = z has order p, which does not
divide $(¢* — 1), and hence d“¢(")(x¢,¢) = 3. In other words, Y> N Cq(Wp) \ {t} C AT (@),
so proving (i).

Consider then Cg(W) ~ Lo(q). We utilize the character table of Ly(g) from Chapter 38 of [17]
(see also Schur [25]). Recall that Ls(q) contains one conjugacy class of involutions, and two
conjugacy classes of elements of order p. The remaining conjugacy classes partition into two
cases: those whose order divides 1(¢ — 1) and those whose order divides 3(q 4+ 1). Let C be
a conjugacy class of elements in Cg(W) and define X¢ = {z € YoNCe(W)|tx € C}. Tt is a
well-known character theoretic result (see, for example, Theorem 4.2.12 of [19]) that

Ca(t)]

Irreducible

_ ] x(@) [x(®)|”
Xl = ; e (4.26.1)

and all X are pairwise disjoint. Let € Yy N Cq(W). If the order of tz divides (¢ — 1)

but not $(¢ — &) then it must necessarily divide 3(g + 6). Hence, if C' is a conjugacy class
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of elements of order dividing 2°, then any y € X has the property that d°sW)(t,y) = 3

but d°¢W)(t,y) = 2, by Lemma 4.24. Recall that ['y(Cq(U)) \ U [y (Cq(W)) is the set

WeWs(U)
consisting of all such involutions. Therefore, it suffices to calculate the sizes of all such relevant

Xo. We use F to denote to be the set of all conjugacy classes of elements with order dividing
Q+6

By [17] we see that for any C' € F, |C| = q(q—9) y(@)| = (g—9).
Hence (4.26.1) and [17] gives |X¢| = ¢ — 0. Now if § = 1, then |.7-"| 41 by [17]. If
§ = —1, then |F| = 2. Since ’AgG(W)(t)ﬂAgJG(U)’ = |X¢||F|, and by Corollary 4.22,
}WQ(U) N Uy UlUy )| = g+ &, we obtain

DCU)\ | Ta(CeW))| = W) 0 @ ULs)| |Xe] | 7]

Wews(U)

1 (mod 4)
—1 (mod 4)

Recall that

:{ Yg-1)(?-1) ¢=
=3 -1 q=
which proves the first part of (ii). We now prove the last part of (ii).

U TalCo)| = g +8) |A5 o) = 2 - 1ig—1-9)

Wews(U)

by [10] and Corollary 4.22. Together with the above statement, we have

a(Ca@) = | | TaCam)| + [TaCa@) | Ta(Ca())
Wew,(U) Wews(U)

1@ = Dlg—1-0)+ 1@~ V(g —2+9)

T4
1
= 5@ = 1D(g-3).
Hence
Ty (Ca(U))] = [A55 )] - ITa(Ca())
1
= 7= 1g+1),
and Lemma 4.26 holds. ]
. 1 (.2 3 2 _
) qs9(@® = 1)(3¢° — 11¢° +21¢ —29) ¢ =1 (mod 4)

Uelh
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Proof Since U; = UPUU; UL, , with each orbit size given in Lemma 4.16, the result follows
immediately from Lemmas 4.23, 4.25 and 4.26. U

Recall the list of cases in Table 1. The next lemma concerns Cases 2 and 3, in other words,

U ra(Cev)).

Uelh

Lemma 4.28

U F2(CG(U))‘ =3(¢—0)(¢® —2¢* - 1).

Uell

Proof By Lemmas 4.12 and 4.19, for any Wy € UY we have ‘ACG(U (t)N C(;(Wo)) =1(qg—
1)(g — 6) for some U € U, (Wy). Additionally, for any W € (U Uy ) we have

ATt 1 Co(W)| = [Ag™)] + |afe™ 1) n AT 1)

1
for some U € Uy (W), by [10] and Lemma 4.26. Since Us = USUU; U, , with the orbit sizes
given in Corollary 4.17, this covers every involution in (J; o, '2(Cg(U)), and the lemma fol-
lows. UJ

We now concern ourselves with the final two cases. These concern involutions that are distance
3 from t in every C(U) that they appear in, but actually are distance 2 from ¢ in G. Recall that
for any involution y € Y2, Cq(y) = StabeCyv (y) = L, K, where L, = Ce(y)NCex([V,y]) ~ La(q)
and |K,| = 2(¢—6). Also note that L,<Cq(y) acts faithfully on Cy (y), and Syl,Ce(y) = Syl L,,.
The following three lemmas concern Case 5.

Lemma 4.29 Let W € U) UU;° and x € Cq(W) be such that d°¢U)(t, x) = 3 for all U €
U (W). Then d(t,x) = 3.

Proof If W € UY, then any involution in Cq(W) can be written as x = xgt where zg = xt
has order p. If W € U, °, then, from Lemma 4.26, any involution = € Cg(W) such that tz has
order dividing $(¢*> — 1) must be distance 2 from ¢ in C(U) for some U € Uy (W). Hence, any
x satisfying the hypothesis must have the property that the order of tx is p.

Let W € U UlU;° and suppose d(t,z) = 2, then there exists y € Y, such that ¢,z € Cg(y) =
L,K,. Since tz has order p, tv € L, and so tz € Cg([V,y]). As L, acts faithfully on Cy(y),
any element of order p must fix a 1-subspace of Cy (y), say U, Therefore tr € Cg(U @[V, y]).
But tx € Co(W +[V, y]) and since [V, y] € U, we have W # [V yl. Set W+ [V,y] =U, [V, y].
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Suppose U, < W. Then t,z,y € Cg(U,) and so d°¢Us) (¢, z) = 2, contradicting our assump-
tion. Hence U, £ W and so U, = (u; + ug) for uy € W\ [V,y] and uy € [V,y]. Since y € Cq(y),
(ug +us)? = uy+us. However, (u1+us)? = uf +ul = uf —uy and so uy = —27 u; +27 ¥, Thus
up + uz = 27 (ug + u¥) and so U, = (ug + u). Recall that t,2 € Cg(y) and uy € W\ [V, y],
so ut = uj = wuy. Hence u; + uY is centralized by both ¢ and x and so U, < W = Cy((t,x)), a
contradiction. Therefore, d(¢,z) # 2 and the lemma holds. O

Lemma 4.30 Let W € US. Then AgG(W) (t) C Ay(t). In particular,

L)\ | FQ(CG(U))‘ :{ 9(¢"=1) ¢=1 (mod 4)

v 0 g=-1 (mod 4).
Proof We deal first with the case when § = —1. From Lemma 4.26, the number of involu-
tions distance 3 from t in Cg(W) that are actually distance 2 from ¢ in some U € U (W)

is $(¢+1)(¢ —3) = ’A??G(W)(t)‘. That is to say all elements in A??G(W) (t) are distance

2 from t in Cg(U) for some U € Uy(W). This occurs for every such W € US and so
[a(G) = Upey, I2(Ca(U)).

Assume now that 0 = 1. As before, any element z in I'y(G) \ Uyey, '2(Ca(U)) must have
the property that the order of tx is p. Suppose d(t,x) = 2, and so there exists y € Y, such
that t,x € Cg(y). If W # [V,y] then the argument from Lemma 4.29 holds and results in
a contradiction. So we must have W = [V,y]. Since StabgCy(y) = Stabg|[V,y] = Ca(y),
Ce([V,y]) < Ca(y) and so any element in Cg([V,y]) = Co(W) centralizes y. In particular,
ASCG(W) (t) C As(t), establishing the first statement. By Lemma 4.26, the number of involu-
tions distance 3 from ¢ in Cg(W) that are actually distance 2 from ¢ in some U € U (W) is

1(g—1)%. By [10], ‘A?)CG(W) (t)’ = 1(¢—1)(¢g+7) and so by subtracting the two, there are 2(g—1)

involutions in AS¢™)(¢) that are distance 3 from ¢ in Cg(U) for all U € Uy (W), but are actu-
ally distance 2 from ¢ in C(G, Y3). Since ‘I/{S} = 1¢(g+9) by Corollary 4.17, the lemma follows. [

Finally we turn to Case 4, I'1(G) \ U [ (Cq(U)).

Uel

Lemma 4.31 Let U € U; UUY and x € Cq(U) be such that Cy({t,x)) = U and d°¢V) (¢, z) =
3. Then d(t,x) = 3.

Proof Assume first that U € U; . By Lemma 4.24, tz has order p or divides %(q2 +1). Sup-

pose d(t,x) = 2, then there exists y € Y5 such that ¢,z € Cg(y). Since %(q2 + 1) is coprime to

1Ca(y)| = q(¢*> — 1)(¢ — 0), tx must have order p. Indeed, clearly 1(¢* + 1) is coprime to both
1

q and ¢*> — 1, and any factor dividing ¢ — § must divide ¢* — 1 and so 3(¢* 4+ 1) is coprime to
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g — 0. Since tz has order p, then tx € L,,.

Assume now that U € UY. Let = be an involution in Cq(U) = QL ~ G° as defined in the
discussion prior to Lemma 4.9. Then tx € Qtx; which has order n dividing %(q +4)in QL/L.
Therefore, (Qtz,)" € Q and so (tx)" has order p. Therefore, ta has order dividing 3q¢(q + 0).
Suppose d(t,z) = 2. Then there exists y € Y3 such that t,z € Cg(y). By the structure of
Ca(y) ~ (La(q) qT—a) : 22, the order of tx forces tz € L,,.

We may now assume U € Uy UUY, so tz € L, = Cg([V,y]) and hence tz € Co(U + [V, y]).
Suppose U % [V, y], then tz € Co(U @ [V, y]) Also, tx € C(U, ® [V, y]) for some U, < Cy(y).
However, if U = U, then t,x,y € Cq(U) and d°¢W(¢,z) = 2. While U, # U results in a
contradiction using an analogous argument from Lemma 4.29. Hence U < [V, y].

As t,x € Cqly) = Stabg([V,y]), tzr € L, = Ca([V,y]) and [V,y] = U L U’ where U' =
UL N[V,y]. Then for u € [V,y] we have u'® = u and so u! = u®. In particular, if u € U’
then u' = u® = —u. Hence [V,y] = U L ([V,t]N[V,z]). If Cy((t,y)) is 1-dimensional, then
Cv(y) = Cy((t,y)) L [V,t] since t stabilizes Cy(y). However, then [V,t] & ([V,t] N[V, z])
is 3-dimensional, a contradiction. A similar argument holds for Cy ({x,y)). Therefore both
Cy((t,y)) and Cy({(z,y)) are 2-dimensional. But since dim Cy(y) = 3, this means Cy ({t,y))
and Cy ({x,y)) intersect non-trivially, that is Cy ({t,z,y)) # 0, contradicting our assumption.
Therefore, d(t,z) # 2, and consequently d(¢,z) = 3. O

The final case when U € U;" is slightly trickier. Recall the definition of Y;. For any z € Y;, we
have Cg(2) ~ SLa(q)0SLa(q) : 2 and Cy(2) is 1-dimensional. We choose z such that t € Cg(2)
and Cy(z) = U, and return to work in the setting of Sp(4,q)/ (—14) = G™ ~ G. We denote the
image of any subgroup K < G by K7. Choose

and note that Cg-(2) ~ Cg(U) : 2. Hence,

{%H‘A B € SLy(q }/<_]4> _ (U

Let t™ be the image of t in G7. We start with a preliminary lemma concerning the commuting
involution graph C(Ly(q), X) where X is the sole conjugacy class of involutions. Denote by
L ~ Ly(q) and L ~ PGLy(q).

Lemma 4.32 Let x be an involution in L. Then A (x) splits into 3(q + 2+ 56) Cp(z)-orbits
of length ¢ — 6. Moreover, every Cr(x)-orbit in A% (x) is Cz(x)- mvamant
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Proof Assume first that 6 = —1. Choose = = <(1) 0) and let ), = <

A € GF(q) \ {£1}. There are two possibilities for an element of Cp(z):

o a; ag o bl b2
g1 = —ay @ ) g2 = b2 _bl .

By direct calculation, if g; 'zxg1 = x,, for some A\, p € GF(q) \ {1} then (—=A~! + Najas = 0.
Note that since A # &1, then X\ # A7L. If a; = 0 then a2 = 1, and so . = A~'. On the other
hand, if ay = 0 then a? = 1 and so u = . Note that in the case of g, neither b; or by can be 0
and so g; '7\gs = 1, requires zy(A — A~!) = 0, a contradiction. Hence for A, u € GF(q)\ {£1},
zy and z, lie in different C(z) orbits if and only if 1 ¢ {\, A\™'}. As we work modulo (—1Iy),
there are at least (g — 3) C(x)-orbits in A (z). However for any A # :|:1 C’L(x z)) =1 and
so, each Cp(x)-orbit containing an z) is of length ¢ + 1. But }AL ‘ = q —3)(g+ 1) and
so all involutions in AL(x) are accounted for. Hence the first statement holds for 6 = —1, and
each Cp(x)-orbit has representative xz, for some A # +1. Let

1 0 ~
e= (O _1) €eL\L

and note that C;(xz) = (e) Cr(x), and an easy check shows [e,z)] = 1 for all A # £1. Let
y € AL(z), then y = x5 for some s € Cp(x). Let g = er € C;(x) for some r € Cr(x). Then
y? = x5 " and since Cp(z) < C5(x), sr € Cp(x). That is, every Cp(z)-orbit in AL (z) is Cz(z)-

invariant.

Assume now that § = 1. Choose © = ((z) _(Z)) where 72 = —1 and let y = (i [; T) for some

o,u, 7 € GF(q), 0 # 0 and p a non-square in GF(q). By [10], y € AL(z). There are two
possibilities for an element of C(x):

fa”t 0 (0 b
g1 = 0 al’ 92 =\ _p-1 0/

By direct calculation, if g;'yg; = y then a = 1. Note that g, 'yg, # y as £b*> # u for any
non-square fi. Hence Cr((z,y)) = 1. Since y was arbitrary, each C(x)-orbit has length ¢ — 1.
Now }AL } = q + 7)(q¢ — 1) and so the first statement holds for 6 = 1. Let

0 v =~
e, = <1 0) €eL\L
and note that C;(x) = (e,) Cr(x) for any non-square v. It is easy to check that y* = y. Let

g = e,r € Cz(x) for some r € Cp(x). Then y9 = y*" = y" and since y was arbitrary and
r € Cp(z), every Cp(x)-orbit in A¥(z) is C;(x)-invariant. O

0 A ‘
_-1 ¢ for some

Lemma 4.33 (A () nT1(G)| = L(g — 6)2(q + 2 + 50).
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Proof We first work in the setting of G™. Choose

By direct calculation, it is easily seen that

T Al A2
corte) < { (1

and any involution y € Cg-(17) has the additional properties that

AZ-_IJ()AZ' = JO (mod <—I4>)}

det Al + det Ag = det Ag + det A4 =1

and A+ ApA; = AzAy + A} = — L. (4.33.1)

Recall that if z € Cg(U)" then x = % for some A, B € SLs(q) and by Theorem

48, z € AgG(U)T(tT) if and only if A, B are involutions in L and either dX(A,Jy) = 3 or
d¥(B,Jy) = 3. So without loss of generality, set A = B; where d*(B;, Jy) = i and choose
B e AL (Jp).

Ay | Ay

If z € AS"(t7) then there exists y = T4 € Cg-(t7) such that y*> = 1 and [z,y] = 1.
3| As

Suppose det As = 0. Then det Ay = 1 by (4.33.1), and so Ay, € CL(Jy). As [z,y] = 1,
[A4, B] = 1. However C((Jo, B)) = 1, by Lemma 4.32 and so Ay = £15. But then A3A; = =21,
by (4.33.1), which is impossible as det Ay = 0. An analogous argument holds for det A3. Hence
det Ay, det A3 # 0. Since [z,y] = 1, B;A;B = £A, and so B; and B must be C;(Jy)-conjugate.
In other words, if B; and B are not C7(Jy)-conjugate, then [z,y] # 1. By Lemma 4.32, every
CL(Jo) orbit is an Oz (Jp)-orbit and so if [z, y] = 1 then B; and B must be C(Jy)-conjugate.
Assume then B; and B are Cp(Jy)-conjugate and let A € C1(Jy) be such that B = B. Hence
if ya = %’% € Cg-(17), then [ya,2] = 1 and so d% (¢",z) = 2. By Lemma 4.32, each
C'r(Jo)-orbit of A%(Jy) is of length ¢ — &, and there are (g + 2+ 56) such orbits. Moreover, for
any involution zq € Cg(U)™ conjugate to t7, zxq is also an involution in C¢(U)" conjugate to
™ which has not been accounted for. Therefore, the number of involutions in A?)CG(U)T (t7) that
are actually distance 2 from ¢™ in G7 is 1(q — 0)*(¢ + 2 + 50).

We now return to the setting of G, and first assume that 6 = —1 and so by Corollary 4.22(i),
WL(U)| = q + 1, and for every W € Wh(U), Co(W) ~ Lao(q). For each W, there exists
Uw € Ui such that Ce(W) < Ca(Uw) ~ La(¢?) by Lemma 4.21, and A4 (1) € A5 (1)
by Lemma 4.30. Hence, there are (¢ + 1)?(¢ — 3) involutions already counted (from Case 3)
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and the remaining involutions do not fix a 2-subspace of Cy/(t). Therefore

= S+ DAa—3) — 5+ 17— 3)

= i(q +1)*(q - 3),

as required. Now assume that 6 = 1 and so by Corollary 4.22. For each W, there exists Uy € U
such that Cq(W) < Cq(Uw) ~ Ly(¢?) by Lemma 4.21 and ‘A?G(W)(t) N Ach(UW)(t)‘ = 1(g—1)?
by Lemma 4.26. Since }WQ(U) N U UZ/{I_)} = q — 1 by Corollary 4.22(iii), this accounts for
(g — 1)* involutions. Suppose now Wy € Wa(U) NUY. By Lemma 4.21, there exists Uy € UY
such that Cq(Wy) < Cq(Up). From Lemmas 4.12 and 4.19, ‘CG(W) N ASG(UO)(LL)‘ (g —1)%
Since [W»(U) NUY| = 2 by Corollary 4.22(iii), this yields a further (¢—1)? involutions. Finally,
if W € Uy, then by Lemma 4.30, A??G(W)(t) C Ay(t) and there are 2(¢ — 1) involutions in
A3CG(W) (t) not already enumerated. Now [Us” N Wa(U)| = $(¢ — 1) by Corollary 4.22(iii), and
this yields another (¢ —1)? involutions. Hence, there are + (q 3)2+2(g—1)2=1(¢—1)*(¢+7)

involutions already counted (from Cases 3 and 5) and the remaining 1nv01uti0ns do not fix a
2-subspace of Cy (). Consequently

ASCD @) NI (@)

A () ATY(G)| = gla— 1a+7) — 5la— g +7)

= 1~ e +7),

as required. O]

M@\ | n(Cav))

Uelh

Corollary 4.34 = 3q(q—0)(¢* = 1)(q + 2+ 59).

Proof Since [Usf| = 3q(q+ ), the result holds by Lemmas 4.32 and 4.33. O

Lemma 4.35 If ¢ =3 (mod 4), then

(i) |Aa(t)] = (g + 1)(3¢° — 2¢* + 8¢* — 30¢* + 13¢ — 8); and
(i1) |83(t)| = 15(q — 1)(5¢° — 4¢* — 2¢° + 4¢* + 5¢ + 5).

If ¢ =1 (mod 4), then

(111) |Aq(t)| = liﬁ(q —1)(3¢° — 6¢* + 32¢® — 10¢> — 27q — 8); and
() |As(t)| = (g — 1)(5¢° + 22¢* — 8¢ + 34¢* + 5lq + 24).
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Proof The cases listed in Table 1 are disjoint. Hence |Ay(t)| is determined by summing
the values calculated in Lemmas 4.27, 4.28, 4.30 and 4.34. By Theorem 4.15, C(G,Y3) has
diameter 3 and so |As(t)] = [Ya| — |A(t)] — [Ax(t)]. Since |G| = 3¢*(¢*> — 1)(¢* — 1) and
1Ca(t)] = q(¢* = 1)(q — 6), |Yo| = 5¢°(¢ + 6)(¢* + 1). Together with Lemma 4.20, this proves
the lemma. 0J

Together, Theorem 4.15 and Lemmas 4.20 and 4.35 complete the proof of Theorem 1.4.
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