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Geometric structure in the tempered dual of
the p-adic group SL(4)

Kuok Fai Chao and Roger Plymen

1 Introduction

In the representation theory of reductive p—adic groups, the issue of re-
ducibility of induced representations is an issue of great intricacy. It is the
contention of Aubert-Baum-Plymen, expressed as a conjecture [1, 2, 3, 4],
that there exists a simple geometric structure underlying this intricate theory.

Let G be a reductive p-adic group. Let s be the point in the Bernstein
spectrum of G which contains the cuspidal pair (M, o). We will suppose that
the irreducible cuspidal representation o has unitary central character. Let
Wi(M) denote the set of unramified unitary characters of M. Then W'(M)
has the structure of a compact torus. Attached to the point s there is a
compact torus F°:

B ={p@0c:9 €V (M)}

Let W(M) denote the Weyl group of M and let W?* denote the isotropy
subgroup {w € W(M) : w-s = s}. Let E°//W? denote the extended
quotient, see §2. The extended quotient E®//W* is a compact Hausdorff
space.

The reduced C*-algebra of GG is liminal, and its primitive ideal space is
in canonical bijection with the tempered dual Irr*(G) of G. Transporting
the Jacobson topology on the primitive ideal space, we obtain a locally com-
pact topology on the tempered dual, see [5, 3.1.1, 4.4.1, 18.3.2]. The set of
tempered representations of G' determined by s will be denoted Irr*(G)*. We
have

I (G)° C Irr'(G)

and, in the induced topology, Irr*(G)*® is compact. The space Irt*(G)* is not
necessarily Hausdorff.

In the context of the tempered dual, the ABP conjecture relates the two
compact spaces £°//W* and Irr’(G)®.



The evidence for the ABP conjecture begins to accumulate. The conjec-
ture is true for GL,(F), see [1]; the proof uses the local Langlands corre-
spondence for GL(n). In [3], the authors prove that it is also true for the
principal series of the exceptional group Gs. In [8], Jawdat and Plymen have
proved the conjecture for the elliptic representations of the special linear
group SL,,(F'). We must also mention the comprehensive article by Solleveld
[13], in which the emphasis is placed on affine Hecke algebras.

Let T denote a maximal torus in SL,(Q,). In this paper, we will prove
part (3) of the ABP conjecture for SL,(Q,) when s = [T, 0]¢. The case p = 2
is especially interesting. In this case, there is a tetrahedron of reducibility in
the tempered dual of SL; which does not occur when p > 2. The extended
quotient performs a deconstruction: it creates the ordinary quotient and six
unit intervals. The six intervals are then assembled into the six edges of a
tetrahedron, and create a perfect model of reducibility.

By a cocharacter we shall mean a morphism C* — TV of algebraic groups,
where TV is the dual torus in the Langlands dual GV. The g-projection 7 Vi
is constructed from a finite set of cocharacters (depending on s), see [3, §1].
Let inf.ch. denote the infinitesimal character.

Theorem 1.1. Let G = SL4(Q,). Let s = [T,0]g. There is a continuous
bijection ji° : E*//W* — Trr*(G)* such that

inf.ch.op® = Wi/a (1)

This confirms, in a special case, part (3) of the conjecture in [2]. The cochar-
acters which enter the definition of the g-projection Wf/a depend only on two-
sided cells c.

There is an abundance of L-packets in the tempered dual of SLy. There
are, for example, L-packets in the tempered dual of SL,(Q) which are
parametrized by the 1-skeleton of a tetrahedron. The L-packets which occur
in this article all conform to the L-packet conjecture in [4, §10].

Acknowledgements. We thank Paul Baum for helping us to resolve a
crucial issue in §3, and Anne-Marie Aubert for her contributions to §4.

2 Geometric structure

We recall the definition of the extended quotient. Let X be a Hausdorff
topological space. Let I' be a finite group acting on X as homeomorphisms.
Let

X ={(z,7) e X xT':yz =z}
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with group action on X given by

a-(x,7) = (az,aya™)

for a € I'. Then the extended quotient is given by

X//T=X/T=||x"r (2)

vel

with one 7 in each conjugacy class of T

We fix the local field F' to be Q,. We have 5 conjugacy classes of Levi
subgroups of SLy, one for each partition of 4. Let P = MU be a standard
parabolic subgroup of G = SL,(F). Let M be the corresponding Levi sub-
group of G = GLy(F) so that M = M N SLy(F). We will use the framework,

notation and results in [6]. Let 0 € Fy(M) and 7, € FEo(M) with 7, D o.
Let W (M) be the Weyl group of M. Let

L(r,) :={n€ FX|r, ® n~ wn, for some w € W}
X(r,) ={n€ F|r, ®n~m,}

By [6, Theorem 2.4], the R-group of o is given by

R(0) = L(n,)/ X (7,).

From now on, we will restrict ourselves to the case M = T the standard
maximal torus. For the Bernstein component s = [T, 0]g, we let m,|r = o
where 7, is a unitary character of M. Then we write

My =T Q Ty @ T3 Q My

where m; is not an unramified twist of m; with ¢ # j. In this section, we
will discuss the extended quotient E°//W*® with respect to each Bernstein
component § = [T, 0]g and prove the geometric conjecture for the principal
series of SL4(F'). Hence, we will construct the explicit bijection between
E*//W* and Irr'(G)®. From now on, we denote (GL,,, X GL,, x - -- x GL,_) N
SL,, by ny +ns + --- 4+ n, where ¥n; = n. For example, 1 +1+4 1+ 1 means
(GL; x GL; x GL; x GLy) N SLy. Recalling the definition of £*, we see that
E* may be identified with T*/T, the maximal compact subgroup of the dual
torus TV in the Langlands dual G¥ = PGL4(C).

2.1 Casel: 7, =7"QQmQRm QT

The group W?* is the symmetric group &4. This group has five conjugacy
classes, one for each cycle type. The following is the structure of each com-
ponent in the extended quotient.



v = (abed) =1,
EY/Z(y) = B4 /W

7 = (acbd),
E"={(a,b,b,d) : a,c,d € T}/T = {(z1, 29,22, 1) : 21,29 € T} = T?

BY/2(7) = T

v = (bead),
E"={(a,a,a,b) : a,b € T}/T 2 {(2,2,2,1): 2 € T} =T

EY/Z(y)=T
e 7 = (badc),
E7" ={(a,a,b,b),(a,—a,b,—b) :a,b € T}/T ={(1,1,2,2),(1,-1,2,—2) :
€T} =TUT
E'/Z(y) = TUT
e 7 = (beda),

EY = {(171717 )7(17_1717—1)?(17i7_1a_i)7(17_i>_1>i)} = pty U
pta U pts L pty

EY/Z(v) = pty Upty U pts L pty
Hence, we have
B )W =ES /W LUT> UTUTUT U pt, Upts U pts L pty (3)

Now we identify each element in the compact subspace Irr'(G)°. The
induced representations

{Ind?2+1+1)(2¥alst2 2" ®1): 2,2 € T}

are irreducible, tempered, their infinitesimal characters lie in s, and they are
parametrized by T2
The induced representations

{Ind‘(lgﬂ)(z Stz ®1):2€ T}

are irreducible, tempered, have central characters in s and are parametrized

by T.



The induced representations
{Indj, ,(z - Sty ® Sta) : z € T}

have central characters in s, and are parameterized by T. They are irreducible
except when z = —1. The R-group is as follows:

R((=1)" . Sty ® Sty) =< (—1)"™ > .

There are two irreducible components, denoted by p™ and p~. We will locate
p~ in the second copy of T and identify p™ by pt;.

The Steinberg representation St(SL,;) has central character in s. We
identify this representation by pt,.

The unramified unitary principal series of SL, contains points of reducibil-
ity. In fact, there is a circle of reducibility, as we now proceed to explain. Let
t = (2,—2,1,—1) except z = i and let x; be the corresponding unramified
unitary character. Then the representation y; ® 7, is given by

2lr @ (—2)Plr @1 ® (—1)7.
Then (—1)"¥7 is an element in L(x; ® 7,) and X(x; ® m,) = 1. Hence
Rx:®0) = Z/27
and the induced representation
A(t) = Ind (x, ® 7,)
is reducible and admits two irreducible subrepresentations:
Aty =)t Nt~

We assign A\(t)* to [z,—z,1,—1] € E°/W* and A(t)” to z € T.
Now, we turn to the point ¢ = (i, —i, 1 — 1). Then

Lx: ® my) =< 0¥ >

and X (m,) = 1. Hence, we know R(x; ® o) = Z/AZ. The induced represen-
tation 7 = Ind%(x; ® o) is reducible with 4 irreducible constituents 7y, 7o, 73,
74. We locate 71 to [i, —i,1,—1] € E*/W?* and 75 to the point 7 in the third
copy of T and identify 73 and 74 by pt3 and pt, respectively.

For t = (21,29,23,1) € E°/W?* except t = (z,—z,1,—1), the induced
representation Ind§; (x; ® o) is irreducible.
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We build a map
pe B W — It (G)*

and here are the details:

Point in E°/W* | Irreducible representation Cocharacter h(t)
(21, 29) € T? Ind(y,y 1)(21 - St @ 3™ r @) | (671, 1,1)
zeT Ind(y, (2 - Stz @ ) (t2,1,t72,1)
2eT Ind(y,9)(2 - St2 @ Sta) (71t
zeT At)t 1

pt, pt (AN

pty St(SLy) (3, ¢, 671, 173)
pts T3 1

pt4 T4 1

te E°JWe Ind%(x; ® o) 1

It is clear that Eqn.(1) is satisfied. We note that the compact space
Irr*(G)® is non-Hausdorff. One connected component contains a double-
point, and another connected component contains a double-circle (and a
quadruple point), see [9].

Hence, we have

Lemma 2.1. Part (3) of the geometric conjecture is true for

s=[T,\TRTR7TR7q.

2.2 Case2: m,=m Q®m QM ® o

For this case, the isotropy group is the symmetric group &3. There are three

conjugacy classes. They are {71}, {72,73,76}, {74,75}. Now we choose 71,
~vo and 7, as the representatives for their own conjugacy classes. Now we

analysis case by case.
o v=(abed) =1, EV/Z(y) = E*/W*

o v = (bacd), E" = {(a,a,c,d) : a,c,d € T}/T = {(21,21,292,1) : 21,29 €
T} = T2

o v = (bcad), B ={(a,a,a,c) :a,c € T}/T = {(z,2,2,1) : 2€ T} =T
Hence, we have

E*)/W® = E/W°UT?UT (4)



The representations
{Ind(y 1) (21 - Sta(mr) @ 23°°%my @ 73) @ 21,20 € T}

are irreducible, tempered, and have infinitesimal character in s. These rep-
resentations are parametrized by T? and we set the cocharacter by

he(t) = (t,t71,1,1).
The representations
{Ind‘(lgﬂ)(z - St3(m) @) : z € T}
are irreducible, tempered and have infinitesimal character in s. These repre-

sentations are parametrized by T. For this component, we set the cocharac-
ter:

he(t) = (121,672, 1).

Now we consider the point ¢ = (z1,29,23,1) € E*/W?® and y; is the
unramified unitary character determined by ¢. The induced representation
Ind$,(x; ® o) is irreducible. Each unramified unitary character determines a
tempered representation of G with respect to s.

We turn to build up the map p satisfying the geometric conjecture, i.e.
p ES /W UT? UT — It'(G)*

The details of this map are as follows:

Point in E*/W* | Irreducible representation Cocharacter h(t)
(21, 22) € T? Ind42+1+1)(z1 . Stg(ﬂ'l) & Z;alOdetﬂ'l & 7T2) (t, til, 1, 1)
z€T Ind 3+1) (Z : St3(7T1) & 7T2> (tz, 1, t_Q, 1)

te B /W Ind7 (x: ® o) 1

It is clear that Eqn.(1) holds. Hence, we have
Lemma 2.2. Part (3) of the geometric conjecture is true for

s=[MmemQm & .



2.3 Case 3: 7, =T ® T Q Ty ® Ty

There are two distinct cases to be considered. In case 3.1, the corresponding
Ty 1S Ty = M ® M ® Ty @ Me. The R-group R(o) is trivial and the isotropy
subgroup W?* is given by Z/27Z x 7Z/27Z. Now we investigate the extended
quotient E*//W* respect to s. Since WW* is abelian in this case, then we know
that each element contribute one conjugacy class and the centralizer Z(v;)
of v; is W itself. Then, we have

E°JJW® = E"JW® LU E"™JW° LU E»JW° U E" /W

We will analysis case by case. Now we compute each component in extended
quotient E°//W?*.

o v = (abed) =1, E"/Z(y) = E°/W*.

o v = (bacd), BV = {(a,a,¢c,d) : a,c,d € T}/T = {(1,1,21,22) : 21,22 €
T} = T2 Then we have

EY)Z(y) = T

e v = (abdc), EY = {(a,b,c,c) : a,b,c € T}/T = {(z1,22,1,1) : 21,25 €
T} = T2

BY/Z(y) = T

® V= (badc),EV = {(a,a,c,c),(a, —a, ¢, _C) ta,ce P]F}/V]Fg {(1717Z7Z) :
zeTu{(l,-1,2,—2): 2€ T} =TUT.

EY/Z(y) 2 TUT.
This leads to the equation
E YW =ES /W UT>UT?*uTUT (5)

and we now construct the bijection u between E®//W?* and the set Irr'(G)®.
The representations

{Ind?2+1+1)(z1 - Sta(m) ® 237y @ m3) ¢ 21, 22 € T}

are tempered, irreducible and have inf.character in s. Parameter space is T?.
The representations

{Ind?1+1+2) (m ® 27°% ) @ 2 - Sta(ma)) : 21,22 € T}
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are irreducible, tempered, have inf.ch. in s, parameter space T2
The representations

Ind?2+2)(z - Sta(m1) ® Sta(m2))

are irreducible, tempered, have inf.ch. in s, parameter space T.

Let t = (1,—1,2,—2) and x; be the corresponding character. We have
i@y = m&(—1)"m @2 @ (—2) 2lmy. Tt is not hard to get L(y;®m,) =<
(=1) > and X(x; ® 7,) = 1. Thus, R(x; ® 0) = Z/27. Tt leads the
induced representation Ind$; (y;®0) is reducible and there are two irreducible
subrepresentations 7 (¢)", 7(t)” of G, i.e.

Indf (xe ® 0) = 7(t)* @ 7 (t)”

Hence, 7(t)* and 7(t)~ are tempered. They will contribute the elements in
Irr'(G)*. Such induced representations will be identified by T and we set the
character

he(t) = 1.

Indeed, each unitary unramified twist of o except the type t = (1, -1, z, —2)
will be an irreducible tempered representation. In other word, every point ¢
in £°/W?*, which does not belong to (1, —1, z, —z), will generate an unitary
unramified character of T, i.e. x; = (24, 259 z2al 2val) and the represen-
tation Ind{;(x; ® o) induced by x; ® o is irreducible. Thus such induced
representation contributes an element in Irr*(G)°. The detail of this map is
as follow:

Point in £°/W?* | Irreducible representation Cocharacter h(t)
(21,22) € T? Ind42+1+1)(21 : Stg(ﬂ'l) X 29 '7T2®7T2) (t7t71,1,1)

(21, 22) € T? Ind) 40y (m1 ®@ 21 - T @ 25 - Sta(ma) | (1,1, t=)
zeT Indy, 9 (2 - Sta(m1) ® Sta(m2)) (t, e 1 et 1)
z2e€T m(t)* 1

te B /W Ind$(x; ® o) 1

Therefore, Eqn.(1) is satisfied. We conclude

Lemma 2.3. Part (3) of the geometric conjecture is true for
5 = [T,ﬂ'l RmT Rm & 7T2]G.

The next we will discuss the case 3.2. In this case, the representation 7,
is of the form 7 ® T @ nr @ nm. The R-group is Z /27, and the isotropy group
is Z)Z21 7/ 27 generated by < s, 73,74 > where 7, 73,74 are explicitly given
by the table below:



We =17/27.27.)27
v | (abed) | v | y(abed)
Y1 abed | s badc
Yo | bacd | v | dcab
v3 | abdc | v; | cdba
Y4 | cdab | vg | dcba

There are five conjugacy classes:

{71}7 {727 73}7 {/747 78}7 {75}7 {767 77}

From above, there are five conjugacy classes. The extended quotient
E®//W* is given by

E*fjW* = | E"/Z(7)

and we choose 71, 72, V4, 75 and 7 to be the representatives in their own
conjugacy classes and their centralizers are as follows:

Z(m) =W?*, Z(v2) = {71,72: 73}, Z (1) = {71, 74,75, 78} (6)
Z(vs) = W=, Z (%) = {7,777} (7)

Now we analysis case by case.
o y=m, EV/W*=FE/W*.

e v =1, " ={(a,a,¢,d) : a,c,d € T}/T = {(21,21,22,1) : 21,29 €

T} =~ T2,

® =4, E7 = {(CL,b,CL,b), (CL,b, —a, _b) : CL,b € T}/T = {(27 1727 1)7 (ZJ 17 —Z, _1) :
€T =TUT.

o v=r, 7" ={(a,a,b,b),(a,—a,b,—=b) :a,b € T}/T = {(1,1,2,2),(1,-1,2,—2) :

€T} =TUT.

Y = Ve, E7 = {(1717171)7(17_17]-7_]-)7(172.7_17_1.)7(17_217_171.)} =
ptl L ptg L ptg L pt4

This leads to the equation
E YW =E /W UT>UTUTUTUTUpt; Upty UptzUpty  (8)
The representations
{Ind?‘QHH)(zl - Sty(m) ® 23w @)« 21, 20 € T}
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are irreducible, tempered, have inf.ch. in s, parameter space T2
The representations

Ind(yy 0 (2 - Sta(m) @ Sta(nm))

are irreducible, tempered, have inf.ch. in s, parameter space T.

In the following, we consider the point ¢t = (2,1, —z, —1). Thus, x;,®@7, =
2r @1 @ (—2)nr @ (—1)3nr. We have L(x; ® 7,) =< (—1)*5 > and
X(my) = 1. Thus R(x; ® o) = Z/27. It leads the induced representation
p(2) is reducible and there are two irreducible constituents p(2)*, p(z)7, i.e.

p(z) = IdZ(z""**'1r @ 1 ® (—2)"npm @ (=1)"nm = p(2)* @ p(2)”

We identify these representations by T.

Then we consider the point t = (2,1,2,1). We get y; ® 7, = 2"37r ®
T ® 2*nr @ nr. We have L(x; ® 7,) =< n > and X(m,) = 1. Thus
R(x; ® 0) = Z/27. 1t leads the induced representation o(z) is reducible.
There are two irreducible constituents o(z)", o(z)~, i.e.

o(z) = ndf ("7 © 7 @ 2w @ g = 0(2)* © 0(2)”

We identify these representations by T.

Finally, we consider the point t = (1,—1, 2, —2) except z = 1,i. Thus,
Xe @7y = 7@ (—1)"r ® (2)"nr @ (—2)"%nr. We have L(y; ® 7,) =<
(=1)vey > and X (x;®7,) = 1. Thus R(x;®0) = Z/27. 1t leads the induced
representation (z) is reducible. There are two irreducible constituents 6(z)7,
0(z)", ie.

0(2) = Indfy (1 ® (=1)""'7 @ (2)*“'nr @ (—2)""yw = 0(2)" @ 0(=2)"

We identify these representations by T.

Now we still consider the point t = (1, —1, 2, —z) and fix z = 1. We have
t=(1,-1,1,—1). Then L(x; ®@m,) =< (1)@ n > and X (y; @ 7,) = 1.
Hence, we know R(x;®0) = Z/27,x 7./2Z.. Then the induced representation
€= Ind%(xt ® o) is reducible and there are 4 irreducible constituents i, &,
&3 and &. We locate & to E°/W* and & to component cs and identify &3
and &, by pt; and pt, respectively.

In the next, we fix z = i. We have t = (1, —1,4,—i). Then L(y; ®7,) =<
jvaledety > and X (x; ® m,) = 1. Hence, we know R(x; ® o) = Z/4Z. The
order of R(x;®0) is 4. Then the induced representation 7 = Ind$, (x; ® o) is
reducible and there are 4 irreducible constituents 7, 7, 73 and 74. We locate

11



71 to E*/W* and 7, to component ¢5 and identify 73 and 74 by pt3 and pty
respectively.

Point in £°/W?* | Irreducible representation Cocharacter h(t)
(21, 29) € T? Ind(yy ) (21 - Sta(m) @ 23"y @ pr) | (¢,¢71,1,1)
zeT Indy (2 - Sta(m) @ Sta(nm) (t,t74t,t71)
zeT p(z)* 1

ze€T o(t)" 1

zeT 0(z)" 1

te Es /W= Ind$ (y; ® o) 1

pty &3 1

Pty §a 1

pts T3 1

pt4 T4 1

Eqn. (1) is satisfied. Hence, we have

Lemma 2.4. Part (3) of the geometric conjecture is true for

s=[T, 711 QnTnrlg.

24 Case4d: 7, =T QM QM9 R T3

In this section, we will consider the case 7, = m ® m ® T ® w3. Hence, we
know the isotropy subgroup W* = Z/27. Analysis case by case:

o v = (abed) =1, EV/Z(y) = E°JW".

o v = (bacd), E" = {(a,a,c,d) : a,c,d € T}/T = {(21, 21, 292,1) : 21,29 €
T} = T2,
EY)Z(y) =T

Then, we have
E°)/W® = E*/W° UT? (9)
The representations
{Indgzrlﬂ)(zl - Sty(m1) ® 232wy @ m3) ¢ 21,22 € T}

are irreducible, tempered, have inf.ch. in s, parameter space T2,
We construct the bijection:

w: BT /W UT? — Irr'(G)°

12



in accordance with the following table:

Point in E°/W?* | Irreducible representation Cocharacter h(t)
(21,22) € T? Ind42+1+1)(21 . StQ(’iTl) & 29 -7T2®7T3) (t, t_l,l,l)
te B°/W* Ind7 (x: ® 0) 1

Once again, Eqn.(1) is satisfied. Hence, we have

Lemma 2.5. Part (3) of the geometric conjecture is true for

s=[T,m ®@m QT msq.

2.5 Case b: m, =T @ My Q@ T3 ® My

In this section, we will discuss the case when 7, = m ® my ® m3 ® m4. In fact,
from the table of R-group above, we have known that there are four types
in this case. First of all, we focus on the case 5.1. Indeed, 7, is given by the
form mr@nr@n*m @37 where 7 is ramified. We have proved that the R-group
with resect to this is the cyclic group Z/47Z. Furthermore, the isotropy group
W* is given by Z/47. In the following,we figure out the extended quotient
with respect to W*. The cyclic group is abelian, each element comprises
a single conjugacy classes and the centralizer of each element is the cyclic
group itself. Then we can immediately get the extended quotient

E°J/W* = E" JW* U E»/W* U E™/W° L E™/W*

We analyze case by case.

o v = (abed) = 1, EY/W* = E°/W*.
e v = (beda), BV ={(1,1,1,1),(1,—-1,1,-1), (1,4, —1, —4), (1,4, —1, —i) } =

pt U pt L pt L pt. Hence, we have

EY /W7 = pty U pty U pts U pty

e v = (cdab), E" = {(a,b,—a,b),(a,b,a,b) :a,b e T}/T={(1,z,—1,—2),(1,2,1,2) :

2 eT)=TUT.

EY/WY=TUT

e v = (dabc), " ={(1,1,1,1),(1,-1,1,-1),(1,4, -1, —i), (1,4, -1, —i)} =

pt U pt U pt U pt.

E’)I/I/V’y = pt5 I_]ptﬁ L pt'z U ptg
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Then we have the decomposition

E?J/W* = E*/W* LU T UTU pt, U pt, LI pty L pt, U pts L ptg U pty U ptg
(10)

It coincides the result in [8]. By [8, Theorem 5.3|, we have
Lemma 2.6. Part (3) of the conjecture is true for s = [M, n@nrm@n*n@n’n].

Then, we will concentrate on the case 5.2. Recall that the representation
T, is given by 7 ® xm ® nm ® xnm where xy and 7 are ramified quadratic
characters. In fact, we consider the field ' = Q,, p # 3. There are two
ramified quadratic characters, the Legendre symbol (%) and its twist with
(—1)*2l. For convenience, we denote the Legendre symbol by \ and its twist
by (—=1)"®\. Since n and x have to be distinct, we set

n=2X x=(=1)?\
Indeed, this case would belong to
T® (=)™t @ M ® (=1)"r

It means it should be in case 3.2. Hence, this case does not exist when
F=Qs.

Then we turn to the case 5.3. We know that 7, = m ® nm ® T ® nms.
We have W* = Z/27. Analysis case by case:

o v = (abed) =1, EV/W?* = E/W*.

e v = ((badc), E" = {(a,a,c,c),(a,—a,c,—c):a,ce T}HT ={(1,1,2,2),(1,—-1,2,—2) :
2eTY=TUT.
E'/WYSTUT

Hence, we have the decomposition
EfjjW® =E/W*UuTUuT (11)

From now, we try to exhaust the tempered dual with respect to s. First
of all, we consider ¢ in the form of (1,1,z,2) and (1,—1,2,—z). For the
point t = (1,1,2,2), x; corresponds to the character y;, = (1,1, 2" 2val).
After twisting ,we have the representation x; ® ¢. Now we compute the
R-group for this representation. This implies we can consider y; ® 7w, =
T @NT ® 2T ® 2Ty, By computation, we know that the trivial character
and 7 are also contained in L(; ® 7,). Then we have R(y, ® 0) =< 1,1 >

val
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and X (x; ® m,) = 1. We note that the character 7 is ramified and of order 2.
This leads that R(o) = Z/2Z. This implies the representation A(t) induced

by x: ® o is reducible and can be decomposed as two parts:
At)= AT DA

Indeed, AT and A\~ are tempered.

Similarly, we consider the point in the form of ¢t = (1,—1, 2, —z) and x;
corresponds to the character x; = (1,(—1)"%, z¥a (—z)val). After twisting,
we have the representation y; ® 0. Then we can consider y; ® 7, = 7™ ®
(—1)pm @281, @ (—2)valnmy. We obtain R(x;®0) =< (—=1)"p >= Z/27Z.
This implies that the representation p(t) induced by x;®oc has two irreducible
constituents:

p(t)=p" @ p”
where p™ and p~ are tempered representations of G.
The definition of the map

p:EP/WPUTUT — It (G)°
is as follows:
T — A" = Ind§(m @ nm ® 271 ® 2%nm,)
T — p+ SN IHd%(?T ® (_1)va1777r1 ® Zval,/T2 ® (_Z>valodetn7r2)
t — Ind§ (x: ® 0)

It is easy to verify that Eqn.(1) holds. Hence, we have
Lemma 2.7. Part (3) of the conjecture is true for s = [T, n@nmn’*T@n3n].

Case 5.4 is next. The isotropy group W? is trivial. Indeed each induced
representation by unitary twist with o is irreducible. This implies every
induced representation is irreducible. From the side of extended quotient
E®J/W*  we know that E°//W?* = E*/W?* because W* = 1. The bijection pu
between E*//W* and Irr'(G)*

w: E°J/We = IrrY(G)*
is given by
te E°/W?* — Ind(y; ® o)
Lemma 2.8. Part 8 of the conjecture is true for s = [T,o0] where m, =
T & T @ T3 &) Ty
Theorem 2.9. Part (3) of the geometric conjecture is true for s = [T, o).

Proof. Combine 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7 and 2.8 above. ]
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3 A tetrahedron of reducibility

We exhibit a tetrahedron of reducibility in the tempered dual of SL4(Qs)
which does not occur in the tempered dual of SLs(Q,) when p > 2. This
confirms a special case of the recent conjecture in [1, 2, 3], and also has
independent interest. Let I’ denote the p-adic field Q,, and let Up := 1+
p"Z,, n > 1 denote the standard congruence unit groups. Let Up = 0. For
p = 2 define homomorphisms n, x : U/U? — Z/27Z as in [11, p. 18]:

n(x) =0,z=1 mod 4

n(x) =1,z =-1 mod 4
x(x) =0,z =+1 mod 8
x(x)=1,x =45 mod 8

The map 7 defines an isomorphism of U/U? onto Z /27 and the map  defines
an isomorphism of U?/U? onto Z/2Z. The level of a character 1) of F* is the
least integer n > 0 such that 1 is trivial on Uj-**. Then we have 7 is level 1
and Yy is level 2. The product 7 - x is also level 2.

The three ramified quadratic characters of Q5 create a unitary character
of the standard Borel subgroup in SL4(Q2):

1 ok % %
) 0 z9 =*x %
Tl 0 ok | n(@2)x(x3)(n - x)(x4)

0 0 0 x4

We will twist this quadratic character by an unramified unitary character
¥ and form the induced representation Ind% (7). Let D be the irreducible
component in the Bernstein variety containing 7, let £ C D be the corre-
sponding compact manifold. The subgroup of the Weyl group which fixes
is the finite group W := 7 /27 x 7Z./27.. We have the standard projection

T E//W — E/W

of the extended quotient onto the ordinary quotient. The extended quotient
E//W is the disjoint union of 6 unit intervals a,b, ¢, d, e, f and the ordinary
quotient E/W. In the projection m, these 6 intervals assemble themselves
into the 6 edges of a tetrahedron in E/W. The cardinality of each fibre of
m creates a perfect model of reducibility. The locus of reducibility is the
1-skeleton fR of a tetrahedron, and we have

7 (wr)| = | Indg (y7))|
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for all unramified unitary characters ¢) of 7. On the interior of each edge
m(a),...,m(f) of R, each induced representation admits 2 distinct irreducible
constituents; on each vertex of PR, each induced representation admits 4
distinct irreducible components.

In this section, we intend to discuss a special case when F' = Q5. Recall
that the case 5.2 for SL4(Q,), p > 3 does not exists since it cannot admit two
ramified quadratic characters which it is not the twist with an unramified
character each other. Recall that the representation 7, is given by m ® x7m ®
nm @ xnm. In this case, the R-group is Z/27 x 7./27. and we also know that
the isotropy group is W* = Z /27 x 7./27

o v = (abed) =1, EY/W* = EJW*.
o v = (badc), E" ={(1,1,2,2),(1,—1,2,—2) : z € T}.

EY /WY =Tul

o v = (cdab), E" ={(1,2,1,2),(1,2,—1,—2) : z € T}.

EY/WY ~1U1

e v = (dcab), E" ={(1,2,2,1),(1,2,—2,—1) : z € T}.

EY /WY =Tul

Therefore, we can decompose the extended quotient as follows:
Ewer= /W ulululululul

where I is the unit interval in complex plane.

We start from the two disjoint varieties (1,1, z,z) and (1, —1, 2, —2). We
assume z € {1,—1}. Firstly, we check the character x; generated by t =
(1,1,2,2). Then we have y; = (1,1, 2", 2") and v, ® 7, £ 7R TR 71T
1z 7. In fact, x is the element of L(x; ® 7,) except the trivial character.
Roughly speaking, the reason is, in this component, the variety fixes the
terms which twists with character 2'®. Easily, we have R(x; @ T,) =< x >=
Z,/27.. This implies for each t = (1,1, 2, z), the representation induced d;(z)
by x: ® 7, is reducible.

Similarly, the character x; generated by ¢t = (1, —1, z, —z) is given by
xe = (1, (=)™, 2", (=2)™).

17



We have y; ® T, & 7 @ (—1)"y71 ® nz'dn @ yn(—2)"*7. Then we know
Lix;®7,) = {1,(=1)"?x}. Indeed, R(x; ® o) = Z/27. This means for each
t = (1,—1, 2z, —z) the representation induced by x; ® 7, is reducible.
(1,2,1,2) and (1,2, —1, —z) are two disjoint varieties. Following the similar
method, we know

t=(1,2,1,2) = s = (1,2", 1, 2*)

and we have R(x: ® o) =<n >= 7Z/27.
For t = (1,z,—1, —2), we get the corresponding unitary character y; as
follows

t = (1, z, —1’ _Z) — Xt — (1, Zval, (_1)Val, (_z)val)

and we will have R(y, ® o) =< (—1)"ln >= Z/27.
In this component, (1,2, z,1) and (1, z, —z, —1) are two disjoint varieties.
Following the similar method, we know

t=(1,z221) =y = (1, Zval el 1)

and we have R(x: ® o) =< xn >= 7Z/27Z.
For t = (1,z,—z,—1), we get the corresponding unitary character y; as
follows

t= (17 Z, =2, _1) — Xt = (17 ’Zval7 <_Z)Val7 (_1)Val>

and we will have R(x; ® o) =< (—=1)%ny >= Z/27Z.
For convenience, we denote

Now, we investigate the points

(1,1,1,1)
(1,-1,1,-1)
)

)



It is easy to check that

(1,1,1,1) € (a), (), (e)
(1, =1,1,=1) € (b), (¢), (f)
(1,1, =1, -1) € (a), (d), (f)
(1,-1,-1,1) € (b), (d), ()

In fact, for such points, the R-group R(x;® o) is given by Z/27. x 7./ 2Z..
This implies, for each Ind{;(x; ® o), there are 4 irreducible constituents. The
extended quotient is the disjoint union of the ordinary quotient and six unit
intervals. The six intervals are sent to the edges of a tetrahedron by the
canonical projection

m: E*)/W*® — E°JW*

The preimage of the interior of one edge is the union of two open intervals
(the one corresponding to the given edge and one in the ordinary quotient),
replicating the fact that the R-group has order 2, while the preimage of
a vertex is the union of three endpoints of intervals and one point in the
ordinary quotient, replicating the fact that the R-group has order 4 here. The
1-skeleton of the tetrahedron is perfect model of reducibility and confirms the
ABP-conjecture in this case.

4 Decomposition according to cells

Let G = SLy(F). Let T = (F* x F* x F* x F*) N G be the standard
maximal torus in G. Let s = [T, 0]¢ be a Bernstein component with respect
to a character o of T'. In this section, we denote by W the isotropy group of
s. We let 7, |r = o where 7, is a (unitary) character of the standard maximal
torus T = F*X F*x F* x F* of G = GL4(F). We write 7, = m @mo@m3@my.

We denote by W2 the isotropy of 5 = [T, m,]5. The group W2 is a finite
Weyl group. Let ®, denote a root system for W2, and let &7 = &, N &+,
where ®F is a positive root system for the Weyl group of G. Then ®/ is a
positive system in ®;. The group W is not a Weyl group in general. However,
we have the following relation (see for instance [7, Prop. 2.3]):

W, =W? % C,, (12)

where

Co={weW) :w o =0]}.

In the table we list all the possibilities for 7, due to the relations among
the ;. The conditions for the 7; in the first column of the table are that =;
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Case | 7, Wy Cs HY

1 |7@m@nme™ G 1 SL4(F)

2 T QT & T Qo GH 1 (GLg(F)XFX)ﬂG
3.1 T X T K Ty K Mo Z/QZXZ/2Z 1 (GLQ(F) XGLQ(F))HG
32 |79 ”77?;7”1@ m 7.)27. % 7,)27. | 7,)27. (GLs(F) x GLa(F)) NG
4 T R T KTy K Ty Z/QZ 1 (GLQ(F)XFXXFX)DG

2 3
5.1 W®mn§>l7f®” " 1 ALY T
TR XT QNT QNXT
5.2 1 7./27. x 7./27. T
ng 1777192 1(@15:2) / /
5.3 | VLT 1 7.)22 T
54 | M Q@ my ® T3 ® my 1 1 T

Table 1: Table of the groups W, = W2 x Cy and H, = H? % Cs.

is not equivalent to a twist of 7; by any unramified character of F* if 7 # j.
The determination of the group W2 is obvious, and W, was computed in
§2. From (12), we know that C; is isomorphic to the quotient W,/W?. The
results are listed in the fourth column of Table 1.

Let TV denote the dual torus of 7" in the Langlands dual G¥ = PGL4(C)
of G. Let X(TV) be the group of characters of TV. We have

X(TV) = {(l17l27l3vl4) G Z4 : 11 +l2 +lg+l4 — 0} .

We set
We=Ww2x X(TV).

Then W¢ is the extended affine Weyl group of the p-adic group HY de-
scribed in the fifth column of the table The group HY arises from [10, § §].
Let ®) denote the set of coroots of the root system ®,. The quadruple
(X(T), @, X(TV), ®)) is the root datum of H?. We set H, := H? x Cy. The
unipotent classes of H? will be easy to figure out. We will attach a unipo-
tent class to each cocharacter. In particular, the minimal (for the usual
order) unipotent class (this is the trivial unipotent class) should correspond
to the trivial cocharacter. In other words, all the connected components of
the compact extended quotient which are attached in §2 to a trivial cochar-
acter should correspond to the minimal unipotent class. When the group
W2 = {1}, there is only one unipotent class and all the cocharacters are
trivial as proved in §2.
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CASE 1. The Langlands dual group of SL4(F’) is the complex Lie group
PGL4(C). There are five unipotent classes in PGL4(C):

up <uz <u; <u <u,
which are respectively parametrized by the following partitions of 4:
(19 < (2,1) < () < (3,1) < (4).
They correspond (see for instance [12]) to the two-sided cells
Cp<C3<Cy<cC <c.
We write

ptl = (17 17 17 1) pt2 = (17 _17 17 _1)

pty = (1,4, —1,—i) pt, = (1, —i, —1,4) (13)

and define
(Es//Ws)o := Es/Ws LW{(2,—2,1,—1) : z € T}UptsUpt, ~ E;/W,UTUpt,Lipt,
(B )/We)s := {(21, 21, 22,1) : 21,2 € T} ~ T?
(Eﬁ//W5)2 = {<Z7 2,1, 1) RS T} Upt, >~ TUpt,
(Eﬁ//Wﬁ)l = {(272727 1) A T} ~T
(Es//Ws)e := pty.

From Eqn.(3), we get the following cell-decomposition of E;//W;:

Es//Ws = (ES//WE)O U (Es//Ws>3 U (Es//Ws)2 U (Es//WS)l = (Eﬁ//Ws)ea

with cocharacters
ho=1, hs(t)=(t,t71,1,1), ho(t) = (t,t ', t,t7")

hi(t) = (£, 1,6723,1),  he(t) = (£, ¢7",¢7%).

We have included pt; in the subset (E;//Ws)2 in order to attach the two
elements p and p~ (defined in §2) to the same unipotent class. It should be
a general fact that all the elements in a given L-packet are attached to the
same unipotent class.

CASE 2. The Langlands dual group of H? is (GL3(C) x C*)/C*. There
are three unipotent classes in it:

U0§u1 Suea
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which are respectively parametrized by the following partitions of 3:
(19) < (2,1) < (3).
They correspond to the two-sided cells
Ccp < ¢ < cC..

We define
(Es//Ws)O = Es/W5

(Es//Ws)1 :={(2,2,2,1) : 2z€ T} ~T
(Es)/Wo)e i={(21, 21, 22,1) : 21,2 € T} >~ T%
From Eqn.(4), we get the following cell-decomposition of E,//W;:
Eﬁ//Ws = (Es//Ws)O U (Eﬁ//Ws)l U (Es//Ws)e>
with cocharacters
ho=1, hi(t)=(t*1,t21), ht)=(tt'1,1).

CASE 3. The Langlands dual group of H? is (GLy(C) x GLy(C))/C*,
There are four unipotent classes in it: ug <+ (2,2), uy <> (2,1?), uj < (1%,2),
u. <> (12,1%). The closure order on unipotent classes is the following:

CaAske 3.1. We define
(Es//Ws)o := Es /W, u{(1,-1,2,—2) : z€ T} ~ E;/W,UT
(Es//Ws)l = {(1, 1,2’1,22) 121,22 € T} ~ T2
(B //Wo)y = {(21, 20, 1,1) : 21,20 € T} =~ T?
(Es//Ws)e i ={(1,1,2,2) : z€ T} ~T.
From Eqn.(5), we get the following cell-decomposition of E;//W;:
Es//Ws = (ES//Ws)O U (Es//Ws)l U (Es//Ws)ll _ (Es//Ws)ea

with cocharacters

ho=1, hi(t)=(t,t 1, 1,1), Ri(t)=(1,1,t,t7"), h(t) = (t,t 7 t,t7h).
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CASE 3.2. In this case, H, is disconnected, and it seems that one has to
consider unipotent classes in the disconnected complex Lie group

((GLy(C) x GLy(C))/CX) x Z/2Z.

This group can be considered as “the Langlands dual group of H,” (see [10,
top of page 395]).
This should give only three unipotent classes

) < (y Uu)) < u.

We set
To:={(2,1,—2,—1) : z€T}~T
Ty = {(1,2,1) s 2 €T} = T
Ty :={(1,-1,2,—2) : z€T}~T
We define

(Es//Wy)o := Es /W, UToU Ty U Ty U pty U pty L pty U pty,

where pt,, pt,, pts, pt, are defined as in Eqn. (13),

(B /W)t == {(21, 21, 20, 1) © 21,20 € T} ~ T?

(Bf/W)e = {(1,1,2,2) : 2 €T} ~ T,

From Eqn.(8), we get the following cell-decomposition of E;//W;:

Ef/Ws = (Es//Ws)o U (E5//We)1 U (Ee//We)e,
with cocharacters

ho=1, hi(t)=(t,t751,1), h(t) = (t,t7 t,t7h).

CASE 4. The Langlands dual group of HY is (GLy(C) x C* x C*)/C*.
This group admits two unipotent classes:

u < (12,1,1) < u. < (2,1,1).

We define
(ES//Ws)O = ES/Ws

(E5//W5)e = {(Zl,Zl,ZQ, 1) 21, %9 c T} ~ TQ.

From Eqn.(9), we have the following cell-decomposition:
(Es//Ws = (Es//Ws)O U (Es//Ws)e
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with cocharacters

ho=1, he(t)=(t,t7'1,1).

CAsES 5.1, 5.2, 5.3, 5.4. The Langlands dual group of H? = T is the
complex torus TV in PGL4(C). There is only one unipotent class in TV: the
trivial class ug. Hence we set

(Es//W5>O - Eﬁ//Ws-

There only one cocharacter, the trivial cocharacter.

References

1]

A-M. Aubert, P. Baum and R.J. Plymen, The Hecke algebra of a re-
ductive p-adic group: a geometric conjecture, Aspects of Mathematics
37, Vieweg Verlag (2006) 1-34.

A-M. Aubert, P. Baum and R.J. Plymen, Geometric structure in the
representation theory of p-adic groups, C.R. Acad. Sci. Paris, Ser. I
345 (2007) 573-578.

A-M. Aubert, P. Baum and R.J. Plymen, Geometric structure in the
principal series of the p-adic group Gs, Represent. Theory 15 (2011) to
appear.

A-M. Aubert, P. Baum, R.J. Plymen, Geometric structure in the rep-
resentation theory of p-adic groups II, Proc. Symp. Pure Math., to
appear.

J. Dixmier, C*-algebras, North-Holland, 1982.

D. Goldberg, R-groups and elliptic representations for SL,,, Pacific J.
Math. 165 (1994) 77-92.

D. Goldberg, A. Roche, Hecke algebras and SL,-types, Proc. London
Math. Soc. 90 (2005), 87-131.

J. Jawdat and R.J. Plymen, Geometric structure in the tempered dual
of SL(N), J. Noncommutative Geometry 4 (2010) 265 — 279.

R.J. Plymen, Reduced C*-algebra for reductive p-adic groups. J. Func-
tional Analysis 88 (1990) 251-266.

24



[10] A. Roche, Types and Hecke algebras for princjpal series representations
of split reductive p-adic groups, Ann. scient. Ec. Norm. Sup. 31 (1998),
361-413.

[11] J.-P. Serre, A course in arithmetic, Springer-Verlag, 1973.

[12] J.-Y. Shi, The partial order on two-sided cells of certain affine Weyl
groups, J. of Algebra 176 (1996) 607-621.

[13] M. Solleveld, On the classification of irreducible represen-
tations of affine Hecke algebras with unequal parameters,
arXiv:1008.0177v2[mathRT].

K.F. Chao, School of Mathematics, Alan Turing building, Manchester
University, Manchester M13 9PL, England and Department of Applied Math-
ematics, National Sun Yat-sen University, No. 70, Lienhai Road, Kaohsiung
80424, Taiwan

Email: kchao@math.nsysu.edu.tw

R.J. Plymen, School of Mathematics, Alan Turing building, Manchester
University, Manchester M13 9PL, UK and School of Mathematics, University
of Southampton, Southampton SO17 1BJ, England

Email: plymen@manchester.ac.uk

25



