ty
er

The Universi
of Manchest

MANCHESTER
1824

THE MILSTEIN SCHEME FOR STOCHASTIC
DELAY DIFFERENTIAL EQUATIONS
WITHOUT ANTICIPATIVE CALCULUS

Kloeden, P.E. and Shardlow, T.

2010

MIMS EPrint: 2010.77

Manchester Institute for Mathematical Sciences

School of Mathematics

The University of Manchester

Reports available from: http://eprints.maths.manchester.ac.uk/

And by contacting: The MIMS Secretary
School of Mathematics
The University of Manchester
Manchester, M13 9PL, UK

ISSN 1749-9097


http://eprints.maths.manchester.ac.uk/

THE MILSTEIN SCHEME FOR STOCHASTIC DELAY
DIFFERENTIAL EQUATIONS WITHOUT ANTICIPATIVE
CALCULUS*

P.E. KLOEDENt AND T. SHARDLOW?

Abstract. The Milstein scheme is the simplest nontrivial numerical scheme for stochastic dif-
ferential equations with a strong order of convergence one. The scheme has been extended to the
stochastic delay differential equations but the analysis of the convergence is technically complicated
due to anticipative integrals in the remainder terms. This paper employs an elementary method
to derive the Milstein scheme and its first order strong rate of convergence for stochastic delay
differential equations.

AMS subject classifications. 35K90, 41A58, 65C30, 65M99, 60K35

Key words. Taylor expansions, stochastic differential equations, delay equations, strong con-
vergence, SDDE, Milstein method

1. Introduction. The Milstein scheme is the simplest nontrivial numerical
scheme for stochastic ordinary differential equations that achieves a strong order of
convergence higher than that of the Euler-Maruyama scheme. It was first derived by
Milstein, who used the It6 formula to expand an integrand involving the solution in
one of the error terms of the Euler-Maruyama scheme. The iterative repetition of this
idea underlies the systematic derivation of stochastic Taylor expansions and numerical
schemes of arbitrarily high strong and weak orders, as expounded in Kloeden & Platen
[9], see also Milstein [12].

An analogue of the Milstein scheme has been derived in a similar way for stochas-
tic delay differential equations (SDDEs), see Hu et al. [4]. However, the proofs of
convergence are technically complicated due to the presence of anticipative integrals
in the remainder terms.

Here we use an elementary method to derive the Milstein scheme for stochastic
delay differential equations that does not involve anticipative integrals and anticipative
stochastic calculus. Following the approach used by Jentzen & Kloeden for random
ordinary differential equations [6, 8] and stochastic partial differential equations [7],
we use deterministic Taylor expansions of the coefficient functions, with lower order
expansions being inserted into the right hand side of higher order ones to give a
closed form for the expansion. (A similar idea, without the final insertion, was also
considered in [5, 11]). The Ité formula is not used at all and our proofs are much
simpler than in [4].

The paper is organised as follows. §2 gives the precise stochastic delay differen-
tial equation that we study and some background. §3 derives the Milstein method
(see (3.7)) by use of Taylor expansions and calculates the local truncation error by
collecting the Taylor remainder terms. §4 gives the proof of convergence and the
main results in Theorems 4.2 and 4.5 . We must restrict the class of SDDEs to have
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finitely many discrete delays and this allows proof of a mean square first order rate
of convergence subject to continuity of the drift, diffusion, and initial data.

2. Background. Consider R? with the norm ||z||gs = (m,x>1/2 for z € R%.
Denote the bounded linear operators between Banach spaces X and Y by £(X,Y)
and ||L|lop the induced operator norm for L € £L(X,Y). Let C™(X,Y) denote the
space of functions from X to Y with n uniformly bounded Frechet derivatives D7 f €
L(X,...L(X,Y))for j=0,...,nand f € C"(X,Y).

Denote by C the Banach space C' = C([—,0],R%) for 7 > 0 with norm ||| =
SUP_ ;<< [|7(0)|lga for n € C. Let (2, F, F;, P) denote a standard filtered probability
space. Consider the It6 SDDE on R? on the time interval [0,7] with delay 7 > 0
given by

da(t) = f(z,t) dt + gz, t) dB(t), (2.1)

subject to initial data xg = £ € C, where §(¢) is a R™ Brownian motion adapted to
—7:157

f:CxR" = R, g: C x RT — R&>™,

and we use z; to denote the segment {z(t+0): 6 € [—7,0]}. We assume there exists a
unique solution z(t) to (2.1) that is adapted to F; and such that z; € C for t > 0 (see
[10, 13]). Denote by x(¢;s,m) the solution of (2.1) with initial condition s =n € C
at time ¢t = s and the corresponding segment by x;(s,n) € C. Then z(t) = (t;0,€)
and x; = 2:(0,§).

Throughout K is a generic constant that varies from one place to another and
depends on f, g, the initial data &, the interval of integration [0, T], but is independent
of the discretisation parameter. The notation O(n) is used to denote a quantity
bounded by Kn.

We make use of the following inequalities: for any aq,as,...,ay and p > 1,

N » N
(Za) < NHZaf. (2.2)

i=1

Burkholder-Gundy-Davis inequality: for any R¥*™ valued adapted process z(s) and
for p > 2, there exists C},, Cp, such that

B[ sup H/Otz(s)dg(s)”;} gcp(/OTE|z(s)||%ds)p/2

0<t=T (2.3)

T
<Gy [ Bl ds
0

where || - || denotes the Frobenius norm.

We assume the following regularity throughout.

AssuMPTION 2.1. f € C3(C x RY,R%), g € C3(C x RY,R¥™™), and ¢ is
uniformly Lipschitz continuous from [—,0] to R.

We make use of the following results.

THEOREM 2.1. Suppose that 0 < s,t < T and n is a Fs measurable C valued

2



random variable such that E|n(61) — n(02)|%a < K|01 — 02|P/2. Then

B[ sup a(tis)lh.] <K (2.4)
s—1<t<T
B[ sup lan(s,m) =l | 7] <Kl (2:5)
p
E||a:(s.m) = E[eus,mir] || <&l — s (2.6)

Proof. The first inequality is a consequence of the Gronwall inequality and a
detailed proof is found in [10, 15]. The second follows easily from the integral form
for the solution: for r + 6 > s,

z(r+0;s,n) =x(s+0)

r+6 r+6
+/ f(zq(s,m),9) dq+/ 9(xq(s,m),q) dB(q).

s+6 s5+6

Assume for notational simplicity that 7 is non-random,

E[ sup |lz(r+6;s,m) — 7](9)”11314

s<r<t
t+6 ) p/2
<Klr =l + K( [ Blotetaisn)do)
s+
<K|t—sP + K|t — s|P/? < K|t — s|P/2.
For r+0 <s, [[z(r+6;s,1m) —n(8)||re = [In(r —s+6) —n(0)||re < K|r — s|. Finally,

E[ sup llo,(s,n) — nll% |7

s<r<t

SE[ sup  sup |lz(r+6;s,1m) —n(r +0)|ga

fs] < K|t — s|P/2.
s<r<tOe[—,0]

The last is found from

’ zi(s,m) — E[$t($ﬂ7)|fs} ’oo

THEOREM 2.2 (derivative in initial condition). Suppose that 0 < s,t < T and
n is a Fs measurable C' valued random variable such that Bl|n(61) — n(f2)|ge <

K|0y — 05]P/2. For h € C, let yl' denote the solution to
Then y"(t) is the L? Frechet derivative of z(t;s,n) with respect to n:
t; h) — a(t; 2
Sup E|: Sup .’L'( 78777+6 ) .'I/'( 75377) _yh(t)) ‘fsi| —70 6—>0. (28)

Ihllse<1 LOStST €

We write %ﬁ’")h for y"(t) and note that %;;’") € L(C,L*(Q,R%)). Further,
for0<s<t<T andneC,

< o ot )

0

Ewaﬂt&WQ

op

J—'S} <K (2.9)

B 5 g

‘ ‘f} <K|t — s[P/?. (2.10)
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Proof. Equations (2.7)-(2.8) are given in [15]. Equations (2.9)—(2.10) follow by
applying standard techniques to (2.7) as in Theorem 2.1. For example, the integral
form gives

y"(t) = h(0) + / Df (o (s, m). )yl dr + / Dy(ar (s,m), )y dB(r).
0 0

which implies
t t
E[ly" 0] < 3lbl% + K& [ B[lsI] ar+ K [ B[Iot1E] ar
0 0

so that Gronwall’s inequality provides E|jy"(t)||%. < K||h||% for 0 < ¢t < T. Hence
y" is a bounded linear operator from C to L?(Q, R9). O

THEOREM 2.3 (second derivative in initial condition). Under the assumptions
of Theorem 2.2, there exists a second L? Frechet derivative for z(t;s,n), which we

denote by %x(t;s,n). Further, %x(t;x,n) belongs to L(C, L(C, L*(Q,R%))) and

H 0%z (t;8,m) 2

B { on?

] <K. (2.11)

op

Proof. Similar to Theorem 2.2.

COROLLARY 2.4. If h(n) = E¥(n,x(t;s,n)) fort > s, n € C, and some ¥ €
C?(C x R4, R), then h € C%(C,R).

If

h(nla s 7774) = E‘I’(ﬂla cee 7774@(1515 577’1)3 cee ax(tJ; 577’4))

where ty,...,t; > 8, m,...,m1 € C, and ¥ € C?(C x C x C x C x R¥MJ Rm™*m),
then h € C%(C x C x C x C,R™*™).

Proof. This follows from Theorem 2.2-2.3. For example, with z(t) = z(t; s, 7)
and &1,& € C,

Dh(n) (&) =E[D00n.x(0) . Z5 )]
D261, &) B[00 2(0) (6, 2 e, 62, T3 e ) |

+ E[Dq;(n,x(t)) (o, 82;77(?(&,52)) ]

and
ID*h(1)lop gE[HD?\IJ(x(t))IIop (1 + Hagf;) OP)Q}
+E[||D\If(17(t))||op a?axn(;) Op]-
As U € C?,
|D*h()|op <K [HE[Hagff) L [E[Hazafyg) jp”W'

which is uniformly bounded using (2.9) and (2.11)
The second statement is an elementary extension of the first. O
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3. Derivation of Milstein method and remainders. Taylor’s theorem on

Banach spaces [1] gives for 0 < s <r

fzr,r) =f(xs,8) + Df(xs,8)(xr — 5,7 — 8)

+/01(1 - h)DQf(:rs + h(z, —xz5), 8+ h(r — s)) (xr fa:s,rf‘s)

=f(xs,s) + Ry(r;s, )
g(xr,r) :g(xsws) + Dg(xs,s)(:vr — L, T — S)

+ /01(1 - h)DQg(xS + h(z, — ), s+ h(r — 5)) (:vr — T, T — 5)

=g(xs, s) + Dg(xs, s)(x, — x5, — 8) + Ry(r; 8, z4).
LEMMA 3.1.

E[ sup ||Rf(r;s,acs)H;d} §K|t—s|p/2
0<s<r<t

B[ sup |1Ry(rssz)lh] <Kt —sp.
0<s<r<t

2
dh

(3.1)

2

(3.2)

Proof. Using (2.4) and the regularity of f,g, both inequalities follow from the

definitions in (3.1)—(3.2). O

Substitute the expansions for f and g into the integral form of (2.1) on [s, ],

2(t) = 2(s) + / F(n,r) dr + / o, ) dB(r),
to find
£(t) =2(5) + [ (e, 8)(t — ) + g(za, 5) / dp(r)

t
+ / Dg(zs,8)(xy — xs,7 — 8)dB(r) + R1(t; 8, 25),

where the remainder R;(¢;s,x5) is F; measurable and defined by

t t
Rt s,2,) = / Ry(ris,a.)dr + / R, (1 s, 2,) dB(r).
LEMMA 3.2. For0<s<t<T,

E{ sup HRl(T;S,l’S)H%{d} < K|t—s|3.

s<r<t
Proof. Applying (2.2) and (2.3),

E|[ sup [|Ry(ris,2.) [
s<r<t

(3.3)

gz(E[ sup ||Rf(r;s,xs)||§d|t—s|2] + 6y /StE[|Rg(r;s,xr)|2F} dr).

s<r<t
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To finish, apply Lemma 3.1. O
Let I(s,t) = [' d(r) = A(t) — B(s). Then, for s > 0

x(t; s, xs) =x(s) + f(xs, 8)(t — 5) + g(ws,5) (s, 1)
+ /t Dyg(zs,s)(xr(s,25) — 25,7 — ) dB(r) + Ry (t; 8, x5)
and
x(t;s,xs) = x(s) + g(xs, 8)I(s,t) + Ra(t; s, Ts), (3.4)
where Ry(t;s,x4) is F; measurable and given by
Ry (t;s,x5) =f(xs,8)(t — 5)

+ /st Dg(zs, s) (xr(s, Tg) — Xg, T — s) dp(r) + Ri(t; s, ).

LEMMA 3.3. For At > 0,

E{ sup ||R2(r;s7ws)||%{d} < KAt

s<r<s+At<T
Proof. By (2.2) and (2.3),

B[ sup [[Rarisw) ]
s<r<s+At<T

T
<3(Kjt—sP + Gy sup /E[||Dg(xs,s)(xp(s,xs)—xs,p—s)u%}dp

s<r<s+At<T

+E sup [| Ry (r; 57%)”%&)
s<r<s+At<T

gK(AtQ + At (E[ sup |z (s, xs) — $5||§0} + AtQ)
s<r<s+At<T

+E  sup[Ri(ris,a)lha).
s<r<s+At<T

By Lemma 3.1 and (2.5), this is O(At?) as required. O
For € [-7,0] and s +0 <0<t +6,

2(t+ 055, 15) = (s + 0) + (x(t +0:0,20) — x(O)) + (x(O) — (s + 9))

so by (3.4)
alt+0;5,,) =a(s+6) + (9(z0,0)1(0,t + 0) + Ra(t + 650, 20)) s
+ (60) ~€(s +0)).

Fort+6 <0,

z(t+0;s,x5) =&t +0)=E(s+0)+ (E(t+0) —E(s+0)). (3.6)
6



We combine (3.4)—(3.6), to get an expression for the segment x; as a perturbation of
xzs for any 0 < s < t.

(see (3.4)), 0<s+0,
zi(s,25)(0) = x5(0) + ¢ (see (3.5)), s+0<0<t+0,
(see (3.6)), t+6<0,

As z,(0) = z(s + 0), the correction term for (3.4) depends on #, € C([-27,0], R%),
which we define for 6 € [—27,0] by

z(s+46), 0<s+40,
T5(0)=q&(s+0), —-T<s+0<0,
&(—1), s < —T.

The choice of constant for s < —7 ensures continuity. We further require the following
notations:
1. G: C([-27,0],R%) x Rt — L(C,C), defined by

9(moC, s +0)n(0), s+0>0,

GG s)n(0) = {9(5,0)77(9)7 s+6 <0,

where ¢ € C([-27,0,R%), s € RY, n € C, 0 € [-7,0], and 7y :
C([-27,0],R?) — C is defined by ma((¢) = ((¢ + ) for ¢ € [—7,0].
2. define I;(s) € C by

I(s+0,t+0), 0<s+0<t+0,
I(

I;(s)(9) = 0,t+0), —T<s+6<0<t+0,
0, otherwise.
3. For s <'t,
0, 0<s+40,
3:(s)(0) = £(0) — &(s + 6), s+0<0<t+0,

E(t+0)—E(s+6), t+6<0.
Together we have
zi(s,x5) = x5 + G(Ts, 8)I1(8) + 0¢(8) + Ra (s, Ts),
with Ry (s, &) € C defined by

RZ(t+0;S+07ﬂ—9i’s)v 0§8+0,
Ry 1(s,&5)(0) = < Ra(t +6;0,€), s+0<0<t+0,
0, t+6<0.

LEMMA 3.4. For0<s< T,
E sup ”RQ,T(Sajs)”io S KAtz'

s<r<s+At
7



Proof. This is a consequence of Lemma 3.3. O
If

Rl 5,00 = Ralto,22) + [ Dol s) Rl 2.),0) 4500,
then finally,
ot 5,22) =o(5) + (o, ><t—s>+g<xb, (s,)
/ Dy(z,, s (xs, $)L(s) + 6,(s), r75> dB(r) + R(t; s, z,).

Let t;, = kAt with At = T/n. Let 2™(t) solve for ¢, <t < tgiq.

() =2 (1) + F( )t — t) + 9o 1) / dp(r)

t (3.7)

Dy(ay i) (Gt o)L (tr) + 0, (1), 7 — th ) dB(r).

tr
This is Milstein’s method for (2.1) and our main result (Theorem 4.2) concludes that
a™(t) is a first order approximation in At to x(t) over the interval [0, T].

4. Main result. Before proving Theorem 4.2, we give some preliminary results
on the size of the remainder terms.
LEMMA 4.1. Fort <T,

5 k—1
R(tisn:t, ’ < KA#® 9E (R R
B | st [ ] < 580+ 28] 3 st xte))
where

tit1

RX(ti) = Df(.%‘t“ti)(G(Lf?ti,ti)Ir(ti)70) dr. (41)
t;

Proof. If S, = Zf;é Tj4+1, where 73, are R valued Fi, measurable random

variables, then Sy — ESj is a discrete martingale and Doob’s maximal inequality
gives Esupy<,, [|Sk — ESk|ja < 2E[|S, —ESy [ < 4E||S,[[Ra + 4/ES, || Hence,

E sup [|Sk[[gs <8E[|Sn[ga + 10sup [|ES)|Zq
k<n k<n

<8E||Sn|/ka + 10sup B[Sk |&a < 18 sup E||Sk[Ra
k<n k<n

because |[EX| < E||X| < (E[|X]|?>)"/2. Now

k—1 k-1
2 2
E{sup R(tii1;t;, xy, ‘ }SSsupE[H R(t; 1;t;, xy, ]
t <t Z: (J+1 ! t]) R4 tp<t Z: (]—H ! tﬂ) R4
Jj=0 7=0
k—1 9
+1OSupHE R(tii1its, .
bo<t jz::o ( J+1,tg, t]) Rd
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and
R(t; s, zs) :/t Ry(r;s,xs)dr + /t Ry(r;s,xzs)dp(r)
t
+ [ Dglan,)(Ra(5,5.),0) ().

Hence,

{H ZR (tstj, x¢;) ‘2 < 3EHZ/ (r; tj,xtj)drHRd

Jj+1
+3Z/ E||Ry(r;t;, x4, |3 dr

tj+1

+3z/ B||Dg(ws, 5) (Ra,r (5, 2:),0)|[3 dr

Lemmas 3.1 and 3.4 provide estimates of O(At?) for the last two terms. For the first
term, we further develop R from (3.1)

Ry(r;s,xs)
= Df(xs,8)(xr — x5, — 8)
1 , 9
—h s + h(x, — xy), h(r — r— X, T — dh
—|—/O (1-h)D f(x + h(zy — xs), s + h( s))(z T, T 5)

=D [(xs,5)(df (x5, )G (25, 8)L:(5),7 = 8) + Df (25, 8)(6,(5) + Ra,r (s, 25),0)
2

+/01(1 — h)sz(xs + h(z, —xs), s+ h(r — s)) (xr — T4, T — s) dh

so that
k=l et
HZ/ Ry (rity, @) dr *2HZRX ‘ .
j=0"1ti
k=l ot
+2Hz/t D (e, 1,)(0,7 — 1)

i=07t
1
©Df (e, £)(0,(t) + R (t7.30,).0) + / (1— )
0

><D2f(sc ¥ @y — @)ty + h(r —t; - — ) dnar|
t; Ty .'L'tj), J+ (T J) Ty .’Etj,r 7 T R

The second term is O(AtQ) by applying definition of § and Lipschitz property of the
initial data ¢, Lemma 3.4, and (2.5). We find

k=1 g, ) b1 ) 2
el 5 [ s o) < 2| S v )+

9



and the following observation completes the proof.

I3 Rxtr)
j=0

k

= 3 (Rx(t;), Rx (1)

2
Rd
1,7=0

|

AssuMPTION 4.1. For P(n) = {(i,j): 4,5 = 0,...,n}, suppose there exists
Q(n) C P(n) such that
KA, (i,5) € Q(n)

E (Rx(t:), Rx(t;)) < {KN{ (i,§) € P(n) — Q(n).

A calculation with (4.1) shows the assumption holds with Q(n) = P(n) and in the
stochastic ordinary differential equation case with Q(n) = {(¢,7): i = 1,...,n}, as

tit1

R (t:) = df (a(ts), t:) (9(a(t:)) (r)dr,0)

ti
and E (Rx (t;), Rx(t;)) = 0 for i # j (for i < j, use the fact that Rx(t;) is Fi,.,
measurable and E[RX (tj)|.7-"tj} = 0). To show that the Milstein method has order

one, we need Q(n) to have O(n) members, which as we show in Theorem 4.5 is true
when f and g have finitely many discrete delays.
THEOREM 4.2. Suppose that Q(n) has O(n) members. Then,

1/2
(E sup ch(t)—xn(t)ugd) < KAt (4.2)
te[—,T]

Proof. For ty, < s < tx41,
z"(s) — a(s) =a"(tx) — 2(tk)
min{tx41,s}
+f (FCkt4) = Foe, ) dr

ty

. /min{tk+l,5} (g(x?k,tk) —g(l'tkvtk))dﬂ(r)

123

min{tk+1,s}
+f (Dot ) (G 0T, +00(t0), 7 — 1)

t
— Dg(wty, ti)(G(Ety s tk) Ity + 6 (tr), 7 — tk)} dp(r)
+ R(s; tr, T, ).
For t;, < s <tpy1, let
D(s) =f(xp,, te) — [ (@, k)
M(s) =[g(at, th) = glwees tr)]
+ [ Dyt i) (G@, ) Loy + G(ti), 5 — )
— Dg(w4,,tr)(G(Zt,, tr) st + 0s(tr),s — tk)]-

10



Then,
2(s) — a(s) = /0 D(r)dr + /0 M(r) dB(r)
k—1

+ ) Rtjyity,me) + R(s te, 2,).
=0

For tj, <t < tpq1, let e(t) = Esup,o, [|27(s) — 2(s) |}

<4E supH/ D(r drH +4E SupH/ M(r)dB(r

s<t s<t

o]

2
‘Rd} +4E[ sup ||R(8;tk7mtk)||%{d]'

tkSSSt

+4E[H ZR(tj+1;tj?xtj)
7=0
1. For t;, <t <tpq1,

supH/ D(r drH <K/ SUPHD HRd]
s<t
<K / Esup || f(a05) — f(ze, 8)|[ dr

s<r

SK/erdr
0

2 S
supH/ M(r)dB(r }SKS%:)/O E||M(r)||% dr.

s<t

2. By (2.3),

Now, for t, < s < g1,

E[IM()13] <2E[llg(as,,te) = 9(westa) 1]

2k H‘Dg(x?k’tk)(G(j?}c,tk)lsmc +05(tk), s — tk)

= Dyt )Gl ) g, + 6405 — 1) ]
<Ke(s).

2 t
M )dB(r ] <K e(s)ds
R 0

3. Under Assumption 4.1 with the condition on Q(n) and Lemma 4.1,

So

bup
s<t

k—1

> R(tjiasty, )

Jj=0

E [ sup
t <t

2
‘ ] < KAt
R@

and we can also show

B[ sup [[R(site,u,)l[ha] < KAP
tr<s<t

11



Putting the estimates together, we have
)< K / s)ds+ K At?

and an application of Gronwall’s inequality completes the proof. O
ASSUMPTION 4.2. For0=71 <719 <--- <75 <7, suppose that

f(n,t) = F(n(—=m1),...,n(=71)), g(n,t) = G(n(—11),....,n(=71)),

forn € C. Denote 9;f = OF (x1,...,25)/0r; € R™4,
LEMMA 4.3. Suppose that Assumption 4.2 holds. For 0 <r <t and s > 0, let

®(n) = z(r,m) — E[xt(r, n)lfs] Then ® € C1(C,C) and

E[|De(m)|I3,] < Kt - 5.

Proof. For t + 6 < s, ®(n)(0) =0. For t + 6 > s and s > r,
(n)(0) =a(t + 0;7,n) — B[t + 6, m) |7

=a(t +0;5,2,(r,m) — B2t + 6;5,2,(r,m)) | 7]
t+6

t+6
= [ fsardp+ [ s, ) a5
’ t+0 ’

- [ B[t )l o

t+6

t+6
— [ Faprm))dp+ / o (s, 2:(r,m))) dB(p)

’ t+0
- [ E[r A

Under Assumption 4.2, f(x,(r,n)) and g(z,(r,n)) are mean square differentiable in n
with uniformly bounded derivative:

Of (xp(r,m))
on

<K

— ?

.= Z@ gl 22O T

EH on op

as f € C', |0z(p—7557,m)/0nllop < 1 for p—7; <7 and E||0x(p—T75;7,1)/0n]|2,

for p — 7; > r from (2.9) of Theorem 2.2. A similar equation holds for the partlal
derivatives in g and we conclude that

2
E[ sup HD@(n)(a) ] < K]t —s|.
0e[—,0] op
0
We will often work on the p times product space C' x --- x C' and let
[[(w1, w2, ..., wp)|| = max{{Jwilso, [wallos, - - - [[wplloo
for (w1, ws,...,wp) €C x---xC.
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LEMMA 4.4. Let Assumption 4.2 hold. Suppose that p + At < r < s and that
Ap, Ag are mean zero R™ random variables such that

A, is Fpyar measurable and independent of Fp,
A; is independent of Fs.

Consider h € C?(C x C x C x C,R™*™). Then
4 4 1/4
E| (A, h(p, 0,25 201 20)85) | < KALEIA [ BIAR- ) . (43)
and, if Ay, As are N(0,0%1),

E[(Ap,h(xp,xT,xs,xSJrAt)As)} < KAt o2,

Proof. Let y = [, %y, Ts, sy a¢]. By (2.6) of Theorem 2.1,
Ellg - yll%, < KA, (44)
where § = E[y|F;]. Taylor’s theorem provides
h(y) =h(y) + Dh(y) (y — §) + Rn,

where the remainder satisfies | Ry[lop < 5|/ D?Rop [y — 7% and, as the second deriva-
tive of h is uniformly bounded,

IBh A llrm < [1Rnllopl| Asllrm < Klly — 712 1A

RnL .

The Cauchy-Schwarz inequality gives
B[R] < K (B[lw - g1 B[1adk]) " < kare]jai.] "
As A has mean zero and is independent of § and hence h(7),
E[h(y)AulFprai| =B[Dh(@)(y — DA Fprar| + B[ Rud| Fpial
—a(2) + B[ RaAy| Fprar,
where z = [z, Tptas] and
a(w) = E[Dh(?(w)) (Y(w) - Y(w))As], welxC

where Y (w) = [w1, z,(p + At,wa), w5(p + At,ws), Tsyat(p + At, ws)]
and V(w) = E[Y(w)lj:s} for w = [wy,wy] € C x C.
For w,v e C'x C,
la(w) — a(v)|
<E H)Dh<17(w)>(Y(w) — Y (w)) = Dh(Y (0))(Y (v) — Y (v))

1/2 .
N
<B[[Dh(r @) () - ¥ w)) ~ DR 0) - V)| ]
<Blladi.] "

13



As h € C?,

| () () = ¥ () = DAF @)(¥ () =¥ ()|
<||(DA(Y (w) ~ DAY @)Y () = ¥ ()|
oA @)Y @)~ ¥ @)~ Y ) + )|

R

+ KHY(w) ~ Y (w)— Y(v) + Y(U)HOO.

By (2.5) and (2.9),
E[[[Y(w) - ¥(w)|% | <KAP,
E[|DY1,| <K.

and by Lemma 4.3

E[|Y (w) - ¥(w) = Y(0) + Y (0) || < KAtw - v

Hence,

E [HDh(Y(w))(Y(w) — Y (w)) — DR(Y (v))(Y (v) — ?(U))ij}
<K|lw — |2 At

or

1/2
aw) - a(v)| < KAME[|A ] llw = vloc-
Let z = [zp, E[xp+At|pr, which is independent of A,, so that

E|(A).a(2)) | =B (&),a() — a(2)) .

By (2.6),
E|z — 2|2, < KAtP/?
and
Ella(z) - a(2) [ <KAE[|A, | Ellz - 2112
<KACE[|A & -
so that

E[(A,,a()) | <B[I8,lrn lla(2) = a(2) |rn
< [B18 [ B[Ja(2) — @) ]]
<K AB[18, 1R ] B [1A ]

14



Putting everything together, as A, is F,4, measurable,

E[<Ap,h(xp,xr,xs,xswmsﬁ - E[<AP7E{h(y)AS|Fp+At}>}

and the right hand side

B[ (8 E[hm)A | Fpra]) |

:E[<A,,, a(z)) + <Ap’ E[RhASVHN} >]
<KAE[18, ] B[00+ (B[1A I B[R0 [ ])

<k AE[Ia, 5] B [1A ] + kar(B]IA R B ])

The inequality (4.3) follows as (EHAH%W)2 <E|A|gm-

To complete the proof, recall that for mean zero Gaussian random variables the
fourth moment is proportional to the second moment squared. O

The final theorem says that under the assumption of discrete delays, Assump-
tion 4.2, we can show that Q(n) has O(n) members and hence that Milstein method
converges in mean square with order one.

THEOREM 4.5. Suppose that Assumption 4.2 holds. If At < 1o then Assump-
tion 4.1 holds where Q(n) has O(n) members. In particular, the error estimate (4.2)
holds and the Milstein method converges with one.

Proof. With A(s,t) = f; I(s,r)dr,

J
Rx(ti) =Y 0af (@0)9(@t,—7, ) Ats — Tas ti1 — Ta)

a=1

and for ¢; < t,
B| (Rx(t). Rx (1)) |
¥ E[(0uf (20)9(00-5, ) Al = Tas tisa = 7a),
Onf @1,)9 (1, )AL = To,tis1 — 7))

E [<TA(ti — Tativr — Ta)s Aty — Ty b1 — Tb)ﬂ :
1

Il
8
7M™

where we treat Y in the following cases

1. fOI‘ti—TaStiSti+1—TaStj—TbStj

2. fOI‘ti+1—Ta§ti§t]‘—Tb§t]‘

3. fOI‘tH_l—TaStj—TbStj andtiztj—rb

4. fortj+177b§t¢77a§ti<tj

5. ti—Tagthrl—Tb and tj—Tbgti+1—Ta.
The last case only occurs for O(n) pairs (i,j). For the first four cases, we give
definitions of Y such that Lemma 4.4 applies.
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1. As At < 79, it must be that 7, = 71 = 0 and hence t; < t;41 <t; — 75 < t5.
T :ha,b(xtia Tt;—1p) Ltj—7ps JCtHlfn,)
=E[g(0,)7 00 f(20)7 00 (20,)9(0, )| oy,
hap(n1,m2,m3,M1) =E [g(ﬁl)Taaf(m)Tabf(Itj (tj+1 — T, 774))9(773))}

for 7, > At and

hao(011. 712, 13 1a) = B | g(0n)" 0u f (11)" 00 f (n) g(ns)]

for 7, = 0 (the second argument is included to make h have four arguments).
By Corollary 2.4, hyp, € C?(C x - -+ x C,R™*™) and Lemma 4.4 applies with
p=ty,r=1t; — T S=1; — Tp.

2. for ti—i—l — Ta < ti < tj — Tp,

T :ha,b(xti*ﬂﬂ Ltir Ltj—ps xtj+1*7'h)

=E|g(1,-7,)"0u f (@) 00 (21,)9(1, -1\ Ft, 11—, |
hao =E[g01)” 0af (12)7 90 (@1, (51 = 7o.10))ms)|
for 7, > At and
B = B[g(m)" 0uf ()" 00 (13)915)|

for 7, = 0. Lemma 4.4 applies with p =t¢; — 74, r =t;, s =t; — 7.
3. fOYti+1—Ta§tj—Tb§tj andtith—Tb

T =hap(T,—rys Tty —ras Tt rys xtj+1—7'b)7
—E[g(@t,7,)" 0 (21,)7 00 (20,)9 (1, -,) | Fiys |
Rap =E[g01)7 9 (21, @1, -1y 1)) 00 (21, (111, 10)) 9 ()]
for 7, > At and
has = B|g(0)" 0uf (@ (1,17, 10)) 00 (15)9 )]
for 7, = 0 (the second argument is included to make h have four arguments).
Lemma 4.4 applies with p =t; — 74, 7 =ti41 — To, S =1; — Tp.
4. fortjp — 1 <ty — T, <ty <
T Zha,b(l‘trn,, Ttji1—7r Lty—7q>s $t,i+1—ra)
—E[g(@t, ) 00 (@0,) 00 (00,)9(21,-0,)| Firis s, ]
Pa =E[015)7 8 (w1, (141 = 7o 1)) 70 f (0, (b1 — 7arm0)) g ()]
for , > At and
ha = B|9(n5)" 0uf (03) 00 (s, (ti1 = 70y ma))gm) .

for 7, = 0. Lemma 4.4 applies with p =t; — 7, r = tj41 — T, s = t; — 7,.
16



If ¢

—Tq #t; — 7 for any a,b=1,...,J, Lemma 4.4 applies with A, = I(p,p + At)

and Ay = I(s,s+ At). Because A,, A are N(0,021) with

At AL
o? = /0 /0 E[51(r)51(s)] drds < At?,

we find

E[(Rx(ti),Rx(t]‘» < KAt

Hence Q(n) has O(n) members and Theorem 4.2 applies to complete the proof. O
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