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1 Introduction

We consider the pathwise numerical approximation of the stochastic evolution
equation

du(t) = [—Au(t) + F(u(t))] dt + dW (t), t >0, (1)
u(0) = uyp,

on the Hilbert space H = L?([a,b]?). Here, —A is the generator of an analytic
semigroup (e~ t > 0) on H, u(0) € D(A), W = (W(t),t > 0) is a Q-
Wiener process on (€2, A, P) with values in H and the mapping F': H — H
is nonlinear, precise assumptions are given in Section 2.1. Finally, we assume
that A and the covariance operator () of the Wiener process have the same
eigenfunctions ¢, i.e.

Aqbn = O‘nﬁzsm Q¢n = /\n(rbm ne Nd7

where a,,, A\, > 0 and ¢,,, n € N?, is an orthonormal basis of H. In particular,
we have the representation

W(t)= 3 AN0a(t) - ¢ny  t20,

neNd

with independent scalar Brownian motions 3,, n € N

Typical examples for equations of the above type are the stochastic cable
equation

du(t) = [Au(t) — u(t)] dt + dW (t)
or the stochastic Allen-Cahn equation
du(t) = [vAu(t) +u(t) — u(t)?] dt + dW(t)

with periodic boundary conditions, where A denotes the Laplace operator
and v > 0 is a parameter. However, our assumptions cover also the case
that A is a fractional power of the Laplacian. This paper builds on the error
analysis for the exponential integrator method, introduced in [11], [12] for
equation (1) with A being the one-dimensional Laplacian. In [11] an H' error
bound for smooth Gevrey noise, i.e. with exponential spatial correlation, was
derived, and an L? and H™ error analysis for a post processing variant of
the exponential integrator scheme is given in [12], in the case of an arbitrary
driving infinite dimensional Wiener process W. Here, we extend these results in
the following way. We consider a general differential operator A in d dimensions
instead of the one-dimensional Laplacian and we derive pathwise error bounds
for this exponential integrator scheme. To do this we first derive error bounds



in the p-th mean for all p > 1. Then by a Borel-Cantelli type argument, which
has been used in a similar way e.g. in [5], [10], [13], we obtain the pathwise
convergence rates.

Up to the preparation of this article pathwise approximation of SPDEs
with an infinite-dimensional Wiener process has been considered so

far mainly for stochastic parabolic PDEs with multiplicative space-time
white noise, i.e. for equations with one space dimension, see e.g.

[8], [6] and [7]. In these articles the pathwise convergence rates

of several finite difference schemes are determined.

However, very recently, research on the pathwise approximation of

SPDEs has intensified. Simultaneously to the preparation of this article,
pathwise convergence rates for an approximation scheme for equation

(1), which uses linear functionals of the driving noise, have been
derived in [3,9] under weaker assumptions on the nonlinearity F'.
Moreover, pathwise approximation of SPDEs with coloured additive and
multiplicative noise has e.g. also been considered in [1] and [2].

2 Numerical Scheme

We now describe our numerical scheme for the approximation of (1). For this,
recall that ¢, are the eigenvectors of A, so that A¢, = a,d,, n € N¢ and
moreover that the driving Wiener process is given by

W(t) =Y A Bu(t) - dn (2)

neNd

So, consider the mild solution of equation (1), i.e.
t t
u(t) = e Mu(0) +/ e_A(t_S)F(u(S))ds—i—/ e~ A=) qW (s). (3)
0 0

(Existence, uniqueness and further properties of the mild solution
are established in Theorem 4.) Expanding the solution with respect
to the orthonormal basis ¢,, n € N?, i.e. writing u(t) =3, cnd tn(t):
®n, we obtain the infinite system of coupled equations

t t
un(t) = e " u,(0) +/ e_(t_s)o‘"Fn(u(s))ds+/ e~ =san N2 g3 (s). (4)
0 0

Here F,(u) denotes the n-th coefficient of F(u), that is we have F(u) =
ZnENd Fn(u) ' ¢n



Now let At > 0 denote the time step and N the size of the Galerkin truncation.
Consider the discretisation of (1) at times t; = kAt given by

i (trn) = €21 (G (t) + ALF,((t)) + AY?ABy ), (5)
1 (0) = un(0),

where |n| < N and ABy,, = B,(tkt1) — Bu(tx). The time continuous version
of this scheme is given by

n(t) = e (0) + /0 L= Lala0on 1 (55| ar)) ds (6)

+ / t e~ (mlslaanpl/2 g3 (s).
0

Here we use the notation |s|a; = maxgen{ts : tx < s}. We study a version of
the post processing method introduced in [12]:

an(tk—i-l) = e_Atan (an(t/ﬁ) + AtFn(a(t/ﬁ)) + 1{|n\§Nw})‘rlz/2ABk,N)> (7)
U, (0) = u,(0),

where |n| < N. The constant N,, describes the number of modes used to
approximate the Wiener process W. If the noise is smooth, then fewer modes
for the approximation of the noise than for the approximation of the non-
linearity can be used, see Corollary 3.4 in [12].

For the numerical analysis we use the following interpolant of @, (tx) in time:

n(t) = ¢ (0) + [ e, @ [5] ) ds (8)
+ Ljnj<nu) /0 e (llane N2 B, (s).

So, finally our approximation of u(t) is given by @(t) = X<y Un(t) - ¢ for
t > 0. Note that u(t) depends on N, the size of the Galerkin truncation, on
Ny, the number of the modes for the approximation of the noise W, and on
the stepsize At.

2.1 FError bounds in the p-th mean

We make the following assumptions on the nonlinearity F' and on the operators
A and Q:

Assumption 1 Let F' € C*(H; H), i.e. the mapping F : H — H is twice
continuously Fréchet-differentiable, and there exist constants Ko, K1, Ko > 0



such that

1F(u)llr < Ko(1+ [Julla) (9)
and
[dE ()| Ly < K, (10)
||d2F(u)||L(H><H;H) < K. (11)
forallu € H.

Note that the above assumption implies that [’ satisfies a global
Lipschitz condition. Moreover, we have the following assumption on the
eigenvalues of the covariance operator (), which is by definition self-adjoint
and positive.

Assumption 2 There exist v > 0 and constants Cy,Cy > 0 such that
Ci-n|77 <\, <Cy-|n|™7

forn € N4,

Note that for v > d we have the so called trace class noise and Q) = id is
included in the case 7 = 0. For the eigenvalues of the operator A we assume
that they are strictly positive and have a polynomial growth.

Assumption 3 The operator A : H — H 1is self-adjoint and positive. More-
over, a, > 0 forn € N, o, < «,, for |m| < |n| and there exist k > 0 and
constants Cs, Cy > 0 such that

Cz-n|" <a, <Cy-|n|”
forn € N4,

Thus — A generates in particular an analytical semigroup (e~4¢,¢ > 0) on H,
see [14].

Under the above assumptions, we have the following theorem, which in par-
ticular describes the smoothness of the solution in terms of the parameters ~
and k. Its proof is given in the appendix.

Theorem 4 Let Assumptions 1, 2 and 3 hold, u(0) € D(A) and let y+r > d
and T > 0. Then equation (1) has a unique mild solution (u(t),t € [0,T]),



which satisfies

sup E|lu(t)[7; < oo (12)
te[0,7]

for all p > 1.

Moreover, let 0* = =2 Then we have u(t,w) € D(A%), t € [0,T], for

all 0 < min{1,6*} and almost all w € Q. Finally, for all p > 1 and all
6 < min{1, 0*} we have

sup B[l A%u(t)|[}; < oo (13)
t€[0,T]

and there exist constants K, 9 > 0 such that
1/p
(Bllu(t) = us)llk) ™ < Kyro - |t = 51" (14)

for all s,t € [0,T) and all § < min{1/2,6*}.

Our main result for the convergence rates in the p-th mean is as follows:

Theorem 5 Let Assumptions 1, 2 and 3 hold and let v+ k > d and uy €
D(A). Then for alle >0, T >0 and p > 1 there ezists a constant K.z, >0
such that

~ 1/ min *l1—e —K —KkO*
S (Bllutt) —a@)5) " < Koy - (A0 4 N=w g Now7),
S El

Proof. This is given in §4.

To balance the error contributions of the different parts, we have to consider
two cases: (i) 0* > 1: Here it is optimal to choose

Nw = |Vcw . Nl/e*—l

with ¢, > 0, so we can use fewer modes to approximate the noise. Furthermore,
balancing the At-terms gives

At:CAt‘N_H

with ca¢ > 0. So, for 4 with such a choice of At, N, N, we have

sup (Bllu(t) - a(t)|)

te[0,7)

/p =
< Keryp- N7



(ii) * < 1: Here we can not save modes for the noise and have to choose
Ny = [ey - N

with ¢, > 0. Balancing the At-terms gives again
At =cpp - N°F

with ca; > 0. So, here we obtain

. 1/p ~ kb
sup (Ellu(t) — a(t)|5) " < Kerp- N7
te[0,T

Summarising, we have

~ 1/p T —kKk min *14e
sup (Ellu(t) —a(t)y) " < Koy Noomm00t (15)
t€[0,7
with
Ny = [c - N 0 At = cpy - N7F, (16)

In the case that —A is the one-dimensional Laplacian these error bounds
coincide (up to the arbitrarily small € > 0 ) with the results of Corollary 3.4
in [12].

2.2  Pathwise convergence rates

For the pathwise convergence rates, we need the following lemma, which is a
straightforward consequence of the Borel-Cantelli-Lemma, see e.g. [10].

Lemma 1 Let a > 0 and C, € [0,00) for p > 1. In addition, let Z,, n € N,
be a sequence of real-valued random variables such that

(BIZ,[)? < Cp-n®

for allp > 1 and all n € N. Then for all € > 0 there exists a random variable
ne such that
| Z,| < me-mmte P-a.s.

for all n € N. Moreover, E|n.|P < oo for all p > 1.

Applying this lemma we get the following result:



Corollary 1 Let Assumptions 1, 2 and 3 hold and let v+ k > d and ug €
D(A). Moreover let N, N, and At satisfy (16). Then for all T > 0 and ¢ > 0,
there exists a random variable n.r > 0 such that

HU<T7 w) - 'I/L\(T, W) HH S nE,T<W) .NTFE min{1,0*}+e

for almost all w € €.

Since [|2[|F = [, 4a P(2)? dz another application of the Borel-Cantelli-Lemma
yields:

Corollary 2 Let the same assumptions as in the previous corollary hold and
assume additionally that v+ Kk > d+ 2 and kK > 1. Then we have

u(T,x,w) N2 (T, 2, w)

for almost all w € Q and almost all x € [a,b]e.

So, in the case of the d-dimensional Laplacian, i.e. K = 2 and trace class noise,
i.e. 7 > d, the exponential integrator scheme converges for almost all w € €2
and almost all z € [a, b]“.

3 Numerical illustration

Consider the Allen—-Cahn equation in two-dimensions
du(t) = [vAu(t) +u(t) — u(t)?] dt + dW(t)

with periodic boundary conditions on [0, 27] x [0, 27]. Here we have the d = 2
dimensional Laplacian operator, so that k = 2 in Assumption 3. We take noise
that is white in time and vary the spatial regularity through the parameter
v in Assumption 2. With these values we see that §* = /4 and we have a
critical value of v = 4. We integrate using (7) to a final time 7" = 2 with a
time step of At = 0.005. For our numerical calculations, we take the diffusion
coefficient v = 0.004. To test the numerics, “true” solutions were computed
using 256 x 256 modes and two sample “true” solutions at 7" = 2 are plotted
in Figure 1. These solutions are computed with the same path and it is only
the regularity of the noise that varies, in (a) v = 4 and (b) v = 3, and visually
this is reflected in the regularity of the solution. In Figure 2 we show that our
results agree with the theoretical results and for v = 4 we see convergence like
N~2 (numerically we observe in the figure —2.05) both for a single realisation
and for the mean over 100 realisations. For v = 3 we have convergence like



the predicted N=3/2 (numerically we observe in the figure —1.53) again for a
single realisation and for the mean over 100 realisations.

(a) (b)
z
-

OLA_‘_A

0 1 2

L

x

Fig. 1. Plot of two sample true solutions with 256 x 256 modes at time 7' = 2, (a)
v =4 and (b) v = 3. Note the solution in (a) is smoother than the solution in (b)
as the regularity of the noise decreases.

(a) (b)

—+—100 realizations ——100 realizations

LS B . —o—1 realization || —e—1 realization
10
—slope 2 —slope 3/2

Error

Fig. 2. Convergence in space for (a) v = 4 and (b) v = 3. Plot is a loglog plot of the

error on [0,2], i.e. of max;e( o ||lu(t, w) —u™ (t,w)| g for the single realisation and of
maxe(o,2] (155 SO |t wi) — ul (t,w)||%) 2 for the mean over 100 realisations,
as the system size N is changed. Results are plotted for a single realisation and for

the mean over 100 realisations. In (a) we see the predicted rate of N2 and in (b)
N3/,

4 Proof of the convergence result

We prove Theorem 5 by estimating

1/p
sup |Ellu(t) —a(®)|ly| ,  7€[0,T],

te(0,7]



for p > 2 and applying Gronwall’s Lemma. (Note that the estimates for
1 <p <2 follow by Holder’s inequality.)

4.1  Preliminaries

We first recall some basic facts of stochastic integration with respect to a
Q-Wiener process. Let (2,4, F,P) be a filtered probability space and let
W = (W(t),t € [0,T]) be a Q-Wiener process on this space with respect
to the filtration F = (F;,t € [0,7]). Denote by Ly := HS(QY?(H), H) the
space of Hilbert-Schmidt operators from Q'/?(H) to H and by || - |1y the
corresponding norm given by

IC]17g = Te(C*QC) == > (C*"QCpy, pn),

neNd

where ¢,,,n € N, is an arbitrary orthonormal basis of H. Moreover denote
by L% := L%([0,T]; LY) the space of all predictable stochastic processes X =
(X (t),t € [0,T]) with values in L9 such that

T ) 1/2
Xl = ([ BIXOIgat) " < oo

Then for X € L% the stochastic integral

/0 "Xy aw

is well defined as an element of H and we have the following Ito isometry:

E‘ /OTX(t) AW (1) j{:/OTEHX(t)H%g dt. (17)

(A process X with values in LY is called predictable, if X : [0,T] x Q — LY is
a Pr — B(LY) measurable mapping, where Pr is the o-field generated by the
sets (s,t] x F, with s,t € [0,T], F € F,s and {0} x F with F € F;.)

The Ito integral satisfies the following stability property, see e.g. Proposition
4.15 in [4]: Let G : D(G) — H be a closed operator, where D(G) is a Borel
subset of H and let moreover X € L2 such that P(X(t) € D(G) for all t €
[0,7]) =1 and GX € L%. Then, we have

P(/OTX(S) AW (s) e D(G)) 1

and
e /0 X () dW (s) = /0 GX(s)dW(s) P-as.

10



Moreover, one has the following version of the Burkholder-Davis-Gundy in-
equality, see e.g. Lemma 7.2 in [4]: For any r > 1 and any X € L% there exist
constants C, > 0 such that

E’ /OTX(S) avs)| < CTE</OT IX(s)II2 ds)r. (18)

We need the following version of the stochastic Fubini theorem, see e.g. The-
orem 4.18 in [4]: Let Y : [0,T] x Q x [0,7] — L3 be a Pr x B([0,T]) —
B(LY)—measurable mapping such that

T T 1/2
/ (E/ 1Y (t,5)]0 dt) ds < 0.
0 0 2
Then we have P-a.s.

// (t,s)dW (t ds-// (t,s)dsdW(t). (19)

We also require the following properties of the operator A and the semigroup
e~ see e.g. Theorem 6.13 in Chapter 2 in [14].

Lemma 2 For arbitrary 6, > 0, 0 < §y < 1 there exist constants Cs,Cg > 0
such that we have

A% e\ ey < Cst™ (20)
and
A~ (id —e~ ) || Ly < Cot™ (21)

for any t € (0,T].

We denote by Py : H — H the orthogonal projection of H to the subspace
generated by {¢, : [n| < N}, ie.

Pyu = Z Cn - On

In|<N

for u =3, cna €y - ¢, € H. Clearly, we have

IPyullyy = > leal®

and

11



for w = >,ena € - @n, which we use several times in the following. We also
have

|| (ld _]P)N)e_AtHL(H;H) S e min{an: [n|=N}t (22)
for t € [0, 7.

Finally, we require the following estimate, which can be obtained by straight-
forward calculations. Let 0 > d. Then, there exist constants C7, Cs > 0, which
depend only on d and J, such that

Cr- N7 < N |n| ™0 < Cg- N7OH, (23)

[n|>N

After these preparations, we can now start with the error analysis. To estimate
terms, we use a generic constant C' which varies between instances but is
independent of At, N, N,, and t € [0,T]. Moreover, we write || - || instead of
|+ {lm, I - |z iy vespectively | - [[1g, if no misunderstanding is possible.

4.2 The initial value

For the error of the approximation of the initial value we have

INITIAL = sup e (u(0) — @(0))]|.

te[0,7]

Since

sup [le”™*(u(0) — a(0)[* = sup_ > e [un(0)]* = > |ua(0)”

t€[0,7] te(0,7] In|>N In|>N

and u(0) € D(A) it follows that

1/2 1 1/2 1
INITIAL = ( ¥ [u0)F) < —( 3 Jowua(0)?) < [l 4u(0)],
In|>N AN N >N N
where oy, = min{a, : |n| = N}. So, we obtain
INITIAL < C- N°* (24)

by Assumption 3.

12



4.3  The noise terms

For estimating the noise terms recall that

W(t> = Z )‘711/25n(t) : ¢n

neNd

(i) Consider first the noise with modes |n| < N,,.

We have
t p1/p
NOISE,; = sup [E Z >\711/2(/ (e*(tfs)an _e(tLSJAt)an)dﬁn(S>> - Pp } .
te(0,7] [n|<Nuw 0
Since
t
S ([ (e — et b ag () g = [ le,s) W (s)
In|<Nuw 0 0
with

Sp(ta 3) _ Z (e—(t—s)an — e (t=ls]a) an) b,

In|<Nw

an application of the Burkholder-Davis-Gundy inequality (18) yields

NOISE, < C sup U lo(t, )12 ds}

t€(0,7]

However,
2
ot )2y = 3 A t9an — em(t-lslanan)

[n|< Ny
and thus

9 1/2
NOISE,; < C sup { / > An(e e — eimlalaen) ds} .

te[0,7] [n|< Nuw
Since for every 6 € [0, 1] we have
le™ —eY| < |z —yl° z,y >0,
we obtain
/Ot (6—(t—s)an _ (=] Az)Oén 2 s < / 2(t—s)an (1 _ e (s=Lslar) an) ds

S Atwa?f/ e—2(t—s)an ds § CAtQGQiO—l
0

13



for 6 € (0,1). Hence we have

NOISE, < CA¥( Y o) " <car'( X )

7| <N |n| <N
since
20—1 —~y—K+20K
0< A\ <C-|n|™

by Assumptions 2 and 3. Recall that 6* = %’?d. So, for 0 < 6* we
have —y — Kk + 20k < —d and thus

Z |n‘7'yfn+29n < 0.
neNd

Hence we have obtained
NOISE, < C - At (25)

for 6 < min{l,6*}.

(ii) Now consider the noise with modes |n| > N, i.e.

p11/p
NOISE; = sup [E ]
]

telo,r

t
Z /0 A;/Qei(tis)andﬁn(S) X ¢n

[n|> Ny

t
(id — Py, ) / e~ At=3) q)/ (s)
0

p11/p
= sup [E } :
t€[0,7]

Using the stability of the Ito integral and the Burkholder-Davis-Gundy in-
equality, see Subsection 4.1, we have

t 1/2 A\ 1/2
NOISE, < sup C( Z /\n/ 6—2(t—s)and8) < O( Z n) ‘
0

0] N>, nf> N,y
Assumptions 2 and 3 and the estimate (23) now give

NOISE, < C - N{7=r+d/2, (26)

14



4.4 Nonlinear terms: modes |n| > N

Consider now the nonlinear terms of F' not contributing to @: Using Jensen’s
inequality, estimate (22) and Assumption 1 we have

t p11/p
TAIL = sup [E’ > /e_(t_s)“"Fn(u(s))ds-qén }
te(0,7] In|>N 0
t N p11/p
= sup [E’ / (id —=Py)e 4 (u(s)) ds ]
te[0,7] 0
tr A p11/p
< sup E||(id —Py)e 94 F (u(s)) } ds
tefo,7] /0 L
t
< C sup [ e CIWE(L + [|u(s)])"]VP ds,
tefo,7] /0

where a} = min{«, : |n| = N}. Since

sup E(1+ |lu(s)]|)? < o0
s€[0,T

by Theorem 4, we have

t * 1
sup | e TN [E(L 4 |ju(s)|))?]P ds < C—
tel0,7] /0 QN

and thus we obtain by Assumption 3 that

TAIL < C-N*. (27)

4.5 Nonlinear Terms: modes |n| < N

We have

sup {EH nng /t oo (t=Ls]at) <e_an(|_5JAt—S)Fn<u(8)) _ Fy (]3] At))) is -6, p} 1/p

te(0,7] 0

< C-(NL; + NL, + NL3),

15



where

NLy = sup [B] [ et (5, u(s)) — Fatuls)a) ds 6] ]

tE[O,’T} L ‘n|SN

)

?

r t py1/p
NLy = sup B 30 [Teon 100 (F (u((s]a)) — Fa(lls)a)) ds - én)] |

tefo,r] L In|<N

i t
NL; = sup |E Z / oo (t— LSJAt)(e—an(LSJAt—S) _ 1) F,(u(s))ds - ¢y,
0

tE[O,’T} L ‘n|SN

p] 1/p

(i) The first term. Note that

S [ el (Eyfu(s)) ~ Fu(ulls]an) ds - o

[n|<N

= B[ [ A (Pu(s)) - Fuls]a0) ds).
Since F is twice Fréchet differentiable we can write
F(u(s)) = Fu([s]ar)) = dF(u([s]ar))(u(s) = u(ls]ae)) + 7
where
rs = ;dQF(éu(LSJ ar) + (1= &)uls)) (uls) = ul|s]ar), uls) = ul|s]ar))
for some £ € (0,1). Since d?F is bounded by Assumption 1, we have
Il < Cllu(s) — u(Ls]an)II*.
Moreover, we have
u(s) = u(ls|ar) = 0, + &5 + 6
with

5 = (e AC 1030 idyu(|s) ar),
5;1 _ /S e_A(S—T)F(u(T)) dT,
[s]at

3y = / e~ A7) dw (),
[s]ae
SO we can write

F(u(s)) = F(u(Ls]ae)) = dF (u(ls]ae))d% + dF (u(]s] ar))d; + dF (u(|s] ae))0y + 7.

16



Thus, we have

p] 1/p

p} 1/p

[EH tefanoef 180 (Fo(u(s)) = Fau(ls]a)) ds - 6

In |<N

= [B[[py [ et (Puts)) = Futls)so) as
/0 e AU=Ls1a0 g F (5] ar))6" ds p] w

r t py1l/p
+C[B| [ et Ia0ar (u(|s]a)o! ds ]
L 0
p]l/p

SO{E‘

r t
+C|E / e~ AC=1sla0 G B (| 5] ar)) 0¥ ds
L 0
p]l/P

For the first term note that P(u(LsJ at) € D(A%) for all s € [O,T]) =1 by
Theorem 4 and thus P-a.s.

(et 20 —idju([s]an)|| < A0 (e 1a) —id) A%u([s]ad)

+C _E /t e_A(t_LSJAi)rs ds
I 0

since A% and the semigroup e~4* commute. Now, Lemma 2 gives P-a.s.
1A (em A2 —id) A%u(|s)ar) || < Cls — Ls)ae [ A%u(Ls]a0) -

So we obtain by the assumptions on the nonlinearity F' and the boundedness
of the semigroup generated by —A that P-a.s.

) )
‘/e_A(t—szAt)dF(u(LSJAt))CS;ds
0

for ¢t € [0, 7). An application of Holder’s inequality and Theorem 4 yield that

t
< I /O ”e_A(t_LSJAt)H”A@U(LSJAt)H ds

t
<0t [C|A%(|s)ar)l ds

py1/p
} <C-At° (28)

. .
/ e_A(t—LSJAt)dF(u( LSJ At))éfs ds
0

sup [
t€[0,7]

for all § < min{1,6"}.

Now to the second term. Here we have by the assumptions on the nonlinearity
F' and the boundedness of the semigroup generated by —A that

sl <c [t lul)dr

So we obtain

¢ [s]at+AL
[ e baap (s aitas| < ¢ [ [ )l drds
0

SJ At
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and it again follows by Theorem 4 and an application of Hélder’s inequality
that

¢ py1/p
/e_A(t_LSJAt)dF(U(LSJAt))(SgdS } <C-At (29
0

sup [E’

te[0,7]

The third term: Since

iy = /LS e~ A6 qw (1)

s
SJ At

we have

/ e At Lels0 dR(u( ] a0))] [ e aw e ds

Ls]at

t s
= [ [ e 0a R (5] a))e A0 aw (7) ds
0 J|s]at
T T
:/0 /0 1H_SJA1515](T)l[oyt](S>67A(t7LSJAt)dF<’U,(LSJAt))eiA(SiT) dW(T) ds

using the stability of the It6 integral, see Subsection 4.1. By the stochastic
Fubini Theorem, see again Subsection 4.1, it follows P-a.s.

T T
/0 /0 1 agarsl (T) Lo (8)e™ A2 GR (| 5] ar))e ™A dW (1) ds
T rT
:/0 /0 Lr,fr1ad () o (T)e 1120 d R (u( ] ag))e ™47 ds W(7)

t [T] At
:/ {/ A e_A(t—LsJAt)dF(u(LSJAt))e—A(s——r) ds] dW(T),.
0 T

where [7|a; = mingen{ts : tx > 7}. Since
6_A(t_|_3JAt)dF(u(LSJAt))e_A(S_T)¢n — e—an(t—LsJAt)(dF)n(u(LSJ At))e_o‘”(s_”%,
where (dF'),, denotes the n-th coefficient of dF', we have

le= A ad P (u(| s a0)e M7 ITg = D7 Ane 2 AR, (u( | 5] a0)

neNd

< 30 e DA ) (ul 3] a0) P

neNd

and thus

He—A(t—Lst)dF(u(LSJAt))e—A(s—r)H%g <C Z A, e 2en(t=T)

neNd

by the assumptions on F. Hence it follows

2

[T]at
/ ° €_A(t_LSJAt)dF(U/<LSJAt))e_A(S_T) ds

< 2 —2ap (t—7)
s CAt Z Ané .

Ly neNd
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Thus, we obtain by the Burkholder-Davis-Gundy inequality (18) that

[T1ac p11/p
sup B e~ A a) d P (u(| 5] a))e ™A ds dW (1) ]

te[0,7]

1/2
< (JAt( > A") :

neNd Qn

Since v + k > d we have ZneNd = < oo and hence

¢ p11/p
sup [E’ e AR (u(|s] )5 ds } <C.AL (30)
] 0

tel0,7

Finally, for the remainder term r, we obtain by straightforward estimations
and Theorem 4 that

p11/p
A(t—\_SJAt)TS ds :| S C . Ate + C’ . At (31)

sup {
te(0,7]

for all @ < 1. Thus combining the estimates (28)—(31) yields
NL; < C - At’ (32)
for all # < min{1,0*}.

(ii) The second term. Here we have

NL; = sup {

te[0,7]

p] 1/p

n(t—s]at) (F (u(ls|a)) — Fn(u( LSJAt))> ds - ¢,

|n|<N
Again, we can write
A 15)a0) i pl/p
NL; = sup [BBy [ 4100 (Flu((s] o)) - F(a(ls)a0) ds| |

te[0,7]

So we obtain by Jensen’s inequality, the Lipschitz continuity of F' and the
boundedness of e~4* that

T

NLy < C [ sup [Blu(t) - a(t)[?] " ds. (33)

0 telo,s]

(iii) The third nonlinear term.

NLj3; = sup {

te[0,7]

p} 1/p

Z / n(t—1s]At) ean(s_\_SJAt) — ]_)Fn(u(S)) ds - gbn

n|<N
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Rewriting this expression using the projection operator and applying Jensen’s
inequality we have

t p1/p
NL;3 = sup {E‘ IPN/ e_A(t_LSJAt)(eA(S_LSJM) - id)F(u(s)) ds }
tel0,7] 0
tr p1/p
< sup E[e 40 (1d —e Al LSJN))F(u(s)) ] ds
tefo,r] 70
tr p1/p
< sup EHAee_A(t_S)A_e(id—e_A(S_LsJAt))F(u(s)) } ds
te[0,7]

< s / e et (ia e et | ] )

te[0,7]

Now Theorem 4 and Lemma 2 give

NL;3; < CAt? sup t(t — )" {EHF(U( ))Hp] P 1

tefo,7] Y0
for all & < 1. So using Assumption 1 and Theorem 4 we have
NL; < C - At (34)
for all 6 < 1.

(v) Now, combining (32)-(34), we have

NL<C [ sup [E|u(t) - (t)HPF/p ds+ C - At?. (35)

0 telo,s]

for all # < min{1,0*}.

4.6 Conclusion

Combining the estimates (24)—(27) and (35) we have achieved the following
inequality

s [Buts) —ats)]"

< [ sup [Ellutt) —a@|]" ds + C- N7 4 € NGTEI2 L 0LAL

0 telo,s]

for all # < min{1, 6*}. Gronwall’s Lemma provides now the assertion of The-
orem 9.
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A Proof of Theorem 4

We first show the following lemma:

Lemma 3 Let i+7y > d, 0 < 0* = 224 and 9 € [0,1/2] such that 9+6 < 0%

Then there exist constants Cy, Cio,C11 > 0, which are independent of s,t €
[0, T, such that

[l By du < s, (A1)
/ AT A2, q < Cog -t — 5 (A2)

and
1A% e — A < O e s (A.3)

Proof. Throughout this proof, we will denote constants, which are indepen-
dent of s,t € [0,T], by C regardless of their value.

(i) Recall that here LY denotes the space of Hilbert-Schmidt operators from
QY*(H) to H and | - Lo is the corresponding norm given by HO”%Q =
Tr(C*QC). Since e~* is self-adjoint with eigenvalues e~ and eigenvectors
¢; and since moreover () is self-adjoint with eigenvalues ); and eigenvectors
¢; and ¢;, j € N is an orthonormal basis of H, we have

Tr(e—AuQe—Au) — Z <€_AUQ€_AU¢]',¢]'> — Z 6_2ajuAj.

jeNd jENd

Thus we obtain

r —As |2 r —2a;s /\j
|l tliyds = 3 [F e ds < 3 2

jENd jeNd Y

Since

A
0< =L <[

J
by Assumptions 2 and 3, we obtain

T
[ lle®3gds <0 3 117 < o
0

jeNd
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for kK +~v > d.
(ii) We have similar that

||A9€—A(t—u) ||i0 _ Z 6_2aj(t_u))\j05?0
: jENd

and hence

t
/ ||A06—A(t—u)||%g du < Z )\j&?a_l(l _ 6_2aj(t_s)).

jend
Since for every 6 € [0, 1] we have
e —e | <z -y, wy>0,
it follows

t
[ 1A% ARy < s 2,020 < Cfesf Y [0
s jeNd jENd

for ¥ € [0,1/2] by Assumptions 2 and 3. Moreover, ¥ 4+ 0 < 6* yields
2k(04+9) <v+K—d

and thus
Z ‘j’777n+25(9+19) < 00.
jeNd
(iii) Similar to (i) we obtain
[ A9(A — A 2y | A% A0 (A ) 2

_ Z a]?ﬂ)\je—Qozj(s—u) (e—aj(t—s) . 1)2
jeNd

and thus

||A9(6—A(t—u) . e—A(s—u))H%g < C|t . 8|219 Z a?(@-ﬁ-ﬂ)/\je—Za]-(s—u),
jENd

respectively

/ ”Ae(efA(tfu) _ efA(sfu))H%g du < C’t _ S|219 Z )\jai(é—&-ﬂ)—l.
0

jeENd

Now we can proceed as in (ii).
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Proof of Theorem 4.

We will again denote constants, which are independent of s,¢ € [0, 7], by C
regardless of their value.

(i) Note first that the stochastic integrals
¢
Wa(t) = / A qW(s),  tel0,T],
0

are well defined, if

T
| lle g ds < oo,
0 2

see Theorem 5.2 in [4]. The latter is true for x + v > d due to Lemma 3. Ex-
istence of a unique mild solution of equation (1) with sup,cp 7 Ellu(t)[|P < oo
for all p > 1 follows now from a straightforward generalization of Theorem 7.6
in [4].

(ii) Now recall that 6* = %’Z_d, let § < 6* and consider

Wa(t) — Wa(s) = /t e~ A W (u) 4 /OS (e_A(t_“) — e_A(S_“)> dW (u).

S

By Lemma 3 and the stability of the It integral, see Subsection 4.1, we have
that A?(W4(t) — Wa(s)) is P-a.s. well defined. Moreover, by the Burkholder-
Davis-Gundy inequality (18) and the above lemma we obtain

[BA(Wa(t) — Wa(s) 7]

t p71/p s py1l/p
<C [E [ Ate e aw () } e {E [ A (e 0 — Al v (u) ]
s 0
" 9 1/2 s 2 1/2
0 —A(t—u) 0, —A(t—u) _ —A(s—u)
SC[/S A'e Lgdu} +C’[/O HA (e e )Lgdu}
<C|t—sl’

for all 9 € [0,1/2] such that ¥ + 6 < 6*. The Kolmogorov-Chentsov Theorem
now implies that there exists a modification W, of W, such that

Wa(,w) € () C([0,T]; D(A%))

0<0*
for almost all w € Q2. Moreover, we have

}l/p < C|t_8|min{1/2,9}

sup [BIAWA@)|7] " < oo, [EIWalt)~Wals)F

t€[0,T7]

for all s, € [0,7] and 6 < 6*.
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(iii) Finally consider A%(u(t) — u(s)), s,t € [0, T]. We have P-a.s.
AP (u(t) — u(s)) = A®(e~Mu(0) — e~ **u(0)) + A° / LA B (u(r) dr
A" [C (A = A Pu(r)) dr + AW a(t) — Wa(s))
for all 5,t € [0, 7). So it follows
[E]A°(u(t) - u(s))H”]”” <L4L+I3+1,

with

(,

I = | A% 4 (e 407 —id)u(0)
r t
I, = |E|[A° / =A== F(u(r)) dr

)

p} 1/p

Y

Is = |E|| A’ / T AT (A _id ) P(u(r)) dr
L 0

1/p

p} 1/p

I4 = E AQ(WA(t) — WA(S))HP}
Since u(0) € D(A) we have by Lemma 2 that
I, = || A% (e~ A=) —id)u(0)|
< Jlem A A (e A=) —id) Au(0)|
< [le™ 1A% (e A —id) | || Au(0)]]
<Clt— st
for all # < 1. Moreover, by step (ii) we have
I, <CJt—s|”

for all ¥ € [0,1/2] such that ¥ + 6 < #*. For the second term we obtain by
Jensen’s inequality and the stability of the integral that
t p1/p
I, — [E‘ [ Al AT P u(r) dr }

S

t
S/ |A%e= 4D [BILF (u(r) 7]/ dr.
Hence Assumption 1 and Lemma 2 give
t
L<C |- T|9(1 + sup [EHu(t)Hp]l/p> dr.
s t€[0,T]
Since sup,ejo 7 Ellu(t)||” < oo by part (i) of the proof, it follows

12 S C|t - S|1_6.
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Finally, consider the third term. Here we have, proceeding as above,

s py1l/p
I3——{E4{/ Alem A6 (A=) _id ) F(u(r)) dr ]
0
< [Marse e[ A (et —ia)| (1 + sup [EHu(t)Hp]l/p) dr
0 te[0,7)
<C|t—s|
for 6 <16,

Combining the estimates for Iy, Iz, I3 and I we obtain
B[4 () — u(s)|[]"" < Clt = o + Clt - I,

for all ¥ € [0,1/2] such that § + ¢ < 6* and ¢ € [0, 1] such that § < 1 — #.
Hence by the Kolmogorov-Chentsov Theorem it follows that there exists a
modification @ of u such that

itwye () o(0.1]; DA%

0<min{1,0*}

for almost all w € €. Furthermore, the above estimates give

1 1 .
S [EJ| A%()|7] " <, [E|ja(t) — a(s)||"] P < Ot — s|min(1/20)

for all s,¢ € [0,7] and § < min{1,6*}. O
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