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ON DAVIS-JANUSZKIEWICZ HOMOTOPY TYPES II;
COMPLETION AND GLOBALISATION

DIETRICH NOTBOHM AND NIGEL RAY

ABSTRACT. For any finite simplicial complex K, Davis and Janusz-
kiewicz have defined a family of homotopy equivalent CW-complexes
whose integral cohomology rings are isomorphic to the Stanley-Reisner
algebra of K. Subsequently, Buchstaber and Panov gave an alternative
construction, which they showed to be homotopy equivalent to the orig-
inal examples. It is therefore natural to investigate the extent to which
the homotopy type of a space X is determined by such a cohomology
ring. Having analysed this problem rationally in Part I, we here consider
it prime by prime, and utilise Lannes’ T" functor and Bousfield-Kan type
obstruction theory to study the p-completion of X. We find the situation
to be more subtle than for rationalisation, and confirm the uniqueness
of the completion whenever K is a join of skeleta of simplices. We apply
our results to the global problem by appealing to Sullivan’s arithmetic
square, and deduce integral uniqueness whenever the Stanley-Reisner
algebra is a complete intersection.

1. INTRODUCTION

For any finite simplicial complex K, the Stanley-Reisner algebra Z[K] is
an important combinatorial invariant [St], and may be graded by assign-
ing dimension 2 to each of its generators. The corresponding R-algebra
R[K] is defined over any commutative ring R as R ® Z[K], and a topolog-
ical space X realises R[K| whenever H*(X;R) is isomorphic to R[K] as
graded R-algebras. In their pioneering work on toric topology [DJ], Davis
and Januszkiewicz construct a family of realisations of Z[K] for every K,
and show each of them to be homotopy equivalent to a certain universal
example. We refer to a generic representative of this homotopy type as a
Davis-Januszkiewicz space DJ(K).

Questions of uniqueness then arise, and suggest that we investigate the
relationship between the geometric properties of K and the number of ho-
motopy types which realise Z[K]. As usual, the problem is best approached
by dealing separately with its rational and p-adic versions, and applying
Sullivan’s arithmetic square to recover global information. We consider the
rational situation in [NR], and study the case in which Q[K] is a complete

Key words and phrases. Arithmetic square, completion, Davis-Januszkiewicz spaces,
homotopy colimit, Stanley-Reisner algebra, T-functor.
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intersection. The rational homotopy type of any realisation of Q[K] is then
unique, up to weak equivalence of nilpotent spaces.

Our purpose here is to address the p-adic version of the problem. We ob-
tain uniqueness statements for a somewhat larger class of complexes K, from
which we deduce global uniqueness for complete intersections by appealing
to the arithmetic square. So far, we have little evidence to suggest that
these results may be extended to more general K, either p-adically or glob-
ally; nor, however, do we have any example of an exotic Davis-Januszkiewicz
space that realises Z[K] yet fails to be homotopy equivalent to DJ(K). On
the other hand, a simple cohomological argument proves that the suspension
of any such space is equivalent to X' DJ(K), for every K.

We refer readers to [NR] for detailed background and prerequisites, and
summarise the crucial points in Section 2 below, where we also state our
main results explicitly. Unlike the rational version, we have found no help-
ful formulation of the p-adic problem in terms of model category theory.
Nevertheless, we work in several algebraic and geometric categories which
admit model structures, and appeal regularly to the language of homotopy
colimits. We insist, for example, that our spaces lie in the model category
TOP of k-spaces and continuous maps [V]. Sometimes we deal with based
CW-complexes (X, ), which lie in the pointed category TOP™; then x is a
distinguished 0—cell and its inclusion into X is a cofibration.

So far as notation is concerned, we let p denote a fixed but arbitrary prime
throughout our work. We usually abbreviate the cyclic group Z/p to C in the
interests of notational simplicity, and write Zz/v\ for the p-adic integers. We
denote the field of p elements by F,, and the topological group of unimodular
complex numbers by T, in order to distinguish them from the underlying
group Z/p and the underlying circle S* respectively. Over any commutative
ring R with identity, we interpret the polynomial algebra generated by a set
V of graded independent variables as the symmetric algebra Sg(V) on V.
Finally, for every pair of objects g and z; of an arbitrary category C, we
write C(zg,z1) for the set of morphisms zy — ;.

For any space X we consider the p-adic completion Xzﬁ\ described by Bous-
field and Kan [BK], which agrees with Sullivan’s original p-completion in all
our cases. Given a p-complete space X realising Zz/; [K], our underlying
strategy is to develop methods of comparing X with a canonical represen-
tative he(K) for DJ(K), and each of sections 3 to 8 takes steps towards this
goal. We organise the programme as follows.

In Section 3, we begin by assuming that Xg realises IF,[K], and apply
Lannes’ T-functor to compute the mod p cohomology ring of certain com-
ponents of the mapping space map (BC?, X ) for appropriate elementary
abelian p-groups C?. We extend our computations to p-adic cohomology in
Section 4, by taking advantage of the fact that the mod p ring is zero in
odd dimensions. In Section 5 we develop the corresponding results for cer-
tain components of map (BT, Xk ), by interpreting TpA as a limit of cyclic
subgroups Z/p".
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In order to bring these calculations to bear on the central problem, we
provide a brief survey of higher limits of algebraic CAT(K)-diagrams in Sec-
tion 6. These feature prominently in the obstruction theory associated to
Bousfield and Kan’s spectral sequence for homotopy limits, which we inves-
tigate in Section 7; in particular, we show that there are no obstructions to
defining a homotopy equivalence he( K )7/)\ — Xk when K is the skeleton of a
simplex, and deduce p-adic uniqueness in such cases. We extend the results
to iterated joins in Section 8, where we also confirm that homotopy classes
of self-equivalences of X are classified by their action on cohomology. Fi-
nally, in Section 9, we employ the arithmetic square to combine our p-adic
conclusions with the rational calculations of [NR], and prove global unique-
ness for Xx when K is a complete intersection. The latter is equivalent to
identifying K as the iterated join of a simplex with boundaries of simplices.

The authors would like to reiterate their gratitude to the organisers of
the International Conference on Algebraic Topology, held on the Island of
Skye in June 2001, for providing the environment in which their collabo-
ration began; and to the London Mathematical Society for its support of
the Transpennine Topology Triangle, whose meetings have ensured that it
continues to flourish. They are also indebted to their colleagues Tony Bahri,
who encouraged us to include our remarks on the suspension of DJ(K), and
Taras Panov, who contributed so generously to many of our discussions.

2. PRELIMINARIES AND MAIN RESULTS

We shall work with a canonical representative for DJ(K), constructed
as the homotopy colimit of a diagram of topological spaces. Our methods
depend upon the cohomological and homotopy theoretic properties of such
diagrams, so we recall the crucial definitions and notation in this section.
Readers may consult [NR] for further motivation and details.

We consider an ordered set V' of vertices vy, ..., Uym. A simplicial complex
K on V = V(K) is given by a finite set of faces ¢ C V, which is closed with
respect to the formation of subsets. The dimension dim(c) of any face is
given in terms of its cardinality by |o| — 1, and dim K is the maximum
dimension attained by its faces. We assume that the empty face @ belongs
to K unless otherwise stated, and write K* when we wish to emphasise
that it has been omitted. The most basic example is the simplex A(V); it
consists of all possible subsets of V', and therefore contains any K on V as a
subcomplex. Its r—skeleton A (V) includes those faces ¢ C V of dimension
< r, for any 0 < r < m — 1. In particular, A(m_z)(V) is the boundary
d(V) C A(V), constructed by deleting the maximal face V. For any two
disjoint simplicial complexes K and L, their join K * L on V(K)UV (L) has
faces {ocU7:0 € K,7 € L}; thus K and L are full subcomplexes.

Every face 0 € K determines several subcomplexes. In particular, we
need the simplex A(c) on o, and the link and star of o, defined by

lg(o) :={t\o:0CT7€ K} and stg(o) := {r:0UT € K};
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so stx (o) coincides with A(o) * i (o) as subcomplexes of K. Given any
two complexes K and L, we note that

KK*L(JUT> = E}((U)*EL(T) and StK*L(JUT) = StK(J)*StL(T)

as subcomplexes of K * L, for every face o € K and 7 € L.

The vertices masquerade as algebraically independent variables of degree
2, and generate a graded polynomial algebra Sr(V'). For any subset w C V,
we abbreviate the square-free monomial [ [ v; to v,,, which has degree 2|w].
We then define the Stanley-Reisner algebra R[K] as Sr(V)/(vy : w ¢ K); so
the inclusions of the full subcomplexes K, L C K * L induce an isomorphism

(2.1) R[K]® R[L] — R[K xL].
Since R[A(0)] = Sgr(o) for every face o, an example is provided by

(2.2) Sk(0) ® Rtk (0)] — Rlstx(0)].

Any subcomplex J C K induces a surjection R[K| — R[J], by annihi-
lating the faces in K \ J; in particular, K C A(V) induces the canonical
projection Sp(V') — R[K].

Every K determines a finite category CAT(K), whose objects are the
faces o and morphisms the inclusions i, : 0 C 7. The empty face is initial,
so the classifying space BCAT(K) is contractible, whereas BCAT(K™) is
homeomorphic to the geometric realisation |K|. The maximal faces p are
characterised by the fact that they admit only identity morphisms. By
construction, there is an isomorphism CAT(K) x CAT(L) = CAT(K * L)
for any K and L, which we use to identify CAT(A(c)) x CAT({k (o)) with
CAT(stg (o)) as necessary.

An A-diagram in an arbitrary category R consists of a covariant functor
D: A — R for some small category A.

Definitions 2.3. For any based CW-complex (X, %), the CAT(K)-diagram
X% car(K) — TOP

assigns the cartesian product X to each face o, where X (@) = x; its value
on i, 7 is the cofibration X7 — X7, where the extra coordinates are set to *.
The constant functor cst yv assigns XV 2 X™ to each face, and the identity
map idyv to each inclusion. The natural transformation ix: X% — cstyv
is induced by the inclusions i,: X? — XV, for every face o.

We are interested in two particular values of X, which stem from the
inclusion of the cyclic subgroup C in the circle T. To any subset ¢ C V,
there corresponds the inclusion of the elementary abelian p-subgroup C? in
the torus T, whose classifying map represents the projection of a product of
infinite dimensional lens spaces onto the corresponding product of complex
projective spaces. We shall denote this map by t,: BC° — BT?, and
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assume that it is a homomorphism of abelian topological groups, written
multiplicatively. It may be interpreted as a natural transformation

(2.4) t: BCX — BTK.

The colimit ¢(K) := colimg AT(K) BTX lies in the category TOP, of pointed
topological spaces, and is a subcomplex of BTV via ig.

Following [BP], we view ¢(K) as a distinguished representative for DJ(K).
In [NR, §3], this property is expressed in terms of isomorphisms

(2.5) H*(c(K); R) — lim Sp(K) — R[K],

where Sr(K) is the cATP(K)-diagram of graded commutative R-algebras
whose value on o is Sg(c), and on 7 D o is the canonical projection p; .

In order to investigate the homotopy theoretical properties of ¢(K), it
is natural to consider the homotopy colimit hc(K') : = hocolimey(x) BTK.
Following Hollender and Vogt’s elaboration [HV] of the original definition
of Bousfield and Kan [BK], we describe hc(K) as the bar construction
B(x,cAT(K), BTX). As such, it lies in ToP*. The fact that BTX is cofi-
brant in the category of CAT(K)-diagrams [NR, Lemma 2.7] ensures that
the natural projection hc(K) — ¢(K) is a homotopy equivalence, and that
either space may be used as a model for D.J(K).

A deeper analysis of he(K) involves certain secondary structures associ-
ated to CAT(K), such as the undercategory o | CAT(K). For any face o of K,
this is obtained by restricting attention to those objects 7 for which o C 7.
The overcategory CAT(K) | o is defined by analogy, and (o | CAT(K))°? is
isomorphic to CAT?(K) | 0. Setting P(p) :=p \ o defines a functor

(2.6) P:o|cAaT(K) — cAaT({k(0)),

which is also an isomorphism. Writing the restriction of XX to o | cAT(K)
as X and taking appropriate colimits then yields homeomorphisms

(2.7) colim XM = X7 x colim X/%(7) = colim X% (7),

where the former is induced by P. In case X = BT, we apply H*(—; R) and
appeal to (2.5) to obtain isomorphisms

(2.8) lim Sg(o ] CcAT(K)) = Sg(c) ® R[lk(0o)] = Risti(o)]

of graded commutative algebras.
To organise our proofs, it is convenient to formalise the following, in which
X = Xk denotes a space that realises Z[K| for any choice of K.

Definitions 2.9. The space X reflects K whenever a specific isomorphism
Ox: H*(X;Z) — Z[K] is given; then Ox is the reflector. If the reflector is
given with coefficients R, then X reflects K over R.
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For any subcomplex J C K, a map e: W; — X reflects the pair (K, J)
whenever the square

H*(Xg:;Z) —S— H*(Wj;Z)
(2.10) exl lew

PK,J

ZIK]  ——  Z]J]
commutes, where pg ; denotes the canonical surjection.

For example, the classifying space BTV reflects A(V) by means of the
standard isomorphism H*(BTV;Z) — Sz(V). More generally, the colimit
c(K) reflects K for any complex K, and the inclusion ¢(K) C BTV reflects
the pair (A(V); K). This may be extended to any other Xy by interpret-
ing BTV as an Eilenberg-Mac Lane space H(Z",2). Then fx determines
a unique homotopy class of maps ¢x: Xxg — BTV, which represents the
m-tuple of generators in H?(X; Z) and reflects (A(V); K) as before. Com-
posing ¢gx with projection onto BT creates a map q,: Xxg — BT for every
face o; its image in integral cohomology realises the polynomial subalgebra
Zlo] < Z|K], via 0x.

Canonical reflectors 0. (g : H*(hc(K)) — Z[K] arise by taking limits over
CAT?(K), and have good functorial properties. So we may often interchange
H*(c¢(K)) and Z[K] without further comment.

Given any e reflecting (K;J), there is a homotopy commutative square

W, —— Xg

(2.11) (JWl qu ,

JJI,K

BTV() 22, BTV(E)
where j; ik denotes coordinatewise inclusion. This reflects the subpair

(K, J) € (AV(K)), A(V(J))),

in the sense that it induces a commutative cube in cohomology when com-
bined with the four reflectors.

For any noetherian local graded commutative algebra A over Q, a choice
of homogeneous generators establishes a presentation

0—Iy—85—A—0,

where S is a finitely generated graded polynomial algebra and I4 C S is a
graded ideal. Then A is a complete intersection whenever [ 4 is generated by
a regular sequence of homogeneous elements; this definition is independent of
the choice of generators by [BH, Theorem 2.3.3]. We note in [NR, Section 5]
that the Stanley-Reisner algebra Q[K] is a complete intersection precisely
when K is an iterated join of the form A(Up) * 9(Ur) * ... * (Uy), for any
partition {Up, Uy, ..., U} of V. In this case, an isomorphism

(2.12) So(Uo) @ Q)] @ --- © QA(Ur)] = QK]
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is given by (2.1) above.

Theorem 9.5. Let X be a nilpotent CW-complex; if Q[K] is a complete
intersection, then there is an isomorphism 0: H*(X;7Z) — Z[K] if and only
if there is a homotopy equivalence f: he(K) — X such that f* =6.

We prove Theorem 9.5 by using the arithmetic square to combine the
rational results of [NR] with the following p-adic statement, which refers to
a larger class of complexes.

Theorem 8.8. Let X be a p-complete CW-complex; if K is an iterated join
AU 5 -5 AUD(Uy) of skeleta of simplices, then there is an isomor-
phism 6: H*(X; ZQ) — Zﬁ [K] if and only if there is a homotopy equivalence
f:he(K)y — X such that f*=9.

After suspension, however, the situation becomes much simpler.

Theorem 9.6. Let X be a CW-complex that realises Z[K] for any K ; then
there is a homotopy equivalence e: XX — YXhe(K).

Our final result in the completed context is a homotopy classification of
self-equivalences of he(K). We do not expect a global version to hold, even
under the assumptions of Theorem 9.5.

Theorem 8.9. Given K as in Theorem 8.8, any pair of self-equivalences
fr9: he(K)p — he(K),) are homotopic if and only if H*(f;Z;)) = H*(g; Zy).

For these K, it is also of interest to apply [GT, Theorem 10.2(3)], and
deduce that the t-fold suspension X Zj of the moment-angle complex [DJ],
[BP] is homotopy equivalent to a wedge of spheres.

3. STANLEY-REISNER ALGEBRAS AND THE 7-FUNCTOR

We begin by focusing our attention on the mod p Stanley-Reisner algebra
F,[K], where K is a specific simplicial complex with generic face o. It is
convenient to denote H*(—;F,) by H*(—) throughout this section, and to
abbreviate H*(BE) to HE for an arbitrary elementary abelian p-group E.
Often, E will be of the form C? for some face o of K.

For any space X reflecting K over F,, our aim is to construct maps
BFE — X with prescribed cohomological properties. We proceed by study-
ing the mapping space map (BE, X), and take advantage of the fact that
its mod p cohomology ring may be computed by Lannes’ functor 7. We
refer to Lannes [L] and Schwartz [Sc] for the basic properties of Tg, which
we summarise below. We follow their notation by writing i/ for the cate-
gory of unstable modules over the mod p Steenrod algebra A,, and K for
the subcategory of unstable algebras over A,. In order to avoid technical
difficulties, we shall only consider algebras that are finitely generated; thus
K(A, A’) is a finite set for any algebras A and A’.

By definition, Tg is left adjoint to the functor HE ® —: U — U. The
latter is compatible with the forgetful functor X — U, and Tg: K — K is



8 DIETRICH NOTBOHM AND NIGEL RAY

left adjoint to its restriction. By construction, T coincides with the n-fold
iterate T - - - T for any n, and Tg preserves tensor products in U and K.

For any space Y, evaluation defines a map BE x map (BE,Y) — Y.
Passing to cohomology and left adjointing yields a KC-morphism

(3.1) ay: TeH*(Y) — H*(map (BE,Y)),

which is an isomorphism whenever Y is p-complete and Tg H*(Y') has finite
type and vanishes in degree 1. So Tr computes the mod p cohomology of
the mapping space under these conditions [L, Theorem 3.2.1].

The splitting of map (BE,Y’) into the disjoint union [ [ map (BE,Y ) of
its connected components is mirrored by the algebraic properties of T},
as follows. For each unstable algebra A and K-morphism ¢: A — HE, its
adjoint restricts to a map T]%A — [F), on the zero-dimensional part. We write
F,(¢) when it is necessary to emphasise the induced T%A-module structure
on [F,,. The component of T A associated to ¢ is defined by

(3.2) Te(A,¢) = TpA @7y, Fp(9),

and Lannes’ linearisation principle [Sc, Theorem 3.8.6] leads to splittings

TpA = B Te(A¢) and TpAd = B Fy9).

&€ K(A,HE) $ € K(A,HE)

In particular, we may identify TgA with the p-Boolean algebra JFZ’)C(A’HE).
In the case that A = H*(Y) and ¢ = f* for some f: BE — Y, the
morphism ay of (3.1) restricts to a -morphism

(3.3) arp: Te(H*(Y), f*) — H*(map (BE,Y)s).

Since the algebraic components of Tp H*(Y) correspond bijectively to the
connected components of map (BE,Y)), it follows that ay splits accordingly.

The following key example is based on the proof of [Sc, Proposition 9.8],
in which map (BE, BT*) is identified with F(w) x BT, where E(w) denotes
the discrete group of homomorphisms £ — E¥ for any subset w C V.

Example 3.4. As A,-algebras, HT* := H*(BT“) is canonically isomor-
phic to Sp,(w), and multiplication on BT* induces a coproduct d. The K-
morphisms ¢: HT*¥ — HE correspond bijectively to group homomorphisms
E — T%, and hence to E(w). The coaugmentation c¢g: HTY — Tg(HT*, ¢)
is an isomorphism in /C, whose inverse ry is the adjoint of (¢ ® 1) o d.

For each f: BE — BT“, the composition

(3.5) HT® =5 Ty(HT®, f*) ~5 H*(map (BE, BT*){)

computes the cohomology of the mapping space, and is induced by evalua-
tion map (BE, BT*)y — BT“ at the base point. Its inverse is induced by
the adjoint of the action sy: BE x BT — BT", defined by (b,u) — uf(b).
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For any -morphism 7: A; — As, the induced homomorphism

Tp(r): P Fplo) = Tpd — TpAy = P Fply)
¢ € K(A1,HE) 1 € K(Ag,HE)

is determined by composition o w: K(A2, HE) — K(A;, HE) with 7. For
any ¢ € K(Aj, HE), we denote the subset (o 7)~!(¢) C K(Az, HE) by
ext(¢, 7); its elements 1 satisfy Yyom = ¢. We may then identify T () with
the direct sum of diagonal maps of the form Fp(¢) — €D ye ext(px) Fp(¥),
and obtain an isomorphism

(3.6) TgAZ ®T%A1 Fp(¢) = @ FP(¢)'
Y € ext(¢p,m)

For any unstable algebra A in I we write A-U for the category whose
objects M are simultaneously A-modules and unstable .A,-modules, and
whose structure maps A ® M — M are Aj-linear; here A, acts on A ® M
via the Cartan formula. The morphisms in A-Uf are both A- and A, -linear.
Since the T-functor commutes with tensor products, T extends to a functor
A-U — (TgA)-U, which we also label T. For every morphism ¢: A — HE,
we may then define the relative component

Ti(M,¢) := TeM ®7o 4 Fp(0)

by analogy with (3.2), and obtain a splitting TpM = @ 4cxc(a,ur) Te(M, ¢).
Furthermore, the coaugmentation A — Tg(A, ¢) makes Tg(M, ¢) into an
A-module, and Tg(—, ¢) becomes an endofunctor on A-U.

In particular, the morphism 7 of (3.6) turns Ay into an object of A;-U,
where there are isomorphisms

Tr(Az,¢) TpAs @194, Fp(9)

TpAs @79 4, TpA2 ®79 4, Fp(9)
TpAs Q79 4, (@we ext () Fp(w))
@we ext(¢,m) Tp(Az,1)).

One additional property of the T-functor is that Ty commutes with finite
limits; in other words, for any finite category ¢ and diagram F: c — I,
there exists a K-isomorphism Tr(lim F) = limTgF. In this situation, we
are interested in computing the components of Tx (lim F'). To avoid technical
difficulties we assume that F'(c) is finitely generated as an algebra for every
object ¢ of ¢, and similarly for A :=1im F.

The limit is defined by an exact sequence of the form

0—A—TJ[F@ = [] Fle.

co—c1

M1 1

and the natural projections m.: A — F(c) turn J into an A-U-morphism.
For every ¢: A — HE the functor Tg(—, ¢) is exact on A-U, because it is
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a retract of Ty. We therefore obtain an exact sequence
0 — Tp(4,6) — [ Te(F():¢) — [] Te(Fler), o),
C co—C1

which identifies T (lim F, ¢) with lime Tr(F, ¢).

If ext(¢, 7.) is empty, then Tr(F(c),®) = 0. So we consider the full sub-
category C(F, ¢) of ¢, whose objects are defined by insisting that ext(¢p, 7.)
be non-empty. For any morphism ¢’ — ¢ with ¢ in ¢(F, ¢), it follows that ¢/
also lies in C(F, ¢); so there exists an isomorphism

(3.7) Tp(limoF, ¢) = limep g Te(F, ¢).

We apply these considerations to the diagram Sg,(K): CATP(K) — K
of (2.5), whose objects are interpreted as Ay -algebras via Example 3.4. In
particular, limgyron () ST, (K) is isomorphic to F,[K], and the K-morphism
o2 Fp[K] — Sp,(0) is the standard projection, for every o € K. We focus
on the C-morphisms ¢, : F,[K]| — HC?, defined in terms of (2.4) by t} om,.

Proposition 3.8. For any face o of K, there is an isomorphism
To: TC(’ (FP[KL ¢o‘) - Fp[StK(U)]
as objects of K.

Proof. The set ext(¢,, 7-) contains the single element ¢, : Sg,(7) — HC?,
defined by t} op; o, if and only if o C 7. Otherwise, ext(¢q, 7,) is empty; so
for any particular o, we may identify CAT(K)(SF, (K ), ¢s) With o | CAT(K).
For ¢ C 7, Example 3.4 provides isomorphisms
7‘0(7') 2 Tee (S]Fp (7_)7 ¢T,0’) B S]Fp (T)
that are functorial in 7, and so define an isomorphism
re(K): Teo (Sp(K), ¢g) — Sk, (0 | CAT(K))
of cAT?(K) | o-diagrams in K. Then take limits, using (2.8) and (3.7). O

Corollary 3.9. For every mazimal face p of K, there is an isomorphism
ru: Tow(FpK], ¢p) — Sk, (1) as objects of K.

Proof. Since p is maximal, its star is the simplex A(u). O

We now introduce the crucial map f,: BC? — X, and prove the main
results of this section. It is convenient to write the the space map (BC?, X))y,
as m?(X), and evaluation at the identity of BC? as ev: m?(X) — X.

Theorem 3.10. If X is p-complete and reflects K by means of an isomor-
phism 0: H*(X) — F,[K], then:
(1) there exists a map fy: BC? — X such that f¥ = ¢, 00, and it is
uniquely determined up to homotopy;
(2) the space m?(X) is p-complete, and reflects sti (o) over Fp;
(3) the map ev: m?(X) — X reflects (K;stg (o)) over Fp;
(4) for mazimal u, there is a homotopy equivalence mH(X) ~ (BT“)I/)\.
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Proof. (1) Every K-morphism H*(X) — HC’ may be realised uniquely up
to homotopy by [L, Théoreme 3.1.1], because X is p-complete and H*(X)
has finite type.

(2) By [L, Proposition 3.4.4], m?(X) inherits completeness from X. Also,
Too(H*(X), ¢y ) is of finite type and vanishes in degree 1, by Proposition 3.8.
So ag :=ay,: Teo(H*(X),¢s) — H*(m?(X)) of (3.3) is an isomorphism,
and the required reflector is 0,0 x) : =1, 0 Tgo () o a;l.

(3) By construction, ev*: H*(X) — H*(m?(X)) is the composition of
fx with the coaugmentation ¢, for Tco. So we may combine (2) with the
functorial properties of T' to obtain a commutative ladder

H*(X) —— Teo(H*(X), ¢g) —— H*(m?(X))
(3.11) al lTCa(O) lemum :
Fp (K] — Tce (FP[K]a bo) — IF‘p[StK (o)]

whose outer rectangle is a commutative square of the form (2.10); hence ev
is the required reflector.

(4) Tt suffices to combine (2), Corollary 3.9, and the fact that the homo-
topy type of (BT*) is determined by its mod p cohomology. O

Remarks 3.12. (1) The mod p cohomology of X of Theorem 3.10 is con-
centrated in even dimensions, so H®”(X;Z})) is torsion free and H*(X;Z}))
is zero. Since Theorem 3.10(3) implies that evaluation induces an epimor-
phism in mod p cohomology, the same must hold over Z{D\.

(2) We may replace ¢, in Proposition 3.8 with the homomorphism induced
by the constant map cst: BC? — X, which we write as rq: F,[K] — HC".
Then ¢(F, k) = C, and we obtain an isomorphism Tce (Fp[K], k) — Fp[K].
It follows that ev: map (BC?, X )est — X induces an isomorphism in mod
p cohomology, by adapting the proofs of Theorem 3.10(2) and (3); it is
therefore an equivalence, because the source and target are p-complete.

4. MAPPING SPACES AND p-ADIC COHOMOLOGY: I

In this section we extend our calculations to p-adic cohomology for the
mapping space m?(X) of Theorem 3.10(2). We insist that X is p-complete
and 1-connected, and reflects K over Zﬁ by means of an isomorphism
0: H*(X;Z,) — Zp[K]. The reduction of # mod p is therefore a reflec-
tor over I}, and Theorem 3.10 applies.

For our first result, we consider the evaluation map of Theorem 3.10(3),
and abbreviate V (stx (o)) to Vi (o) throughout.



12 DIETRICH NOTBOHM AND NIGEL RAY

Lemma 4.1. For any face o € K, the map ¢,,0(x) may be chosen so as to
make the diagram

ev

m’(X) —— X
(4.2) qu(X)l qu

Jo
(BTV&(@)r 2 (BTV))
homotopy commutative, where j, denotes coordinatewise inclusion.

Proof. Define g,,5(x) by composing gx oev with projection onto (BTVx (“))g.

The diagram induced by (4.2) in mod p cohomology is then commutative,
by Theorem 3.10(3), and it remains to prove that ev*q% (v;) is also zero in
H?(m?(X); Z) for any vertex v; & Vi (0).

Let g¢;: X — BT, pA represent v;. The Serre spectral sequence of the induced
spherical fibration

A
(4.3) Ty —F — X

shows that H*(F;;F,) has finite type, and Fj is p-complete because ¢; is a
map of 1-connected p-complete spaces. Also, ¢; o f,: BC? — BT};\ is null-
homotopic for any v; € Vi (o), so f, lifts to a map f;: BC? — F;. By [Th],
the functor map (BC?, —) converts F; — X — BT, into a fibration

map (BC?, )5, 25 m”(X) =5 map (BC”, BT )est,

whose base is homotopy equivalent to BT;\ by Example 3.4. We abbreviate
the fibre to m?(F;), and note that it is path connected and p-complete,
because k; is a map of 1-connected p-complete spaces; and H*(m?(F;); F,)
is of finite type, because the same holds for H*(m?(X);F,). We may then
deduce from [L, Proposition 3.4.4] that Tco computes H*(m? (F;);Fp). But
the Gysin sequence of (4.3) confirms that H*(F;; Zy)) is torsion-free, so the
same is also true for H*(m?(F;); Z) by [KW, Theorem A].

Now kfv; € H*(m?(X); R) is the Euler class e(k;) of the principal T)'-
fibration k; for any coefficients R, and equals ev*q% (v;) by construction.
So e(k;) vanishes mod p for every v; ¢ V(stx (o)), and we need only prove
that the same is true p-adically. The mod p Gysin sequence shows that
g7 H*(m?(X);F,) — H*(m?(F;);Fp) is a monomorphism; and there are
isomorphisms H*(Y;F,) = H*(Y;Z,) ® F, for Y = m?(X) and m?(F}),
because H*(Y; Z;\) is torsion-free in both cases. Then Nakayama’s lemma
confirms that ¢ is also a p-adic monomorphism, and e(k;) = 0 as sought. O

Corollary 4.4. For any mazimal face p € K, the map gyr(x) i a homotopy
equivalence and determines a homotopy commutative square

ev

mh(X) — X

qm/"‘(X)l qu .

(BT _de (BTV)h
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Proof. The statement follows from Lemma 4.1 by setting ¢ = pu, and iden-
tifying ¢« (x) as a homotopy equivalence by Theorem 3.10(4). O

Definition 4.5. For any maximal face p, the map h,: BT# — X is the
composition of ev o q;}t (X) with completion. For any other face o, the map
he: BT’ — X is hy o, for some choice of p 2 o.

Remarks 4.6. (1) In Section 5, we shall show that the homotopy class of
ho is independent of the choice of p, and therefore that the diagram

lo,T

BT’

(4.7) x /

X

is homotopy commutative for every o C 7. In fact h, reflects the pair
(K, A(u)) over Zy, by construction, so the diagram induced by (4.7) is cer-
tainly commutative in p-adic cohomology.

(2) In [DL], Dehon and Lannes study maps BT" — Y for spaces such
that H*(Y';Z) is torsion free and concentrated in even degrees. They deduce
that H*(—;Z) classifies such maps up to homotopy. Their proof establishes
a similar result for the p-adic cohomology of p-complete spaces, and may
also be adapted to show that the homotopy class of h, is independent of p.

(3) For any face o, Theorem 3.10(1) provides a homotopy

(4.8) he oty >~ fy: BC° — X.
Theorem 4.9. If X is p-complete and reflects K over 7.\, then:

P
(1) the space m?(X) reflects stx (o) over Z;
(2) the map ev: m?(X) — X reflects the pair (K, stx (o)) over Z,.

Proof. (1) For any pair of faces o C 7, write iy, 0ty as ty: BC? — BT".
Then (4.8) confirms that h, o t,,: BC? — X is homotopic to f,. Passing
to mapping spaces and employing Example 3.4 defines a composition

hro

lor: BT 27 map (BC?,BT"),, —— m?(X),

where e, r(u) acts by b — ut,(b), and ev o l,, =~ h,. Since H*(ev; ZZ/)\) is

epic by Remark 3.12(1), all choices of h; induce the same homomorphism
H*(lg.7; Zy). So for any o C 7 C p we obtain a commutative triangle

to,T

H*(m (X); Z)

(4.10) / \

»)
H*(BT?; 7)) H*(BT™; 7)),

thus defining a (cAT?P(K) | 0)-diagram HT? of graded commutative Z-
algebras, and an induced homomorphism

(4.11) 0. H*(m%(X); Z))) — lim HT7H.
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By (2.8), the target is isomorphic to Z)[stx (o)].

Now consider the homomorphism 0" : H*(m?(X);F,) — F,[stx (0)], given
by reducing ¢’ mod p; it may be identified with the isomorphism Ome (x) of
(3.11) by noting the commutativity of the square

TC”(H*(X§Fp)>¢U) S H*(mU(X)§Fp)

Tca (71'7—09)\[ J/lz-ﬂ—
Teo(Se,(7), 6r0) 225 g (7)

for any 7 O o, and taking limits over CAT?(K) | 0. The exact sequence
Zy, 2 Z;; — F, yields a commutative ladder of short exact sequences

H*(m"(X); Zp) —— H*(m"(X);2)) —— H*(m?(X);Fy)

wa el /| o

Zylstr(0)]  ——  Zplstr(0)] ——  Fplstx(o)]

because H*(m?(X);Z;) is free. But §” is an isomorphism, so ¢’ is also an
isomorphism, and is therefore the required reflector.

(2) The homomorphism ev*: H*(X;Z)) — H*(m?(X); Z;) induces mor-
phisms of triangles (4.10) over the inclusion functor o | CAT(K) — CAT(K).
The required square commutes, by Lemma 4.1. O

Corollary 4.13. If stx(o) coincides with K, then ev: m°(X) — X is a
homotopy equivalence and the reflectors satisfy ' o ev* = O0x over ZQ.

Proof. Setting o | CAT(K) = cAT(K) in the proof of Theorem 4.9(2) shows
that ev* is an isomorphism of p-adic cohomology, as required. ([

Remark 4.14. In the special case X = ¢(K) of Theorem 4.9, a more precise
description of m?(X) is possible by appeal to Example 3.4. The action
5¢,,: BC? x BT™ — BTT is given by (b, u) — ut, ,(b) for every 7 2 o, and
extends to a morphism BC? x BT — BTK of diagrams over the inclusion
0| CcAT(K) — cAT(K). Taking colimits and adjointing then creates a map

c(stx(0)) — m?(c(K)),

which induces the isomorphism 6" of (4.12) in mod p cohomology. So its
p-completion is a homotopy equivalence.

5. MAPPING SPACES AND p-ADIC COHOMOLOGY: II

In this section we prove that the homotopy class of the map h, of Def-
inition 4.5 is uniquely determined, and compute the p-adic cohomology of
the space map (BT?,X)y,. We retain the prevailing notation, whereby X
is p-complete, simply connected, and reflects K over ZZ/,\ by means of an
isomorphism 6.
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We focus on the action s;, of BC? on BT, given by (b,u) — ut,(b) in
Example 3.4 and denoted here by s,. There is a principal BC?-fibration

(5.1) BC® 2%, BC® x BT® % BT,

where j, includes the kernel of s, and is given by b +— (b1, ¢,(b)). Any map
g: BT? — X may be factorised through evaluation at the identity as

(5.2) BT" 2 map (BC?, X) gor, < X,

where ¢’ is the adjoint of g o s,, and satisfies ¢'(u)(c) = g(ut,(c)) for all
u € BT? and c € BC”.

Lemma 5.3. The map
map (BT?, X )y — map (BT, map (BC?, X)got, ) g

induced by s, is a homotopy equivalence, whose inverse is induced by eval-
uation at the identity of BC?.

Proof. In the context of (5.1), g o sy 0 j, is null-homotopic; it follows from
Remark 3.12(2) that ev: map (BC?, X)gos,0j, — X is a homotopy equiv-
alence. We may then apply Zabrodsky’s Lemma [Z, 3.1], and deduce that
055: map (BT?,X) — map (BC? x BT?,X)y, is also an equivalence, where
L denotes the set of homotopy classes whose composition with s, is trivial.
Restricting to the component of g and adjointing yields the required equiv-
alence; by construction, evaluation at the basepoint is a right inverse. O

By analogy with (5.1), BC? also acts on map (BC?, X )0, according to
the formula (b, f) — fb, where fb(c) := f(bc).

Lemma 5.4. The map ¢': BT — map (BC?, X )got, is BC-equivariant.

Proof. For (b,c) € BC? x BT, we have ¢'(ut,(b))(c) = g(uty(b)t,(c)) by
(5.2), and ¢'b(c) = g(ut,(bc)); these agree, as t, is a homomorphism. O

We now insist that ¢ induces the homomorphism H*(h,; Z;D\), and write
g = go to emphasise this choice. Thus g, ot, ~ f, by Theorem 3.10(1), and
map (BC7, X )g4ot, becomes m?(X). Applying p-adic cohomology to (5.2)
shows that H*(g;Zy) = H*(h,;Z;) by Remark 3.12(1), so we may study
our uniqueness problem in terms of maps BT? — m?(X), or equivalently,
by restricting attention to subcomplexes of the form sty (o) C K.

We may apply Lemma 4.1 to construct a map ¢,: m?(X) — (BT");\ such
that ¢, o g/ is completion, and consider the homotopy fibration

(5.5) X¢ 5 m?(X) 2 (BT7)).

Combining the Serre spectral sequence for ¢ with Theorem 4.9 shows that
i reflects (stx (o), £k (o)) over Zjy. We take 6 of (4.11) as the reflector for
m?(X), and its quotient by the appropriate ideals as the reflector for Xp.
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As a consequence of Lemma 5.4, we may apply the Borel construction to
g, and obtain a homotopy pull-back diagram of principal BC?-fibrations

BT° 27 m?(X)

(5.6) pl J{ﬁ ,

BT° —% mo(X)
where m?(X):=FEBC? x pcom?(X) and p denotes the pth power homomor-
phism. So m?(X) is simply connected, and applying 72 (—) to (5.6) yields
the commutative square

70 (ZU)I/ﬂ\ D (ZV(@K(O')));{)\

(5.7) n| |por .

70 (ZO’)I/)\ D (ZV(EK(U)));\

where the horizontal homomorphisms include the completed direct sum-
mand (ZU)1/7\7 and p, is multiplication by p.

We now identify mo(m7 (X)) with H?(m°(X); Zy) by the universal coef-
ficient theorem, and deduce the existence of a map g,: m?(X) — (BT”);,
such that g, o g, is completion. The homotopy fibre of g, is X, because
g, op and po g, are homotopic, and the Serre spectral sequence of the fibra-
tion X, — m?(X) — (BT7), shows that H*(m7(X);Z;,) is of finite type,
torsion free, and generated by 2—dimensional classes.

Lemma 5.8. The space m°(X) reflects sty (o) over Zy; the reflector 0 is
determined by the commutative square

o* (ma(X); ZZ/J\) 5—/> SZQ (O’) ® ZZ/’\ [EK(U)]

ﬁ*l lp®1 ;

H* (mU(X); ZI/)\) L SZQ (U) & Z;,\ [KK(U)]

where p acts on the polynomial generators of SZ;)\ (o) as multiplication by p.

Proof. The Serre spectral sequence for the p-adic cohomology of the fibration
p of (5.6) collapses at the Fs-page, and shows that p* is a monomorphism.
It is given in dimension 2 by the dual of (5.7), and the result follows. O

At this point it is helpful to work for a while with an arbitrary p-complete
space Y that reflects stx (o) over Z;. We write the reflector as fy, on
the understanding that it agrees with 6" whenever Y is m?(X); in these
circumstances, we also identify h,: BT’ — Y with h: BT? — m?(X). Of
course h, induces the homomorphism 7, o fy in p-adic cohomology, where
T, denotes the projection Sz (o) ® Zpltg(o)] — Szy(0). We write g, for
any other map inducing the same homomorphism, and identify g, with g,
in case Y = m?(X).
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To analyse g, further, we consider its restriction g,/.: BCY — Y, where
C, < T denotes the cyclic subgroup of order p” for any » > 0. We factorise
t, into natural inclusions as

BCo Lo, g Lo, pro
so that g,/ = go 0ty /. The induced homomorphism H*(h, /y; Zzﬁ) is given
by t; . oms 00y, and Theorem 3.10(1) implies that g(’f/1 o~ h’a/1 because both

are homotopic to f,. We abbreviate map (BCZ,Y)_, tomZ(Y) henceforth.

o/r

Proposition 5.9. If Y is p-complete and reflects stx (o) by means of an
isomorphism Oy : H*(Y;Zyy) — Szp(0) ® Zpll (o)), then:
(1) there is a unique homotopy class of maps hg/p: BCY —'Y such that
(ha/r)* = t:/r o7y 0by;

(2) the map o 1y: m7(Y) — m?(Y) is a homotopy equivalence.

We prove Proposition 5.9 by induction on r, following application to our
main result. It is convenient to denote map (BT, X ), by M?(X), and to
rewrite the induced map ot,: M7 (X) — m?(X) as u,.

Theorem 5.10. If X is p-complete and reflects K over Z;,\, then:

(1) there is a unique homotopy class of maps hy: BT° — X that reflect
(K, A(0)) over Zyy;

(2) the map uy is a homotopy equivalence, and ev: M?(X) — X reflects
(K, stx (o)) over Z;);

(3) there is a mapj: Xy — M(X) that reflects (stx(0), lx (o)) over Zj;

(4) there is a homotopy equivalence M?(X) ~ (BT), x X,.

Proof. (1) Write Y = m?(X), and let [(0) be a set of representative maps
BT’ — Y for the homotopy classes that induce 7, 068’ in p-adic cohomology.
Since Y is p-complete and the natural map hocolim, BC? — BT? is a mod-p
equivalence, the maps

map (BT?,Y );(;y — map (hocolim, BCY,Y ),y — holim, m7 (Y')

are both equivalences. Furthermore, evaluation at the identity induces com-
patible equivalences mZ(Y) — Y for all » > 1, by Proposition 5.9. Thus
I(o) contains only the homotopy class of A, and (5.2) implies the result.

(2) The proof of (1) shows that evou,: M?(Y) — Y is also evaluation
at the identity, and an equivalence. So Corollary 4.13 confirms that u, is
an equivalence. Then apply Lemma 5.3 and Corollary 4.13 to replace Y by
X in the source and target respectively; the required reflectors are fx for
X and 0’ o (u;!)* for M°(X).

(3) By (2), the fibration (5.5) may be rewritten as

(5.11) X, -4 Mo(X) L2 BT,

where i ~ u, 0 j and 7, = ¢y 0 u,. The reflectors are those of (2) and (5.5).
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(4) An action BT? x M?(X) — M?(X) is given by (u, f) — fu, where
fu(v) = f(uv) for any u, v € BT? and f € M?(X). Restricting to BT x X,
along 1 x j induces an isomorphism of p-adic cohomology, and is therefore
an equivalence. O

We now return to the proof of Proposition 5.9; the base cases r = 1 are
immediate, so we assume that r > 2 throughout.

Proof. (1) Pulling the pth power map on BT back along to/r—1 and com-
bining the result with (5.6) and (5.7) yields a homotopy commutative ladder

to‘ r ! o
BCs ', BT° %o, mo(y) —% BT

(5.12) pl pl lp lp

to/r— g q,
BC? , 2= Bro o mo(y) 2. BT
Each vertical map has homotopy fibre BC? and induces a monomorphism in
p—adlc cohomology, so Lemma 5.8 confirms that H*(g/ Jr—15 VN ) agrees with
H*(ho./r 15 Zyy) as homomorphisms H*(m (Y); Z;,) — H*(BC"7 1,Z/\) But
m?(Y) also reﬂects sti (o); so the inductive hypotheses show that g’ o jr—1 18
homotopic to hg /r—1, and that evaluation

(5.13) map (BCY,m? (V) 2 map (BO?,m? (V) < m7(Y)
o/r—1 o/l

at the identity is a homotopy equivalence.

Let ly denote the set of homotopy classes of lifts BC? — m?(Y) of the
map ﬁog;/rz BC? — m?(Y). Applying the functor map (BC?, —) to (5.12)
creates a homotopy pullback square

map (BCZ,m?(Y)), ~——— map(BCZ,BT),

(5.14) po | |»° ,

map (BC;"T’ ma(y))ﬁog;ﬁ ﬂ map (BC;?: BTU)pOt

o/r

where [ denotes a set of representatives for homotopy classes of lifts of
pot, /. The vertical maps are principal map (BCY, BC?)-fibrations by [Th],
and g, o may be identified with the corresponding map

map (BC;"T—lvma(}/)ﬁ;/ril—> map (BC;"T—U BTU)tU/T_NP
by Zabrodsky’s lemma. It follows from the inductive hypothesis that the
lower fibration of (5.14) is equivalent to g, : m?(Y) — BT?, and therefore
that the common homotopy fibre of the horizontal maps is Y, which is 1-
connected. Thus ¢, o induces a bijection ly < Ip of components. But we
are given that H*(g, ,;Zp) = H*(h,;,;Z;), from which we deduce that

J/r’
4o 0 g, Jr ™ 0o © h!. /s SO g, I and R/ I define the same element of Iy, and

are therefore homotopic. Applying ev: m?(Y) — Y completes the proof.
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(2) The pullback square (5.14) combines with the inductive hypotheses
to show that ev: map (BC’“,mU(Y))h// — m?(Y) is an equivalence, and

Corollary 4.13 allows us to replace m?(Y") with Y, and h/, Jp With Ay .. Then
oty is also an equivalence, by analogy with (5.13). O

6. HIGHER LIMITS OF DIAGRAMS

In this section we recall the basic properties of higher limits of diagrams
&: ¢ — AB of abelian groups, where ¢ is usually of the form CAT?(K).
These are crucial for later sections, and also featured in [NR, Section 3].

Following Oliver’s elaboration [O] of [BK], we interpret lim’, & as the ith
cohomology group of the cochain complex (C*(c,®),d), where

(6.1) CUCTORSI | Y

coQ—C1—...—Cn,

for every n > 0, and the product is taken over all chains of morphisms
in c. The differential 6: C*(c;®) — C"(c;®) is the alternating sum
S h_o(=1)k8%, where 6% is defined on u € C™(c; ®) by

u(cp = ... > ¢ — ... > cpy1) fork<n

ﬁwmﬁme%m:{

D(cp — cp1)u(cr — ... —¢y) for k=n-+1.

We may replace C*(¢; @) by its quotient N*(c, @) of normalised cochains,
obtained by restricting the products (6.1) to chains of non-identities. So

limid := H(C*(c;9),8) = H'(N*(c;),0)

for 4 > 0, and the limits are themselves abelian groups. The same construc-
tion works for small diagrams in an arbitrary abelian category A, and the
limits inherit any additional algebraic structure from the objects of A.
Given a constant diagram cstys: C — AB, it follows that its higher lim-
its are determined by the cohomology of the classifying space BcC, via an
isomorphism lim/, csty; = H*(Bc; M). In particular, limé aror(F) €St van-
ishes for i > 1 because BCATP(K) is contractible, and limé ATOP(K %) cstas

is isomorphic to H(K; M) because BCATP(K*) is homeomorphic to the
realisation |K|. Both are isomorphic to M when ¢ = 0.

For any face o € K, we refer to a diagram @: CAT?P(K) — AB as o-atomic
when @(7) = 0 for every 7 # 0. We consider the following generalisation of
[NR, Lemma 3.9], in which it is convenient to set H"(&; M) := 0 for n > 0,
and H~'(@; M) := M, for any abelian group M.

Proposition 6.2. If ¢ is o-atomic, then there exists an isomorphism
lim oy @ = H'™ (U (0); B(0))

for any i > 0.



20 DIETRICH NOTBOHM AND NIGEL RAY

Proof. Let J = lk (o), and define &': caT?(J) — AB by &'(7\ o) :=D(71)
for every 7 O 0. Thus &' is @-atomic, and &' o PP = D|oarer(K) | o IN terms
of the functor P of (2.6). The isomorphisms

N*(caTt?(K),®) =2 N*(caT?(K)|o,®) = N*(cat®(J),d)
of normalised chain complexes determine an isomorphism
lim {ypop () @ 22 W pop ) P

for every i > 0.
If J = {@}, the claim is clear. Otherwise, write &'(&) as M and consider
the short exact sequence

(6.3) 0— @ —cstyy — 7T —0

of cATP(J)-diagrams, where 1" is trivial on @ and constant on the subcate-
gory CAT?P(J*). The long exact sequence associated to (6.3) combines with
the isomorphism N*(CAT?(J),T) = N*(CAT?(J*),cstpr) to ensure that

lim Eypop () @ 2 limi L, T 2 HNJT; M)

caToP(J)
for ¢ > 2, and reduces to the short exact sequence

0— M — H°(J; M) — lim'¢' — 0
for ¢ = 1. So the result holds for all 7. O

We may associate a g-atomic diagram @, to every @, by the formula

(7) &(oc) whent=0
Py (1) =
0 otherwise.

Such diagrams play a fundamental réle in proving vanishing results for higher
limits; in particular, they act as building blocks for the following notions of
filtration, which depend on the poset structure of CATP(K).

Given @ as above, &, P>s: CATP(K) — AB are defined by

@S(U):{é(a) iflo]=s %S(U):{@(a) if |o| > s

0 otherwise 0 otherwise.

Thus @ decomposes as the product diagram Hm:s b,. Also, P>¢ = @ and
D> dim K+1 = Pdim Kk+1 hold by definition, and ®@>qim K +2 is trivial. Further-
more, there is a short exact sequence

(6.4) 0 — Py — P>y — P41 — 0
for every s > 0, because there are no morphisms o — 7 when |7| < |o].

Lemma 6.5. Iflim éATOP(K) D, = 0 for every face 0 € K, then we have that
liméATop(K) = 0.
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Proof. The decomposition of @, into atomic factors ensures that it is zero,
and the long exact sequence associated to (6.4) confirms that

im Gy pon(sc) P2s — 1M Gypon(s) Pst
is a monomorphism for every 0 < s < dim K 4+ 1. So the composition
lim éATOP(K) ¢ — lim éATOP(K) P>dimk+2 = 0
is also a monomorphism, and the result follows. O

Lemma 6.6. If i > dim K + 2, then we have that lim’ K) P =0.

CATOP(
Proof. The cochain group N*(CAT??(K),¥) vanishes for i > dim K +2. O
Given any two diagrams @: CAT?(K) — AB and ¥: CAT?(L) — AB, we
introduce their ezternal product @ x W: CAT??(K * L) — AB by means of the
formula @ x ¥(c UT) := ®(0) x ¥(1).
Lemma 6.7. For any ¢ > 1, there is an isomorphism

& x lim® v,

CATOP (L)

%

E 4
lim CATP(K)

CATOP (K +L) ¢ x ¥ = lim

Proof. This follows directly from the isomorphism
C*(CAT?(K % L); @ x W) = C*(cAT?(K); P) x C*(CAT?(L);¥)

of cochain complexes. O

7. p-ADIC HOMOTOPY UNIQUENESS FOR A" (V)

In this section we show that the homotopy type of the p-adic completion
he(K )I/)\ is determined by its p-adic cohomology, for any r-skeleton A" (V)
of the (m — 1)-simplex. We restrict attention to 1-connected spaces, so
that completion is well-behaved. We also maintain the notation of previous
sections, but make the additional assumption that any space denoted by X
or X is p-complete, for every simplicial complex J.

Our aim is to prove that K = A" (V) satisfies the following.

Conditions 7.1.
(C1) There is an isomorphism 0: H*(X;Zy) — Z,[K] if and only if there
is a homotopy equivalence f: hc(K)Q — X such that f* =0.
(C2) Any two self-equivalences f,g: he(K),) — he(K); are homotopic if
and only if H*(f;Z,) = H*(g; Zy).

To confirm (C1), it suffices to assume the existence of # and construct
a mod p equivalence f: hc(K) — X such that f* = 6. Our strategy is to
apply the results of Sections 4 and 5.

By Corollary 4.4, there are maps h,: BT? — X for all faces 0 € K, which
induce the restrictions of 6 in p-adic cohomology. By Theorem 5.10(1), the
h, are compatible up to homotopy with the inclusions BT? — BT for all
o C 7. They therefore define a map (he(K))) — X on the 1-skeleton of
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the homotopy colimit he(K). The Bousfield-Kan spectral sequence for ho-

motopy inverse limits, together with work of Wojtkowiak [W] clarifying the

situation for low dimensions, provides an obstruction theory for extending

this map to hc(K). The obstruction groups are given by the higher limits
i ¢ op gy 7 (M7 (X));

if these groups vanish for all ¢+ > 1, then the desired extension exists. So for

any ¢ > 1, it is convenient to define the diagram

II;: cAT?(K) — AB

by assigning 7;(M?(X)) to each face o, and the homomorphism induced by
M7(X) — M?(X) to each morphism 7 2 o.

The obstruction theory also applies to the question of uniqueness. There
is a restriction map

R: [he(K), X] — lim 9

CATOP

of homotopy classes, whose target may be identified with [hc(K ), X]. If,
for some element h1:=(h,)secr of the latter, the limits lim ¢, sror ¢y 1i vanish
for all 4 > 1, then R~!(hy) contains at most one element; in other words,
there is at most one extension hc(K) — X of hy, up to homotopy.

So we are interested in simplicial complexes K that satisfy the following.

Condition 7.2. (VHL) For any p-complete space X equipped with an iso-
morphism 0: H*(X; 7)) — Zp[K], the groups

L ¢ ypon gy i and - limf o, o) 1T
vanish for all© > 1.

Proposition 7.3. If K satisfies (VHL), then it satisfies (C1) and (C2).

Proof. If K satisfies (VHL), the above considerations show that there exists a
map f: he(K) — X which induces 6. It therefore determines the homotopy
equivalence f: he(K); — X required for (C1).

Suppose that f,g: he(K), — he(K), are self-equivalences that satisfy
H*(f;Zp) = H*(g; Z;,). Without loss of generality, we may assume that f
is the identity. Then for every face o € K, the restriction g|pr- reflects

the pair (K, A(o)) over Z,), and so by Proposition 5.10(1) is homotopic to

¥4 )
he; in particular, g lies in R™!((hy)ser). All obstruction groups vanish by
assumption, so 1 and g are homotopic, as required for (C2). O

We now turn to the distinguishing properties of the skeleta A (V). For
any space X that reflects K over Zﬁ, we denote the homotopy fibre of the
map qx: X — BTV of Lemma 4.1 by Fy.

Lemma 7.4. For K = AUY(V) and any face o, we have that

(1) the space Fx is 2r-connected;
(2) Lk (o) is empty if o is mazimal, and is AT=ITI=D(V \ o) otherwise.
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Proof. (1) The missing faces of K have cardinality at least r + 1, so ¢x
induces an isomorphism of p-adic cohomology in dimensions < 2r + 1. The
same is therefore true in homology. Both X and BTV are simply connected
and p-complete, so 7;(Fx) =0 for 1 < j < 2r by Whitehead’s Theorem.
(2) The faces p of £ (o) are restricted only by the requirements that they
are subsets of V' \ o, and that |o| + [p| < 7. O

Lemma 7.4(2) combines with (2.11) and Theorem 5.10(3),(4) to create a
homotopy pullback square

Xy —— M7(X)

(7.5) fIzK(a)l lQMU(’X)
(BTV\?)) —— (BTY))

for every non-maximal face ¢ € K; when ¢ is maximal, there is an equiva-
lence M?(X) ~ (BT?),.

Theorem 7.6. Suppose that K = ANV, and X reflects K over Z;{;\’ then
we have that liméATop(K) 1I; =0 for all j > 1.
Proof. If i = 1, then II (o) = 0 for every face o by Theorem 5.10(2); so
lim]cATop(K) Il =0 for j > 1.

If i = 2, then II5(0) = (Z7);, when ¢ is maximal, and (Z"); otherwise,

P
by (7.5). So there exists a short exact sequence
0— Il — cstzvyy — v — 0,

where ¥ is non-zero only on maximal faces, and decomposes as a product

of atomic diagrams. Then limjc AToP () 1, = liméZTlop( K) ¥, and Proposition
6.2 confirms that lim’ II, =0 for j > 2.

CATOP (K)
If i > 3, abbreviate the atomic diagrams (I1;), to I1,, and the groups
lim’

oaron (i) o 10 I3 1t follows from Lemma 7.4(1) and (7.5) that II, = 0
for all o satisfying [o| < r —i/2, because the fibre of gy, (,) is 2(r — |o])-
connected. So I = 0 for j > i. The remaining faces satisfy i > 2(r — |o]),
and therefore i > (r — |o|). But Proposition 6.2 and Lemma 7.4(2) identify
1 with HI=Y(A=el=D(V\ ¢); &(5)). Hence I = 0 for j > i in these cases
also, and the result follows by applying Lemma 6.5. ([

Theorem 7.6 shows that K satisfies (VHL), so the following is an imme-
diate consequence of Proposition 7.3.

Corollary 7.7. Every complex A" (V) satisfies conditions (C1) and (C2).
For low dimensional K, our main results hold without restriction.

Theorem 7.8.
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(1) For dim(K) < 1, there is an isomorphism 0: H*(X;Zp) — Z,[K]
if and only if there is a homotopy equivalence f: hc(K)é\ — X such
that f* =0;

(2) for dim(K) =0, then two self equivalences f,g: he(K), — hc(K);
are homotopic if and only if H*(f; 7)) = H*(g; Zy).

Proof. Since all the relevant mapping spaces are simply connected, we need

only check that lim’ I7;(o) vanishes when j > 3 for (1) and when j > 2 for
(2). These both hold for dimensional reasons. O

8. JOINS OF COMPLEXES AND HIGHER LIMITS

We have shown in Section 7 that skeleta of simplices satisfy condition
(VHL), and the aim of Theorem 8.7 is to extend the class of complexes
with this property. Preparing for the proof occupies most of this section,
throughout which we insist that X = X, reflects K x L over ZQ. We
maintain our convention that any space denoted by X or X is p-complete,
for every simplicial complex J.

Lemma 8.1. For any ix reflecting (K * L, K) and iy, reflecting (K * L, L)
over ZI/,\, the homotopy pullback of the diagram

X 5 x S X
is p-complete and contractible.

Proof. The pullback is p-complete by [BK, Section I1.5], and the Eilenberg-
Moore spectral sequence computes its mod p cohomology. The FEs-term is
given by

' 0 for j #0
J _
Tor, (jor,r) Fpl K] Fol L) = { F, forj=0"
so the spectral sequence collapses and the pullback is contractible. O

The homotopy fibre of iy, is therefore the loop space 2X g, and its inclu-
sion into X, is null-homotopic.

Lemma 8.2. For any iy, reflecting (K * L, L) over Zy,, and any face T € L,
the square

M7 (X)) —— X

o) Ji
MT(X) =— X
is a homotopy pullback, and functorial in 7.

Proof. First apply the functor map(BT7™,—) to iy, and use evaluation at
the base point to obtain a commutative square whose upper left-hand entry
is M7(X1). By Theorems 4.14 and 5.10(2), the upper evaluation reflects
(L,str(1)) over Zp; and there is a canonical map d: M7(Xz) — P to the
pullback P.
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The Eilenberg-Moore spectral sequence computes H*(P;Fy). The iso-
morphisms

Tor’

b tkjem, ) EplK] © Fplstr(r)], Fp[L]) 2 Torh (Fylstr(7)],Fp)

show that the higher Tor groups vanish, and that the spectral sequence
collapses at the Fs-page. It follows that d is a homotopy equivalence, as
required. Functoriality of the construction is immediate. ([l

Lemma 8.3. Suppose that L satisfies condition (VHL); then there exists a
map jr: he(L) — X reflecting (K = L, L) over ZQ, and it is unique up to
homotopy.

Proof. Consider a maximal face u of the subcomplex K C K % L, so that
lir,(p) = L. The fibre inclusion Xj, — M#(X) of Theorem 5.10(3) may be
combined with the equivalence he(L) — X, that arises because L satisfies
(VHL). Then composition with evaluation at the basepoint defines ji, as
he(L) — M*(X) — X, which reflects (K L, K) over Z, by Theorem 5.10.

In order to prove homotopy uniqueness, we utilise the obstruction theory
of Section 7. In this case the obstruction groups are lim’, aror(r) Ti(MT (X))
for ¢ > 1, and it remains to show that they vanish.

First apply Lemmas 8.1 and 8.2 to the maps jx and jr. The homotopy
exact sequences of the principal fibrations 2hc(K) — M7 (he(L)) — M™(X)
decompose into short exact sequences

(8.4) 0— WZ(MT(hC(L))) g WZ(MT(X)) — CStm(hc(K)) —0

of CAT®P(L)-diagrams. But L satisfies (VHL) by assumption, and the higher
limits of any constant diagram are zero on CAT?’(L). So (8.4) implies that
m,ypop () Ti(M7(X)) = 0 for ¢ > 1, as required. O

Lemma 8.5. Suppose that K and L satisfy (VHL); then for any o € K
and T € L there exist maps li (o, T) reflecting (stx (o) * str(7), stx (o)) and

I1(7,0) reflecting (stx (o) * str,(7), st (1)) over Zy,, such that the diagram

M (he(K)) 22 2707 (X) D M (he(L)
is homotopy functorial in o and T, and has contractible homotopy pullback.

Proof. In order to define lx (o, 7) and I1,(T,0), observe that the restrictions
of hyur: BT°YT — X to BT and BT" are homotopic to h, and h, re-
spectively, by Theorem 5.10(1). So the adjoint properties of mapping spaces
provide homeomorphisms

(8.6) MT(M?(X)) = M°YU™(X) = M°(MT(X)).

By Theorem 5.10(2) and Lemma 8.3, there exists jr(o): he(L) — M7 (X)
reflecting (stx (o) * L, L) over Z;)\. Then [7(7,0) is induced by applying
map (BT™, =) to jr(o), and reflects (st (o) *str(7), str(7)) over Z) by The-
orem 5.10(2). The construction is functorial in 7, and homotopy functorial
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in o because Lemma 8.3 defines jz, (o) uniquely up to homotopy. Interchang-

ing 0 € K and 7 € L defines [k (0, 7), which reflects (st (o) *str(7), stx (o))

over ZI/J\; the construction is functorial in ¢ and homotopy functorial in 7.
The homotopy pullback of the diagram is contractible by Lemma 8.1. [

Proposition 8.7. The class of simplicial complexes satisfying (VHL) is
closed under the formation of finite joins.

Proof. Let K and L satisfy (VHL). By Lemma 8.5, there are isomorphisms
mi(M? (he(K))) x m(M7(he(L))) = m(MT57(X))
that are functorial on CAT?P(K) x CATP(L), and so on CAT?’(K * L). The

result follows from Lemma 6.7, by induction on the number of factors. [J

We believe that other combinatorial operations on simplicial complexes
may also respect condition (VHL).

Theorem 8.8. Let X be a p-complete CW-complex; if K is an iterated join
AU 5 - % AUD(UY) of skeleta of simplices, then there is an isomor-
phism 0: H*(X; 7)) — Zﬁ [K] if and only if there is a homotopy equivalence
f:he(K)p — X such that f*=9.

Proof. Any such K satisfies condition (VHL) by Theorem 7.6 and Proposi-
tion 8.7, and therefore satisfies (C1) by Proposition 7.3. O

Theorem 8.9. Given K as in Theorem 8.8, any pair of self-equivalences
fr9: he(K)p — he(K),y are homotopic if and only if H*(f;Zy)) = H*(g; Zp).
Proof. As before, K satisfies (C2) by Proposition 7.3. O

9. THE INTEGRAL HOMOTOPY TYPE

Our final aim is to prove Theorems 9.5 and 9.6. For any space Y, we
denote the product of all its p-adic completions by Y := [ ¥}, and its
rationalisation by Yj; its finite adele type Yy, is both the rationalisation of
Y/ and the formal completion of Y. When Y is nilpotent, these spaces fit
into Sullivan’s arithmetic pullback square

y 2, yr

(9.1) l l.

yo_/\__,yAf

For any partition U :={Up,...,U} of V, we write K (U) for the iterated
join A(Up) * O(Uy) * - - - % O(U;). So there is an isomorphism

QK] = Q[A(Uo)] @ QO(Uh)] @ --- @ Q[O(Ur)],

which implies the following observation of [NR, Section 5].

Proposition 9.2. The simplicial complexes K(U) are precisely those for
which Q[K] is a complete intersection.
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For the rest of this section we insist that X is a 1-connected space realising
the complete intersection Q[K (I/)], and maintain our convention of denoting
the homotopy fibre of gx : X — BTV by Fx. In particular, the cofibre of any
Ghe(a(v)) 18 the Thom complex Th(U) of the universal product of line bundles
over BTV, so dhe(a(U)) 18 equivalent to the projection of the corresponding
sphere bundle, and has homotopy fibre the (2|U| — 1)-dimensional sphere
S(U); hence Fioky) is given by S(U) := S(Ur) x --- x S(Uy).

Lemma 9.3. The p-adic completion, rationalisation, and finite adele type
of the fibration Fx — X — BTV are all themselves fibrations; moreover,
Fx is 1-connected and rationally equivalent to S(U).

Proof. The first statement follows from [BK, Section IL.5] because BTV is
1-connected; the 1-connectedness of F'x arises directly from the definitions.
Part I of [NR, Proposition 5.11] confirms the existence of a homotopy equiva-
lence h: he(K(U))o — Xo, for which gx oh =~ gu. (k1)) as rationalised maps.
So h lifts to a rational equivalence S(U) — Fx of homotopy fibres. O

Now let ¢: X* — BTV denote the homotopy pullback of the fibration q
along the completion map BTV — (BTY)"; then the inclusion Fg — X* of
the fibre is homotopic to the principal TV -fibration classified by ¢

Lemma 9.4. The homotopy fibre F* of the induced map X — X' is a
product [[i_, H(Z"/Z,2|U;| — 2) of Eilenberg-Mac Lane spaces.

Proof. By construction, there is a homotopy pullback diagram

I

X —— Xt

in which the homotopy fibre of the horizontal maps agrees with that of
(Fx)o — (Fix)a,. Since the fibre of S(U)o — S(U)a, has the required form,
the result follows from (9.1) and Lemma 9.3. O

Theorem 9.5. Let X be a nilpotent CW-complex; if Q[K]| is a complete
intersection, then there is an isomorphism 0: H*(X;7Z) — Z[K] if and only
if there is a homotopy equivalence f: he(K) — X such that f* =6.

Proof. Using Proposition 9.2, write K as K (U) for some partition U of V.
Then 6 extends to an isomorphism H*(X;Z)) — Z,[K(U)] for each prime
p, which is induced by an equivalence he(K (U)),; — X via Theorem 8.8.
So there exists a map f": he(K (U)) — X7, such that ¢4 o f’ factors through
the completion BTV — (BTV)" using arguments of Sections 7 and 8. In
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other words, the square

he(K (U)) 28, ppv
/| b
X/\ q—X> (BTV)/\

is homotopy commutative, and f’ factors through f”: he(K(U)) — X'

In order to lift f” to X, note that the obstructions lie in the groups
H* Y (he(K U)); m:(F*)). But m;(F*) = 0 in odd dimensions by Lemma 9.4;
so all obstructions vanish, and a lift f: hc(K(U)) — X exists. Then f* =6
by construction, and f is an equivalence by Whitehead’s theorem, because
the source and target are 1-connected. ([l

Theorem 9.6. Let X be a CW-complez that realises Z|K] for any K ; then
there is a homotopy equivalence e: XX — YXhe(K).

Proof. The Stanley-Reisner algebra Z[K] decomposes additively as a sum
Doecr Ay of graded subgroups, generated by monomials whose support is a
particular o. Every A, is realised in H*(X;Z) by a map ¢,: X — N,BT,
defined by composing ¢, with projection onto the iterated smash product.
Using the cogroup structure of X' X, we sum the suspensions Xq. over all
faces o, to obtain a map

hx: X — \/ Z(A.BT).
ceK

This induces a cohomology isomorphism of 1-connected C'W-complexes, and
is therefore a homotopy equivalence. Identical reasoning applies to he(K),
so it suffices to define h as hc_&() ohyx. O

We may use the splitting of [BBCG, Theorem 1.18] as an elegant alter-
native to he(r; in either event, Proposition 9.6 identifies X with the wedge
Ve Th(o) of Thom complexes, after one suspension.
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