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Abstract

It is well known that the perfect isometries predicted in Broué’s conjecture do not always exist when
the defect groups are non-abelian, even when the blocks have equivalent Brauer categories. We consider
perfect generalized characters which induce bijections between the sets of irreducible characters of height
zero of a block and of its Brauer correspondent in the normalizer of a defect group, hence providing in
these cases an ‘explanation’ for the numerical coincidence predicted in the Alperin—-McKay conjecture. In
this way the perfect isometries predicted in Broué’s conjecture for blocks with abelian defect groups are
generalized. Whilst such generalized characters do not exist in general, we show that they do exist when
the defect groups are non-abelian trivial intersection subgroups of order p3, as well as for 232 (¢g) for g
a power of two and PSU3(q) for all g. Further, we show that these blocks satisfy a generalized version of
an isotypy.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Modular representation theory; Characters of finite groups

1. Introduction

Let G and H be finite groups. Let B be a p-block of G and b a p-block of H. Write Irr(G, B)
(or sometimes Irr(B) if the meaning is clear) for the set of irreducible characters of G in B,
and write Z Irr(G, B) for the group of generalized characters of G all of whose irreducible con-
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stituents are in B. Note that ZIrr(G x H°, B ® b°) may also be regarded as the group generated
by the characters of B-b-bimodules, where b° and H° are the opposite algebra and group respec-
tively. We define all blocks with respect to a sufficiently large complete discrete valuation ring O
with residue field k of characteristic p and field of fractions K of characteristic zero. Characters
are always defined with respect to K.

For the convenience of the reader we include some definitions found in [9]. For u €
ZIrr(G x H®, B®b°), define 1, : ZIrr(H, b) — ZIrr(G, B) and R, : ZIrr(G, B) — ZIrr(H, b)
by

1
L,0)(2) == > 1(g.h~")oh)

|H| heH
and

1
RuOO) = = Y u(e h)x (o)

geG

where 6 € ZIrr(H, b), x € ZIrr(G, B). Hence I, and R, are adjoint with respect to the usual
scalar product on characters.
Given /,,, we may recover [ as

w= Z 01,(6).

Oelrr(H,b)

A generalized character u € ZIrr(G x H®, B ® b°) is called perfect if the following two
conditions hold:

n(g,h) uig,h) .
(I) foreach g € G and h € H, we have Coo) € O and iChm € O;

(II) if g and & are both p-singular or both p-regular, then (g, h) =0.

The motivation for this definition is that we think of © as coming from a linear combination of
OG-0 H-bimodules which are projective on restriction to OG and to O H. Note that induction
and restriction are examples of maps I, and R,,. In this case u is the character of KG with left
G-action and right H-action. We say that [, is a perfect isometry if u is perfect and I, is an
isometry with respect to the usual form (—, —)¢ on class functions.

Conjecture 1.1 (Broué). If B has an abelian defect group D and b is the Brauer correspondent
of B in NG (D), then there exists perfect u € ZIrr(G x H®, B ® b°) such that I, and R, defined
above are isometries.

It is well known that such a perfect isometry does not necessarily exist when D is non-abelian,
even when B and b satisfy various identities which occur when there is a perfect isometry (such
as there being the same number of irreducible characters at each height), as is the case when D
is trivial intersection. Specifically, it is expected that many of the properties which follow from
the existence of a perfect isometry hold when the Brauer categories Brp(G) and Br,(H) are
equivalent. The group 2B,(8) for p =2 is the best-known example where a perfect isometry
cannot exist (see [13] or [25]) but the Brauer categories are equivalent.
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For this reason, and guided by conjectures such as those of Alperin and Dade, we take the
view that if there should be a generalization of Broué’s conjecture to blocks with arbitrary defect
groups, then the blocks where this generalization would be most clearly apparent, would be those
with trivial intersection (TI) defect groups. Recall that a block B of a group G is a TI defect block
if a defect group D is TI, in the sense that if g € G\ Ng(D), then D$ N D =1.

Some further evidence that there should be a generalization of Broué’s conjecture which ap-
plies to blocks with TI defect groups comes from the following. The reader should note that if
there is a perfect isometry between blocks, then their Cartan matrices have the same elementary
divisors (with equal multiplicities). If ¢ is a power of p, write m p(q) for the multiplicity of ¢ as
an elementary divisor of the Cartan matrix of B.

Proposition 1.2. Let B be a p-block of G and suppose B has a TI defect group D. Let b be the
unique block of Ng(D) with Brauer correspondent B. Let q be a power of p. Then mp(q) =
mp(q).

Proof. Since D is TI, it follows that D and 1 are the only radical p-subgroups of G contained
in D. Hence by [23, 4.3] (using the complex of radical p-subgroups, and noting that only those
chains whose final terms are contained in a conjugate of D contribute to the sums) we have that
mp (1) —mp(1) =k(B) — k(b). But k(B) = k(b) by [4], so the result follows for g = 1.

Now suppose that g # 1. The result is then an easy consequence of those in [8], but we outline
the proof here.

By [8, (II)1.3] and [8, (I)2.8]

me@) =Y. my"(Q).
0Py (G)

G,
where m " (Q) = dim((TrgG(Q)(kCGp,(Q)))BrQ(éB)), and P,(G) is a set of G-conjugacy
class representatives of p-subgroups of order ¢. Only sums with Q lying in a conjugate

of D contribute to the sum, and so we assume Q < D. Since ¢ # 1 and D is TI, we have
G/ Ng(D),s
Ng(Q) < Ng(D). Hence m " (Q) = mbG( ' (Q) for each Q@ < D. Since Ng(D) controls

fusion of subgroups of D, it follows that mp(q) = m(g) as required. 0O

Blocks with TI defect groups were classified in [3], and it has been our strategy to use this as
a tool to find and provide evidence for the shape of a generalization of Broué’s conjecture. We
present here an idea which has resulted from this strategy. This is at the level of characters, and
we make no attempt to formulate anything more structural, in order that there should be as few
restrictions as possible to the interpretation of the evidence. This being said, we see the ultimate
goal of such investigations as being an explanation at the level of categories for the numerical
coincidences highlighted in conjectures such as Alperin’s and Dade’s.

We are motivated in part by a talk given by Jonathan Alperin at Oberwolfach in 2003 where,
amongst other things, he highlighted a result of Gabriel Navarro which gives a connection be-
tween the height zero characters in a case where Broué’s conjecture does not necessarily hold,
and suggested that this may be possible to generalize. Recall that the defect of an irreducible
character y of G is the (non-negative) integer d(x) such that P00 % (1) » =G|, If x lies
in a block B of G with defect group D, where |D| = p?®), then d(x) < d(B), and we call
d(B) —d(x) the height of x. Write Irro(G, B) for the set of irreducible characters in B of height
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zero. Navarro’s result says that if G is p-solvable, with P € Sylp(G) such that Ng(P) = P, then

for each 6 € Irrg(P) and x € Irrg(G), we have that Indg (0) and Resg( x) each have precisely
one irreducible constituent of height zero.

We are interested in when the following weaker form of Navarro’s result holds. For a block B
of an arbitrary finite group with defect group D, let b be the unique block of N (D) with b¢ = B.
We say that B satisfies property (P) if:

(P) There exists perfect u € ZIrr(G x Ng(D)®, B ® b°) such that for each 6 € Irrg(Ng (D), b)
and x € Irrg(G, B), we have that 1,(0) and R, (x) each have precisely one irreducible
constituent of height zero, and this occurs with multiplicity 1.

By adjointness, if B satisfies property (P), then I,,, R, induce a bijection Irro(G, B) <
Irrg(NGg (D), b). Hence (P) implies the Alperin-McKay conjecture, which states that
[Irro (G, B)| = |Irrg(Ng (D), b)|.

Remark 1.3. Suppose that Brauer’s conjecture that if a block B has abelian defect groups, then
every irreducible character of B has height zero, holds. Then Broué’s conjecture is precisely
equivalent to (P) holding for all blocks with abelian defect groups.

Actually, for blocks with trivial intersection defect groups, we will often be able to show some-
thing a little stronger. Throughout write @ for the character of B regarded as a left OG-module
and a right ONg (D)-module. Note that @p is itself perfect, and /o, and Re, are ‘blockwise
induction and restriction,’ i.e., induction or restriction, taking only components from the block
or its Brauer correspondent.

(P+) There exists u € ZIrt(G x Ng(D)°, B ® b°) of the form u =@ + >, &1, D, where
each I}, is the character of a projective indecomposable module of B and each @, is
the character of a projective indecomposable module of b, and ¢, = %1, such that for
each 0 € Irrg(Ng (D), b) and x € Irrg(G, B), we have that 1,,(0) and R, (x) each have
precisely one irreducible constituent of height zero, and this occurs with multiplicity £1.

Note that by [9] every generalized character u as in (P+) is perfect, so (P+) implies (P). We
see below that (P+) is important when D is TI since is implies the existence of a generalized
version of an isotypy defined below. We will abbreviate ‘principal indecomposable module’ to
PIM.

A consequence of (P+) is that the strengthening of the Alperin—-McKay conjecture due to
Isaacs and Navarro (see [22]) holds. This states that for each integer «, we have
[Irro (G, B, [ck])| = |Irrg(NG (D), b, [k])|, where ¢ =[G : Ng(D)],y and x € Irro(G, B, [r]) if
x(1)py = +rmod p. If further D is TI, then we obtain equality with congruences modulo |D|
when D € Syl ,(G) (since in this case [G : Ng(D)] = 1mod|D|). This has already been ob-
served to hold for blocks with TI defect groups in [4].

If G is p-solvable and P € SylP(G) satisfies NG (P) = P, then the principal block By is the
only p-block of G of maximal defect. Then By, with G acting on the left and P on the right
gives u, so that (P+) holds in this case.

The purpose of this paper is to present evidence which suggests that (P) should hold whenever
Ng (D) controls fusion in D, for example when D is TI.
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We make it clear that although the Alperin-McKay conjecture suggests that |Irrg(G, B)| =
|Irrg(Ng (D), b)| for every block B, property (P) does not hold in general. For consider the prin-
cipal block B of G = PSU3(2) for p = 2. In this case a Sylow p-subgroup P is self-normalizing
and dihedral of order 8. The irreducible characters of B have degrees 1, 3,3, 7, 6. It is easy to
see that we cannot have p satisfying (1, h) =0 forevery h € P — Z(P).

In some cases, for example with the unitary groups, to save notation we do not always
calculate precisely which irreducible characters of positive height occur as irreducible con-
stituents, since we are still able to compute p. Hence for an arbitrary generalized character yx
we write xo for the character formed by omitting irreducible constituents of positive height, i.e.,

if X= inelrr(G) ai Xi, then X0 = inelrro(G) a; Xi-
1.1. Generalized isotypies

Let B and b be p-blocks of finite groups G and H respectively. Suppose that i € ZIrr(G X
H°, B ® b°) is perfect.

Write CF (G, B, K) for the subspace of CF(G, B, K) consisting of class functions vanishing
on p-singular elements. Then R, and [, induce maps R, ,»: CF (G, B, K) — CF/(H, b, K)
and I, :CF(H,b,K)— CF(G, B, K).

Let y € G be an element of p-power order, and let By, be a block of C¢ (y) with Bg; =B, i.e.,
({(y), By) is a B-subpair. Define the decomposition map

.By
dg"™: CF(G, B, K) > CFy(CG(y), By, K)

by déy’B"’)(oz)(x) =a(xyep,) for x € C(y) (see [18]).

Suppose now that B and b share a defect group D. Fix a maximal B-subpair (D, Bp) and
amaximal b-subpair (D, bp). For each Q < D this fixes a unique B-subpair (Q, Bg) < (D, Bp)
and a unique b-subpair (Q, bg) < (D, bp). If y € D, then we write, e.g., By for B(yy. We say
that R, is compatible with fusion if for each y € D there exists uy € ZIrr(Cg(y) x Cy(y)°,

By ® (by)°) such that dfvyc’lzyD)) oRy =Ry, po dg’By) and each u, gives property (P) for By.

We say that there is a generalized isotypy between B and b if the Brauer categories Brp(G)
and Br,(H) are equivalent and there is R, compatible with fusion (see, for example, [18] for
a definition of the Brauer category).

Note that if B is a controlled block or has trivial intersection defect group D, then by the re-
marks in [9, 4B] Brp (G) and Br; (Ng (D)) are equivalent, where b is the unique block of Ng (D)
with b¢ = B. Whilst we are on the subject, we also note that whilst it is true that every TI block
(in the sense of [1]) is a controlled block, it is not true that every block with TI defect groups
is controlled, just as it is not true that every block with abelian defect groups is controlled. For
example, the block given in [2, p. 127], which has abelian TI defect groups but is not TI, is not
controlled.

We note that condition (P+) is particularly well suited to finding generalized isotypies:

Lemma 1.4. Let B be a block of a finite group G with TI defect group D. Let b be the unique block
of Ng(D) with b® = B. Suppose that condition (P+) holds for B. Then there is a generalized
isotypy between B and b.

Proof. We have already seen that B and b have equivalent Brauer categories. Let y € D be
non-trivial. If x € Irr(B), then R, (x) = Reng(D)(X) + A, where A vanishes on p-singular ele-
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: (.by) (7.by)
ments, and it follows that d,@G oy © RuGo) = d,gG () ORes§_ ) (X). We have Cg(y) < Ng/(D).

Take iy = D ci(Co(y) x>, so that Ry, is the identity map and p, gives (P+). Hence

(7.By) (7.By) (7.by) (7. By) .
Ry, pods (0 =dg "™ (x),anddl\fG(b)oRu(x)zRuyyprode Y (x) as required. O

For brevity, we say that a block B of G satisfies (PI) if:

(PI) There is a generalized isotypy between B and b, where b is the unique block of Ng (D)
with b% = B, where D is a defect group for B.

The main result of the paper, which we prove using the classification of finite simple groups, is:

Theorem 1.5. Let B be a block of G with non-abelian TI defect group D with |D| = p3. Let b be
the unique block of NG (D) with b® = B. Then there is a generalized isotypy between B and b.

This, along with other evidence presented below, leads us to make the following conjecture:

Conjecture 1.6. Let B be a block of G with TI defect group D. Let b be the unique block
of NG (D) with b° = B. Then there is a generalized isotypy between B and b.

The paper is structured as follows: In Sections 2—6 we verify (P+) for various blocks of the p’
central extensions of automorphisms of non-abelian simple groups having TI defect groups, in-
cluding all those with non-abelian defect groups of order p3. In Section 7 we give two examples
of controlled blocks for which (P+) holds. In Section 8 we give a proof of Theorem 1.5 by means
of Clifford-theoretic reductions, a classification and the calculations in the previous sections.

2. Suzuki groups in the defining characteristic

Let G = 2Bs(q), where g = 22"+ and m > 1. Write r = 2"+!_ Then the principal 2-block B
of G is the unique 2-block of G of positive defect. Let P € Syl ,(G), and let b be the Brauer
correspondent of B in Ng(P). The characters of G and Ng(P) are determined in [27], and we
use the same labelling for the characters of G (but not for the characters of Ng(P), which are
not all given labels in [27]).

The irreducible characters of B are: the trivial character 1; X; for 1 <i < ¢g/2 — 1, of degree
q2 + 1LY for 1 <j< %, of degree (q —r + 1)(g — 1); Zy for 1 <k < %, of degree
(g+r+1D(g—1); W, fori=1,2, of degree r(¢g — 1)/2. The characters X; are induced from
the non-trivial linear characters of Ng(P).

The irreducible characters of b are: the trivial character 1; linear characters 6; for 1 <i <
q/2 — 1, where QiG = X;; linear characters Oi’ for 1 <i <¢q/2— 1, where (9{)G = QiG; ¢ of
degree g — 1, ¢ for =1, 2, of degree r(qg — 1) /2.

The characters of the PIMs of b that we need are @; =6; + ¢ +r/2¢1 +r/28, for 1 <i <
q/2—1.

The irreducible characters of height zero of B decompose on restriction to N (P) as follows:

Reng(P)(l) =1;

Res§  p)(Xi) =0 + 0] + ¢ +7/201 +r/200 =0 + &;;

Reng(P)(Yj) =0+ F/2-D&1+8)=—0; -1 — L+ Py,
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Res§ . py (Z) =&+ (r/24+ 1) (&1 +&2). This is =0k + &1 + G2 + Py for | <k < GF -1,

where t = (g +r) /4.
q+r =r_1

Hence p=®p — 3,3, &i(Xi + Yi+ Wi+ Wo) = 3, 21 &u(Xipk + Zi — Wi — Wa)
gives R, with

R,(1)=1;

R, (X;)=0];

R,(Yj)=—0; — {1 — &

Ru(Zi) =0+ 01+ o for 1 <k <GE — 1

Ru(Zg—rya) =¢ + (r/2+ D1+ 0);

qtr =T _q
Ry (W) =Res§ p) (W) =325, @i+ 3,5 P
From the character table for G we see that X; +Y; + W+ Wj and X,y + Z — W1 — W, van-

ish on p-singular elements for each r and k. Hence both are Z-linear combinations of characters
of PIMs of G (by, for example [24, 2.16]), and so (P+) holds in this case.

3. 2G,(3)

Let G = 2G>(3) and p = 3. Let B be the principal block and P € Syl,(G). Let b be the

principal block of Ng(P). Then P =3 42 and is TL
Here (blockwise) induction and restriction are sufficient to give (P+), i.e., u = @p. This
results in the following bijection, with signs, between Irrg(B) and Irrg():

1; 1;
1o 14
I3 I
T le
7> <~ 13
T3 Is
3 2
8 2
83 23

We note that B and b are in fact isotypic, although not via a perfect isometry satisfying (P+)
(we thank Shigeo Koshitani for this observation).

4. Aut(®B,(32))

Let G = 2B»(32) and p = 5. Let B be the principal block and P e Syl,(G). Let b be the
principal block of Ng(P). Note that B is the unique 5-block of positive defect of G. Write
2B,(32) X N <G,s0[G:N]=5.Then P =52 and is TL

The irreducible characters of height zero of B and b are all extensions of irreducible characters
of N and Ny (P N N) respectively (actually, this happens in general by [10, Proposition 2]), and
we label them accordingly: Irro(B) = {11,;: 1< j <5}U {124y ;: 1 <j<51U{1245;: 1<
JESYU{1024 ;: 1< j <5 U{1271;: 1< j<5)and Irrp(h) = {1;,j: 1 <i <4, 1<
J<S5PU4 1<) <5)

The characters of the PIMs of b are ®; = } | < j<5(1;,j +41,j) +5- 201, for 1 <i < 4.

The characters of the PIMs of B are '} = Zlgjgs(l 1,j +10244 j); I = Z]<j<5(1241,j +



2308 C.W. Eaton / Journal of Algebra 320 (2008) 2301-2327

12711 ) +5-63551; I3 = Zlg/gs(lz“lj + 1271y ;) +5-63551; I'y = Zl<.j<5(10241,j +
12714,j) + 5 6355;.

The irreducible characters in Irrg(B) restrict to Ng (P) as follows:

Res§ p)(11,7) =113

Reng(P)(1241,j) = Z]<k<5(14’k +410)+5:-200 =14 j =P4 — 14§

Reng(P)(1242,j) =Y ccsUar+410)+5-201 — 1o j =Py — 1a 3

Res p) (10241 ) =2@) + 20 + 203 4 2®4 + 41 j + 201

Reng(P)(lzﬂl,,-) =2¢1 + 3P, + 23 + 3P4 + 13 + 205.

Hence we deduce that u = ®p — 2(®1 + P3)[4 — Po(I3+214) — P4(I5 + 217y) gives (P+)
and the following bijection with signs between Irro(B) and Irrg(b):

1y, Iy,
124; 14
1242,1' <> —12’./' ,
1024, 4y
12714 13, ;

where 1 < j <5.
We note that B and b are in fact isotypic, although not via a perfect isometry satisfying (P+)
(we thank Shigeo Koshitani for this observation).

5. McL

Let N = 3.McL, the (perfect) triple cover of McL, and let p = 5. Let P € Syl5(G), so
P=5 r—z and P is TI. Let By be the principal 5-block, and B;, B, be the two remaining blocks
of positive defect. By and B, both have maximal defect and are faithful. Further, they are Galois
conjugate, so it suffices to consider just B;. We label the characters of G as in the GAP library.

Let b, be the Brauer correspondent of B; in NG (P).

To simplify notation, we label the irreducible characters in the block b; by 1;1,..., 1;3,
215 -+5264,2041,...,20 6, 24; 1, and the characters of the PIMs by

1r,i + 2071 + 2072 + 207 4 + 20, 5 + 20; 6 + 24 4 fori=1,2,7,8,
o 10200+ 20,5424, fori =3,4,5,6,
D) 24028 + 22041 4 20,2 + 20,3 + 20, 6 + 24;.1) + 20,4 + 20,5 fori =9, 10,
21i—8 +20;1 +20,2 +220,3+ - +20,6 +24;1) fori =11,12,

where n; ; corresponds to n3;4;—2 in the notation of the GAP library.

We first consider the principal block By.

An outer automorphism of G normalizing P interchanges 1p.; and 1g 2, 19,7 and 193, 200,1
and 20¢ 2, 200 4 and 209 5, leaving the other irreducible characters of by fixed.

We direct the reader to [7] for the characters of the PIMs of Bg, which are labelled I, ..., Iy,
Iy, I'p, Is.

The generalized character pp, giving (P+) in this case is rather involved, so we give it in
table form. Define the generalized character w1 which is the linear combination of @ ; I'; for
i=1,...,12and j €{1,...,9, 11, 12, 13}, with coefficients as below:
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Do1 Dop P03 Posa Pos Doe DPo7 Pos DPoo Doio Ponr Doz
I 0 0 0 0 0 0 0 0 0 0 0 0
I 0 0 0 0 0 0 0 0 1 0 0 -1
I3 0 0 0 1 0 1 0 0 -1 0 0 1
I'y| O 0 1 1 0 0 0 0 -1 0 0 1
Is| O 0 0 —1 0 0 0 0 0 1 1 1
Iy 1 1 1 0 1 1 1 1 0 0 0 0
Iy 1 1 1 1 1 1 1 1 0 0 0 0
Iy 0 1 0 1 0 0 0 1 1 0 1 1
Iy 1 0 0 1 0 0 1 0 1 0 1 1
Il —1 —1 0 0 0 0 —1 -1 4 4 3 3
I'pl 1 0 0 1 0 0 0 0 2 3 3 4
I'sl O 1 0 1 0 0 0 0 2 3 3 4

Let up, = @p, — 1. Then RMBO : ZIrr(Bo) — ZlIrr(by), giving (P+), may be given as follows
(we feel it is informative in this case to include the characters of positive height):

1 lo,3
224 20,4 —200,1 —200,2 + 2004 + 2005
2314 Io,5s —200,3
2524 20,1 +200,1 +200,2 —200,4 — 20,5
770 —1o,6 +20,1 — 20,4 —2.2094 — 2095 — 2093 — 249 1
770, —1o,6 +20,1 — 20,4 —200,4 —2.200,5 — 200,4 — 240,1
896, 1o.4 +200,3
896, —24¢,1 —200,4 —200,5 — 209,1 — 2002
35204 lo,1 +1o,5+ 10,7 — lo,a + 10,2 — lo,6 + lo,g
N —20.3 — 20,4 +2(200,1 +20p,2) —3.200,3
3520, Lo+ 10,5+ 1o.4 + lo,6 +200,6
4752, 20,2
5103, —203 —200.3
5544, —1o,6 —200,4 —200,5 —200,1 — 2002
80191 —10,1 + 200’3
8019, —10,2 4+ 2003
9856, 19,7 — 2003
9856, lo.s —200,3
10395 —1lo6 —20,1 +204—2.200,1 —200,2 —200,3 — 240,1
10395, —1lo,6 — 20,1 +20,4 —200,1 —2.200,2 — 200,3 — 2401

An outer automorphism interchanges 7701 and 770,, 80191 and 8019,, 9856 and 9856,,
103951 and 10395,, leaving every other irreducible character in By fixed. An outer automor-
phism also interchanges 1> and I3, leaving every other I fixed. We see that R, (and 1) is
Aut(G)-equivariant.

Now write £ = Aut(G) > G, and note that [Ng(P) : Ng(P)] =[E : G] = 2. Let Bg be the
principal block of E and let bg be the principal block of Ng(P). Label the irreducible characters
of Bg asin [7].
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Then there is up, € ZIrr(E x Ng(P)°, Bg ® bg), obtained from p g, in the natural way,
giving (P+) such that RMBE gives the following bijection with signs Irrg(Bg) <> Irrg(bE):

14 17
1 Ig
22, 23
22, 24
2314 Is
231, 1
252 2y
252, 21
896 15
896, R 14
8963 —244
8964 —24,
47524 25
4752, 23
5103, —26
5103, —27
55444 —14
5544, —13
16038, —29
19712, 210

Finally consider B;. The characters of the PIMs of Bj are labelled g, ..., I»9. Define the
generalized character w1, which is the linear combination of @y ;I7; fori =1,...,12 and j €
{18, ..., 29}, with coefficients as below:

D11 D1 D13 P4 P15 D D17 Pig Py Do P P2
I'gl O 0 0 0 0 0 0 0 0 0 0 0
I'ol O -1 0 0 0 0 0 0 1 0 0 0
Il O 0 0 0 0 0 0 —1 1 0 0 0
I 1 0 0 0 1 1 1 0 0 -1 0 0
I 0 1 1 1 0 0 0 1 -1 1 0 0
I>; 0 0 0 1 1 0 1 0 2 0 0 0
Do —1 0 0 0 -1 0 -1 0 1 1 2 1
Insl 1 1 2 1 1 2 0 1 0 1 0 -1
Il O 0 -1 0 0 -1 0 0 1 2 1 2
Iy —1 0 0 -1 -1 -1 -1 0 2 3 3 3
Ihgl 2 2 1 2 1 1 1 2 2 2 3 3
I 3 3 2 2 2 2 3 3 2 1 3 3
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Let g, = @p, — 2. Then R,MBl :ZIrr(By) — Z1Irr(by) gives (P+) and the following bijec-
tion with signs Irrg(B1) < Irrg(by):

126, —112
1263 —1i8
7924 211
2376, —113
23763 —114
27724 214
47522 — 21’2
5103, 213
6336, l1s
63363 117
80193 2441
80195 —li6
8064 -1y

6. Unitary groups

In this section we show that (P+) holds for all blocks in the defining characteristic for SU3(q),
GU3(q), SU3(g).2 and GU3(q).2, where the extension is by a field automorphism of order two.
Unfortunately general arguments such as those used in [18] to study SL;(g) may not be translated
neatly into our situation, and we are forced to construct the generalized character x in each of
these cases.

Let N =SUs(q), where ¢ = p™ is odd and m > 1. Let T € Aut(N) be a field automorphism
of order two (coming from an automorphism of ]qu). Define G = N(t), and choose a Sylow
p-subgroup P of N such that Tt € Ng(P). Letd = (3, + 1). Then |Z(G)| = |Z(N)| =d, and
there are precisely d blocks Cy, ..., C4y—1 of positive defect of N, where Cy is the principal
block. These correspond to the irreducible characters of Z(G), and have maximal defect. Let c;
be the unique block of Ny (P) with Brauer correspondent C;. Note that C{ = C; and ¢ = ¢
if d = 3. Let By be the principal block of G, and let B; be the unique block of G covering C
(and C3). Let b; be the unique block of Ng(P) with Brauer correspondent B;. Then each B;
and b; also has defect group P, and b; covers c;.

Write Irt* (H) = {6 e Irr(H): 07 =6}.

The irreducible characters of N and Ny (P) are given in [19], and we use the notation given
there.

Now Ny (P) has irreducible characters 91(”) for0<u< q2 —2; Gq(b(';_l)
9((;2’2)1)/0[ for0<u,v<d—1.1fd =1, then we sometimes write simply 6,2_; for 9((350_)1)/11. If
v =umod(g2 — 1), then by 6" we mean 6.

If d = 1, then Irr(c) = Irr(Ny (P)). If d = 3, then 6" € Trr(¢;) if u = imod3, 6% | €

q(qg—1)
N _ (u,v) N .
Irr(¢;) if u =i mod 3, and 9(42—1)/51 elrr(c;) ifu=i.

for 0 <u <gq;
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Lemma 6.1.

@ O =61, 506" €It (Ny(P)) if and only if g + 1| u.

1— . .
(9;(‘;_1))7 = eq“g;_l)”, 50 eq“(‘;_l) e I (Ny (P)) if and only if u = 0, L.

(1,v) T _ n2v) (u,v) T . . _
(9((1271)/‘1) = Q(qz,l)/dfo" each v, so e(qu)/d e Irr* (Ny (P)) if and only if u = 0.

Hence |Itt* (Ny(P))| =g+ 14+4d.
(b) 61 € Ir™ (Ny (P)) if and only if 6,7 € Irt™ (N (P)).

(¢) T cannot permute 91(”) and gl(—qu).

Proof. (a) and (b) are immediate from the character table.
It (0" =677, then ¢2 — 1| 2qu. But ¢ is odd, so ¢ + 1 | u, so 6 is fixed by T,
a contradiction. O

Blau and Michler, in [6], computed the number of conjugacy classes of Ny (P) and N fixed by
a field automorphism. By Brauer’s permutation lemma the number of fixed irreducible characters
is as follows:

Proposition 6.2. (See [6].) |Ir* (N)| =q +2 +d.

The irreducible characters of N are as follows:

x1 € Irr(Co);

Xq2—q € Irr(Cy);

X43- the Steinberg character, in a p-block of defect zero;
(u)

Xq27q+1 i

X(u)
q(q>—q+1)°

(u,v) 1og —
X 1)(q?—g 1)’ for 1 <u<(g+1)/3and u <v <2(q + 1)/3 (there are zq(qg — 1) such

characters if d = 1 and (g + 1)(g —2) if d = 3);

for 1 <u <gq;

for 1 <u <gq;

X;le for 1 <u < g% — 1 such that ¢ — 1{u, and we identify X;QH and X;?L)] when u; =
—qu mod q2 — 1 (there are %(q + 1)(g¢ — 2) such characters);

() 2 e () (ur) _

Xiga1y2(g_1y Where g~ —q +1 {u, and we identify X121 A4 X, 1y py Whenur =

(u2)
(g-1 (g+12(g—
are %q(q — 1) such characters if d = 1 and %(q + (g —2)ifd =3);

€ Irr(Cy), for 0 < u < 2; X((;‘ff)z(q_w, for

—qumodg® — g + 1, and X(((l;irl)Z ) and x D when us = g?umodg? — g + 1 (there

: _ ()

if d =3, then we also have Xg—1)(q?—q+1)/3
O0<u<2and 1 <v <2,

If d = 1, then each irreducible character, except for the Steinberg character, is in Cy. If d =3,

(u) Nip S )
alqr—q+n € TTCD T =imod 35 o, Ty o (o) €

N i ., W) N if g, — L, @ Nif g — .
Iri(C;) ifu+v=imod3; X341 € Irr(C;) if u =i mod3; X(g+12(g—1) € Irr(C;) if u =imod3;
u,v
Xigin2g-ny3 € TC)-

then X;;‘)_qﬂ € Irr(C;) if u=imod3; x
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In the following table, recall that for x € Irr(N), we denote by Res%N( P)( Xx)o the part of the
restriction whose summands have height zero.

X Resy oy (X)o (d=1)  Resy p(x)o(d=3)

X1 6\ 6.

@ p(la=Dw plla=1

X haimgsy O Oty + Oty + Oy

Xy o o 0 6 0 00 O+ e,
Xy 12— Og2-1 Ot H Oy T ety

X i@i—gss Oy

Xghigons - Oy

We gather some facts concerning the action of t on Irr(N), all of which follow from exami-
nation of the character tables, the previous lemmas and Proposition 6.2:

Lemma 6.3.
(@) x5y, € Im"(N) if and only if 6{") € ™ (N (P)).
1— . . —1

(b) (X;QH Df = X;gjﬁ‘]’). Hence Xq(”;{q ., €I (N) if and only if 097" ¢ it (N (P)).

W) e _ L gri-w W) . ' o ((@=Du)
© (Xq(q2—q+1)) = Xy(2—g 1) Hence Xytg2—gin) € Irr™(N) if and only if 6, €

Irr” (N (P)).
) (x ;gl Df = X;‘gf]. Hence X;le € " (N) if and only if 6" € Irr" (N (P)).
(e) X((Z—)H)z(q—l) is never fixed by t.
(u) .

(f) Each X(g—1)@?—q+1)/3 is fixed by t.

(u,1) (u,2)

T 5
® Kghrg-na)" = Xgrirg-n/s
(h) t fixes precisely (g — 3)/2 of the X;”)

3+1'
(i) T fixes precisely (g — 1)/2 of the x (‘5;”1)) (2oqsny fd=1and (q =3)/2ifd =3,
() x ((q_v1)> g1y € I N) if and only if either () u — 2v = Omod(g + 1) or (ID v — 2u =

Omod(qg + 1). In case (I) gq(u + v) =v — 2umod(qg + 1), and in case (II) q(u + v) =
u —2vmod(q + 1).

The PIMs of Ny(P) have characters @ with @) = 6{" +6,>_,, for 0 <u < ¢* — 1 if

(u) (u) (u1,0) (uy,1) (u1,2) 2 :
d=1and D, 0, + Q(qz_l)/3 + 6(q2—1)/3 + Q(qz_l)/3, for0<u<gq 1if d =3, where
1 =umod3.

Just as with the Suzuki groups, it is not necessary to work with the characters of the PIMs

of N themselves, but only with linear combinations of such characters. Define
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T = X gy X~ Xty ~ Xl o1y

T = X gy X~ Xty ~ Xalaraa 1y

L = X ey F X~ Xgtregsty ~ Xyltog i1y
T = X X+ Xig gy

If w=u—2vmod(g + 1), then I']""" vanishes on p-singular elements of N. If w =
v — 2umod(g + 1), then I,""" vanishes on p-singular elements. If w = u + vmod(g + 1),
then F3”’”’w vanishes on p-singular elements. Finally, I 4”’” always vanishes on p-singular ele-
ments, hence in these cases all are Z-linear combinations of characters of PIMs.

We gather together some easy facts concerning the action of t on the I7"":

Lemma 6.4.

1. Suppose w =u —2vmod(qg + 1). Then
(a) (Flu’v’w)G vanishes on p-singular elements of G,

e puow) Lo (u,v) (w) _ (u+v) T _
(b) lf(]"1 " is T-stable, then X1 g2 —q+1) and X 34 are t-stable and (Xq(q2—q+1)) =
v—2u
X4q2—g+1y°

2. Suppose w =v — 2umod(q + 1). Then
(a) (qu’v’w)G vanishes on p-singular elements of G,

P LR P (u,v) (w) } (u—2v) T _
(b) lf(I"2 ) is T-stable, then X1 q?—q+1) and Xg3p aret stable and (Xq(q2—q+1)) =
u-+v
X (2 .
q(q=—q+1)

3. Ifw=u+vmod(qg + 1), then (F3”’v’w)G vanishes on p-singular elements of G.
4. (I}"")C vanishes on p-singular elements of G.

5.0 Fi(”’v’w) is t-stable, where i = 1,2, then Fi(”’v’w) extends to generalized characters

E(Ll’v’w’l) and E("’U’w’z) of G which vanish on p-singular elements.

Proof. The first four parts follow from the previous lemmas and the character table. It remains
to prove the final part. Since G/N is cyclic, every G-stable irreducible character of N extends to
an irreducible character of G. Suppose that I” is the character of a PIM of N. Since p does not
divide [G : N], every OG-module is N-projective, so it follows (see, for example, [5]) that there
are distinct characters I'! and I"? of PIMs of G extending I". The result follows since I"i(”’v’w)
is a Z-linear combination of PIMs of N. O

We now have enough information to proceed to defining the perfect generalized charac-
ters. First we set up bijections between certain sets of indices for the irreducible characters.
These will be used to associate irreducible characters of N to linear characters of Ny (P),

ot (w) : (u,v) :
as well as associating characters X311 with characters y D P—gt) constituents of the
same [;.
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_ (u,v) : _ _ .
Recall that 7 fixes (g — 1)/2 of the X(g—1y(q2—q+1) 1 CASE d=1 and (g — 3)/2 in case
d = 3. Recall also t fixes (¢ — 3)/2 of the X;le- Let J; be the set of pairs (u,v) with

1<u(g+1)/3 and u <v <2(qg + 1)/3 such that (g + 1) | (u — 2v), and J, be the set
of pairs (u,v) with 1 <u(g +1)/3 and u < v < 2(q + 1)/3 such that (¢ + 1) | (v — 2u)
(so in either case X((;t;vf)(qkqﬂ) € Irr"(N)). Then J> # @, since (1,2) € Jp. Write J] =
JH—{(1,2)} if d=1and J) = Jp if d =3. We have J1 N J; =¥ and |J; U J;|
(g —3)/2.

Write {I <u <q?>—1: ¢—1{u, g+1|u}=JUJ’, where J N J' =@ and multiplication by

—g (modulo g2 — 1) gives a bijection J <> J'. Precisely |J| = (g — 3)/2 of the x;’;:_l

are fixed

by 7. Choose a bijection a: J; U J; — J.

We now turn to the irreducible characters not fixed by 7. Recall that in Ny (P), the linear
characters not fixed by t are the 91(") where ¢ — 1{u and ¢ + 1 {u.

Write LUM ={l<u<g’—1:g—1,qg+1 { u} such that multiplication by ¢ (modulo
g”> — 1) gives a bijection L — M. Write L = S U S, such that multiplication by —g (modulo
g% — 1) gives a bijection S — §’, and M = T U T’ such that multiplication by —¢g (modulo
g® — 1) gives a bijection T — T’ and multiplication by g gives a bijection § — T.

. (u,v)
Now choose §1 amongst the set of those pairs (i, v) such the:t )X(qfl)(q27q+l)
u

(121" chosen such that:

is not fixed by t
and let S> be a set of integers 0 < u < g2 — ¢ giving distinct x

(u,v) .
(q—D(g>—q+1)’

n (recall that every

. (u,v) (u,v) T -
1) X 1) g2 —q+1)’ (X(q—l)(qz—q+l)) for (u, v) € S| account for all non-fixed x
(1) (u)

i (u) T
(i) X(g+12(g-1)’ (X(q+l)2(q7])) for u € S, account for all of the X(g+12(q—
irreducible character of degree (g + 1)2(g — 1) is moved by 7).

Note that we have |S| = |S;| + |S2]. Observe that if x € {2,..., g}, then there are at most
q — 2 pairs (u,v) with 1 <u < (g +1)/3 and u < v < 2(q + 1)/3 such that u + v =

xmod(q + 1). We also make the trivial observation that 1 < u + v < g for each x ((q”_vl)) (@2 —gt1)’

Hence we may choose a bijection 8:S51 U S — S such that if (u,v) € S;, then B(u,v) =
u+vmod(qg + 1).
Define uy € ZIrr(N x Ny(P)°) by

UN = ¢>N _ Z Flu,v,a(u,v)¢(a(u,v)) _ Z qu,v,a(u,v)¢(a(u,v))

(u,v)el; (u,v)elr
_ Z F;‘vv’ﬁ(“»”)(p(ﬂ(u,v)) _ Z 1-'4/3(“)’“45(/3(14))
(u,v)€S] ues,
_ Z (F3usv,ﬂ(u»v))f(¢(ﬂ(u,v)))f + Z(pf(u),u)f(@(ﬁ(u)))f,
(u,v)€S) ues,

where @y denotes the character for induction and restriction for N, excluding the Steinberg
character.
This gives the bijection (with signs) Irro(N) \ {x,3} — Irro(Ny (P)) given by x — Ry (x)o:
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X
W) ©)
fa2 -+l 91(( 1u)
qg—u
X(’:) cuel 0
¢°+1 (—qu)
(w.v) vy ed o)
Xg-Dig>—g+n" ! (@(,v))
(u,v) . (M v) e J/ 9]
Xg=ig2=g+n" M S PRCICRD)
(1.2) e g !
g 1ygr—g+ny T 4=1 0,2
@ . _
Xyt UE S 91( qu)
<>
W40 ues gl
(.v) . 9 (Bu.v))
(@-Dg?—qn’ W V) ESI W
(X((;;Ul))(qz—q+l))r: (u,v) €5 0('3( ))
0 u
) .
Xghipg-n* 4 €52 p(aBw))
(u) T.
Kigrpq-n)+ 1 €52 O3
) e
K(g=1(gi—q+ny3* T4 =3 6%
- @>-1/3

Xig+12(q-1)/3

Note that by our definition of « and $, and the fact that restriction of characters respects the
Brauer correspondence in this case, this bijection also respects the Brauer correspondence, i.e.,
we have bijections Irrg(C;) < Irro(c;).

Our labelling of the terms of I l(u’v’w’l) and I 2("’11’1”’2) will determine our choice of I,,;.

Let Fl(“’v’w) and Fz("’v’w) be G-stable, where w = u — 2vmod(g + 1) and w = v —
2umod(q + 1) respectively. Hence g + 1 | w in each case. For i = 1,2, label extensions

(u,v,i) (u,v) (w,i) (w) .
X 1)(g2—g+1) of X1 —g+1) and X311 of X341 SO that, according to Lemma 6.4, for
i5 J = 17 2’
(w,v,w,i) _  (u,v,i) (w,i) (u+v) G
I = Xg=Di@?—g+) T X1 (Xq(qz—qul))

)
+1°

depending on whether d = 3 or d = 1 respectively.

In this way we account for all of the t-stable X;L; and either all or all but one of the r-stable

(u,v)
X(g-D(g2—q+1) .
We must label the extensions of the remaining t-stable irreducible characters of N. Let x{, for

i =1, 2 be the extensions of x; to G. Let X;Zfzﬁ | for i = 1, 2 be the extensions of the t-stable
(u) (u,i) - : (u)

Xg2o gt to G. Let X1 (a2 —g+1)/3 for i =1, 2 be the extensions of X1 (a2 —g+1)/3 to G. Let
(u,0,i) (u,0)

for i =1, 2 be the extensions of x to G.

X(g+12q-1)/3 (@+D2(g—1)/3
For the remaining x € Irr(N), we have x© eIrr(G).
Using the Mackey decomposition, we may compute the restrictions of the irreducible char-

acters of G to Ng(P), noting that [Ng(P) : Ny(P)] = 2. Every 6 € It (Ny(P)) extends

to Ng(P), and 9Nc(P) ¢ Irr(Ng (P)) for every 6 € Irr(Ny (P)) — Irr* (Ny (P)). Choose a la-
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belling of the extensions of the 6 € Irr® (Ny (P)) so that the restrictions are as follows, where
i =1, 2, and each constituent written is irreducible:

x €li(G) Res§ p (o d=1)  Res§_ p (x)o(d=3)

X{ el(O,i) 91(0,1')

X,jﬁ’fim p(a=bud plla=hud

(X;glq+l)c (el((qfl)u))NG(P) (Gf(Q*I)M,i))N(;(P)

@iign S Ol s O e

Ui har—r)® O+ 00, Og i3 + Vgt
HoG

x4 o o e o T g
HOED R

(Xq(lgl-l)G (91(14) _i_el(—qu,i))NG(P) (91(14) +91(—qu)

+0p +05 0t Oty s + Oy

(ngrl)z(q—l))c 9;2—1 + 6422—1 (9((5;_’)1’?/)3 + 9&?% + 9((;;_1){)2/)3)%(}))

X b Oy

Uigiing - - Ogsy )"

We see that every 91(”) € Irr* (Ny (P)) occurs in the restriction of precisely one 7-stable char-
acter ) (ifg—1]u)or x“
q*—gq+1 73+1

9((5;2?) /3 may be chosen consistently, and so every irreducible character
of height zero of Ng (P) is now accounted for.

Fori=1,2and 0 <u < ¢* — 1 such that ¢ + 1 | u, write @é“’i) = Ol(u’i) + 9{;2_1 ifd=1
and @ = 6{"" 4000 4000+ 6057 i d =3 and u =0mod3, and &5 =

(otherwise), hence we may indeed make a consist choice. We

also see that 9; »_, and

) w.0) ((q261)/3 ( 22;1)/3 @*=1/3
u,i up, up, up, G ; — =
0, + (6’([]2_1)/3 —1—'9([[2_1)/3 + 9((]2—1)/3) ,ifd =3 and u; =u %% 0mod 3.

In each case d)(g”’l) is the ‘truncation’ of the character of a PIM.
Now define g € ZIrr(G x Ng(P)°) by

we =G — Z Z Fluqvqﬂl(u,v),i¢(o¢(u,v,i)) _ Z Z FZM,U,W(M,U)J¢(a(Lt,v,i))

i=1,2 (u,v)el i=1,2 (u,v)ely
_ Z (Fgu,v,ﬂ(u,v))G((p(ﬁ(u,u)))Nc(P) _ Z Ff(”)‘uc((p(ﬁ(u)))NG(P)’
wwes iess

where @ denotes the character for (blockwise) induction and restriction, again excluding ex-
tensions of the Steinberg character.
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This gives the bijection (with signs) Irrg(Bo @ B1) — Irrg(bo @ b1) given by x — Ry, (x)o:

X1 A pO.i
(g+1)/2.) 1
q>—q+1 9<<q2—1)/2,i>
xS )% u#t@+1)/2 1
P-g+1’ G
i) .
Xq3+l' uel Ql(_qu'i)
(u,v,i) . .
Xg=1)gi—q+n (V) €N 6,
(u,v,i) ) / (o (u,v),i)
Xig-Digr-gsn’ WV €N R
(1,2,0) TS 9!
X tigi—g+n* TA=1 g2~
x )G ues 0] ")¢
(Bu,v)\G
o ) (u,v) €8 © )
@—1D(g*—g+1) BW)\G
(X (u) )G. ues (91 )
@+D2(g-1)" 2 0.0
(i) T @*-1/3
X(‘Ifl)(quq‘l'l)/}'. lfd 3 (Q(vv”) )G
(V) )G @*-1)/3
(g+1%(g—1)/3

It is clear that this bijection respects blocks.

We now turn our attention to GU3(q) and PGU3(q).2. If 31 (¢ + 1), then we are done, so let
31 (g+1).

First consider N = SU3(q) and choose 6 such that H = GU3(g) = N(§) and § € Ny (P).

From examination of the character tables, & fixes every irreducible character of G, except

() . (u,v)
X(q—l)(qz—q+l)/3 (where u €0, 1, 2), which are permuted, and X(q+1)2(q—1)/3’

8 permutes x % (L) 2.v)
(g+1D2(g—1)/3" Mg+1)*(g—1)/3 (g+1D2(q—1)/3"
As before, we label the extensions of the irreducible characters of N according to the exten-
sions of the projective indecomposables. '
Each I'"“""" is H-stable, and there are extensions Fi"’v’w’[j] of I7""" for j =0,1,2

: : = : (u),[j] (u) (u,v),[]
which vanish on p-singular elements. Label extensions X311 of X310 X1y —q+1) of

) @).Lj] @) @).Lj] @)
Xg=1) @2 —g+1) Xg@>—g+1) O Xgig2—g1) 39 X412 g1y OF X(g11)2g-1) SO that

where for each v,

and x

wvw, il wv),[j] w),[j] _  w+v),lj] _  (v=2u),[j]
r = X g-D@2—g+) TXPr T Xg@—g+1) T Xgg2—g+1)’

w,v,w,[j],_  (w,v),[j] W), @=2v),[j1 _ _ (u+v),[j]
) = Xg-1)g2—q+1) T Xg341 Xg(q2—q+1) q(g>—q+1)’

w,v,w,[j] . (u,v),[/] w),[j1 _  =2u),[j1 _ _ (u—=2v),[j]
I3 = XgoDig—g+) T X1 T Xgg2—g+1) T Xg(g2—g1y’

uw,[j1._ _@).[j] @), w),[1]
r T X4 + (q+1>2<q—1>+ q(q>—q+1)
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For each of the remaining x € Irr(N) fixed by §, denote by x i1 fori =0, 1, 2, the extensions

of x to H.

Now § fixes every irreducible character of Ny (P) of degree 1 and g(g — 1), and for each

u € {0, 1, 2} permutes

(), [i] : (u)
by 6, , and the extensions of Qq -1

(u,0) (u,1)
0(612*1)/3’ 0((12*1)/3

by QJ?ZLUE)’ fori =0, 1, 2, chosen so that the restrictions

and 04 Denote the extensions of 6’1(”) to Ny (P)

(@>—1/3°

of the irreducible characters of H are as follows:

x € Irro(H) Restl ) (00
o PONT
A0 plla=Du Ll
et CrRWALY
X, P 4 gL L (U ()
X1 AR
Kginqgen™ OGP
Kigitegon” O3y

Write @ @il — 91(1‘),[1'] + (Q(MI’O)
a PIM of Ny (P).

@>-1/3

)H, where 11 = umod3. Then @ @:[1] ig the character of

Note that the action of § on Irrg(N) and Irrg(Ny (P)) commutes with the action of 7 (although
of course this is not the case with the irreducible characters of positive height).

Define uyg € ZIrr(H x Ny (P)°) by

wy =&y — Z( Z Flu,v,a(u,v),[i](p(a(u,v)),[i]_ Z I-vzu,v,a(u,v),[i]¢(a(u,v)),[i]

i=0,1,2 *(u,v)e;

(u,v)e)r

— Z 1"3“»”43(”’”)’["],p(ﬂ(ugv)),[i] _ Z F4ﬁ(“)~“~[i]q§(ﬂ(u)),[i]

(u,v)€S

UESH

-y (Fsuyvvﬂ(u,v),[i])f(d,(ﬁ(u,v)),[i])f+Z(Ff(u)sus[i])f((p(ﬁ(u)),[i])f)’

(u,v)eSs

MESQ

where @y denotes the character for induction and restriction for N, excluding the extensions of

the Steinberg character.

This gives the bijection (with signs) Irro(H) \ {X;’_;]: i=0,1,2} - Irro(Ngy (P)) given by

X = Ruy (Xo:
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x\

0[]
L1 0, "

a?—q+1 g(@=Du).[i]

(u) . 1
Xyt U€J p (a1l

(,v),[i] .

(,v),[i] , , .
K-+’ V)€ g
X;Zl[li]: ues Ql(_q“)’[i]

(qu).[i], (—q%u).[i]

q3+1 cues <> 91
L e, g P

(@=Dia"=a+1D) (@BGw,v)).1i]

(5 @011 ) (w.v) €S g7

Ha=bigqrn’ T 1 (B[]

N o
Xg+1)2g—1)° 2 p@B).1i]
(X(u)a[i] )T. ues 1

(g+D*(q-17 ° 2 (9(0’0) YN (P)
( 0) )H (‘72_1)/3
Xq-1g2-q+1)/3 OV YNu(P)

0,v) H @-1/3
X rn2g-13)

Again, it is clear that R;,,, respects blocks.

Now let E = GU3(q).2 = H(t). Recall that T € Ng(P). We combine the notations for exten-
sions to G and to H.

Define ug € ZIrr(E x Ng(P)°) by

wg =P — Z <Z Z Flu,v,a(u,v),[j],iqj(a(u,v,[j],i))

j=0,1,2 “i=1,2 (u,v)eJ;

_Z Z qu,v,a(u,v),[j],i(p(a(u,v,[j],i))

i=1,2(u,v)e)y

_ Z (F3u,v,ﬁ(u,v),[j])E(q§(,3(u,v)),[j])NE(P)
(u,v)es

-y F4ﬂ(u>,u,[j]E(¢<ﬁ(u>>,[j])NE(P)>’

uESz

where @ denotes the character for (blockwise) induction and restriction, again excluding ex-
tensions of the Steinberg character. o

This gives the bijection (with signs) Irrg(E) \ {X(Eé]’l: i,j=0,1,2} = Irrg(Ng(P)) given by
X = Rup (Xo:
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g gLk
<(2q+%2,z’>,[j] 91<(q271>/2,i),[j]
q-—q

O VF ut g+ 1)) #})°

T (—qu,i)
;Z’fr)l’[’]: ueld 6, ‘
@il gD

Xgtyg2—q+n® WV €N p@w.0).0)
@il , |

Xg-tygi—g+1y V) € g 0,

@.1G. -

(Xq3+l ) tues (9(*‘1”))(}
(il VE: (u,v) € S Bu G
(g-D(g*—q+D) ’ (G )
@),1] E. Bw)\G

(X(q+1)2(q—1)) HUES (9((1) ) )

(u,i) E U,

Kg=1@2—g+1)/3 e(qz—l))/3

©O,v) E (v,u G
Kigrn2g-1/3) G213

7. Controlled blocks

Let p =3 and G = J, or J3. Then the principal block B is not a TI block, but is however
a controlled block (for principal blocks this means that whenever Q < P € Syl ,(G) and g € G
with Q% € P, then g = cn for some ¢ € Cg(Q) and n € Ng(P)). In these case we are able to
verify that property (P) holds.

Suppose first that G = J».

Now the principal block b of Ng(P) has linear characters 1, ..., lg, and the PIMs have
characters @1, ..., @g, where 1; is the unique linear constituent of @;. There is a unique non-
linear irreducible character 81 of b of height 0.

Using the computer algebra package GAP, the PIMs of G have characters I, ..., 5, 7,
Iy, I'1, corresponding to irreducible Brauer characters 11, 13y, 137, 21y, 215, 57, 572, 1334
respectively.

Then

=D 1INy =PI+ 18) — P3(I3+ Ty — I's — Ig) — Pu(—T4+ Ty + I11)
—Ds(Iy +1I5) — DPo(—I5+ T+ T11) — P71 — Pg(—Ty+ I+ Ty + I'11)

gives (P).
This results in the following bijection, with signs, between Irrg(B) and Irro(b):

L I

144 —13

14, -1,

70, lg

70, <~ 14

160, 1s

175; 17

224 —1g

224, 81
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Now suppose G = J3. Again the principal block b of Ng(P) has linear characters 11, ..., 1g,
and the PIMs have characters @1, ..., @g, where 1; is the unique linear constituent of @;. There
is a unique non-linear irreducible character 8; of b of height 0.

Using the computer algebra package GAP, the PIMs of G have characters I, ..., I'y, Iy, cor-
responding to irreducible Brauer characters 11, 181, 185, 841, 84,, 1531, 1532, 934, respectively.

Then

=P 011y — DPr(I5+2I5— 15— I3) — D3Iy — Py(I7 + 41y — I —2I73)
—Ds(I3 —T9) — Ps(I2 — Ty) — P7(Is — I2) — Pg(I + I3 — 21%)

gives (P).
This results in the following bijection, with signs, between Irrg(B) and Irro(b):

1 1

851 1,

85, -8
323, -1
323, <~ —14
646, 1s

646, lg
1615 13
24324 —1g

We sound a note of caution here: the principal 5-block for Coz is also a controlled block.
However, in this case the index in Co3 of the normalizer of a Sylow 5-subgroup is congruent
to 1 modulo 25 (the order of a Sylow 5-subgroup), and there is an irreducible character of degree
congruent to £3 mod25, whilst no so such irreducible character exists for the normalizer of
a Sylow 5-subgroup. Hence we cannot hope to verify (P+). It is not clear to us whether (P) holds
in this case or not.

8. Blocks with non-abelian TI defect groups of order p>

The blocks with TT defect groups of automorphism groups of non-abelian simple groups are
determined in [3]. With a suitable reduction, this allows us to apply the classification of finite sim-
ple groups to show that (for p # 11) every block with non-abelian TI defect groups of order p3
satisfies (PI). For p = 11, the group J4 has TI defect groups, but as yet the simple kJ4-modules
are not known, it is unrealistic to hope to check this case at this stage. However, (PI) will hold
for p = 11 provided that J4 is not involved in G. We emphasize again that J4 is not necessarily
a counterexample to property (PI).

We first give the classification, which is a direct consequence of [3, 1.1]:

Lemma 8.1. Let G be a central extension of an automorphism group of a non-abelian simple
group and let B be a block with non-abelian TI defect group D of order p3, such that Z(G) < G'.
Then G and D satisfy one (or more) of the following:

(@) D= Qs;
() D=3 and G is Aut(*G2(3)) = 2G2(3);
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(¢) D=5 and G is 3.McL or Aut(McL);

(d) D=5"2 and G is Aut(*B,(32));

(e) D= 1ll++2 and G is Jy;

) D= pfz and G is SU3(p), PSU3(p).2, GU3(p) or PGU3(p).2, where the extension is by
the unique field automorphism of order 2 and p is odd.

Proof. We have one subtlety to address. Whereas the Schur multipliers of the simple groups are
well known, it is not always so clear what the Schur multiplier of a group of automorphisms
of a non-abelian simple group is. However, note that in every case considered here the outer
automorphism group has cyclic Sylow /-subgroups for every prime /. Hence by [14, 3.5] the
Schur multiplier of a group of automorphisms is a quotient of the Schur multiplier of the simple
group in each case.

Note also that we do not need to consider SU3(p).2 and GU3(p).2 instead of PSU3(p).2 and
PGU3(p).2 since in these cases, the field automorphism does not centralize non-trivial elements
of the centre of SU3(p) and GU3(p). O

Lemma 8.2. Let B be a block of G with defect group B, and let b be the Brauer correspondent
of B in NG (D). If there is a perfect isometry 1, : ZIrt(Ng (D), b) — ZIrr(G, B), then (P) holds
for B. The analogous statement holds for generalized isotypies and isotypies.

Proof. This is immediate, since a perfect isometry takes an irreducible character of height zero
to plus/minus an irreducible character of height zero (see [9, 1.5]). O

Lemma 8.3. (See [11].) Let B be a 2-block of G with TI defect group D = Qg. Then there is an
isotypy between B and its Brauer correspondent b in Ng (D).

Proof. By [11] (and the corrected version [12]), there is an isotypy (and hence a perfect
isometry) between B and its Brauer correspondent ¢ in Cg(Z(D)). Since D is TI, we have
Cc(Z(D)) < Ng(D), and by the transitivity of the Brauer correspondence there is an isotypy
between b and c. O

Lemma 8.4. Let B be a block of G with TI defect groups. Let N <| G and let b be a block of N
covered by B. Write I = I (), the stabilizer of b under conjugation in G. Then there is a unique
block By of I covering b with (B;)¢ = B, and By and B both have defect group D which is TI
in I. The blocks B; and B are isotypic.

Proof. The existence of B; and its Morita equivalence with B are well known. It is clear that D
isalso Tlin .

Let ep, be the block idempotent in Z(O1) for By and ep the block idempotent in Z(OG)
for B. Then by [26, 3.1] OGep = Ind? (Olep,), and further B and B; are Puig equivalent.
By [28, Ex. 47.3] Brp(G) and Brpg, (1) are equivalent, so by [20, 1.9] B and By are isotypic. O

A useful result when considering groups with TI Sylow p-subgroup P is that if P is not cyclic
or generalized quaternion, then O,/ (G) < Ng(P). This generalizes considerably:
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Lemma 8.5. Let B be a block of a group G with TI defect group D, and suppose that D is not
cyclic or generalized quaternion. Let N << G with N N\ D = 1. Then N < Ng (D). In particular,
if Q < D, then N < Cg(Q).

Proof. Choose a D-stable block ¢ of N covered by B. Then ¢ has defect zero and there is
a unique block b of DN covering c, and further b has TI defect group D. The result then follows
from [15, 3.3] (and [16]). O

In order to construct isotypies using correspondences similar to the Fong correspondences we
need to choose extensions of stable irreducible characters of normal subgroups with some care:

Lemma 8.6. Ler G be a finite group and D a p-subgroup. Suppose N <A G with NN D =1 and
let ¢ be a G-stable block of defect zero of N. Suppose further that N < Cg (D). Let Irr(c) = {¢}.
Then there is a central extension G of G by a cyclic p '-group W such that ¢, regarded as
a character of the appropriate normal subgroup N of G identified with N, extends to some
6 € Irr(G) with D < ker(0), where D is the p-subgroup ofé with D = WD/W a

Proof. We follow the construction of a projective representation of G extending ¢ given
in [21, 11.2]. Let o be a representation of N affording ¢. Choose a transversal 7 of N in G
such that D C T. For each 7 € T, a non-singular matrix P, is chosen so that 6’ = P,o Pl_l. Since
D < Cg(N), we may take Py = I for d € D. A projective representation p of G is defined by
pnty=oc(m)P, forne Nandt € T. Then p(n) =c(n) forn € N and p(d) =o (1) ford € D.

Now it follows from the argument in [3, p. 467] that there is a projective representation pp
of G extending o with cocycle of order prime to p (the argument is phrased in terms the existence
of characters of central extensions by a p’-group which extend ¢, but this implies the existence
of such a projective representation). By [21, 11.2] (and the discussion preceding [21, 11.7]) it
follows that p and p; have the same cocycle. Hence we are done by lifting p to a representation
of a suitable central extension G and taking its character 6. o

Now let By be a block of a finite group Y with defect group D and X <Y suchthat XN D =1
and By covers a Y -stable block By of X of defect zero. Suppose that X < Cy (D), and that the
unique irreducible character ¢ in By extends to 6 € Irr(Y) with D < ker(0), as in Lemma 8.6.
Write Y = Y/ X. Then there is a unique block By such that Irr(Y, By) = {0): X € Irr(Y, By)},
and By has defect group D (see, for example, [17]).

Lemma 8.7. Let y € D, and write y = yX. Then C3(y) = Cy (y).

Proof. Write Q = (y) < D, and let g € C)—,(Q) < N)—,(Q). But N}—,(Q) = Ny(Q)/X since
X <Cy(Q),s0[y,gleYNQ=1and we are done. 0O

Let y € D, and let By be a block of Cy(y) with (By)Y = By. Let e, be the corresponding
primitive central idempotent (so e; is the central idempotent for By). Then By, covers Bx. Now ¢
extends to the irreducible character 6, = Reséy o) (@) of Cy(y), so as above there is a unique

block By of Cy(y) such that Irr(Cy (y), By) = {0y x: x € Irr(C5(y), By)}. We have (By)17 =
(see [17]). Define I, : CF(Cy(y), By) = CF(Cy(y), By) by 1, (@) = 6ya. Then each I, is
a perfect isometry. Write I, = I,,.
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For each y € D, write 1, ,» for the map CF,(Cy(y), By) — CF,(Cy(y), By) induced
by I,,. '

Lemma 8.8. With the notation above, 1, is compatible with fusion and gives an isotypy.

Proof. The Brauer categories Brp, (Y) and BrB? (Y) are isomorphic in this case.
Leta € CF(Y, B) and h € Cy(y) . Then

(Iu,np/ ° dg’By))(&)(h) =0y (h)a(hyesy).

The calculation of (dl(,y‘By ) o 1,,)(@)(h) is complicated by the fact that we do not have

1,,(@)(a) = 6(a)x(a) for arbitrary a € OY .

1
(d;y’B“")oIM)(&)(h)=IM(&)(hyBy)=[u(&)<hy Y 2y X(g_l)é’)
)

C
selmy YO 0

= 2 (Rese, () (k@) X)X h)
X €lrr(By)

= Y (Rest, () 0@),0,X) ¢, () 0y BN X ().
xelr(By)

Since D < ker(6) we have 6y (hy) = 6, (h). Note also that since x <> 6y gives a bijection
Irr(By) <> Irr(By), we have (Resgy (@D, 0, X)cy () = (Resg7 @), X)cy(5)- Hence

(@™ on)@m = Y (Rest, 5@, )¢, 5,0 T )
x€lrr(By)

= Oy (h)a(hyes)
as required. O

We give the reduction for property (PI) to the list of blocks given in Lemma 8.1.

Let G be minimized with respect to [G : Z(G)], subject to the existence of a block B of G
with non-abelian TI defect group D of order p> and not satisfying (PI). By Lemma 8.3 and [9]
D is not generalized quaternion, so has p-rank at least two.

Let N < G with Z(G) < N, and let ¢ be a block of N covered by B. Write I = Ig(c). By
replacing ¢ with a conjugate block if necessary we may assume D < I. There is a unique block ¢
of DN covering ¢, and this has defect group D. Let ¢ be the unique block of Npy (D) with
(C1)PN = ¢. Note that Npy (D) = DNy(D), and Npy(D) <t Ng(D). We have Ingp)(E1) <
Ny(D), since if g € In,(p)(C1), then & = ((¢1)PN)8 = (Ef)g“DNg =(@E)PN =¢,s0 g €
INg(D)(€) < Ing(p)(c), as ¢ is the unique block of N covered by ¢. Hence the Brauer correspon-
dence gives a 1-1 correspondence between blocks of Nj(D) covering ¢; and blocks of Ng(D)
covering ¢;. Let b; be the unique block of N;(D) with Brauer correspondent B; in I. Since
b =(n"9 = (BNY = B =b9, we have (b)) =b.
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By Lemma 8.4 B and By are isotypic, as are b and b;. Suppose that I ## G. Then [] : Z(I)] <
[G : Z(G)], and so by minimality, and since B; has defect group D which is TI (and possibly
normal), By satisfies (PI). Hence, using the isotypies we have just constructed, B satisfies (PI),
a contradiction. Hence G = 1.

Suppose that I # G. Then [ : Z(I)] < [G : Z(G)], and so by minimality B; satisfies (P]),
and so B satisfies (PI) (since we have established isotypies between B and Bj, By and by, by
and b), and we have a contradiction. Hence G = 1.

Hence every block of a normal subgroup containing Z(G) covered by B is G-stable.

Let N< G with DNN =1 and Z(G) < N, so that B covers a block ¢ of defect zero of N
(recall that O,(G) =1 since D has non-normal TI defect groups). Note that N < Cg(D) by
Lemma 8.5. We have that ¢ is G-stable.

We show that N < Z(G). Write H = Ng (D)

By Lemma 8.6 there is a central extension Gof G by a cyclic p’ -group W (with W <G, G))
such that ¢, regarded as a character of the appropriate normal subgroup N of G identified with N,
extends to 0 € Irr(é), where D < keré, with D defined as in Lemma 8.6. Let H < G be the
subgroup with H / N = H. Note that H = Ng (D). Let B and b be the unique blocks of G and H

respectively containing B and b respectively. Both B and b have defect group D,and DisaTI
subgroup of G. By Lemma 8.8 B is isotypic with Band b is isotypic with b.

Write G = G / N. As in the discussion preceding Lemma 8.5, there are blocks B and b
of G and H respectively with defect group D = DN /N such that x < 6% X gives a bijection

Irr(G, B) < Irt(G, B) and 1 < ResG (0)% gives a bijection Irr(H , b) <> Irr(H, b).

Since D is a TI subgroup of G, by Lemma 8.5 B and b both satisfy the hypotheses of
Lemma 8.8 with X = N. Hence there are 1sotyp1es B < B and b <> b. Since N < Cx (D) we
have H = N (D). By [17] we have hG =

Suppose that N # Z(G). Then [é Z(G] <[G: N] <[G: Z(G)] so by minimality (PI)
holds for B. But then we have isotypies B — B — B — b — b — b, a contradiction. Hence
there isno N <1 G with Z(G) < N suchthat DN N = 1.

Let F*(G) be the generalized Fitting subgroup of G. We have Cg(F*(G)) < F*(G) and
Z(G) < F*(G), so DN F*(G) # 1, since otherwise G is abelian, a contradiction. Write E(G)
for the layer of G (that is, the product of the subnormal quasisimple subgroups of G). Then
Z(G)E(G) is a central product M * - - - %« My of normal subgroups M; <1 G, and each M; is the
central product of Z(G) * My * - - - % Mj;,;, where each M;; is quasisimple. We have D N M; # 1
for each i. Let b; be a block of M; covered by B with defect group D N M;. Then b; has non-
normal TI defect groups. So M;/Z(G) has a non-trivial TI radical p-subgroup (recall that a
p-subgroup Q of H is radical if Q = O,(Ng(Q))). By [2] if Q is a radical p-subgroup of
Hy x Hy then Q = Q1 x O3, where Q; is a radical p-subgroup of H;, and if Q is TI, then
Q1 =1or Oy =1. Since b; is G-stable, this implies that s = 1 and #; = 1. Hence E(G) is
quasisimple. Write M = E(G)Z(G)/Z(G), so M = F*(G/Z(G)). Then Cg,7(G)(M) < M, so
G/Z(G) < Aut(M), where the preimage of M in G is perfect.

We are now ready to prove Theorem 1.5.

Proof of Theorem 1.5. Let B be a counterexample with [G : Z(G)] minimized. Then G is a p’
cyclic central extension of an automorphism group of a non-abelian simple group. Such blocks
are listed in Lemma 8.1. We have seen that (P+) holds for each of the blocks on this list. Hence
by Lemma 1.4 (PI) holds for each of these blocks, and we are done. O
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