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We consider the problem of determining spherical classes in H,QS!'. We take a
geometrical approach and show how existence of specific classes as a spherical class
in H,QS" will determine the type of homology operations that can detect the related
homotopy class. Most of our results here are quite general, and can be applied to
H.QX, with X an arbitrary path connected space . We see this as an approach to
attack the conjecture of Ed Curtis about spherical classes in H,QoS°.
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Chapter 1

Introduction

I believe that the theory of infinite loop spaces has been one of the most influential
branches of topology, and that the machineries produced to study such spaces have
found fundamental applications in other areas of mathematics, as well as theoretical
physics. Nevertheless, there are still many questions in this area which are waiting to
be answered, both from technical and computational point of view, as well as from
theoretical point of view.

The present thesis considers a computational problem, and our aim is to tackle an
outstanding conjecture in the field known as the Curtis conjecture. This conjecture,
first stated as a theorem by Ed Curtis [C75, Theorem 7.1], predicts the type of
spherical classes in the Z/2-homology of QyS°, the base point component of the
infinite loop space associated with the sphere spectrum S°. It reads as follows.

The Curtis conjecture. Let f € ,m,.Q0S° be a positive dimensional class with
hf # 0 where h : 9m,Q0S° — H.(QoS% Z/2) is the Hurewicz homomorphism. Then
f is either a Hopf invariant one element or a Kervaire invariant one element.

Let me start by explaining the terminology used in the statement of the above
conjecture. But first, let us fix a notation. Assume f¥ € ,7 be the image of f under
the isomorphism ,m,Q0S? — 975, We refer to f* as the stable adjoint of f. Similarly,
we may refer to f as the stable adjoint of f.

The Hopf invariant one elements. We will say f € om,Q,S° is a Hopf invariant

one element if f5 is detected by the Hopf invariant, i.e. it is detected by S¢% in

12



Chapter 1. Introduction 13

its stable mapping cone. A spherical class £ € H,(QyS%;Z/2) with hf = £ is called
a Hopf invariant one element if f is a Hopf invariant one element. Shortly, we will
explain what we mean by detecting.

The Kervaire invariant one elements. We say that f is a Kervaire invariant one
element if f° is detected by the Kervaire invariant, i.e. it is detected by a secondary
operation arising from the Adem relation

2@, 20 27+l ot o 2t
S¢* Sq* = ; Sq*" %' Sq
in its stable mapping cone. Given a spherical class £ € H,(QyS%;Z/2) with hf = &,

we say & is a Kervaire invariant one element if f is a Kervaire invariant one element.

S

*

Notice that the positive dimensional Hopf invariant one elements in 97> are known to
exist only in 1-stem, 3-stem, and 7-stem given by one of the classical Hopf invariant
elements 1 € o7y, v € o7y, 0 € 9wy [A60, Theorem 1.1.1]. We also recall that
there exits a Hopf invariant one element if and only if certain elements h; € E212
are permanent cycles, where here F;™ denotes the Fy-term of the Adams spectral
sequence. Regarding the Kervaire invariant one element, Browder [B69, Theorem 7.1]
showed that there exits an element in o7 detected by the Kervaire invariant if and
only if h? € E§i+l’2 are permanent cycles. This means that such elements may exist
only in dimensions 27! —2. Moreover, a very recent development [HHR09, Doomsday
Theorem] is that the Kervaire invariant one elements only exist in dimensions 27! —2
with ¢ < 7. These are known to exist when ¢ < 6 and the case ¢ = 6 still is open.
Henceforth, the Curtis conjecture predicts that the Hurewicz homomorphism h :
2T Q0S? — H,(QoS%; Z/2) cannot detect as many elements of »72 as one may wish.
In fact, it predicts that this homomorphism cannot see above the 2-line in the Adams
spectral sequence for the sphere spectrum. Philosophically, this may not seem very
useful as it predicts what we cannot do, where often we look for what we can do.
However it is an interesting problem from computational point of view. The gaps
in Curtis’s argument were discovered by Wellington [W82] while he was trying to
generalise Curtis’s theorem to odd primes. We postpone more discussion on this

to Chapter 5. Indeed, we have to say that Curtis’s goal in [C75] was to describe
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the relation between the Dyer-Lashof algebra R and the A-algebra and this goal
is achieved [C75, Lemma 5.4]. This result is even generalised to odd primes by
Wellington [W82, Theorem 7.11, Theorem 7.12].

It has been a common belief in the community of the infinite loop space theorists
that the Curtis conjecture is true, however there has been no proof of it since it
was stated by Curtis in 1974. In this thesis, we are not claiming any proof of the
conjecture. The approach taken seems to be a new one, the results may seem to
be natural ones that one could have expected. I will suggest a road map towards
the proof of this conjecture which I believe will give a resolution of this conjecture.
However, the details need to be written down and completed.

Previous approaches to solve this problem have used a lot of heavy algebraic
methods. Perhaps Wellington’s work [W82] is the most detailed existing record of
this. Other approaches include Lannes and Zarati’s work, which recently has been
pursued by Hung and his students, see for example [H99]. This latter approach
relates the Curtis conjecture to some problems in Dickson algebra, Singer’s algebraic
transfer, and etc. This then may be taken as an evidence for the level of complexity
of the Curtis conjecture, and perhaps justify our interest in attacking this problem.
The latter approach is also very algebraic.

We will not consider use of the spectral sequences as the main tool in our approach.
This has been tried previously by Curtis and later on by Wellington. Our approach
seems to be a bit different compared to other works that we referred above. We will
consider a more general problem on the type of spherical classes in H,QX for any
path connected space X. First, let us fix a notation. We use f° to denote the image
of f € om,QX under the isomorphism »7,QX — 577 X. We refer to f° as the stable
adjoint of f, and similarly refer to f as the stable adjoint of f°. Sometimes we may
use h° f to denotes hf°. We have a conjecture on this due to Eccles which reads as
following.

The Eccles conjecture. Suppose X is a path connected space. Let f € om.QX
be a positive dimensional class with Af # 0 where h : ym.QX — H.(QX;7Z/2) is

the Hurewicz homomorphism. Then f is either a stably spherical element or a Hopf
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invariant one element.

Stably spherical classes. We say £ € H,(QX;Z/2) with hf = £ is stably spherical,
if 5 is nontrivial in homology, i.e. h%f = hf® # 0.

The Hopf invariant one elements. Recall that f € ,7,(Q,S° is a Hopf invariant
one element if 5 is detected by a primary operation, namely S¢?’. We say f € »m,QX
is a Hopf invariant one element, if f*° is detected by a primary operation in its stable
mapping cone. Moreover, given a spherical class £ € H,(QX;7Z/2) with hf = £ we
say & is a Hopf invariant one element if f is a Hopf invariant one element.

Shortly, in Chapter 2, we will show how the Curtis conjecture motivates the Eccles
conjecture. We shall then postpone more discussion on the relation between the two
conjectures to Chapter 5.

Although we fail to prove the Eccles conjecture as well, we do obtain some brand
new partial results in a very general setting which could be of interest on their own.
These results have been never considered before. In the case of X = 5", n > 0, our
results are more precise and we have succeeded in identifying the form of the potential
spherical classes in H,(QS™;7Z/2) which is the statement of Lemma 12. In the case
of X = S, instead of focusing on a single space QyS°, we consider the collection of
spaces QS™ with n € Z. Suspending up, will help us to identify potential classes for
being spherical, where desuspending down will help to eliminate some of the potential
classes.

Our approach was suggested by Peter Eccles at the beginning of this project. It
provides easy proofs of what is known before, and the author hopes that one day it
may prove more than what we know now.

Through the rest of this chapter we fix our notation and recall some well known
facts. First, we note that throughout this thesis, we will work with CW-complexes
of finite type. Notice that the cellular approximation theorem [MT68, Theorem 1,
Corollary 1, Chapter 13] allows us to choose maps, up to homotopy, to be cellular.
A genuine mapping between two spaces X,Y is denoted by X — Y, whereas we use
X 4 Y to denote a stable mapping from X to Y. Here by a stable mapping X /4 Y

we mean a mapping that will be realised as a genuine mapping after finitely many
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suspensions. A mapping f : X — Y between two path connected spaces is called a
weak equivalence if it induces isomorphisms f, : ;X — m;Y for ¢ > 0. If X and Y
are not path connected, we then require f, : moX — mY to be a 1-1 correspondence,
and that f, induces an isomorphism on higher homotopy groups between the corre-
sponding components of X and Y. Notice that according to the Whitehead Theorem
[MT68, Chapter 13, Theorem 3] a weak equivalence f : X — Y is a homotopy equiv-
alence, i.e. there is a mapping g : ¥ — X such that fg:Y — Y and gf : X — X
are homotopic to identity maps of Y and X respectively. By abbreviation “X ~ Y”
we mean X is homotopy equivalent to Y.

Infinite loop spaces. Following Adams [A78] we say X is an infinite loop space
if there is a collection of spaces {X; : i = 0,1,2,...} with X = X and homotopy
equivalences X; — 2X;.;. One may replace the homotopy equivalences with home-
omorphisms, since [M69, Page 472] shows that for the purpose of homotopy theory
the two definitions are equivalent. Most of the time we are dealing with infinite loop

spaces QX defined by
QX = colim (--- — QFSFX — QFFISFFI Y .0

where the map Q*¥FX — QF1¥F+1X is the kth loop of the suspension map Fs x :
YFX — QYFIX | with the suspension map Esiy being the adjoint of the identity
map LFTIX — YFLX | The space QX, with X being path connected, sometimes is
referred to as the free infinite loop space generated by X [CLM76, Part I, Section
2, Page 39 2nd Paraghraph]. Observe that QX = QQXX. We can view @ as a
functor from spaces to infinite loop spaces. An infinite loop space X is armed with
a structure map fx : QX — X. This map itself is a map of infinite loop spaces,
i.e. it can be delooped infinitely many number of times, and so its homotopy fibre
is also an infinite loop space. Using the structure map, any mapping f : ¥ — X
can be extended to a unique infinite loop map QY — X defined by the composite
Oxo Qf : QY — QX — X.

We feel free to to use the stable splitting of loop spaces of the form Q*¥*X with
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k > 0, known as the Snaith splitting [S74, Theorem 1.1], given by

T X e\ Dr(RF, X), (1.1)

r>1

where X is assumed to be path-connected. This splitting has been obtained by use of

the stable James-Hopf invariants. The rth stable James-Hopf invariant is a mapping
gt QFYFX — QD (RF, X).
Here D,(R¥, X) is known as the r-adic construction on X, and is defined by
D,(R*, X) = F(R*,r) x5 X'

where F(RF, r) is the configuration space of r-tuples in R* with an action of the
permutation group X,. The space X" is the r-fold smash product of X with itself.
In particular D;(R*, X) ~ X where k > 0. We use D, X to denote D,(R*, X). In
this case we may replace F'(R*,r) with EY.,., where EY, is a contractible space with
a free ¥, action such that EY, /%, ~ BY,. Of particular interest are Dy(R*, S™) ~
¥ Pkl where k > 0 [K82, Corollary 1.4]. Here P is the infinite dimensional real
projective space, P’ is its i-skeleton i.e. the i-dimensional real projective space, and
PrtR=1 g the truncated projective space Pte=1/pn-t,

The r-adic construction can be defined for any space X, not necessary path connected.
For example when X = S° we have Dy(R¥,S%) = PF' [K82, Proposition 1.3].
However, in this case the stable equivalence (1.1) does not hold, and we have to use
group-completion [AT8, Theorem 3.2.1].

We will only use the homology of the stable James-Hopf invariants. The main result
on this is due to Kuhn [K83, Proposition 2.7] and we will recall this result at Chapter
4, where we use j,’s.

We note that given any spectrum E we may use the structure maps F; — QF; 4
to define an infinite loop space Q*°FE = colim Q'E;. Then for a given space X, QX
will be the infinite loop space associated with X*°X where ¥>°X is the suspension
spectrum of the space X. We use QX %X to denote the infinite loop space associated
with the k-th desuspension of > X. In this case we have QXX = Q*QX. We will
be interested in QS = Q"Q.S°.
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There are different machineries on the market to describe the geometry of in-
finite loop spaces such as Boardmann-Vogt-May’s little n-cubes [M69], or Barratt-
Eccles I'-functor [B71],[BEa74],[BEb74],[BEc74]. Although we will not work with
these models, a slight knowledge of them sometimes can help with understanding the
calculations. Due to the credit crunch [BBC] we use the homemade Barratt-Eccles
model, which has been exported very well, and nowadays in the language of operads
is known as the Barratt-Eccles operad! This provides one with a simplicial model
of an infinite loop space. In this setting an infinite loop space X has a I'-structure
which is given by a map I'X — X.

Finally we note that it is possible to have different deloopings of a given space.
Such phenomenon gives rise to the notion of E,, ring spaces explored in [M77].
Of interest among such spaces is QS® where it has two product structures coming
from the loop sum and composition product of maps of degree 1. Although some
results of Madsen [M70],[M75] on the image of the homology of the J-homomorphism
O — Q15° — QpS° are obtained by the interaction between the two infinite loop
structures on QS°, however we will not work with the composition product on QS°.
Homology. Through this thesis we will only use the singular homology with Z/2-
coefficients. We denote the homology of a space by H,X, and H,X will denote the
reduced homology of the space X. This will be the only homology theory that we
will use. We use Xz to denote image of x € H, X under the homology isomorphism
H,X — H, 1>X.

Since we are working with Z/2 coefficients, the universal coefficient theorem [GT75,
Theorem 25.16] then allows us to have H, X ~ Homg(H"X,Z/2). We then may
view the Kronecker pairing as (—, —) : H, X®QH"X — 7Z/2 defined by (z,y*) = z(y*).
Any y* € H"X with (z,y*) = 1 will be a cohomology dual for z. Often we use the
same notation to denote both x and any cohomology class dual to it.

Steenrod operations. We will use the Steenrod operations S¢* : H*X — H*"X.
Given a mapping f : X — Y the functional operation Sq} is defined on a class
y € H"Y if f*y = 0 and Sq'y = 0. The fact that f*y = 0 implies that y pulls back

to a generator y € H"Cy where Cy denotes the mapping cone of f. One then may
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look for the value of Sq'y € H""C;. This then pulls back to a class v € H""1X.

This class is not unique, and is determined up to an indeterminacy given by
T =S¢H"'X + frH" Y,
L.e. u gives rise to a class Sqjy in H"™~'X/T. Observe that
Sq¢'y #0in H*Cy <= Sqjy #0in H" 1 X/T.

This means that we may identify functional operations with the operations defined
on the mapping cone. We feel free to switch between these two interpretation of these
operation. Notice that if a nontrivial class Sq'y € H*C' is given with a homology

dual u € H,C', we then have

(Sqiu,y) = (u,Sq'y) = 1,

i.e. Sqlu is a homology dual to y. Here S¢’ is the operation dual to Sq¢. By the
statement “ the mapping f : X — Y is detected by Sq¢* on y € H,Y” we really mean
that the mapping f is detected by the operation S¢° on a dual class y in its mapping
cone, i.e. by Sq}y. We refer the reader to [MT68, Chapter 16] for the basic material
on this topic.

Kudo-Araki operations. We will rely on the so-called Kudo-Araki operations
[DL62, Definition 2.2], [CLM76, Part I, Theorem 1.1] defined on the homology of
infinite loop spaces. These operations are defined on the homology of any infinite

loop space A as homomorphisms
Qi :HA— H, ;A

For a € H,A, we have Q'a = 0 if i < n, and Q"a = a® where the square is taken
with respect to the Pontryagin product in H,A induced by the loop sum on A.
These operations satisfy various forms of the Cartan formulae, Adem relations, etc.
We will use very basic properties of these operations, and try to do down to earth
calculations. We refer the reader to [CLM76, Part I, Theorem 1.1] for the full list of

these properties, and their proof. During the thesis we will recall any property when
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needed.

The homology algebra H,.()X. The homology of spaces QX for X path connected,
is described using the operations Q. Let {z,} be an additive basis for H,.X. Then
the homology of the space QX as an algebra and as a module over the Dyer-Lashof

algebra, is given by
H.QX ~7Z/2[Q"z, : excess(Q'x,) > 0,1 admissible].

Here I = (iy,...,1,) is called admissible if ¢; < 2i;41 for any 1 < j < r — 1. The
iterated operation Q' is defined by Q'z = QQ®---Qx. The excess of Q'x,
is defined to be excess(Q'x,) = iy — (ia + -+ + i, + dimz,). We also allow the
empty sequence ¢ to be admissible with Q%z, = wx,, excess(Q%z,) = +oo, and
I(¢) = 0. Observe that if excess(Q'z) = 0, then i; = dim Q® - - - Q" x which means
that Q'z is a square, i.e. Q'x = (Q™---Q'x)?. Moreover, if excess(Q'x) < 0 then
i1 < dim(Q® - - - Q*x) which means that Q'z = 0.

We may define a filtration w : H.QX — N, called the weight filtration, by w(&£') =
w(€) +w(€') and w(Q'z) = 2'D where ¢, ¢ € H,QX, and for [ = (iy,...,i,) we have
I(I) = r. Notice that the stable splitting of (1.1) gives a decomposition of H,QX as
®,H.D,X. One then has that H,D, X is the group of elements of weight r. We have
to say that the homology of QX is more complicated when X is not path connected.
We will describe H,QS° in Chapter 5, where we know that 7oQS° ~ Z.

We have not said anything about the Dyer-Lashof algebra R, and the A-algebra.
Appendix B contains a very brief introduction to these algebras. We will not use
these algebras, although we will use some of results obtained as a relation between
these two algebras. We refer the reader to [W82, Chapter 7] for a careful and clear
discussion of this.

We will recall some results on any infinite loop space of finite type, obtained
by Finkelstein as a generalisation of the Kahn-Priddy theorem [F77, Theorem 3.2,
Proposition 6.9], which seem to be less known, and very rarely referred to in the
literature. We will demonstrate some applications of these results.

Hopf algebras. We also assume that the reader is familiar with the notion of Hopf
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algebras, where basic material on this subject can be found in the classic paper
by Milnor-Moore [MM65]. Our main tool will be the Milnor-Moore exact sequence
[MM65, Proposition 4.23]

0 — Pk(syH) — PH — QH — Qk(rgH) — 0

where H is a Hopf algebra of finite type over Z/2, P is the primitive submodule
functors, @ is the indecomposable quotient module functor, sy : H — H is the
Frobenius homomorphism defined by h + h?, and ry : H — H is dual to the
squaring map sy« : H* — H* where H* = Homy(H, k). By k(S) we mean the
submodule of H generated by S, where S C H. We note that having fixed a basis
{z,} for H.X, then H.QX is a polynomial generated by symbols Q'z where I is
admissible, and excess(Q’x) > 0. In such a case, by abuse of notion, we refer to Q'z
as an indecomposable. Notice that in this case any class ¢ € H,QQX which has at
least one term of the form Q’x, with Q'z being a generator of H,QX, will determine
a nonzero class in QH,Q X, hence determining an indecomposable element.

We shall also recall some facts on the Eilenberg-Moore spectral sequence. The main
material on this is to be found in [S70] together with some results borrowed from
[GO4]. We leave more discussion on this to Chapter 5 where we shall apply this
machinery.

The organisation of this thesis is as following. Chapter 2 is a brief introduction to
spherical classes, and their basic properties. We will explain our approach, and the
motivations behind it in this chapter. We exhibit our main results in this chapter,
and leave the proofs to the next chapters. Chapters 3 and 4 provide the reader with
proof of most of our results mentioned in Chapter 2. We provide the reader with
explicit calculations, which hopefully will make the material clearer. The proofs in
these chapters are quite explicit, and tedious, although they are based on simple
numerical facts.

Chapter 5 has two parallel purposes. Our first aim is to have a discussion on
the homology of H,QyS°, and record some calculations that we have done in this

ring, perhaps well known to the experts! On the other hand some of our results
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stated in Chapter 2 need some results about H,QS™" for n = 0,1, 2. For this reason
we start Chapter 5 by recalling some basic material about Hopf algebras and the
Eilenberg-Moore spectral sequence. We then describe H,Q,S°, and the submodule
of primitives in this algebra. This will make it quite straightforward to digest the
rest of the material on our calculations on the primitive classes in other algebras like
H,QP, H.QCP, and H,QS!. This enables us to prove the rest of our claims. These
discussions are also fruitful as we succeed to add a bit to our current knowledge on
homology algebras H,QS™2. Moreover, they make us able to do more calculations
and derive perhaps some new information on homology rings H,QX"'P, H.QX 'CP,
H,QS™!, and H,QS~2. We succeed to identify some specific subalgebras of H,QyS >
and H,Q,S~3, with explicit description of its generators. These results may be of
interest on their own as well. We have to say that the discussions in this chapter
help us to get a general picture, and propose our road map toward the proof of the
Curtis’s conjecture.

Finally we like to mention that the numbering of theorems, lemmata and etc is
done in two separate ways. As the Chapter 2 is about our main results, we have used
single numbers in this chapter, like Theorem 1. In all of the other chapters we have

have used numbering based on chapters.
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Statement of Results

The Hurewicz homomorphism
h:m,X — H,X

is defined by sending a homotopy class f : 8" — X to f.g, where g, € H,S" is the
generator. A homology class © € H,X is called spherical if it is in the image of the

Hurewicz homomorphism. If x € H,X is spherical, then it has two basic properties:
e 1 is primitive;
e 1 is A-annihilated.

Here primitive is understood to be primitive with respect to the co-product induced

by the diagonal map X — X x X. By z € H, X being A-annihilated we mean that

Sq¢tx =0 for any ¢ > 0,

where S¢¢ : H,X — H,_;X is the dual to the i-th Steenrod operation Sq¢' : H*X —
H**'X. One notes that not every class in H,X may have both properties. Hence
the above properties give an upper bound on the set of all spherical classes in H, X,
although they do not in general characterise such classes.

The stable Hurewicz homomorphism
h X — H,X

23
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is defined in a similar way. Notice that depending on the connectivity of X there
exists a positive integer k such that 75X ~ m,,,¥*X. We then define h¥ to be the
composite

X ~ o SFX D H WYX ~ H, X

These homomorphisms fit into a commutative diagram as following

TSX —" - H, X

-] T oz

.0X —~ H,QX.

Here o, is the homology suspension, and o¢2° is the iterated homology suspension.
We may also view oJ° as the projection onto the first factor in the Snaith splitting
for QX.

We start with an example to see why calculating the image of the Hurwicz homo-

morphism h : 7,QX — H,QX can be useful.

FExample 1. Let us assume that the Curtis conjecture holds, i.e. the only spherical
classes in H,(Q,S° are the Hopf invariant one, and the Kervaire invariant one elements.
It is well known that there is Hopf invariant one element in 7% if and only if certain
primitive elements ph, , € Hos_1Q0S° are spherical. Moreover, according to Madsen
[M70, Theorem 7.3] the Kervaire invariant one elements in dimension 2! — 2 give
rise to spherical classes (pl;_,)? € Hayir1_2QoS".

The Kervaire invariant one elements then die under the homology suspension o, :
H,QoS° — H,.1QS", as they are decomposable terms. On the other hand a class
of the form p), , suspends to Q% ~tg; + Q¥ ~2Q'g;. Notice that a spherical class in
H,QS! will pull back to a spherical class in H,(QS°. Hence, the Curtis conjecture
implies that the only spherical classes in H,Q.S! are the Hopf invariant one classes, i.e.
those ones which arise from stable mapping S™ 4 S! which are detected by a primary
operation operation in their stable mapping cone. This is indeed the statement of
the Eccles conjecture for X = S*.

Now we want to justify why looking at homology of a mapping S™ — QS* can be

useful. Let X = S'. Assume that n > 1 and f € 725! Clearly there is no hope of
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detecting this map by homology as
f.: H,S" — H,S' ~ 0,

i.e. h°f = 0. On the other hand the stable adjoint of f, say f’, is an element in
T,QSt. We know H,QS' ~ Z/2[Q'g, : excess(Q'g;) > 0,1 admissible] which is
much richer than H,S! ~ Ey, /2<g1), the exterior algebra over g; in dimension 1. So
we may try to examine f’ in homology by calculating Af’, and hope that it may
not fail to be trivial. In fact there are spherical classes in H,QS" given by the well
known classical Hopf invariant one elements. We may consider 1 € 2mQSt ~ Z/2,

v € 9myQSt ~ 7/8, and o € omzQS' ~ 7Z/16, where we have [E80, Proposition 3.4]

hnp = Q'a = gi,

hw = Qq+QQ'gr = Q%+,

ho = Qg+ Q'Q°n = Qg1+ (Q°q)*
Hence, calculating the spherical classes in H,QS! can be useful. Notice that in any of
the above examples any single term is primitive and A-annihilated. We will explain
the reason for this. We will see in Chapter 5 that the Curtis conjecture implies that
the above examples are the only possible spherical classes in H,QS!. Finally observe
that there is no term in these homology classes belonging to H,S', i.e. they have

trivial image under h* : 795! — H,S*.

We note that a given spherical class in H,QS™ pulls back to a spherical class in
H,QS!'. This implies that if we prove the Eccles conjecture for X = S!, then it
automatically holds for X = S™ with n > 0. On the other hand notice that spheres
are the building blocks of CW-complexes, hence this provides one with another mo-
tivation that the Eccles conjecture can hold for any path connected space X of finite
type, if it can be proven for X = S'. In order to tackle the Eccles conjecture we
need to identify all A-annihilated classes in H,QX. Our first result provides one
with a full and complete description of indecomposable A-annihilated classes of the
form Q'z in H,QX where X is an arbitrary path connected space. We need the

following definition to state this result. Let n be a positive integer with n = Y n;2°
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with n; € {0,1}. We may define a function p : N — N by p(n) = min{i : n; = 0}.

We then have the following.

Theorem 2. Suppose Q'x € H.QX is given, with I = (iy,...,i,) admissible, and
excess(QTz) > 0. Such a class is A-annihilated if and only if the following conditions
are satisfied:

1- x € H.X is A-annihilated;

2- excess(Qx) < 2°01);

3- 0 < 2ij4q —ij < 20041

where excess(Q'x) = i1—(ig+ - -+i,+dimz). IfI(I) = 1, then the first two conditions
chracterise all A-annihilated class of the form Q'z of positive excess. Notice that the

fact that excess(Q'z) > 0 means that Q'x is not a square, i.e. it is an indecomposable.

In an appendix, and based on elementary observations, we will provide the reader
with a construction for sequences I which will satisfy condition 3 of Theorem 2.
Important Remark. Notice that if Q7z is an A-annihilated class with excess(Qz) > 0,
then I cannot have any even entry. This is easy to see, once we observe that having
iy even implies that p(i;) = 0. This together with condition 2 of the above theorem
implies that excess(Q’z) < 2° = 1, i.e. excess(Q'x) = 0 which is a contradiction.
Moreover, if there exists j > 1 with 4; even, then condition 3 implies that ;_, is even.

Iterated application of this will imply that ¢; is even which leads to a contradiction.

Note 3. Conditions (2)—(3) were used in Curtis’s work [C75, Theorem 6.3] to describe
the 0O-line of the FEs-term of the unstable Adams spectral sequence converging to
the 2-primary component of ,Q"S™** were his condition (1), corresponding to our
condition (2), is adapted to work for any space Q"S"**. Curtis claims that these
conditions describe a basis for the 0-line of the Es-term of the unstable Adams spectral
sequence, whereas Wellington [W82, Remark 11.26] shows that this claim is not valid
for the case k = 0. It seems that Curtis’s claim can be true in odd dimensions,
and fails to be true in even dimensions. Corollary 6 of ours, to be followed shortly,
together with Theorem 5.23 can be thought of as a confirmation of Curtis’s claim in

odd dimensions for the case k > 0, at least in the E;-level.
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In a more careful statement by Wellington, conditions (2)—(3) are used to describe
A-annihilated classes in the Dyer-Lashof algebra R [W82, Theorem 11.25]. One may
derive his theorem from ours by formally defining Q' = Q'go, where gy is a formal
0-dimensional A-annihilated class.

However as we observe, adding condition (1) will give a complete set of indecom-
posable A-annihilated classes in homology of H,Q X, where X is any path connected
space. I believe that Theorem 2 is the most general possible statement which classi-
fies A-annihilated classes in H,QX which are of the form Q7z with excess(Qz) > 0,
when X is path connected. Although Wellington might be aware of a such state-
ment, but I am not aware of such a statement or anything similar to this mentioned
anywhere in the literature.

All of the above results, those obtained by Curtis and Wellington as well as our
Theorem 2, are based on an observation by Curtis [C75, Lemma 6.2]. We will recall
this observation in an appendix as it is an important step in the proof of Theorem
2. The result of Curtis [C75, Lemma 6.2] later on was generalised to odd primes by
Wellington [W82, Lemma 12.5].

Finally we note that other partial results, describing indecomopsable A-annihilated
classes, may be found in a work by Snaith and Tornehave [ST82, Theorem 1.1]. But

such results are restricted to a limited number of cases.

It is possible to use the conditions in Theorem 2 to do more numerical calculations
in order to extract more information about indecomposable A-annihilated classes by
giving an explicit description of such classes. When X = S' and I(]) is not too big,
it is possible to determine all indecomposable A-annihilated classes of the form Q'g;.

We have the following example.

Lemma 4. Consider Q'g, with excess(Qgy) > 0, i.e. it is an indecomposable. If
I(I) = 1, then this class is A-annihilated if and only if it is of the form Q% ~'g
for some s > 1. If [(I) = 2, then such a class is A-annihilated if and only if it is
of the form Q¥ ¥ 1Q*¥ gy with 1 < j < s— 1. IfI(I) = 3 and Q"Q™2Q"g; is
A-annihilated, then Q2Q% g, is not A-annihilated.
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Remark 5. A class of the form Q2" +?~1Q>~1g; will pull back to a class of the form
Q¥ Y11y € H,QpS° modulo decomposable terms. We will describe H,QS° in
Chapter 5. One observes that Q22 Lzy._; is not A-annihilated, where this can be
seen by use of Squ. Hence a corollary of the above lemma will be that the only
A-annihilated classes of the form Q'z; € H.QyS° are of the form x3. ;. It is also
straightforward to see that x, is A-annihilated if and only if n = 2° — 1 for some

s > 0. These may be compared to [W82, Theorems 11.10, 11.11]

Next we mention a rather nontrivial corollary of Theorem 2 which is an outcome

of its proof.

Corollary 6. Let x € H,X be fized. Suppose

=Y Q'

is A-annihilated, with excess(Q'x) > 0, and I runs over certain admissible sequences.
Then each term Qx is A-annihilated. In particular any odd dimensional class of the

above form has this property.

Remark 7. The reader may notice that this is really a fact about the Dyer-Lashof
algebra. More precisely, we may say that any two operations Q! and @7 which are
of positive excess, and are not A-annihilated can be separated by an operation Sq..
We note that this is not true in general if at least one of these iterated operations is
of trivial excess. A counter example maybe found in [W82, Remark 11.26] which is
discussed in Chapter 5.

Note 8. Not every spherical class can in fact be written as > Qx with z fixed. For

example consider X = P and let 7 € m3QP be the pull back of v € m3Q0S° through

the Kahn-Priddy map A : QP — Q,S°. This has nontrivial Hurewicz image given by

hv = a3+ aias + a3 + Q%ay.

To see this notice that the Kahn-Priddy theorem provides us with a monomorphism
H.QyS° — H,QP. In this example the image must be A-annihilated and primitive,
and the above class is the only class in that dimension with these properties. We

leave more discussion on this to Chapter 5.
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On the other hand we note that in some still interesting cases like X = S™ it
is the case that any spherical class can necessarily be written as £ = >_ Q'z where

x =g, € H,S™ is fixed.

Corollary 6 is a weaker version of a uniqueness property that we conjecture to
be true, and seems to be an argument of a purely numerical nature, like many other

arguments that we make!

Conjecture 9. Suppose x € H, X, and let r > 0 be given. Let I,.J be two admissible
sequences of length r such that excess(Q'z) > 0, and excess(Q’x) > 0. Suppose both

Q'z and Q’x are A-annihilated terms. Then
dim [ # dim J,
where for I = (iy,...,1,) we have dim [ =iy + -+ + .

A rather trivial, but useful, observation is that if £ € H,, QXX is spherical, then

it is in the image of the homology suspension
o, H.QX — H, 1QYX.
This implies the following simple lemma.

Lemma 10. Suppose € € H, . 1QXX s spherical. Then

=Y Q'xa,

where the sum varies over certain terms Q'Sx with I admissible, © € H,X not

necessarily fized, and excess(Q'¥x) > 0.

Hence working with spaces QXX has the advantage that the spherical classes do
not have unpredicted decomposable terms, and the only possible decomposable terms
will be square ones, i.e those terms with excess(Q?¥z) = 0. Notice that suspension
kills the cup product. This then implies that any class in H,>»X, and consequently

any class Q'¥x € H,QXX is primitive.
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Remark 11. Similar to Note 8, not all primitive A-annihilated sums Y Q'¥x €
H,QXX have the property that each Q'¥x is A-annihilated. We urge the reader not
to confuse this with the case of Corollary 6, where there z € H, X was fixed. Here Xz
varies as well as I. As an example, consider Q57Q*QYa; + Q% Q% Q*a; € Hy32QP.
This sum is A-annihilated, and maps to Q" Q¥ Q¥ a; + Q" Q¥ Q**Ya; € Hi33QXP
under the homology suspension. This later class is A-annihilated, and primitive. But

still neither any single term is A-annihilated.

Despite the above remark, we are able to take advantage of Corollary 6 in some
special, and still important cases. Specialising to X = S™ with n > 0, we have the

following result.

Lemma 12. Suppose £ = > Qg, € H,QS™ is a spherical class. Then each Q'g, is
A-annihilated.

The proof of this theorem when ¢ is odd dimensional does not use any desuspen-
sion argument, and the claim holds for any odd dimensional A-annihilated primitive
class. However, the proof for the case of even dimensional classes depends on desus-
pension arguments, and we need the assumption of £ being spherical.

Notice that when n > 1, any spherical class &, € H,QS™ will desuspend to a
spherical class & € H,QS'. Hence a good knowledge on spherical classes in H,(QS*
can be very useful. According to Lemma 12, any spherical class in H,QS! is of the
form > @Q%gy, such that each Q!g, is A-annihilated with excess(Q’g;) > 0. This tells
us about the possible forms of an odd dimensional spherical class & € H,QS' and
the terms which may contribute to a spherical class, although we will see that there
will be a very few terms in any potential spherical class.

Next we have two parallel tasks. First, given f € om,QS* with hf = £ =
S Q'gr € H,QS' we may try to extract more information about the stable ad-
joint of f, f¥:S™ 4 S in terms of the cohomology operations that detect f°, where
we have used /4 to indicate that the mapping is stable, i.e. it can be realised after
finitely many suspensions. The second task is to try to eliminate possible terms which

may contribute to a spherical class £ € H,QS*.
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We start by dealing with the first task, and ask the question in a wider generality.
Assume £ € H,QX is spherical, then there exists a homotopy class f : S — QX,
not necessarily unique, with Af = £ The mapping f has a stable adjoint f° :
S" £ X characterising a unique element in o7 X. If X is a suspension, then the
results mentioned earlier describe a potential spherical class. One may ask, what
is the relationship between the spherical class ¢ € H,QQX and the stable mapping
5 8" £ X? More precisely, we may like to understand the order of the stable
operation that detects f° based on information about &.

Let me explain what is our approach to dealing with this first task. Assume that
f 8™ — QX is given. Since QX = QQ>X then we may use adjointness to suspend
up to obtain a mapping f!: S™" — QY.X. Performing this operation finitely many
times, depending on the connectivity of X, we end up with the stable adjoint of f,
namely ¥ :S8™ /4 X. On the other hand we may try to do the same with homology,
that is assuming that hAf # 0 then we may try to see what happens to hAf when we
suspend up under the homology suspension o, : H,QX — H,QXX.

Notice that if A°f # 0, then this will imply that f° is detected by homology.
Hence we restrict our attention to the cases where h°f = 0.

One of the first examples is provided by two equivalent definitions of the Hopf
invariant. It is well known that f : $?"*! — S"*! has Hopf invariant one if and only
if the adjoint mapping S?" — Q¥.S" has g2 € H,,QXS™ as its image in homology.
On the other hand f has Hopf invariant 1 if it is detected by a primary operation.
This fact may be generalised as follows. Let X be a path connected space, and
f: 5% — QX be given with h°f = 0. Then hf has 22 € H,,QX in its image if
and only if the adjoint mapping f° : %" /4 X is detected by the primary operation
Sq" ™! on z, € H,X in its stable mapping cone [E81, Lemma 4.2], [E93, Proposition
4.4]. The following result demonstrates a full generalisation of this fact where we

remove the restriction on the choice of z,,.

Lemma 13. Suppose f € m9,QS*, k > 0, with hf = €2 where £, € H,QS*. Then

the adjoint mapping S** — QX.S* is detected by the primary Sq"™ on o.(&, + O)



Chapter 2. Statement of Results 32

in its mapping cone, where O refers to the indeterminacy which is a sum of terms of

the same weight as &, and of lower excess. (O = 0 if Congecture 9 holds.)

Remark 14. The proof for case with £ = 0 will be slightly different, and a bit technical.
We will provide the reader with the proof of this case after a discussion of the delooped

Kahn-Priddy theorem.

Note 15. Observe that in Lemma 13 the class £, € H,QS* will be A-annihilated
and primitive. Hence we know that we may write it as > Q7 gx where the sum is
A-annihilated. If there exists I = ¢, i.e. hf = g7, then we obtain the previous gen-
eralisation in [E93, Proposition 4.4] where in this case one has trivial indeterminacy,
that is O = 0. In this case the stable mapping f° will be detected by a primary

operation.

Remark 16. The above lemma can be generalised in the following way. Notice that
in the above lemma f € m,QS*, ie. f : 5% — QS*. It is quite straightforward
to replace S?* with Y, where Y5, has the bottom cell in dimension 2n. This part
of the generalisation comes straightforward as a corollary of the above lemma. It
seems that it is possible to replace Y5, with a wider range of spaces. My conjecture
is that still it should be true if we replace Y3, with any path connected space Y,
assuming that f : Y — QS* has trivial homology in dimensions < n. This will

"+ on the mapping cone of £ does not have

ensure that the functional operation S¢q
any indeterminacy. However, I have not written down the proof of this last claimed
generalisation. Such a generalisation would be very useful in a proof of Conjecture

26.

We have to say that in the above lemma we need to know that ¢.£), # 0. However
we know that & = >~ Q! gy. This means that if 0./, = 0, then £ it must be a square.

The following result shows that this will not happen.

Theorem 17. Let £ € H,QS™, withn = 0 be spherical. Then it is impossible to have

=% foranyt > 1.

The proof of this for the case n = 0 depends on the homology of @S2 which will

be discussed in its own place.
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Note 18. One can state the above Theorem 17 in a much wider generality. One may
weaken the condition of ¢ being spherical and replace it by & being A-annihilated and
primitive class which is in the image of homology suspension, i.e. £ = 0,£" with £ an
A-annihilated and primitive class. This still can be handled when n = 0 by different

methods.

The method used in the proof of Theorem 17 can be employed to prove the

following lemma.
Lemma 19. Let £ = (2 € HyqQS™, n > 0, be spherical. Then d must be odd.

Note 20. In the context of finding potential candidates for being spherical Theorem 17
may be compared to [W82, Theorem 11.16(i)] where it seems our theorem eliminates
more classes than Wellington’s. In Wellington’s terminology, a tower can give rise
to a spherical class, and his theorem [W82, Theorem 11.16(i)] counts the classes ¢

with ¢ > 1 among these candidates.

Let us mention the motivation behind Lemma 13 as it provides us with a kind
of inductive step in our arguments. We write o for iterations of the homology

suspension, i.e. 0¥ will be a homomorphism
ok H.QX — H, ,QXFX.

As we mentioned earlier, given f € 7, QX we use h° f to denote f2g,,, where h and

h® fit into a commutative diagram as following

X H X

-] Toso

TmQX —~ H,,QX.
If X is a suspension, then according to Lemma 10 we know the possible form that
a spherical class ¢ € H,,QQX is going to take. Moreover, according to Lemma 12 we
have additional information when X = S™ with n > 1. If h¥¢ = 0 then 0°hé = 0.
This shows that there exists k > 0, such that o*h¢ is a decomposable. Notice that
according to the Milnor-Moore exact sequence a decomposable primitive must be

square of a primitive class. This implies that oc¥h& must be a square, i.e. o¥hé = ¢ 2!
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for some t > 0. Let X = S™ with n > 0, then Theorem 17 implies that ¢ = 1. This
implies that ¢ is not decomposable, i.e. ¢,( # 0. Hence we can use the Lemma 13
which implies that if S™*% — QS™** has (? in its image, then the adjoint mapping
SmAk+l QS will be detected by Sq¢*! on 0,(¢ + O) where d = dim ¢ and O
is the indeterminacy, probably O = 0.

If 0, € H,S"**! then similar reasoning will show that ¢*2¢ will be a decompos-
able class for some ky > 0. Moreover, as we explained in Note 19 it is impossible to
have o*2( = ¢'? with ¢t > 1, i.e. we only can have t = 1.

On the other hand, observe that as excess of any single term in O is less than
excess((), then while we suspend, O will die under suspension before (.

Note 15 explained what happens if there exists I = ¢ in the expression for {. In
this case I[(I) = I(¢) = 0. Hence the next case will be the case when there exists
I in the expression for ¢ with [(I) = 1 i.e. ¢ has a term of the form Q’g,. This
then implies that after finite suspension, the function will be detected by a primary

operation on a square. We then have the following result.

Theorem 21. Suppose we have a mapping f : S+t — QS™ detected by Sq’; on
g%. Moreover, we require k > 1 to be minimum in the sense that f is not detected
by Sq* with k' < k on an element of weight 2. Also assume that f is not detected
by a primary operation on a class of weight 1. Then the adjoint of this mapping

g : S*HE — QS™ s detected by a secondary operation arising from non-admissible

term Sq*Sq"tt on gni1.

Notice that choosing k to be least implies that & = 2° for some s > 0. We observe
that for s = 0, being detected by Sq} will be the same as being detected by homology,

and this will reduce to the case of Lemma 13.

Remark 22. We warn the reader that the notion of being admissible for the Steenrod
operations is completely opposite to the notion of being admissible for Kudo-Araki
operation. Recall that S¢%Sq® is admissible if and only if @ > 2b. So non-admissible
means a < 2b. We will recall the related Adem relation in its place when we are going

to use it!
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Moreover, notice that in general a secondary operation determined by a relation is

not unique [MT68, Page 163].

We have to say that Theorem 21 is motivated by the real life examples such as

the following.

Ezample 23. The stable mapping 7 : S* £ S° may be realised as a genuine mapping
n : S — S™ which is detected by S¢? on its mapping cone. Similarly the stable
mapping o : S7 4 S° may be realised as a mapping S*® — S® with adjoint o : S —
Q¥S7. For the adjoint mapping o we have ho = g2. Hence the composite on : S —
Q257 is detected by Sq? on g2, with trivial indeterminacy. Now Theorem 21 implies
that the adjoint mapping S'¢ — QS® is detected by the secondary operation arising
from a Adem relation with the non-admissible term Sq?Sq¢®. Notice that we may
consider the composite

St s L Oxs”T — QS".

We already know that the the stable adjoint o : S — QS7 satisfies ho = g2. Hence
the composite on : S¥® — QST is detected by Sq? on g2. However, here we have a
nontrivial indeterminacy coming from Sq¢?Q%g; = g2. Now Theorem 21 implies that
the adjoint mapping S'¢ — QS® is detected by the secondary operation arising from
a Adem relation with the non-admissible term S¢?Sq®. Notice that at this stage the
above composite is in the stable range and can be seen as a mapping S'¢ — S8.
Observe that this is the same 73 € 97§ modulo elements of higher Adams filtration,

where 7; € o735, denotes Mahowald’s family [M77, Theorem 1].

Remark 24. Observe that n3, and in general 7;, does not give rise to a spherical class
in H,QS', or even in H,(QS°. This is quite straightforward to see based on the
construction [M77, Theorem 2]. Hence the above example can be seen as an evidence
that Theorem 21 admits a kind of inverse. That is given any stable mapping S™ /4 X
which is detected by a secondary operation, then there exists a nonnegative integer
I such that the stable adjoint mapping S"*' — @QX'X is detected by a primary

operation on a square term in homology of H,Q¥'X.
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Notice that Theorem 21 together with our previous observations imply that if
f € m.QS! such that the minimum [/(7) in the expression for Af is 2, or equivalently
its minimum weight is 4, then the stable adjoint of f will be detected by a secondary
operation. On the other hand it is easy to show that if f° is detected by a secondary
operation then it will not give rise to a spherical class in H,QS!. Summing up these

two would imply the following.

Lemma 25. It is impossible to have a spherical class in H,QS' whose minimum

weight 1s 4.

This means that if there exists a spherical class in H,QS', which is not a stably
spherical, then its minimum weight will be either 2 or at least 8.

A combination of Lemma 13 and Theorem 21 provides us with a motivational
result towards elements of higher weights, where we like to see them as results illus-
trating the inductive step in a more general picture. That is, we may hope to prove

a result of the following form.

Conjecture 26. Suppose we have a mapping f : S™ — QS™ detected by an operation
of order v on £2. Then the adjoint mapping will be detected by an operation of order

r+1 on o.(&, + O), where O is a sum of terms of lower excess.

In practice this is what one might expect and the proof of this depends on choos-
ing the right framework towards the higher order operations, and interpreting the
previous results in this term. We outline an approach that we think will lead to
the proof of this claim. Of course there are some examples coming from the “real
life” which provide us with some evidence for correctness of the above conjecture.

Consider 7% € 975 realised by the composition
2
g3 . g2 . Qo 50

as an unstable mapping. We know that this mapping has Adams filtration 3. Recall
that according to Example 1, the mapping n? is detected by homology with hn? = 2.

Moreover, the mapping 7 in the above composition is detected by Sq¢?. Hence the
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composition, i.e. ® is detected by Sq? on x2. Applying Theorem 21 we see that the
adjoint mapping S* — 53 — QS! is detected by a secondary operation arising from
the Adem relation S¢*Sq* = S¢3Sq* on 0.7y = Q'g; = g}. The above conjecture
then predicts that the adjoint mapping S° — S* — QS? is detected by an operation
of order 3 on g9, where by other methods we know that this is the case.

We like to note that given a stable map which is detected by an operation of order
r, then it implies that the Adams filtration of that stable map is at least r. Hence
the above conjecture relates the minimum length of a spherical class in H,Q,S° to
the Adams filtration of its stable adjoint. I think that this is related to the results
of Lannes-Zarati, and maybe thought as a geometric approach to it. But I am not
aware of all details of their work.

Now we switch to our second task, namely trying to eliminate some of the possi-
ble cases which we found during our analysis of A-annihilated primitives. We have
already mentioned one of the eliminations that we meant to do, which was the state-
ments of Theorem 17 and Note 19. These calculations are based on our analysis of
primitives in H,Q,S?, various transfer maps, and use of the Eilenberg-Moore spectral
sequence. As an outcome we also calculate primitives in H,QP and H,QCP. We
will give three slightly different descriptions of these primitive submodules. However,

proof of all these descriptions is the same. The result for H,Q P reads as following.

Proposition 27. Any primitive class in H.QP belongs to the R-module generated by
pfnﬂ,pfj, i.e. any primitive class in H,QP will be a linear combination of elements
of the form Q'pS, ., and Q" pf; with I and K are admissible. The classes py, ., and
pfj are defined, modulo decomposable terms, by ph \ = asni1 and pfj = Q*ay;.
Here a; € H; P is a generator dual to a' € H'P with a € H'P being the first universal

Steifel-Whitney class.

[ am in debt to Sgren Galatius for the discussions that we had during the Arolla
Topology conference-2008. I learnt from him how to calculate the primitive elements

using the Milnor-Moore exact sequence.
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The precise description of the classes po,.1 and pf ; are given in Section 5.8. A

similar result for H,QQCP holds.

Proposition 28. Any primitive element in H,QCP is a linear combination of terms
of the form Q*p§r. . and QKp(E]P with L and K are admissible. The classes p5r,, and
pgf are defined, modulo decomposable terms, by piﬂrQ = Cynt2, ond pff = Q% ey

with j even. Here cy; € HyCP is a dual to ¢t € H*CP with ¢ € H*CP being the

first universal Chern class.

After these calculations we focus on the H,Q,S°. We give a complete classification
of potential spherical classes in H,QyS° which do not correspond to the Hopf invariant
one or the Kervaire invariant one elements. The result, which is the statement of

Theorem 5.45 reads as following.

Theorem 29. Let 0 € H,Q,S° be a spherical class which is not a Hopf invariant one
class, neither a Kervaire invariant one class. Then 0 satisfies one of the the following
cases.

1- If 0.0 # 0 and 0 is an odd dimensional class, then

0=> Qph.s,
with 1(I) > 1 such that each of terms Q'pl,;., in the above sum is A-annihilated.

2- If 0.0 # 0 and 0 is an even dimensional class, then

0= QP+ P
with I(I) > 1 where I has only has odd entries. In this case (I,2i + 1) satisfies
condition 3 of Theorem 2, i.e. 0 < 2ij,1—i; < 2°Ci+1) for 1 < j < r withi,,, = 2i+1.
Moreover, excess(Q!ph;.1) — 1 < 2°0) for every Q'ph, , involved in the above sum.
Here P is a primitive term. If P # 0, then it is of odd dimension. If P = 0, then
each term in the above expression for 6 is A-annihilated.
3- If 0.0 = 0, then 0 = &2, with & an odd dimensional A-annihilated primitive class,
1.€.

0 = (Z QIP/21+1)27

with [(I) > 0 such that each of terms Q'pl, ., in the above sum is A-annihilated.
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We note that at the above theorem ph; ., € Ho11Q0S° is a certain primitive
element, described in Chapter 5 as Madsen’s description, such that any primitive
class can be written as a sum of terms of the form Q'pl;. ;.

This theorem will be clear after a long preparation on the type of primitive classes in
H,Q,S°. This preparation will be achieved after a discussion on different generating
sets for PH,(QyS°, and their relation to each other.

We then run towards studying homology of QQqS™" for n > 0. We like to identify
subalgebras of these homology rings which will contain pull back of any class classified
by Theorem 29. We succeed to give a geometric meaning for generators of specific
types of these subalgebras using the classical Hopf invariant one maps, namely n € 75
and v € 5. This job is done in Remark 5.40, Note 5.41, and Remark 5.52.

Our study in subsection 5.9.1 illustrates the pattern that we look for to show to
the reader. This is the pattern that appears while we desuspend a spherical class
0_1 € H,QoS™" into a spherical class _;_; living in H,QyS~*~'. This predicts what
can happen when we try to write §_;_; in terms of primitive classes. Of course,
this is based on the assumption that certain primitive classes pull back through the
homology suspension and we have examined the consequences of such an assumption.
This assumption may fail, but the following pattern is what I strongly suspect that
will happen while we desuspend a spherical class in H,(Q)oS™" to a spherical class in
H,QyS™"~'. We have two different types of primitive classes in H,QoS™*, namely
classes p(SI:;i +1) and Q' pgi:fl. These are defined in subsection 5.9.2 in an inductive
manner, and with use of homology suspension o, : H,QoS %! — H,Q,S~*. This
of course does not define such classes uniquely. However, such a description is ad-
equate to estimate the action of the Steenrod algebra on such classes, up to some
indeterminacy. We have the following result which is the statement of Proposition

5.53.

Proposition 30. Let 0_, € H,QoS™* be a spherical class with 0 = o*0_,, # 0 which
1s not a Hopf invariant class nor a Kervaire invariant class. Then modulo kernel of

0. HQoS™% — H,QuS™**! the class 0_;, can be written as linear combination of
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primitive terms of the following forms
—k —k
Q'pk QLngl_k,

where (1,2t1+1) = (J,K) = (L,2l + 1) with I, J, K, L being admissible and J can

be the empty sequence. Here 6 has either one of the following forms,

0=>Q'pr1 modulo decomposable terms
0= (Z Q1p22‘+1)2

satisfying one of the cases identified by Theorem 5.45, (I,2i + 1) admissible if

excess(/,2i 4+ 1) > 0.

I then claim that the Curtis conjecture is a corollary of this proposition. This is

the statement of Conjecture 5.54 which reads as following.

Conjecture 31. It is impossible to have a spherical class in H,QoS® satisfying one

of cases identified by Proposition 29.

I give a sketch of a proof for this conjecture. 1 will mention where the possible
gaps of such an argument can be. But I believe that this will lead us to a proof of
the Curtis conjecture.

Finally in Chapter 6, which is relatively very short, I will discuss some further
projects that can be done based on the work done in this thesis, or are related to the

subject of this thesis.
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Proof of Theorem 2

Recall that having fixed an additive basis {z,} for H,X, with X path connected, then
H,QX is a polynomial algebra with generators given by the symbols Q!z,, with I
admissible. Allowing the empty sequence ¢ to be an admissible sequence, with Q%z =
x, and excess(¢) = +oo, then we can see that Q'z is a decomposable if and only if
excess(Q'w,) = 0 > 0 where in this case Q'x = (Q®--- Q¥ x)? with I(iy,...,1i,).
Hence, Theorem 2 determines all A-annihilated classes in H,Q)X classes of the form
Q!z with are not square. Notice that in general, any class in H,QX involving at least
one term Q'x of positive excess with I determines a nonzero class in QH,QX, the
module of indecomposables of H,(QQX, i.e. it gives rise to an indecomposable element.

We only use the Nishida relations. The Nishida relation is given as following

[CLM76, Part I, Theorem 1.1(9)],

ngQb = Zr>o (::;T)Qbia+rsqg (3'1)

Notice that Sq7Q” with {(I) > 1 may be computed by iterated use of the Nishida

relations. One observes that the Nishida relations respect the length, i.e. if
SqeQ" =" Q¥ Sq",

then [(I) = [(K).
Let R denote the Dyer-Lashof algebra. Then according to [M75, Equation 3.2]

41
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the Nishida relations maybe used to define an action N : A® R — R as following

N(S¢,Q%) = (b ; a) Q" (3.2)
NS Q @) = (0T )@ NSA Qs @) (33

In other suppose Sq?Q! = > Q¥ Sq,‘jK where a® € Z. Then we have
N(Sq, Q) = Yo QF. (3.4)

We note that if a sequence [ is admissible, then it is not clear whether or not

after applying Sq? we will get a sum of admissible terms, i.e we may need to use the

Adem relations to rewrite terms in admissible form. This means that we may decide

about vanishing or non-vanishing of a homology class Sq?Q’z after rewriting it in

admissible form.

Example 3.1. Consider Q?Q°g; which is an admissible term. One has

S¢;Q°Q%g1 = Q"Q% g,

where Q7Q? is not admissible. Although it may look nontrivial, however the Adem

relation Q7Q? = 0 implies that Q7Q%g; = 0. Indeed the class Q°Q%¢g; is not A,-

annihilated, which can be seen by applying Sq¢? as we have

SEQ°Q° g = Q"Q%q1 # 0.

Notice that the right hand side of the above equation is an admissible term.

According to the above example, part of the job in distinguishing between A-

annihilated and not-A-annihilated classes Q'x is to choose the right operation Sq¢ in

a way that the outcome is admissible and there is no need to use the Adem relations

after the Kudo-Araki operation. The reason being that it is practically impossible to

use the Adem relations when [(7) is big. The following lemma tells us when it is not

possible to choose the right operation! and provides us with the main tool towards

the proof of Theorem 2.
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Lemma 3.2. Suppose I is an admissible sequence such that 21,1 —1; < 205 +1) for

alll1 < j<r—1. Let

N(S¢, Q)= > Q.
K admissible

Then

excess(K) < excess(I) — 2701,

Remark 3.3. The above lemma is implied by a result of Curtis [C75, Lemma 6.2]. It
also can be obtained by combining [W82, Theorem 7.11], [W82, Theorem 7.12] and
[W82, Lemma 12.5]. We note that Curtis’s result [C75, Lemma 6.2] is meant to tell
one about the way that differentials in the A-algebra and the Dyer-Lashof algebra
are related. We refer to Appendix B to see how the above lemma is obtained from
Curtis’s result. We urge the reader to take care while comparing the above statement
to Wellington’s and Curtis’s as they let the Steenrod operation act from right, and
their iterated operations @', in fact \; in terms of the A-algebra, are in the reverse
order which may cause a bit of confusion. Although we we will not use the result,
this lemma has been generalised to odd primes by Wellington [W82, Lemma 12.15].

We will make some more comments on this in an appendix.

Now we are ready to prove Theorem 2. We break it into little lemmata.

Lemma 3.4. Let v € H,X be A-annihilated, and I an admissible sequence with
excess(Q'x) > 0 such that

1- excess(Q!x) < 2°01);

2- 265, —i; < 2P0+ forall 1 < j<r—1;

Then Q'z is A-annihilated.

Proof. Let r > 0. Then we have the following

Sz = Y OS¢ r = Yo Q .
But notice that according to Lemma 3.2
excess(Q¥z) < excess(Q!x) — 27 < 0.

Hence the above sum is trivial, and we are done. [l
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This proves the Theorem 2 in one direction. Now we have to show that the
reverse direction holds as well. That is we have to show if either of conditions (1)-(3)

of Theorem 2 does not hold then @’z will be not-A-annihilated.

Remark 3.5. Before proceeding, we recall a basic property of the function p defined
before Theorem 2 which is as following. Notice that given a positive integer n, then

p(n) is the least integer ¢ such that

1
(th )Elmon.

Notice that if n = > n;2" and m = > m;2' are given with n;,;m; € {0,1} then
(7’;) = 1 mod 2 if and only if n; > m, for all 7. This makes it easy to verify the above

property for p.

The next three lemmata show that if any of conditions (1), (2) or (3) doesn’t hold,

then Q’x will not be A-annihilated.

Lemma 3.6. Let X be path connected. Suppose I = (iy,...,i.) is an admissible

sequence, such that excess(Q'z) = 2°01). Then such a class is not A-annihilated.

Proof. This is quite straightforward. We may use S¢?” with p = p(i;), which gives
S¢¥Q'r = QVFQR---Q"x+ 0 (3.5)

where O denotes other terms given by

— =27\ ittt i
O—;(%_%)Q $¢,Q% -+ Q" x.
>

Notice that excess(Q!x) > 2°01) ensures that i; is not of the form 2°. Looking at the
binary expression implies that all coefficients in O are nontrivial, and O will depend
on the action of Sq¢ on terms Q% - --Qx. However, all of these terms are terms of
lower excess, and they will not cancel the first term in (3.5).

Notice that at the right hand side of (3.5) the term Q% ~2"Q® - - - Q" x is obviously

admissible. Moreover,

excess(Q' Q™2 - - Q' x) = excess(Q'x) —2° > 0.
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This proves that S¢2’Qx # 0. Notice that if excess(S¢?Qx) = 0, then
S¢' Q' =(Q%---Qx)? #0.
This completes the proof. O

The above lemma shows that if (2) of Theorem 2 does not hold, then we will have
a class which is not A-annihilated. Next, we move on to the case when condition (3)

does not hold.

Lemma 3.7. Let X be path connected. Suppose I = (iy,...,i.) is an admissible
sequence, and let Q'x be given with excess(Q'x) > 0 such that 2,y —i; > 201341

for some 1 < 7 <r—1. Then such a class is not A-annihilated.

Proof. Assume that Q'x satisfies the condition above. We may write this condition
as

ij— 2 < 205, — 2P = 2(i54 — 2°),
where p = p(i;41). This is the same as admissibility condition for the pair (i; —

2,541 — 27). In this case we use S¢2°" where we get
207 AT _ i1—2PFI 1 ~jo—2pFi—2 i;—2P MYij41—2° Yijto ir
S Qr = Q Q QTR QU Q"z+ 0 (3.6)

where O denotes other terms, and similar to previous lemma will be a sum of terms
of lower excess.
The first term in right hand side of the of the above equality is admissible. More-
over,
excess(S¢2 7 QTx) = (iy — 20T97Y) — (iy — 207972) — (i — 2°) — (ij41 — 2°)—
(ij4o+ -+ +i, +dimz)
= iy — (ig+ - +1i, +dimz)
= excess(Q'r) > 0,

20+J
*

where by abuse of notation we have written excess(Sq¢?”’Q'x) to denote the excess

of the first term in (3.6). This implies that

S Qlx # 0,

and hence completes the proof. [
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Remark 3.8. According to the proof in this case we always have

excess(S¢2 7 Q'z) > 0

*

which means that we always end up with an indecomposable term after applying the
“right” operation, i.e. the outcome will not be a square. This little observation will

be useful.

Now we show that the condition (1) is also necessary in the proof of the main

theorem.

Lemma 3.9. Let X be path connected, and x € H,X be not A-annihilated. Then

Q'z is not A-annihilated.

Proof. Let t be the least number that
Sqftm #0.
If I = (iy,..., i), we apply S¢Z"" to Q'z, where we get
SqfﬁtQIf _ Qi172r+t—1 . QiT*QtSqftx +0,

where O denotes sum of other terms which are of the form Q’y with dimy >
dim Sqftx. This means that the first term in the above equality will not cancel
with any of other terms.
By abuse of notation we write excess(Q~ 2" ... Q=2 S¢% x) to denote the excess
of the first term in the above equality. We have excess(Q 2" ... Q"2 §¢%z) =
excess(Q'x) > 0. Moreover,

Qil—QT“*l . QiT—Zt

2t+r

27" QIx # 0. Note that similar to the previous lemma we end

is admissible. Hence Sq

up with an indecomposable term. O

This completes the final step in the proof of Theorem 2. Next we move on to prove
Corollary 6, which is an outcome of the proof of Theorem 2. Recall that according

to Corollary 6, if >-Q'z € H.QX is an A-annihilated class with excess(Q'z) > 0,
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with « € H,X fixed and X path connected, then every @’z in the above sum will
be A-annihilated. We like to demonstrate how this will work. To make our approach
more clear we start with some illustrations. Recall that a class of the form @’z with
I having at least one even entry is not A-annihilated. Our illustration below shows
that such a class will not be a term of any A-annihilated sum of the form > Q'z
with excess(Qfz) > 0.

Recall that Nishida relations respect the length. Hence we concentrate on terms
Q' with I of fixed length, and single out the not-A-annihilated terms. Although we
do the proofs for X = S*, but they can be adopted to any path connected space X.

The proofs are based on the following Nishida relations,

Sq.Q* = Q" (3.7)
SqrQ*™ = 0. (3.8)

We also recall that the operations S¢¢ satisfy the Cartan formula as following. If

z,y € HQX, then we have [W82, Remark 1.9

Sqi(xy) = Y (Salx)(Sky). (3.9)

jtk=i

This in particular implies that

Sg2'e® = (S¢L¢)*. (3.10)

We also have the following Cartan formulae,

Q"¢ = (Q9)> (3.11)
Q¥ = 0. (3.12)

The following lemma illustrates how we apply these relations, and proves even
more that we may expect. It shows that if Q’x is an indecomposable, and a term of

a spherical class, then ¢; must be odd. We have the following.

Lemma 3.10. An admissible term Q'g, with excess(Qgy) > 0 and i, even is not
A-annihilated. Moreover, the action of Sq. separates such a term from any other
class of the form Q7 g, which is not A-annihilated. In particular it is impossible to

have a term of this form as part of a spherical class € € H,QS".
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Notice that here being separated under an operation has its obvious meaning. We
say two classes are separated under Sq. if they map to different elements under this

operation.

Proof. Suppose we are given distinct terms

Qth ngb ngb QKgla

of the same dimension with H, I, J, K nonempty admissible sequences, and

281,h2,...,h ),
2t1,lg,...7 ),
2t, +1 ]27"'7j7“)7

(
(
(
(K1, Koy k).

= S T T
I

Moreover, assume that excess(Q%g;) > 0, excess(Q'g1) > 0, excess(Q7¢g;) > 0 and

excess(Q%g1) = 0. Notice that excess(Q%g;) = 0 implies that we may write

Q% = (Q*q)”
for some s > 1, and L admissible. Applying Sq! to these classes we obtain

SqlQ%gr = Q> 7'QM - QMgr £0,
Sg:Q'gr = Q@"7IQ%-- Qg #£0,
S¢:Q’g1 = 0,
SqtQ¥g, = 0.
This shows that the last two, the square term and the term starting with an odd

number, are annihilated by S¢! where the first two terms survive. Notice that

excess(SqlQ%g)) = excess(Qg1) —12>0,
excess(SqiQTg)) = excess(Qig)) —1>0.

This shows that Q* g, is not A-annihilated. Now we show that it cannot be term of
any sphercial class.
The fact that H # I implies that (281 — 1,ha,..., h,) # (2t; — 1,ig,...,1,), ie.

SqtQ g1 # SqlQ%g,. This means that having a class like Q* g, starting with an even
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number as a term of a spherical class £ € H,QS! will contradict the fact that £ must
be A-annihilated. More precisely, according to Lemma 10 we may write £ = > Q% g,
with A admissible, and excess(Q%g;) > 0. Any term Q“g; can be in either of the
forms that we have mentioed at the beginning of the proof. However, the above
calculations shows that if there is a sequence A with Q%g; of positive excess, then &

will not be A-annihilated which is a contradiction. This completes the proof. O

According to this lemma from now on we have to concentrate on distinct terms

of the form

nglv Qng QKgb
with excess(Q7g1) > 0, excess(Q”7g1) > 0 and excess(Q% g;) = 0 where I, J start with

odd numbers. Before proceeding more, we have a very little observation.

Lemma 3.11. Let a be odd, and (a,b) be an admissible pair, i.e. a < 2b. Then

(a—1,b—1) is also admissible.
We do one more example to see how other similar cases will be resolved.

Lemma 3.12. Suppose Q'g; is an admissible term with excess(Q'g1) > 0, iy odd
and iy even. Then such a class is not A-annihilated. Moreover, the action of Sq¢?
separates such a class from any other Q” g, which is not A-annihilated. In particular,

this implies it is impossible to have a term of this form as part of a spherical class

£e H.QS".

Proof. Suppose we have Qg with I = (i1,...,4,), i1 odd, and excess(Q'g,) > 0.
Notice that the fact that excess(Q’g;) > 0 together with the admissibility of I implies

that excess(Q™ - --Q'g;) > 0. The Nishida relations give the following

S¢Q'gr = ("7)Q" Q7@ + (") QN SqQR - Qg

O+ Qil—lQiz—lQi3 - Qirgl if 15 is even,
O+0 if 45 is odd.

Here O refers to the other terms which in this case is given by

O _ (Zl 2_ 2) Qi1_2Qi2 . Qir’
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which can be trivial or nontrivial. Notice that if O is nontrivial it will be admis-
sible, and wouldn’t cause trouble, as it is different from the second term in the above
relation. We concentrate on the second term. Notice that according to above lemma

Q" 1Q™! is admissible, and hence Q' ~'Q%~1Q% - .- Q' is admissible. Moreover

excess(Q171Q21Q" - Qrgy) = (i1 —1)— ((ia— 1) +i3+--+i+ 1)
= iy — (g tig i+ 1)
= excess(Qg;) > 0.

Hence the second term is nontrivial, i.e.

Sq2Q" g1 # 0.

Notice that, if we have an admissible term Q¢g; # Q%g, with h; odd and hy even,
then it would be not A-annihilated, and separated from Q!g; under the action of S¢?
for obvious reasons.

If we have any term Q7g; with excess(Q”7g;) = 0, then it is a square, i.e. Q7¢g; =
(Q¥g1)?". According to (3.8) if we succeed to find an operation, say Sq!, with
Sq¢t@Q7g1 # 0, then the outcome will be again a square term. This means that
Q! g, is also separated from Q7g; under the action of S¢2. This completes the proof

of the lemma. O

Remark 3.13. Again we observe that apart from the case when ¢, is even, in the other
case applying the right operation gives us an indecomposable term. For example in
the example in the above lemma we have excess(Q"~1Q271Q% ---Q'rg;) > 0. This

is true in general.

Perhaps one can see how the rest of classes Q?g; with I having at least one even
entry will be excluded from being A-annihilated. The following theorem resolves the

general case.

Theorem 3.14. Suppose Qlg, is an admissible term with excess(Q'g1) > 0, such
that I = (iy,1z,...,1,) has at least one even entry, say is is even with s chosen to
be the least such number. Then this class is not A-annihilated under the action of

Sqfs_l. Moreover, the action of Sqfs_1 separates such a term from any other class
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of the form Q” g, which is not A-annihilated. In particular it is impossible to have a

term of this form as part of a spherical class ¢ € H,QS*.

The proof of this theorem is analogous to the examples provided before. Indeed
we have to observe that in general case O will be a sum of terms of lower excess, and

order.

Remark 3.15. Notice that we may order terms of the form Q”g;, of the same dimen-
sion, by putting an order on the sequences I. For sequences of length 1 the order is
just the order of natural number. Suppose we have defined the order on the sequences
of length r» — 1. Given two admissible sequences I, .J of length r, we assume [ > J if
either i1 > j; or iy = j; and (ia,...,4.) > (J2,..., 7). The term order in the above

paragraph refers to this order.

Notice that the above observations have a very quick corollary about possible

form that a spherical can have. We have the following.

Corollary 3.16. Let ¢ = > Q'x € H,QX with X path connected, and v € H,X
fized. Assume that & is A-annihilated. Then for any term with excess(Q'x) > 0 we
have I only with odd entries. In particular, if & € H,QS™ with n > 0 is an odd

dimensional class, then
§= Z ngna

with I admassible, having only odd entries.

Proof. The first half of the corollary is evident from the previous explanations. If is
&€ H,QS™ then £ = hf for some f € m,QS™. The class f has an isomorphic image,
say g € m,_1QS" ! with o,hg = & which means that ¢ is in the image of the homology
suspension o, : H,_1QS" ! — H,QS™. Hence according to Lemma 6 we may write
€= Q!g, with excess(Q’g,) > 0. As we have chosen £ to be odd dimensional, we

then don’t have the case of excess(Q'g,) = 0. This proves the lemma. ]

Notice that g, € H,S™ is primitive, and hence any single term Q!g, is primitive.
One may expect a similar result to hold for odd dimensional spherical classes in

H,QyS°. We leave this until after some discussion on primitive classes in H,(QyS°.
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3.1 Filtering Indecomposable A-annihilated Classes
using their Length

Theorem 2 provides us with a general description of indecomposable A-annihilated
classes Q'x € H,QX for any path connected space X. As we have mentioned earlier,
the case X = S! is of special importance for us. In this case Lemma 4 provides us
with an explicit description of such classes when [(I) < 3. This section contains the
calculations to verify this claim.

We start by doing the proof for when [(/) = 1. This is rather easier than one
might guess. Clearly g, € H,S' is A-annihilated. Next in this line are classes of the

form Q'g;, with i odd. The action of an operation Sq” on such a class is given by

Sq:ngl — (i;r)@i—rgl_

If i # 2% — 1, choose m = p(i). Then i — 2™ = 2™ — 1 mod 2™ and hence the

binomial coefficient above for r = 2™ is odd, i.e.

S¢F"Qgr = Q7 g1 #0.

It is also obvious that any class of the form Q%" ~'g; is A-annihilated. The triviality
of the coefficients is easy to see once we look at the binary expansions.

Next in line are classes of the form QQb¢,, i.e. Qg with I(I) = 2. Let us fix
our notation. For a natural number k let v(k) be the number of 1’s in its binary

expansion. Then we have the following lemma.

Lemma 3.17. Suppose k is a natural number such that the pair (2% — 1+ k,2% — 1)
is admissible and the class Q* ~'**Q*"~1qg, is of positive excess, i.e. k > 1. Then
such a class is not A-annihilated if and only if v(k) > 1, i.e. it is A-annihilated if

and only if v(k) = 1.

Proof. First of all, notice that we like 2¢ — 1 + k to be odd, as otherwise we have the
elimination by Sq!. Hence we only restrict to the cases where 2% — 1 + k is odd, i.e.

k is even. First let v(k) =1, i.e. k =27 for some 1 < j < a — 1. The only operation
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which might act nontrivially is S¢Z’, but

SquQ2a+2j_1Q2a_1gl _ Q2a—1Q2a—1gl _ 07

where it vanishes for dimensional reasons. The operations Sqfl with [ < j do have
trivial action for numerical reasons, i.e. the coefficients in the Nishida relation become
trivial. Moreover, the operations Sqfl with [ > j have trivial action for dimensional
reasons.

Now assume v(k) > 1, k even. Having k = >, k2!, let j be the minimum [ such

that k; = 1. Then,

quj QZO‘JrkleQO‘flgl — Q2“+k72771Q20‘7191 7& 0.

Notice that since v(k) > 1, after taking 27 out, still there is another [, say I’ with

_ 97
<k .2 ) =1 mod 2.
9i

This completes the proof. [

k; = 1, which means that

Remark 3.18. Notice that we may choose k in way to get 2® + k —1 =2 — 1. But

this will not give an admissible term. To see this notice that

B_1 29—
QYO g

is nontrivial if 2 —1 > 2% — 1+ 1 > 2 — 1, which implies that 3 > . On the

other hand the term will be admissible if

29 —1<2(2%—1) <2 —1

which implies that § < a+1 where ( is an integer, but packed between two successive
integers. This is a contradiction.
The above lemma classifies all A-annihilated classes of the form Q'Q* ~'g,. This

proves Lemma 2 in one direction. The following will complete the proof when [(I) = 2.

Lemma 3.19. Let Q*Q%g; be an A-annihilated class with excess(Q*Q%gy) > 0. Then

b=2°—1 for some s > 0.
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Proof. According to Theorem 2, this class is A-annihilated, if and only if,

a—(b+1) < 2°@
20 —a < 200,

Adding these together yields
0<b—1< 2/ 4 20,

Notice that for any integer b, there exists N, > 0 such that b = 2°OF1 N, 4 200) _ 1,
Also recall from the appendix A, or [C75, Proof of Lemma 6.2], that if 0 < 20 —a <

2°®) then p(a) < p(b). Hence we have,
0 < 2PN, 4 or®) _ 1 1 < 2°(0) 4 9p(a)

This implies that

Qﬂ(b)-l-le —1—1 < 9rla)

Taking into account that p(b) > p(a), the above inequality can hold only if NV, = 0,

i.e. b=2r® — 1. This completes the proof. O

Next, we may consider the case [(I) = 3. A natural way to obtain an A-annihilated
class of Q%g; with [(I) = n is try to find a suitable operation Q, and apply it to an
indecomposable A-annihilated class Q7¢g; with I(J) = n — 1. The following lemma,

shows that this is not possible when [(J) = 2.

Lemma 3.20. [t is impossible to have a nontrivial admissible class of the form

a+1 j _ oY j o
QQ +27+k 1@2 +27 1@2 lgl

which is A-annihilated.

Proof. According to previous section, we are not worried about the cases that 2+ +
2/ + k — 1 1is even. So we consider the cases where it is odd. Notice that the class

above is admissible only if

20T 2T 4 | — 1< 2(2° 427 — 1) =20t 4 27 9



Chapter 3. Proof of Theorem 2 55

which implies that
1<k<2 —1.

If k—1#2°—1, choose m = p(k), i.e. k—1=2™"—1mod 2™'. Then
SquQ2a+1+2j+k—1Q2a+2j—1Q2a—1g1 _
Qza+1+2j+k—1—2mQ2C’L+2J‘—1Q2a—1g1 £ 0.
If k—1=2°—1, then
qubQ2a+1+2j+k—1Q2a+2j—1Q2a—1g1 _

Q2a+1+2i71Q2a+2171Q2%191 _

@ g £ 0.
This completes the proof. ]

According to this lemma if Q1Q%2Q%g; is A-annihilated, then Q2Q%g, is not

A-annihilated. This completes the proof for Lemma 2.

Remark 3.21. Notice that an A-annihilated class of the form Q% *¥~1Q% ~1¢; may be
identified with the class Q2S+2j*12a25_1 € H,QXP where ass_1 € Hys_1 P is a dual to
a®** 1 € H*P. In fact these two classes have similar behavior under the avtion of the

Steenrod operations. However, the class Q> 72 ~lag._; € H.QP is not A-annihilated.

3.2 Complementary Notes

Theorem 2 provides us with a complete description of A-annihilated classes in H,QX
of the form Qz of positive excess, with X being path connected. In return, this
also classifies all such classes that are not A-annihilated. For instance given a class
Q'z € H,QX, this class will not be A-annihilated, if at least one of conditions in

Theorem 2 does not hold; i.e.
e 1 is not A-annihilated,
e excess(Qx) > 2°);

e There exists j such that 2i,41 —i; > 2p(ijt1).
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We applied a part of such information to obtain more information on the possible
form of an odd dimensional spherical class in H,QS™ with n > 0 which was the
statement of Corollary 3.16. Recall that according to Theorem 3.14 and Corollary
3.16 we excluded any class Q'g, with I having at least one even entry from being
a term of a spherical class. Notice that according to the remark after Theorem 2, a
class Q'z of positive excess with at least one even entry will not be A-annihilated.
We want to see that if more can be done, and use full power of this description.
That is we like to prove Corollary 6, and Lemma 12, and show that having given an
A-annihilated sum of terms @Q’g, of positive excess, then each of these terms must
be A-annihilated.

Now we return to the above classification of classes 'z which are not A-annihilated.
Each of the above cases distinguishes a class of indecomposable terms Q’z that are
not A-annihilated. One observes that a given class Q2 can be not-A-annihilated for
multiple reasons. For instance, consider as € HoP. This class is not A-annihilated
as Sqlay = a;. This then implies that Q%ay is not A-annihilated which comes from
applying Lemma 3.9. But this also can be seen by the fact that excess(Q%ay) = 3 &
2°() = 2. However, for any class there is a “minimal” condition for being not-A-
annihilated. To be more precise, given a class @'z which is not A-annihilated for
one of the above reasons, we can find least ¢ such that S¢2 Q'x # 0, this gives the
minimal case. This makes more sense when a class Q’x is not A-annihilated, be-
cause there exists j with 2¢;1, —; > 2°(1i+1)  In this case choosing least such j, can
lead us to the least operation. To see a more complex example, assume that Q'z
is not A-annihilated because there exists j with 2¢;4 —i; > 20(ii+1): and because
excess(Q'x) > 2°(1)_ In such a case we pick up least j, giving the operation S¢2 and
compare it to S¢2""" and choose the one with least degree, i.e. let m = min(p(iy), )
and then S¢2" will be the least operation that does not kill Q.

Now let us see how this helps to get a result sharper than Corollary 3.16. Recall
that Corollary 3.16 allows us to restrict our attention to indecomposable terms Q'z
with [ having only odd entries. We like to show that if two indecomposable terms

Q'z, and Q7x are not A-annihilated for the same minimal reason, then they are
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separated from each other. We say two indecomposable classes Q'z and Q7z are
separated if there exists k such that S¢*Q%x # Sq*Q”x.

First, consider the classes Q'z and Q’z of the same dimension, of positive excess
with x € H,X not A-annihilated. Then there exists the least positive integer ¢ such
that S¢2' x # 0. Then

2t+'r

S Qe # ST QM

where [(I) = I(J) = r. To see that let us assume r = 2, then iterated use of the

Nishida relations implies that

tr s ot+l i ot t
S Qlr = QT QRS x,
SETQI = QTR s,

As I # J the right hand side of the first and second quality are admissible terms of
positive excess, in fact excess(Q 2" Q2 S¢% x) = excess(Q"Qz) > 0. Moreover,
the right hand sides of these equalities are not equal. This then verifies the above
inequality. The cases with > 2 can be verified in a similar way. Notice that because
of the choice of t, in these cases each side of the above inequality will have only one
term, namely

SEUQle = QT QY Sg,

S QM = QNI QR S¢ g,
which verifies that S¢2 Q'z # S¢?" " Q”x.
Second, let Q'x and Q”x be two classes that are not A-annihilated such that excess(Q'x) >
2°01) - and excess(Q”z) > 2°U1. If we choose p = min{p(i1), p(j1)}, then it is clear

that
S Q' # 5S¢ Q7.

Notice that we are assuming that [ and J have the same length. Finally we may
consider Q’x, and @’z where they are not A-annihilated because there exists least

k such that 2ip,1 — i > 2°(k+1) and 2011 — Jk = 2¢Uk+1)  Tn this case we have

(z Y+r—k

S TTQe 40,
(g )+r—k

S TTQIe £ 0,
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where the above operations are the least operations which do not annihilate the

related classes. One may choose the least among such operation, and such that
S Qe # S¢" Qe

where m = min{p(ix11), p(Jr+1)}-

These may be summarised by saying that if two classes @'z and @7z are not
A-annihilated for precisely the same reason, then it is possible to find an operation
which does annihilated one, and does not annihilate the other one. We like to take
this further up. We are able to take this further more and obtain reasonably more
general results. More precisely, we aim to show that if @’z and Q”z are two classes
of positive excess, then we can separate them from each other. We note that we like
to use this result to obtain a better description of an A-annihilated primitive class
in H,QS™ with n > 0, i.e. we always choose z = g, which is an A-annihilated class.
Hence we restrict our attention to classes of the form Q!g, of positive excess with I
an admissible sequence with only odd entries. Finally we comment on that how this
one can be modified to obtain an analogous result in H,QS°. We like to draw the
reader’a attention that this result also can be seen as a result about a special class
of operations in the Dyer-Lashof algebra R.

First, let Q'g, and Q”g, be two classes which are of positive excess, with [(I) =
[(J) = r of the same dimension. Suppose these classes are not A-annihilated, only
for the following reasons; 2ig, 1 — 1 > 2°(k+1) for some 1 < k < r, and 2jpra1 — Jrr =

20Uk +1) for some 1 < k' < r. Choose least k and denotes it with ko, and similarly

9Plikg+1) ko
*

choose k(. Notice that Sq is the least operation which does not annihilate,

. /
P(]k6+1)+k0

Q!g,, and similarly S¢? is the least operation which does not annihilate
Q’g,. We have already considered the case with ko = kj). So, assume ko < kj. One
can check that S qukOHHko will not annihilate Q!g,,, where it annihilates Q”g,. This
is still quite general and we may replace g, with any A-annihilated class in H,.X with
X path connected.

The only case that we need to resolve is the following. Assume that Q'g, and

Q7 g, are given, with {(I) = I(J) = r. Suppose these classes are not A-annihilated
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for the following reason. For Q!g,, there exists k such that 2i,; — iz > 2°(k+1) and
Q7 g, is not A-annihilated because excess(Q”g,) > 2°U1). Similar to previous cases
let ko to be the least among k’s. In this case we have two different situations. kg > 1,
ko = 1. If ko > 1, then we let m = min(2°U1), 2¢0ko+1)+k0) " Then the operation S¢™
will annihilate one and will not annihilate the other one, depending what m is. We
could resolve previous cases like this as well, however the way that we already did is

quite adequate. Now assume ko = 1. Then we have

qup(ig)-}—l QIQn _ Qil_gﬂ(h)QiQ_Qp(Q)Qig . Qirgn:
ngp(jl)QJgn — Qj1—2”(j1>Qi2 - Qirgn-

We only need to consider the case p(j1) = p(iz) + 1. Then
ngp(izHlQ]g _ ngp(h)QJg

if and only if 4; —2°(2) = j; —2001) 4, —20(2) — j, which implies that j; = i, +2°(2),

jo =iy — 2°02) However, we have
G1 — 2o = iy — 2°02) 4 9pli2)F1 4 9pliz) > 9eliz)

which implies that (j1,72) is not admissible. This contradicts the fact that J is
admissible.

This completes our verification of the fact that any two distinct indecomposable
classes in homology of H,QX which are not A-annihilated can be separated by an

operation. This also completes the proof of Corollary 6.

Remark 3.22. Observe that we concentrated on indecomposable terms, i.e. Q'z with
excess(QTz) > 0. In fact shows that any two operation Q! and Q” of positive excess
which are not A-annihilated can be separated by some operation. This also may be
seen as a proof of [C75, Theorem 6.3] in odd degrees. However, this is not true if we
allow operation or terms of trivial excess, i.e. square terms which eliminates claim
of [C75, Theorem 6.3] to be true in even degrees. We refer the reader to see [W82,

Remark 11.26] for counterexample. We have discussed this example Note 5.27.

The proof of Lemma 10 is quite clear. If £ € H,.1Q> X is a spherical class, then it

is in the image of the homology suspension o, : H,QX — H,1Q>X. Notice that o,
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kills the decomposable terms, and sends Q’z to Q'¥x. This implies that the terms
Q! Yx, with excess(Q!Xx) > 0 are the only terms which survive after one suspension.
The last proof of this chapter is the proof of Theorem 17. That is we show that
it is impossible to have a spherical class (2 € H,QS™ with n > 0, and ¢ > 1. Here
we do the proof for n > 1. The cases n = 1 and n = 0 will be discussed later.
Assume that &, = ¢* € H;yQS" is spherical. Notice that £ = Q*Q4(, ¢ = > Q'g,
with (2d, d, I) admissible, where d = dim ¢. This then pulls back to a spherical class
of the form &, 1 = Q*Q4('+ D € Hyq_1QS™ ! where (' = > Q%g,_1 and D denotes
the decomposable part. Notice that Q??Q?(’ is sum of primitive classes, hence D a
decomposable primitive. This implies that D must be a square which is impossible

as it is an odd dimensional class. This implies that D = 0. Hence,
G =Y QMQC.
Applying Sq! we obtain

Sqten s = (D Q) #o0.

This shows that £,_; is not A-annihilated, giving us the contradiction that we were

looking for, and hence proving the claim. A similar method works for higher powers

of 2. This method also can be employed to prove Lemma 19 as well, when n > 1.
We leave the proof of Lemma 13 and Theorem 21 to the next chapter as these

proofs have a different nature to the proofs in this chapter.



Chapter 4

Proof of Technical Lemmata

This chapter is dedicated to the proof of two technical lemmata. The first one is the
proof of Lemma 13. The other proof is the proof of Theorem 21 which provides us
with the inductive step in our approach to the Curtis conjecture.

We start by proving Lemma 13 which seems to be the most generalised case
of this observation. More precisely, suppose & € m,QS*, k > 0, with hé = €2
where ¢ € H,QS*. Then the adjoint mapping S>**! — QXS* is detected by the
primary operation S¢"™! on o,(¢, + O) in its mapping cone, where O refers to the
indeterminacy which is a sum of terms of the same weight as &, and of lower excess.
The proof of this will use the homology of certain stable James-Hopf invariants,
namely jor : QX — @QDxX. To state the result we note that for a class £ of
dimension d we have Q;6 = Q'*¥. One then may consider iterated operations in
lower indices, denoted by @;. The following result is due to Kuhn [K83, Proposition

2.7] which tell us how to calculate the homology of the stable James-Hopf invariants.

Proposition 4.1. Suppose x € H, X is primitive, with X path connected, and I =
(i1,...,4r) is a nondecreasing sequence. Then, (j,)«Qrx = 0 unless ¢ = 2" with t < r.

Ift<r,let I =(K,J) withl(J)=t. Then

(jzt)*QIIE = QK(QJI)

modulo terms of the form Q/(Qx) such that (K) = I(K"), I(J') = I(J), J is

nondecreasing, and if j1 < j1 = Gr_t11-

61
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Remark 4.2. We recall that For an iterated operation )y = @, - - - Q;,, the excess is
1. In lower indices, a nondecreasing sequence I will mean admissible in our sense,
where we allow i; > 0. Here, by (@ x) we mean image of @z in H, DX under the
projection map given by the Snaith splitting (1.1). Notice that the above theorem
does not imply that (K’, J') is admissible. The above proposition in the case g = 2*

with operations written in upper indices reads as
(j2):Q'z = Q" (Q7x)

modulo terms of the form Q' (Q”'x) such that I[(K) = I(K'), I(J') = I(J), J" admis-

sible with 0 < excess(J') < excess(J).

We are interested in finding the images of square A-annihilated classes under the
James-Hopf invariants. Notice that square terms are of the form ¢ with ¢ > 0. The
following example resolves the cases with ¢ > 1. Although we will not use this at all.
Ezample 4.3. Let € = ¢*' € H,QX with € = Q'z, v € H, X primitive, I = (iy,...,i,)
admissible. For simplicity we assume ¢ = 2. Consider the James-Hopf map jor-1 :
QX — @QDy-1X. Notice that in this case I = (i, J) with Q7z = (?, a square
term, i.e. excess(Q’z) = 0. Hence if there is any class Q7' z with excess(Q”'z) <

excess(Q’xz) = 0 it must be trivial. This means that there is no indeterminacy. Hence
(j2)€ = (¢*)*.

The above example is an easy application of Kuhn’s result. The situation is
slightly different when ¢ = 1. Notice that any spherical class £ € H,QS™, n > 0, is
a square or it will become a square after finitely many suspensions, where according
to Theorem 17 it will not be a higher power of 2. We give an example to show how
Kuhn’s result, together with being A-annihilated, enables us to do calculations with
some control of the indeterminacy.

Ezample 4.4. Consider the class £ = (QQ'g5)? € H70QS%. This is an A-annihilated

class. We wish to calculate (j4).£. Kuhn’s results says that

(Ja):€ = (QMQ"g5))?
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modulo terms of the form Q* (Q” g5), where

excess(Q” g5) < excess(QQ'gs) = 3.

We observe that classes with &’ > dim Q” g5, k' even, are excluded, and cannot take
part as terms of (j4).£. This can be shown just by use of Sql. We already know that
(j4)+€ is A-annihilated. If there is an even &/, then we may apply Sq¢! to show that
Sql(j1)«€ # 0 which is a contradiction. Taking these to account, we may calculate

that
(Ja)& = ((Q¥Qgs))? + MQ¥(QVQMgs)

+

AQP(Q1Q%gs)  + M2Q'(QPQ%s5) +
MeQP(QMQ%5)  + A0QP(Q"Q7gs) +
A1QM(Q?QCs),

with \; € Z/2 modulo terms of the form Q* (Q”'gs) with ' = dim Q” g5 = dim Q” g5 =

35, i.e Q¥ (Q” g5) = ((Q” g5))?. We like to evaluate the coefficients \; and show that

they do vanish. To do so, recall that we have a commutative diagram,

$05° L %D, 55

L

056 I QD,S°
where the map at top row, is adjoint of j; : QS° — @QD4S®. The vertical map
QX.D,S> — QD,S% is the infinite loop map obtained from the mapping induced by
the evaluation mapping XQS°> — Q.SS.

Applying homology to the above diagram, shows that \; = 0. More precisely,
notice that & = (QQg5)? dies under the homology suspension o, : H,QS° —
H,.1QS%. Hence it maps trivially into H,QD,S%. This shows that (j;).¢ must die
under the evaluation map H,QD,S° — H, ,QD,S%. The first term is a square, and

hence maps trivially. Other terms will map trivially if and only if A\; = 0. Hence,

()€ = ((Q¥Q"g:)) + X, Ar((Q”95))°
where A\j € Z/2. The important fact for us is that this class dies after suspending

once, i.e. 0,(js)«& = 0. Notice that if f: S — @QS® is a mapping with hAf = £, then

jaf : 8™ — QD,S?
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is a mapping whose image is a square. This mean that the adjoint of j, f, i.e.
S™ — Q¥XD,S°

is detected by S¢*® on 0, ((Q*Qgs)) + 3 ,, Ay ((Q” gs)). Applying homology to the

above class implies that the mapping
S71 N QD456

is also detected by S¢* on (Q¥Qgs) + > ; Ay0.(Q” g5). Then naturality implies
that the mapping
S71 N Qsﬁ

is detected by S¢* on QYQMgs + Ay0.Q” gs. Note that excess(J') < excess(J').
This means that after finitely many times suspensions, say k times, the class 0,.Q” g5

will die before Q7 gs. Hence the mapping
S7l+k N Q56+k

will be detected by Sq¢® on Q7 ges.

The following lemma is analogous to this example.
Lemma 4.5. Let Q'g, = (Q7¢g,)? € H,QS™, with n > 0, excess(Q”g,) > 0, and
I(J)=r, be an A-annihilated class. Then,
(j2r)« Q" gn = ((Q7gn))* + O?

where O is the indeterminacy which is an A-annihilated sum of admissible terms

of the form Q”' g, with J' admissible such that excess(QJ/gn) < excessQ’ g,

Note 4.6. Notice that if O is odd dimensional, then we may assume that it is sum of

A-annihilated terms.

Proof. Notice that the class Q'g, = (Q7¢,)? € H.QS™ dies under suspension. Con-

sider the commutative diagram [K82, Theorem 1.2]

$QS" — QX Dy 5"

Q5n+1 . QDQrSnJrl.
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This implies that in homology
el(jZT)*QIgn = 0.

Our claim is that this is the same as saying that

(J2) Q" g = ((Q7gn))?

modulo square terms. To see this notice that the mapping e’ : QX Dy S™ — QD S
is an infinite loop map, obtained in the following manner. Recall that the Barrat-
Eccles’ I'-functor provides a simplicial model for infinite loop spaces. We have the
evaluation mapping

¢:NT'X — 'YX,

where X is an arbitrary path connected space. The space ['X is a filtered space, i.e.

there are spaces ', X such that
'X=colim (---CIXCIl, 11X C--).
This satisfies
DX ~T,X/T, 1 X,

i.e. we have cofibration sequences
. X—-I.X—D,X.

The evaluation mapping e : XI'X — 'YX restricts to the filtered spaces and gives
mappings

XX —1NEX.

This induces mappings

¥D.X — D, XX.

The mapping €' in the above diagram is infinite loop extension of this map. This
means that to understand €’ in homology, we only need to calculate the homology of

D, X — D,XX, which is already induced by the evaluation mapping. Notice that
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these mappings fit into a commutative diagram as following

STX —2>TYD, X

rvx —=ID, XX
where j, : ¥ T'X — I'SD,X in the top row is the adjoint of the r-th James-Hopf
invariant j, : '’X — I'D,X. In particular, choosing X = S™ and replacing r with 2"
gives the diagram at the beginning of the proof.
As a consequence of this, we can extract enough information out of this to say
more about the indeterminacy above. Notice that this description completely de-
termines kere,. More precisely, a class Q% (Q7g,) belongs to kere, if and only if
excess(Q%(Q7g,)) = 0 or excess(Q”g,) = 0. One can check that in particular if
¢ € H,QX belongs to the kernel of the evaluation H.QX — H,1QXX, then (j,).£
belongs to the kernel of €/. In our case, this implies that the indeterminacy must be
a square. To be more precise, notice that the non-square part of the indeterminacy
is a sum of terms of the form,

Q¥(Q” g4,

with & > dim Q”' g, and J' admissible. Application of S¢!, similar to the previous
example, shows that &’ must be odd. On the other hand k' +dim Q”' g,, = 2 dim Q” g,,.
Hence dim Q7 ¢, must be odd, which in particular implies that Q7 g, is not a square,
ie. excess(Q”g,) # 0. Hence Q”'g, is an indecomposable term. According to
our observation on ker e/, the term Q¥ (Q”'g,) maps nontrivially to Q* (Q” gns1) €
H,QDyS™ under ¢’. But this gives contradiction to the fact that jir0,62 = 0. This
is what we were looking for.
It is also quite straightforward to see that O is an A-annihilated sum of admissible
terms. Noitce that ((Q7g,))? is A-annihilated, ((Q7g,))* + O? is supposed to be

A-annihilated. Hence O?, and consequently O must be A-annihilated, where

0=> Q"

with J' admissible, and dim Q”¢, = dim @’ g,. This completes the proof of the

Lemma. (]
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We have some comments in order. First, notice that if Conjecture 9, the unique-
ness conjecture, holds then the indeterminacy will be trivial, i.e. O = 0. Second,
Note that excess(Q”7g,) = 0, does not imply that Q¥ (Q”g,) is a decomposable. This

class is an indecomposable in H,Q Dy S™ where r = [(J).

Remark 4.7. The above lemma holds in a greater generality. One may replace S™ by
3" X where X is any space and n > 0, and the proof will be analogous. Notice that
the key point is that having a suspension ensures that any homology class is primitive.
The full general form of this lemma has the following form. Suppose z € H, X is
primitive with Q’z = (Q7x)? chosen to be A-annihilated, and excess(Q”z) > 0, and

[(J) = r, where X is path connected. Then

(o) Q'z = ((Q7x))* + 02,

where O is an A-annihilated sum of terms Q"' x of lower excess, i.e. excess(Q” z) <
excess(Q7z). Here (Q7x) € H,Dy X is the image of Q72 € H,QX under the James-
Hopf map.

Now we are ready to carry on with the proof of Lemma 13. We recall that
our object is to prove that given f € 7, QS*, k > 0, with hf = £ = 5;2 where
¢ € H,QS*. Then the adjoint mapping S*"*! — Q¥S* is detected by the primary
Sq" ! on 0,(& + O) in its mapping cone, where O refers to the indeterminacy which
is a sum of terms of the same weight as &, and of lower excess. The proof is as

following.
Proof. Consider the composite

g2n 0OS* 2~ QD,. S*.

According to Lemma 4.5 we have

()€ = (@7gr))* + 02,

where O? denotes the indeterminacy of square terms, with O a sum of terms of excess

less than excess(Q7gx). The adjoint mapping

S+ —= 205k 2 Q¥ D, S
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is detected by S¢"™ on %(Q7gx) + 0.0 € H, 1Q¥ Dy S*. Recall that we have a
commutative diagram

YQSF —— QX Dy S*

i i

QS* ——= QDy S*.
In homology, this implies that the class ¥(Q”gx) + 0.0 maps to (Q”grs1) + jord.O €

H, 1QDyS*! ie. the mapping
SQn-‘rl N QDQT Sk—H

is detected by Sq" ™! on (Q”gx11) +j2r0.O. Notice that here the indeterminacy, to be

detected by this operation, is trivial. Then the naturality implies that the mapping
SQnJrl N st+1

is detected by S¢"™! on (Q7gry1) + 0.0.
Finally observe that O is sum of terms of the same dimension as Q”g; and of lower
excess, then after finitely many suspensions it will die, while Q7 g, will survive. This

means that there exists m > 0 such that the mapping
52n+m N st+m
will be detected by S¢"** on Q”gjrm. This completes the proof. O

Remark 4.8. Notice that the proof of Lemma 13 heavily depends on the homology of
the James-Hopf invariant jor. As we pointed out in Remark 4.7 the homology of these
maps on square terms could be obtained in a wider range of spaces, i.e. Lemma 4.5
can be stated in a wider generality. As a consequence Lemma 13 also can be stated
in a wider generality. More precisely, in Lemma 13 we may assume ¢ € H,,,Q>" X,
n > 0 is spherical, and result similar to Lemma 13 holds.The proof in general case is

analogous to the special case with X = S°.

Now we move on to prove Theorem 21. First, we explain the motivation behind
this theorem. Suppose f € 7,QS™ such that hf = Q'Q?g, + O, where O denotes

other terms of lower excess. Notice that here x = ¢ + j + n. After finite number of
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suspensions, say k times, we will have an element f, € m;QS™* which will map to
(Q?gnir)?. Now fi, : S — QS™* is a mapping whose image in homology is a square.
Lemma 13 then implies that after adjointing another times, fji1 € o Q@S™TFH!
will be detected by the primary operation Sq'™! on Q7g, 11 + O where O is a
sum of terms of lower excess. The adjoint mapping fio : S**2 — QS ™! can be

decomposed as

eo Ekarl . S*+2 N 2Q5n+k+1 N an+k+2’

where e denotes the evaluation map. By natuarlity of the primary operations, the

mapping ¥ f,1 is detected by S¢"™! on X(Q7gniri1 + O'). We also have

e S(Q gniks1 + 0') = Q' gnipra + 0.0,

This equality together with the naturality of the functional operations implies [MT68,
Page 157] that fi o is detected by S¢"™ on Q?g, 1112 + 0.0’. The indeterminacies
here will be trivial. We may continue to carry on with the same procedure, i.e.
suspending finite number of times, say k' times, where fiip € Tpipiw @S is
detected by a primary operation, on the class g2 +kq> Where this class dies after
another suspension. The natural guess could be that this class is detected by a sec-
ondary operation. Theorem 21 verifies this claim. Recall that according to Theorem
21, if f : S?nHh—1 — QS™ is detected by S¢* on g2, not detected by any operation
on g,, with k least such number, then the adjoint mapping will be detected by a sec-
ondary operation arising from the Adem relation corresponding to the pair S¢*Sq"*!

with k£ < 2(n + 1). Now we are ready to prove Theorem 21.

Proof of Theorem 21. First, we need to consider the factorisation of f through

the Kahn-Priddy map, A, : @Q¥"P — QS™, given by
G2n+k-1 I Q¥ P -2 Qs
The mapping A, satisfies the following relations

Sqf\ngn =XY"a;_q, for all 2 <i < n,
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and

(M)« (2"a;) = Q'gn, for all i > n.

In particular ¥"a,, maps to g2 under )\, in homology. Then the naturality argument
shows that f is detected by S¢* on ¥"g, modulo indeterminacy which in this case

is given by image of

f/* . H2n+k_1QEnP N H2n+k_182n+k_1.
Notice that f* is nontrivial if and only if

fi ot Hongk1 S2M 7 — Hop g 1 Q5P

is nontrivial. We do the proof of the proposition in two different cases: when the
image of f! is trivial in homology, and when f, is not trivial in homology.

Case f. =0.

This implies that f’ is detected by S¢* on ¥"a,,. Notice that S¢*¥"a, = \*S¢*g?> =0
in H*QX"P, hence the functional operation S q’f‘t on »"a,, is defined.

The adjoint of f is given by the composite
g: §2n+k g S an-i-lp >‘"“; QS”+1.

where the mapping ¢’ is detected by S q;f, on X", and \,., which is delooping of

An, is detected by
SQf\annH =Yg, foralli <n+1,

and

Ang1)«(2" ) = Q'gpyy for all i >n + 1.

Notice that £ < 2n < 2(n + 1). So we may consider the Adem relation

[k/2] .

n n—7 ] ;

quSq +1 _ § (k_ QJ)qu—I- +1 JSqJ.
=0

We want to show that the secondary relation corresponding to this relation, applied

to gny1 detects g. The class S¢’g, 11 is in dimension n + 1 + 5. Since [k/2] > j, then
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k—j > [k/2] > j which implies that k+n+1—j7>n+1+ 7.
Notice that k = 2° for some s > 0. In this case in the Adem relation above, applied to
Gny1 all terms SgF"H1=iSqdg, | vanish for dimensional reasons with j # [k/2] = k/2

vanish and the Adem relation above applied to g, 1 reduces to
qusqn+lgn+1 _ Esqk/2+n+15«qk/2‘gn+1‘

Regardless the coefficient €, the right hand side of this term also vanishes. To see
this notice that the mapping g is detected by a secondary operation related to this
operation if the above Adem relation gives rise to a contradiction in the double
mapping cone. More precisely, assuming that ¢ is null homotopic we may consider a

coextension of \,,; to a mapping
/\;1+1 . QEnJrlP Ug’ 62n+k+1 N QSTLJrl7

where the double mapping cone is the cone of A/, ;. The double mapping cone is

given by QS Uy, C(QE" P Uy 2" +#+1). Consider the collapse mapping

an+1 U)\;hL C(anJrlP Ug/ e2n+k+1> N E(Q2n+1p Ugl €2n+k+l).

1

In the right hand side of the Adem relation S¢*Sq"* g, 1 = eS¢*/?t"+1S¢*/%g, 4
one has Sq¢*/?g, 1 = " 2a;/5_1. Then the relation S¢*/2*"*1S¢*/2g, ., takes place

in 2(QX"H P U, e 1) Hence,

qu/2+n+1sqk/2gn+1 — qu/2+n+12n+2ak/2_1

— E(sqk/2+n+12n+1ak/2_l) — 07

where the last equation vanishes for dimensional reasons.

This then implies that Adem relation arising from the non-admissible term S¢*Sq™+!,
applied to g,.1, detects g. This completes the proof of the proposition in the case of
fi=0.

Case f, #0.

First observe that f is detected by Sq’Ji on g2. This implies that k& < 2n and

fe=0: Hopip 1 ST — Hyppp 1QS™
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Suppose f1 : Hopi o1 521 — Hyp i 1QX" P is nontrivial in homology with terms
of the form Q'¥"q; in its image, with I admissible, where X"q; is a basis element of
H.,>"P. Notice that I cannot be the empty sequence. If [ = ¢ theni+n = 2n+k—1,
ie. i =n+k—1 > n. In this case, ¥"a; maps to Q" " lg, € Hypip1QS™
under (A,)s : Hopyk 1QX"P — Hapip1QS™. This implies that f, # 0 which is a
contradiction. It is impossible to have I of length more than 1, as in this case the
dimension of Q'¥"a; exceeds 4n, where we know 2n + k — 1 < 4n.
Therefore, [(I) = 1 is the only case that f. can be nontrivial. In this case we may
write

hf' = Q% "a,
where this is A-annihilated.
A term of the form Q'X"a; is nontrivial only if ¢ > j +n. If i = j + n, then
i+j+n=2n+k—1implies that 2n+k—1 = 2(n+j). This implies that k = 2j+1,
where our assumption on minimality of k£ shows that & = 2° for some s > 0. So this

case cannot happen, i.e. we may write

hf' = Zi>j+n Qignajv

Having i+ 7 4+n = 2n+ k — 1 implies that 25 < k£ —1 < 2n, and hence 7 < n. Recall
that a class of the form Q'X"a; maps to Q'Q7g, € H.QS". The fact that j < n
implies that hf" maps trivially under A,.

The sum Q'X"a; is supposed to be A-annihilated. Applying Sq; shows that

i>j+n
i cannot be even. Now suppose we have two terms, Q" X"a;, and Q2X"a;,. To start,
let aj, and aj, both be not-A-annihilated. Assume j; < js, and let ¢ be the least

integer such that S qftajl # 0. Then we obtain immediately that

2t+1

Sq: (Q“E”ajl + Q”E”ah) £ 0.

Notice that this holds for n > 0. This implies that when n > 0, then hf’ can have
at most one term of the form Q'X"a; with a; not-A-annihilated. As, hf’ is supposed

to be A-annihilated, hence in the case of existence a term of this we need a term ( or



Chapter 4. Technical Lemmata 73

terms ) of the form Q"X"as _; which is not A-annihilated, and
Qiznaj + Qi12na2q_1

is A-annihilated. If j < 29 — 1, then it is straightforward to see that Squ(jm does
not kill the above sum. So assume j > 29 — 1. In this case, we have i; > i,
and as Q"X "age_; is not A-annihilated, then i; — (n +27 — 1) > 2/ Let p =
min(p(iy), p(j) + 1). Then the above some is not A-annihilated under S¢?".

Hence hf' is a sum of A-annihilated terms, i.e. we may write

h'=) Q'S am

where 0 < i — (n+ 29— 1) < 2 and i is odd. This implies that n is also odd.
We like to show that this latter possibility also cannot happen. We do this by showing
that in this case it is possible to show that there is an integer & < k such that f is
detected by Sq¢* on a class of weight 2.
Consider the mapping A, : QX"P — @QS". Notice that in the cone of this map we
have

SqZ' (5" aga 1) = gn-
We look for an operation, say Sq¢* , to detect a connection between the cells marked

with Q'S" lag_1 and Q'g, in the cone of QX"P — QS". We examine S¢*'" on

Q'Y ay_1. Then by Nishida relation we have

S QI ag ;= Q7S¢ 'Y " ag 1 + O
# 0,
where O denotes other terms. The only difficulty is that this is a relation in Q(S™ U
CY"P). But we are looking for a relation in QS™ U CQX"P. Consider the following

commutative diagram

Q¥"P Qs" Q(S" U CEP)

0S" U CQS"P
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But we notice that here the mapping w respects this relation, which implies that

SqquQiZ"“agq_l = Q7¥S¢¥Y" ay_ +0
= Qi72qgn +0

as a relation in QS™ U CQX" P, where O denotes the other terms.

Now the naturality of the primary operations implies that the mapping f is detected
by S on Q2"g,. Notice that 2j < k — 1, implies that 297 = 2§ < k. We
only need to resolve the case 25 = 29*! = k. Notice that in this case i +n 4+ j =
2n+k—1 = 2n+2j—1 which implies that : = n+7—1. But we have already assumed
that ¢ > n + j. Hence 2j = 297! < k. But this contradicts minimality of k. This

completes verifying indeterminacy problem, and hence the proof of the proposition. [

Notice that we already know the elements of 575 which are detected by secondary
operations, namely the Kervaire invariant classes, and Mahowald’s 7; family. Accord-
ing to the construction [M77, Theorem 2], the family 7; does not give rise to a spherical
class in H,QyS°. According to Madsen [M70, Theorem 7.3] the Kervaire invariant one
elements in dimension 2°t* — 2 give rise to spherical classes (ph,_,)* € Hait1_9Q0S°
which die under the homology suspension. Hence we see that, it is not possible to
have a spherical class £ € H,QS™, n > 0, such that it involves a term Q’g, with
[(I) = 2. This proves the Lemma 25. We will discuss this more in the next chapter.
Notice that it is possible to handle this case, just based on our knowledge on the type

of A-annihilated classes Qg; with [(I) = 2 which was provided by Lemma 4. We

have the following example.

Ezample 4.9. Suppose f € m,QS"' with nonzero Hurewicz image where its minimum
weight is 4, i.e. there exists I with [(I) = 2 such that Q7g; is a term of hf = Q' g;.
According to Lemma 6 the class Qfg, must be A-annihilated. First of all notice that
when [(]) < 2 then it is clear that such [ is unique, in the following sense. Lemma
4 implies that there is at most one sequence I of length 2 in each dimension such

that Q'g; A-annihilated, and if there is J of length 2 and Q7 ¢; is A-annihilated then

dim Q'g; # dim Q7 gy.
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There are three possible cases which we analyse separately.

(1) Q'g; = g{. This then implies that f € 74QS*. Recall that for v € 7,QS! we have
hv = Q3g; + g{. In this case we obtain h(f + v) = Q3g;. The mapping v + f pulls
back to m3Q0S°, and hence h(v + f) pulls back to p3 = x3 + 1179 + 23 € H3Q0S°
as a spherical class. However, this class is not A-annihilated, as we can see that
Sqlps = x2. This is a contradiction.

(2) Q'g1 = (Q*1g1)? = Q*"Q* ~'g;. Hence f € mpar1QS*. This implies that the
adjoint mapping ST — Q5?2 is detected by S¢* ™! on Q**~lg,. Observe that
Sq?* 1 = Sq¢*S¢*". Hence the adjoint mapping is detected by Sq' on S¢* (Q* ~1gs)
which implicitly means that S¢*" (Q*"~'gs) # 0 in H.QS?. One can check that later
claim is not true for dimensional reasons. Hence this case also will not arise.

(3) QTgy = Q¥ *¥1Q*" g, with 1 < j < o — 1. This means that
£ §2ot42I-1 QSl.
We observe that after adjointing f, 2/ — 1 times, we obtain a mapping
qg: S2a+1+21+1—2 _ QS2j7
with hg = (Q*"~'gy:)?. We claim that
g =pog: ST = Q8Y - QY By,

satisfies hg' = (X% aze_1)?, i.e. there is no indeterminacy. In this case, and according
to Lemma 13, the adjoint mapping ¢’ : S2°7 2" ~1 _ Q¥ +1P,; will be detected
by S¢¥ 2% on S2H gpa_y in its mapping cone. We want to show that this leads to a
contradiction. Notice that j < a which means that, similar to the case (2), we may

consider the Adem relation,

S¢¥ 8¢ = 3, (% 5) S¢S

27 -2t

= Zz;é Sq2j+2%2t5q2t + Sg¥ 2,

Hence we use,

Sq2f+2a _ Sq2j5q2a + Zg;& Sq2j+2a_2t5q2t.
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Applying both sides of the equation to Y2 g0 we obtain,
Sq2j+2a221+1a2a_1 = 0+ Zi;é Sq2j+2a_2t221+1a2a+2t_17

where the first term vanishes for dimensional reasons. Notice that for dimensional

20 422t

reasons we have Sq agayot_1 = 0 in H,P. Hence the terms of the above sum

have some chance to be nontrivial in the mapping cone. Notice that here 1 <t < j—1.

2 +2%-2' 512 +1

Assume there exists a ¢ such that Sq aa ot _1 # 0 in the mapping cone.

Hence the stable adjoint of ¢’
g/S : S2Q+1+2i+171 A Z2j+lP2j,

is detected by S¢¥2* 25+l o 1 # 0 in the stable mapping cone. Hence,

desuspending 2!*! times, the stable mapping

1S . @2otlypoitl_ot+l_7 27 —2t+1 4]
g . S + 7L) Z + P2j)

is detected by Sq2j+2a*2tEQLQHIHagaJer_l # 0 in the stable mapping cone. This

means that the stable adjoint of this mapping
;:q R e R QZQL?HPQJ-,

j _ot+1 . . . . . .
Y272 agayor_1)? in its image, which dies after suspending

in homology will have (
once more. This contradicts the fact that hg # 0. Hence this case also cannot
happen.

Now we return to our claim about the indeterminacy. Notice that according to

Lemma 4.2 we have

hg/ = (Ezjaga_1)2 + 02,

where in this case O? is a sum of terms of the form EQjaq, of lower excess, and O is
A-annihilated. Notice that Ezjaq is in the right dimension if and only if ¢ = 2% — 1,
which is not of lower excess. This implies that O = 0. This completes the proof for

this case.
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4.1 Complementary Notes

We wish to have a generalised version of Theorem 21, namely Conjecture 26. Suppose
there exists a mapping f : S™ — QS* which is detected by an operation of order
r, say ®", on a class €2 € H,,QS*. The mapping f has a decomposition via the
Kahn-Priddy map as

Nef' 1 8™ — Q¥FP — QS*.

Notice that the mapping \; : Q¥*P — QS* satisfies the following relations
Sqikgnﬂ = Y¥a;_q, for all i < F,

and

(M)« (ZFa;) = Q'gy, for all i > k.

Hence if we have & > n, then we have ensured that )y is trivial in homology in
dimensions < n. This will then satisfies the conditions mentioned in Remark 16.
Hence we may deloop, or adjoint the mapping A, where they both will be detected
by Sq"*! on 0,(&, +0O). This later fact, implies that in term of the Postnikov systems
we have

Sqn+1

PUQS*) S K (242,20 + 1)
e
SOSEP — L Qs L K(Z/2,n + 1)

where fj is the adjoint of \;, and the composite S¢™! f; is nontrivial. Here Sq¢"*! :

P (QS™) — K(Z/2,2n + 1) is the class obtained from S¢"*' : K(Z/2,n + 1) —
K(Z/2,2n + 2) and is the first k-invariant of the above Postnikov system.

On the other hand recall that higher order operations also satisfy naturality property.
The naturality implies that the mapping f’ is detected by ®, modulo indeterminacies.
Given that the mapping f’ is detected by an operation of order r implies that in the

Postnikov system for QX*P the mapping f’ lifts to P.(Q¥*P) and does not lift to
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Pr11(QX*P). That is we have a tower of fibrations

P(QYFP) — S K,
k k1
sk P) K,
gm L oxkp K(Z)2,2n).

In this tower P;(QXFP) — P;_1(QX*P) is the fibrations induced by the k-invariant
ki1 : P_1(QX*P) — K;_;. Here K; is an Eilenberg-MacLane space depending on
the admissible sequence of fibrations used to define ®. Now adjointing any of the

fibrations, we obtain a tower of maps (not necessarily fibrations)

YP,(QYFP) - 0K,

ge
Sm+l fl sz-l-lp'

Here Q71K is the obvious delooping of an Eilenberg-MacLane space. On the other

hand notice that f; : Q¥ P — P(QS*!) induces a mapping of towers
YP(QYFP) — Py (QSH.

This still does not complete the proof. We have to say that in the stable range the
adjointed tower above can be thought of as a tower for Q¥**!P [MT68, Chapter
18, Proposition 5]. That is in a range of dimensions we may think of P;(QXF1P)
as the same as L P;(QX*P). Notice that the approximation in [MT68, Chapter 18,
Proposition 5| is stated for an Adams resolution, but it still ought to be true in our
setting. Of course we have not proved this, and this can be identified as one of the

gaps in argument as well! Indeed the mapping of towers that we have constructed
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are genuine maps and exist, and at least will induce maps of degree 1 in terms of
some unstable Adams spectral sequence.

I believe that one might be able to show that the mapping S™! — X P,(Q¥*P) —
Pry1(QS*1) will not be lifted any more, and this would complete the proof that the
adjoint mapping S™*! — QS**! is detected by an operation of order r + 1. We refer
the reader to [H02, Section 4.3] for more details on the higher order operations.

Finally, recall that according to [L.81, Theorem 1.1] the Kahn-Priddy map induces
a mapping

t 1,t+1
E;7 P — E;+ S+ SO,

where E;" is the Fa-term of the classical Adams spectral sequence. Lin derives this
by constructing a mapping from the r-th stage of the Adams resolution for P to the
(r 4+ 1)-stage of the Adams resolution for S°. Observe that the mapping of towers
that we constructed above is an unstable version of the mapping constructed by Lin.

This concludes this chapter!



Chapter 5

Spherical Classes in H:QySY

I would like to dedicate this chapter to some discussion on the Curtis conjecture on the
spherical classes in H,(Q,S°, and its relation to the Eccles conjecture on the spherical
classes in H,QX for an arbitrary path connected space X. I will also present what
I believe to be a resolution to the Curtis conjecture verifying Curtis’s claim on the
spherical classes in H,QoS°. This will require us to recall some well known results
on the primitive classes in H,QyS° which are due to Madsen [M70, Proposition 6.7],
[M75, Proposition 5.1].

My intention in this chapter is to record some of calculations that I have done.
Perhaps such calculations have been well known for experts. I also will mention some
partial results on the type of primitive classes in H,Q P and H,QCP. All these will
fit together when we consider various transfer maps among suitable spaces.

Let me first mention the two conjectures that we are going to discuss.

The Curtis Conjecture. A positive dimensional class &€ € H,QyS° is spherical,
if and only if it is a Hopf invariant one element, or a Kervaire invariant one element.

Suppose £ € H,QuS° is given with hf = £ where f € m,QyS°. Moreover, let
f® € w2 be the stable adjoint of f. Recall from introduction that a class £ € H,QS°
is a Hopf invariant one element if f° is detected by the Hopf invariant, i.e. f° is
detected by a primary operation in its stable mapping cone. Similarly, we say £ is a
Kervaire invariant one element if f° is detected by the Kervaire invariant.

Now suppose that X is a path connected space. Then the Eccles conjecture reads

80
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as following.

The Eccles Conjecture. A positive dimensional class & € H,QX is spherical,
if and only if it is either a stably spherical class, or is a Hopf invariant one element.

Suppose that f € m,QX with hf = £, then ¢ is called stably spherical if f7 is
detected by homology, i.e. h%f # 0. We say ¢ is a Hopf invariant one element if
hf =&, then f9 is detected by a primary operation in its mapping cone.

The two conjecture are related in a very interesting way. First we show how
assuming truth of the Curtis’ conjecture, one can obtain the Eccles’ conjecture for
X =S

Let us assume that Curtis’s conjecture holds, and let ¢ € H,QoS® with hf = &,
i.e. it is spherical. Then the stable mapping f° is detected either by homology,
by Hopf invariant, or by Kervaire invariant. We ignore the cases when £ is stably
spherical, as it is quite straightforward, and focus on the last two cases. Recall that
only the classical cases 7, v, o are the elements of o7 which have Hopf invariant one.
We already know that the stable adjoint of these classes give rise to spherical classes

in H,,,QS" [E80, Proposition 3.4], namely

= Qg
hv = Q¢+ Q*Q'gy;
ho = Q'g1 + Q'Q*qr.

These pull back to unique primitive elements in H,QyS°, where one has

hn = p1 € H1QoS";
hv = ps3+ Q% € H3QoS%;
ho = pr+ Q6$1 S H7QQSO.

Shortly the reader will see that the classes po,.1 are generators of the submodules
of primitives in H,QyS°. According to Madsen [M70, Theorem 7.3], later on proved
in various similar and equivalent forms by Eccles [E81, Proposition 4.1] and Snaith-
Tornehave [ST82, Theorem A], there is a manifold of Kervaire invariant one if and
only if (pas _1+Q% 7211)% € Hys+1_5Q0S? is spherical. Such a class is a square, and dies

under the homology suspension H,QyS° — H,.1QS". Thus only the Hopf invariant
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one elements survive under the homology suspension o, : H,QyS° — H,, QS
Now, if there is a spherical class in H,1QS?, then it pulls back to a spherical class in
H,Q,S°. The above explanation then implies that this class must be a Hopf invariant
one element, and this in fact proves the Eccles conjecture for H,QS™ with n > 0.

I suspect that if the Curtis conjecture holds, then it is possible to prove the Eccles
conjecture for X = P . This will be an inductive argument. Notice that the Curtis
conjecture implies the Eccles conjecture for QS™ with n > 0. Regarding S* as P!,

we may consider the (quasi-)fibration sequence
QSTL N QPn N QPTH—I N QSn+1.

Now the inductive hypothesis tells that (QP" satisfies the Eccles conjecture. This
together with our assumption on )S™ should help to prove the Eccles conjecture
for QP! completing the inductive step. This will prove the Eccles conjecture for
X =P

Now suppose that the Eccles conjecture holds, at least for X = P. Let £ € H,QyS°
be a spherical class, i.e. ¢ = hf for some f € ,m,QyS°. According to the Kahn-
Priddy theorem, there exists f' € m,QP such that f = \f’ where A\ : QP — (QS°
is the Kahn-Priddy map. Assuming that hAf # 0 implies that hf' = {p € H.QP
is a spherical class such that \.{p = £. According to the Eccles conjecture, if {p is
spherical, then f’° is either detected by homology or by a primary operation in its
mapping cone. On the other hand, one may observe that the stable Kahn-Priddy
map P 4 S%is an extension of n : S' — SY and is detected by any operation Sq‘*!,
i > 0, in its mapping cone [E81, Proposition 4.6]. This fact together with the second
Peterson-Stein formula [PS59, Theorem 6.3 implies that f = Af is either detected by
the Hopf invariant, or by the Kervaire invariant. Hence we get the Curtis conjecture

as a result.
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5.1 Some notes on the work of Ed Curtis

The calculation of the stable homotopy groups may be based on the Adams spectral

sequence [A58, Theorem 2.1]. The E-term of this spectral sequence is given by
EyY(X) = Ext5(Z/2, H* X),

where the Ext is calculated in the category of A-modules, and A is the mod 2 Steenrod

algebra. This may be reformulated as
Ey'(X) = Ext}! (Z/2, H.X)

where this later Ext-term is in the category of A,-comodules [R86, Chapter 2, Section
2]. This spectral sequence converges to 75 X .

There is a similar machinery for calculating the unstable homotopy groups, i.e.
a spectral sequence which converges to o7, X, provided X is a “nice” space, which
agrees with the Adams spectral sequence in the stable range. Such spectral sequences
are known as unstable Adams spectral sequences. For example one may consider a
spectral sequence constructed by Massey and Peterson [MP67, Theorem 23.1], or its
modified version due to Bousfield and Curtis [BC70, Theorem 2.1]. By analogy the

Es-term of this spectral sequence is given by
wstable (X)) = Exty) (Z/2, Ho X)),

where this Ext-term is in the category of unstable comodules over the Steenrod
algebra, denoted by U. However, in our case H,QS" is too huge and it does not
seem to be practical to simply put this homology in the above formula and calculate
the Ext-term and then prove some collapse! (which in fact does not collapse!) One
instead needs some reductions in order to be able to do some calculations. According
to [BC70, Theorem 5.2] if one can find a module over the Steenrod algebra, say M
such that
HX ~U(M)

as unstable comodules over the Steenrod algebra, then one has

unstableEgvt(X) = EXtZt(Z/Qy M)
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The functor U above is the free unstable A-comodule functor, and the Ext-term
is in the category of A-modules. Hence if one can succeed to find M such that
H.QuS® ~ U(M), then it is possible to use the above machinery. Curtis [C75,
Proposition 3.1] constructs an A-module M, and claims that it has the property that
H.QoS° ~ U(M). However, according to [W82, Proposition 2.5] this statement does
not hold, i.e. the "stable f,_page is not identified correctly.

In this approach one then looks at the O-line which filters the Hurewicz homomor-

unstable 7 _page will be the only candidates to

phism. Those classes which survive to
be spherical. So the permanent cycles of the 0-line in this unstable spectral sequence
are the only candidates to be spherical. This was the approach taken by Curtis to
identify spherical classes in H,QS°.

Curtis [C75, Page 235] has a more general approach to this by constructing A-

modules M (Q"S"*) and Wellington’s argument only identifies mistakes for the case

k = 0. However, it is not clear to me whether if
H,QS* ~ U(M(Q>5TF)),

where k # 0 as A-comodules. Definition of M (Q>S>*k) [C75, Last pargraph on
page 235] suggests that the free R-module generated by M (Q2°°S5°°**) is isomorphic
to H.QS* as A-modules. It also seems correct that the map commutes with the
action of Sq] and this suggests that the above isomorphism stands some chance to
hold in the category of A-comodules. But it is not clear at all that if this object, the
free R-module generated M (Q°°S°°*k) is the same as the free A-comodule generated
by M (Q2%°5%+%). Wellington also states that the argument for the case k # 0 also is
not convincing, of course without presenting a proof! I believe that a proof of this
claim or disprove of it needs to be written down by showing that there is, or there
is not, a map inducing such an isomorphism. We urge the reader to not confuse this
with Wellington [W82, Page 163]. The homology algebra H,Q"S™"* when n < co
is a truncated polynomial algebra, and is seems a correct to claim that for the cases
n < oo the algebra H,Q"S™* does not have a free A-comodule structure, and for

this reason the spectral sequence does not collapse.
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We recall that earlier in Note 3, we mentioned another failure in Curtis’s argument,
which again seemed to fail only for the case £ = 0 in even dimensions, and the odd
dimensional cases seem to be correct, as our Lemma 6 suggests which is the statement
of Theorem 5.23.

Another fact about Curtis’s claim is a collapse claim of the spectral sequence, and
that most potential classes identified by use of our Theorem 2 and Note 3 do not give
rise to permanent cycles in the spectral sequence [C75, Proposition 6.5]. We already
had a discussion on this earlier in Note 3, where our Theorem 17, and Lemma 19
seem to eliminate the cases of [C75, Proposition 6.5(3)]. We refer the reader to Note
20 for more discussion on this.

We recall that the Adams spectral sequence is the spectral sequence associated
with a tower of fibrations of spectra known as the Adams resolution [R86]. In a similar
fashion the unstable Adams spectral sequence is the spectral sequence associated with
a tower of fibrations of spaces, expressed in terms of the Postnikov systems [MPG67].

Finally, it seems that most ambiguity about this comes from the confusion about,
and complexity of working with H,Q,S°, while one does not have such a problem

while working with H,Q X where X is a path connected space.

5.2 Primitives in H,Q)X, and H,yQX

We start this section by recalling some basic facts about Hopf algebras of finite type.
These are to be found in Milnor-Moore’s paper [MMG65].

Let H = @®;H; be a Hopf algebra of finite type over k = Z/2. Here by finite
type we mean H; is finitely generated for each i. Moreover, we assume that H; = 0
for 1 < 0. We say H is connected if the unit map k — Hy is an isomorphism. We
say that H is bicommutative if it is both commutative and cocommutative. We
note that it is possible to see cocommutativity of H as commutativity condition for
H* where H* = Homy(H, k). Let PH and QH denote the submodule of primitive
elements, and the quotient module of indecomposable elements in H, respectively.

For commutative Hopf algebras we may relate the functors P, via the Frobenius
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homomorphism sy : H — H given by sy (h) = h?. Notice that sy (hg) = sy (h)su(g),
and sy(h + g) = sg(h) + su(g). Let us use k(S) to denote the submodule of H
generated by S where S C H. Notice that if H is a Hopf algebra of finite type, then
H* is also a Hopf algebra and has a Frobenius homomorphism, sg- : H* — H*. Let
sH* =im(sy- : H* — H*), and let k(rH) = (k(sH*))*. Then we have the following
result [MMG65, Propositon 4.23].

Proposition 5.1. Suppose H is a connected bicommutative Hopf algebra of finite

type over k = Z/2. Then there is an exact sequence of the following form
0 — Pk(sH) — PH — QH — Qk(rH) — 0.

For Hopf algebras of finite type we may define ry : H — H to be dual of sy« :
H* — H*. The homomorphism r = rgy behaves like the square root homomorphism,
where it maps h% to h and acts trivially otherwise. Bearing in mind that we are
working in the graded world we have to point out that sy maps H,, into Hs,. Hence
k(syH) = 0 in odd degrees. Similar argument together with duality shows that
k(rgyH) =0 in odd degrees. Hence by the above exact sequence we have PH ~ QH
in odd degrees.

This proposition is the main tool in calculating the primitive elements in certain
Hopf algebras arising as homology of loop spaces. We note that in these cases the
homology algebras are over Z/2, and all have finite type. Moreover, notice that in
the case of infinite loop spaces the Pontrjagin product is commutative, which means
that homology algebra of such spaces are bicommutative associative Hopf algerbas.
This implies that these algebras satisfy Borel’s structure theorem [W78, Thm.8.11].
According to Borel’s theorem such algebras are tensor product of certain algebras,
which are either polynomial over one generator, or truncated polynomial over one
generator.

Now assume that X is a path connected space, with an additive homogeneous

basis {z,} for H,X. Recall that the homology ring H,QX is given as

H.QX =~ 7/2[Q"x, : excess(Q'x,) > 0, admissible].
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Notice that given any space, one may define the Frobenius homomorphism s : H*X —

H*X as before, i.e. s(x) = z?. One then has the following [G04, Lemma 7.2] .

Lemma 5.2. The cohomology algebra H*QoX is a polynomial algebra if s : H*X —

H*X s injective. Here Qo X denotes the base point component of QX.

Remark 5.3. We have a list of interesting spaces satisfying the above conditions, such
as X = 8% P,P_,CP,CP,. In general any space with polynomial cohomology will
satisfy the above lemma. Such information will be very useful when one wants to cal-
culate the homology ring H,0Q X, where QyQX denotes the base point component
of QQX.

One of the main tools in calculating the homology of loop spaces is the Eilenberg-

Moore spectral sequence. We recall the following [G04, Proposition 7.3].

Proposition 5.4. Let X be simply connected, with H*X polynomial. Then H,QX

18 an exterior algebra, and the suspension
o, QH.QX — PH. X
18 an isomorphism, and the Filenberg-Moore spectral sequence
E? = Cotor™X(Z2/2,2/2) = H.QX
collapses. In particular,
H.OX ~ Ez5(0, ' PH.X),
where Ez (o, 'PH,X) denotes the exterior algebra over Z/2 generated by o, ' PH, X

This theorem provides the main tool to calculate the homology rings H,QyS*
and H,QyQP, where one chooses X = 9S°, QP. Here Y denotes the universal cover
of a given space Y. We refer the reader to [G04] for the proof of the machinery

provided above. We recall the calculation of H,QoS ™.

Example 5.5. First, notice that the squaring map H*S® — H*SY is injective. This
implies that H*QyS" is polynomial. Recall from Appendix D that QyS° = P x (QS°.

Hence H*QyS° is polynomial as well. On the other hand notice that QS~1 = QQ,S°,
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which implies that QyS™! = QQ0S°. Now putting X = Q,S° in Proposition 5.4
implies that H,QoS™! is an exterior algebra, with o, : QH,QyS™! — PH,Q,S° an
isomorphism, i.e.

H*Q()S_l = Ez/Q(O';lPH*Qos(]).
This is due to Cohen-Peterson [CP89, Theorem 1.1].

Remark 5.6. One may feel a bit uneasy about applying Lemma 5.2 to X = S°, as it is
not path connected. However, there is another way to see that H*QyS° is polynomial.
First notice that we can apply Lemma 5.2 to X = P. On the other hand, notice that
the Kahn-Priddy map A : QP — Q0S° induces an epimorphism in homology [KP78,
Theorem 3.1]. This implies that \* : H*QS° — H*QP is a monomorphism. Notice
that \* respects the multiplication. This implies that squaring map of H*QyS° is
injective. Notice that H*@QSY is a bicommutative Hopf algebra, and according to
the Borel’s structure theorem [W78, Thm.8.11] it is a tensor product of polynomial
algebras, or truncations of polynomial algebras. It is not possible to have truncation
in this case as it contradicts injectivity of the squaring map on H*@QS". This shows
that H*QyS" is a polynomial algebra.
Ezxample 5.7. Let X = P,CP. Then the Frobenius homomorphisms H*X — H*X is
injective. Hence one obtains the following isomorphisms,

H.QoX'P =~ Ezp(o;'PH.QP)

H.QyX'CP =~ Ez)(0,'PH.QCP).
We will provide the reader with three different descriptions of generating sets for the
primitive submodules in H,QyS°, H,QP and H,QCP. Each of these descriptions
will give a presentation of the above homology algebras, some easier to work with,

where other ones are ideal and a bit difficult to understand very clearly.
Remark 5.8. The coproduct of the Dyer-Lashof algebra R — R ® R sends the oper-
ation Q' to 3, Q"7 ® /. The coproduct of Q'z € H.QX is given by
Qz—) (Q7eQ)(Y o) =) Q7
where (Ay).x => 2’ ®2", and Ay : X — X x X is the diagonal map. This implies

that if z is primitive, then Q'z is primitive, and vice versa. A very quick outcome



Chapter 5. The Curtis Conjecture 89

of this is that in H,QXX every class Q'¥x is primitive. The is immediate as the
suspension kills the cup product. Therefore, we restrict our attention to cases where
X is not a suspension such as X = S° P, CP, and try to calculate the primitive

classes in H,()pX.

5.3 Homology of QyS?

Recall that moQS° ~ Z. Given n : S° — QS° we let [n] € HyQ,S° be the image
of image of 1 € HyS°, the generator of the non-base-point component in HyQS°
under the Hurewicz map m,QS° — HyQS°. Notice that in dimension 0 both 7,(S°
and HyQS° are groups under the loop sum and the Hurewicz map respects this
operation. One then has that [n] * [m] = [n +m]. Notice that n : S° — QS extends
to an infinite loop map n : QS° — @QSY, providing necessary maps for homotopy
equivalence between different path components of @QS°. The homology ring H,(QS°
is given by [CLM76, Part I, Lemma 4.10]

H,Q0S° ~ 7./2[Q"x; : excess(Q'x;) > 0, (I,i) admissible],

where z; = Q'[1] * [-2]. Here * denotes the loop sum in H,QS°. Notice that z; is
an indecomposable in H,QyS°, where it is a decomposable in H,QS°. The class z;
maps to Qg; € H;1QS* under the homology suspension o, : H,Q¢S* — H,,1QS*
[CLMT76, Page 47, first line]. Hence according to the Kudo transgression theorem
[CLM76, Part I, Theorem 1.1 (7)] 0,Q%z; = Q'Q'g;. This implies that Q'z; belongs
to ker o, if and only if excess(Q'z;) = 0.

Notice that different components of Q.S° have the same homotopy type, and hence
the same homology. This means that the translation by *[j] : QoS® — Q;1,;S° gives
the homology ring for H,Q;S° for j € Z. Notice that [j] = [1]* for all j > 0 where
[1]* denotes j-fold *-product of [1] with itself. Similarly, [j] = [~1]*(=?) for j < 0.
This implies that [S09, Page 33]

H*QSO = H*QOSO[[1]7 [_1“7
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where the right hand side denotes the ring of Laurent polynomials in [1] and [—1]

with coefficients in H,(QS°.

Now assume that Q'x; is given such that (i, j) is not admissible. Then we have
Qlz; = QUQ[1] x[-2
U o
= Q1] * [—4] + 3050 Q1] x Q¥[-2)
Let us first deal with the second sum. All terms in this sum will give rise to decom-

posable terms. To see this notice that calculating these terms reduces to computing

Q*[-2], where one has

0 if k=2n+1.

We use a result of Priddy [P75, Lemma 2.1] computing Q™[—1].

Lemma 5.9. Forn > 0,

Q=1 = (A A(@QUADM - (QU)M # [-24 = 2,

where the summation is taken over all sequences (A1,--- , A,) such that > id\; = n
and A =Y X\;. The coefficients are given by

Al

A,y An) = ——
(1,5 An) Al

Writing the above sum in terms of z;’s we obtain
Q' [-1] = SO, ..., )zt [=2).

Hence,
Q*[=2] = (A, A ek [ 4],

This means that the second sum in (5.1), any single term with k& = 2n has the form

QUM+ QF=2] = X(Ai,-o M)Q QL] ¢ [~ w ot -

where one can calculate Q**Q7[1] x [~4] in terms of Q*z; for some s,t. Notice that

Q7 *QI[1] x Q*[-2] = 0 if k is odd. Hence all the terms in the second part are de-

composable.
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The first summand in (5.1), namely Q‘Q’[1] * [—4] may or may not give an indecom-
posable term, which will depend on the Adem relation for Q‘Q’. More precisely, if
the Adem relation for Q'Q7 = >~ Q*Q" # 0, then modulo decomposable terms we

have the following equality
Q1 x[-4] = 2 Q Q1] *[-4]
= ZQGLL'(,.
And if Q'Q7 = 0, then clearly we are left just with the second summand in (5.1).

This completes the proof of the following observation.

Lemma 5.10. Let Q'z; € H.QoS° be given with i > 2j together with the Adem

relation Q'Q’ = 5" Q*Q. Then modulo decomposable terms, we have

Q'z; = Z Q" xp.
Moreover, if Q'Q’ =0, then Q'x; will be a sum of decomposable terms.

For instance, one may calculate that modulo decomposable terms

Q6l’2 = Q5$3-

We like to conclude this section by an observation on the form of indecomposable
A-annihilated primitive classes ¢ € H,Q,S°. But first we recall some facts about the
square root map 7 : H,QpS° — H,QoS°. Using the Nishida relations, one can verify

that

rQ* = Q" (5.2)
r@Q* = 0. (5.3)

Recall that in homology the Kahn-Priddy X\ : QP — QyS° is given by \,a; = z;
[KP78, Theorem 3.1]. Combining this with the action of square root map rp : H,P —

H. P we obtain
T2 = T
TTo%41 = 0.
These observations completely determine the action of the square root map r :

H,QyS° — H,QyS°. We will use this in the proof of the next lemma.
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Lemma 5.11. Suppose & € H,QyS° is an A-annihilated primitive class with 0.&y #
0. Then

§o = Z Qll’mﬂ
modulo decomposable terms, where (I,2i+ 1) runs over certain admissible sequences

of positive excess.

Proof. The fact that 0. # 0 implies that modulo decomposable terms

50 - Z ijn

where (I,n) is admissible with excess(Q'z,) > 0. The fact that & is an indecom-
posable primitive implies that indecomposable part of & belongs to the kernel of
the square root map r : H,QyS° — H,Q,S°. Notice that if we have two distinct
admissible sequences (J,7) and (K, k) with only even entries, then rQ”’xz; # rQ® ;.
Hence the decomposable part of &, belongs to the kernel of  if and only if every Q'z,,
belong to the kernel. We show that assuming n # 2¢ + 1 leads to a contradiction.

Assume that n is even. Since Q’z,, belong to ker r, then I must have at least one
odd entry. Let s = max(s: 1 < s < 7,45 is odd). Then 74,41 is even. Notice that if
so = r, then we have z,, with n even. In this case one applies S¢>° to &. According
to our explanations in Remark 3.22 all terms of the form Q’x,, with excess(Qz,) > 0
are separated under the action of this operation from each other. Moreover, notice
that

excess(Sq¢2 " Q" x,) = excess(Qx,) > 0,

which implies that the outcome is not a decomposable, and hence is separated from
any other decomposable term. This implies that Sq¢?°&, # 0 which contradicts the
fact that & must be A-annihilated. Hence n must be odd. This implies that modulo

decomposable terms
§= Z Qlfﬁziﬂ,

with (7,2i + 1) admissible. O
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5.4 Primitive Classes in H.Q,S" and applications

We are interested in primitive classes of H,QyS° for three different reasons. First, a
simple description allows us to prove Theorem 17 for the case n = 1. Second, recall
from Proposition 5.4 and Example 5.7 that our presentation of H,QyS~! depends
on our description of PH,(Q,S°. This means that there is a matter of choice in
presenting H,(QyS~!. There is a tension between choosing the nicest description, and
choosing a workable description. We discuss three slightly different generating sets
for PH,Q,S° which yields three different, but related, presentations of H,Q,S™ .
Finally, reviewing the description of PH,(QyS" will make it easy to understand the
analogous computations of PH,QQCP and PH,QQP. Notice that these later results
effectively calculate the homology rings H,QY. 'CP and H,QX"'P.

The useful and workable description for us is due to Madsen [M70, Proposition 6.7].
This will be the second set of generators that we will describe.

First Description. Let a; € H;P be the generator, dual to a’ where H*P ~
Z/2[a]. The class a; maps to x; under \, : H;QP — H;Q,S°, where ) is the Kahn-
Priddy map [KP78, Theorem 3.1]. This makes it easy to see that x; almost behaves
like a; € H;P. One has that

A*CL’Z‘ = E ZL’i_j ® CL’j,
J

where A, is the coproduct homomorphism. The action of the Steenrod algebra on x;

is also similar to its action on a; and is given by

 — k
SQE% = (Z L )%’-k-

The fact that z; is indecomposable in H,QS° implies that in odd degrees there exists

a unique primitive in H,QyS° corresponding to this indecomposable term, i.e.

Don+1 = Tont1 + Daopt

where Ds, ;1 denotes the decomposable terms. The submodule of primitives in
H,QyS° is spanned by terms of the form Q?ps,.1. The proof of this, explained

below, is by induction on the length of I. Notice that here we may take I to be
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admissible but we don’t require (I, 2n + 1) to be admissible.

This is straightforward once we use the Milnor-Moore exact sequence. Notice that
any primitive class p € H,(QyS° can be either a square of a primitive, or has an
indecomposable term Q’x; which belongs to the kernel of the square root map
r H.QoSY — H,QpS°. According to relations (5.2) and (5.3) an indecompos-
able class of the form Q’x; belongs to kerr only if I has at least one odd entry, or i

is odd.
Recall that Q?Q? is admissible if a < 2b. If @ > 2b, then it can be written a sum

of admissible sequences using the Adem relations given by

QaQb _ Z (t Q_tb__a 1) Qa+b7tQt'

a+b<3t
If we have an admissible pair Q%@ with ¢; odd and i, even, then we have the Adem

relation
QRQ*Q" " =Q"Q"* + 0/, (5.4)
where O’ is a sum of admissible terms of lower excess.

Example 5.12. We may calculate that
Q32Q5 — Q21Q16 + Q2OQ17 + Q19Q18,

where the sum of terms of lower excess is given by Q?°Q7 + Q9Q*®. We then obtain
Q21Q16 — Q32Q5 + Q20Q17 + ngng-

Notice that on the right hand side we have Q'°Q'8. In this case we may apply the

above Adem relation to obtain QYYQ'® = Q3*¢Q'. Hence we obtain
Q21Q16 — Q32Q5 + Q20Q17 + Q36Q1-
According to Lemma 5.10 this implies that

Q'ris = Q%x5 4 QP rir + Q%

modulo decomposable terms. The fact that we obtain admissible terms O’ of lower
excess implies that the above process ends after a finite number of steps. This is

explained below.
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Remark 5.13. Let Q"Q™2Q" be admissible with i; the only odd entry of (iy,is,143).

We may apply the above Adem relation to obtain

Qi1 Q22Q25 — (QZ’iQ Q’il—ig + O>Q25
Q2i2 Qilf’ig Qig + O/’
where O and O’ are admissible terms of lower excess. The term Q" ~2(Q% is admissible
with i; — i3 odd, and i3 even. Hence we may apply the above Adem relation again
to obtain
Qz’l Qig Qig — Q2z‘2 Q2i3 Qil—ig—ig, + 01/7
Notice that Q?2(Q%? is admissible. This implies that we may make iterated use of the
above Adem relation. We observe that if I, = (i1, 42, .. .,%,) is an admissible sequence

with ¢; the only odd entry, then modulo admissible terms of lower excess we have

QIT — Q2i2Q2i3 L Q%TQd,

where d = iy — (i + -+ +i,). Notice that Q*2Q%s ... Q% is admissible. Finally
observe that because the difference includes only terms of lower excess, this means

this process ends after a finite number of steps.

The above explanations imply if Q/Q? is an admissible term with 7 even and I
with one odd entry, then we may write it as a sum of terms Q77 with j odd. Hence
a term which belongs to the kernel of the square map, can always be written in
terms of Q!xs,,1 or more precisely in terms of Q'py,,.1. This proves our claim that
any primitive class in H,QyS is a sum of certain terms of the form Q'py,,1 with I

admissible.

Note 5.14. It is possible to give an explicit description of the decomposable part of
Pan+1, Namely Do, 1. Notice that given po,,1 we obtain another class by squaring,
namely p3,.,. Hence, one may put ps, = p2 [W82, Lemma 5.2]. Then Dy, is

determined using the Newton polynomials [W82, Definition 5.1] as

2n
Doy = E TiPon+1—i-
i=1
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The above description will be useful, when we describe the primitives in other
homology rings such as H,QCP, and H,(QyS™!.

Notice that it could happen to have a term Q’ps, 1 with I admissible and (I, 2n+
1) not admissible. However, if (I,2n + 1) is an admissible sequence, then the fact

that po,r1 = x9,+1 modulo decomposable terms, allows one to have the following.

Lemma 5.15. If (I,2n + 1) is admissible, then modulo decomposable terms

I I
Q Pon4+1 = Q Ton+1-

Due to this, we may write excess(Q'pi1) to denote excess(Qzq;,1). Hence if
excess(Q'pair1) > 0 it refers to a primitive class with an indecomposable term, where
excess(Qpyi11) = 0 means that Qpy; 41 is a decomposable primitive, and so it is a

square. We then the following result.

Corollary 5.16. Let & € H,QyS° be A-annihilated primitive class with o.& # 0.
Then

§o = Z Q1P21+1
with (I,2i+ 1) admissible modulo decomposable terms. If &, is odd dimensional, then

the decomposable part is trivial. If & is even dimensional, then the decomposable part

18 either trivial or square of a primitive.

Proof. Notice that & = > Q%941 modulo decomposable terms. Previous lemma
allows us to replace Q'z9; 11 with @Q!ps; modulo decomposable terms. Therefore
& = > Q'pyiy1 modulo decomposable terms. However this decomposable part is
primitive, hence it must be square. If & is an odd dimensional class, then the de-
composable part is trivial. If & is even dimensional then it is either square or trivial.

This completes the proof. ]

This later observation gives more information on the type of admissible sequences
I in the expression for an A-annihilated primitive class. Moreover, recall from Corol-
lary 6 that we really need to focus on sequences I with {(/) > 1. We have the

following lemma.
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Lemma 5.17. Suppose & = > Q' poi1 is an odd dimensional A-annihilated primi-

tive class, then each entry of I must be odd.

Proof. The proof of this is quite analogous to the proof of Corollary 3.16. For example
applying Sq! shows that i; cannot be even. Notice that in odd dimensional we
don’t have any decomposable, so terms Q!py; 1 with excess(Q'py; 1) = 1 will not be
annihilated by any other term under the action of Sq!. Similar technique applies to
the other terms. Moreover, during this process we don’t get to the stage of applying
an operation on po;i1’s, i.e. we are not worried about these classes. This completes

the proof. O

Notice that we know what happens when there exists a term Qpy; 1 with ((I) = 0
as it corresponds to a Hopf invariant one element. On the other hand this proof will
not work, as in this case we directly deal with terms x9;,1, @*z; and the decompos-
able terms, where when /(1) > 0 we do not touch these terms we only play with the

operations Q.

Remark 5.18. It is still possible to use Sq! in even dimensions to show that in any
term Q'py;r1 with excess(QngHl) has to start with ¢; chosen to be odd, however we
cannot go further, for reasons stated in 3.2 and the counter example given by Note

5.27.

Our description of primitive classes also allows us to complete the proof of Theo-

rem 17 for the case n = 1. The result reads as following.

Lemma 5.19. Let £ € H,QS' be a spherizal class. Then it is not possible to have
E=C fort>1.

Proof. We do the proof for t = 2, and the other cases are similar. Assume & = (*
with ¢ = Y- Q'Q%g; and (I,i) admissible. Hence &, = Q??Q%¢ where d = dim (. The
class & pulls back to a spherical class & € Hyq—1Q0S°. Therefore we may apply

Lemma 5.16 to write

g = Z ij2j+17
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with (J,2j + 1) admissible. The class & can have a term of the form Q?*!Q?Q'Q’g, if
and only if & has a term Q”/pyj 41 such that 0,.Q7paj 11 = Q*Q?Q' Q' gy which implies
that (J,25+1) = (2d,d, I,1), i.e. J=(2d,d,I). However, according to Lemma 5.17,
J cannot have any even entry. This gives the contradiction that we were looking for,

and completes the proof. [

Using a similar technique, one may complete the proof of Lemma 19 for the case

n = 1. We have the following.
Lemma 5.20. Let £ = (2 € HyqQS" be spherical. Then d must be odd.

Proof. Using the method of proof in previous lemma, one can show that if d is even,

then pull back of & € Hay_1QS* will not be A-annihilated. O

Madsen’s Description. This is the second description of the submodules of
primitives in H,(QyS°, and it slightly differs from the first one. However, its behavior
under the action of the Steenrod operations is more in our favor.

Notice that p; = z; is a primitive class, hence ph, | = pa,1 + Q*x1 will be a
primitive class. Letting pj = p; = 1 we obtain another set of primitives {p5,,; :
n > 0} which is in one to one correspondence with {po,41 : » = 0}. One observes
that {Qph,,., : I admissible ,n > 0} also generates the submodules of primitives in
H.QyS°. This is the set of generators identified by Madsen [M70, Proposition 6.7].

The primitive class p5,, . ; belongs to the image of

*[—1]

SO —L>(Q15° =, 5°,

where J : SO — Q;S° is the J-homomorphism. More precisely, assuming that
p‘gnOH € Hy,.1S0 is the unique primitive, then its image in H,QyS° under the
above composite is given by ph,. | = pans1 + Q*"x; [E80, Lemma 3.6]. Notice that
Q?"x, = Q"'x, modulo decomposable terms. This later equality comes from the
Adem relation Q?"Q' = Q"1Q™ together with Lemma 5.10.

The action of the Steenrod algebra on H,SO is given by

2n+1—k
Spr§1?+1 = < L )pgr?-l-l—k'
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This makes it easy to see that the primitive classes p5, , behave similar to xg,41

under the action of the Steenrod algebra, i.e.

2n+1—k
Sqf‘p/Qn—‘rl = < k )pén-i-l—k;'

Note that the above action is trivial when k& is odd.

Note 5.21. One may use the action of the Steenrod algebra on p), ., to obtain the

action of the Steenrod algebra on po,41. For instance Sqiph, ; = 0, hence we obtain

Seipani1 = Sq¢Q*x; = Q* .
Consider the Adem relation

Q"Q" if n is odd,
QQn—lQl

0 if n is even.

This, together Lemma 5.10, implies that modulo decomposable terms,

2 . .
2 ifniso
_— B : s odd,
Q Ty =

0 if nis even.

According to the mixed Cartan formula for the operations S¢¢, the action of the

Steenrod operation maps primitive classes to primitive classes. Therefore, we obtain

p? if n is odd,

1 _
Sqpan+1 =
p? if n is even,

where p is a primitive class arising from decomposable terms. This maybe summarised
as,

Sqypont1 = Pon-

We refer the reader to [W82, Lemma 5.2] to see that

—k—-1
Sifpn =" .

Notice that mod 2, we have

2i—2k\  [2i—2k+1
2%k N 2%k '



Chapter 5. The Curtis Conjecture 100

This implies that ps,11, and p), ; behave in the same way under the operations Sq?k.

2k+1

*

However, the primitive classes p5,,; are annihilated under the operations Sq

whereas the primitive classes po,+1 have chance to survive under these operation, e.g.
Sqips = 7.

Remark 5.22. We like to draw the reader’s attention to the behavior of Q'pa,41,
and QIpl, 41 under the homology suspension. First let I = ¢. Recall that modulo

decomposable terms,

Pon+1 = T2n+1,
/ _ 2n
Popp1 = Tong1 + Q11
We then obtain,
_ 2n+1
OxPon+1 = Q ",

Oulhns1 = Q™ g +(Q"g1)%

Now suppose I = (iy,...,4,) is a sequence with 7, odd such that (I,2n + 1) is
admissible. The equations (3.11) and (3.12) imply that

O_*Ql anl _ Qleng% _ Q[(Qngl)Q =0.

In fact we don’t need to restrict to ¢,, similar statement holds if we assume only [
has at least one odd entry.

Notice that Q'Q?"z; is a primitive class, which can be written in terms of Q”z;
modulo decomposable terms, where (.J,7) is admissible. Any class Q”x; with (J, )
dies under suspension, if and only if excess(Q”z;) = 0, i.e. Q'z; is decomposable.
Hence Q'Q?*"x, is a decomposable primitive, and hence a square term. We then
observe that if we choose I to be even dimensional, then Q'Q?"x; is odd dimensional

which makes it impossible to be a square, hence Q'Q*"x; = 0. In this case we have

0. Qo = QIQ*™ g1 = 0.Q'pany1,
as well as
Q'pant1 = Q'pani1.
The above remark tell us how the primitive classes behave under the homology

suspension. We like to combine this with Lemma 5.17. We restrict our attention to

the classes Q'po;y with [(1) > 0. The result reads as following.
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Lemma 5.23. Suppose & € H,QoS° is an odd dimensional A-annihilated primitive

class. Then
o = Z Q'Phit1,
with (1,21 + 1) admissible.
Proof. According to Lemma 5.8, we have & = > Q!po;, 1 with (1,2i + 1) admissible,

and [ having only odd entries. Notice that modulo decomposable terms pg; 11 =

Paig + Q% x,. Hence we may write

S = > Q'paiy1 = > Q1<p/2i+1 + QQixl) = > Q[p/2i+17
where according to previous remark Q'Q?%x, is trivial. This completes the proof. [J

The advantage of this description is that the primitive classes p),, ; have the same
behavior as zs;11 under the Steenrod operations, where they also take care of the
decomposable parts. In the light of this observation we may see le/QiJ,-l like Q1Q?
and apply our observation at Remark 3.22 to this situation. The result reads as

following.

Theorem 5.24. Suppose & € H,(QySY is an odd dimensional spherical class. Then

§o = Z Q" Py
with (I,2i+ 1) admissible, and any Q'pl, ., is A-annihilated.

Notice that this is not true with le’%q replaced with Q’xy;.;. We note that
this claim does hold for any A-annihilated primitive classes. This does not imply
that each Q!py;;; is A-annihilated, however all of these terms magically must add to
an A-annihilated class. This has the immediate corollary which completes proof of

Lemma 12.

Corollary 5.25. Suppose & € H,QS! is an even dimensional spherical class . Then

&1 = Z ngl,

where I is admissible, excess(Q%g,) = 0, and each term is A-annihilated.
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Next we turn our attention to even dimensions where we are given an A-annihilated
primitive class £ € H,QyS° with 0,£ # 0. According to Corollary 5.16 modulo de-
composable terms we have

£ = Z le22‘+17
with (I, 2i+1) admissible. Recall from Remark 5.18 that in the above expression 7; is
ought to be odd which implies that Q'Q%x; is either trivial, or square of a primitive

class. A result similar to Theorem 5.12 holds.

Theorem 5.26. Suppose £ € H,(QyS? is an even dimensional A-annihilated primitive

class with 0,.& # 0. Then
E= Q"phyy + P2,
where (1,21 + 1) is admissible, with excess(I,2i + 1) > 0. Here P? refers to the

decomposable primitive part. Moreover, I has only odd entries and (I,2i+1) satisfies

condition 3 of Theorem 2, i.e.
0 < 2ij41 —i; < 200+
where I = (i1,...,4,) and t,.1 = 2i + 1.

Proof. The first part of the claim is quite clear. We only note that ¢, # 0 is an A-
annihilated primitive class of odd dimension living in H,QS!. Lemma 12, then implies
that every QIp), 41 involved in the above expression for { must satisfy condition 3 of

Theorem 2. O]

Note 5.27. For reasons explained in Section 3.2 we cannot claim that every term
Q'p;.1 of an even dimensional A-annihilated primitive class & € H.QpS? will be
A-annihilated. We provide the reader with an example. Recall from [W82, Remark
11.26] that the class

(Q2062Q1031 Q519 Q263Q135 Q?l Q39)2 4 Q4120 Q2062Q1031 Q519 Q263Q135 Q?l Q39

is an A-annihilated term in the Dyer-Lashof algebra, R. This implies that

(Q2062Q1031Q519Q263Q135Q71p§9)2 + Q4121QQOGIQ1031Q519Q263Q135Q71pég
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is an A-annihilated primitive in H,Q,S°. However, each term is not A-annihilated

under the action of S¢?.

Next, we move on to our third description of primitive classes in H,(QyS". Al-
though the above results and remarks shows that the first two descriptions are ade-
quate for most of our purposes, i.e. eliminating potential spherical classes in H,(QSY;
however the following description will be useful in describing homology of H,QyS*
in a relation free fashion.

An alternative description of PH,(Q,S°. There is an alternative way to de-
scribe primitive classes in PH,QyS°. Notice that any indecomposable class Q'z;
with ¢ odd or I with at least one odd entry corresponds to a unique primitive class
modulo decomposable terms. Let I denote an admissible sequence (i1, ...,%,) such
that ¢; is the only is odd entry of I. Let p; ; be the primitive class corresponding
to the indecomposable term Qrz; where i is even. We retain ps,,; to denote the
primitive class corresponding to xs,,;. Then any of primitive class in H,QyS? will
be linear combination of terms of the form Q”/pz, ; and Q¥ poyy1 with (J, I,,4), and
(K, 2k + 1) admissible. Such a generating set seems to be more convenient when
we consider the problem of finding a generating set for H,QyS™! with no relations
among its generators.

It is possible to rewrite primitives expressed in previous generators in this setting. For
instance, consider to Q*z; = Q*p;. One then has Q*z; = Q3x, modulo decomposable

terms, i.e.

Q4331 = P@3),2-

5.5 Primitive Classes in H,QQP

This section verifies Proposition 27. The calculations here are in the same line as for
H,QyS°. We first concentrate on odd degrees, and then try to generalise the situation
to even degrees.

Notice that in odd degrees we have indecomposable terms as,11 € Hopni1QP.
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Therefore, we obtain unique primitive class

P _ P
Popy1 = a2n+1+D2n+1

where D} .| denotes the decomposable terms. Similar to QoS° we may define pl, =

(pl)?, and
2n

P P
D2n+1_ E AiPopi1—i-

i=1

Clearly, the elements Q'p? 41 generate a submodule of primitive elements in H,QP.

Notice that
A*le§n+1 = le2n+l7

where )\ : QP — QyS° is the Kahn-Priddy map. Moreover, and similar to QyS°, we
may consider to primitive classes pgn a+ Q*"a; which behave like as,; under the
action of the Steenrod algebra and map to ph, 1 = papt1 + Q*'z1. Hence A, is an
epimorphism PH,QP — PH,Q,S°.

Apart from the above elements, we may consider indecomposable terms of the form
Q**'ay; which belong to the kernel of the square root map rp : H.QP — H,QP.

Hence we obtain another set of primitive classes

P _ 2i+1 P
pi; = Q@ ag+ Dy,

P

where as before D; . denotes the decomposable part. Now we show that the R-

J
module generated by pl, 41 and pf ; contains all primitive classes of H.QP which is
the statement of Proposition 27.

Proof of Proposition 27. This an obvious analogue to the the proof of the similar
statement about PH,(QyS° and is based on induction on the length. First notice that
given a decomposable primitive, we can write it as a square of primitives of lower
length, where one can use the inductive hypothesis. So we need to prove this for the

indecomposable primitives. Such a primitive class must belong to the kernel of the

square root map rp : H,QP — H,QP. The fact that

Q= Q,
7,.622n—|-1 — O,



Chapter 5. The Curtis Conjecture 105

together with the action of rp on H, P mentioned above implies that a sum of the form
Q"a;+Q”a; belongs to the kernel of rp if and only if the both terms belong to ker rp.
However, our calculations above has determined all terms Qa; which belong to ker r,.

This completes the proof. O

Notice that the generators provided by the above proposition provide a splitting
of the PH,QP into the primitives submodules generated by Q'pj, ., and Q%p/.
Also notice that we may replace pl, ., with p} .| +@Q?"a; and obtain a similar state-

ment as following.

Corollary 5.28. Any primitive class in H,QP belongs to the R-module generated by
p§n+1 + anal,pfj, i.e. any primitive class in H,QP will be a linear combination of

elements of the form Q'(p5, , + Q*"a1) and Q" pf;.

Remark 5.29. Consider the Kahn-Priddy map A : QP — QoS°. The class p}; maps
to a primitive in H,QoS° under \,. Let (2i + 1,2j) be admissible. Then

Aply = M@¥ ag; = Qg £ 0.

Recall that given (iy,iy) admissible, we have the Adem relation Q"1Q% = Q*2Q"~*
modulo admissible terms of lower excess. This allows us to have
A*pfj — )\*Q2i+1a2j — Q2i+1x2j
= Q4j372i+172j7
modulo decomposable terms, and indecomposable terms of lower excess. One may

replace xg;1-2; by paiy1-2; modulo decomposable terms. Hence we may write

P 44
/\*pm‘ = Q jp2i+1—2j

modulo decomposable terms and admissible terms of lower excess. That is we may

write

)\*pfj = QYpais1-2 + O+ D,

where O represents the sum of admissible terms of lower excess and D denotes the

decomposable part. In a given specific example, depending on the coefficients in the
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Adem relation for the non admissible pair (47, 2i + 1 — 2j), one may work out O + D.
However, a term of the form )\*pf,D ; will not be of interest for us as it is not A-
annihilated which can be seen by applying Sql. We also note that if (2i + 1,2j) is
not admissible, then )\*pf ; may or may not be trivial. This again will depend on the

Adem relation for the pair (2¢ + 1, 27).

Note 5.30. Recall that we established an alternative generating set for PH,Q,S°. By
analogy we may consider the primitive elements pl, 1) pi ; defined in a similar way.
Then any primitive class in H,Q P can be written as a linear combination of terms
of the form Q*pl, .., @’p;,; with K, (J,1,) admissible. Notice that if we choose
(K,2k + 1) and (J, I,,4) admissible then we have,

MNQEPL L = QFparya,
)\*Qin,i = QJpL,-,ia

where as usual A denotes the Kahn-Priddy map.

5.6 Primitive Classes in H.(QCP

Similar to H,Q) P, we are able to have a similar performance here, and give a complete
description of the primitive classes in H,QQCP. This will give the proof of Proposition
28.

First, we fix our notation. Notice that H*CP ~ Z/2[c : degc = 2|, where
c € H2CP is the Z/2-reduction of the first universal Chern class. Hence, we obtain
an additive basis for H,CP with generators cy; € Ho;CP such that {(cy,c?) = dij-

This allows us to represent H,QCP as
Z,)2[Q" cy; : excess(Q'cy;) > 0,1 admissible].

The situation here is different from H,QP as the indecomposable classes cy; are in
even dimensions. However, notice that the square root map rcp : H,QCP — H,QCP

on generators cy; is given as following,

CQkfli lf k > 1
rcpCokiy =
0 otherwise
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where k in the is the highest power of 2 in 2¥i, i.e. i is odd. This implies that if n
is odd, then ¢y, belongs to the kernel of the square root map. Therefore we obtain

unique primitives

P5lis = Canyz+ D§Fy € Hin2QCP.

Observe that CP really looks like P, but in a larger scale, i.e. we may do similar

stuff as we did with QP. Let p§¥ = (p5F)2. Then we have,

2n
Dfri? = Z C2z’p((4:f+272i'
i=1
Remark 5.31. Notice that one may define a homomorphism H; P — Hs;CP by sending
a; to cg;. This induces a mapping H,P — H,CP which does not respect grading.
However, this map is an isomorphism of coalgebras, formalising what we did above,

and what follows. Notice that we are not claiming that this is an isomorphism

H.QP — H.QCP.

Now consider Q’cy; with j even. Such a class belongs to the kernel of the square
root map if I has at least one odd entry. Hence, when j is even, we obtain another

set of primitives

Proposition 28 claims that the R-module spanned by the two sets of primitives above
captures all of the primitive classes in H,QQCP. The rest of the proof is analogous
to the proof of a similar claim about the primitive classes in H,Q) P, and is based on

induction on the length. We leave the details to the reader.

Note 5.32. Similar to the cases of QyS® and QP we may define an alternative gen-
erating set for primitive in H,QQCP. In this case, modulo decomposable terms, we

have

Pirs = Cikse (5.5)
pr = Qea, (5.6)

where 7 is chosen to be even.
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5.7 The Complex Transfer and H,(Q;S™!

The space QS is defined to be the n-th loop space of QS°. It also can be seen as
the infinite loop space associated with the n-th desuspension of the sphere spectrum.
The homology of these spaces, and their geometry still is not completely understood.
In fact we only know about the ring structure of H,QyS~! [CP89, Theorem 1.1],
and partially know about the homology of QS [CP89, Theorem 1.2|. However,
it is possible to identify particular subrings of H,QS~2 by giving a reasonably good
description of its “generators”. We guess that this is a general pattern, i.e. every
H,0QyS™" will have a subring whose generators are obtained in similar way that one
obtains generators for H,Q,S~!. Moreover, this subring is going to contain pull back
of spherical classes of H,(yS?. We will inform the reader about our thoughts on this.

Previously, some knowledge of H,Q,S° allowed us to prove partial results on
the type of possible spherical classes in H,,,QS', namely Theorem 17 in the case
n = 1. Similarly, we shall use our description of specific subrings of H,QS~2 to prove
Theorem 17 for the case n = 0.

As we mentioned earlier in Example 5.7, the homology ring H,QyS™! is known to
be an exterior algebra [CP89, Theorem 1.1]. We combine this with homology of the
complex transfer to give a description of generators of H,QyS™~ !, and determine the
structure of H,(QyS~! as an R-module, as well as its A-module structure. However,
as we have seen earlier there are different choices of generating sets for the submod-
ule of primitives PH,(S°. This means that there are different ways of representing
H,QoS™!. We will give all of these three descriptions. The workable description,
will enable us to do some calculations. Although in such a description there are
some relations in the algebra, which we shall explain. We have succeeded in identi-
fying a subring of H,(QyS~! which contains a pull back of any spherical class from
H,QoS°. Applying the machinery of the Eilenberg-Moore spectral sequence allows
one to calculate H,QX"'P, and H,QX"'CP, and to consider the homology of the
looped transfer maps. These results may be well known for experts, but we are not

aware of them stated anywhere in the literature.
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The S!-transfer is a map A¢ : QXCP, — QS°. The homology of this map is
known based on the work of Mann-Miller-Miller [MMMS86, Lemma 7.4]. However, we
will make some observations, which shortens calculation of the homology of A¢.

The complex transfer factors through the complex J-homomorphism
J(C U — leo.

Using the translation map #[—1] we then will land in QS°. The reader will need
to take this to account to avoid confusion about our homological calculations while
comparing to the result of Mann-Miller-Miller MMMS86, Lemma 7.4]. We urge the
reader to notice that the map A¢ is an infinite loop map, obtained as the infinite loop

extension of the following composite,
ECP+ —— U —_— leo —_— QOSO.

The mapping A¢ may be viewed as an extension of v : S? 4 S° where S? sits as the
bottom cell of XCP, and the inclusion maps g3 to Xcs in homology. Hence >c, maps
to 3+ O3. Using this, and the action of Steenrod algebra on XCP, one may observe
that Yco; maps to x9;11+02;11. On the other hand, notice that Y¢; is primitive. Also,
the image must have the same behavior under the action of the Steenrod algebra as

Yice;. Hence we obtain,

(Ac)«Beo = paip1 + Q% = Phiy1-

Moreover, notice that Xcq maps to x; = p; = p| where ¢ is the generator coming
from the disjoint base point. This then allows one to calculate (Ac). : H.QXCP, —
H,Q,S°. Notice that this in particular implies that (A¢). : PH,QXCP, — PH,Q,S°

is an epimorphism.

Remark 5.33. The above equations allows us to calculate that

(Ac)«(Zeo + QX)) = paigr-

Recall from Example 5.7 that o, : QH,QoS™' — PH,(QS° is an isomorphism.
Also notice that o, : QH,QCP, — PH,QXCP, is an isomorphism. This makes it
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easy to see that (Q\¢). : QH.QC,P — QH,QuS™ ! is an epimorphism. These fit

into a commutative diagram as following

PH,QRCP, 2. PH,0,5"

T (2Xc)~ T

QH*—IQCP+ - QH*leOS_l

which is the observation of [G04, Diagram 1.3].

Before proceeding further, we establish our notation for H,Q,S~!. Recall from
Proposition 5.4 that o, : QH,QyS™' — PH,Q,S° is an isomorphism, and H,Q,S~! ~
EZ/Q(JAPH*QOSO). We note that there will be a matter of choice here, and depend-
ing on the choice of a basis for PH,(Q,S° we get a presentation for H,Q,S~!. However,
in this case we observe that the complex transfer allows us to have a natural choice
for the generators of H,QoS™! providing us with a type of “geometric” meaning for
these generators. We shall investigate cases for each choice of a basis that we make.
First we consider the primitive classes ph, ., € H.QoS” and the R-module spanned
by these elements which captures PH,QyS°. We may consider unique elements
wh; € QH»QoS™ with o,wh, = ph;,,. However, the fact that (Ac).Xco = phiy
allows one to define

(Q)\((j)*CQZ' = wél

Notice that the space QoS™! is an infinite loop space, and hence we may consider
terms of the form Q'w), € H,QyS™! which satisfy 0.Q"w);, = Q'ph;,,. The fact that
elements of the form Q’p),, | generate all primitives in H,Q,S° implies that elements
of the form Q!w; generate QH,QyS ™!, and therefore H,QyS™! is the exterior algebra
generated by Qfw), with I admissible. This also determines the action of the Dyer-
Lashof algebra on the homology ring H,QuS~!. Moreover, our definition of the
generators wj, allows us to derive the action of the Steenrod operation on these

classes, namely we have
1—k
2k, 1 ’
Sq; wy; = ( L )w2i—2k-

This together with the Nishida relations describes the action of the Steenrod algebra

on the generators Q’w),, and hence completely determines the action of the Steenrod
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algebra on the homology ring H,QyS™ .

Although we have identified generators of H,(QyS™!, however there are some relations
among these generators. For example consider Q3z; = x} = Q?Q'r; € H,QuS°.
Hence in H,QS~! we have

Q*wo = Q*Q wy.

Notice that in this case the above equality strictly holds as it happens in an odd
dimension. The ambiguity about this comes from the description of primitives in
H,Q,S°. Notice that PH,(yS" is generated by pr’QnH, however we don’t assume
any admissibility condition on the pair (I,2n+1). For instance Q*r; = Q*z modulo
decomposable terms. In this case, the left side pulls back to Q*wy, however we don’t
have good description of the pull back of the right hand side of the equation. We

sum up the above discussion as following.

Theorem 5.34. The homology algebra H,QoS™! as an R-module is given by
Ez/o(Q"wh,; : I admissible,dim I > 2i),

with wh; = (QA¢)«Cai which satisfies o.wh; = paiy1. Two generators QMwh; and Q7 wj;
may be identified if and only if they map to the same element in H,QyS® under the
homology suspension o, : H, 1QoS™ — H,QoS°. The behavior of generators w,

under the Steenrod operation is very much like co; € Hy;CP, 1i.e.

1—k
S uwh; = ( L )wéi—%'
This together with the Nishida relations completely determines the A-module structure

of H.QuS!.

Remark 5.35. One may choose to work with po; 1. In a similar fashion we obtain
indecomposable terms wy; € Hy;QoS ™. Moreover, since (A¢)«(Xey+Q%*Xcn) = paiy1,

then we may define wy; by the following equation

(Q)‘C)*(C% + Q%CO) = Wy;-

We then observe that H,(QS~! will be an exterior algebra over the generators Qfws;

where 0,Q wq; = Q7 p2it1- In some cases, it is more convenient to use this description.
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Observe that wy = w}, and wy; = wh; + Q*w, which give a one to one correspondence

between the two set of “generators”. Finally notice that @Iwgi can be identified with
Q" ws;.
Note 5.36. We can determine the action of the Steenrod algebra on the generators

Q% wsy,. This can be done by using the above definition, i.e. the equation
()« (con + Qo) = way.

This will allow us to calculate the action of the Steenrod algebra on wsyy as,

S@Zwa, = (QAc)(SqZ car + SqZ Q% o)
_ (Q)\(C)* (k:r) Conor + (2]4:2—7‘21”) QQk—ZTCO)
= (") w2

2r+1

*

Next we like to calculate Sq¢" " wqr. But we deal with it in a slightly different way,
and we note that the previous calculation also can be done in this way. We perform
as following. Observe that ws, maps to ps,1 under the homology suspension. Recall
that
2k—2r—1 2k—2r—1Y 2¢(2k—2r)
quT+1p2k+1 = ( 27"—:1 )p?k—Qr = ( 27,_:1 )pgm-i-l

= (Qk—QT—l 2k—2r—1) Q¥Cr T emt) L g2met

241 )p%*%’ - ( 2r+1 Pam+1,

where 2¢(") is the largest power of 2 in n. The above equation implies that

2r+1

2k —2r — 1
SQ* w2k:<

r

This really motivates one to work with the generators wy, since they have much

better behavior under the Steenrod operations.

So far we have used two set of generators for PH,(yS° together with the S*-
transfer to identify two sets of generators for H,QyS ™!, namely {Qw};} and {Q w;}.
However, there are some relations among the generators in both of these sets. It is
possible to give an alternative description of generators of H,QoS ™! which does not
seem to have the above problem, i.e. there are no relations among its generators. To

do this, we may use our alternative description of the primitive classes in H,QS?,
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namely primitives p;, ; and pag41. These give rise to unique classes generators wyy, €

QH,.QoS™!, and wr, i—1 € QH,QoS~! such that

T W2y = DP2k+1,

Os«Wr,.i-1 = PIi-
Equations of type (5.2) allows one to see the action of the Kudo-Araki operations in
these generators. Moreover, as we have assumed admissibility in the construction of

DI,.i, D2k+1 it completely makes sense to define ezcess as following,

excess(Q7wr, ;1) = Ji — (Jo+ - + o+ dimwy, ;1),
excess(QFwyy) = excess(K) — 2k,
where J = (j1,..., 7). The fact that o, : QH,QyS™! — PH,Q,S" is an isomorphism

implies the following.

Proposition 5.37. As an R-module H.Qo,S™! is given by the exterior algebra gener-
ated by elements Q% way,, Q’wr, ;1 of positive excess where (K, 2k + 1), (J, I,,1) are

admissible.

This description gives complete information about the R-module structure of
H.QoS™'. We note that it is possible to identify the generators wy,; in a “geo-
metric” way and provide the reader with a natural choice for these generators. This
is of course can be done if we know which element of H,QXCPy, say o.cy, ;, maps
to pr,;. Notice that our basic knowledge on Ac is that (A¢).Xca; = ph; ;. Hence
to calculate c¢;, ; we first need to write p;, ; in terms of Q7 p’zj 41 Which may involve
iterated application of Adem relations of the form (5.4). This suggest that o.cy, ; will
not be a single term. For the time being short and the fact that we will not use this
description we leave the rest of this to the reader to investigate.

The action of the Steenrod operations on the generators wy, ;—; does not seems
very clear. Although one may try to suspend this class to get an primitive class in
H.QoSY, namely p; ;. According to the diagonal Cartan formula, performing any
Steenrod operation on a primitive class will result in a primitive class. One then
may pull back the resulting class to H,_1QoS~!. However, this requires a tedious

application of the Nishida relations which I have not yet done!
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The fact that there are no relations among the generators provided by Proposi-
tion 5.37 makes such a description much clearer, rather than considering an exterior

algebra over generators Q! wy; with (I,2i + 1) not necessarily admissible.

Note 5.38. Our previous results on the odd dimensional spherical classes ensures that
any odd dimensional spherical class pulls back to a spherical class whose indecom-

posable part falls into the subalgebra
E72(Q% way, : (K, 2k + 1) admissible, excess(Q"™ way, > 0).

Hence, for the sake of calculating pull back of spherical classes from H,(QoS° into
H, 1QoS™! it is enough to work with the description provided by Theorem 5.34
whereas the fact that (K, 2k + 1) ensures that this falls into a part of algebra that
there is not relation among its generators.

Note 5.39. Notice that usually the homology of a space becomes larger after looping.

1

However, based on this description the homology of the (QqS™" is smaller than the

homology of S°. This is evident from the fact that
QH,QyS™' ~ PH,QyS° — H.QS°.

One may conclude that there exists a monomorphism of Abelian groups H,QoS~! —
H,.1Q0S°. Notice that the fact that H,QS~! is an exterior algebra implies that
PH,QyS™! injects in QH,QoS™' ~ PH,_1QyS°. This implies that H,QyS° and
H,_1Q¢S™! have the same spherical classes.

Remark 5.40. It is possible to identify specific subalgebras of H,QS™!. To do so,
we use 1 € TS ~ QS ~ Z/2. The classes 0,7 € QS map to [0],[n] €
HoQS™! under the Hurewicz homomorphism 7oQS™' — HyQS~'. This makes it

straightforward to see that [0] x [n] = [0+ n] = [5] and

Q"[n] = [n] * [n] = [2n] = [0] = [0] * [0] = Q°[0].

Here * denotes the Pontryagin product arising from the loop sum on QS~!. Applying
the Adem relation to Q*([0]*[0]) implies that Q*[0] = 0 for all s > 0. This observation

together with the Adem relations applied to Q*([n]*[0]) shows that Q'[n]*[0] = Q*[n].
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Indeed this is we should have expected that [0] will play the role of a unit in H,QS™.
On the other hand, the mapping n : S° — QS~! extends to an infinite loop map
n:QSY — QS~!. On the level of my, or equivalently on the level of Hy, this induces

the projection n, : Z — Z/2, i.e.

[n] if n is odd,
ne[n] =
[0] if n is even.

Hence one may work out the image of 7, : H,QS° — H,QS™ ! as following

ma; = Q1] x[-2])
= Q1] xn.[-2]
= Q'[n] *[0]
= Q')

Applying the homology suspension we obtain

0. Q'[N = nuowr; = Qg1 = Q'zy # 0,

which shows that Q'[n] # 0. Notice that Q"z; depends on the Adem relation for
Q'Q', and will be trivial or maybe nontrivial modulo decomposable terms. However,
the decomposable part always has nontrivial terms, for example Q3z; = z}. In fact,
as x; is primitive, Q'x; is primitive. If Q'Q! = 0, then the decomposable part of
Q'z, is the square of a primitive and one may work out what this primitive is.

The above calculation allows us to calculate the image of n, : H,QS° — H,QS™!

completely. Moreover, observe that

(m:)* = (Q'[n))* = Q*([n] * [n]) = Q[0] = 0,

and this calculations is consistent with the fact that H,QS™! is an exterior algebra.
This together with induction on length, and the fact that (Q¢)? = Q* &2 implies that
(Q[n])? = 0 for any I. Hence the subalgebra obtained in this way will be the exterior
algebra over the generators Q![n] with I admissible. This also verifies that ker . is
not very small.

In particular, putting 7 = 1 we obtain n,z; = Q'[n]. Notice that

0.(Q'[) = nuowzy = n.g; = 27 = P,
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where this class is related to the Kervaire invariant one element 1? € 5. Hence the

Hurewicz image of n* € m QS is given by Q'[n] € HQS™!.

Indeed this is picture of a general pattern. Recall that Q**Q' = Q*T'Q*, and
T OFQF if k is odd,

0 if £ 1s even.

The class ; suspends to Q'g; which is a primitive class. Hence 7,Q%g; will be a

primitive class. If i = 2k, then
n:Q'g1 = Q%1 = a; + D.

If © = 2k — 1, then modulo decomposable terms one has

nQ* g = Q%* g
QFx;, if k is odd,
0 if k is even.

Hence Q%~![n] maps to 22 under o, modulo decomposable terms. Recall that z?,

with k& odd, gives a primitive (p} ).

Hence, a spherical class involving x? will pull
back to a term in H,QS~! which will involve Q?*~*[n]. Of interest will be classes
with k£ = 2° — 1 which may give rise to the possible Kervaire invariant one classes.

This also gives another set of relations among the generators of H,QyS™!, namely
Q] = Q.

where k = 2i + 1. We note that here [n] plays the role of wy = wy,.

Notice that Q'[n] lives in the component Qs,5™' = QpS~!. This means that the
subalgebra generated by Q![n] is a subalgebra of H,QyS™!. The fact that QS is an
infinite loop space implies that Q,S™! and QpS~" have the same homology induced
by the homotopy equivalence *[n] : QoS — @,S~*. This allows us to consider the
subalgebra generated by Q[n] * [n] of H.Q,S™'. We then obtain a subalgebra of
H,QS™! given by polynomials in [n] and [0] with coefficients of the form Q*[n].
Finally, we note that this subalgebras does not seem to capture all of the homology

rings H,QpS~! and H,QS~! respectively.
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Note 5.41. The above remark provides us with the motivating example to identify

S

n

important subalgebras of H,Q)S™". The start point is to consider myQS™™ ~ 7

together with the Hurewicz homomorphism
h:m@QS™" — HyQS™".

For any « € 7, we may define [a] = ha € HyQS™™. Then it is clear that [a] x [3] =
[a+f] for v, B € mQS™™, where * denotes the product induces by the loop sum. One
then may try to work out the action of the Dyer-Lashof algebra on the subalgebra
generated by symbols Q'[a] as we did before. In particular, applying the Cartan
formula implies that Q°[0] = 0 for all 4 > 0. In practice this does not seem possible
for all n, as we are still far from having a complete description of 3. But, on the other
hand any calculation of H,QS™" using any other method will be quite interesting, if
we can couple it with this observation.

More interesting cases will appear when mH(Q)S™" has more than one component.
Consider QS™° with 10QS™® ~ Z/2 ® Z/2 & Z/2. Having different components in
710QS~? shows the sort of the geometric complications that may appear in study of
these spaces. Suppose v;, ¢ = 1,2, 3, denote the generators for the first, second and
third copies of Z/2 in myQS ™ respectively. We let [y;] = hv;. Notice that in this case
QoS has 8 components of the same homotopy type. Notice that v = 0. We know
that terms of the form Q'[y;] live in the component Q2,5 = QoS™°. Hence, we
may consider the subalgebras of H,QS™ generated by the symbols of the following

forms,

Q" [y1], I, admissible

Q2[y,], I, admissible

Q*[vs], I3 admissible.
The fact that there are no relations among the generators ; implies that there are no
multiplicative relations among the three set of generators provided above. These are
the only pieces that we get. This can be seen as an evidence for some stable splitting
of the space QuS™. We observe that Q”[y; + ;] = Q7 ([] * [7,]) with ¢ # j can be

calculated using the Cartan formula.
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We can apply similar techniques as we did before and use the translation maps
*[vi] 1 QoS™ — Q4,577 and *[y; + ;] : QoS™ — ()~ S~ to obtain subalgebras of
the other components, and hence a subalgebra of H,QS™°.

Finally we note that we used the word “subalgebra” as we still don’t know the type
of the algebraic structure of H,(QyS°. However, one still will be able to calculate
the R-module structure as well as the A-module structures as we did for H,QS™!.
I postpone pursuing this way for future work (if I secured a job)! We note that the
spaces that we have considered in this note are infinite loop spaces of the form Q.S
with n > 0 which makes their homology algebras, the homology of the base point
components, to be bi-associative and and bi-commutative Hopf algebras. This means
that in these cases we may apply Borel’s structure theorem which says that these

algebras are tensor product of polynomial algebras and their truncations.

5.8 Homology of QX !CP and QyS~?

Through this section we will work with the generators wh;, € Hy;Q0S™!. Recall that

(QA¢)sc2; = wh,. This allowed us to calculate

, i— 37
Sqwy; = ( j j>w,2i—2j'

Similarly, the co-product in H,(QyS~! is given by
A wy; = Z Wh;_op, @ Why,,
K

Next, we need to determine the primitive classes in H,QoS~!. We use the homology

of Q)¢ together with naturality to calculate the square root map,
re-1: H,QoS™' — H,QoS™,

on the generators w),. Notice that all odd dimensional classes belong to the kernel of
this. Moreover, given an even dimensional class ¢ of dimensional 2n, then r§ = Sql€.
Hence, to calculate rg-1w);, we need to calculate Sqiws;, and then see if this yields

a trivial or nontrivial class in QH,QyS™'. This implies that the class w), belongs
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to the kernel of the square root map QH,QyS~! — QH,QyS™', if i is odd. Hence,

analogous to H,QQCP we obtain a set of primitives,

S—1 _ / S-t -1
Pint2 = Wino t+ D310 € HipoQS ™.

Here, and similar to previous cases, we have
2n
S—l S—l
Do = Z WhiPin42-2i-
i=1
On the other hand, having Qw); with i even, such a class belongs to the kernel of
the square root map if I has at least one odd entry. According to this, we obtain

another set of primitives,
s—t 2i+1,,,/ s—1 -1
pi; = Q™ wy; + D7 € Hji0;11Q5™,

where j is an even number. Then one may check that any primitive element in
H,QoS~" is a linear combination of terms of the form Qpj, ., and Q¥ pf}l. The proof
of this claim is similar to the proof of similar claims on primitive classes in H,QCP

and H,QP. Notice that, in homology, we have the following obvious relations

(QN)PFs = Phrtas
—1
<Q)‘<C)*p§f = p%?j :

Our description of primitive classes in H,QQCP, provided by Proposition 28 and
proved in section 5.6, allows us to apply the Eilenberg-Moore spectral sequence ma-
chinery, described by Proposition 5.4, to describe H,QX'CP. Notice that here,
similar to H,QyS™!, there is a matter of choice ranging from the workable descrip-
tion to the ideal ones. We choose pf’,, and pgf to work with and obtain unique

indecomposable classes v§l | € QHy,1 QX 'CP and vfﬁl € QHa;12,QX"'CP such

that
cpP  _ .CP
OxUspt1 = Papt2s
cpP _ . CP
OxVij—1 = Pij-

This yields the following presentation.

Proposition 5.42. As an R-module H,QYX"'CP is given by the exterior algebra over

the generators lei(f,il and QLijp_l with I and L admissible, and dim I > 4n + 1



Chapter 5. The Curtis Conjecture 120

and dim L > 21 + 25. The generators vaﬁffﬂ are independent from each other for
different choices of admissible I. Two generators of the form Qvaﬁl are identified

if they map to the same class in H,QCP under the homology suspension.

It is possible to work out the action of the Steenrod algebra and give the A-module
structure of H,QX'CP. Although such a description and its consequences can be
of its own interest, we like to use this to obtain some information on some subrings
of H,QS™? as R-modules. In order to do this, we define v, € Hyp1QS™2 and

Vi j—1 € Hoi19;QS™? by the following equations

Usny1 = (QQAC)*U%?M
Vij—1 = (92/\@)*’05]?_1.

The fact that H,QYX."'CP is an exterior algebra, implies that image of (Q2*\¢). is also
an exterior algebra. So we may consider the following subalgebra of H,QS~? given
by

EZ/Q(QIU4n+1, QLUi,j_l : I, L admissible).

Consider the following commutative diagram

H,QCP - .05
L]

H, 1005 'CPY 11,0052,

Notice that we demonstrated that (QAc¢). is an epimorphism when restricted to the
submodule of primitives, which implies that primitive classes H,QS~! pull back to
H,QS72. Notice that o, : QH,_1QX"'CP — PH,QCP is an isomorphism. The way

that we defined van41,v;-1 € H,QS™? implies that

_ s-1
O+VUap+1 = p4n+27
_ S—1
OxVij—1 = Pij -

One then can apply Kudo’s transgression theorem to obtain

~1
U*Q1U4n+1 = lefnJrZ?

-1
U*QLUi,j—l = QLPZS,J--
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Important Note. We like to draw the reader’s attention to the fact that according
to the above equations any given primitive class in H,QoS ™! definitely pulls back to
H,QyS72.

Now we are in a position to complete the process of elimination of spherical classes.

We have the following.

Theorem 5.43. Let £ = (¥ € H,QuS° be a spherical class with 0, # 0. Then it is

mpossible to have t > 1.

Proof. We do the proof for t = 2, ie. & = ¢* = Q*Q% where d = dim(. The
approach is similar to our proof of the analogous theorem for H,(QS™ with n > 0, but
with a little bit more complication. The fact that ¢ is an A-annihilated primitive,
implies that ( is also an A-annihilated primitive class. Hence we may write { =
> QP y + P? with (I,2i+1) admissible, and P a primitive. According to Theorem
5.24 if ¢ is odd dimensional, then P? = 0 and all terms Q'p), 41 in the expression for
¢ are A-annihilated. On the other hand, if ¢ is even dimensional then according to
Theorem 5.26 we know that I has only odd entries with (7, 2i+ 1) satisfying condition
3 of Theorem 2. Notice that we don’t know very much about P?. But still we know
that we may write ¢ as a sum, QJp’QjH where J is admissible but (J,2j 4+ 1) is not

necessarily admissible. Hence we may write
= Q™MQ"Q "y,
with L admissible, taking all of the above terms into one big sum, where some (L, 21+

1) are admissible and some are not. Such a class pulls back to a 4d — 1 dimensional

class £_1 € Hyy_1QpS™! given by

=) Q"Q'Q"wy + Dy,
where D_; denotes the decomposable part. This is an odd dimensional primitive
class, i.e. its indecomposable part must belong to the kernel of the square root map.
Hence either d is odd, L has at least one odd entry, or [ is odd. Hence we may rewrite
the above class as

571 _ Z QZdeQLwél + Z QQdeQLwél +D71-

[ odd [ even
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We have already calculated the set of primitive classes in H,QS~!, hence we write

=) QMQ"QM 5 + ) QM "y, + Do,

[ odd [ even

where D_; is an odd dimensional decomposable primitive class. Hence D_; = 0, i.e.
Ea =) QMQ"QMpy + > Q¥ p,
l odd I even
Notice that Q?Q%pS " and QK pf}f are of dimension 2d — 1. We plan make use of
Sql, but not here as in this exterior algebra Sqlé_; will be a square which is trivial
in the exterior algebra. Instead we desuspend once more. In this case the spherical
class £€_; pulls back to a spherical class {5 € Hyy_2Q0S™2. Notice that this class
is unique, while we fix the homotopy class that maps to ¢* under the Hurewicz
homomorphism. On the other hand, recall that (Q\c). : H.QCP — H,QS™! is an
epimorphism, when restricted to the primitive submodules. Applying the Eilenberg-
Moore spectral sequence machinery shows that this gives rise to a unique class in
€L € QH.QXICP. We then obtain a set of classes ¢5 + DY € H.QX~'CP

where D% runs over decomposable terms, such that
()0 (€55 + DEY) = €.

This implies that £ 5 = (2%\¢),(€5F + DCL) for any choice of DY, Hence £_, is in
the exterior subalgebra generated by im(Q?A¢).. Hence, we may write
o= Z Q*Q'Q vy 1 + Z Q* Q" vy, + D_s.
I odd I even
where D_, denotes the decomposable part. The classes Q%Q% vy and QFvy; 4
are of dimension 2d — 2. Although one may decide to rewrite this sum in terms of
primitives, however this form is enough for our claim. Observe that
Sqiéo = Q*'Q'Q vu1 + Y Q™' Qv + SgiD_s.
I odd I even
Notice that Sq¢lD_, is a decomposable. On the other hand terms Q*1QQ vy _;
and Q*1Q¥wv;,;_; are separated under this action as the map to distinct terms

under the homology suspension, which also shows that these classes do not belong to
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ker o,. This shows that Sq¢l¢é_y # 0. But this is a contradiction. This completes the

proof. O

Remark 5.44. The above calculation is based on explicit knowledge of the type of
primitive classes in H,QoS~!. However, we may have a less detailed proof. Notice
that in the above lemma ¢ = Q?Q% for some A-annihilated primitive class p €
H;Q0S°. According to Example 5.7, the class p has a unique pull back in ¢_; €
QHy_1QoS™1. This implies that if f € myQS® with hf = £, then its isomorphic pull
back satisfies f_1 € m4_1Q0S™" with ¢4 = hf_; = Q*Q%_, modulo decomposable
classes. The fact that £ ; is primitive implies that either ¢_; is in kerrg-1 or d is
odd.

If g1 € kerrg-1, then g1 = p_; modulo decomposable terms, for some p_; €
PH,QoS™'. This then implies that £_; = Q?*Q%_; modulo decomposable primitives.
However, £_; lives in odd dimensions which implies that the decomposable part has

to be trivial. Hence
&1 =Q¥Q%_1.

Such a class pulls back to Hyg_ QoS ™2 to a spherical class £_5. We may write £_y =
Q??Q%_, modulo decomposable terms. Notice that £_, is a spherical class and hence
A-annihilated. Similar to the previous proof, applying Sq! shows that Sql¢é_5 # 0
which is a contradiction for £ being A-annihilated.

If it happens that ¢_; & kerrg-1, then d has to be odd. Hence Q%g_; = p_; modulo
decomposable terms, for some p_; € PH,QoS™'. We then have £_; = Q%*¥p_; modulo
decomposable terms. Similarly, for dimensional reasons the decomposable part is
trivial. In this case, £_; pulls back to a spherical class é_5 € Hyq_2QpS™2 with
£_5 = Q%¥g_y modulo decomposable terms. Applying Sq! will give the contradiction

that we were looking for. This completes the proof.
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5.9 The Curtis Conjecture

This section contains the ideas that I believe proves the Curtis conjecture, or at
least provides a reasonable, and fruitful, approach towards identifying the spherical
classes in H,Q,S°. I will sketch a hand wavy argument which I believe can lead to a
complete proof of the Curtis conjecture. The main idea is to do the same as we did
in the proof of Theorem 5.43. This section tries to justify that these ideas do work
and this is the right attitude to tackle the conjecture. This also proves to be fruitful,
and one obtains other results that are interesting on their own.

Throughout this section we will distinguish between a homology class and its
cohomology dual. We also distinguish between m, and ,7,, but we keep H, to denote
the homology with Z/2-coefficients.

Observe that the main idea in the proof of Theorem 5.43 was to write a spherical
class in terms of primitive classes, and pull it back twice and use some Steenrod
operation to prove the theorem. We would like to follow the same line, write classes
in terms of primitives and pull them back as much as we need and then apply some
Steenrod operation. The calculations may seem more hand wavy, but the right ma-
nipulation shows that these are justifiable arguments.

One of the tools that we use is the Milnor-Moore exact sequence to get some idea
about primitive classes in our homology algebras. Notice that ).S™ is an infinite loop
space for n € Z. This implies that the Pontrjagin product in H,QS™ is commutative.
Moreover, the co-product in H,QS™ comes from the cup product in cohomology which
is already commutative. Hence, H,(Q)S™ is a bicommutative Hopf algebra and we can
apply Milnor-Moore exact sequence to study primitive classes in these algebras.

The calculation of the homology algebra H,(QS™ is based on applying a suitable

spectral sequence to the path-loop fibration
QS™ — PQS™ — QS™*!

and using our knowledge of the homology algebra H,QS™'. Having said this, our
objective is not to calculate H,QS™ for n < 0, nor do we want to calculate spherical

classes in H,QS™ for n < 0. We only wish to obtain some information to use in
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our approach to eliminate the rest of the unwanted potential classes in H,QoS° from
being spherical in H,QS°. More precisely, we would like to use this technique to
show that only the Hopf invariant, and the Kervaire invariant elements give rise to
spherical classes in H,(QyS".

Let me explain what we mean by the unwanted potential classes. First recall that
according to Lemma 5.11 any A-annihilated primitive class ¢ € H,QyS° with 0,£ # 0
can be written as

£=> Q'roin
modulo decomposable terms, where (I, 2i+ 1) runs over certain admissible sequences.
Now, let § € H,QyS° be a spherical class. Then we have two separate cases: 0,0 = 0,
and 0,0 # 0.
If 0,0 # 0, then we may assume that 0 = > Q29,1 modulo decomposable terms.
From Lemma 4 and Remark 5 we know that if there exists I = ¢ in the above
expression for #, then 6 corresponds to a Hopf invariant one element. Hence, if
0 =5 Q'agyy € H,QupS° is a spherical class with 0.0 # 0, which is not a Hopf
invariant one element, then (/) > 0 for any [ involved in the expression for 6, i.e.
min(l(I)) > 0.
If 0,0 = 0, then 6 = &2 for some ¢t > 0, and ¢,& # 0. According to Theorem 17 we
have t = 1, i.e. § = &2 with £ = 5" Q29,11 modulo decomposable terms. Moreover,
Lemma 19 tells us that £ must be an odd dimensional class. Similar to the previous
case, if there exists I = ¢, then combining Remark 5 and Lemma 13 will imply that
0 corresponds to a Kervaire invariant one element. Hence in this case, and similar to
the previous case, the classes which are not Kervaire invariant one elements are those
A-annihilated primitive classes § will be those ones with min/(/) > 0. Notice that if
I(I) > 0, we then may apply Theorem 5.24 to the class £. This implies that we may
write £ = Y Q'ph,., with every Qph,; in the sum being an A-annihilated class.
The following theorem summarises the above discussion, which classifies the type of

classes that we want to be eliminate from being spherical.

Theorem 5.45. Let § € H,(QyS° be a spherical class which is not a Hopf invariant
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one class, neither a Kervaire invariant one class. Then 0 satisfies one of the the
following cases.

1- If 0.0 # 0 and 0 is an odd dimensional class, then

0= Z lel2i+17

with 1(I) > 1 such that each of terms Q'pl,;. | in the above sum is A-annihilated.

2- If 0.0 # 0 and 0 is an even dimensional class, then
0 = ZQIPI%H + P2

with [(I) > 1 where I has only has odd entries. In this case (I,2i + 1) satisfies
condition 3 of Theorem 2, i.e. 0 < 2ij11—1; < 200i+1) for 1 < j < r with i,y = 2i+1.
Moreover, excess(QTph;, 1) — 1 < 2°0) for every Q'ph,., involved in the above sum.
Here P is a primitive term. If P # 0, then it is of odd dimension. If P = 0, then
each term in the above expression for 0 is A-annihilated.

3- If 0.0 = 0, then 0 = &2, with & an odd dimensional A-annihilated primitive class,
i.e.

0= (Z lelzz‘+1)27

with 1(I) > 0 such that each of terms Q'pl,;. | in the above sum is A-annihilated.

In all of the above cases (I,2i+ 1) is supposed to be admissible.

Proof. Part 1 is the statement of Theorem 5.24. Part 3 follows from discussions above
together with Theorem 5.24.

We focus on part 2. The first half is the statement of Theorem 5.26. Notice that
in this case 6 suspends to the odd dimensional spherical class 0.0 = > QIQ% g, €
H,.QS', and hence according to Lemma 12 each of terms Q'Q%**'g; must be A-
annihilated. In particular this implies that excess(Q'Q**'g;) < 2°(1). The fact that
excess(QQ* 1 g) = excess(Qph;, ;) — 1 shows that excess(Q'ph;, ) — 1 < 2°0).
Now, we only need to show that if P # 0, then it is an odd dimensional class, and if

P = 0 then each term in the above sum is A-annihilated.
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First, assume that P # 0. Then we may write
0=> Qo +Q'P,

where d = dim P. Similar to the proof of Theorem 5.43, we can show that this class

pulls back to a spherical class £_; € Haq—1QoS ™!, which may be written as

§-1= Z Qlwéi + quflu

modulo decomposable terms, where o,q_; = P. The fact that £_; is an odd dimen-
sional class implies that it belongs to the kernel of the square root map. We note that
our assumption that /(I) > 0 with I only having odd entries implies that > QTw?,
belongs to this kernel. Hence we need to have Q%_; to belong to this kernel. This
means that either ¢ belongs to this kernel, or d is odd. Assuming that d is even,
implies that ¢_; has to belong to this kernel. Hence we get a unique primitive class
p_1 corresponding to ¢_; modulo decomposable terms. A trick similar to the one
in the proof of Theorem 5.43 implies that £_; pulls back to a spherical class £_5 in
H,QyS™2. Now applying Sq! leads to a contradiction. This shows that d cannot be
even.

Next, assume that P = 0. In this case we have an A-annihilated sum of terms Q”ph,
of positive excess. Remark 3.22 now implies that each of the terms Q'p);,, must be

A-annihilated. O

The above theorem sets the target for us and identifies the classes that we were
looking for to eliminate from being spherical in H,QS°. In particular eliminating
all cases mentioned by the above theorem will verify Curtis’s conjecture. As we men-
tioned earlier, at the beginning of this section, our approach to do this elimination will
be similar to the proof of Theorem 5.43. Notice that there is a narrow distinction
between Hopf invariant and Kervaire invariant classes and other potential classes.
The Hopf invariant one and the Kervaire invariant one elements do exist, if p5._; and
(phs_,)? are spherical in H,Q,S°. We know that every spherical class ought to be
A-annihilated. In the case of Hopf invariant and Kervaire invariant classes we end up

with A-annihilated classes only for numerical reasons. More precisely, in these cases
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the action of the Steenrod algebra on ph._; and (ph._;)? depends on the coefficients
of the form (zsftlft) = 0 mod 2.

However, in the cases other than the Hopf invariant and Kervaire invariant one ele-
ments there is kind of a dimensional reason. According to the above theorem in other
cases we deal with classes of the form Q'ph, ; with excess(Q'pa;iy1) < 2°00)] square
of such terms, or terms Q'ph,; ; with excess(Q'ph, ;) — 1 < 2°(1). Our approach is
to show that the assumption of such a class being spherical will imply that it can
be desuspended enough times to a class which is not A-annihilated, hence giving
a contradiction. We may gain this goal if we succeed to show that a given primi-
tive class Q'ph;,; € H.QoS® desuspends to a class of the form Q"¢ (1)) where

q_(artin41) € H*_(Qp(il)ﬂ)QOS_(zp(il)H). Then it is quite straightforward to see that

(i1) ~i i1 —2p(i1)
qup ' Q qu(QP(i1)+1) = Q 2 q_(2r(i1) 41) 7é 0

which will give us the contradiction that we were looking for. Of course we know
that in general a spherical class can be a sum of primitive terms Q]pl2i+1, and hence
we have to choose the right term to work with and pursue the above approach.
Finally, notice that having a spherical classes § € H,Q,S°, we obtain f € m,(QS°
with hf = 0. It is possible to have different elements in 57,QyS° mapping to 6 under
the Hurewicz homomorphism. However, we fix f at the beginning. We use f_; to
denote the unique desuspension of f into o7m,_QoS~*. Notice that f desuspends
as far as f_, € omyQpS™" with o”hf_, = 6. This implies that oc*hf_, # 0 for
1 < k < n, which in return defines unique desuspensions of # into spherical classes
0_, € H,_,QoS™*. Notice that this can be thought of an obstruction for being
spherical. More precisely, if #_; for some ¢ > 0 does not desuspend to H,,_;_1Q¢S~*71,
then 6 cannot be spherical in H,QS°.

In order to follow this line, we need to identify subalgebras of H,QyS~* which will

contain pull back of a spherical class 6 € H,Q,S°.

Remark 5.46. Recall that a given primitive class in H,QyS° does pull back to a class
in H,QyS™!. Similarly, according to the Important Note before Theorem 5.43, a

given primitive class in H,QyS~! does pull back to a class in H,QyS~2. Such pull
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back classes give rise to nontrivial classes in the quotient module of indecomposables.
So we may talk about the primitive classes they may give rise to, depending on their
action under the square root map. However, it is not clear that at each stage a
primitive class in H,QyS~* will pull back to a class in H,_1QoS %1

We proceed based on the assumptions that primitives pull back, and examine the
implications. We also give clear description, and prove the truth of a such claim
in some special cases, verified by Remark 5.52. Notice that claiming that a give
primitive class in H,X pulls back to a class in H, 12X is the same as claiming that
there is a surjection

QH. QX —» PH.X.

Remark 5.47. Previously, the use of the complex transfer \¢ : QXCP, — Q,S°
allowed us to give a geometric meaning to generators wy; € HQS™! and define
them uniquely. However, we lack such a tool in general case. Although it seems
possible to use the quaternionic transfer \g : QHPT — Q,S° to obtain geometric

description for generators of H,QS™3. Here HP7 is James’s quasi-projective space

[A61, Proposition 5.3].

Usually, the spaces QS™ for n > 0 are not path connected. The reason is that
QS ~ 72 which is not always trivial. This implies that QS™™ ~ 7% x QuS™".
Notice that here we only work with loop structure arising from the loop sum on

these spaces. Now consider the path connected space QQoS™" with mQS™" ~ 7r;f+1.

~" is an infinite

Notice that the groups 72 41 are Abelian. Moreover, the space QoS
loop space, in particular it is an associative H-space. Hence according to [CLM76,
Part I, Lemma 4.7] there is a map K (73,,,1) — QoS™" inducing the weak homotopy
equivalence

QoS X K(my4q,1) — QoS™",
We may loop this equivalence to get the following weak homotopy equivalence

QQoS™ x 2 1 — QQpS™" =S,

where (S~ denotes a suitable model of the universal cover for a space QS™". Notice

that QS 1 ~ QS ! x 7Ts+1. Restricting to the base point components then gives
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the weak homotopy equivalence
QQyS— — QoS 1.

Notice that according to [CLM76, Part I, Lemma 4.8] QoS—" is an infinite loop space
and the inclusion map QyS—" — QoS is a map of infinite loop spaces. This then
induces an infinite loop structure on QyS~""!. Regarding the application of spectral
sequences to calculate QoS! the equivalence QQyS—™ — QpS~"! then tells us to

apply a suitable spectral sequence to the following fibration
QoS™"H = PQoS™™ — QoS™"

where the base space is simply connected, which eases the calculations. Notice that
if a primitive class in H,QoS™" pulls back to H,_1QoS™""!, then we may look at
the suspension homomorphism in the Eilenberg-Moore spectral sequence associated
with the above fibration. Notice that we may continue doing the above argument

and inductively conclude that QoS™ = Q"QyS%(n) where QS%(n) denotes the n-

connected cover of QyS°.

Remark 5.48. Notice that it is easy to derive the equivalence QQyS™™ — QpS™" 1.

This can be obtained once we observe that ()S~" by the fibration sequence

QUS — QoS™" —>K( n—i—l’l)'

We then may loop the above fibration, and see that QQyS— and QuS~"! have
the same homotopy groups. We also like to note that we have note claimed that
QoS x K(n? i1, 1) = QoS™", is an equivalence of H-spaces, nor general infinite

loop spaces.

Now we return to our main problem. If we assume that the primitive classes of
H,QyS™™ at any stage pulls back to some classes in H,QyS~ "', we then are following
an inductive argument. We have done the base case of this induction in Section 5.7
where we fixed a basis for PH,Q,S°. Let us quickly review that work, without using

the complex transfer.
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5.9.1 Homology of yS~! without the complex transfer!

We fix pl;,; as a basis for primitives in H,QS°. According to our discussion in
Remark 5.46, assuming that ph,., to H.QoS™' (which in this case we know it will
definitely do), we obtain an indecomposable class w), € QH2QyS™ with o,wh, =
Phiq- The fact that QoS™' is an infinite loop space allows us to consider Q' w,; with
0.QMwh, = Q'py;y1. Notice that Qpy; 4y is a primitive class, and hence there is a
class ¢f, € QH.QoS™"! with 0.qf5 = Q'pair1. This implies that QTw), = ¢,
mod ker o,. Although in this case the fact that o, : QH.QyS™' — PH,QoS" is an
isomorphism implies that Qfw), = qi;;. But we don’t know whether this holds in
general. However, we choose to work with Qw), while we do the rest of the work.
Now, a given class Y Q'poiy1 € H,QpSY will pull back to a class of the form
> Q'w), modulo decomposable terms. Such a class ought to be primitive. This
implies that Y Q7w}, belong to the kernel of the square root map rg-1 : QH,QoS™! —
QH.Q3'. Recall from relations (5.2) and (5.3) that rQ% = Q'r and rQ**! = 0,
where r denotes the square root map. Hence, we only need to calculate rg-1w),. On
the other hand recall that for a given 2n dimensional class £ we have r§ = Sq¢
[W82, Definition 2.1]. This observation together with the stability of the Steenrod

operations allows us to redo the calculation of rg-1w), as following,

o g wh, = 0,Sq wh,

= S(Jip/2¢+1
. 0 if 7 is odd,
= (V)pin =
piv1 if 7 is even.

This implies that modulo ker o, we have,

, 0 ifi=2k+1,
rs-1Wq;, =
wh, if i = 2k
Recall from Proposition 5.4 and Example 5.5 that o, : QH,Q¢S™! — PH,(QyS° is
an isomorphism. This implies that w); belongs to the kernel of rg-1 : QH,QpS™ —

QH,QoS™! only if i = 2k + 1 for some k. Of course, we validated that this point in

section 5.7 using the complex transfer.
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Now assume that § = Y Q'pl,,, with (I,2i + 1) admissible, and I only formed of
odd entries. If we suppose that that 6 is a spherical class, it then must pull back

Lis given by Y Qfw), modulo ker o,.

to a spherical class whose image in QH,QyS™
The fact that §_; is a primitive class implies that > QTw), € kerrg-1. Notice that
wh, & kerrg-1 for i even. However, having I = (i1, ..., ,) formed only of odd entries,
we know that Q' w), € kerrg-1. Similarly, if ¢ is odd and w), & kerrg-1, we may
then consider to Q™ w}; € kerrg-1. In these cases, modulo decomposable terms, we

obtain primitive elements,

1

Py = wh if i =2k + 1;

pf}l = Q*wy; if j =2k
Hence, modulo decomposable classes, the image of #_; in H,QyS~! belongs to the
R-module spanned by p§[1 and pf’gl.
We now apply Lemma 5.46 to the primitive classes pifl and pf}l, and work out
their pull backs into classes in QH,QyS™2. Similarly, the spherical class #_, must
be primitive. On then can apply naturlaity of the Steenrod operations to work out
the action of the square root map. The fact that #_, is primitive forces its image in

QH,QyS™2 to belong to the kernel of the square root map

re—2: QH,QuS ™% — QH,QoS 2.
We have the following observation on the primitive classes in H,(QyS 2.

Lemma 5.49. Let § € H,QyS° be a spherical class. Then, modulo the kernel of
o, H,QoS™2 — H,QoS™ ! this class pulls back to a primitive class belonging to the

R-submodule of H,QoS™% generated by the primitive classes pS,_,, P;gﬁl and p}?;;_l

such that
U*pgi_—21 = pgi_l?
U*p%g,jfl = pf??
ot = Q¥FpY

In particular, modulo decomposable terms, we have

S=2  _ 2f+1 2+l
OxPfij—1 = Q@ Q@ Wa;-
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Proof. Let vg;_1 € QH,Q0S™2 be a class with o,v;_; = pf{l. This is an odd dimen-

sional class, and hence belongs to the kernel of rg-2. Hence we obtain

—2
P51 = va;_1 mod decomposable terms.

On the other hand, let v, ;_; € H2i+2onS*2 be a class such that o,v; ;1 = pg?;l.
Notice that this class is defined if j = 2k. We need to apply Sq¢i™/ to this class. This

yields the following modulo decomposable terms,

O4Ts5-2V; 51 = U*quﬁ—jvi,jfl
= SqHpg;
= SqHQ¥ wy;
- (s
Qg ifi =20

0 if i =20+ 1

where j = 2k. Notice that according to the above calculation, if j = 2k then

—1 . .
SqitipSt = P ifi=2L
! 0 ifi=2+1:

The above calculations also show that vfj__gl can fall into ker rg-2, if i = 2[+1. Hence,

modulo decomposable terms, we obtain the following set of primitive classes,

pf;fl = Vij-1 if i =21 + 1 and Vi, j—1 € ker rg-2;

pi;j'*l = Q2f+11)2‘7j_1 ifi=2l+1and Vi j—1 g ker rg-2;
2 . .

Pl = QY v ifi=2L

Now having a spherical class 6 = Y Q'ps;, 1, it pulls back to a class which belongs
to the R module spanned by the primitives which suspends to py;1’s. Applying the

Lemma 5.46 then implies the lemma. O]

Remark 5.50. Let 2¢ + 1 be an odd number which is not of the form 2¢ — 1. Then
20 +1 = 2°7IN + 2¢ — 1 for some integer N > 0 with p = p(2i + 1). The fact
20 +1 = 2°(2N + 1) — 1 implies that i = 2°~1(2N + 1) — 1. Assuming that p > 1,

implies that ¢ is of the form 2k + 1. Notice that an A-annihilated term, Q'ph, ., will
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have most entries which are not of the form 2% —1. This comes from the constructions
that we have provided in Appendix C. In fact most of the sequences I satisfying
condition 3 of Theorem 2 have this property. This means that in practice we will not
have so many primitive classes of the second and third form above involved in the

expression for a spherical class.

We hope that the above lemma illustrates the pattern that we claim to happen
while we desuspend a spherical class 6§ € H,Q,S°. However, the calculation become
more delicate and tedious. The reason being that during these calculations we need
to find out about the action of the square root map. However, as we observed to do
this we need to use the homology suspension. We lack this part of information, and
calculation after this involves indeterminacies up to ker o,.

Of course for our purpose this is not that bad. More precisely, if the kernel becomes
very huge then it may imply that we cannot pull back further which as we noted,
before Lemma 5.46, is an obstruction for being spherical. On the other hand if ker o,
does behave in our favorite manner, then we can continue with our calculations
and finish the proof. We like to present one more example to illustrate the heavy

calculations that has to be carried out.

Ezxample 5.51. Let 6 € H,(QyS° be a spherical class. Then we like to calculate, mod-
ulo the kernel of o, : H,QoS™ — H,QS~2, the subalgebra of H,Q,S~3 which will
contain the pull back of a spherical class 0 € H,(QyS°.

Lemma 5.49 implies that a spherical § € H,QyS° pulls back to a class which,
modulo the kernel of o, : H,QpS %2 — H,(QyS~!, belongs to the R-module gen-

-2

erated by the primitive classes pg:l € Hy_1Q0S2, p;fj L € Hiii2;Q05 2, and

_92 _
p?,i,j—l € Hayfy2i42j+1Q0S 2 such that

S—Q o S—l
OxP2; 1 = D >

52 _ .5t
O«Pij-1 = Pij >

S—2 _ 2f+1,. 871
ODfij1 = QTP

Based on the assumption that such classes do pull back, we obtain indecomposable

_3 _ -3 _ -3 —
classes g5 5 € QHa2Q0S ™%, q7; "y € QHaiypj1Q0S ™, and ¢}, 5 o € QHafi2i12;Q0S >



Chapter 5. The Curtis Conjecture 135

such that
O« Q2Sz'_—32 =D gz'_—Ql )
U*Qf;jz = pf;ila
Ox Qi;jez = p?,;j‘fl .

The class q;g;)’Z is odd dimensional, and so gives rise to a primitive class pf;;

These other two classes are even dimensional. Hence, we need to look at the action
of the square root map rg—s : H,QoS™2 — H,QpS™3 on these classes. First, we
deal with ¢5_°, which is of dimension 2i — 2, and we consider the action of S¢*~' on
this coupled with the action of homology suspension H,(QyS™% — H,QyS~2. Then,

modulo decomposable terms, we have

i—1,573 __ i—1 S—3
0.5¢; do; o — Sqs, Oxq9;_o

= Sq'ps

= Sq g
At this point we need to re-use the homology suspension to calculate Sqi lvg;_;.
Notice that in this case v9;_; suspends to p‘;{l where is defined for 7 = 2k + 1. This

yields, modulo decomposable terms, the following

08¢ g = SQi_IPQSZ‘_l
= Sqlwy
- (ﬁﬂ)w{ﬂ
_ (i—;l)iw;_’—l
_ (2k+2)2(2k+1)w£+1
0 if k odd;

P
w;,, if k even.

This implies that rg-s qg’;__z # 0if ¢ = 2k+1 with £ is even. Hence, qi__z may belong to
kerrg-s only if ¢ = 2k+1 and k is odd. Hence, we obtain the following corresponding

primitive classes which modulo decomposable terms are given by
qégl-j; if i =2k + 1 and k is odd, with qégl-j; € kerrg-s;
@ if i = 2k +1 and k is odd, with ¢5_°, & ker rg-s;

Q2f+1q§i__32 if 1 =2k 4+ 1 and k is even.



Chapter 5. The Curtis Conjecture 136

We note that this will be the largest possible set of primitives that one can get out
of qQSZ»__:;, and perhaps knowing more about the kernel of o, : H,QS 3 — H,(QyS™2
will eliminate some of these cases. Previously the fact that o, : QH,.QoS™! —
PH,QyS° being an isomorphism helped us to get lower number of indecomposables.
This fact also helped us to calculate the action of the Steenrod operations Sqi on
indecomposable terms w); up to a smaller indeterminacy.

Finally we note that one may employ similar methods to calculate the action of rg-s
on indecomposable classes qi ;;72 € QHsp12i12jQ0S™>. This class suspends to pﬁ;’jfl
which suspends to Q*/™'Q**'wj); modulo decomposable terms. Recall that such a
class is defined when j is even. We need to calculate Sqiti+/ qi;i_Q and see when it
possibly vanishes and when it does not vanish. Similar to what we did before, we
look at S¢iH T/ Q¥ Q% 1wy, Recall that here j is even, and i can be either odd or

even. We have the following, up to decomposable terms,

Sqffj*fQZf“Q%“wéj = (f;:ijl) QI+t Sqi—i-jQ?i'Hwéj
B QfHSqi*jQ%“w’Qj if f,7 both even, or both odd;
0 if f,4 have different parity.
Moreover, recall that
SEHQH g, = (QT Sglu,

Q" wh, if i = 2I;
0 ifi—20+1:

This implies that

QI TQ ™ wh, if f,i both even;

Sqi+j+fQ2f+l Q2i+lw§j _
0 otherwise.

This means that the class qi;;_2 can belong to kerrg-s only if ¢ = 2[4+ 1 or f is odd
and 7 is even. Analysing different combinations will give at most five possible sets of
primitives. We really like to leave the rest to the reader to verify for himself/herself.

We have to say that, perhaps applying some of the number theory used in describing



Chapter 5. The Curtis Conjecture 137

A-annihilated classes will help to eliminate some of these cases. It is also possible to
do more calculations, and identify some of these classes and show that they can be
defined uniquely. We investigate this in the next remark. This concludes this long

example!

Remark 5.52. It is still possible to show uniqueness of some primitive classes in
H.QyS™% and H,QyS~? and the indecomposable classes that they project to. We
follow a pattern similar to Remark 5.40. In this case, we consider to v € 75 ~

7 S72 ~ 75573, This will give rise to infinite loop maps, denoted with v,

v:QS' — QyS7Z

v:QoS® — QpS73.
One may use this to identify specific subalgebras, as we did in Remark 5.40 and
discussed in Note 5.41. But we like to show how these can be used to show that
specific generators are uniquely determined, i.e. the suspension homomorphism on
these generators is monomorphism.
First, notice that v : QS® — QoS sends g3 € H3QS? to py € H3Q0S°. This is an
infinite loop map, so it sends Q’gz to Q'ps. If we choose ¢ > 6, then Q'pj; will not be
admissible. Applying Lemma 5.10 implies that we need to use the Adem relation for
the pair Q*Q3.

If we choose i = 1 mod 4, i.e. i = 4k + 1 for some k, then we have
QzQS — Q2k+3Q2k+l-
This implies that, modulo terms of lower excess, we may write

V*(Q4k+193) = Q4k+1p§ = Q2k+3pl2k+1

where now the right hand side is admissible. Now we desuspend once, and consider

v QS? — @QyS™!'. We know that o,v.92 = v.g3 = ps. We also know that gy

is primitive. This implies that v,g, = p5 ', and that o,u,(Q%**1g,) = Q¥**+3pl, -

Again, notice that Q*+1g, is primitive. Taking these to account, we have

Q¥ +3ps " if k=21 + 1
V*<Q4k+1gz) —

—1
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We now can play the same game and desuspend once more to work with v : QS —
-1

QQ0S~2. This bit gives new information. In particular, we know that o.v,g; = p5

The fact that g; is primitive, implies that v,g; = v = pfﬂ, and that

Q¥F+3ps " if k=21 +1;
U*V*(Q4k+191) = .

Combining this with the primitivity of @**!g, implies that

QW35 if k=21 + 1
v (@Y gy) = < .

which uniquely defines p*g,;_zl, as well as pfﬁyk_l.
In other cases, when we can do similar job, provided we know the “right” Adem
relation. For instance, one can check that for ¢ = 4k 4+ 3 we have the following Adem

relation

QP — Q3?43 if k is even,
0 if k is odd.

This implies that modulo terms of lower excess

2k+3,/ ; ;
Q" phyys if k is even,

V*<Q4k+393) — Q4k+3p/ _
0 or p? if k is odd,

where p is a primitivel We may desuspend once to see that if £ is even,

-1
V*(Q4k+392) = Q2k+3p§k+2-

In this case we obtain,
k k+3, §2
V*(Q4 +391) = Q2 +3p2k+17

which in return uniquely defines voy 1 € QHopy1QoS 2.

We note that if i = 4k + 2, then in the Adem relation for Q°Q? we will have terms of
the form Q?*Q" whereas we know this will not appear in the expression for a spherical
class. So, we will not consider them here.

We may play a similar game, and use the map v : QpS° — QoS3 to identify some

of primitive classes in H,QyS ™3 in a unique way. Notice that the primitive classes in
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H,QyS° which map to Q**'g; and Q**3¢, are psr,1 and paj,3 provided by our first
description of primitive classes in H,QyS° (see section 5.4 for this description). This

implies that,

Q¥ H3pS " itk =20+1,
Vi(Pak+1) = g3 '
pk+17k72 lf k — 2l

Similarly, if k is even we have

-3
Vi(Pag+3) = Q2k+3p§k .

This later one, uniquely defines QQS,;?’ with k even. The first two also give unique
identification of primitive and indecomposable classes considered in Example 5.51.

Finally, we like to note similar job can be done using o € 77. We leave this as an
exercise to the very diligent reader! We note that this will give unique identification
of some important primitive classes in H,(QoS™" for n < 8. We also recommend that
the relation between these and the way that the homology suspension acts would be
of interest, especially when we consider calculating the suspension homomorphism

arisen from the Eilenberg-Moore spectral sequence.

5.9.2 The Curtis conjecture continued

The discussion in previous section shows the pattern that happens while we desuspend
a primitive class to a primitive class. We may summarise it as following.

There are two basic types of primitive classes in H,QyS~*. The first type of these
classes are those ones which pull back to an indecomposable ¢° "~ € QH,QoS *~1
with trivial image under the square root map QH,QyS "' — QH,QyS~ %! which
straight away gives rise to a unique primitive class in ps_k_1 € H,QyS™*'. In this

case,

The second type of primitive classes are those primitive classes p* " € H,QuS™* which
pull back to an indecomposable class q° e QH,QoSF! with a nontrivial action
under the square root map QH,QyS %' — QH,QyS~ " !. In this case, applying an

operation Q%! to g5 "' will give rise to a class Q%*1q5 """ with the trivial action



Chapter 5. The Curtis Conjecture 140

under the square root map. This gives rise to a primitive class p;;’“[l € H.QoS™ 1

which modulo decomposable terms is defined by

S—k=1 _ ~2i+1 S~k
Poit1 =Q q .

In this case
—k—1 i —k
0Py = Q¥
On the other side, having a primitive class p*zgi;kl € H,QoS™" which pulls back to an

indecomposable class qgi;kfl € QH,QoS~* ! with the trivial action under the square

root map QH,QoS %1 — QH,QoS~ %1, gives rise to a primitive class pgifl_l with

g—k—1 o S—k
0xP2ir1 = P2it1-

Now let [(I) = r with I = (2i; + 1,J) an admissible sequence of odd numbers.
By analogy we may consider primitive classes which modulo decomposable terms are
given by one of the following equations

k-1 k-1
pP; = 4

—k—1 i —k—1

7 Q¥ gy,

respectively satisfying one of the following equations,

S—k—l o S—k
OxPT = Pr
S—k-1 21415k
0«Py = Q™ p; -

In either of the cases the following identity holds
—k—1
ot T =Q'p.
The above discussion, combined with Theorem 5.45, is summarised in the follow-
ing proposition.

Proposition 5.53. Let 0_;, € H,QoS™* be a spherical class with § = o*0_;, # 0
which is not a Hopf invariant class nor a Kervaire invariant class. Then modulo
the kernel of o, : H.QoS™" — H,.QyS™**' the class 0_;, can be written as a linear

combination of primitive terms of the following forms

—k L —k
QIpy ", Qpsi



Chapter 5. The Curtis Conjecture 141

where (1,2i+1) = (J,K) = (L,2l + 1) with I, J, K, L being admissible and J can be

the empty sequence. Here 6 has either one of the following forms,

0=>Q'pa1 modulo decomposable terms
0= (Z le2i+1)2

satisfying one of the cases identified by Theorem 5.45, (I,2i+1) admissible if excess(1, 2i+
1) >0.

Now we consider to the action of the Steenrod algebra on the primitive classes

discussed above. If pf "

= Q%l“q?_k_1 is given modulo decomposable terms,
then we may calculate action of the Steenrod algebra using the Nishida relations,
provided that we understand the action of the Steenrod operations on qﬁfkfl. No-
tice that the action of the Steenrod operations on qﬁ_k_l can be calculated by
using the suspension argument as we did before, of course modulo the kernel of
o, HQyS %1 — H,QyS™*. Although in our approach, explained after the proof
of Theorem 5.45, after we desuspended enough times we will need not to know about
the action of the Steenrod algebra on q*ﬁ_k_l and only the Nishida relations together
with the right choice of the operation will finish off the proof of the Curtis conjecture.
Moreover, having given the primitive classes p7 = = Q**1q? """ modulo decom-
posable terms, the fact that qf_k_l will suspend (probably iterated suspensions) to
Q¢ for some & allows us to treat Sqfq}gfkfl in the same way as we treat Sq¢¢_r_4
for some £_j_; modulo the kernel of the (iterated) suspension.

Finally, notice that having Q’py;,1 € H,QoS° with excess(Q!pyiy1) > 0 implies that
I(I,2i + 1) < n. Recall that if § € H,QyS° is a spherical class satisfying Theorem
5.45, then either § = >~ Q'py; 11 mod decomposable terms with (7,2 + 1) admissible
for terms with excess(/,2i + 1) > 0, or it will be the square of terms of the form
> Q'pair1 modulo decomposable terms with (I,2i + 1) admissible. The fact that
I(I,2i+1) < n implies that for some entries of I or 2i + 1 we need to have p(i;) to be
large enough. Recall from Remark 5.50 and Example 5.51 that having p small could
prevent a class from pulling back enough times.

I like to conclude this section with the following conjecture which I believe is a
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corollary of Proposition 5.53.

Conjecture 5.54. It is impossible to have a spherical class satisfying one of the cases

provided by Theorem 5.45.

Notice that this claim proves the Curtis conjecture. I believe that the following
sketchy proof will lead to the complete resolution of the above conjecture. The
only gap here will be a reasonable description of the kernel of the suspension map
H.QoS ™™ ' — H,QyS™". In fact, it is enough to know which indecomposable classes
survive under this homomorphism. Such an information, will then complete the proof.
Sketch of Proof. Let 6 € H,QyS° be a spherical class which satisfies one of the cases
identified by Theorem 5.45. First assume that 6 is odd dimensional. Theorem 5.45
implies that

0= Z le/2i+1>
with all terms A-annihilated. We know that # must pull back to a spherical class
0_, € HQyS™™, i.e. # admits n pull backs to A-annihilated primitive classes. Having
sequences I = (iy,...,4,) with [(I) = r > 1 given by the above sum, let I° =
(47,...,i) ) be the sequence whose i1 has the least p(i1), and let Q" paioy1 be the term
related to this sequence in the above sum. Notice that for any sequences (I,2i+1) in
the above sum we have 2°(1) < i; < n. This means that we can consider 0 o0, €
H, poii_1QoS 2"~ with % chosen as above. We know that this class will suspend
to 6. Hence, we can apply Proposition 5.53 to this class, and predict its form. In
particular, we like to see how the class Q' Opzioﬂ pulls back. Proposition 5.53 implies

that we may write 6 0_,asa linear combination of terms of the form

_ZP(’i

k

Sk S~
Q'pk QLp2l+17k'
In particular we need to have a term in one of the following forms
0 —k 0 —k
QJ P?{o ) QL pglO_H_k?

with (J%, K9) = (L°20° + 1) = (I°,2i° + 1). If any of the above primitive classes
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appear in the sum for 6 then one of the following equalities will hold respec-

VGO NEE

tively,
0
2°01) 11, J0_G—F _ 0
O Q Pxo = Q" paiop
0
2P0 1,~HL0, S—F _
O Q DPopoqp = Q" ot

;0
Let us denote such a class in H__ i(f)_lQoS_zp( V=1 with P(I,). Notice that in the

2%7(
above sum for 6 all sequences (1,2i + 1) are admissible. This allows us to define the

notion of excess for classes of the form @’ Op%k with
excess(Q‘]pfgk) = excess(J, K) — k.

Notice that in this case such a term will be trivial if it is of negative excess. Notice that
)
we have chosen I° with i{ having the least p(i1). This implies that applying S qu( Y to

the class 6 all terms apart from the term suspending to @’ ’ P01 Will vanish.

729('2?)71
0
Moreover, excess(Squ( vp (Ip)) = 1 which shows that this class is nontrivial, and is

not a decomposable. My claim is that this proves that
S 0
q. 72p(i(1))71 7é .

This contradicts the fact this ¢ is spherical, and completes the proof in this

7217(1'?)71
case.
The proof for the other cases mentioned in Theorem 5.45 is similar. I believe this

concludes the proof. [J

5.10 Homology of QX 'P

In this section we turn our attention to the homology ring of QoX 1P := QyQP. This
will be done in a similar way as we did for QoS~'. The Frobenius homomorphism
H*P — H*P is given by the squaring map, and is a monomorphism. Therefore
H*QP is a polynomial algebra. This allows one to apply Proposition 5.4 to the case
with X = QP, the universal cover of QP. Notice that Q,QP = QQP. Hence, one
obtains that

H.QQP =~ Ez5(0, ' PH.QP).
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We have determined the submodule of primitive classes in H,QQP. Hence we only
need to fill in the gaps by determining the action of the Dyer-Lashof algebra on
H,QoX"'P. Recall that we had two sets of generators for PH,QP, namely the
submodules spanned by terms of the form Qp4;,, and Q”7pr,. This uniquely de-
termines elements w} © € QHyQoX P, and wjz,;lP € QHayi12;QoX""P. Notice
that the homology of QyX~'P is an exterior algebra, so terms are either indecom-
posable, or product of indecomposable terms. The action of the Dyer-Lashof al-
gebra R also can be determined in a similar way as we did for H,Q,S™!. We set
excess(QTwy ' T) = excess(I) — 2i, and excess(QJp%,jP) = excess(J, j) — 2k. Then

we have the following.

Theorem 5.55. The R-module structure of H,QoX 1P is given by
EZ/Q(QIwQEiilP, Q‘]pf,glp : excess( Iwi-ilp) > O,excess(Qprlglp) > 0),

. . —1 —1
where I and J run over admissible sequences. Two generators Q w3, ¥ and Q‘]p?k P

maybe identified, if they may to the same element under the homology suspension

oy H. QX 'P — H,QP.

Our next objective is to determine the action of the Steenrod algebra on this
ring. Previously, we used the homology of Q2A¢ to ease the calculation of the action
of the Steenrod operations on H,QyS~'. We may use a similar trick here. Recall
that we have the transfer map tg : QXCP, — QP, associated with the S'-fibration

S! — P — CP. In homology we have,

(tSl>*262i = péDiJrl'

Hence, we conclude that
(Qt)*CQi = ”LUQEZ-ilP + D.

This determines the action of the Steenrod algebra on the generators given by wzzi_lp ,

where together with the Nishida relations one obtains the action of the Steenrod

algebra on terms of the form Qf wQEZ-flP . Regarding the generators wJZ,; 'Pwe are not

able to perform such a calculation. The reason being that the class wJE,; P suspends
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to Q% ay, modulo decomposable terms. But Q¥*'ay; is not in the image of t.
which prevents wj k P from being in the image of (Qtg1), : H,QCP, — H,Q¢X™!

However, we are able to follow a more direct path, namely we combine our knowledge
of the A-module structure of H,QP, with the fact o, : QH._1QoX"'P — H,QP is an
isomorphism, to understand the A-module structure of H,Q,X"'P. More precisely,
we need to study the action of Sq. on the generators wjzk P Such information
together with the Nishida relations determines the action of the Steenrod algebra on
the classes of the form Q' w]Z,; P We have the following result on about the action

of the Steenrod algebra on terms of the form w, "

Lemma 5.56. Let r = 2r' be a positive integer. Then the action Sq. on wjzk P s

given as following

k—2t/ -1
S qiwj%k = D (fjglzt/r) (2 2t’2 ' )“@‘iﬂi/,k-ﬂ

2j+1 2%—(2t"+1)\ H2j+1—r+2t'+1, $-1P
+2 (r g2t”;l))( 2(t’+1 ))Q A T

Proof. To see the action of S¢; on wjzk P notice that the class wJE,; P maps to the

primitive class in H,QP involving Q% *1ay,. The Nishida relations imply

j 25+1— i+1—
Sq:QQJJrlan - Zt ( JTJ:2tT)Q2]+1 T+tsqta2k

= X (5 (@ ag.

The later sum splits into to sums, depending on parity of ¢, resulting in the following

relation,
2741 2j4+1—7r\ (2k—2t' 25+1—r+2t
Sq:Q j+ a2k Zt’ (7-]2 2t/ )( 2tl )Q j+ 7"+ a‘2k*2t,+
2j+1—r | (2k—(2t"+1)\ H2j+1—r+2t'+1
Zt” (r 2 2t"+1))( 2t/ +1 )Q A2k—(2t"+1)-
Such a class pulls back into H,_;QoX~'P. This proves the lemma. O

Remark 5.57. Observe that our main interest is in the classes of the form wj

as spherical classes in H,QoS ™" will pull back to homology classes involving w3, .
However, the action of the Steenrod algebra on the classes of the form Qw3 P g

interesting, and perhaps tells us that the space QuX~!P will not (stably) split.
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5.11 Finkelstein-Kahn-Priddy Theorem

The Barratt-Eccles I'" functor provides one with a simplicial model for infinite loop
spaces. That is having a connected simplicial complex X, the space |I't X| has
the same homotopy type as Q|X|, where |X| denotes the topological realisation of
X. Using this model, Finkelstein has generalised the Kahn-Priddy theorem. The
following is the topological version of his result.

Let A be an infinite loop space, path connected and of finite type. Then there is

a composite of maps given by
(QA)jQ)
QA—> A X QD A——=QA.

This composite induces an isomorphism in homology [F77, Theorem 3.2], and an
equivalence on o7,-homotopy [F77, Corollary 6.8]. Here 04 : QA — A is the structure
map of A, and j, is the 2nd stable James-Hopf map. Kuhn has generalised this to
odd primes [K84, Theorem 1.1].

An example of this is obtained by taking A = S'. Recall form the introduction

that D,S! ~ Y P. Hence one has the om,-equivalence
QS' — St x QTP — QS
Notice that QS! ~ S' x QST. Hence looping the above composite we obtain,
Z x QQST — Z x QP — Z x QQST.

Notice that QQS! ~ QS°. This recovers the Kahn-Priddy theorem, by restricting

the above composite to the base point components, as
QoS’ — QP — Q5"

Now we are ready to complete the proof of Lemma 13, and carry on with its proof

for the case k = 0. We prove the following.

Lemma 5.58. Suppose we have a mapping f : S* — QoS® with hf = &2. Then

n+1

the adjoint mapping S*"*1 — QS is detected by the primary operation Sq on

0.(&, + O) where O denotes a sum of terms of lower excess.
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Proof. Our explanations above, imply that the om,-equivalence Qo S° — QP — QS°
given by the Kahn-Priddy theorem can be delooped once, i.e. the mapping t : 9SS —
QP is a loop map. This means that ¢, respects products, in particular £,£2 = (t.&,)%.
Notice that according to the Kahn-Priddy theorem %, is an injection which means
t.£2 = (t.£,)* # 0. On the other hand, recall that according to Lemma 19, 0., # 0.

According to the above calculations, we have a commutative diagrams in homology

HonQS' 25 1., QP

U*T TO'*
ty

H.Q,S° H.QP.

We can use this diagram to calculate ¢.£,, up to some indeterminacy given by de-

composable terms. Notice that &, = Y Q'z; modulo decomposable terms, with (I, 1)

admissible. Hence we have

oitsn = (J2)404&n
= (22 Q'Q'¢n
= > Q"a; + 0,
where O denotes a sum of terms of lower excess, given by homology of j. Observe
that the suspension homomorphism o, : H,.QP — H,QYP kills decomposable terms,

and is injective on the other terms. Hence we can deduce that

Z Ql%

modulo other term of lower excess and possible decomposable terms. Now one may
apply a technique similar to Lemma 13, in cases £ > 0, to verify the claim in this
case. We do this by showing that the adjoint mapping S?"*! — QX.P is detected by
a primary operation. The naturality of primary operations then would imply that
the mapping S?"*! — QS! is detected by a primary operation.

Notice that t,hf = (3. QTa; + O)?, where O denotes a sum of decomposable terms
and terms of lower excess. Choose I with maximum length, say {(/) = r. Consider

Jor : QP — QDo P. We claim that

(Gor)utuhf = () Q"ar))?,
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modulo terms of lower excess, where (> Q'a;) denotes the image of >~ Qa; € H.QP
under

<j2’“)* : H*QP - H*QDZTP

First observe that according to Proposition 4.1 all terms Q”a; with I(J) < I(I) die
under (jor).. We have to be careful as here a;’s, i # 1, are not primitive. However,
we may use a trick. To obtain the other terms, notice that we have diagrams similar

to those ones in the proof of Lemma 4.5. More precisely, we have

H,1QSP ——> H. QD5 SP
H.QP H,QDy P

which shows that > Q%a; + O maps to (Zz( =r Q'a; +O) modulo ker ¢/,. Recall that

the proof of Lemma 4.5 tells us what can be known about kere’. This implies that

(Jar)stshf = (j2r)+(32 Q"ai + O)?
= ((Zl(I)ZT Qla; +0))* + O,

where by (ZZ(I):T Q!a; +0O) we mean the image of Y Q%a;+O under the James-Hopf
invariant jor : QP — @QDyP. The term O’ is also another sum of terms of lower
excess. Analysis similar to what we did in in the proof of Lemma 4.5 shows that
this must be a square as well. This means that Hurewicz image of jor f : S** —
QP — QD P will be a square, say a® where o € Hy,, Do P. Applying Lemma 13,
then implies that the adjoint mapping S?"*! — QX D, P is detected by a primary
operation on o,a. One then can verify that this implies that the adjoint mapping
S2ntl 5 QX P is detected by a primary operation on o,t,&,. The Kahn-Priddy map
send the class class t.&, € H,QP to &, € H,QpS° modulo terms of lower excess.
Finally, the naturality of the primary operations implies that the adjoint mapping
Sl — Q81 is detected by a primary operation on 0, (&, +O) where O denotes sum

of terms of lower excess. This completes the proof. ]

We can obtain further examples of application of Finkelstein’s result. Notice that
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m1Q0SY ~ m QP ~ 7Z/2. Hence we have homotopy equivalences as,

QOSO ~ PXQOSO,
QP ~ PxQP.

Notice that QoS™' =~ QQS°, and QX ~'P = QyQP ~ QQP. This implies that

looping the above equivalence, we obtain
Z7)2x QoS™' = Z/2 x QuXT'P — 72 x QoS
Similarly, restricting to the base point component we obtain,
QoS™" = QuET'P — QoS

inducing a o7,-isomorphism. This means that the mapping QyS~! — QX !P is a

double loop map.

Remark 5.59. Notice that P itself is an infinite loop space of finite type, hence we
have ,7,-equivalence

QP — P xQDyP — QP,

where after looping, we have the sm,-equivalence
7)2 x QoX"'P — 7/2 x QX' DyP — 7,/2 x QoX ' P.
We restrict to the base point which gives the sm,-equivalence
QX7 'P — QX 'DyP — QuX P
Hence we end up with the following o7m,-equivalence
QoS! = QuX P — QT DyP — QoY 'P — QoS

However, we will not use this.
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Further projects

The followings are some problems that, I think, are related to the subject of this
thesis, one may help the other one to be solved.

The Problem in ju- and jo-theory. Let ku denote the connective K-theory
spectrum. Let ju be the fibre of 9 — 1 : ku — ku where 9? is the Adams operation.

It is known [S02, Theorem 4.2] that if f € 271'5%172]3 maps nontrivially under
hju : 27T§n+1,2 — JUgn+1_o P

then under the Kahn-Priddy map \ : 75 P — o7 the class f will map to an element
in 27r25n+1_2 which is detected by the Kervaire invariant.

In a similar fashion one may define jo as the fibre of 1/3—1 : ko — ko where ko denotes
the connective real K-theory. Let JO denote the base point component of 2*°jo. In
fact JO can be thought of fibre of ¢> — 1 : BO — BO regarded as a map of infinite
loop spaces, with respect to the tensor product of bundles, where BO = Q2*°ko. Then
it is well known [S79, Diagram 7.3] that a solution to the Adams conjecture [Q71,

Theorem 1.1] gives a mapping JO — SG making the following diagram commutative

so—1=sa

7

JO

where SG denotes Q,.5° with infinite loop space structure arising from the composi-

tion of maps of degree 1. This diagram is almost equivalent to the Adams conjecture.

150
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This later claim can be derived from [A78, Theorem 5.1.1]. It is quite striking to
me, to see in what extent we can relate the problem of finding spherical classes in
H,Q,S° to finding spherical classes in jo,. The above result on jugnt1_oP provides
some evidence that jo, or more precisely ju is doing the same work as the infinite
loop structure is doing, and the question is why this happens? If we can find a map
between H,(yS” and jo, then this might be helpful in giving a shorter proof of the
Curtis conjecture.

Geometry and homology of ()y.S™". Our work on identifying primitive classes in
H,QyS™ for n > 0 was quite fun, as we fed in a good amount of the information
coming from the classical homotopy theory to derive more insight into these spaces.
This was done while we did Remark 5.40, Note 5.41 and Remark 5.52. I would like to
do more calculation in homology to get a better picture about these spaces. I believe

that this homology will reveal more information about the geometry of these spaces.



Appendix A

Nishida relations, Adem relations

We include this short chapter to verify that applying the Nishida relations and Adem
relations results in terms of lower excess.

Let £ € H,QX be an n dimensional class, and consider QQ*¢ with a > n. The
Nishida relations yields the following

$q.Q"E =) (f_‘;t) QHSgE.

t>0

We have previously noted that it is not guaranteed that every term Q% "+'Sq!¢ is

admissible. In any case we have
excess(Q""S¢ ) =a—n— (r —2t).

Notice that to have nontrivial coefficients in the Nishida relations we need r — 2t > 0.

Hence we have

excess(Q T Sql€) < excess(QE).
If we assume that ¢ = Q”x is such that Q% "+Sq.¢ is not admissible, then we have to
use the Adem relations to rewrite this term in admissible form. Recall that if Q%Q°
is a non admissible, i.e. a > 2b, then we have

QaQb _ Z (t 2_{; b__a 1) Q(H_b_tQt-

a+b<{3t

To have a nontrivial binomial coefficient in the Adem relation we need ¢ > b which

implies that
excess(Q TIQY) = a4+ b — 2t < a — b = excess(QQ").
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This implies that applying the Adem relations reduces the excess. This together with
the previous observation on the Nishida relations implies that applying the Nishida
relations, and then the Adem relations, we will end up with terms of lower excess. We

have used this fact during the text. Thought, Lemma 3.2 is a much sharper result.



Appendix B

Comments on Lemma 3.2

We said that Lemma 3.2 is obtained by [C75, Lemma 6.2], and also can be obtained
by combining [W82, Weillington, Theorem 7.11], [W82, Theorem 7.12] and [W82,
Lemma 12.5]. We like to show how one can see this.

We the definition of the A-algebra. Let F' be the free graded associated algebra
over Z /2 generated with generators ); in grading ¢. We then have that the A-algebra
is the quotient of this algebra by the ideal generated by the Adem relations. We
keep \; € A; to denote the generators of this quotient algebra. We then have that
the Dyer-Lashof algebra is the quotient of the A-algebra by the ideal generated by
all terms A; with excess(/) < 0. The action of the Steenrod algebra on both of these
algebras is given by the Nishida relations. Chapter 3 demonstrated how we can use
these relations. We refer the reader to [W82, Chapter 7] for more discussion on this
material.

The first result [W82, Weillington, Theorem 7.11] is about the differential in the A
algebra. We mentioned the part related to prime p = 2. For the moment we respect
the notation of Wellington as he lets the Steenrod operations act from right, and the

admissibility is defined in the reverse order.

Theorem B.1. The differential O of the A-algebra is related to the Steenrod opera-

tions when excess(I) > 0 and I is admissible by

8/\[ = Z(/\ISqi))\]_l

j=1
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The second result [W82, Theorem 7.12] shows how the differential of the A-algebra

gives information about A-module structure of the Dyer-Lashof algebra R.

Theorem B.2. Let I be admissible, excess(I) > 0, and suppose that
OAr= > ag)g
K admissible

where ay € Z/2. Then the following relation holds in R,

)\ISCIi = Z QR AK
where K = (K', 7 — 1) and excess(K’) > 0.

This is in fact a natural consequence of the theorem above. We note that here
we have used the same symbol A; for elements of the A-algebra and the Dyer-Lashof
algebra R. The final result [C75, Lemma 6.2], [W82, Lemma 12.5] that we need reads

as following.

Lemma B.3. Let A\; be given with excess(I) > 0 such that I = (s1,...,S,) salisfies
25; — 20(s5) < sj41 for1 < g <m—1. Assume

8)\1 = Z O‘K)\K7

K admissible

then for those K = (K', k) with excess(K') > 0 we have that
excess(K') < excess(1) — 2°¢).

We note that there is misprint in [W82, Lemma 12.5(1)] in direction of sign at the
inequality above.

Now for I = (s1,...,s,) welet ['*V™ = (iy,...,4,) where i; = s,_(;_1). Moreover,
let Q"™ = X\; and let S¢ZQT"™ = \;Sq". Notice that I"v**® is admissible in our

sense if A; is admissible in Wellington’s definition. Lemma 3.2 of ours now follows.



Appendix C

Constructing A-annihilated

sequernces

Theorem 2 on A-annihilated classes of the form Q'z € H,QX with excess(Q'x) > 0
has two fundamental parts; namely our understanding of A-annihilated classes in
H, X, and the existence of sequences of positive integers I satisfying conditions 2-3
of Theorem 2. The aim of this section is to give a construction of sequences which
satisfy only condition 3 of Theorem 2. This construction, at least in theory, will
determine all such sequences in a unique way. I would like to see this as a proof for
the uniqueness conjecture that I have mentioned, however I am not confident that
this construction gives a complete proof, for reasons to be explained.
Let I = (iy,...,1,) be a sequence satisfying condition 3, i.e.

0< 21 —i; < 9p(ij+1)
Notice that given an integer n, then we may write

n = 20(71)+1Nn 4 or(n) _ 1,
for some NV,, > 0. Suppose we are given a pair of integers (m,n), m > n, such that

0<2n—m < 200,

This is the same as assuming

on — 2P < m < 2n.
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This implies that

To construct a sequence I of length 7, consider an r-tuple of nondecreasing positive
integers,

PLS P20 S Pre

Choose a nonnegative integer N,, and let 4, = 2"t N, 4+ 2° — 1. We want to find

ip_q = 2PN 4+ 2P-1 — 1 such that
21, — 2°" <4,y < 24,

Plugging in the value of 7,_1,i,, gives the boundary conditions on N, _q,

2PT+2NT Lo 1 < 29r71+1NT_1 + 21 L 2Pr+2NT + gprtl 1
This can be refined as

2P TN, + 20r L 20N,y 4 20t < 2P 2N, 4 2Pt

Hence we have,

Qprpr—ﬁlNr + 9pr—pr-1—1 <N, + % < 2PT*PT—1+1NT 4 QPr—Pr1
As N,_; is an integer, hence one has

QPFP"*ﬁlNr + 9pr—pr—1—1 <N, ;< 2Pr*Pv-71+1NT 4 QPr—Pr-1

This means that there are 2°~—?=1=1 choices for N,_;.
Continuing in this way we can construct such sequences which only will satisfy con-

dition 3 of Theorem 2. Notice that
2Prmf1+1Ni + 2Pi*Pi71*1 < Ni—l

for any 1 < ¢ < r. This then implies that having fixed a nondecreasing r-tuple of
positive integers,

PipL< P2 < P
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then different choices for N; will give different sequences in different dimensions.
However, it is possible to have two different sequences, say p, p/, but giving two r-
tuples in the same dimensions. As an example, let = 2. Then (17,15) and (21, 11)
both are sequences with satisfy conditions 3, and both are in dimension 32. Notice

that
p(17) =1 < p(15) =4

p(11) =

Now we give some specific examples of constructing such sequences which seem to be

=
[\

=
I
—
N

more applicable.

FExample C.1. This is the simplest possible case when we choose

P pPL=pP2=""=Pr

Let choose an specific fixed value for p;, say p; = 2. However in this case we don’t
restrict ourselves to some specific length. We have i, = 23N, + (23 —1). Let us
choose N, = 1, then i, = 11. Now set 4, ; = 2i, — (22 — 1), and inductively set
ir—j = 2i;_j41— (22 —1). Then it is easy to see that i; = 22 — 1 mod 23. For example

continuing in this way for 3 times we obtain the sequence
(67,35,19,11).

This automatically satisfies conditions 2-3 of Theorem 2, i.e. Q57Q*QYQY is an

A-annihilated class in the Dyer-Lashof algebra R. This also implies that
QUQRPQ py, QVQPQ¥p),

are A-annihilated classes in H,QuS°. Notice that Q%" Q*Q¥p), is a primitive A-
annihilated class.

As an other example let choose p; = p = 3, then i; = 2*N; + (22 — 1). Let choose
N, = 2, then i, = 39. Now let i; = 2i;,1 — (2° — 1). If we look for a sequence I such

that excess(/) < 2”7 = 8 we then obtain the sequence

(1031,519, 263, 135, 71, 39)
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which means Q'?3'Q31°Q?53Q3Q™ (% is an A-annihilated class in the Dyer-Lashof
algebra. This is the sequence used in [W82, Remark 11.26] to construct a sum of
even degree which is A-annihilated, but its terms are not. We analysed this example

in Note 5.27.

Finally notice that in general we have an observation similar to the last part of

Lemma 4 as following.

Lemma C.2. Suppose Q1Q% ---Q"x € H,QX is A-annihilated, then Q™ --- Q' x €
H,QX is not A-annihilated.

The above lemma implies that if we want to obtain an A-annihilated class by
applying operation Q' to another A-annihilated class &, then we need at least two
operations to achieve this.

One can see that our construction here is the most general one, obtained by
properties of sequences I satisfying condition 3 of Theorem 2. One observes that

condition 2, i.e. excess(Q'z) < 2°(1) tells us when the construction has to terminate.



Appendix D

Geometric decompositions

In most of the Chapter 5, we used various decompositions of spaces into product of
two spaces. Here we like to give a brief background on what we did.

Suppose X is given such that moX ~ G is an Abelian group, and X an H-space.
Let X, denote the component corresponding to g € G. Then we have a decomposition
of X as Xy x G, where X denotes the base point component of X.

Now assume X is path connected. In general, an unstable decomposition X ~ Y x 7
may be obtained by a pair of mappings ¥ «— X — Z with X — Y X Z inducing an
isomorphism on homotopy groups. If X is an H-space, we may think of pair of maps

Y — X «— Z where Y x Z — X induces a 7,-isomorphism.

Example D.1. Consider QS°, where myQS° ~ Z gives the decomposition QS° ~
7 x QpS°. One observes that m,Q0S° ~ 77 ~ Z /2, giving rise to a mapping QS° —
K(Z/2,1) ~ P. Notice that the fibre of this map is QyS° the universal cover of QyS°.

On the other side, the Kahn Priddy map P — QS provides us with a splitting
P x QpS% — QpS°.

Recall that if X is an infinite loop space, then X is an infinite loop space and
the inclusion X — X is a map of infinite loop spaces [CLM76, Lemma 4.8], where X
is a suitable model for the universal cover of X. This may be generalised to higher
n-connected covers of an infinite loop space.

A wide range of examples is provided by connected infinite loop spaces. Let X be
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such a space with structure map fx : QX — X and let X’ denote its fibre. As we
mentioned previously this is also an infinite loop space. The inclusion, also known as
the suspension map, £ : X — QX has the property [BEa74, Definition 3.7], [BEb74,

Proposition 3.1] that fx o F = 1x. This then gives the splitting
X'x X —QX.

Example D.2. Let 0 : QK (Z/2,n) — K(Z/2,n) be the structure map which induces
an isomorphism on ,, and its fibre can be viewed as QK (Z/2,n)(n}, the n-connected
cover of QK (Z/2,n) with first nontrivial homotopy group in dimension n + 1. The
inclusion K(Z/2,n) — QK (Z/2,n) then gives the splitting

K(Z/2,n) x QK(Z/2,n)(n) — QK(Z/2,n).

There are interesting and familiar example of this decomposition. If we choose n =1,

we obtain

P x QP — QP.

Of course one may replace Z/2 with any Abelian group. For instance we may choose

to work with Z. In this case for n = 1 we obtain,
St x QST — QS!

where looping this equivalence gives QS° ~ Z x QQS! which implies that QyS° ~
QQST. Another related example for us is given by the case of K (Z,2) where we
obtain the splitting

CP x QCP(2) — QCP.

If we loop the above splitting we get the following splitting

St x QQCP(2) — QX 'CP.
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