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Abstract

We consider relative equilibria in symmetric Hamiltonian systems, and their persistence or bi-
furcation as the momentum is varied. In particular, we extend a classical result about persistence
of relative equilibria from values of the momentum map that are regular for the coadjoint action,
to arbitrary values, provided that either (i) the relative equilibrium is at a local extremum of the
reduced Hamiltonian, or (ii) the action on the phase space is (locally) free.The first case uses just
point-set topology, while in the second we rely on the local normal form for (free) symplectic group
actions, and then apply the splitting lemma. We also consider the Lyapunov stability of extremal
relative equilibria. The group of symmetries is assumed to be compact.

Introduction

A relative equilibrium in a symmetric dynamical system is a group orbit that is invariant under the
dynamics. Another way of viewing a relative equilibrium is to consider the dynamics induced on
the orbit space of the phase space, and then a relative equilibrium is just an equilibrium point of this
induced dynamics. For finite groups, relative equilibria are just (group orbits of) equilibria; in this
paper we are therefore only interested in continuous symmetries.

In a symmetric Hamiltonian system there is the added structure of a momentum map, whose level
sets are invariant under the dynamics (“conservation of momentum”). The ‘persistence question’ we
address is whether, given a relative equilibrium on theα-level set of the momentum map, we can
deduce the existence of relative equilibria on nearby levelsets.

There is a well-known observation due to Arnold, that if there is a non-degenerate relative equilib-
rium for a given valueα of the momentum map, whereα satisfies a certain condition of regularity, then
on each level set of the momentum map close to theα-level set, there is a unique non-degenerate rela-
tive equilibrium in a neighbourhood of the given one (the relative equilibriumpersists). The regularity
hypothesis is thatα be a regular point for the coadjoint action of the Lie group. The non-degeneracy of
the relative equilibrium requires firstly that the points ofthe relative equilibrium have trivial isotropy
(or more generally that the orbit space be smooth) and secondly, that the reduced HamiltonianHα have
a non-degenerate critical point at the relative equilibrium. The proof is a straightforward application
of the implicit function theorem on the smooth orbit space. The observation continues by pointing out
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2 J. Montaldi

that if the quadratic part of the reduced HamiltonianHα is positive definite, then the relative equilib-
rium is Lyapunov stable (even to perturbations changing themomentum value) [2, 9]. This approach
to proving stability of a relative equilibrium is called theEnergy-Casimir method, in contrast with the
closely related Energy-Momentum method developed by Marsden and co-workers. For more details
and further references, see Marsden’s lecture notes [11].

An example in [9] (Exercise 15.10 of Chapter IV) shows that ingeneral the regularity ofα is
necessary. The group in that example is the group of affine transformations of the real line, which
is not compact. In this paper we consider the case where the group is compact, and show that one
may draw the same conclusions of persistence and stability even without the regularity hypotheses,
provided the relative equilibrium isextremal; that is, the reduced HamiltonianHα has a local extremum
at the relative equilibrium (Theorem 1.2). We also give an example in §1 to show that persistence may
fail for non-extremal relative equilibria.

George Patrick [18] has shown that in a neighbourhood of a relative equilibrium where the action
is locally free and the velocityξ is regular, the set of relative equilibria forms a smooth submanifold of
phase space (of dimension dimG+ rankG), which implies the persistence result in this case whether
or not the relative equilibrium is extremal, and whether or not α is regular ing∗ (see Remark 3.3(e)).

The remainder of the paper is dedicated to a better understanding of the case where the group acts
freely (or locally freely — see Remark 3.6), but the valueα of the momentum map is not regular for
the coadjoint action. Of particular interest is the case where the velocity of the relative equilibrium is
a regular element of the Lie algebra, since the results are particularly clean. We now briefly describe
these later results.

Throughout this paper, we suppose thatG is a compact Lie group acting on a symplectic manifold
(P,ω) in such a way that there exists an equivariant momentum mapΦ : P→ g∗. We will also suppose
thatH : P→ R is a smoothG-invariant function (the Hamiltonian).

Let t be a Cartan subalgebra ofg (the Lie algebra of a maximal torus ofG), andt∗ its dual. Recall
that any element ofg is conjugate to an element oft; that is, every adjoint orbit ing intersectst. Let
W be the Weyl group ofG, which acts both ont and ont∗. For µ∈ t∗, let w(µ) be the cardinality of
the W-orbit int∗ containingµ.

The second principal result of the paper (Theorem 3.1) is thefollowing. Suppose thatp ∈ P/G
is a non-degenerate relative equilibrium with momentumα (for a given invariant Hamiltonian), and
p has trivial isotropy, so that the group acts freely in a neighbourhood ofp = G.p. Then for allPµ

with µ sufficiently close toα, there are at leastw(µ)/w(α) relative equilibria onPµ, nearp, provided
they are all non-degenerate. If moreover, the velocity of the relative equilibrium (defined modulo the
adjoint action) is regular ing, we say that the relative equilibrium isregular, and in that case, there are
preciselyw(µ)/w(α) relative equilibria onPµ, nearp, which are all non-degenerate, see Theorem 3.2.
One can also make a similar (though numerically weaker) conclusion if the action is only locally free,
see Remark 3.6. At the end of the paper we consider briefly the eigenvalues of the relative equilibria on
Pµ near a regular relative equilibrium onPα, showing that generically they are all imaginary provided
the relative equilibrium onPα is strongly stable.

As an example, consider the case where the group isSO(3). A relative equilibrium with trivial
isotropy is regular if and only if it is not an orbit of equilibria. If α = 0 for such a regular relative
equilibrium, then forµ 6= 0 (but sufficiently small) there are precisely 2 (= w(µ)) relative equilibria
on Pµ near the given one (see Example 3.4). On the other hand in the rigid body problem, the zero
momentum set contains (is) a relative equilibrium with trivial isotropy, where the velocity is zero. For
a fixed non-zero value of the momentum, there are 6 relative equilibria, corresponding to rotation in
each direction about each of the principal axes of inertia. Such non-regular relative equilibria are dealt
with in more detail in a later paper [14].
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In [20], Roberts and Sousa-Dias describe a complementary approach to the question of bifurca-
tions of relative equilibria.

Notation and context

Throughout, we assume thatG is a compact Lie group. Its Lie algebra is denotedg, and the dual of
its Lie algebra byg∗.

P is a finite dimensional symplectic manifold with symplecticform ω. The Lie groupG acts onP
symplectically, and forp∈ P we write p = G.p for the orbit throughp, considered either as a subset
of P or as an element of the orbit spaceP/G. The tangent space to the orbitp at p is denotedg.p. The
isotropy group for the pointp is denotedGp, and its Lie algebra bygp.

For ξ ∈ g, the associated vector field onP is denotedXξ, and given a Hamiltonian functionH :
P→ R, the associated vector field is denotedXH .

There are natural actions ofG on g andg∗ — the adjoint and coadjoint actions respectively. For
µ∈ g∗ we writeOµ for the coadjoint orbit throughµ andg.µ for its tangent space atµ.

We assume that the symplectic action is such that there exists an equivariant momentum map,

Φ : P−→ g∗.

The equivariance is with respect to the given action onP and the coadjoint action ong∗:

Φ(g.p) = Ad∗g−1Φ(p).

For details about when such a momentum map exists the reader should consult [7] or [9]. Recall that
the momentum map is defined by the differential condition,

〈dΦp(v), ξ〉 = ω(Xξ,v), ∀ξ ∈ g,∀v∈ TpP.

Note that if a (non-equivariant) momentum mapΦ : P → g∗ exists, then the mapΦg : P → g∗

defined by
Φg(p) = Ad∗g−1Φ(g−1.p),

is also a momentum map for the given action. As the groupG is compact we can averageΦg over the
group to obtain an equivariant momentum map.

The coadjoint action ong∗ has a quotient which is a smooth manifold with boundary and corners
(it can be naturally identified with a Weyl chamber int∗). SinceΦ is assumed to be equivariant, the
image of an orbitG.p in P is an orbitOα in g∗, whereα = Φ(p). ThusΦ passes down to a mapϕ of
the orbit spaces, called theorbit momentum map, in such a way that the following diagram commutes:

P
Φ−→ g∗

↓ ↓
P/G

ϕ−→ g∗/G

The components of the mapϕ are Casimirs for the natural Poisson structure on the orbit space.
The Meyer-Marsden-Weinstein reduced spaces [13, 12] are defined to be

Pµ =
Φ−1(µ)

Gµ
=

Φ−1(Oµ)

G
.
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The equivalence of the two definitions as sets is obvious, while as analytic spaces (with their rings
of functions) it is less obvious; it follows from the slice theorem, and so requires the compactness of
the group. The second definition has the advantage that it realizes the reduced spaces as subspaces of
the orbit spaceP/G, and in particularΦ−1(Oµ)/G = ϕ−1(Oµ). Thus we can take the definition of the
reduced spaces to be

Pµ := ϕ−1(Oµ).

Note that ifν ∈ Oµ thenOµ = Oν andPµ = Pν.
If H : P → R is an invariant Hamiltonian function, it passes down to a function H : P/G → R,

whose restriction to the reduced spacePµ is denotedHµ. If Pµ is smooth, a relative equilibiumpµ ∈ Pµ

is non-degenerateif d2Hµ(pµ) is a non-degenerate quadratic form; it isregular if the velocityξ of the
relative equilibrium is a regular element ofg. (The velocity is defined byXH(p) = Xξ(p) for some
point p of the relative equilibrium; this velocity is well-defined modulo the adjoint action, since by
equivarianceXH(g.p) = XAdg(ξ)(g.p).)

For simplicity, we assume throughout that the HamiltonianH is such that the associated vector
field XH is complete.

1 Persistence of extremal relative equilibria

A relative equilibrium of a symmetric Hamiltonian system isa group orbit that is invariant under
the dynamics. It is thus a point of the orbit spaceP/G that is invariant under the dynamics induced
thereon — that is, an equilibrium point onP/G. Any reduced spacePα has the structure of a stratified
symplectic space [21], and relative equilibria occur at points on the strata where the restriction of the
HamiltonianHα to that stratum has a critical point. In this section we are interested in the situation
wherep is a local extremum ofHα on Pα. Since the restriction to the symplectic stratum containing
p will also have a local extremum atp, such a point is clearly a relative equilibrium. We show that
extremal relative equilibria are Lyapunov stable, and thatthey persist to nearby reduced spaces (toPµ

for µ≈ α).

Definition A relative equilibriump∈ Pα is said to beextremalif Hα has a local extremum atp.
Note that if p is an extremal relative equilibrium withHα(p) = h, thenp is an isolated point of

H−1
α (h).

Example 1.1 We give a simple example illustrating the notion of extremalrelative equilibrium, and
showing why in general it is a necessary condition for both persistence and stability.

Consider the phase spaceP = R3 ×R3, with coordinatesqi , pi (i = 1,2,3), and canonical sym-
plectic structureω = dq1∧dp1 +dq2∧dp2 +dq3∧dp3. We take as groupSO(3) acting diagonally by
rotations:

R 7→
(

R 0
0 R

)

∈ Sp(R3×R3),

whereR∈ SO(3). Note that the isotropy subgroup for the origin isSO(3), while for any other point it
is eitherSO(2) if q andp are parallel, and trivial otherwise. The invariants of thisaction are functions
of the following 3 fundamental invariants,

A = |p|2,
B = |q|2

C = q.p = q1p1 +q2p2 +q3p3.
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The orbit space can be embedded as the subset ofR3 given by the conditionsA,B≥ 0 andC2 ≤ AB, a
solid cone. The momentum map is the angular momentum,

Φ(q1,q2,q3, p1, p2, p3) = q∧p.

The orbit momentum mapϕ : P/G→ g∗/G is given by

ϕ(A,B,C) = AB−C2.

The reduced spaceP0 is the half-coneAB= C2, A≥ 0, which has two strata: the origin and the rest.
The other reduced spacesPµ are each one sheet of a two-sheeted hyperboloid (see Fig. 1).

Consider the Hamiltonian functionH = A−B. The origin is a relative equilibrium which is not
extremal, and it is easy to see from the figure that it is the only relative equilibrium — indeed, every
solution except for the origin is unbounded. On the other hand, if we takeH = A+ B, thenH0 =
(A+ B)

P0
has a strict minimum at the origin, so that in this case the origin is an extremal relative

equilibrium and here we get a single relative equilibrium oneach reduced space; Theorem 1.2 below
predicts at least one on each reduced space. Had the action been free, Theorem 3.1 would have
predicted 2 relative equilibria on each reduced space, since the Weyl group ofSO(3) is Z/2Z. 2

P0

Pµ

A B

C

Figure 1: The reduced spaces are each one sheet of a 2-sheetedhyperboloid

Supposep ∈ Pα is a relative equilibrium; it is well-known (e.g. Appendix 2of [2], or Chapter
IV, Section 8 of [9]) that if, (i) the action onP is simple(i.e. the orbit space has the structure of a
differentiable manifold), (ii)α is a regular point of the coadjoint action ofG, (iii) Pα is non-singular
at p, and (iv)d2Hα(p) is definite, then the group orbitG.p in P is (relatively) Lyapunov stable for the
dynamics associated toH. Moreover, on nearby reduced spaces there is also a relativeequilibrium.
The proof is a straightforward application of the implicit function theorem.

The purpose of this section is to prove essentially the same result while dropping the regularity
conditions, but adding a hypothesis on the compactness of the group. In particular, we show that ifp is
isolated inH−1

α (h) (whereh = Hα(p)) then the corresponding group orbit inP is relatively Lyapunov
stable. The proof uses only elementary point-set topology.
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With the same hypothesis we also prove a persistence result,showing that on each reduced space
near the given one, there is at least one relative equilibrium.

Given a HamiltonianH, there is an associated flow

σ : P×R → P;

it is of courseG-equivariant. This flow onP descends to a flow on the orbit space

σ : P/G×R → P/G.

SinceG is compact,P/G is naturally a Poisson space, and the flow can be defined directly in terms of
the “quotient Hamiltonian”H : P/G→ R and the Poisson structure.

A relative equilibrium is an equilibrium point of the flowσ onP/G. Recall that a compact invariant
setS⊂P (or in P/G) is Lyapunov stableif for any neighbourhoodU of S, there exists a neighbourhood
V of S in P (respectively inP/G) with σ(V ×R) ⊂ U . There is usually a distinction made between
Lyapunov stability andrelative Lyapunov stabilityin P, where the neighbourhoods are required to be
G-invariant. However, ifS is G-invariant, withG compact, then these notions are equivalent, because
any neighbourhood ofScontains aG-invariant neighbourhood. For a dynamical interpretationof the
stability of relative equilibria see [17, 18].

Theorem 1.2 Supposep∈ Pα ⊂ P/G is an extremal relative equilibrium. Then

(i) p is Lyapunov stable in P/G. Consequently G.p = π−1(p) is Lyapunov stable in P;

(ii) for all µ close toα in the image underϕ of a neighbourhood ofp, there is a relative equilibrium
on Pµ close top.

Remarks 1.3 (a) If p is not a strict local extremum, but belongs to a compact setS⊂ Pα on whichHα
takes its extremal value (in which case every point ofS is a relative equilibrium), thenp may not be
Lyapunov stable, but one shows in exactly the same manner that S is. Moreover, part (ii) also holds,
after replacingp by S.
(b) In the conclusion of (ii), the relative equilibrium is not necessarily isolated. If it is isolated it is
Lyapunov stable by (i). In general, the compact set of relative equilibria will be Lyapunov stable by
(a). Such a situation occurs in the symmetric rigid body problem, that hasSO(3)×SO(2) symmetry.
If we just quotient bySO(3) (as for the non-symmetric rigid body) then on each reduced space for
non-zero momentum, there is a circle of relative equilibria.
(c) Note that the proof of (ii) also implies that extremal relative equilibria persist under small pertur-
bations of the Hamiltonian.
(d) In fact compactness of the group is not really needed for part (i), since the crucial point (see the
Lemma below) is only that the quotient topology on the orbit spaceg∗/G is Hausdorff, a condition
which fails for the example of Libermann and Marle referred to above, but which is verified trivially
for any Abelian group.
(e) Part (i) can also be seen as a result about stability of Poisson-Hamilton equilibria, in the sense of
Weinstein [22]. In his paper, Weinstein points out that careshould be taken in deducing Lyapunov
stability of Poisson-Hamilton equilibria from knowledge of the second variation of the Hamiltonian
on the symplectic leaf containing the equilibrium. The Poisson spaces that arise as the orbit space of
a symplectic action of a compact group form a restricted class, and the lesson from this paper is that
even for this restricted class it is certainly not sufficientto consider the restriction of the Hamiltonian
to the symplectic leaf: one must consider the entire reducedspace, so in particular one must also
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consider those symplectic leaves containing the given one in their closure. However, for more general
Poisson spaces even this is not sufficient, as the planar pendulum example of Weinstein on p.8 of [22]
shows.

The proof of the theorem is just point-set topology. The firstpart relies on the following lemma.
Recall that a precompact set is a set with compact closure, and a precompact neighbourhood is open.

Lemma 1.4 Let f : X →Y be a continuous map, with X locally compact and Y Hausdorff.Suppose
y∈Y is such that S= f−1(y) is compact. Then for any precompact neighbourhood U of S there exists
a neighbourhood V of y such that f−1(V) and∂U are disjoint.

PROOF First note that sinceX is locally compact,Sdoes indeed have a precompact neighbourhood:
each point ofShas a precompact neighbourhood, so extracting a finite subcover we obtain the desired
precompact neighbourhood ofS. LetVβ be a fundamental system of closed neighbourhoods ofy∈Y
(that is,∩βVβ = {y}), and letZβ = f−1(Vβ), which is closed. ThenS= ∩Zβ, and sinceS∩∂U = /0, we
have∂U ⊂∪Z′

β (the complements of theZβ). Now,∂U is compact, so we can extract a finite subcover
∂U ⊂ Z′

β1
∪ . . .∪Z′

βn
. Then

V =
n

⋂

i=1

V int
βi

is a neighbourhood ofy with the required property. 2

PROOF (of theorem) (i) We apply the lemma withf = (ϕ,H) andX = P/G, whereϕ is the orbit
momentum map. LetU be a precompact neighbourhood ofS= f−1(µ,h), and letV be a neighbour-
hood of(µ,h) satisfying f−1(V)∩ ∂U = /0. Then f−1(V)∩U is a flow-invariant neighbourhood ofS
as required, sincef−1(V) is flow-invariant, and flow preserves connected components.

(ii) Suppose thatp is a local minimum ofHα (the case of a local maximum is analogous). LetK
be a compact neighbourhood ofp, small enough that onK ∩Pα, we haveH

−1
(0) = p, and such that

K is the closure of its interior. For eachµ∈ ϕ(K), putKµ = K∩Pµ.
For eachµ we have thatHµ(Kµ) is compact; letpµ ∈ Kµ be a point that realizes the minimum of

H
Kµ

:

Hµ(pµ) = inf{H(x) | x∈ Kµ}.
Note that ifpµ ∈ Ko (interior ofK) we are done, for thenpµ is a local minimum.

It remains to show that ifµ is sufficiently close toα, thenpµ ∈ Ko. If this were not so, then by
compactness ofK, the familypµ would have a convergent subsequence (asµ→ 0) with pµi

→ q∈ Kα,
with q 6= p. But thenH(pµi

) → H(q) > H(p), which is absurd. 2

2 Local Model

In this section, we describe a model for the symplectic action of G on P in a neighbourhood of the
orbit G.p. This is essentially due to Guillemin and Sternberg [7] and Marle [10], see also [21]. We
give what we feel to be a simpler presentation, using the standard slice theorem together with the
equivariant Darboux-Weinstein theorem [7], rather than the isotropic embedding theorem.

For the ordinary (non-symplectic) case, a local model for the action of a compact Lie group is
provided by the slice theorem. LetSp := TpP/g.p. As the isotropy groupGp is compact, and the
group orbit isGp-invariant, it follows that we can (and do) identify a neighbourhood of 0 inSp with a
Gp-invariant submanifold ofP throughp, transverse to the group orbit.
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The slice theorem [4] states that there is an equivariant diffeomorphism

G×Gp Sp
∼−→ P,

where theG-action on the model spaceG×Gp Sp is given byg.[h,s] = [gh,s]. The diffeomorphism is
simply given by[h,s] 7→ h ·s. The image of this diffeomorphism is an invariant neighbourhood of the
orbit G.p in P.

Note that when considering only free actions in the next section, this local model is even simpler:
G×Sp

∼−→ P.
In the symplectic case, we need to include the symplectic form, which refines the decomposition

TpP = g.p⊕TpSp, and in addition it is useful to have an expression for the momentum map in the
local model.

We define four vector spaces as follows (for details see [15] or [1]):

Wp = kerdΦp∩g.p = gα.p

Xp = g.p/Wp

Yp = kerdΦp/Wp

Zp = TpP/(g.p+kerdΦp).

Hereα = Φ(p). (In [1] it is assumed thatα = 0, soXp = 0.) Since the group is compact, these spaces
can be identified withGp-invariant submanifolds ofP. There are natural isomorphisms,

Wp
∼= gα/gp

Xp
∼= g/gα

Zp
∼=

(

gα/gp

)∗
.

The spacesXp andYp are symplectic, whileWp is isotropic and dually paired withZp by the symplectic
form, whence the isomorphism forZp above. The symplectic form onXp is isomorphic to the Kostant-
Kirillov symplectic form ong/gα. (Note that asGp is compact, there is aGp-equivariant almost-
complex structureJp on TpP, compatible with the symplectic form; if we chooseZp = J(Wp) thenZp

is also isotropic.)
The spaceYp is called thesymplectic sliceat p:

Yp =
kerdΦp

gα.p
;

it plays the role in symplectic geometry of the ordinary slice. Being a symplectic space with aGp-
action, it has its own momentum map,

ΦYp : Yp → g∗p.

SinceG is compact, there is aG-invariant scalar product ong∗. Following [21], we can use this to
define a splittinggα = gp⊕m, and correspondingly

g∗α = g∗p⊕m∗.

The subspacem∗ can be identified naturally with the annihilator ofgp in g∗α. (Note thatm is not in
general a Lie subalgebra ofgα.)



Persistence and Stability of Relative Equilibria 9

Proposition 2.1 (Local Model) Let p∈ P be such thatΦ(p) = α. Then there is a neighbourhood of
G.p, and a G-equivariant isomorphism of symplectic manifolds

G×Gp (m∗×Yp)
∼−→ P.

The momentum map for the G-action on the model space is given by,

Φ([g,ν,v]) = Ad∗
g−1(ν⊕ΦYp(v)).

Note thatν ∈ m∗ andΦYp(v) ∈ g∗p, so that under the identification above,(ν⊕ΦYp(v)) ∈ g∗.

PROOF The equivariant Darboux-Weinstein theorem [7] states thatif two symplectic spaces are
G-equivariantly diffeomorphic, and such that the diffeomorphism identifies the symplectic structures
at each point of a pair ofG-invariant submanifolds, then the diffeomorphism can be made (via an
equivariant homotopy) into aG-symplectomorphism between neighbourhoods of the two subman-
ifolds. This is precisely the situation we have here: the diffeomorphism is given by the classical
slice theorem, and the two submanifolds are the group orbitsG.p andG×Gp {0}. The slice theorem
identifies the symplectic forms at corresponding points of the two orbits, since they have identical
W,X,Y,Z-decompositions. 2

Corollary 2.2 Let p = G.p ∈ P/G. In a neighbourhood ofp, the orbit space is isomorphic as a
Poisson space to,

(m∗×Yp)/Gp
∼−→ P/G,

(for some Poisson structure on this model orbit space) and the orbit momentum mapϕ : (m∗ ×
Yp)/Gp → g∗/G becomes

ϕ([ν,v]) = G.(ν⊕ΦYp(v)).

(In this paper, we do not make explicit use of the Poisson structure on(m∗×Yp)/Gp.)

In §4, we will need to identify the differential of an invariant Hamiltonian function with an element
of gµ/gp; this is done as follows. Note that ifH is aG-invariant Hamiltonian onP, then the differential
dHp at p annihilatesWp⊕Xp. Furthermore, ifp is a relative equilibrium ofH, thendHp annihilates
Wp ⊕Yp as well. ThusdHp is naturally an element ofZ∗

p
∼= gµ/gp, independent of the choice of

representative forZp.

Proposition 2.3 Let p∈ P be a relative equilibrium for the Hamiltonian system H, andsuppose that
XH(p) = Xξ(p) (soξ is well-defined modulogp). Then, viewing dHp as an element of Z∗p ∼= (gµ/gp)
as described above, we have

dHp = [ξ] ∈ gµ/gp.

PROOF The isomorphismZ∗
p
∼= (gµ/gp) is defined via the symplectic form:

[ξ] ∈ gµ/gp 7→ [z 7→ ω(Xξ(p),z)] ∈ Z∗
p.

SinceXH(p) = Xξ(p), it follows that forz∈ Zp, dHp(z) = ω(XH(p),z) = ω(Xξ(p),z) as required.2

Reduction to α = 0.
It turns out that there is no essential difference between bifurcations of relative equilibria occurring
nearΦ(p) = 0 and nearΦ(p) = α 6= 0, provided one replacesG by Gα. We now show how one
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reduces from the caseα 6= 0 to the caseα = 0, and in the remainder of the paper we will assume
α = 0.

Following [7] (§41), letSα be aGα-invariant slice to the coadjoint orbitOα at α = Φ(p) ∈ g∗.
Note thatSα can be identified with a neighbourhood of zero ing∗

α, sinceTαOα = g⊥α ⊂ g∗. Thus there
is a natural projection of a neighbourhood ofα in g∗ on toSα.

By equivariance, the image ofdΦp contains the tangent space to the coadjoint orbit, so thatΦ is
transverse toSα. ThenQ= Qα = Φ−1(Sα) is (nearp) a symplectic submanifold ofP with TpQ⊕Xp =
TpP — see [7] (Theorem 26.7). Moreover,Q is Gα-invariant, and theQ-momentum mapΦQ is just
the restriction toQ of Φ, composed with the natural projection ontoSα ⊂ g∗

α:

P
Φ−→ g∗

↑ ↓
Q

ΦQ−→ g∗α

By the local model forGα actions, we have

Qα
∼−→ Gα ×Gp Sp,

whereSp is a slice to theGα.p in Qα, which is also a slice toG.p in P. By the local model for
symplecticGα actions, we have moreover

Qα
∼−→ Gα ×Gp (m∗×Yp).

Consequently,P
∼−→ G×Gα Qα, see [4] (Chapter II). It follows thatP/G andQα/Gα are isomorphic,

as are the corresponding reduced spaces.
Sinceα is in the centre ofg∗

α, it follows thatΦ′
Q := ΦQ−α is also a momentum map for theGα

action onQ, with Φ′
Q(p) = 0. In this fashion, we can reduce the general case to one withΦ(p) = 0.

There is one useful formula to check, namely thatw(µ;Gα) = w(µ)/w(α), wherew(µ;Gα) is the
cardinality of the orbit ofµ under the Weyl groupWα of Gα.

Proposition 2.4 Let µ∈ Sα ∼= g∗α. Then w(µ;Gα) = w(µ)/w(α).

PROOF Let T be a maximal torus ofGα. Then it is also a maximal torus ofG, since everyGα
contains a maximal torus ofG. It follows that the normalizers ofT satisfy

N(T;Gα) ⊂ N(T;G).

If we quotient byT, we obtain
Wα ⊂W.

Identify gα andg∗α by means of an invariant inner product ongα, and letµ∈ gα. We can choose
T so thatµ∈ t. The result now follows by the slice theorem applied to the Weyl group action:

W.µ= W×Wα Wα.µ.

2

From now on, we will assumeα = 0.
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3 Free actions

In this section, we improve on Theorem 1.2 in the case that thegroup acts freely onP (at least in a
neighbourhood ofp). As described at the end of the section above, we can supposewithout loss of
generality thatΦ(p) = 0. The momentum mapΦ is then a submersion, and the orbit spaceP/G is a
smooth manifold, which contains the Meyer-Marsden-Weinstein reduced spacesPµ = ϕ−1(Oµ). Note
that for free actionsgp = 0, so that Corollary 2.2 gives the local model for a free action as

g∗×Y
∼−→ P/G, (3.1)

(we now suppress thep-subscript onY) and the orbit momentum map is

ϕ(µ,y) = Oµ ∈ g∗/G. (3.2)

The reduced spaces are thus, in a neighbourhoodU of p∈ P/G,

Pµ = Oµ×Y.

And in particular,P0 = Y. Consequently, inU

Pµ = Oµ×P0. (3.3)

One therefore has a family of Hamiltonian systems parametrized byµ ∈ g∗ (or more precisly
by Oµ ∈ g∗/G), and in this family, the phase space can change not only its topology, but even its
dimension. This fact is at the heart of the bifurcations of relative equilibria that occur for free actions.

Theorem 3.1 Suppose that the compact group G acts freely on P and that G.p is a relative equilibrium
in P, with Φ(p) = 0. Suppose moreover that in the reduced space P0 the relative equilibrium is non-
degenerate. Then there is a G-invariant neighbourhood U of G.p, and an invariant neighbourhood V
of 0 in g∗, such that for each µ∈V, there are at least12 dim(Oµ)+1 relative equilibria in Pµ, and at
least w(µ) if they are all non-degenerate.

Let p lie on a relative equilibrium where the group acts freely, that is, a point of trivial isotropy.
Being a relative equilibrium, we have that there is a (unique) ξ ∈ g satisfying,

Xξ(p) = XH(p).

This ξ is said to be the velocity of the relative equilibrium; it is defined modulo the adjoint action. If,
in addition to the action being free,ξ is a regular element ofg, we say that the relative equilibrium is
regular (some authors use this adjective differently). Dynamically, this corresponds to the trajectory
throughp being dense in a maximal torus of the group orbit.

Theorem 3.2 If in addition to the above hypotheses, the relative equilibrium p = G.p∈ P0 is regular,
then there are precisely w(µ) relative equilibria in Pµ, all of which are non-degenerate. Moreover, ifp
is formally stable in P0 (i.e. d2H0(p) is definite) then precisely one of these is formally stable (except
in the caseΦ−1(0) = G.p where there are two).

The first of these theorems is proved in this section, and the second is proved near the end of §4.
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Remarks 3.3 (a) Recall that a regular element of a Lie algebra is an element contained in only one
Cartan subalgebra. The set of elements ofg that are not regular is of codimension at least 3 [5, p.190],
and so this is a reasonable genericity hypothesis. In [14] weconsider in greater detail the case where
the velocity of the relative equilibrium is not regular.
(b) If in either theorem,d2H0(p) is positive definite, then the relative equilibrium onPµ with least
energy will be (formally) stable.
(c) For classical mechanical systems, withH(p,q) = K(p)+V(q), the momentum map is given by
〈Φ(p,q),ξ〉 =

〈

p,Xξ(q)
〉

. Since the kinetic energyK is positive definite, it follows that the only rela-
tive equilibria onΦ−1(0) have zero velocity, so are not regular. Consequently, in classical mechanical
systems, Theorem 3.2 will not apply directly, but only via Proposition 2.4, whence it follows that if
Φ(p) = α 6= 0, then in a neighbourhood ofp there arew(µ)/w(α) relative equilibria onPµ. See the
example below (wherew(α) = 1).
(d) The estimate12 dim(Oµ)+1 for the number of relative equilibria in Theorem 3.1 is a lower bound
for the Ljusternik-Shnirelman category of the coadjoint orbit Oµ arising from its cup-length (see the
end of this section).
(e) Under the same hypotheses as Theorem 3.2, Patrick [18] shows that the set of relative equilibria
forms a smooth submanifold of phase space of dimension dimG+ rankG. Clearly,G acts freely on
this manifold, so its image inP/G is a submanifold of dimension rankG.

Example 3.4 In his thesis [16], Patrick gives an example of a regular relative equilibrium. It consists
of two identical axisymmetric rigid bodies, coupled by an ideal ball and socket joint. The symmetry
group isG = SO(3)×S1×S1, the configuration space isQ = SO(3)×SO(3) and the phase space
its cotangent bundleP = T∗Q. For α = (0,µ1,µ2) ∈ g∗ = so(3)∗×R×R, with µ1 6= ±µ2, Patrick
describes a relative equilibrium consisting of the two bodies in a ‘V’-shape, with the ‘V’ rotating
about an axis in the plane of the ‘V’ in one direction, and the two bodies rotating about their axes (the
arms of the ‘V’) in the opposite sense, so that the total angular momentum is zero (see also [18, Figure
2]). The momentum valueα is not regular, indeedgα = g, but the velocity is a regular element ofg.
Patrick shows that this relative equilibrium is (formally)stable.

Consider nowµ= (ν,µ1,µ2) ∈ g∗, with ν small. According to Theorem 3.2 there are two relative
equilibria onPν (close to the given one), one of which is stable, and the otheris not (or at least,d2Hµ is
not definite there). These correspond to spinning the ‘V’ faster and slower about its axis (respectively),
by an amount depending on|ν|, leaving the spins of each body unchanged. Moreover, it is the one
with less energy which is stable; that is, the one that spins slower. These conclusions are indeed borne
out by Patrick’s work. 2

Let H : P → R be a smoothG-invariant Hamiltonian. ThenH defines a smooth functionH :
P/G→ R, whose restriction to the reduced spacePµ we denote byHµ. We considerH as a function
on P0×g∗, andHµ its restriction to the symplectic spaceP0×Oµ (via the isomorphism of Corollary
2.2).

A point p∈ P lies on a relative equilibrium ifXH(p) ∈ g.p, or equivalently ifdHα(p) = 0, where
Φ(p) = α, and p is the group orbit containingp. The non-degeneracy of the relative equilibrium
corresponds to the quadratic formd2Hα being non-degenerate.

Proposition 3.5 If p∈ P/G is a non-degenerate relative equilibrium with momentum0, then there is
a diffeomorphismγ of a neighbourhood ofp in P/G = Y×g∗ of the form

γ(y,µ) = (γ1(y,µ),µ),

such that
H ◦ γ(y,µ) = Q(y)+h(µ).
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Here Q is the non-degenerate quadratic form Q= 1
2d2H0(p), and h is a smooth function ong∗.

PROOF This is just the splitting lemma, see for example [19]. 2

Note that the fact thatγ satisfiesγ(y,µ) = (γ1(y,µ),µ) means that the diffeomorphism preserves the
“cylinders” Pµ = Y×Oµ. Consequently, forν ∈ Oµ,

Hµ(y,ν) = Q(y)+hµ(ν),

wherehµ is the restriction ofh to Oµ. With these coordinates, then,Hµ has a critical point at(y,µ) iff
y = 0 andhµ has a critical point atµ, with moreover

ind(Hµ) = ind(Q)+ ind(hµ),

where ind is the Morse index of a critical point. Thus the relative equilibria nearp are just the critical
points ofhµ asµ varies nearα. It should perhaps be pointed out thatγ will not preserve the Poisson
structure, otherwise the dynamics would decouple!

We have thus reduced the problem of finding relative equilibria nearp ∈ P/G to a problem of
finding critical points of a functionh on each nearby coadjoint orbit, and are now in a position to
prove Theorem 3.1.

PROOF (of Theorem 3.1) We have shown that relative equilibria withmomentumµ are just the
critical points of a functionhµ : Oµ → R.

Given any smooth function on a compact manifoldM, the Ljusternik-Shnirelman category cat(M)
of M provides a lower bound for the number of critical points of the function. A standard result [6]
states that the Ljusternik-Shnirelman category of a compact manifold is at least 1 greater than the
cup-length of the manifold (in general this is a rather weak estimate), and for any simply connected
compact symplectic manifold (such as a coadjoint orbit)

cup-length(M) = dim(M)/2.

This follows sinceωn is a nowhere vanishing multiple of the volume form (where dim(M) = 2n, and
ω is the symplectic form), and hence by Stokes’ theorem[ω]n = [ωn] 6= 0 in the top cohomology group
of the manifold.

It is well-known (by Morse-theoretic arguments) that any smooth function onOµ with only non-
degenerate critical points has at leastw(µ) critical points [3]. Moreover, if the relative equilibriumon
P0 is formally stable, then a corresponding extremum ofhµ (max or min corresponding to max or min
of H0) gives rise to a formally stable equilibrium point onPµ. 2

Remark 3.6 If the action islocally freerather than free, so thatGp is finite, andgp = 0, then ifS is
the slice atp, we haveP/G∼= S/Gp. In terms of the symplectic decomposition,

P/G∼= (g∗×P0)/Gp.

If H : P/G→R is a Hamiltonian defined in a neighbourhood ofp, then it can be lifted to aGp invariant
function on the sliceg∗×P0. If the restriction of this invariant function toP0 is non-degenerate, then
the same reduction procedure can be applied as above, to obtain a Gp invariant functionh on g∗.
Again, one is interested in the critical points of the restriction of thish to the coadjoint orbits ing∗.
However, the difference now, is that distinct critical points might not correspond to distinct relative
equilibria. It would be necessary to know howGp acts on the set of critical points: two critical points
being in the sameGp-orbit if and only if they correspond to the same relative equilibrium. These ideas
are elaborated in [14].
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4 Critical points of linear functions on coadjoint orbits

As usual,G is a compact Lie group,g its Lie algebra, andg∗ the dual of the Lie algebra. The groupG
acts naturally ong andg∗ by its adjoint and coadjoint actions respectively. SinceG is compact, there
is an invariant metric ong, and consequently these two actions are isomorphic. We denote byW the
Weyl group ofG, which acts on the Lie algebrat of any maximal torus, and on its dualt∗. The orbit
of a pointµ∈ t∗ is denoted byW(µ), and the number of points in that orbit byw(µ).

Let ξ ∈ g andµ∈ g∗. Thenξ defines a linear function ong∗ which restricts to a function,

ξµ : Oµ → R.

We are interested in the critical points of such functions.

Proposition 4.1 If we identifyg∗ with g via a G-invariant inner product, then the singular locus of
the functionξµ is given by

Σ(ξµ) = gξ ∩Oµ.

PROOF The functionξµ is the Hamiltonian function for the vector fieldν 7→ adξ ν on Oµ. Critical
points ofξµ thus correspond to zeros of the vector field adξ ν, and this vector field has a zero atν if
and only ifξ ∈ gν.

The remainder is clear: if we write ˆµ for the image ing of µ∈ g∗ under the identification, then
ξ ∈ gµ if and only if µ̂∈ gξ (iff [ξ, µ̂] = 0). 2

Recall thatξ ∈ g is regular if it is contained in a unique Cartan subalgebra. If one considers a fixed
Cartan subalgebrat of g, the regular elements are those points not contained in a reflexion hyperplane
for the Weyl group action. The set of non-regular (or singular) elements ofg is a set of codimension
at least 3, see [5].

Proposition 4.2 Let ξ be a regular element ofg, and µ∈ g∗. Then the functionξµ : Oµ → R has
precisely w(µ) critical points, all of which are non-degenerate.

PROOF Let t be the unique Cartan subalgebra ing containingξ; that is, t = gξ. We have that
Σ(ξµ) = t∩Oµ, and by standard results on Weyl groups, this is precisely the Weyl group orbitW.µ.

The fact that these critical points are non-degenerate follows from the fact that critical points of
momentum maps for linear actions are homogeneous quadratic(in appropriate local coordinates), so
a critical point is non-degenerate if and only if it is an isolated critical point. The linear action here is
that ofT(ξ) ong∗, whereT(ξ) is the maximal torus generated byξ. 2

There is a well-known setting for visualizing the critical points of these linear functions on coad-
joint orbits, which is as follows. As in the preceding proof,let t be the unique Cartan subalgebra
containingξ, which is the Lie algebra of the maximal torusT = T(ξ). The function (projection)
ξ : g∗ → R can be factored via the projectionπ : g∗ → t∗, followed byξ t

∗ : t∗ → R. The restriction

to Oµ of the projectionπ is in fact the momentum map for theT action onOµ. A few examples are
shown in Figure 2.

The image of a coadjoint orbit under the projection tot∗ is a convex polytope (a result due to
Kostant [8], see also [3]). The mapπ

Oµ
has rank 0 at each vertex (they correspond to the fixed points

for the action ofT), and these are the only points of rank 0. Consequently,ξµ = ξ
Oµ

will also have rank

0 at these points; that is they will be critical points. Thesevertices correspond to points of intersection
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SU(4)

µ regular

SU(4)

µ singular

SU(3)

µ singular

SU(3)

µ regular

SO(4)

µ regular

Figure 2: Projections of some coadjoint orbits tot∗: see text

Oµ∩ t∗ (see Proposition 4.1), and so form a Weyl group orbit. Hence the convex polytope is also
invariant under the Weyl group.

The ξ ∈ t that are regular are precisely those that are not orthogonalto any of the faces in the
convex polytope, and it follows that the compositionξ ◦π

Oµ
has no other critical points. (A singular

ξ∈ t would have infinitely many critical points onOµ, and the argument below showing that for regular
ξ, the higher order terms inh = ξ+ · · · can be removed, would no longer hold.)

In Figure 2, the first two diagrams are forG = SU(3), whereW = S3 (the symmetric group on
3 letters). If we takeµ to be generic (i.e. regular), then the polytope is a ‘semiregular’ hexagon,
and dim(Oµ) = 6; while if we takeµ in one of the lines of reflexion, the polytope degenerates to
an equilateral triangle and dim(Oµ) = 4 (of course, ifµ = 0, thenOµ = 0 and the polytope further
degenerates to a point). Each of the vertices corresponds toa critical point of any generic linear
function ont = R2. The third diagram is forG = SO(4) and also forG = SO(3)×SO(3) (these have
the same Weyl group,W = Z2×Z2). The two line diagrams are forG = SU(4), with W = S4, which
has order 24 (and acts ont∗ = R3 as the standard symmetry group of the tetrahedron). A typical
polyhedron for regularµ is shown on the left (here dim(Oµ) = 12), while a particular degeneration (µ
is fixed by one of the reflexions in the tetrahedral group, giving a truncated tetrahedron) is shown on
the right (here dim(Oµ) = 10). The other degenerations are an octahedron (with dim(Oµ) = 8) and a
tetrahedron (with dim(Oµ) = 6) according to the isotropy ofµ. ForSO(7), which has rank 3, the Weyl
group is the group of symmetries of the cube. Regularµ gives rise to a polytope with 48 vertices (with
dim(Oµ) = 18), and it is a nice exercise to visualize all the possible degenerations (five, excluding
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µ= 0).

Now suppose that the functionh : g∗ → R in which we are interested is not linear.

Proposition 4.3 If h : g∗ → R is a smooth function such that dh0 = ξ ∈ g is a regular element ofg,
then for all µ∈ g∗ sufficiently small, there are w(µ) critical points of the restriction hµ = h

Oµ
, all of

which are non-degenerate.

PROOF We use an argument involving blowing-upg∗ at 0 to show that forµ sufficiently small, the
critical points ofhµ are in 1-1 correspondence with critical points ofξµ. The result then follows.

Let Sbe the unit sphere ing∗, with respect to someG-invariant norm. Consider the blowing-up

R×S −→ g∗,

(r,θ) 7→ rθ.

Write h(r,θ) rather thanh(rθ). Without loss of generality, we can assumeh(0,θ) = 0, since we are
only interested in critical points ofh. Then,

h(r,θ) = rh1(r,θ),

for some smooth functionh1. Note that since coadjoint orbits lie in spheres, the critical points of the
restrictions ofh andh1 to coadjoint orbits coincide. By Taylor’s theorem we have

h1(r,θ) = 〈ξ,θ〉+ rR(r,θ).

Now, if ξ ∈ g is a regular element, then its restriction (as an element of(g∗)∗) to any coadjoint
orbit has only non-degenerate critical points, and precisely w(µ) such critical points on the coadjoint
orbit throughµ ∈ S. Using the implicit function theorem and the compactness ofcoadjoint orbits,
we conclude that forr sufficiently small,h1 has preciselyw(µ) critical points on the coadjoint orbit
throughrµ in rS, all of which are non-degenerate. 2

PROOF(of Theorem 3.2) We now return to the setting of §3. Starting from an invariant Hamiltonian
H : P → R, we used the local model (3.1) and the splitting lemma (Proposition 3.5) to reduce the
problem of finding relative equilibria ofH (near a given one) to finding critical points of the restrictions
to the coadjoint orbits of a functionh : g∗ → R. By Proposition 2.3, we have thatdHp = dhp = ξ,
whereXξ(p) = XH(p) is the velocity atp of the relative equilibrium. By hypothesis, we assume that
ξ ∈ g is regular, so that we can apply Proposition 4.3, to obtain the existence result.

For the stability, suppose thatd2H0(p) is positive definite, then of the nearby relative equilibria,
only those for whichhµ has a local minimum are formally stable. Butξµ (for ξ regular) has a unique
minimum [3], and by the blow-up argument of Propsotion 4.3 the same holds forhµ, so we are done.
(If Φ−1(0) = G.p, thenP0 is a point, so both the maximum and the minimum ofhµ will be formally
stable, as happens for the rigid body.) 2

We conclude by briefly considering the eigenvalues of the bifurcating relative equilibria. Recall
that an equilibrium point of a linear Hamiltonian system ˙z= Lz on the symplectic spaceV is strongly
stable (also calledparametrically stable) if every nearby linear system is spectrally stable (has only
imaginary eigenvalues).
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Suppose that the linearizationL0 of the regular relative equilibriump∈ P0 is strongly stable. Then
for µ close to 0, thew(µ) relative equilibria onPµ will have eigenvalues close to those ofL0, together
with new eigenvalues corresponding to theξ-action onOµ.

By hypothesis, the former are all imaginary (even after perturbation toµ). For geometric reasons,
the latter are also imaginary. Indeed, the action of a regular elementξ∈ g onOµ is the restriction of the
infinitesimal coadjoint action ong∗, and this action, like the adjoint action to which it is isomorphic,
is such that all the non-zero eigenvalues are imaginary and distinct; they can be obtained from the
infinitesimal roots of the Lie group, see for example ChapterV of [5]. Denote byR the set of
these infinitesimal roots, which we can view as lying int∗, wheret is the unique Cartan subalgebra
containingξ. The eigenvalues of adξ are then

R (ξ) := {i 〈r,ξ〉 | r ∈ R },

wherei =
√
−1. Note that 06∈ R (ξ), since the zero eigenspace is precisely the maximal torus con-

tainingξ, which is orthogonal to the tangent space toOµ at a critical point ofξµ (by Proposition 4.1).
Sinceξ is regular, it also follows that all the eigenvalues of adξ are simple. Consequently, the equilib-
ria of the vector fieldad∗ξ onOµ are strongly stable. It follows that the equilibria ofhµ are also strongly
stable.

One would therefore expect the relative equilibria onPµ to be strongly stable. However, it may
happen that an eigenvalue ofL0 coincides with an eigenvalue of adξ; it would then appear likely that in
the perturbation toµ 6= 0 there could be a “Hamiltonian-Hopf” (or “complex instability”) bifurcation.
It is reasonable to suppose that such coincidence of eigenvalues betweenL0 and adξ is non-generic, of
codimension 1.
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