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Abstract

We first study the module structure of the free Lie algebra L(V') in characteristic zero
under the action of the general linear group. Here we give a new, purely combinatorial,
proof of Klyachko’s celebrated theorem on Lie representations using the Kraskiewicz-
Weyman theorem.

We then give a new factorisation of the Dynkin-Specht-Wever idempotent and use
this to prove that Lo(Lk(V)) is a KG-module direct summand of Lo (V), for G an
arbitrary group, K a field of characteristic p 1 k and V' a KG-module. For finite-
dimensional modules V', this follows immediately from the Decomposition Theorem of
Bryant and Schocker. We consider a small example of this theorem, namely the sixth
Lie power over a field of characteristic 3. Here we show explicitly that Lg(V) decom-
poses into a direct sum of the modules L3(La(V)) and Lo(V) ® So(V) ® S2(V'), where
S5(V') denotes the symmetric square of V. We give a description, up to isomorphism,
of the modules B,m;, occurring in the Decomposition Theorem.

Finally, we apply our knowledge of Lie powers to a group theoretic problem. We
show that the torsion subgroup t. of the quotient 7.R/[v.R, F] is bounded as follows,

for ¢ = 2p™ or ¢ = 3p™, where p is an arbitrary prime, m > 0:

2tym =0 provided G = F/R has no 2-torsion and no p-torsion,

3tsym = 0 provided G = F/R has no 3-torsion and no p-torsion.

Thus, we have that v¢R/[y6R, F] is torsion-free, provided that G = F/R has no

elements of order 2 or 3.
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Chapter 1

Introduction

We consider the problem of describing the module structure of the free Lie algebra
L(V) under the action of an arbitrary group. We use combinatorial methods to obtain
information about the module structure of the free Lie algebra. As an application of
our results we then use homological methods to translate this information into the
language of free central extensions. We shall begin by formulating the decomposition
problem and by giving a brief survey of the literature.

Let G be a group, K a field and V a KG-module. Let L(V') denote the free Lie
algebra on V over K, freely generated by any K-basis of V. Then the action of G
extends uniquely to the whole of L(V'), where each element acts as an algebra auto-
morphism. Moreover, since the action of G respects the degree of each homogeneous
element, we have that each homogeneous component, L, (V'), is also a K G-module.
We want to be able to describe the module structure of L(V') and its homogeneous
components L, (V) - the so-called Lie powers of V. For the classical case of represen-
tations in characteristic zero, this problem is well understood via the pioneering works
of R. M. Thrall [57], A. J. Brandt [4] and F. Wever [58]. In his 1942 paper, Thrall
considered the case where G is the general linear group, K is a field of characteristic
zero and V is the natural module. Each homogeneous component L, (V') is embedded

in the nth tensor power V®" and it is well known [49] that, in this case, V®" can be



CHAPTER 1: INTRODUCTION

written up to isomorphism as the KG-module direct sum

ven = @y,

AFn

where the sum runs over all partitions A of n into at most dim V' parts. Here [A]
denotes the irreducible K G-module corresponding to A and the multiplicity ¢, is
equal to the number of standard tableaux of shape A. Thrall asked what could be
said about the nth Lie power L, (V). Since V®" is a polynomial module (see [21] for
further reference), it is semisimple and we must have that L, (V) is isomorphic to a
KG-module direct summand of V®". Hence

L(V) = @,

AFn

for some multiplicity [, with 0 < [, < t,. Thrall was able to calculate the multi-
plicities [, for all partitions A of n < 10, with a correction in the case n = 10 later
given by Brandt [4]. Brandt also gave a formula for the character of the nth Lie
representation, which can be used, together with standard orthogonality relations, to
calculate the multiplicities of the irreducible K G-module summands of L, (V'), for G
a finite group over a field K of characteristic zero. In 1949 Wever [58] gave a formula
for the multiplicities [, in terms of characters of the symmetric group of degree n.
Whilst Wever’s multiplicity formula may be used to calculate the [, for particular
values of n, it is rather cumbersome to use. For instance, it is not easy to see when
[y > 0, that is, which irreducible modules actually occur in the Lie representations.
In 1974 Alexander Klyachko [33] was able to answer this question. In the case where
G is the general linear group, K is a field of characteristic zero and V' is the natural
module, he proved that for n > 6 almost every irreducible K G-module occurs in the
Lie power L, (V), the exceptions being the irreducible modules corresponding to the
partitions A = (n) and A = (1"). Finally, in 1987 Kraskiewicz and Weyman [36] gave
a beautiful combinatorial description of the multiplicities [,. They proved that [, is
equal to the number of standard tableaux of shape A with major index congruent to

a modulo n, for any fixed positive integer a which is coprime to n.

10



CHAPTER 1: INTRODUCTION

Since its publication in 1974, Klyachko’s theorem has attracted the attention of
a number of authors, most recently Schocker [47] and Kovacs and Stéhr [35]. Whilst
Klyachko’s original proof was based on character theory, the arguments in [47] and [35]
are mainly combinatorial. It has been a longstanding challenge to deduce Klyachko’s
theorem from the Kraskiewicz-Weyman theorem. One of the main results of this
thesis (and the topic of a recent paper of the author [31]) achieves exactly that. The
proof is purely combinatorial and requires only a few basic definitions, along with one
key observation. This result will be the main subject of Chapter 3. We also look at
the relationship between the multiplicities [, and [y, where X' denotes the partition
conjugate to \. We show that these two multiplicities are equal whenever n is odd or
divisible by 4.

For K a field of characteristic p > 0 the situation becomes more complicated, as
our modules are no longer necessarily semisimple and, hence, the Lie power is not
always isomorphic to a module direct summand of the tensor power. In fact, for n not
divisible by p, it turns out that L, (V) is isomorphic to a direct summand of V. In
this case we can exploit our knowledge of the tensor power, as we did in characteristic
zero. In 1998 Donkin and Erdmann [17] described the indecomposable summands of
L,(V) (up to isomorphism) for K an infinite field of characteristic p, G the general
linear group, G = GL(r, K), and V the natural r-dimensional KG-module, for all
n not divisible by p. In this situation V®" is a tilting module (see [16] and [17] for
further reference) and its indecomposable summands are the (partial, polynomial)
tilting modules T'(\) corresponding to the p-regular partitions A of n with at most r
parts. Moreover, if n < r the multiplicity of T'(A) in V®" is simply equal to £,(1),
where 3, is the Brauer character of the irreducible K'Sym(n)-module corresponding
to A\. Analogously to the classical characteristic zero case, Donkin and Erdmann give
a formula for the multiplicity of T'(\) inside L, (V') in terms of Brauer characters of
the symmetric group of degree n. In addition to this description of L, (V) in terms

of tilting modules, Bryant [5] has shown that, for p { n, L,(V) can be described in

11



CHAPTER 1: INTRODUCTION

terms of Adams operations on the Green ring, Rg¢, for all K, G and V.

The case of degrees divisible by p largely remained a mystery for several years,
with only a few results given for specific finite groups G with heavy restrictions
upon V. Much work concentrated on the case where G is cyclic of order p over
a field K of characteristic p. This problem was studied in a number of specific
cases. Bryant and Stohr [12], [13] considered the case where p = 2 and V is the
regular module and also the case where p is an arbitrary prime and V is a free
module. Guilfoyle and Stéhr [22] and Michos [44] looked at the case p = 2 with V' an
arbitrary finite-dimensional module. Finally Bryant, Kovédcs and Stohr [9] considered
the more general situation where V' is an arbitrary finite-dimensional module and p is
an arbitrary prime. They gave a recursive method for calculating the multiplicities of
the indecomposable summands. A closed formula could only be obtained in certain
cases. In 2004, Bryant [6] gave a general formula for these multiplicities. A number
of other papers [8], [34], focused upon the case where G is taken to be a specific
symmetric or general linear group.

Recently their have been major developments in this area, with papers by Bryant
and Stohr [14], Erdmann and Schocker [19] and Bryant and Schocker [10], [11]. From
now on let K be a field of characteristic p > 0, let G be a group and let V be a
finite-dimensional K G-module. The first case of difficulty, namely n = p, was dealt
with in [14] by Bryant and Stohr via an analysis of the structure of V®P. They proved
that L,(V) = B,(V) @& M,(V'), where B,(V) = L"(V)N L,(V) and M,(V) is the pth
metabelian Lie power of V. In the case where K is an infinite field, G is the general
linear group and V is the natural KG-module, they calculated the indecomposable
summands of B,(V), along with their multiplicities. Since M,(V) is also known to
be indecomposable, this gives full information for L,(V') in this case. Additionally,
Bryant and Stohr give a description of L,(V) in terms of Adams operations on Rg¢,
for all K, G and V.

Erdmann and Schocker [19] next considered the case n = pk, where p { k, and were

12



CHAPTER 1: INTRODUCTION

able to prove that the study of L,,(V') can be reduced to the study of L,(Li(V)).
Their methods make use of the Solomon descent algebra - a certain subring of the
symmetric group ring (see [48] for further reference). Finally, Bryant and Schocker
[10] were able to develop this idea much further, proving that the study of arbitrary
Lie powers can, in some sense, be reduced to the study of the Lie powers of p-power
degree. Their main result, the ‘Decomposition Theorem’, states that for all £k > 0,

with p t k, and for all m > 0, there exists a KG-module direct sum decomposition
mek(V) - me (Bk) @ me_l(Bpk) @ s @ L]_ (Bpmk>7

for some submodules B,y of L,ix(V'), which are in turn isomorphic to KG-module
direct summands of V"% Whilst the Decomposition Theorem represents a huge step
forwards in our knowledge of modular Lie powers, the theorem offers no description
of the mysterious modules Bj;. A further paper of Bryant and Schocker [11] gives a
recursive description of these modules up to isomorphism.

In Chapter 5 we concentrate on the case n = pk, where p 1 k, for certain values of
p and k. For p =2, k odd, we prove that La(Li(V)) is a direct summand of Log (V).
Our proof is completely independent of the methods employed in [10]; we give an
explicit projection of Log(V') onto Lo(Lk(V')). The proof is combinatorial in nature
and utilises an alternative factorisation of the Dynkin-Specht-Wever idempotent, as
described in Chapter 4. In particular, our proof shows that Lo(Lg(V)) is a direct
summand of Lox (V') for arbitrary K G-modules V' - not just finite-dimensional mod-
ules. In fact, Bryant has recently generalised the arguments in [10] and [11] to give a
decomposition theorem and recursive description (up to isomorphism) of the modules

B

i occurring in this theorem for arbitrary modules V. We reproduce an early draft

of his manuscript for reference purposes in Appendix B, with kind permission.
For G a group, K a field of characteristic 3 and V' an arbitrary KG-module, we

give an explicit decomposition

Le(V) = L3(La(V)) @ [La(V) ® S2(V) @ S2(V')],

13



CHAPTER 1: INTRODUCTION

where Sy(V') denotes the second symmetric power of V. We describe a projection
of Lg(V) onto L3(Lo(V)) and use this to give a description of a complement, Bé3)
(here the superscript is to remind us of the characteristic of K'). We then describe a
surjection of Lg(V') onto La(V) ® So(V) ® Sao(V'), with kernel Ls(Lo(V)), thus giving
that Bég) = Ly(V) ® So(V) ® So(V'). This isomorphism gives us a description of the

), and it is easy to see from this description that Bég) occurs

isomorphism type of Bé?’
as a direct summand of V®%. We not only show that the decomposition holds, but
find embeddings and projections to prove the decomposition explicitly.

In a similar manner, for G' a group, K a field of characteristic 2 and V' an arbitrary
KG-module, we give an explicit projection of Lg(V') onto La(L3(V')) and use this to
give a description of a complement, BéQ). We also conjecture that BéQ) is isomorphic
to the tensor product L3(V) ® A3(V), where A3(V) is a certain KG-module direct
summand of the third tensor power.

We now return to the situation where V is finite-dimensional. In Chapter 6 we
address the problem of describing the modules By, up to isomorphism. The majority
of this chapter represents joint work with R. M. Bryant [7]. We prove that each
module B,;, can be written, up to isomorphism, as a direct sum of tensor products of
certain direct summands Uy, 4 of V®* indexed by the divisors d of k. We also prove a
sharper result; the modules B, can be written, up to isomorphism, as a direct sum
of tensor products of a smaller collection of direct summands W, . of V¥ indexed by
the divisors ¢ of k with ¢ coprime to k/c. Our proofs make use of a number of results
on Witt vectors (see [50] for reference). We consider a few examples of our result,
in particular, the examples of Chapter 5, in the case where V' is a finite-dimensional
KG-module. The main results of Chapter 6 can in fact be generalised to the case
where V' is a module of arbitrary dimension. This has recently been shown by R. M.
Bryant and we reproduce his arguments with kind permission in Appendix B. We
conclude Chapter 6 with a discussion of these developments.

Finally, we apply our knowledge of Lie powers in characteristic p to give fur-

14



CHAPTER 1: INTRODUCTION

ther insight into another problem, involving torsion in free central extensions of
groups. In 1973 Kanta Gupta [23] discovered elements of finite order in free centre-by—
metabelian groups. More precisely, she proved that the relatively free group F/[F", F]
(where F'is a free group of rank d > 4) contains an elementary abelian 2-group of
rank (Z) in its centre. This was the first result to remark upon an, at the time,
surprising phenomenon: the appearance of torsion in free central extensions of cer-
tain torsion-free groups. Gupta’s proof was purely group-theoretical and consists of
several pages of intricate commutator calculations. In his pioneering 1977 paper [37],
Yu.V. Kuz’'min introduced homological methods into the study of Gupta’s torsion
elements, and, subsequently, was able to identify the torsion subgroup of F/[F", F]
with Hy(F/F") ® Zs, the fourth homology group of the free abelian group F/F’ re-
duced modulo 2. The unexpected presence of torsion and the connection with group
homology created considerable interest in such groups.

More generally, for G a group given by free presentation G = F'/R, we have that
the quotient F/[V.R, F|, where ¢ > 2 and 7.R denotes the cth term of the lower
central series of R, is a free central extension of F'/v.R. The quotient F'/v.R is in
turn an extension of G = F/R with free nilpotent kernel R/v.R. Whilst F'/v.R is
always torsion free [52], Gupta’s result shows that elements of finite order can occur
in the centre of F/[y.R, F], that is, in the quotient v.R/[y.R, F]. The problem is
then to determine the torsion subgroup of v.R/[}.R, F)]. We shall see later that this

problem is connected to Lie powers via the following isomorphism,
/YCR/[’YCRu F] = Lc(Rab) ®G Z»

where L.(R,,) denotes the cth homogeneous component of the free Lie ring L(R,)
(that is, the free Lie algebra over Z) and where R,;, denotes the relation module R/R’
stemming from our original free presentation.

In Chapter 7, we shall use our results on Lie powers to approach the problem of
determining the torsion subgroup t. of v.R/[7.R, F|. Kuz’'min [38] (¢ = 2) and Stohr

[54] (¢ > 2) have shown that the exponent of the torsion subgroup ?. is bounded as

15
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follows:

4ty = 0 and ct. = 0, for ¢ > 3.

In the case ¢ = 2, this bound cannot be improved - Kuz'min [38] gives an example of
a normal subgroup R such that the quotient R'/[R’, F| contains an element of order
4.

Stohr [54], [55] was also able to give precise identification of the torsion subgroup
for ¢ = p, a prime, and ¢ = 4 under mild conditions on G. If G has no elements of
order d|c, for d > 1, then we have

H,(G,Z,), for c=p, a prime,
t. =

Hs(G,Zs), for c=4.
As far as the concrete identification of the torsion subgroup is concerned, this was
the last word on the subject for some time. The methods available at the time were
exhausted. It has been made possible to resume progress on this problem by recent
developments in the theory of modular Lie powers, in particular, the Decomposition
Theorem of Bryant and Schocker. The main result of Chapter 7 is that for G = F//R
with no elements of order 2 or 3, the quotient v¢R/[y6R, F|] is torsion-free. In fact,

we prove shall that

2tyym =0 for all m > 0, provided G has no 2-torsion and no p-torsion,

3tgym = 0 for all m > 0, provided G has no 3-torsion and no p-torsion.

It is easy to see that these two results coincide when ¢ = 6, hence giving the fact that
te = 0, that is, 76 R/[6 R, F| is torsion-free. Hence, if G has no elements of order d|c,
for d > 1, we have

(

H,(G,Z,), for c=p, a prime,

le = 9 HG(G,ZQ), fOI'C:4,

0, for ¢ = 6.

\

16



CHAPTER 1: INTRODUCTION

The thesis is organised as follows: in Chapter 2 we give the preliminary definitions
required to proceed. In Chapter 3 we consider the case where K is a field of char-
acteristic zero, G is the general linear group and V is the natural module. There we
present some combinatorial proofs of well-known results. In Chapter 4 we give an al-
ternative factorisation of the Dynkin-Specht-Wever idempotent. This factorisation is
then used in Chapter 5 to prove that Lo(Lx(V)) is a direct summand of Log (V') for all
odd k, where K is a field of characteristic 2. We use certain module homomorphisms
to prove some of the decompositions asserted by the Decomposition Theorem and to
give new information about the modules By, for certain values of p and k. In Chapter
6 we describe, up to isomorphism, the modules B,mj, of the Decomposition Theorem.
Here we do not need to construct explicit maps, but instead perform calculations in
the Green ring and use techniques developed for dealing with Witt vectors. Finally,
in Chapter 7, we apply our knowledge of the modular Lie powers to a group theoretic

problem to obtain some surprising results.
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Chapter 2

Preliminaries

2.1 Free Lie algebras

Let K be a commutative ring with identity element and let L be a K-module. We
say that L is a K-algebra if there is a given bilinear map L x L — L, called the
multiplication of L. A Lie algebra L over K is a K-algebra with multiplication

denoted by (u,v) — [u,v], for all u,v € L, satisfying
(i) [u,u] =0, VuelL,
(i) [[u,v], w] + [[v,w],u] + [[w,u],v] =0, Vu,v,w € L.

Condition (i) implies that [u,v] = —[v,u] for all u,v € L (anticommutativity). The
second condition is called the Jacobi identity. We call a multiplication satisfying both
(i) and (ii) a Lie multiplication.

Let L be a Lie algebra over K and let X be a subset of L. We say that L is free
on X if every map from X into another Lie algebra L’ over K extends uniquely to
a Lie algebra homomorphism of L to L’. We note that if L is free on X then L is
generated by X. For every set X there exists a free Lie algebra L which is free on X
and this algebra is unique up to isomorphism. Thus, we shall speak of the free Lie

algebra on X and denote this algebra by L(X).

18



CHAPTER 2: PRELIMINARIES

We define the elements of X to be Lie monomials and define a product of the form
[u,v] € L(X) to be a Lie monomial if both v and v are Lie monomials. We shall use

the left-normed convention in writing Lie products as follows:
[Ul,UQ,U3, Ce ,Un] = [ .. [[U17U2],U3] e ,un] s

for all uy, ..., u, € L(X). If each u; is in fact an element of X we say that [u1, ..., u,]
is a left-normed monomial. It is easy to see that L(X) is spanned by the left-normed

monomials. Indeed, by the Jacobi identity, we have that
[Ul, ceey [ui,uiﬂ],. .. ,Un] = [Ul, B ¥ L7 N ,un] - [ul, coe s Uiy Ugy - - - ,un],

for all uy,...,u, € L(X), 1 < i < n. However, the left-normed monomials are
not linearly independent. It is a curious fact that there is no known basis of L(X)
consisting entirely of left-normed monomials.

A basis of L(X) can be constructed in the following manner. We define the
standard monomials of degree 1 to be the elements of X. Suppose that we have
defined the standard monomials of degrees 1,...,n and that they are totally ordered
in such a way that for any two standard monomials v and v, with deg(u) > deg(v),
we have u > v. We say that [u,v] is a standard monomial of degree n + 1 if we have
(i) deg(u) + deg(v) = n+ 1, (ii) v and v are standard with u > v and (iii) if u can
be written as a product u = [z,w|, where z and w are standard, then v > w. The
standard monomials form a basis of L(X) called a Hall basis [24]. Thus, L(X) is a
free module over K.

If | X| =r, we say that L(X) is the free Lie algebra of rank r. In this case each
homogeneous component L,(X) is a free K-module of finite rank, given by Witt’s

formula:

1
rank L,(X) = - Z pu(d)r™/e,
dln

19



CHAPTER 2: PRELIMINARIES

where p denotes the Mobius function,

(

1 ifd=1

u(d) =40 if p?|d , for some prime p,

(—1)*  otherwise, where k is the number of distinct prime divisors of d.
\

Further reference on Lie algebras can be found in [29] and [51] - a section on
free Lie algebras can be found in each [29, Chapter V, §4|, [51, Chapter IV]. For
further information about free Lie algebras we recommend [45] and also [1, Chapter
2]. (These also serve as a good reference for the decomposition problem for L(V'); see
[45, Chapter 8] and [1, Chapter 3]).)

Let W(X) denote the free monoid on X. Then the elements of W (X) are simply
strings of the form zix5 - - - x,, where z; € X for : = 1,...,n, called words on X. Let
A(X) be the free K-module with basis W(X) (the elements of A(X) are K-linear
combinations of words from W (X)). We may extend the multiplication of W (X) to
the whole of A(X) distributively. Then A(X) is the free associative algebra on X.

We may turn any associative algebra A into a Lie algebra by defining a new

multiplication on A as follows:
(u,v) — [u,v] = uv — vu,

where uv denotes the usual associative product of u and v in A. It is easy to verify
that this is a Lie multiplication. Now, let us turn A(X) into a Lie algebra in this
way. Let L be the Lie subalgebra of A(X) generated by X. Then L is isomorphic to
the free Lie algebra on X, that is, L is generated by X and any map from X into a
Lie algebra L’ over K extends uniquely to a homomorphism. We therefore consider
the free Lie algebra L(X) to be embedded in A(X). In fact, A(X) is the universal
enveloping algebra of L(X) (see [51] for further reference). When K = Z, we call
L(X) the free Lie ring on X and A(X) the free associative ring on X.

The algebras L(X) and A(X) are graded. For n > 1 let L,(X) be the nth
homogeneous component of L(X), that is, the K-submodule of L(X) spanned by all
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left-normed monomials of length n. Then

L(X) = P Lu(X).

n>1
If u € L,(X) we say that u is homogeneous of degree n and write deg(u) = n.
Moreover, we can refine this grading further by considering the multiplicity with
which each z € X occurs within a monomial of L(X). Let o : X — Ny and define
Lo (X) to be the submodule of L(X) spanned by all left-normed monomials u € L(X)

such that x appears in u with multiplicity «(z) for all x € X. Then

LX) = @D La(X),

where the sum ranges over all functions a : X — Ny. We call L,(X) the fine
homogeneous component of L(X) of multidegree a and if u € L,(X) we say that u
is fine homogeneous of multidegree a.
Similarly, for n > 0 let A, (X) denote the nth homogeneous component of A(X),
that is, the K-submodule of A(X) spanned by all words in W (X)) of length n. Then
AX) = P An(X).

n>0
If u e A,(X) we say that u is homogeneous of degree n and write deg(u) = n. We
also define A,(X) to be the submodule of A(X) spanned by all words w € W (X)
such that = appears in w with multiplicity a(x) for all x € X. Then

AX) = @ Aa(X),

where the sum ranges over all functions o : X — Ny. We call A,(X) the fine
homogeneous component of A(X) of multidegree v and if u € A,(X) we say that u
is fine homogeneous of multidegree a.

Let X = {xy,...,2,,...}. Tt is easy to see that each of the homogeneous compo-

nents L, (X) and A,(X) can be written as a direct sum of fine homogeneous compo-
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nents, L,(X) and A, (X), respectively:

Ln<X) = @LQ(X),
An(-X) = @Aa(X>7

where each sum ranges over all functions o = (g, g, ..., v, ...) : X — Ny given by

o x; — oy, with each o > 0 and )0 a; =n.

2.2 Lie, tensor and symmetric powers

Let (X) denote the K-span of the set X. Thus, (X) is a free K-module. We first
remark that if B is a basis of (X)), then B is a free generating set for L(X). Now, let V'
be a free K-module. From now on we shall write, with a slight abuse of notation, the
free Lie algebra on V or L(V') to mean the free Lie algebra which has free generating
set given by any basis of V. We shall also write L, (V') to denote the nth homogeneous
component of this free Lie algebra.

Similarly, we may write the ‘free associative algebra on V'’ however, it is useful

to make the following identifications:
A, (V) =V®" for n > 1,

where each product vy---v, € A(V), with vq,...,v, € V, is identified with the
element v ® -+ ® v, € VO Hence, we shall think of the free Lie algebra L(V)
as embedded inside the tensor algebra T(V) = €D, 5, Tn(V), where Ty = K and
T, (V) =Ve" forn > 1.

Let G < GL(V) be a subgroup of the automorphism group of V. Then V is a right
KG-module. The action of G on V may be extended uniquely to L(V) and T'(V),
where each element g € G acts by algebra automorphisms. Thus, L(V') is isomorphic
to a KG-submodule of T'(V'), via the above embedding. Moreover, it is easy to see
that each homogeneous component L, (V') is a K G-submodule of L(V') and each V®"
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is a KG-submodule of T'(V)). We call the modules L, (V) the Lie powers of V' and
the modules V®", the tensor powers of V.

Let S(V) denote the symmetric algebra on V' over K. The elements of S(V') may
be thought of as polynomials over K in indeterminates from any K-basis of V. Then
S(V) is a KG-module, where each element g € G acts as an algebra automorphism.

Moreover, S(V) is a graded algebra,

where each S,,(V) is the K-submodule of S(V') spanned by the monomials of degree
n. Each S,(V) is a KG-submodule of S(V), called the nth symmetric power of V.

For a free K-module V' of finite rank r, each symmetric power S, (V) is of finite rank

(T+Z+1) )
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Chapter 3

Standard tableaux and Lie powers

In this chapter we show that for all but two partitions A of n > 6 there exists a
standard tableau of shape A with major index coprime to n. This result appears as

Theorem 1 in a recent paper of the author [31].

3.1 Introduction

The main result of this chapter is the following theorem.

Theorem 3.1.1. Let n > 3 and let A = n. There exists a standard tableau of shape
A\ with major index coprime to n if and only if X # (1), (n), (2%) or (23).

The significance of the theorem lies in the fact that when combined with a deep
result of Kraskiewicz and Weyman, it implies a celebrated theorem of Klyachko on Lie
representations of the general linear group. Let V' be a finite-dimensional vector space
over a field K of characteristic zero. Each tensor power V®" is a semisimple module
for the general linear group GL(V'), with the isomorphism types of the irreducible
submodules of V®" parameterised by the partitions of n with at most dim(V") parts.
Since each Lie power L, (V) is isomorphic to a K GL(V)-submodule of V®" we have
that the isomorphism types of the irreducible K GL(V)-submodules of L, (V') form a
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subset of those occurring in V. Klyachko’s theorem tells us that almost all of the
irreducible modules occurring in V®" also appear (up to isomorphism) in the nth Lie

representation, L, (V).

Theorem 3.1.2. (Klyachko [33]). Letn > 3 and let A = n. There exists an irreducible
KGL(V)-submodule of L,(V') with isomorphism type corresponding to X\ if and only
if X has no more than dim(V') parts and X # (17), (n), (22) or (2%).

(We follow the convention that the KGL(V)-module corresponding to a partition
with more than dim V' parts is 0, and hence there is no such irreducible module.)
Since publication in 1974, Klyachko’s theorem has attracted the attention of a
number of authors. Recently new proofs have been given by Schocker [47] and Kovécs
and Stohr [35]. While Klyachko’s original proof was based on character theory, the
arguments in [35] and [47] are mainly combinatorial.
In 1987, Kraskiewicz and Weyman gave a beautiful combinatorial interpretation

of the multiplicities of the irreducible K GL(V)-modules occurring in L, (V).

Theorem 3.1.3. (Kraskiewicz—Weyman [36]). Let a,n € N be fized coprime numbers
and let X be a partition of n with at most dim(V') parts. The irreducible KGL(V)-
module corresponding to A occurs in L,(V') with multiplicity equal to the number of

standard tableaux of shape A with major index congruent to a modulo n.

New proofs of this result have been given by Garsia [20] and Jéllenbeck and
Schocker [32] (for another account of Garsia’s proof see [45, Theorems 8.8 and 8.9]).
It has been a longstanding challenge to deduce Klyachko’s theorem directly from The-
orem 3.1.3. As Schocker [47] remarks “it seems to be rather difficult to give a combi-
natorial proof ... by some analysis of the tableaux numbers ... and the Kraskiewicz-
Weyman theorem only”. Exactly that, however, is achieved in this chapter, as our

Theorem 3.1.1 and Theorem 3.1.3 clearly imply Theorem 3.1.2.
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3.2 Standard tableaux, descents and major index

Let n and [ be positive integers with [ < n. We say that a finite sequence of positive
integers A, of the form A = (A, ..., )\;), is a composition of n (A E n) if \{+- - -+ X\, = n.
We say that A is a partition of n (A F n) if, additionally, \y > --- > A\, > 0. We
call the components \; the parts of A\ and write |A| to denote the sum of all parts,
A1+ -+ N = n. For a partition A of n we define the Young diagram of shape \ to
be a collection of n boxes arranged in left-justified rows, with \; boxes in the ith row.

Let A be a partition of n (A F n). A tableau of shape A is a numbering of the
Young diagram of A\ with the numbers from {1,...,k}, where k < n, such that the
entries weakly increase along each row and strictly increase down each column. We
say that a tableau is standard if each number in {1,...,n} occurs exactly once. An
entry ¢ in a standard tableau is called a descent if i + 1 occurs in any row below .
For a standard tableau T' we denote the set of all descents in T" by D(T') and define
the sum of all descents to be the major index of 7', maj(7).

For example, let A = (5,3,2,1). Shown below is the Young diagram of shape A,
together with a tableau of shape A and a standard tableau of shape A.

[ ] 1[1]1]2]4] 1/2]4|8]9]
212 315]|11
314 610
L 15 L7
A Young diagram A tableau A standard tableau, T

For the standard tableau T' given above notice that the descents are shown in bold

font. Hence, we have

D(T) = {2,4,5,6,9},

and maj(7) = 2+4+5+6+9=26.
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For partitions with many equal parts it is often convenient to use the following no-

tation. Let (ai*,...,a%m

»'m

) denote the partition (aq,...,a1,..., G, .., ay,) consisting
—_—— —_——

aq Qam

of a; parts of length a;, for 1 < i <m, with a; < --- < a,,.
From now on in our examples descents shall appear in bold font. We refer to
[42] and [45] for further reference on partitions and tableaux and to [30] for further

reference on the representation theory of the symmetric and general linear groups.

3.3 A combinatorial proof of Klyachko’s theorem

We now come to a proof of Theorem 3.1.1. It is easy to see that for n > 3 there are
no standard tableaux of shape A = (17), (n), (2%) or (2®) with major index coprime

to |A|. Indeed, if A = (1), the only standard tableau T" of shape A is given by

n

n(n—1)

where maj(T) =1+ --- + (n — 1) = ©5—. Hence, we have that

0 mod n, if n is odd,
maj(7T) =

n/2 mod n, if n is even.

Thus we see that the major index of T" is not coprime to n, for all n > 3. Similarly,

if A = (n), the only standard tableau T" of shape A is given by

Tz’l\ \n

Y

where maj(7") = 0, which is not coprime to n. The two standard tableaux of shape
(2%),
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and ,

have major indices 2 and 4 respectively. Finally, the five standard tableaux of shape

(23)7

112 1|2 13 13 114
4 5 2|5 214 and |2]|5],
5|6 416 416 2|6 3|16

have major indices 6, 10, 9, 8 and 12 respectively - none of which are coprime to 6.
For all other partitions A of n > 3 we shall show that there exists a standard
tableau of shape A with major index coprime to n. We first consider partitions A of
n into two parts. Next we look at rectangular partitions with more than two parts.
Finally, we prove that any non-rectangular partition of n into more than two parts

has a standard tableau with major index coprime to n.

3.3.1 Partitions with two parts

Let n > 3. For each two part partition A = (n — s, s) of n, where 1 < s < [n/2] and
A # (2%), we define a standard tableau T'()\) with major index coprime to n.

For n odd, n =2m + 1 and 1 < s < m, we define

1 s e lm | m4s+1 |- | 2m+1

T(n—s,s)=

m+1|--- | m+s

Then maj(T'(n — s,s)) = m which is coprime to n.

Now let n be even, n = 2m and 1 < s < m. For s = 1 we define

o] o]

T(n—1,1) =
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and for 1 < s <m — 1 we define T'(n — s, s) to be the standard tableau given by

1 2 S e lm—11m+1 m+2 | m+s+2|---|2m

m|{m+3 |-+ | m+ts+1

When s = m — 1 we put

1 2 e lm—1|m+1 m+2

Tm+1,m—1)=

m|m+3|--- 2m

and, finally, for s = m, where m > 2, we set

1 2 3 ol m—1 | m+2

T(m?)=

m| m+1|m+3]|---|2m-—1 2m

Hence, we have

1 if s=1,
maj (T(n — s,5)) =
2m+1 if 1 <s<m,

which is coprime to n for all values of s.

3.3.2 Rectangular partitions with more than two parts

We consider rectangular partitions A = (m*) = n = mk, where k > 2, m > 1 and

A # (23). First suppose that m = 2 and let

1 2
2j—1| 2j
2i+1 27+ 3
T(2% ) == !
2/ +2[2j+5
2j+4(2j+6
2k — 1 2k
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where 1 < j < k—3 and k > 3. Then T'(2*; j) is a standard tableau with descent set
given by
{2,...,24,2)+ 1,2+ 3,2+ 5,2 +6,...,2k — 2}, for 1 <j<k-—3,
and {2,...,2k —6,2k — 5,2k — 3,2k — 1}, for j =k — 3,
and it is easy to see that
k-1
maj(T(2%4)) = 2j+3+2) i=2j+3+k(k—1),

i=1
forall1 <j<k-—3.

If k is odd then k —1 is even and, since k > 3, we have that (k —1)/2 is an integer
in the range 1 < (kK —1)/2 < k — 3. Hence

k—1
maj(T(Qk;T)) = k+2+k(k—1)=k+2 mod n,

since n = 2k and k — 1 is even. Thus, we have that maj(T(2%; (k — 1)/2) is coprime
to n.

Similarly, if k£ is even then, since k > 3, we have that (k — 2)/2 is an integer in
the range 1 < (k —2)/2 < k — 3. Hence,

k—2
maj(T(2k;T)) = k+1+k(k—1)=k+1=1 mod n,

giving that maj(T'(2%; (k — 2)/2) is coprime to n. This proves Theorem 3.1.1 for all
partitions A\ = (2%), where k > 3.
Next suppose that A = (m*) where m, k > 2 and let T'(mF¥;4, s) denote the stan-

dard tableau given by

(i—1)m+1 im
im+1 im + 2 <o im4s| im+s+2| - | i+1)m+1

im+s+1 | (i+1)m+2 (i+2)m

(k—1)m+1 km
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where 0 < i < k—2,1 < s < m — 1. Then T(mF;i,s) has descent set given

by

{s,m+1,2m,...,(k—1)m}, for i =0,
{m,....,im,im+s,(i+1)m+1,(i+2)m,...,(k—1)m}, forO0<i<k—2,

and  {m,...,(k—2)m,(k—2)m+s,(k—1)m+ 1}, fori=Fk—2,

which gives

k—1
maj(T(mF;i,s)) = ij+im—|—s+1
j=1

Kk —1
= %ﬂ'mﬂﬂ,

forall0<i <k —2.

If n is odd, then k must be odd and it follows that
maj(T(mF;i,s)) = im+ s+ 1 mod n.

Hence, choosing i = 0, s = 1 gives maj(T(m*;0,1)) = 2 mod n, which is coprime to
n.

If n is even, we consider two cases:
Case (i). If k is odd then maj(T(m*;i,s)) = im+s+1 mod n and, since n is even,
we have that m must be even.

If 4|m, choosing i = (k — 1)/2 and s = m/2 gives

k—1 k—1
maj (T (mk;T,%>) = Tm—f-%—i—l mod n
k
= mT—I—l mod n
= g+1mod n,

which is coprime to n.
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If 41 m, choosing i = (k —1)/2 and s = (m/2) + 1 gives

k—1 k—1
maj <T(mk;T,%+1>) = Tm+<%+1>+1 mod n
k
= mT+2 mod n
= g—i—Q mod n,

which is coprime to n.

Case (ii). If k is even then

maj (T(mk;i,s)) = mTk—i—imjszLl mod n.

Hence choosing i = (k/2) — 1 and s = m — 2 gives

maj (T(mk;g—l,m—2>> = m—k+<ﬁ—1>m+(m—2)+l mod n

2 2
= n—1 mod n,

which is coprime to n.
Thus we have shown that for almost every rectangular partition, A\ = (mF), of
n = mk into k parts, where 2 < k < n, there exists a standard tableau of shape A

with major index coprime to n; the exception being the rectangle A = (23).

3.3.3 Non-rectangular partitions with more than two parts

We begin with a few definitions and a technical lemma which are required for the final
part of the proof. Let p = (p,..., pux) be a composition of n (u F n). We say that a
tableau T of shape A - n has weight p if i occurs y; times in 7. Let A = (A1, ..., A\x)
be a partition of n. We define the lower rim of A to be the union of all boxes B in

the Young diagram of A\ such that there is no box directly below B.
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The lower rim of A

In other words, each box in the lower rim lies at the end of a column. Hence, the
number of boxes in the lower rim is equal to the number of columns in A, which in
turn is equal to A;. Notice that if we remove a box from the end of a row in the
lower rim of A, then the shape which remains is a Young diagram corresponding to a
partition of n — 1. It is easy to see that the remaining boxes in the lower rim of A all
lie in the lower rim of the new diagram. Hence, we can successively remove up to A;
boxes from the lower rim of X in such a way that the shape which remains is a Young

diagram.

Lemma 3.3.1. Let n = mk + r where m,k > 0 and 0 < r < k. Furthermore, let
A be a partition of n into k parts and p = (w1, ..., ) be a composition of n with
each p; € {m,m + 1}. Then there exists a tableau of shape \ with weight p and first

column with entries 1, ... k.

Proof. We prove the result by induction on k. When k£ = 1 we have that n = m and
A = = (m). So the tableau consisting of a single row of ones satisfies the conditions
of the lemma. For k& > 1 there are two cases.

Case(i). pr = m. Since A is a partition of n = mk + r into k parts, we have that
A1 > m and Ay < m. In other words, there are at least m boxes in the lower rim
of A and at most m boxes in the kth row. Hence, we can remove m boxes from the
lower rim of X\ in such a way that all boxes are removed from the kth row and that

the shape which remains is a Young diagram. Let A be the partition corresponding
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to this diagram. Then ) is a partition of 7 = r(k — 1) + 7 into k — 1 parts, where
m=m,7T=rfor0<r<k—landm=m+1,7r=0forr=%F—1.

Notice that if » = kK — 1 we must have that y; = m + 1 for all ¢ < k, since
n=mk+k—1=(m+1)(k—1)+m and g = m. Applying induction to A and
fi = (ju1, .., pn_1) gives a tableau T of shape A with weight fi and entries 1,..., k—1
in the first column. Finally, by returning the m boxes which we removed and entering
a k into each of these, we obtain the desired tableau.

Case(ii). pur = m + 1. Since p is a composition of n = mk + r into k parts
with each p; € {m, m + 1}, we have that r > 1. Moreover, since A is a partition of
n = mk +r into k parts, we have that Ay > m+1 and A\, < m. In other words, there
are at least m + 1 boxes in the lower rim of A and at most m boxes in the kth row.
Hence, we can remove m + 1 boxes from the lower rim of A in such a way that all
boxes are removed from the kth row and that the shape which remains is a Young
diagram. Let ) be the partition corresponding to this diagram. Then ) is a partition
of n =m(k — 1)+ 7 into k — 1 parts, where m =m, 7 =r — 1, for 0 <r < k.

Applying induction to X and ji = (1, ..., jur_1) gives a tableau T of shape A with
weight i and entries 1,...,k — 1 in the first column. Again, by returning the m + 1
boxes which we removed and entering a k into each of these, we obtain the desired

tableau. OJ

We are now in position to complete the proof of Theorem 3.1.1. Consider the
non-rectangular partitions A = (A1, ..., \g) of n = mk +r into k parts, where m > 0,
k>2and 0 <r <k <n. We claim that there exists a standard tableau T of shape

A, with major index coprime to n and descent set of the form

D(T) = {py,pn+ pry .oy pn =+ pio + -+ + pr—1},

where (i) p; € {m,m + 1} if k¥ n and (ii) u; € {m — 1, m} if k|n.
Case (i). If k1 n then, by Lemma 3.3.1, it is clear that for all such A - n and for

all p = (p1,...,ux) En, where p; € {m, m+ 1}, there exists a standard tableau 7" of
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shape A with descent set as above. We simply replace the u; occurrences of 4 in the

tableau of Lemma 3.3.1 by the entries

i—1 i—1 i
S AL ppt2,0)
j=1 j=1 Jj=1

from left to right, to obtain a standard tableau T of shape A. Let T denote the set
of all standard tableaux obtained in this way (by Lemma 3.3.1 we see that there
is at least one for every choice of p) and let 7" € ¥ be one such standard tableau
corresponding to the choice p = (1, ..., px). Since p E n we have that exactly r of

the u;’s are equal to m + 1; w;,, ..., 1, say. Hence, the major index of 1" is given by

maj(T) = (k= Dpy+ (k= 2 + -+ s

= ko
= i(k;—z')erZ(k—ij)
mk(k — 1)

- -y
7j=1

The sum of the i; ranges from 1 +2+---+(r—1)4+r = r(r+1)/2 at the smallest
to(k—r+1)+(k—r+2)+---+(k—1)+k =rk—r(r—1)/2 at the greatest, giving
r(k —r) + 1 consecutive values of maj(7") for T' € T. Hence, for each integer z such
that

n(kz2— 1) r(k2— T) << n(k:2— 1) N r(k’2— r),
there exists a standard tableau 7" € T with maj(7’) = z. If k is odd then for all T' € T

we have maj(T') = a mod n, where

_r(k—r) <a< r(k—r)’
2 2

and, since 0 < r < k and k > 2, we must have that maj(7") = 1 for some standard

tableau T € ¥.
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If k is even then for all T € ¥ we have maj(7) = a mod n where

n rk—r) n
ST o< 24
2 2 - - 2

r(k—r)

2
One of these values is coprime to n. Indeed, since 0 < r < k we must have that
r(k —r) > k —1, giving that (r(k —r))/2 > 2, for k > 4. For k = 4 it is easy to
check that ((mk +r)+r(k—r))/2 = [n/2] 4+ 2. Hence, for r > 0, k even and greater
than 2 we have that there exist standard tableaux in ¥ with major indices congruent
to [n/2] + 1 and [n/2] + 2 modulo n, one of which is coprime to n.

Case (ii). If k|n then we have that » = 0 and n = mk. Since A is non-rectangular,
we must have that A\; > m+1 and A\, < m — 1. Recall that \; is equal to the number
of boxes in the lower rim of A and A, is the number of boxes in the kth row of .
Hence we can remove m + 1 boxes from the lower rim of A, including all Ay boxes
from the kth row, in such a way that the shape that remains is a Young diagram. Let
A denote the partition corresponding to this Young diagram. Then ) is a partition of
n=mk—(m+1)=(m-—1)(k—1)+ (k—2), into k — 1 parts.

Since k > 2, we have that (k — 1) { 7 and, applying the reasoning of Case (i), we
see that for every p = (u1,..., 1) F 1 with each p; € {m — 1, m}, there exists a

standard tableau of shape A with descent set given by

D(T) = {[1’17“’1"_#27"'7,“1+,u2+"'+,uk—2}-

Notice that k£ — 2 of the u; are in fact equal to m, with just one of the p; equal to
m — 1. Let € denote the set of all such standard tableaux. Recall that there are k — 1
consecutive values for the major indices of the tableaux in €. Indeed, for each integer

z such that
(k=1 —-2)m
2

there exists a standard tableau 7' € ¥ with maj(T) = z.

(k—1)(k—2)m
5 ;

(k—2)<z<

For each T € ¥, replacing the m + 1 boxes which we removed earlier and entering

the numbers mk — m, ..., mk from left to right gives rise to a standard tableau T of
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shape \ with

D(T) = D(T)U{mk—m —1}

= {p1, 1+ pay e iy e o+ o+ -1},

where u; € {m — 1, m}, as above. Hence,

maj(T) = maj(T)+ (mk —m —1)

and for every integer z in the range

m(k — 1)k
2

(k — 1k

Ck+l<a< 1

we can construct a standard tableau T' of shape A with maj(7’) = z. We show that
one of these k — 1 values is coprime to n modulo n.

If k£ is odd, then we have that for each positive integer a withn —k+1 < a <
n — 1, there exists a standard tableau T, of shape A, with major index congruent to
a modulo n, giving maj(7,_;) coprime to n, for example. Finally, if k¥ is even then
we have that for each positive integer a with 5—k+1 < a < 5 —1, there exists
a standard tableau T}, of shape A\, with major index congruent to a modulo n. Since

one of maj(7{(,/2-1) and maj(7(,/2)—2) is coprime to n, this completes the proof of

Theorem 3.1.1.

3.4 Conjugacy

Let A = (A1,..., M) be a partition of n into k parts. We denote by X the par-
tition obtained from A by reflecting along the main diagonal. For example, let
A = (8%2,6,3%,1%). Then we have that N = (8,52 3% 2%). We say that )\ is the

conjugate of .
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Let X be a partition of n and let T" be a standard tableau of shape A. Consider the
tableau 7" of shape X obtained from T by reflecting along the main diagonal. Then
T’ is standard. Indeed, since T is standard, each number from 1, ..., n occurs exactly
once and entries increase along rows and down columns. Now, 7" contains the same
entries as T, so each number from 1,...,n occurs exactly once. Moreover, since the
rows of 1" are equal to the columns of T, we have that the entries increase along
each row. Similarly, the columns of T” are equal to the rows of T, hence the entries
increase down each column. Thus, 7" is standard.

Recall that i € {1,...,n — 1} is called a descent in T if ¢ + 1 occurs in any row
below ¢ in T'. We shall say that ¢ € {1,...,n — 1} is a non-descent in 7" if i + 1 does

not occur in any row below ¢ in 7.
Proposition 3.4.1. Conjugation interchanges descents and non-descents.

Proof. Let ¢ € {1,...,n —1}. If i is a descent in 7" then the part of the tableau

containing ¢ must look like one of

or

i+1 1+1

since T is standard. Hence T’ contains one of
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1+1

or | i i+1

and, in either case, 7 is a non-descent. The proof in the opposite direction is similar.

]

Theorem 3.4.2. Let \ be a partition of n > 0 and let T be a standard tableau of
shape \. If n is odd or divisible by 4 then the major index of T is coprime to n if and

only if the major index of T" is coprime to n.

Proof. This follows easily from Proposition 3.4.1. First of all, notice that

n(n—l)'

n(n—l).

maj(T) + maj(1") = ==

Now, if n is odd, n = 2k + 1 say, then
maj(T) + maj(T") = kn.

Suppose that one of maj(7") or maj(7") is coprime to n. Then we must have that they
are both coprime to n. Indeed, suppose that maj(7”) is coprime to n and suppose,
for contradiction, that there exists a > 1 such that a| maj(7T") and a|n. Then, since
maj(7)+maj(7") = kn, we must have that a| maj(7"), contradicting maj(7") coprime
to n.

Similarly, if n is divisible by 4, n = 4k say, then
maj(T) + maj(T") = 8k* — 2k.
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Again, suppose that one of maj(7") or maj(7”) is coprime to n. Then we must have
that they are both coprime to n. Indeed, suppose that maj(7") is coprime to n = 4k
and suppose, for contradiction that there exists a > 1 such that a|maj(7") and
aln = 4k. If alk then, since maj(T) + maj(T") = 8k? — 2k, we have that a| maj(1"),
contradicting maj(7") coprime to n. Hence we may assume that a is even. However,
since a|maj(T"), we have that maj(7T") is even and hence, maj(7") must be even,

contradicting maj(7") coprime to 4k. O

There are a wealth of examples showing that the above result does not necessarily
hold when n = 2 mod 4. Indeed, we have already seen that this is the case for the

partitions A = (23) and X = (3?).

Ezxample. Let n = 30 and let

1135 6141819‘ 1|2 712222430‘

21418101728 3| 4|9132326
T = |7|911]15/20129 T =|5|8|1116[25

12/13(16(21(27 6110]15|21

22|23(25 14]17|20{27

24126 1828|129

30 19

then maj(7") = 233 and maj(7") = 202, where (233,30) = 1, but (202,30) = 2.

The following corollary is an easy consequence of Theorem 3.4.2 and Theorem

3.1.3.

Corollary 3.4.3. Let n be odd or divisible by 4 and let A be a partition of n with at
most dim V' parts and greatest part less than or equal to dim V. Then the irreducible

KGL(V)-modules corresponding to A and X' occur in L, (V') with equal multiplicity.

Proof. Let a,n € N be fixed coprime numbers and let A = n be as above. By
the Kraskiewicz-Weyman theorem (Theorem 3.1.3), we have that the irreducible
KGL(V)-module corresponding to A occurs with multiplicity [, equal to the num-

ber of standard tableaux of shape A\ with major index congruent to @ modulo n. Let
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0 <a; <---<aj <n bea complete set of positive integers coprime to n. Let [;(b)
denote the number of standard tableaux of shape A with major index congruent to b

modulo n. Then we have that

Iy =1U\(a) = lx(a1) = - - = lx(a )

and ‘
j

g = I(a) = e,
i=1

where ¢, denotes the number of standard tableaux of shape A with major index
coprime to n.

Similarly, for the conjugate partition )\, by the Kraskiewicz-Weyman theorem
(Theorem 3.1.3), we have that the irreducible KGL(V')-module corresponding to X’
occurs with multiplicity ), equal to the number of standard tableaux of shape " with

major index congruent to @ modulo n. Hence, we have that
by =lv(a) =lv(a) = = lyv(ay)
and '
j
v =) lv(ai) = cx.
i=1
Now, since n is odd or divisible by 4, Theorem 3.4.2 tells us that ¢y = cy. Thus,

C Cy/
h=—=—=1lu
J

J
L

In fact, Zhuravlev [61] has proven the following stronger result using character

theoretic methods.

Theorem 3.4.4. [61, Proposition 4.1]. Let A be a partition of n with at most dim V'
parts and greatest part less than or equal to dim V.
(1) If n is odd or divisible by 4 then the irreducible K GL(V')-modules corresponding

to X and X' occur in L, (V') with equal multiplicity.
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(ii) Otherwise, the multiplicity of the irreducible KGL(V')-module corresponding
to N in L,(V') is equal to the sum of the multiplicity of X in L,(V') and

25 e,
)

d|(n/2

where T is a cycle of lengthn and x* denotes the character of the irreducible KSym(n)-

module corresponding to .
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Chapter 4

The Dynkin-Specht-Wever

idempotent

4.1 Introduction

Let K be a commutative ring with identity element, G a group and V' a K G-module.
Let A denote the canonical embedding of the free Lie algebra on V into the tensor
algebra on V', A : L(V) — T(V). Since A respects the degree of monomials, we have
that the restriction of A to the homogeneous component L, (V) maps into V®". We
shall call the restriction of A to L,(V'), A,. An element of 7'(V') that is the image of
some element of L(V') under A is called a Lie element of the tensor algebra.

Next let m, : V" — L, (V) be the projection of V®" onto L, (V) defined by
T U1 @ @ Uy = [U1,..., 0], (4.1.1)

for all vq,...,v, € V and extended to the whole of V" by linearity. We see that 7, is
a surjection since L, (V) is spanned by the left-normed monomials. The composition

AnT,, is simply multiplication by n. That is, the following diagram commutes,
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Ln(V) - Ln(V)

where n denotes the map given by multiplication by n.
Let Sym(n) denote the symmetric group of degree n. We define a right action of

Sym(n) on V@™ as follows. For each o € Sym(n) let
(VMR RUp)0 = Vg1 @+ @ Vpg-1,

for all vy,...,v, € V. Now for each n > 2 we define an element w,, of ZSym(n), given
by
= (1= (1)1 = (123))-- (1= (12 -+ n)).

We can now define the embedding A by using the elements w,,. Let n > 2 and let
v1,...,0, € V. Then the restriction of A to the nth Lie power, A, : L,(V) — V®" is
the map given by

A (01, o] o (11 ® - @ up)wy, (4.1.2)

and extended to the whole of L, (V') by linearity. It is easy to see that this holds for

n = 2, since [vy, V2] Ay = V1 ® vy — v ® vy, whilst
(V1 ®Ua)we = (V1 @ 2)(1 — (12)) =11 @ Vg — Vg @ V1.
We proceed by induction on n. Suppose that
V1, oy U1 A1 = (01 @ -+ - @ U1 )wWp—1,
for all vq,...,v,_1 € V. Let v, € V, then, by definition,

V1, ey U1, U] A = (U1, U1 A1 @ Uy — 0 @ [U1, 0, U1 | And

= (1@ QU 1) Wi 1 QU — U, @ (V] @+ R Vp_1)Wp_1.
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On the other hand, since w, = w,_1(1 — (12 --- n)), we have that

(M® QU1 QUp)wp, = (V1@ @ VUp1 Q@ Up)wp1(1—(12 - n))
= (® - Quu1)wr 1 @u,)(1—(12 -+ n))

= (VR QU 1)W1 @V, —V, ® (V] @+ @Uy_1)Wp_1-

Thus we have that [vy,...,v,]\, = (11 ® - @ v, )w, for all n > 2.

We state the following result without proof.

Theorem 4.1.1. The Dynkin-Specht-Wever Theorem [18], [53], [58].
Let K be a field of characteristic zero, or the ring of integers and let V' be a free

K-module. Then u € V" is a Lie element if and only if uw, = nu.

For example, we see that (v; ® vg)ws = V1 ® V9 — V3 ® V1 # 201 ® vy, whilst
(U1®’U2—U2®’U1)w2 =V Q Uy — V3 KV — Vs QU + V1 Vo :2(’01®U2—U2®U1).

Thus, v; ® vy is not a Lie element, while v; ® vo — v ® vy is a Lie element (indeed,
V1 ® Vg — vy @ v = [v1,v3]). Theorem 4.1.1 was proved independently by Dynkin [18]
in 1947, Specht [53] in 1948 and Wever [58] in 1949. For further reference, see also
Magnus [43] and Reutenauer [45].

It is also easy to see that for all u € V" we have that uw? = nuw,. Indeed, by
(4.1.2), uw, is a Lie element, hence by Theorem 4.1.1 we have that (uw,,)w, = n(uw,).
Moreover, since the action of ZSym(n) on V®" is faithful for dim V' > n, we have the

following identity in the integral group ring ZSym(n),
w2 = nw,.

Hence, we see that the element +w, is an idempotent in QSym(n).
The idempotent %wn € QSym(n) is an example of a Lie idempotent. For a field
K of characteristic zero, an element e € KSym(n) is called a Lie idempotent if

e is idempotent in KSym(n) and for V' an n-dimensional vector space, the image
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of e acting on the right of the fine homogeneous component T, (V'), of multidegree
o = (1"), is given by Lo (V)X,. We call Lw, the Dynkin-Specht-Wever idempotent.
Other examples of Lie idempotents are the Klyachko idempotent [33], the Reutenauer
idempotent [45] and the Garsia idempotent [20].

In recent years Lie idempotents have attracted the attention of a number of au-
thors due to the various combinatorial connections encountered. One such interesting
connection is the fact that all of the idempotents mentioned above are idempotent

elements of the Solomon descent algebra, a certain subring of ZSym(n) (see [48] for

further reference).

4.2 A new factorisation

In this section we give an alternative description of the Dynkin-Specht-Wever idem-
potent. We begin by defining some elements of the symmetric group Sym(n). For
2 <i < nlet p; denote the cycle of length ¢ given by p; = (12 --- ). Then we have

that w, = (1 — pa) - -~ (1 — p,,) and, hence, we may write

n—1

Wn = Z(—l)k Zpil " Pigs

k=0

where the second summation ranges over all products p;, -- - p;, of length k, where

k

1 <iy <--- <ir <n (we define the product of length zero to be 1). We next define

ag € Sym(n), for 2 < k < n, to be the element given by

1 2 3 o k=2 k-1 k k+1 E+2 -+ n
k k-1 k=2 --. 3 2 1 kE+1 k+2 -+ n

. =

We shall show that, for n > 2, each w,, can be written in terms of the ay, for 2 < k < n.

We begin with two propositions, relating the elements «y to the elements p;.

Proposition 4.2.1. Letn > 2 and, for 2 < i,k <n, let p; and ay be the elements of

Sym(n) defined above. Then each oy may be written as the product
A = P2p3 - Pk-
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Proof. We show that the product ps - - p,, maps each j € {1,...,n} to the image of

J under ay. Since the product ps - - - pi is just a composition of maps we have

P2 P3 Pa - Pr—2 Pk—1 Pk

1 — 2 — 3 - o = k=2 - k-1 — k

2 — 1 — 2 - - = k=3 = k-2 —= k-1

3 — 3 — 1 - - = k-4 —- k-3 — k-2
k—2 — k-2 — k-2 — — 1 — 2 — 3
k-1 — k-1 —- k-1 — -+ — k-1 — 1 — 2

k — k — k — — k — k — 1
k+1 —- k+1 —- k+1 —- -+ — k+1 — k+1 — k+1

n — n — n — e = n — n — n
and hence it is easy to see that ay = ps - - - px. O]

Proposition 4.2.2. Let n > 2 and, for 2 < i < n, let p; and «,, be the elements of

Sym(n) defined above. Let 1 <k <n and let 1 < iy < iy < --- <iy <n. Then
Piv** PiOn = P2 Pir—1Pir4+1 """ Pig—1Pip4+1 " P
Proof. We prove the proposition by induction on k. For £ = 1 we must show that

Pilly = P2+ Pic1Pig1 """ Prs (4.2.1)

for all 1 < i < n. We calculate the image of each element of {1,...,n} under the
maps given by the left-hand and right-hand sides of (4.2.1). On the left-hand side we

have:
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Pi Qp,

2 — 3 — n—2
1—1 — 7 — n—1+1
7 — 1 — n

1+1 — 141 — n-—1

n — n — 1.

Similarly, on the right-hand side we have:

P2 p3 0 Pi-l Pi+1 Pit2  Pn
1 — 2 — e - =1 — 1 — e = n—1
2 — 1 - e = 1—2 — 1-1 - ... — n—2
i—1 - i—1 — — 1 — 2 — — n—1+1
7 — 7 — — 7 — 14+1 — — n
t+1 - 1+1 - - = i+l - 1 — e = n—1
n — n — e — n — n — e = 1.

So the proposition holds for k£ = 1.
Next suppose that for all n > 2 and for all | < k <n, with 1 <iy <--- <14 < n,
we have that p;, - - p;,00, = P2+ piy—1Pir+1 " Piy—1Pi;+1 * - - Pn- By induction we have

that
Pig * " Pir,On = P2 Pig—1Pis+1 """ Pir—1Pip+1 " " Pn

and hence

Pi1Pis " Pir,On = Piy (pi2 e pik&n)

Pir (02 * Piy—1Pipt1 " * Piy—1Pigt1" " Pr)-
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Now, by associativity, we have

Pi1Pig = * Pi,On = (Pirp2 -+ Pig—1)(Pigt1 - *Pip—1Pig+1 " Pn)

and hence, by Proposition 4.2.1, we may apply induction again to obtain

PirPis =" Pi,Cn = P2 Pig—1Pir+1 """ Pig—1Pis+1 " * " Pip—1Pip+1 """ Pn,
as required. [
We now come to the main result of this chapter.

Theorem 4.2.3. For all n > 2 we may write w,, as a product
wp=(1—a)(l+as) - (1+(=1)""ay), (4.2.2)

where, for 1 < k < n, we define ay to be the permutation

1 2 3 o k=2 k-1 k k+1 k+2 --- n
k k-1 k—2 --- 3 2 1 k+1 k+2 -+ n

ap —

Proof. 1t is easy to check that this is the case for small values of n. Indeed, we have

we=1—(12)=1— s and it is easy to see that
wg=(1-(12)(1-(123)=01-(12)1+(13))=(1-az)(l+az).

For n > 2 let o, denote the element of ZSym(n) given by the right-hand side of
(4.2.2), that is,
On=(1—a)(14+az) - (1+(=1""a,).
We shall prove by induction on n that w, = o, for all n > 2. It is easy to see that
0n =0, 1(1+ (=1)""'a,). By induction we have that o,, = w,_1(1 + (=1)""'a,).
Recall that

n—2
R (_1)k i
n—1 — Piy Piy
k=0 1<y <+ <ip<n
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and hence,

Op = wn_l(l + (—1)"_1an) = ( - (—1)k Z Piy * ka> (1 + (_1)n—1an)

k=0 1< << <n
n—2
= ( =DF > oy -;m)
k=0 1< << <n
n—2
+ ( (_1)k+n—1 Z Piy * pikan> : (423)
k=0 1< < <ip<n

Now, by Propositions 4.2.1 and 4.2.2 (applied to the terms containing «,), equation
(4.2.3) becomes

On = ( 3 (—1)F Z Pn"'ﬂm) +(=1)" g pn

pn 1<y <-<ig<n
n—2

+) (—1Ft Z P2 Piy—1Pis 41" Piy—1Pig1 " Pr- (4.2.4)
k=1 1<ig < <ip<n

We may simplify equation (4.2.4) even further by making the following observa-
tions. First we notice that (—1)%"~! = (=1)"~1=* for all n and k. Secondly, we see

that each product in the final summation of (4.2.4) is of length n — 1 — k. Thus, we

may write
n—2
_ k
op = (=1) E Piy = Piy
k=0 1<iy <--<ip<n
n—1
m
+ > (-1 > Piv " Pjm—1Pn
m=1 1<ji<<Jm-1<n
n—1
_ k § _
- (_1) Piy * Piy, = Wn,
k=0 1<iy <--<ip<n
as required. [

We shall give an application of this result in the following chapter.
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Chapter 5

Decompositions of Lie powers in

prime characteristic

5.1 The Decomposition Theorem

Let G be a group, K a field and V a finite-dimensional K G-module. As usual, we wish
to determine the K G-module structure of L, (V). From now on we look at the more
difficult situation where K is a field of prime characteristic p > 0. In this case L, (V)
is no longer semisimple and the problem takes on a different complexion. When p { n
we have that L, (V) is isomorphic to a direct summand of V®" and in this case we can
exploit our knowledge of the tensor power in order to give information about the Lie
power. In particular, Donkin and Erdmann [17] have described the indecomposable
summands of L, (V') with p t n in the case where K is an infinite field and G is the
general linear group GL(V'). However, their methods do not extend to arbitrary Lie
powers.

Recently there have been some major developments in the study of Lie powers
of degree divisible by p. As a first step Bryant and Stohr [14] considered the case
n = p and showed that L,(V) has the following module direct sum decomposition:

L,(V)= M,(V) & B,(V) where M,(V) is the free metabelian Lie power and B,(V)
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is given by L"(V)) N L,(V), which is identified with a direct summand of V*? under
the canonical embedding of L,(V) in V®. Moreover, in the case where K is an
infinite field and G is the general linear group, GL(V'), Bryant and Stéhr calculated
the indecomposable summands of B,(V') together with their multiplicities, giving a
complete description of the indecomposable summands of L,(V') in this case.
Erdmann and Schocker [19] next showed that the study of the pkth Lie power,
where p 1 k, can in some sense be reduced to the study of L,(Lg(V')). Their analysis
made significant use of the Solomon descent algebra (see [48] for further reference).
Taking this idea much further, Bryant and Schocker [10] were able to show that
the study of Lie powers of arbitrary degree can be reduced to the study of Lie powers

of p-power degree. The following result is the ‘Decomposition Theorem’, [10, Theorem

4.4).

Theorem 5.1.1. [10, Theorem 4.4]. Let K be a field of prime characteristic p, G a
group, and V' a finite-dimensional K G-module. Let k be a positive integer not divisible
by p. Then, for each non-negative integer m, there is a submodule Bymy, of Lymi(V)

such that Bymy, is isomorphic to a direct summand of VE"* and
mek(V) — me (Bk) D mefl(Bpk) D---D Ll(Bpmk)‘

(The Lie powers Lym(By), ..., Li(Bpmi) may be regarded as subspaces of L,m (V)
for the reasons explained in [10, Section 2].)

When m = 0, Theorem 5.1.1 gives that L;(V') = By and hence, when m = 1, we
have

ka(V) = Lp(Lk(V)) D Bpk. (5.1.1)

Since L,(Li(V)) is a submodule of L, (V'), we have that L,(Lg(V)) is a direct sum-
mand of L, (V) if and only if there exists a projection ¢ : L,(V) — L,(Li(V)).
Hence, if we can construct a projection map from L,,(V') onto L,(Lg(V)) this will

give an alternative proof of (5.1.1).
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We shall use our new factorisation of w,, in §5.2 to obtain a proof of the fact that
(in characteristic 2) Lo(Lg(V)) is a direct summand of Lok(V) for all odd k£ > 0.
We obtain this result by constructing a projection of Lox (V') onto La(Li(V')). Our
argument does not require V' to be finite-dimensional.

In Section 5.3 we consider a small example, namely, the sixth Lie power in charac-
teristic 2 and characteristic 3. We shall see in the following chapters that this simple
example proves to be particularly illuminating. In Chapter 6 we shall show that the
form of the module Bé?’) as described in Section 5.3.1 can be generalised, while in
Chapter 7 we are able to apply our knowledge of the decomposition of the sixth Lie

power to a group theoretic problem.

5.2 A projection of Lyx(V') onto Lo(Li(V))

Throughout this chapter we shall write ayas - - - a, to mean a; ® a; ® - - - ® a,, in order

to simplify the notation.

Theorem 5.2.1. Let K be a field of characteristic p > 0, G a group and let V' be a
KG-module. Let k > 0 be invertible in K and let ¢y @ Log(V) — Lo(Li(V')) be the

k—1 .
( 21,12 Xoil(2,1) T (2,k), where Ay, is the

KG-module homomorphism given by ¢or) =

canonical embedding of Lo (V) into VO,

9(2,k)2a1"‘akak+1"'a2k A S IR 07705 R T |
andﬂ(m):a1-~akak+1---a2k — [[al,...,ak],[akﬂ,...,a%]].

Then ¢ is a projection of Lop(V') onto Lo(Liy(V')). Hence, Lo(Lix(V)) is a KG-

module direct summand of Loy (V).

Proof. We first remark that ¢,y is well-defined over K, since, as we shall see, if
working over Z we have that vAg0 Tk € 2L2(Lk(V)) for all v € Loy(V). Thus
we may divide by 2. Also, we have that £ is invertible in K, so the definition of ¢ )

makes sense over K. We shall prove:
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(i) U)\2k6(27k)7r(27k) - 2L2(Lk(V)), Yv € Lgk(V),
(ii) u>\2k(9(27k)71'(27k) = 2k2u, Yu € L2(Lk(V))

Hence,

2k?

= 3 (22%) (2k), where u; € Lo(L(V))

= (22 @(M)) <2k22uz>\2k9(2k 2k)>
1 2

() b

1

= QkQU/\Qk@(Q BYT(2,k) = ”U¢(2 k)-

1
VBlagy = <_U)\2k9 2.1)T(2, k)) b2,k

Thus ¢y is a projection. Since ¢ is a projection of Loy(V') onto one of its
submodules, Lo(Ly(V')), we must have that Lo(Lg(V)) is a direct summand of Lok (V)
over any field of characteristic p > 0, p t k. A complement of Ly(Lk(V')) inside Log (V)
is given by Loy(V)(1 — ¢2x)) - It remains to prove (i) and (ii).

As promised, our proof employs our new found factorisation of wy. Let
Qlayc Qg -0 -Gk > A2kt App10k - - A,
Bray gy Qop b Qg Gopdy c A
Then &9(27;{) = O(Q,k)ﬁ. Indeed,
(ay---arQpyr - Cb2k)049(2,k) = Gk * * - Ap4107 * * * A,
(04 CrApQpg e 'GQk)e(z,k)@ = Qg -+ Ap410A7 * - - Ak-
Recall from Chapter 4 that we, = wor_1(1 — agy), where gy, is given by

1 2 3 e 2k—2 2k—1 2k
2k 2k—-1 2k—-2 ... 3 2 1

Qo =
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So wap, = wop—1(1 — ). Finally, we have that (1 — 3)mr) = 2m2). Indeed,

(al o QpQEy1 t an})(]— — /6)7‘['(27]{) = (a'l ARyt a%)ﬂ(z’k)

—(@py1 - - Q201 - - - k) T2

= a1, .., ax), [ars1, -5 az]]
—[[ak+17 C ,agk], [al, ce 7ak]]
= 2[ay,...,ax], [agi1, -, a2]]

= 2(ay---apQpqr - a2k)7(2,k)-

Since Lok (V') is spanned by left-normed monomials, it is enough to prove (i) in

the case v = [ay, ..., a, Qgy1, - .., aox). Then

VAol Ter) = (a1 aplpyr - - aor)worli2 k) T2,k

( )
(ar -+ apapyy - agp)wor—1(1 — )02 1y T(2,k)

= (a1 Qrpir - aok)war-1 (020 — 202k T
(Gl CrApQpg 'sz)wzk ( (2,k) — 0 (2,k 5)7(2,1@)
(a1 - apap - - - Ggp)wak—10(2,6) (1 — B) T2,

= 2(a1 - QG - Qo)wWak—100.0 Tk € 2L2(Li(V)).

Since Lo(Lx(V)) is spanned by monomials of the form [[ay, ..., ax], [agr1, - - -, a2,

it is enough to prove (ii) in the case u = [[ay, ..., ax|, [aki1, - - -, a2x]]. Then,

Ul )Tk = ay - ) Wi (@1 - - Qo) Wi ) 02,1 T2,k

(( )
—((ars1 - - agr)wr(ar - - - ap)wr)O2.x) T2k

= (a1 ap)wr(apsr - ag)we—1 (1 o)) m Tk
—(( )

Qg1+ Qo) wi(ar -+ - ag)w—1(1 £ @) 020 T(2p)-
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Since

((ar -~ ag)(agr - a)(1 £ )0 = ap- - agpagiy - A2x)0k)

( )
t(ar - - araok - - A1) 2.k
(a1 -~ agagy -+ - agt1)
( )

ap - Qi1 - A2k

= *(ar---ap)(agpgr - ao) (1 £ ag),
we obtain

Ul )Tk = ay - Q) Wi (g - - Qg )wp—1(1 £ o)) T2

Qi1 - Qo) wi(ar - -+ ap)wp—1(1 £ o)) T2k

Apy1 - Qg )wi(ar - - - ag wk) T(2,k)

(=" (( )
—(=1)"(( )

= (=D (a1- - ap)wi(arss - - ask)wi) T2
—(=1)" (( )
(1)

It is now straightforward to show that ulopm(a k) = 2k,

UA%T(2,k) = A1y .- Ap| Ak Q415 - -5 A2k | AK) T(2,k)
A (l A @ [ JAk)
— ([ar+1, - - -5 G2r] A ® [a1, - -, a] Ae) T(2p)
= ((a1 -+ ap)wp(apyr -+~ aop)wr — (Apgr - - - agp)wi(ar - - - ag)wy) T(2,k)

ap - ak)wwk, (ak+1 T a2k>wkz7rk]

= |

(
[(ak+1 a2k)wk7T1c7 (al T ak)wkﬂ'k]

= a1, -, @) T, [ags1, - - -, Qo] AeTE]
—[ars1, - - Qo) ATy [, - oy ag] NeTE]

= 2lay, ..., ap] ek, [Qkt1, - - Q2] AeTR]

= 2k*[[a1, ..., a], [agsts - - -, a2il]

= 2k%u.

This completes the proof.
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In particular, we have shown that in characteristic p = 2 we have that
Lo (V) = Ly(Li(V')) @ B,

for all odd k& > 0. Unfortunately, our proof does not yield any new information about
the modules Bsyy.

We conclude this section with a few remarks. Notice that the map (,15’(2’,6) given

1

as the composite 5

AopT(2,k) 18 mot a projection. Indeed, although we have that

Uﬁb/@k) = v for all u € Ly(Lk(V)), the image of Agpm2 ) is not divisible by 2 over Z.

Hence, in characteristic 2, #)\gkﬂ(m) is not a well defined map.
The key idea is to choose () : V@2, @2k in such a way that the composite
ok = #/\%9(%)%(2,@ is a well defined projection. It would be nice to generalise this

approach to the case p > 2. That is, let
Py Lpe(V) = Ly(Li(V))

be given as the composite ¢, k) = —5 A\pkl (k) T(p,x) Where

1
pkP
A O(p, T(p,
L (V) =5 Yok 20, YRk 20, [ (Ly(V)),
with
Mok 2 any - sape] — (ar - apr)wpr,

Tpk) D01 Q- Qp—1ykt1 - Ope = [[Q1, -, Gk o5 (A1) k4 1s - - - 5 Opic]]

and 0, x) € ZSym(pk). We might wonder if we can always choose 6, such that
®(p,k) is a projection. In fact, making such a choice is not at all easy, as we shall see
from the following example.

Finally, we note that ulp,m,x) = pkPu for all u € L,(Li(V)).

5.3 An illustrative example

In this section we consider decompositions of the sixth Lie power Lg(V') in char-

acteristic 2 and characteristic 3. We shall begin with the somewhat easier case of
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characteristic 3.

5.3.1 The sixth Lie power in characteristic three

By Theorem 5.1.1 (the Decomposition Theorem) we have that for finite-dimensional
modules V/,
Lo(V) = Ls(La(V)) & By,

where we write Bég), and later BéQ), to denote the modules Bg of Theorem 5.1.1 in

characteristic 3 and 2 respectively. We shall verify that L3(Lo(V)) is a direct summand
of Lg(V') by constructing a projection ¢329y : Ls(V) — Ls(Lo(V')). Since L3(La(V))
is a submodule of Lg(V'), we must then have that L3(Ls(V)) is a direct summand of
Le(V'). We construct our projection as a composition of maps ¢ 9) = i)\69(372)ﬂ'(372),
where

T(3,2)
—

[
Lo(V) 2% pes 222, e Ls(La(V)).

Here, A¢ denotes the canonical embedding of Lg(V) into V&9, (39 € ZSym(6) and

T(3,2) 1s the natural projection of V&% onto Ls(Ly(V)):
A6 ©lay, ag, a3, ay, as,a6] — (a102a3040506)ws,
T(32) : Q10203440506 > [[a1, as), [as, asl, [as, ).

We shall show that this map is a well-defined projection for arbitrary modules V'
and hence that L3(Ly(V)) is a direct summand of Lg(V') for all modules V' (not just
finite-dimensional modules).

We then give a description of Bég) in terms of our map ¢(32). Indeed,
Bé?’) = Lg(V)(1 = ¢32) =< (abcdef)eisams : a,b,c,d,e, f €V >,

where e(32) is an idempotent element of Z3Sym(6).

Finally, we show that there exists an isomorphism,
B = Ly(V) ® S5(V) @ S5 (V), (5.3.1)
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of KG-modules. It follows immediately that Bég) is isomorphic to a direct summand
of V6. We prove the existence of the isomorphism (5.3.1) by constructing a surjection
g of Lg(V') onto Lo(V) @ Sa(V') @ Sa(V') with kernel L3(Lo(V)).

We begin by defining a projection of Lg(V') onto Ls(La(V)).

Theorem 5.3.1. Let K be a field of characteristic p # 2, G a group and let V be a
KG-module. Let (32 : Le(V') — Ls(La(V')) be the KG-module homomorphism given

by ¢@32) = 24)\69(32 (3.2), Where Xg is the canonical embedding of L¢(V) into V9,

O(3,2) : a1a2azasa5a5 +—  (a1a2a3040a5a6)(1 — (1 3) — (1 4))

and T(32) : 10203040506 —  [[a1, 2], [as, a4, [as, ag)].

Then ¢39) is a projection of Lg(V') onto Ls(Lo(V')). Hence, Ls(Lo(V)) is a KG-

module direct summand of Lg(V).

Proof. We first remark that ¢(32) is well-defined over K, since, as we shall see, if
working over Z we have that vAs32)7m(32) € 3L3(La(V)) for all v € Lg(V). Thus we
may divide by 3. Also, we have that 2 is invertible in K, so the definition of ¢(3 )

makes sense over K. We shall prove:
(1) U)\66)(3,2)7T(372) - 3L3(L2(V)) for all v € L6<V) and
(11) U)\69(3’2)7T(3,2) = 24w for all u € Lg(LQ(V))

Hence,

U¢%3,2) = (ﬂv)\69(3,2)77(3,2)) b(3,2)

= 3 Z u,) b(3,2), Wwhere u; € L3(Lo(V))
_ L 3 Uz¢(3 2) ui A0 (3,2)T(3,2)
24 24 24
1
= 21 \m Z 24%‘) = (3 Z Uz) = _U)\G 32)T(3,2) = VP3,2)-
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Thus ¢32) is a projection. Since ¢34 is a projection of Lg(V') onto one of its sub-
modules, L3(Ly(V)), we must have that Ls(Ly(V)) is a direct summand of Lg(V)
over any field of characteristic p # 2. A complement of L3(Lo(V)) inside Lg(V) is
given by Le(V)(1 — ¢(3,2)). It remains to prove (i) and (ii).

Since Lg(V) is spanned by left-normed monomials, it is enough to prove (i) in the

case v = [a,b, ¢, d, e, f] € Lg(V). Then vz = vAs — vA6(1 3) — vAg(1 4), where

and

Vg = abcedef —bacdef —cabdef +cbadef
—dabcef +dbacef Hdcabef —dcbaef

—ea bcdf +ebacdf Hecabdf —ecba df
+edabcf —edbacf —edcabf +edcbaf
—fabcde +fbacde +fcabde —fcbade
+fdabce —fdbace —fdcabe +fdcbae
+feabed —febacd —fecabd +fecbad
—fedabc +fedbac +fedcab —fedcba,

—vXg(1 3) —cbadef Hcabdef +bacdef —abcdef
+ba dcef —abdcef —acdbef +bcdaef

+ba ecdf —abecdf —acebdf +bceadf
—adebcef +bdeacf +cdeabf —cdebaf

+ba fcde —ab fcde —ac fbde +bc fa de

—ad fbce +bd face +cd fabe —cd fbae

—ae fbed +be facd +ce fabd —ce fbad

+de fabc —de fbac —de fcab +de fcba
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—db ac ef

—bcadef +Hacbdef
—bcaedf +ac be df

—dbcaef +dacbef +dabcef

+ca bd ef
~+ca be df

—’U)\ﬁ(l 4)

—cb ad ef
—cb ae df

—bd ce af
—cbaf de —bcafde +acbf de
—bd af ce +adbf ce +adcfbe —bdcf ae

—bd ae cf +adbecf +adcebf

+ca bf de

—beafcd +aebfcd +aecfbd —becfad

—ce df ab  +ce df ba.

+ae df bc  —be df ac

By anticommutativity, we see that all the elements in red cancel when we apply the

map 732y to vAs0(32). Hence vAghs2)7(3,2) is equal to the following expression:

— — — — — — — — — — — W — — — —— —

— — — — — — = — 1 o — o o —— o

—a

—

— [— — = =

—

—

—_ e — ==

e TV e e S e

Q 3 [SEEE SN
SR )
= = 9O O
Yy /./ S— <
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TSI~ -

f S

— — —— T — — — — —— ot T — — — —— T v o e ——
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The terms above have been coloured to make it clear how the above expression can
be simplified. Gathering together like terms and using the Jacobi identity
(repeatedly) yields:

U)\69(3,2)7T(3,2) =

+3[a, f1,[b.¢], [d, €]l +3[a, f1,[b, d], [c, €]

Hence we have vA0(32)7(3,2) € 3L3(L2) as required.

+3[[a, f1, b, €], [, d]].

Since L3(Lo(V)) is spanned by monomials it is enough to prove (ii) in the case

u = [[a,b],[c,d], e, f]] € Ls(La(V)). Then udgl = urg — urg(1 3) — uXg(1 4), where

uNg = abcedef —bacdef —abdcef +badcef
—abcd fe +bacd fe +abdc fe —badc fe
—cdabef +cdbaef +dcabef —dcbaef

+cd ab fe —cd ba fe —dcab fe +dcba fe
—efabcd +efbacd +efabdec —ef badc
+feabed —febacd —feabdec +febade
+efedab —efcdba —ef dcab +ef dcba
—fecdab +fecdba +fedcab —fedcba,

—ulg(1 3) —cbadef Hcabdef +dbacef —dabcef
+cbad fe —cabd fe —dbac fe +dabc fe
+adcbef —bdcaef —acdbef +bcdaef

—adcb fe +bdca fe +acdb fe —bcda fe
+afebed —bfeacd —afebdec +bf eadc

—ae fbed +be facd Hae fbde —be fadc
—cfedab +cfedba +df ecab —df ecba

+ce fdab —ce fdba —de fcab +de fcba
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and
ul¢(14) = —dbcaef +dacbef +cbdaef —cadbef
+dbca fe —dacb fe —cbda fe Hcadb fe
+bd acef —adbcef —bcadef +acbdef
—bd ac fe +adbc fe +bcad fe —acbd fe
+bf aecd —af becd —bf aedc +af bedc
—beafcd +aebfcd +beafdec —aebf dc
—df ceab +df ceba +cf deab —cf deba
+de cf ab —decf ba —cedf ab +ce df ba.

It can be seen, using anticommutativity, that both uXg(1 3) and ulg(1 4) are

mapped to zero by m(32) and hence,
U)\69(372)7T(372) = U,)\67T(3’2) = 24U,
as required. 0

In fact, we have the following more general result:

Proposition 5.3.2. Let K be a field, G a group, and let V be a KG-module. Let
u be the element of L,(La(V)) given by u = [[ay, as], [as, a4l, [as, ag), - . ., [a2p—1, azp]].
Let Xop, denote the canonical embedding of Loy(V') into VO, let 0,9 be the element
of ZSym(2p) given by 0,20 =1 — (1 3) — (1 4) and let 7,2 be the natural projection
of V2 onto L,(Ly(V)). Then

UAplp.2)T(p2) = UA2T(p,2) = P27
Proof. We have the following commutative diagram of K G-modules:

Ly(La(V)) —— Ly(V®?)

R |

(La(V))r —— Ve
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where the maps ~,~/,d and ¢’ are given as follows:

v lar, asl, ..., [agp-1,a9)] — (@12 --agp_1a9y)(1 —t1)(1 —ta) -+ (1 —t,)Yap,
d:lar ®ag, ... a1 @ag| — (a1az---ag_1a2)(1 —1) - (1 —1,),
v lars ag), - Jagp1,a9]] = (arag - agpo1ag,) (1 —72) - (1= 75) 7,
5/ . [0,1, CLQ] XX [agp_l, agp] = (a1a2 s agp_lagp)(l — tl)(l — tz) (1 — tp),
with
tj=(2i—12), m=(13-2—1)(24 - 2i) € Sym(2p),
Yop 1 Q1A - - Aop_1Gop (A1 @ A, ..., Ggp_1 @ Ggp),

and 7y, : a1y - Ay 10z, > [a1,02] @ - @ [agy_1, agy).
It is easy to see that yd = 7'0’ = Ag,. Thus, since
Ao [[arasl, . . ., Jagp—1a9p)] — (@rag - - - agp—_1a2y)02p,
where d2, € ZSym(2p), we must have that

Op = (L=t)(1=t9)--- (1 =) (1 =72)--- (1 =7

— (A=) (=) =) —t) - (1= 1),

Since the t; are disjoint we may permute the factors containing the t; as follows:
(IT=t)(A =t2) - (1 =1tp) = (1 = tao)(1 = t20) -+ (1 = L)

for all 0 € Sym(p). Hence, we may write

0p = (1 —=ti)(1 —tay) -+ (1 —tpo)(1 —72) - (1 —17p)

= (1-=m) (1 =7)(1 —tio)(1 —tap) - (1 = tpo).
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In particular, we can choose t,, = t; = (1 2). Now,

(bibabsby - - boy 1b2,) (1 — (1 2))0poyTpa) = (bibabsby -+ - boy 162,)0(p.2)T(p2)
—(b2brbsba -+ - bap—1b2p)0(p2)T(p.2)
= bibabsby -+ - bop1b2pTiy2)
—b2b1b3by - - - bap—1bapT(p2)
—b3bob1by - - - bay_1b2pT (.2
+b3b1b2by - - - bap—1b2pT(p,2)
—Dababsby - - - bap—1b2pT(p,2)
+04b1b3bs - - - bap—1b2pT(p 2)
= 2[[b1, bo], [b3, bal, . . . [bap—1, bay)]

= 2(b1b2bgb4 s bgp_1b2p)7l'(p72)
and

(D1b2b3by - bap—1b2p) (1 = (1 2))Tp2y = (b1babsba -~ - bap—1bap)T(p,2)
—(b2b1bsb4 e 'b2p71b2p)ﬂ-(p,2)
= 2[[b17 b2]7 [b?n b4]7 s [b2p717 prH

= 2(blb2b3b4 s b2p—1b2p)7r(p,2)'

Hence Aoplp.2)T(p,2) = A2pT(p,2), Which gives
UApl(p2)T(p2) = UA2pT(p,2) = P27

as required. 0

We now give a description of Bé3) of L3(Ly(V)) in Lg(V') using our projection

?3,2)-
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Corollary 5.3.3. Let K be aﬁeld of characteristic 3, G a group, and 'V a KG-module.
A KG-module complement B ) of L3(Ly(V)) in Lg(V) is given by

Bé?’) =< (abcdef)eé3)7r6 ca,be,dye, feV >
where eég) =1+ 1520304 € Z3Sym(6), with
Bi= 2+(23)+(234)+(2345)+(23456), Bo= 1+ (45) +(456),

fs= 1+2(56), Bi= 1+2(34).
Proof. We have that

B = Le(V)(1- 5"
= <la,b,c,d e, f](1 —¢é3)) ca,be,dye, feV >,

Applying this map to a left-normed commutator and multiplying both sides by 8, we
see that

8la,b,c,d, e, fl(1—d(2) =
6la,b,c,d, e, f] +2[a,b,d,c e, f] +2[a,b,c,d, f,e] —2[a,b,d,c, f,e€]
a,b,c,e;d, fl  +2[a,b,e,c,d, f] +2[a,b,c e, f,d —2[a,b,e,c, f,d]
] ]

—9]

—2[a,b,c, f,dye] +2[a,b, f,c,dye]  +2[a,b,c, fie,d  —2[a,b, f,c e, d
— la,c,b,de, f]  + [a,c,d,bye, f] + [a,c,b,d, foe] — [a,c,d,b,f e
— [a,c,be,d, f] + [a,c,e b d, f] + [a,c,bye, f,d — [a,c,eb, f,d
— [a,c,b, f,de] + [a,c, f,b,de] + [a,c,b, fie,d — [a,c, f,be,d
— la,d,b,c,e, f] + [a,d,c,be, f] + [a,d,bc, fe] — [a,d,c,b,f e€]
— [a,d,b,e,c, f] + [a,d,e bc, f] + [a,d,bye, f,c] — [a,d, eb,f, |
— [a,d,b, f,c,e] + [a,d, f,b,c,e] + [a,d,b, fe,c] — [a,d, f,be,c]
— [a,e,b,e,d, f] + [a,e e, b d, f] + [a,e b,c, f,d — [a,e cb, f,d
— la,e,b,d,c, f] + [a,e,d,b,c, f] + [a,e b, d, f,c] — [a,e,db,f,c|
— [a,e,b, f,e,d]  + [a,e, f,bc,d] + [a,e,b, f,d,c] — Ja,e, f,b,d,c|
— [a, f,b,c,de] + [a, f,c,b,dye] + [a,f,bc,e,d — [a,f cbe,d
— [a, f,b,d,c,e] + [a,f,d,bc,e] + [a,f,bdec] — [a,f dbe,c|
— la, f.be,c,d]  + la, f.e,b,c,d] + [a,f,bed. ] — |a,f eb,dc].

D
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In characteristic 3 this yields

[a,b,¢c,d, e, fl(1—

[a,b,d,c,e, f]
+2[a, b, c, e, d, f]
+2[a, b, c, f,d, €]
a,c,b,d,e, f]
a,c,b,e,d, f]
a,c,b, f,d, el
a,d, b, c,e, f]
a,d,b, e, c, f]
a,d,b, f,c,el
a,e b, c,d, f]
a,e, b, d,c, f]
a,e,b, f,c,d

,fiboe,d el
a, f,b,d,c, el

]

[
[
[
[
[
[
[
[
[
[a
[
la, f,b,e,c,d

+ o+ o+ o+ o+ o+ o+ + o+

P(3,2)) =

+ [a,b,c,d, f,e]
+ [a,b,e,c,d, f]
+ [a,b, f,c,d,e]
+2[a,c,d, b, e, f]
+2[a,c, e, b, d, f]
+2[a,c, f,b,d, €]
+2[a,d,c, b, e, f]
+2[a,d, e, b, c, f]
a,d, f,b,c, el
e,c,b,d, f]
2[a,e,d, b, c, f]
2[a,e, f,b,¢,d|
+2[a, f,c,b,d, €]
]

]

+2
+2a

—~ -

+2la, f,d,b,c,e

[
[
[
[
[
[
[a,
[
[
[a,
[
+2[a, f,e,b,¢,d

+2[a,b,d,c, f, €]
a,b,c,e, f,d
a,b,c, f,e,d
+2la,c,b,d, f,
+2la,c,b,e, f,d
2la,c, b, f,e,d
+2a,d, b, c, f,
+2|a,d, b, e, f,

]
]
]
¢
]
a,d,b, f,e,c|
]
]
]
]
]
]

[
[

-+

_|_

+2
+2la,e,b,c, f,d
+2|a,e,b,d, f,
+2la,e, b, f,d,c
+2la, f,b,c,e,d
+2|a, f,b,d, e, c

[
[
[
[
[
[
[
[
[
[a,
[
+2[a, f,b,e,d,c

+2[a, b, e, c, f,d
+2[a,b, f,c,e,d
a,c,d,b, f,
a,c,e, b, f,d
a,c, f,b,e,d
a,d,c,b, f,
a,d,e,b, f,

]
]
]
¢
(]
a,d, f,b,e,c|
]
]
]
]
|
]

]
]

a,e,c,b, f.d
a,e,d,b, f,
a,e, f,b,d, c
f,c,be.d
a, f,d,b, e, c

[
[
[
[
[
[
[
[
[
[a,
[
la, f,e,b,d,c

N
.
N
N
.
.
N
N
.
N
N
.

?

and it is straightforward to check that this is equal to (abcde f )eég)m;, as required.

We now show that Bé?’) = Lo(V) ® S2(V) @ S3(V) by defining a surjection

e 1 Lg(V) — La(V) @ So(V) @ Sa(V).

O

Theorem 5.3.4. Let K be a field of characteristic 3, G a group, and V' a KG-module.

Then

Le(V) =

67

L3(Ly(V)) @ [La(V) @ So(V) @ So(V)].

(5.3.2)
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We shall show that in characteristic 3 there exists a K'G-module epimorphism g

of Lg(V') onto Ly(V) @ Sa(V) @ Sa(V) with L3(Lo(V)) C ker(e)g), thus giving
Im g = Lao(V) ® S2(V) @ Sao(V) = Le(V') / ker(¢g).

In fact, for such an epimorphism s we have that the kernel of 14 coincides with

L3(Ly(V')). Indeed, suppose first that V' is finite-dimensional, dim V' = r, say. Then

dimker(¢s) = dim Lg(V') — dim (LQ(V) ® S2(V) @ Sa(V))

L6 Lo L,
= ?(rl—r —r —|—r1) (r —r)2(r +r)§(7° +7)
o (GIER  )
= dlITlL3(L2<V))

Since L3(L2(V)) C ker(tg), we deduce that, for finite-dimensional modules V', we
must have L3(Lo(V)) = ker(¢s). Hence (5.3.2) holds for all finite-dimensional K G-
modules V.

Next suppose that V' is infinite-dimensional and let u € ker(is). We shall show
that u € L3(Lo(V)) and, hence, ker(¢s) = L3(L2(V)), giving that (5.3.2) holds for
arbitrary modules V.

Let uw € Lg(V'). Then we can write u as a linear combination of standard mono-

mials of degree 6, )
u = Z u;.
i=1
Let X be the set of free generators of L(V') occurring in the u;. Since u is a linear
combination of finitely many standard monomials, we must have that X is a finite set,
X ={x1,...,2,}, say. Let W be the K-span of X. Thus W is a finite-dimensional

K-submodule of V and v € L(W). Now suppose that u € ker(tg). Since 1) restricted
to Lg(W) has kernel Ls(Lo(W)) we have that u € L3(La(W)) C L3(L2(V)). Hence,
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we have that ker(¢s) = Ls(L2(V)) and

Im ) = Ly(V) @ So(V) @ S5(V) = Lg(V)/ ker(thg)
= Le(V)/Ls(La(V))

~ BY,
for arbitrary KG-modules V. It remains to prove the existence of .

Lemma 5.3.5. Let K be a field, G a group, and V a KG-module. Let 0 € Sym(6)
and let ¥, : Lg(V) — Lo(V)®S2(V)®S5(V) be the KG-module homomorphism given

as the composite 1, = Agov where

X6 : [ar, as, a3, a4, a5,a6) —  (a10203040506)ws,
0 ajasazagasag —  (ayazasagasag)o,

Vi a102a3040506 —  [a1,02) @ az o ay ® as o ag.

Let H be the subgroup of Sym(6) given by H =< (12),(34),(56),(16)(25)(34) >.
Then v, = £, for all h € H.

Proof. 1t is easy to see that

ajasazasaza(l 2)v = |ag, a1] ® az o ay ® as o ag
= —[ay,as] ® az o ay ® as o ag,
ajasaszagasag(3 )y = |ay,as] ® ag0a3 ® as o ag
= [a1,a2] ® ag o as ® as o ag,
and ajasazasazas(b 6)v = |ag, as] ® az o ay ® ag o as
= [a1,a2] ® az o ay ® as o ag.

We also have that wg = —wes(1 6)(2 5)(3 4).

For all o0 € Sym(6) let ([a1, as] ® az 0 ay ® a5 o ag)o denote

[ala'—1 ) a20'—1] @ U35-1 0 Age—1 @ A55-1 © Agp—1.
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Then it is easy to see that (ajasazasasags)ov = (ayasazasasag)vo. This gives,

(arazasa4a506)(1 20 = (ara2asasasae)we(l 2)ov
= (wmagazasasas)ws(l 2)vo
= —(a1a2a3a4a506)wsv0
= —(a1a2a3a4a5a6)wsov

= —(a1a2a3a4a5a6)w0.

Similarly, we see that

(a1a2a304a506)(3 40 = (ara2a3a4a506)1s,

and (a1a2a3a4a5a6)¢(56)0 = (a1a2a3a4a5a6)¢a.

Now,

(araza3a4a5a6) (1 6)25) 3000 = (G102a3a4a506)we(1 6)(25)(3 4)ov

= — (a1a2a3a4a5a6)w60V

= —(a1a2a3a4a5a6)wg.

Finally, let hy,hy € {(1 2),(34),(56),(16)(25)(3 4)} be two distinct generators of
H. Then we have that ¥, p,, = £9,. Indeed,

(&1a2a3a4a506)¢h1h2a = (a1a2a3a4a5a6)w6h1 hoov

= (a1a2a3a4a5a6)w6h1h2ya.
Now, if hg is a transposition, we may write
(a1a2a3a4a5a6)?/)h1hga = i(a1a2a3a4a5a6)wﬁhw0
and hence it follows that
(a1a2a3a4a506)Vp, hyoe = £(a1a2a3a4a5a06)wevo = £,
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If hg = (16)(25)(34) we see that

(12)16)(25)(34) = (16)(25)(34)(56).
(B4)16)(25)(34) = (16)(25)(34)(34).
(56)(16)(25)(34) = (16)(25)(34)(12).

Hence, in this case, we can write hihy = hoh for some transposition A} of H. The

result follows. O]

So we have that i, = +1, for all 7 € Ho. For each coset Ho, we set ¥y, = 1y,

where o is a distinguished representative of Ho.

Lemma 5.3.6. Let K be a field of characteristic 3, let G be a group and let V be a
KG-module. Let ¢y, be defined as above. Then vy, is a KG-module epimorphism
of Le(V') onto La(V) ® So(V) @ So(V') with L3(La(V')) contained in its kernel if and

only if Ho is one of the following cosets:
H(234),H(1342),H(1352)(46),H(25364),H(153642), or H(152).

Proof. We shall find it helpful to use the image line notation for permutations. For
example, the image line of (2 3 4) € Sym(6) is 134256. Now, since the action of
Sym(6) on V®° is given by

(a1a2G3G4a5Cl6)U = A15-1025-1035-1045-1055-1 051,

it is informative to record the image line of the inverse of each of our permutations.

The image lines of the inverse of each of the above representative permutations are:

142356, 241356, 251634, 145623, 245613 and 253416.

6 _ 720
There are T = 16

have the property that Ls(Lo(V)) C kertp,. A straight-forward calculation shows

= 45 cosets Ho. We shall first check how many of the maps ¢y,

that the only choices of Ho which result in a map 1y, containing Ls(Ls(V')) in its

kernel are given by the following representative inverse image lines:
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123456, 152634, 241356, 125634, 153426, 245613,
132456, 162534, 251634, 135624, 163425, 253416,
142356, 231456, 341256, 145623, 235614, 345612

Indeed, we simply apply each map 1y, to a monomial element of L3(Lo(V')). Next,

let z,y € V. Then it is easy to check that
[z, 9,9, 9, 2, )by, =0, Vo=t € {123456, 125634, 132456, 135624, 231456, 235614},

z, v, v, 9], [z, Y]]V, =0, Vo' e {152634, 153426, 341256, 345612} .
Thus, we see that L3(Ls(V)) C ker ¢y, and hence 1y, is not surjective in each

of these cases. We prove that, of the remaining maps, the six listed in Lemma 5.3.6

are all surjective. Notice that if 1y, is a surjection then so is ¥y (3 54 6), since
(a1a2a3a4a5a6)a = A15-1025-1035-1045-1055-1 051,

(a1a2a3a4a5a6)0(3 5)(4 6) = Q16-1A25-105,-1065-1035-1045-1,

and the map given by [ay, as] ® azoay®asoag — [ar, as] @ asoas®azoay is an isomor-
phism. Thus we only consider the representatives o' € {142356, 241356, 251634}
Let y be an arbitrary element of Ls(V) ® S3(V) @ S3(V). For each map ¢y,
above, we need to find a preimage for y in Lg(V). Since Lo(V) ® So(V) @ Sa(V) is
spanned by elements of the form [a,b] ® cod ® e o f, it is enough to find a preimage
for y = [a,b] ® cod ® e o f. We see that such a preimage (if it exists) must be
contained in the fine homogeneous component of multidegree (1) in L(WW), where
W = {(a,b,c,d,e, f) CV. Weseta>b>c>d>e> fand let {uy,...,ugp} be a
fixed Hall basis of the fine homogeneous component L6 (W), modulo Lsy(L2)(W)).
Let {v1,...,v90} be a fixed basis of L12)(W) ® S12)(W) ® S(12)(W) with v; = y. Let

w = (uy,...,ug) and v = (vy,...,ve). Then for each ¢y, we can write
ngO' — Aoya

where A, is a 90 x 90 matrix with entries in Zs. If A, is invertible, A_' = B, = (3, ;)
say, then we can write

v = BUQwHJ-
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This gives
90
y=la,b]®@cod®eo f=v = <Zﬁ1,jug‘> YHo,

j=1
and hence we have a preimage. Therefore, in order to complete the proof of the lemma,
we must check that A, is invertible for each o~! € {142356,241356,251634}. This
can be easily verified by means of a computer program (we also find that A, is not
invertible for 071 € {62534,163425}). We give the preimage of y = [a,b]®@cod®eo f
in the case where 0~! = 142356, that is, 0 = (2 3 4), below to illustrate.

—la, f,e,d, c,b] +[b, f,e,d, c,al +l[a,d,c,b], e, fI]  —I[b,d,c,al,[e, fl]
+lla e, d o, [b, f]] +lle,e.d al,[b, f]] +lld e,c,al,[b, f]]  —Ibe,d,d],a, f]]
—lle.e,d,b][a, fI] —[ld,e,c, b, [a, f] +lla, f,d,c],[be]]  +lc, f,d, a],[b, €]
+lld, frc,al,[be]]  —[b, frd, ] [a,e]]  —[le, f,d, 0] [a €]l —[[d, f,c,b], [a, €]
+la, fre 0 (e, d]] —[b, fre.al,[e.d]] +le, f,e,al, [b,d]] (e, f, ¢ 0], [a, d]]
+lle fodal [b,d]  —[le, f,d, b, [a, ]+, fre,d] [a,b]]  +[[d, f,e, ], [a, 0]
+lle frd,cl [a, 0] +la, f,0], [ e, d]] +[a, f,b],[de,c]]  —[[a, f, ], [b,e,d]]
—lla, f,c,[de.0]  —[la, f,d],[be,c]]  —[la, f,d],[c.e,b]] +[[a, [, €], [c, d,b]
+lla e, [, f.d]  +lla,eb]1d, f,d]  —lla,e,c], [b, f,d]]  —la,e,d],[d, f,b]
—lla,e,d),[b, f. ] —lla,e,d] [e, f, 0] —[la,d, bl [c, frell  +lla,d,c], e, f,b]
—lla,c, b}, [d, f.e]] —[b, f,al,lc,e.d]]  —[[b, fal [d e, c]] +[b, [ c][d,e,a]
+l[b, fodl,[e,e,all - —[b, frel [e,dal] - —[lb,e,al,[e, f,dl] b, e, al,[d, f, ]
+lb.e,d,[d foa]  +[be.d] e, f,al]  +[[b,d,a]lc, fre]] —[[b.d,c] e, f,a]]
+lle dyal e, 0] —lle,d, bl [e, fra]]  +[[b,c,al,[d, fe]]

The preimages for the other five maps can be found in Appendix A. This completes

the proof of Lemma 5.3.6 and hence of Theorem 5.3.4. O]
Finally, we verify that BéS) is isomorphic to a direct summand of V®°. Indeed, in

characteristic 3 we have that V®? 2 L,(V) @ Sy(V). Hence, by identifying V5 with
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(V®2)®3 in the obvious way, we have that

V®6

12

(La(V) @ Sy(V))*°

1

[Lo(V) @ La(V) @ Lo(V)] @ [La(V) @ La(V') @ Sa(V)]

(V) @ Laf (
[Lao(V) @ 53(V) @ Sa(V)]
( (

(V)@ La(V)
[L2(V) @ Sa(V) @ Lo (V)]

(V) @ Ly(V)] & [S2(V) @ La(V) @ Sa(V)]

(V)@ La(V)

@
@ ) T
O[S (V) @ Loy(V) @ Ly(V)] @
@ ) @

( V)
[S2(V) @ S2(V) @ La(V)] @ [S2(V) @ So(V) @ Sa(V)].

Since Bég) = Ly(V) @ S2(V) @ S3(V), we see that Bé?’) is isomorphic to a direct

summand of V&5,

5.3.2 The sixth Lie power in characteristic two

In this subsection K denotes a field of characteristic 2. By Theorem 5.1.1 (the De-

composition Theorem), we have that for finite-dimensional modules V,
Lo(V) = Lo(Ls(V)) & By,

where BéQ) denotes the module Bg of Theorem 5.1.1 in characteristic 2. We have
already seen, by Theorem 5.2.1, that Lo(L3(V)) is a direct summand of Lg(V') for
arbitrary K G-modules V.

We now give a description of Béz) using the projection ¢ 3y of Theorem 5.2.1.

Corollary 5.3.7. Let K be a field of characteristic 2, G a group, and V' a K G-module.
A KG-module complement BéQ) of La(Ls(V)) in Lg(V') is given by

Bé2) =< (abcdef)eg)wﬁ ca,be,dye, feV >
where €5 = (4 6) + (56) + (4 6 5) + K1kzks € ZoSym(6), with

k1 = (36)+(364)+(3645)
ke = 1+(1326)+(1623)

Ky = 1+(456)+(46)+ (45).
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Proof. We have that
BY) = Lg(V)(1—
6 s(V)(1 = ¢@3)
= <la,b,c,d,e, f](1 = Pag) :a,bc,dye, feV >.

Applying this map to a left-normed commutator gives

1
[CL7 ba ¢, d» €, f](l - ¢(2,3)) = [CL, b7 ¢, d> €, f}(l - 1_8)‘60(2,3)7T(2,3))7

which can be expanded to give the following expression:

- [[07 d> b]v [f,e,a]]
- [[C7e>b]7 [fv d? CLH
- Hd7€7 b]? [f7 ¢ a]]

So, in characteristic 2 we see that [a,b, c,d, e, f](1 — ¢23)) is equal to

la,b,c,d, e, f] + [[a, b, ], [f, e, d]]
+ lla,0.d,[f e.d] +le,dal[f,e,0]] +[c,d,b],[f, e, all
+ llabel,[f,d. ] +le,e al, [f, d,0]] + e, e, b], [f, d; a]
+ lla, b, fl,1d,e;cl +1ld,e,al,[f, ¢, b]] +1[d;e,b],[f, ¢ dll.

Next, using the Jacobi identity yields the fact that, in characteristic 2,
[[a7 b7 C]?[d7 67 f]] = [a7 b7 C7 d? 67 f] + [a7 b? C7 f? d7 6] + [a7 b? C? f7 e? d] + [a/7 b7 C? 67 d7 f]‘
The result follows. O

We conclude this chapter with a few remarks. First, notice that over a field of

characteristic 2 the third tensor power has the following direct sum decomposition.

VE > [ (V) @ Ly(V) @ Az(V)
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where

&
=
IR

V&g, with wy = (1 — (12))(1 — (123)),

I
=
12

V&L = Ly(V), with wy = (2 3)wh(2 3),

and A3(V) = Va3, withaz =1+ (123)+(132).

Indeed, it is easily verified that ws,w} and a3 are mutually orthogonal idempotents
which sum to 1 in ZySym(6).

Since Bég) can be described up to isomorphism as a tensor product of Ls(V) and
its complement inside V®2, namely S»(V), we might hope that a similar description

can be found for Bf(f).

Conjecture 5.3.8. Let K be a field of characteristic 2, let G be a group, V a KG-
module. Then the module Bém of Theorem 5.1.1 satisfies

B > Ly(V) @ As(V).

Indeed, for finite-dimensional modules V', we can check that the dimensions of
B and Ls(V) @ As(V) are equal. However, we have been unable to construct an
explicit isomorphism (or indeed a surjection of Lg(V) onto L3(V) ® Asz(V), as in
§5.3.1), to support this claim. In fact, for finite-dimensional modules V', we shall see
in the following chapter that Conjecture 5.3.8 does indeed hold. Moreover, we shall
see that in general every module B,mj can be expressed in terms of direct summands

of the kth tensor power.
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Chapter 6

Lie powers and Witt vectors

The majority of this chapter represents joint work with R. M. Bryant. Sections 1-
4 comprise the results of a joint paper [7]. In Section 5 we outline a few specific
consequences of these results, relating back to Chapter 5. All of our results are stated
for finite-dimensional modules. In Section 6, we discuss how far these results can be

generalised to arbitrary modules.

6.1 Introduction

Let G be a group and K a field. For any finite-dimensional KG-module V, let
L(V') be the free Lie algebra on V' (the free Lie algebra generated by any basis of
V), and regard L(V) as a KG-module on which each element of G acts as a Lie
algebra automorphism. Each homogeneous component L, (V') is a finite-dimensional
submodule of L(V'), called the nth Lie power of V.

The central problem on Lie powers is to describe the modules L, (V') up to iso-
morphism. In this chapter we continue to concentrate upon the harder case, when K
has prime characteristic p.

As we have already seen (Chapter 5), one of the fundamental results in charac-

teristic p is the Decomposition Theorem of Bryant and Schocker [10], stated here as

7



CHAPTER 6: LIE POWERS AND WITT VECTORS

Theorem 5.1.1. This reduces the study of arbitrary Lie powers of V' to the study of
certain Lie powers of p-power degree, namely, Lie powers L, (B,), where, for each n,
B,, is isomorphic to a certain direct summand of the nth tensor power V®".

Let us write n = p™k, where k is not divisible by p. In [11], a recursive formula
was given for the modules By, By, By, ..., up to isomorphism. We state this as
Theorem 6.2.1 below. However, the formula is rather intractable. It involves the
Witt polynomials (as used to define operations on the ring of Witt vectors) and gives
the Bpmj only as the components of a Witt vector with known ‘ghost’ components.
The results of [10] and [11] give no explicit information about the modules Bymj, except
that, as already mentioned, Bymj, is isomorphic to a direct summand of V™%, In
this chapter we shall give much more precise information.

As a motivating example, we consider the case where £ = 2 and p = 3, as in
Chapter 5. It is well known and easily verified that V®? = Ly(V) @ So(V), where
Ly (V) is the second Lie power of V' and S3(V) is the symmetric square of V. The
recursive formula from [11] gives By = Ly(V) and 3Bs @ BY® = Ly(V®?), where
3Bgs denotes the direct sum of 3 isomorphic copies of Bg. It can be shown (see, for

example, Chapter 5) that
Bs = Lo(V) @ S2(V) @ Sa(V). (6.1.1)

Examples like this suggested that, in general, Bymj is isomorphic to a direct sum of
tensor products of direct summands of V®* although we had no a priori reason to
suspect this. In this chapter we will prove this fact.

We shall see that V& = @d‘k &(d)Uy,q4, for certain modules Uy 4 indexed by the
divisors d of k, where ¢ denotes Euler’s function and ¢(d)Uy 4 denotes the direct sum
of ¢(d) isomorphic copies of Uy 4. Thus

V®pMk ~ V®l~c @ Uk A -® Uk‘,)\(pm)7
AeA

where A is an index set of cardinality kP" and for each A € A there corresponds a

p™-tuple (A(1),...,A\(p™)) of divisors of k. (Two elements A\, \ € A may define the
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same p"-tuple.) Our main result, Theorem 6.4.2, states that there is a subset Ag of

A such that

Bymy, = @ Uk,)\(l) Q- Uk’)\(pm).
A€Ag

This is, of course, much stronger than the statement that B,mj is isomorphic to a
direct summand of V®P"F,

In Theorem 6.4.3 we shall obtain a version of Theorem 6.4.2 in which the modules
Uk.q are replaced by a set of modules indexed only by those divisors ¢ of k such that
¢ and k/c are coprime. This is a sharpening of Theorem 6.4.2 in the case where k is
not square-free (that is, where k is divisible by the square of some prime).

The modules Uy 4 are of well-established interest. They are given by the eigen-
spaces of the action of a cycle of length & in the symmetric group Sym(k) of degree k
acting by permutation of the factors of V®*. These modules have appeared repeatedly,
in various guises, in the theory of free Lie algebras and the representation theory of
groups. They correspond to the K Sym(k)-modules induced from one-dimensional
modules for the cyclic subgroup generated by a k-cycle, as considered in [45, Chapter
8].

Section 6.2 will set the scene by giving basic results about the Uy, 4 and some related
modules. The main results on the modules B,m;, are obtained in Section 6.4. However,
the proofs of these results rest heavily on Section 6.3, which is largely combinatorial.
We study certain polynomials defined in an arithmetic way and apply methods from

elementary number theory, combinatorics and the theory of Witt vectors.

6.2 Summands of tensor powers

Let K be a field, G a group, and V a finite-dimensional (right) K G-module. The
tensor algebra T'(V') is the free associative algebra on V', and the nth homogeneous

component T,,(V') may be identified with the nth tensor power of V', otherwise denoted
by V®". Recall that the free Lie algebra L(V') may be regarded as embedded in T'(V').
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We recall Theorem 5.1.1, the ‘Decomposition Theorem’, [10, Theorem 4.4].

Theorem 5.1.1. [10, Theorem 4.4]. Let K be a field of prime characteristic p, G a
group, and V a finite-dimensional KG-module. Let k be a positive integer not divisible
by p. Then, for each non-negative integer m, there is a submodule Bymy, of Lymi(V)

m L

such that Bpmy, is isomorphic to a direct summand of VEP"* and

Ly (V) = Ly (Bi) @ Lym1(Bp) @ -+ @ Ly(Byny,).

For an arbitrary field K, let Rk denote the Green ring (representation ring) of
G over K. This is the ring spanned by the isomorphism classes of finite-dimensional
(right) K G-modules with sum and product coming from the direct sum and tensor
product of modules. (It has a Z-basis consisting of the isomorphism classes of the
finite-dimensional indecomposable K G-modules.) If V' is any finite-dimensional K G-
module we often write V' for the corresponding element of Rygg. Thus, for modules
Vi and V5, we have Vi = V5 in Rk if and only if V; = V5. Note that the tensor power
V@ may be written as V" in Rgq.

The following result is part of [11, Theorem 4.2].

Theorem 6.2.1. [11, Theorem 4.2|. Further to Theorem 5.1.1, the equation

m—1

P Byng + 0" N (Bym-1)? + -+ p(Bp)?" + (Bp)?" = Ly(VPT).

holds in the Green ring Riq for every non-negative integer m.

Theorem 6.2.1 is the starting-point of our study of the modules Bpm;. The equa-
tions of the theorem describe the B,mj recursively in terms of the modules Li(V?"),
and the polynomials on the left-hand side of these equations may be recognised as the
‘Witt polynomials’ (see [50, Chapter II, Section 6]). Thus, to gain further information
about the Bymj, we must expect to deal with Witt vectors.

Let p be a prime number. For any commutative ring R we write R> for the

set of all countably infinite ‘vectors’ a = (ag,as,as,...) with a; € R for i > 0.
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In the present context these vectors are called ‘Witt vectors’. For a € R>, where

a = (ag, a1, az, ... ), define y,(a) € R* by

(@) = (bo, b1, b, - -..), (6.2.1)
where, for ¢ > 0,
b =pla;+p a4 +padd + b (6.2.2)
In the language of Witt vectors, by, b1, ... are the ‘ghost’ components of a.

The equations of Theorem 6.2.1 can now be written as
vo(Bi, Boy By - ) = (Li(V), Li(V?), Ly (V7 ...). (6.2.3)

Our problem is to try to unravel By, By, ... from this equation. Much of our effort
will be devoted to writing the modules Ly (V?™) in the Green ring in a form that
facilitates calculations with Witt vectors.

From now on in this section, we take K to be a field of arbitrary characteristic,
G a group, and V a finite-dimensional K G-module. Furthermore, we take k£ to be a
positive integer not divisible by char(K'). Let E be the extension field of K obtained
by adjoining (if necessary) a primitive kth root of unity e, and let (¢) denote the
cyclic group generated by e, consisting of all kth roots of unity in E.

We shall often need to use the following elementary fact about a cyclic group of

order k.

Proposition 6.2.2. If z and y are elements of a cyclic group of order k with |x| = |y|

then there exists | prime to k such that 2 = y.

kn/d
)

Proof. Let x, y have order d|kin < a:a*=1>. Thenz =a y = a*™¢ for some

k/d ~ and we

m and n coprime to d. Hence we see that x and y each generate < a
must have that " = y for some r coprime to d.
Next consider three sets of primes. Let 2l denote the set of primes dividing d,

B the set of primes dividing k£ and r and let € denote the set of primes dividing k,
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but not r or d. It is easy to see that these sets are disjoint and that their union
AU B U C is the set of all primes dividing k. Let ¢ be the product of all primes in
¢. Since r is coprime to d, there exist integers s and t such that sr 4+ td = 1. Set
[ =r+qtd =1+ q(1 — sr). Then we have that 2! = 27794 = g7z = 7 = ¢y. We
claim that [ is coprime to k. Indeed, if p € 2, then p|d and we have that p|qtd, but
ptr, since r is coprime to d. So p {1 for all p € A. If p € B, we have that p|r and
plgsr, yet p 1 ¢,by definition of q. So p 11 for all p € B. Finally, let p € €. We have
that p|qtd, by definition of ¢, but p 1 r, by definition of €. So p 11 for all p € €. Thus

we have shown that if p|k then p {1 and, hence, [ is coprime to k as required. m

Let Vg denote the EG-module £ ® V' (with tensor product taken over K), and
let V5% denote the kth tensor power of Vj, identified with £ ® V®¢. The symmetric
group Sym(k) acts on the right on V¥ by permuting the tensor factors and this
action commutes with the right action of G. Let o be the k-cycle (1 2 ... k) in

Sym(k). Then we can write VE@”“ as a direct sum of o-eigenspaces, namely

Vet = P VEH, (6.2.4)
§€(e)
where

(VEM)e = {v e VFF 1 vo = v},

(This can be proved from Maschke’s theorem or by diagonalising the matrix repre-
senting the action of ¢.) Clearly each (V5¥), is an EG-submodule of V5*. Also, for

[ prime to k, o and ¢! are conjugate in Sym(k), from which it follows that
(Vi™)e = (V%) when [¢] = [€']. (6.2.5)

Here |£] denotes the (multiplicative) order of an element & of (¢).
In [5, Section 4] it was shown, with different notation, that, for each £ € (), there

is a KG-submodule (V&) of V®* such that
E® (VE)e 2 (VFP),. (6.2.6)
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(In the notation of [5], (V)¢ corresponds to U{.) By the Noether-Deuring theorem
[15, (29.11)], two modules are isomorphic if they are isomorphic after field extension.

Thus (6.2.4), (6.2.5) and (6.2.6) yield

Veh = (B (V). (6.2.7)
£€le)
and
(VER)e = (V) when [€] = |¢/] (6.2.8)

For each divisor d of k, let Uy 4 denote a K G-module satisfying
Uka = (VEF)e, where |¢| = d. (6.2.9)
Thus we may write (6.2.7) in the Green ring as
VE=Y"6(d)Usa (6.2.10)

dlk

Lemma 6.2.3. We have Uy, = Ly (V).

Proof. By the Noether-Deuring theorem it suffices to obtain F ® Uy = Li(Vg).
Since |¢| = k, we have Uy, = (V®).. Thus, by (6.2.6), E ® Uy, = (V). Hence it
suffices to show that

(VE")e = Li(Vi). (6.2.11)

This holds by a result of Klyachko [33, Theorem].

A character-theoretic proof of (6.2.11) can be given in the following way. By the
Noether—Deuring theorem, we may assume that F is infinite. Also, it is enough to
prove (6.2.11) in the case where G is the general linear group GL(Vg). We can consider
(formal) characters of modules as defined in [21], and, by [33, proof of Proposition 1],
(VEF). and Lj (V) have the same character, just as in characteristic 0. Furthermore,
(V5F), is a direct summand of V5%, by (6.2.4), and, as is well known, L;(Vz), consid-
ered as a submodule of VE@’k via our embedding ), is also a direct summand of Vg)k ,

because char(E) 1 k (see [17, Section 3.1], for example). However, direct summands of
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ng with the same character are isomorphic (because they are tilting modules—see

[17]). Thus (6.2.11) holds. O

Since the modules (V®*), or Uy 4 have a wider significance than for our purposes,
we summarise a few facts about these modules. Taking K to contain a primitive
kth root of unity we have (V®*), = V® ¢, where e, is the idempotent of KSym(k)
defined, using a k-cycle o, by
§ “igt

652

iyl

Y
k 4
Indeed, it is easy to see that V®e, C (V) and since VE* = P, Ve,
the result follows. Thus, under the Schur correspondence, (V®*) corresponds to
KSym(k)eg, namely the KSym(k)-module induced from the one-dimensional K (o)-
module on which ¢ acts as multiplication by £&. A formula for the character of this
induced module is given in [46, 4.17 Lemmal, and this module is important in the
work of Kraskiewicz and Weyman [36]: see also [45, Chapter §].
We note also that the modules (V®*), are involved in the definition of Adams
operations ¥™ on Rk, as explained in [5], further to the work of Benson [3]. For
example, by [5, (4.4)], v*(V) = > M(d)Uk,a, where p denotes the Mobius function.

We return to the needs of the present chapter. For each positive integer r and

each divisor d of k, let M, ,5,2 denote a KG-module satisfying

M= P (Vg @@ (V) (6.2.12)
€16 =€
where || = d and where the sum is over all r-tuples (1,...,¢&,.) of elements of (g)

satisfying & - - - & = £. (It is easy to see that this sum is the same, up to isomorphism,

for all £ € (¢) of order d.)
Lemma 6.2.4. For d | k we have M,gr; > (VE)®R)e, where £ € (€) has order d.

Proof. By (6.2.6) and (6.2.12), E ® M,E? is isomorphic to the module defined in the
same way over E as M,g’g is defined over K. If E ® M,Sg >~ ((V2")®*)e then, by
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(6.2.6), we have £ ® M,ET; ~ F® (VE)®*)e and the required result follows by the
Noether—Deuring theorem. Thus it is enough to prove the result over £ and, to ease
the notation, we may take K = F.

Let M = @ ; jyeq Vi) Where @ = {(i,j) : 1 <i <k, 1 <j<r} and Vi) =V
for all (7, 7). In the symmetric group on €2 let 7 be the cycle

(1,1),(1,2), o (1,7),(2,1),(2,2), o (2,1), ooy (R 1), (R, 2), - (7)),

Thus 7" has order k and is a product of k-cycles, namely 7" = oy - - - 0,, where, for
j=1,...,r, we have 0; = ((1,7),(2,7),...,(k,7)). Writing M as the direct sum of
T"-eigenspaces, we have
M =P M. (6.2.13)
£e(e)
We may also write M in the form M = NM @ ... ® N where, for j =1,...,r,
N = Vi) @+ ® Vi) 2V

Writing NU) as the direct sum of o;-eigenspaces, we have N = Decioy Ng(j ). Thus

= P NPe-aN). (6.2.14)
E1,5e8r€<e>
Since 7" = oy - - - 0,, we have
NYg...@ N C M 6.2.15
61 ® ® 57‘ ~ {1...5,,‘. ( L. )

Therefore, by (6.2.13), (6.2.14) and (6.2.15),

M= P NP@-oN), (6.2.16)
§1&r=¢

for all ¢ € (). Since NU) = V& (6.2.12) and (6.2.16) give
M, = M), where [¢] = d. (6.2.17)
We now write M in the form
M=Viy® Vi) ® @ Vi ® @ Vi)
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and note that 77 permutes the k factors of M in a cycle of length k. Hence we have

M, = ((VOT)®k),, for all £ € (). The lemma now follows from (6.2.17). O
Corollary 6.2.5. For every positive integer r, M,grlz > L (Vo).

Proof. By Lemma 6.2.3 and (6.2.9), Ly(V®") = ((V®")®F).. Thus the result follows
from Lemma 6.2.4. O

By Corollary 6.2.5 and (6.2.12), the modules L;(V") can be expressed, in the
Green ring, as polynomials with positive integer coefficients in the modules Uy 4. In
the case where K has prime characteristic p, it follows from (6.2.3) that the modules
Bymj, can be written in Z[1/p]®z R as polynomials in the Uy, 4 with coefficients from
Z[1/p]. However, it is not obvious that the latter polynomials have integer coefficients
or that these coefficients are positive. Our main theorem will establish these facts.

Let T be a cyclic group of order k generated by an element ¢, and recall that (&)
is also a cyclic group of order k. Let RixgT be the group ring of T with coefficients
in Rixg and let ® be the element of RigT defined by

O = (V)0 + (VO 4o (VER) ot (6.2.18)

By (6.2.8), the coefficient of ¢ in ® is equal to the coefficient of t/ whenever |t!| = |¢/].
For each divisor d of k, let s; be the sum of all elements of T of order d. Then
=" Ukasa, (6.2.19)
dlk
and @ is fixed by every automorphism of RysT that fixes coefficients in Rxg and
maps t to ! for some [ prime to k. Clearly, for every positive integer r, ®" is fixed
by these same automorphisms, and hence the coefficient of ¢ in ®" is equal to the
coefficient of #/ whenever |t'| = |/]. We write [®"];, to denote the coefficient of ¢ (or
any element of order k) in ®".
By (6.2.18), the coefficient of ¢ in ®" is
(Vg (V)

€1r=e
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Hence, by (6.2.12) and Corollary 6.2.5,
(@] = Lp(V7). (6.2.20)

In order to obtain further information about the modules L¥(V") we shall study the
properties of the coefficients [®"],. We do this in the next section by working in a

suitable polynomial ring.

6.3 Witt vectors and polynomials

We begin this section by developing some methods for dealing with Witt vectors.

Let p be a prime number and let R be a commutative ring with identity in which p
is not a zero-divisor. We write R*> for the set of all Witt vectors over R, as in Section
6.2, and we define 7, : R*® — R* by means of (6.2.1) and (6.2.2). For b € R, there
can be at most one element a of B> such that 7,(a) = b. Furthermore, if p is a unit
of R, there exists a such that 7,(a) = b and the components of a can be obtained
recursively from (6.2.2).

In the following lemma we regard R*> as a ring under the operations of R taken

componentwise.

Lemma 6.3.1. Let a,a’,b,b’ € R*, where vy,(a) = b and y,(a") = b’. Let S be
the subring of R generated by the components of a and a’. Let b” be any element of
the subring of R>® generated by b and b’ under the componentwise operations. Then

there exists a” € S such that y,(a”) = b".

Proof. This is an immediate consequence of a theorem of Witt [59], for which we refer

to [50, Theorem II.6]. O

Lemma 6.3.2. Let k be a positive integer not divisible by p. Then there exists ¢ € Z>°
such that
vple) = (1P~ k), (6.3.1)
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Proof. Let ¢ be the element of (Z[1/p])> satisfying (6.3.1), where ¢ = (cg,c1, ... ).
We prove by induction that ¢; € Z for all i. This shows that ¢ € Z.
By (6.3.1), we have

pe+ptd +odpd =R
for all > 0. Thus ¢g =1 € Z. Also, for ¢ > 1, we have
plo =k = (7 e pd ).

To prove that ¢; € Z it suffices to show that the right-hand side is congruent to
0 modulo p’. By Euler’s theorem, a®®) = 1 (mod p?) for every positive integer
j and every integer a not divisible by p. Since ¢(p’) = p’ — p/~L, it follows that

a” = a” ' (modp?), for every integer a. Thus
B T )
=& — (p e+ 4 pd 1) (mod p).
However, by (6.3.1) p" e,y + -+ +pd  +1=k""""1. Thus
i . i—1 i i—1 ;
b= (p e el + ) =R =P (mod pY).

Now,

—1

k(R =1 — kP71 = kP — kP = 0 (mod p).
Since k is not divisible by p, the result follows. O

Corollary 6.3.3. Let k be a positive integer not divisible by p. Then there exists
d € (Z[1/k])> such that v,(d) = (K~ k1 k78 L 00).

Proof. With componentwise multiplication, we have
Uk ) = (B R R (LR R,

However, ~,(k~1,0,0,...) = (k" k™7, k77" ...). Hence the result follows from Lem-

mas 6.3.1 and 6.3.2. O
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From now on we consider polynomial rings Z[U] and Q[U], where U is a set of
indeterminates. We state a consequence of the preceding results in a form suited for

application later in this section.

Proposition 6.3.4. Let b € (Z[U])>® where b = (b, b1, ...). Suppose that there exist

TyeosTn €L, quy- .., gn € Z[U], and a positive integer k not divisible by p, such that

bi = (Tlngi +o gl

E e

for all i > 0. Then there exists a € (Z[U])>® such that v,(a) = b.

Proof. Since b € (Z[U])>, there exists a € (Z[1/p][U])> such that v,(a) = b. How-
ever, by hypothesis, b belongs to the subring of (Z[1/k|[U])> generated, componen-
twise, by (k=1 k=1 k=1, ...) and the elements (gj,gf,g‘;?, ...)for j=1,...,n. Also,
(95,0,0,...) = (gj,gf,gf, ...). Thus, by Lemma 6.3.1 and Corollary 6.3.3, there
exists e € (Z[1/k][U])> such that ,(e) = b. Hence a = e and so

a e (Z[1/plu))> N (Z[1/K]U])™ = (Z[U])™.
O

Any element of Q[U/] may be written as a sum, with rational coefficients, of mono-
mials in the elements of U. For a,b € Q[U], we write a < b if every coefficient in a
is less than or equal to the corresponding coefficient in b, that is, if b — a has only

non-negative coefficients.

Proposition 6.3.5. Let b = (by, by, ...) € (Z[U])>®. Suppose that b; = 0 and
W < by (6.3.2)

7

for all i,5 > 0. Let a be the element of (Z[1/p][U])> satisfying v,(a) = b, where

a=(ag,ay,...). Then ag = by = 0 and, for m > 1,
0= P < by — b (6.3.3)
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Proof. For all ¢ > 0, write d; = b; — bgi. Thus d; = 0, by (6.3.2). Hence, for all

i,J 20,
i+J

< (di + 0V = W< b

1

&+
Therefore

d?

A (6.3.4)
Since v,(a) = b, we have ag = by = 0. It remains to prove (6.3.3) for m > 1,
and this may be written as 0 < p™a,, < d,,. Since y,(a) = b, and ag = by, we have

pay = by — by = d;. Thus (6.3.3) is true for m = 1. We use induction on m. Since

Yp(a) = b and ag = by,

m—+1 _ m _p m—1 p2 p™ Perl
P a1 = b —p"ag, — D" Gy — - —pay — by
2 m
_ m _p m—1_p p
= dpy —plab, —p"al | — - —pd] . (6.3.5)

Also, by the inductive hypothesis, 0 < ap,—; < p~ ™ 9d,,_; for i =0,...,m—1. Thus

. i+1 . ; 741
0 <"l < pr I

for i =0,...,m — 1. Hence, by (6.3.5),

2

A1 = P g 3 digy — pmOPI e, — pm=DO=P)gr” ()

Therefore, by (6.3.4),

m m—1
m+1 p b p
A1 7 P"7 Amir 7 (1 T pmen@ T W) dmt1
1 1 1
N i el KSRl
p p p
This completes the induction. O

From now on in this section, let k be a positive integer and let I/ be a set of
indeterminates indexed by the divisors of k, namely, U = {uq : d | k}.

As in Section 6.2, let T be a cyclic group of order k generated by an element ¢.
We consider the group ring I' = Z[U]T. This consists of all elements of the form
g=got’ + -+ gp_1t""1, with g; € Z|U] for i = 0,... k — 1.
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For each positive integer [ prime to k there is an automorphism of I' that fixes all
coefficients in Z[U] and maps ¢ to t'. Let I'* be the subring of ' consisting of those
elements fixed by all such automorphisms. For g = 3 g;t' € ', we have g € I'* if and
only if g; = g; whenever |t'| = |t/|. For g € I'* and each divisor d of k, we write [g]4
to denote g; where [t'| = d. As in Section 6.2, let sy be the sum of all elements of T

of order d. Thus, for g € I'*, we have

9= _lglasa, (6.3.6)

d|k
where [g]q € Z[U] for each divisor d of k.
Let w be a primitive kth root of unity in C. Thus (w) is a cyclic group of order
k consisting of all complex kth roots of unity. For each non-negative integer j there
is a homomorphism «; : I' — C[i] that fixes all coefficients in Z[U/] and maps ¢ to
w!. For g € I' we usually write g(w’) instead of gay;, because we think of «; as the

substitution ¢ — w’. It is easily verified that,

sa(w’) = pa(j), (6.3.7)

where pg(j) denotes Ramanujan’s sum, namely the sum of the jth powers of all
complex primitive dth roots of unity. Note that p4(j) € Z (by [26, Theorem 271], for
example). Thus «; restricts to a homomorphism «; : I — Z[U]. Indeed, for g € I'*,

(6.3.6) and (6.3.7) give
9(@) = pa(d)gla- (6.3.8)

dlk
We now show that (6.3.8) allows [g]x to be written in terms of the elements g(w’),

by means of the Mobius function p.

Lemma 6.3.6. For all g € T,

Elgle = ) n(e)g(w).

elk
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Proof. By (6.3.8), we have
D ule)gW) =Y ule) Y pa(k/e)lgla
elk elk d|k
However, by [26, Theorem 271},
palkfe) = 3 u(d/mym
ml(d,k/e)
where the sum is over all m such that m | d and m | (k/e). Therefore
Youegw )= > ule)ud/mymlgla.
elk elk d|k m|(d,k/e)
Altering the order of summation gives
doueg ) =3"%  > ule)u(d/mymlgla.
elk dlk ml|d e|(k/m)

However, >_ /n, #(€) = 0 unless m = k. Also, if m = k we must have d = k.

Therefore
> ule)g(wt’*) = kgl
elk
O
Imitating the description of ® in (6.2.19), we let f € I" be defined by
f= uasa. (6.3.9)

dlk
Thus f € ' and f" € I'* for every positive integer r. Recall the definition of < given
before Proposition 6.3.5. Then, for all d | k and all r, we have

[f]a € ZIU] and [f]4 = 0. (6.3.10)

Also, by Lemma 6.3.6,

kzu k/e

elk
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where f(w"¢) € Z[U] for all e. Here, division by k is possible within Z[U] because
[f"]x € Z|U]. Thus, by (6.3.8), we obtain
=7 Zu <Zd|k Pd k/e)ud> : (6.3.11)
elk

We can now prove the key result of this section.

Theorem 6.3.7. Let k be a positive integer and let p be a prime number not dividing
k. Let U = {uq : d | k}, T a cyclic group of order k, and f € ZIU|T, as defined in
(6.3.9). Then there exist elements hg, hy, ha, ... of Z|U] satisfying

olhos his by ) = (ks 00 7 Tes - ) (6.3.12)

and for all m > 0,

m

09" < (S o)

where ¢ denotes Euler’s function.

Proof. The first statement follows from (6.3.10), (6.3.11) and Proposition 6.3.4. For
the second statement we wish to apply Proposition 6.3.5 with b; = [fpi]k for all i.
Thus we need to verify the hypotheses of Proposition 6.3.5. For all ¢ > 0, we have
(/7% € Z[U] and [f?']; = 0 by (6.3.10). Also, we may write
=1+ ag,
zeT
where a, € Z[U] and a, = 0 for all x € T'. Therefore, for all j > 0,
= = (WY b,

zeT

where b, € Z[U] and b, = 0 for all x € T'. However, t* has order k. Thus we obtain
([f*1)” < [f*"7]i for all 4,5 > 0, and so the hypotheses of Proposition 6.3.5 are
satisfied. By (6.3.3), we have 0 < p™h,, < [f?" s, for all m > 0.
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Recall that o : I — Z[U] is the homomorphism that fixes coefficients in Z[U]
and maps t to 1. Clearly fag = Zd‘k ¢(d)ug. Thus

fmeéo = (Zdlk ¢(d)ud)pm
However, since fP" = Zd‘k[fpm}dsd, we have fP"aqy = > 2(d) [f?"]4. Thus
77" < a0 = (T b(dyua)

Hence we obtain the second statement of the theorem. O]

We shall now move towards a result that is sharper than Theorem 6.3.7 in the case
where k is not square-free. Let k denote the product of the (distinct) prime divisors
of k. We write ¢ || k to denote that ¢ | k£ and that ¢ and k/c are coprime. Thus ¢ || k
if and only if ¢ | k and ¢ is a product of maximal prime-power factors of k. We say
that c is a total divisor of k. Each divisor d of k£ may be written uniquely in the form
d = d*d where d* || k and d' | k/k. Here d* is the largest divisor of d such that d* || k
and d' = d/d*. Note that the sets {uq : d* = ¢} form a partition of U, as ¢ ranges
over the divisors of k such that ¢ || k. For each such ¢, write

we= Y $(d/)ug =u.+ Y ¢(d/c)ua, (6.3.13)

did =c did*=c

dte
and set W = {w, : ¢ | k}. By (6.3.13), the subring of Z[U] generated by W may
be identified with the polynomial ring Z[W)]. Thus we can take Z[W] C Z[U]| and
QW] C Q[U]. Let <y be the relation on QW] defined analogously to < on Q[U],

but using coefficients of monomials in elements of W.

Lemma 6.3.8. (i)Every element x of T may be written uniquely in the form x = x*x’,
such that, for |x| = d, we have |x*| = d* and |2'| = d'.

(ii) Let d | k, and let y be an element of T of order d*. Then the number of elements
x of T satisfying |z| = d and x* =y is ¢(d/d*).
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Proof. (i) It is straightforward to check that if 2* and 2’ exist, we must have that
x* = 2™ and 2’ = z™ for some m,n € N. Since d = d*d’, where d* and d' are coprime,
we may write sd* 4+ td’ = 1 for some integers s and t. Set z* = ! and 2/ = %",
Then we have that 2"z’ = z!d 54" = psd"+td | = d*

and |2/| = d'. Indeed, we have that ()% = (') =1 and (2/)* = (2°¢)¥ = 1.

= x and it is easy to see that

Now, suppose that (2/¢)! = 1 for some [|d*. Then we must have that d|td'l, since x

has order d. Now from d = d*d’ it follows that d*|tl. However, ¢t and d* are coprime,

hence we must have that d*|l. Similarly we find that |2°?" | = d’. It now follows easily

that z* and 2’ do not depend upon the choice of s and ¢ and are, in fact, uniquely
determined.

(ii) For x € T, write « = z*2’, as in (i). We have that |z| = d and z* = y if and
only y~'x has order d/d*. Thus the number of such elements x is ¢(d/d*). O

Lemma 6.3.9. Let d | k and e | k. Then pg(k/e) = ¢(d/d*)pa-(k/e).

Proof. We apply Lemma 6.3.8 to (w) rather than 7. For z € (w), write z = x*2/, as
in Lemma 6.3.8 (i). Then

kf/@ Z ZE Z )k/e(xl)k/e’
a:lz|=d z:|z|=d
However, (z/)¥/¢ = 1, because k/e is divisible by k/k. Hence
palkfe) ="  (a*)"".
z:|z|=d
For each element y of (w) of order d*, there are, by Lemma 6.3.8 (ii), exactly ¢(d/d*)

elements x of order d such that x* = y. Thus

palk/e) = > (x)e=g(d/d") Yy = ¢(d/d")pa(k/e).

z:|z|=d yily|=d*

This is the required result. O
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Suppose that e | k. Then, by Lemma 6.3.9 and (6.3.13),

Zpd(k/e)ud = Z Z o(d/c)pe(k/e)uq

d|k cllk d:d*=c
= > pelk/e)w.. (6.3.14)
||k
Note that e | & holds if and only if e | k and u(e) # 0. Thus, by (6.3.11) and (6.3.14),
elk

for every positive integer r.
Let ¢ : QW] — Q[U] be the inclusion homomorphism given, for ¢ || k, by

Wel = We = U + Z (d/c)ug,

d d* —
d;éc

and let x : QU] — Q[W)] be the homomorphism given by usx = wy, if d || k, and
ugk = 0, otherwise. Thus ¢k is the identity on Q[W].

By (6.3.15), [f"]x € Q[W]. This is enough for the following theorem. However,
[f"kt € Z[U], by (6.3.10), and so, by applying x, we have [f"]|; € Z[W].

Theorem 6.3.10. Further to Theorem 6.3.7, let W = {w. : ¢ || k}, where w. is
defined by (6.3.13). Then we have h,, € Z[W) and

m

p
0 <w P <w (S o)
for all m > 0.

Proof. By (6.3.15), we have [fli, [f*], [f" ], - € QIWV]. Tt follows, by (6.3.12), that
hm € QW) for all m. Let ¢ and & be defined as above, where ¢k is the identity on
QW]. By Theorem 6.3.7, h,,. € Z[U] and

0 <P (hnt) < (S 0(d)uua)”

Applying k, we find that h,, € Z[W] and

0 < "l < (L d(c)eee)”

m

m
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6.4 Main results

We continue with the notation of Sections 6.2 and 6.3. In particular, for each divisor
d of k, sq is the sum of the elements of T" of order d, ® = Zd|k Uk.aSa, | = Zd|k UgSd,
and U = {ug : d | k}.

Let x : Z[U] — Rk¢ be the homomorphism given by the substitution ug — Uyg4
for all d. This extends to a homomorphism x : Z[U|T — RkcT, fixing the elements
of T', and we have fy = ®. Hence, by (6.2.20), for every positive integer r,

[ lex =[]k = Li(V"). (6.4.1)
Applying x to (6.3.11) and using (6.4.1), we obtain the following result in Rgg.

Proposition 6.4.1. For every positive integer r,
=7 Zu (ZM pa(k/e)Uk, d> :
elk
This can be compared with a result concerning Adams operations in the Green

ring that follows from [5, Theorem 6.1]:
Z;u ,l/)e Vk/e )7"
elk

Indeed, for every divisor e of k, it can be shown that

Vk/e Zpd ]{7/6 de (642)
d|k
Suppose now that K has prime characteristic p, and let hg, h1, ... be the elements

of Z[U] given by Theorem 6.3.7. Thus, by (6.3.12) and (6.4.1),
Yolhox haxs hax ) = (Le(V), Le(V?), (V™) ...
By comparison with (6.2.3), we obtain

hmx = Bpmy, for all m > 0. (6.4.3)
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Also, by (6.2.10),

m

(Zd“c ¢(d)ud>p x =V (6.4.4)

However, we may write
pm
<Zd\k ¢(d)ud) = Zum) T Un(pm),
AEA

where A is an index set (of cardinality k*") and for each A\ € A there corresponds a
p™-tuple (A(1),...,A(p™)) of divisors of k. Notice that two elements A, \" € A may
define the same p™-tuple. Thus, by (6.4.4),

AEA

The inequality for p™h,, in Theorem 3.7 implies that

m

0 b < (Zau o(dua)”

Hence there is a subset Ay of A such that
T = ) Ua() + - Ungm). (6.4.6)
AEAQ

Our first main result now follows from (6.4.3) by applying x to (6.4.6).

Theorem 6.4.2. Let K be a field of prime characteristic p, G a group, and V a
finite-dimensional KG-module. Let k be a positive integer not divisible by p and let

m be a non-negative integer. Write

Ok o @ Uk,)\(l) R ® Uk,A(pm),

AEA

as in (6.4.5). Let Bpmy, be the module given by Theorem 5.1.1. Then there exists a
subset Ag of A such that

Bym, & @ Upa() @ - @ Ug s (pm)-
AEAQ
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By Theorem 6.4.2, B,mj is isomorphic to a direct summand of V"% of a very
specific form. Also, we see that B,m; may be written in the Green ring as a poly-
nomial in the modules Uy 4. The polynomial has positive integer coefficients and
is homogeneous of degree p™. This polynomial is, of course, the polynomial h,, of
Theorem 6.3.7. Thus it depends only on k, p and m.

We shall now see how Theorem 6.4.2 can be sharpened when k is not square-free.
As in Section 6.3 let k& denote the product of the prime divisors of k and, for d | k,
we write d = d*d’ where d* || k and d' | k/k.

Recall from Section 6.2 that € is a primitive kth root of unity in an extension field
of K. Let O be the set of all elements 6 of (¢) such that |#| and k/|f| are coprime.
Every element £ of (¢) may be written uniquely in the form £ = £*¢’, as in Lemma
6.3.8 (i), where £* € ©. For each 6 € O, define

Wy = €D (V). (6.4.7)

§:£%=0
Thus, by (6.2.7), we have
Ver = (R W, (6.4.8)
0cO
For each ¢ such that ¢ || k, let Wy . denote a module isomorphic to Wy, where

0] = c. (It is easy to see that Wy = Wy when || = |¢’|.) Thus, in the Green ring,
VE=Y"6(c) Wi (6.4.9)
||k
Suppose that ¢ || k and |0| = ¢. If & = 0 then the order of £ is some number d
satisfying d* = ¢. Also, by Lemma 6.3.8 (ii), for each d such that d* = ¢, the number
of elements ¢ of order d satisfying £* = 0 is ¢(d/c). Thus we may write (6.4.7) in the

Green ring as

Wie= > 6(d/c)Usa. (6.4.10)
d:d*=c
Let W = {w, : ¢ || k}, as in Section 6.3. Then, by (6.3.13) and (6.4.10), we have

that w.x = Wy, for all c¢. Thus, by (6.4.9),

m

<Zc||k: ¢(C)wc)p x=V"E (6.4.11)
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However, we may write
pm
(Zc”k qb(c)wc) = Z Ws(1) =+ - Ws(pm),
seA

where A is an index set and for each 6 € A there is a corresponding a p™-tuple
(0(1),...,d(p™)) of total divisors of k. Notice that two elements d,0" € A may define
the same p™-tuple. Thus, by (6.4.11),

Vet e (W s0) @ -+ @ Wi (6.4.12)

dEA

Our second main result now follows from Theorem 6.3.10 in the same way as

Theorem 6.4.2 follows from Theorem 6.3.7.

Theorem 6.4.3. Further to Theorem 6.4.2, write
VerTk o @ Wes) @+ @ Wisom),
seA
as in (6.4.12). Then there ezists a subset Ny of A such that
Byni = @D Wis) @ -+ @ Wi som).-
5eo
Theorem 6.4.3 expresses Bymj, up to isomorphism, in terms of modules W, . in-
dexed by the divisors ¢ of k satisfying ¢ || k. Such a divisor ¢ is determined uniquely
by the set of prime divisors of k£ that divide c. Thus, in effect, the modules W, are
indexed by the subsets of the set of all prime divisors of k.

6.5 Examples

We begin with a simple example to illustrate how the modules B,; may be calculated

up to isomorphism, when k£ is prime.

Example. Let p and k be distinct primes and let K be a field of characteristic p. We

shall find B, as an element of Rg¢.
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Since k is a prime the only modules Uy 4 are Uy, and Uy and, by (6.2.10),
VF = (k= 1)Upp + Ups.
Also, by Lemma 6.2.3, Uy = Li(V) in Rgq. By Proposition 6.4.1
Le(VP) = Uy + (k= 1)Upr)" = (Ukx — Urp)’]

> (V)i - g

1 —irri
By, = Z;(Lk(vp) - Ulf,k) = ZmiUlf,l Ukks

where m; € Z and

=}

for i =0,

(") ((k—1)" = (=1)")  for 0 <i < p,

7

7 ok
ﬁ((k — 1P —(=1)?) — % for i = p.

In the case where £ = 2 and p = 3 we obtain Bg = U2271U272. In this case it is easily

verified that Uy = S2(V) and Uz s = Lo(V'). Thus we obtain (6.1.1).

Similarly, in the case where k& = 3 and p = 2, we obtain Bs = Us;Us3. Again

it is easily verified that Us; = A3(V) and Uss = L3(V). Thus we have proven our

conjecture of Chapter 5 in the case where V' is a finite-dimensional module.

In fact, for k£ a prime power, we have the following interesting result.

Theorem 6.5.1. Let p and q be distinct primes, let k = ¢° for some s > 0 and let K

be a field of characteristic p. Let G be a group, V a finite-dimensional KG-module

and let m be a non-negative integer. Then we may write each of the modules Bymy,,

up to isomorphism, as a direct sum of tensor products of summands of V®F, where

Ly (V) occurs as a tensor factor. That is, for k = ¢°, we may write

Bpmi, = @ Urp) ® -+ @ U xpmys
AEAQ
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where for each A € Ay, the corresponding p™-tuple is of the form
AL), ... A= 1),k M), ... A(p™ = 1)),
for some 1 <@ < p™.

Proof. Since k = ¢° is a prime power, the only modules Uy 4 are Uy 1, Uy q, ..., Uggs-

So, by Theorem 6.4.2, we have that in the Green ring,

By = Y caURS UL - - Upss, (6.5.1)

where the sum ranges over all compositions n = (ng,ny,...,ns) of p™, and the ¢, are
non-negative integers.

Now, by Proposition 6.4.1 we have that, in the Green ring,

m m

p

7 1 —
L(VP) = ¢ > pa@Via | = | D pala” ) Uka

d|k d|k

p

Since k = ¢° we have that p4(¢°) = pa(q®~') for all d|k with d # k, Hence, we may

write
L,(VP") = (@)U i)”" —(A+ Pk(qs_l)Uk,k:)pm)

At
( > = (@) )A" U, (6.5.2)

Mw/\

=

where A =370 1 0a(@*)Uka = D g ar £a(0° ) Uka. Tt is easy to see that the coef-
ficient of AP™ in (6.5.2) is zero, giving that Uy = Ly (V') occurs, up to isomorphism,
as a tensor factor of Ly (V®P™).

We now prove, by induction on m, that, in the Green ring, each B,mj, also permits
a tensor factor of L (V). It is easy to see that this holds for m = 0, since By, = Li (V).

Suppose it holds for all non-negative integers j < m. By Theorem 6.2.1 we may write

P By = L(V7™) = [p" N (Bynsn)? + -+ p(Bu)™ " + (B (65.3)
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in the Green ring. Notice that, by induction, each term on the right-hand side of
(6.5.3) permits a tensor factor of L (V). By comparing coefficients and using the fact
that the coefficients occurring in the decomposition (6.5.1) of Bymj are non-negative

integers, we see that B,m) also permits a tensor factor of Ly (V). O

It is not true in general that L;(V') is a tensor factor of Bymj. Indeed, for p =5,
k = 6, it is easy to check that Uss ® U§?§ occurs, up to isomorphism, as a direct

summand of Bsg.

6.6 Infinite-dimensional modules

Throughout this chapter we have assumed V to be a finite-dimensional K G-module.
We might now wonder what happens in the case where V' is infinite-dimensional.
As we have seen in Chapter 5, for a field of characteristic 3 we have the following

K G-module decomposition,
Le(V) = Ls(La(V)) ® [L2(V) ® S2(V)) @ S2(V))],

for arbitrary K'G-modules V. This example suggests that Theorems 5.1.1 and 6.4.2
hold not only for finite-dimensional modules, but may generalise to arbitrary modules.

The modules Bymj of Theorem 5.1.1 have thus far only been defined in the case
where V' is finite-dimensional. Recently, R. M. Bryant has shown that Theorems
5.1.1 and 6.2.1 of Bryant and Schocker (see [10] and [11]) can in fact be extended to
arbitrary modules, by a fairly standard set of arguments. We reproduce the proofs
of these generalised results, with kind permission, in the form of a preprint of R. M.
Bryant included in Appendix B. We summarise Bryant’s results below, and shall refer
to the generalised decomposition theorem as the ‘Bryant-Schocker Decomposition

Theorem’ from now on.

Theorem 6.6.1. The Bryant-Schocker Decomposition Theorem
Let K be a field of positive characteristic p, G a group and V a KG-module. Let k
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be a positive integer not divisible by p. Then for each non-negative integer m there is
a submodule Bymy, of Lymi (V') such that Bymy, is isomorphic to a direct summand of
Vertk and

mek(v) - me (Bk) S5 Lp"“l(Bpk) S---D Ll(Bpmk>‘

Moreover, each Bymy, is isomorphic to a direct summand of Li(V®P™) and can be

written as Bpmj, = V®pmk?)pmk, for some Bpmk € KSym(p™k).

In fact, by using idempotents in the symmetric group algebra, it is possible to
reinterpret all of our main results in the more general setting where V' is allowed to
have infinite dimension. By defining modules Uy, 4 to be certain direct summands of
V® given by idempotents 4y ¢4 € KSym(p™k), Bryant goes on to show that a version

of our Theorem 6.4.2 holds for modules of arbitrary dimension.

Theorem 6.6.2. Let K be a field of prime characteristic p, G a group, and V a
KG-module. Let k be a positive integer not divisible by p and let m be a non-negative

integer. Write

V®pmk ~ @ Uk,,\(l) R ® Uk)\(pm)7
AEA

where A is the index set of §6.4 and the modules Uy q are defined by Uy 4 = V®kfbk’d
for some idempotents Uy, € KSym(k) (see Appendiz B). Let Bymj be the module
given by Theorem 6.6.1. Then there exists a subset Ay of A such that

Bpmk = @ Uk,)\(l) Q- Uk7)\(pm).
AEA

It should be noted that the subset Aj in the above theorem is completely independent
of the choice of the module V. It can also be shown in this general setting that,
Upr = V&, = Ly(V) (Appendix B, Proposition B4.5) and hence it is easy to see

that a version of Theorem 6.5.1 follows easily from Theorem 6.6.2.

Theorem 6.6.3. Let p and q be distinct primes, let k = ¢° for some s > 0 and let K
be a field of characteristic p. Let G be a group, V a KG-module and let m be a non-

negative integer. Then we may write each of the modules Bymy, up to isomorphism,
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as a direct sum of tensor products of summands of V¥, where Ly(V) occurs as a

tensor factor.

In the following chapter we shall refer to the modules B, with £ # 1 as the
Bryant-Schocker modules for Lym (V).
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Chapter 7

Torsion in groups and homology of

Lie powers

7.1 Introduction

Let G be a group given by a free presentation G = F'/R. We denote by 7.R the cth

term of the lower central series of R:
R:%RE%RE'“ E%RE"' ,

where 7.R = [y..1R, R]. The quotient F/[y.R,F] with ¢ > 2, is a free central
extension,

1 —v.R/[y.R,F] — F/[y.R,F] = F/~v.R — 1, (7.1.1)

of F/~.R, which is in turn an extension,
11— R/y.R— F/y.R— F/R — 1, (7.1.2)

of G = F/R with free nilpotent kernel R/~.R. While (7.1.2) is always torsion-free
[52], elements of finite order may occur in the centre of (7.1.1). We recall the work of
Gupta [23] mentioned in Chapter 1, who considered a special case of this phenomenon,

namely the case where ¢ =2 and R = F".
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In the 1970’s and 1980’s, various features of the free central extensions (7.1.1) were
studied by a number of authors, with a focus on the mysterious occurrence of torsion
in the central quotient v.R/[y.R, F] and its connection with homology. We shall see
that the study of Lie rings is closely connected to this problem. The lower central
quotients v.R/v.+1 R each carry the structure of a ZG-module with action induced

by conjugation in F'. Trivialising the ZG-action yields an isomorphism [2]
Ho(G,veR/Ver1R) = (VR /Ve1 R) ®c L= e R/[veR, Fl, (7.1.3)

identifying the centre of (7.1.1) with a zero-dimensional homology group. Moreover,
we have the following classical isomorphism between the lower central quotients of

free groups and the homogeneous components of free Lie rings (see [51] for example):
YeR/Ves1 R = Le(Rap). (7.1.4)

Here L.(Rg) denotes the degree ¢ homogeneous component of the free Lie ring L(Rqp)
on the relation module, R,, = R/R', stemming from our original free presentation for
(G. The relation module R, is the abelianisation of R. It is a ZG-module with the

action of G given via conjugation in F. Now (7.1.3) and (7.1.4) yield the isomorphism
’VCR/[’VCRa F] = H()(Ga Lc(Rab>> = Lc(Rab> ®a L. (715)

This isomorphism has been used as the starting point of several successful attempts
to study the quotient v.R/[v.R, F]. A series of papers [37], [38], [39], [40] by Kuz'min
focused upon the case ¢ = 2, whilst papers by Thomson [56], Zerck [60] and Stohr
[54], [55] addressed the general case ¢ > 2. The main achievements of all these papers
with respect to the quotient v.R/[y.R, F] were the following two results. The first,
bounding the exponent of the (possibly trivial) torsion subgroup t(7.R/[V.R, F]), is
that

4 t(2R/[2R, F]) =0 and ct(v.R/[7.R,F])=0 for ¢> 3. (7.1.6)

This result was proven by Kuz'min [38] in the case ¢ = 2 and later in full generality

by Stéhr [54]. The second result gives a precise identification of the torsion subgroup
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in the case when ¢ = p a prime, under mild conditions on G (there should be no

elements of order p in ). In this case
t(p R/ [ R, F]) = Hi(G, Zy). (7.1.7)

A slightly weaker version of (7.1.7) in the case where p = 2 was given by Kuz'min
[39]. The result for p an arbitrary prime is due to Stohr [54]. Without the restrictions
on the presence of torsion in G as required for (7.1.7), more complicated homological
descriptions of the torsion subgroup t(y,R/[y,R, F]) for p a prime can be found in
[40] for p = 2 and in [27] for general p.

As far as the concrete identification of the torsion subgroup is concerned, (7.1.7)
is where the boundary of our knowledge was at the end of the 1980’s. The case where
c is a prime was understood, and virtually nothing was known in the case where c is
a composite number. In 1993 there was a single addition to this body of results. The
case ¢ = 4 was dealt with in [55], where it was shown that if G has no elements of
order 2, then

t(1aR/[aR, F|) = He(G, Zs). (7.1.8)

We summarise the results (7.1.6), (7.1.7) and (7.1.8) in Theorem 7.1.1 below for ease

of reference.

Theorem 7.1.1. [54],[55]. Let F' be a non-cyclic free group, R a normal subgroup of
F and let ¢ > 2. Then, v.R/[v.R, F| decomposes into the sum of a free abelian group
and a torsion group t. = t(v.R/[.R, F]), where

(i) 4ts =0 and ct. = 0 for ¢ > 3.
(i1) If c = p is a prime and G = F//R has no p-torsion, then t, = H,(G,Z,).
(iii) If c =4 and G = F/R has no 2-torsion, then ty = H¢(G, Zs).

This determines the torsion subgroup of v.R/[y.R, F] up to isomorphism for ¢ prime

or equal to 4. The first case where the torsion subgroup t. is unknown is when ¢ = 6.
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Theorem 7.1.1 tells us that the exponent of tg divides 6, however, we are unable to
say whether the torsion subgroup contains any elements of order 2 or 3.
In this chapter we will add to the results in Theorem 7.1.1 by proving the following

result.

Theorem 7.5.5. Let F be a non-cyclic free group and R a normal subgroup of F
such that the quotient G = F/R has no elements of order 2 or 3. Then, vsR/[v6R, F|

18 torsion-free.

This theorem is the first addition to the results given in Theorem 7.1.1 since 1993.
It has been made possible by recent results on modular Lie powers, in particular,
the Bryant-Schocker Decomposition Theorem (see Chapter 6, Theorem 6.6.1). We
shall use our knowledge of the decomposition of the sixth Lie power in characteristic
2 and 3 (see Chapters 5 and 6) along with (7.1.5) to obtain new information on the
torsion subgroup tg. Indeed, by (7.1.5) we see that the problem of determining the
torsion subgroup of 7.R/[7.R, F] is equivalent to determining the torsion subgroup
of Hy(G, L.(Ra)). We shall show that when G has no 2-torsion and no 3-torsion
Hy(G, Lg(Rqyp)) is torsion-free.

In fact, we can say much more. Using the results of Chapter 6 we shall see that:
(i) If G has no 2-torsion and no p-torsion then Hy(G, Loym(Ryp)) has no p-torsion.
(ii) If G has no 3-torsion and no p-torsion then Hy(G, Laym (R4p)) has no p-torsion.

Of course, ¢ = 6 is the only time that (i) and (ii) coincide, giving the fact that
Ho(G, Ls(Rap)) = v6/[76 R, F] is torsion-free.

7.2 Homology and Lie powers

In this section we record a few basic results from homological algebra which we shall
use repeatedly. We shall refer to [28] and [41] for proofs of these results and further

reference.
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We begin by recalling a few properties of the tensor product. Let K be a ring, A
a right K-module and B a left K-module. As usual, we write A ®x B to denote the
tensor product of A and B over K. If K = Z, we often suppress this notation and
write simply A ® B. Let {B;};c; be a family of left K-modules. Then we have that
AR @P,c; Bi = @D, (A®Kk B;). Similarly, let {A;}icr be a family of right K-modules.
Then we have that (D,.; Ai) ®x B = @,;(A; ®k B).

Next let 0 — B’ — B — B” — 0, be an exact sequence of left K-modules. Then,
for any right K-module A, the sequence A ®x B’ — Ak B - A®yg B” — 0 of
abelian groups, is exact.

Similarly, let 0 — A” — A — A” — 0, be an exact sequence of right K-modules.
For any left K-module A, the sequence A’ @y B — AQx B — A" @k B — 0 of
abelian groups, is exact.

We say that A ® x — and — ®x B are additive, right-exact functors from the
category of K-modules to the category of abelian groups.

A chain complex C over K is a sequence of K-modules
6n+1 87,
C:..-—) n+1—>CnHCn71H...

Y

such that 0,,410, = 0 for all n € Z. To each chain complex C we associate the graded
K-module H(C) = {H,(C)}, where H,(C) = kerd,,/Im 0,1, for all n € Z, is called
the nth homology module of C. Let A be a K-module. We say that the chain complex

P:.--—>FPyy—P—--—P—F—0,
is a projective resolution of A if each P; is a projective K-module and the sequence
-—P1—-P—--—P —FP—A—0,

is exact.
Let A be a right K-module and B a left K-module. For n > 0, we define
Tor’X (A, B) to be the abelian group

Torff(A, B) = H,(A®k P),

110



CHAPTER 7: TORSION IN GROUPS AND HOMOLOGY OF LIE POWERS

where P is any projective resolution of B. Equivalently, we may define
TorX (A, B) = H,(P ®k B),

where P is any projective resolution of A (see [28] for further details). Notice that
Tory (A, B) = A ®k B. Indeed, let P be a projective resolution of A. We consider
the chain complex P ®k B,

P@kB: = P @k B2 Pog B2 2 Plog B2 PBox B2 0.
Since — ®x B is right-exact we have that the sequence
P®x B2 P9k BS ARk B—0
is exact. Thus

Tor¥ (A, B) = Hy(P ®x B)
= kerdy/Imo,
= (Py®k B)/kera

= A®gB.

Lemma 7.2.1. Let G be a group and let N be a (right) ZG-module. Let Z, denote
the integers modulo p. Then Zyis a trivial (left) ZG-module and a trivial (left) Z,G-
module. Let M = N ® Z,. Then, M may be considered as both a right ZG-module
and a right Z,G-module (via the diagonal action) and

Tor”% (M, 7.) = Tor’“(M, Z,).

Proof. Let P: -+ — P,y7 —» P, — --- — P — Py — 0 be a free resolution of Z
considered as a trivial ZG-module. We can construct a free resolution Q of Z, as a

trivial Z,G-module as follows:
Q- =P ®2,—- P2, — - —P®ZL,— P72y, — 0.
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It is easy to see that each @, = P, ® Z,, is a free Z,G-module. It remains to check

that the sequence
= P ®Zy - P, ®Zy — - > PLQ®Ly — Py ® Ly — Ly — 0

is exact. This follows from the fact that --- - P, - --- - P, - Pp - Z — 0is a
split exact sequence of Z-modules.

Let M ®zg P and M ®z,¢ Q be given by

8n+2

M®@6P : - 22 M@uaPoy 2 M@gaPy 25 - 2 M@yaPy 2 M@uePy 2 0

and

8n+2®1 an+1®1 8n®1
_—

M ®z,6 Q- M ®z,6 Poy1 ®Zy, —— M Rz,6 Pa @ Z, — -~

28, M ®g6 P ®Z, 22 M@y e B ®Z, 2250,

Then, by definition, we have that Tor”?¢(M,Z) = H,(M ®gzq P) = ker 8,/ Im 04
and Tor’?%(M,Z,) = H,(M ®z,6 Q) = ker(9,®1)/Im(9,41 ®1). Since M = N ®Z,,
it is easily verified that an element v ® a € (M ®z,¢ Pn) ® Z, is contained in the
kernel of 0, ® 1 if and only if x is contained in the kernel of 9, or a = 0. Similarly,
y®a € (M ®g,q P,) ® Z, is contained in the image of 0,41 ® 1 if and only if y is
contained in the image of 8,,. Thus, we see that Tor?“(M, Z) = Tor>“(M,Z,). O

From now on we will write G-module to mean ZG-module. When taking tensor
products of G-modules, in order to simplify notation we shall write A ®5 B to mean
A ®z6 B. We shall also write Tor$ (A, B) to denote Tor”“(A, B).

The nth homology group of G with coefficients in the right G-module A is defined
by

H,(G,A) = TorS (A, Z).

Given a short exact sequence
0—-A—-B—-C—0 (7.2.1)
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of G-modules, we define the long exact homology sequence of (7.2.1) to be the se-

quence

--+— H,(G,B) — H,(G,C) — H, 1(G,A) — ---

-— H(G,C) - A®RcZ— B®cZ — C®qgZ— 0.
Proposition 7.2.2. Let P be a projective G-module. Then
H,(G,P)=0 Yn >1
Proof. Since P is a projective G-module we have that
P:ovs0—--—=0—P—0,

is a projective resolution of P. Now, H, (G, P) = Tor%(P,Z) = H,(P ®¢ Z), where

PogZ: 202t . 200 pesz 2.
So,
H,(G,P) = H,(P®gZ)
= kerd,/Imd, 1
= 0 forn>1,
as required. H

We shall also need the following result about Lie powers and symmetric powers

of KG-modules, due to Stohr [54].

Theorem 7.2.3. [54] Let G be a group without c-torsion, K a commutative ring with

1 and let A be a free KG-module. Then S.(A) and L.(A) are free KG-modules.

An easy corollary of Theorem 7.2.3 is that, with the same restrictions on G, we

can say that a Lie power of a projective K G-module is projective.
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Corollary 7.2.4. Let G be a group without c-torsion, K a commutative ring with 1

and let B be a projective KG-module. Then L.(B) is a projective KG-module.

Proof. If B is projective then we must have that B is the direct summand of a free
module A. That is, A = B & B’ for some KG-module B’. Hence, there exists a
projection ¢ : A — B. This induces a projection g. : L.(A) — L.(B) given by

[.1'1,1'2, s 7330] = [xlgaxQQa s ,IECQ].

Thus, L.(B) is a direct summand of L.(A). Since A is a free KG-module, we have
that L.(A) is also free, by Theorem 7.2.3, and hence we have that L.(B) is a projective
K G-module. [

7.3 Homology of the Bryant-Schocker modules

Recall the Bryant-Schocker Decomposition Theorem (Theorem 6.6.1). We shall show
that the Bryant-Schocker modules B,mj are homologically trivial for V' = Ry, ® Z,;

the relation module reduced modulo p.

Lemma 7.3.1. Let G be a group with free presentation given by G = F/R and let p
be a prime. Let R,, denote the relation module stemming from this free presentation.
Then

Hyo(G, Li((Rap)®™) ® Zy) = 0

foralln>1, m>1,k>2 withptk.

Proof. Let A : Lip((Rap)®™) — ((Ra)®™)®* denote the canonical embedding of
Li((Rap)®™) into ((Rgp)®™)®% and let 7y @ ((Rap)®™)®* — Li((Rap)®™) denote the
natural projection of the kth tensor power of (Ry,)®™ onto the kth Lie power of
(Rap)®™ (see Chapter 4). Recall that the tensor power ((R.)®™)®* is a module for
the symmetric group Sym(k). By identifying ((Rg)®™)®* with (R,,)®*™, each permu-

tation in Sym(k) may be regarded as an element of Sym(km) acting on (Ry,)®*™. The

114



CHAPTER 7: TORSION IN GROUPS AND HOMOLOGY OF LIE POWERS

)®*m is that the induced action

important point about the action of Sym(km) on (R
of Sym(km) on the homology groups H,(G, (Ra)®"" ®7Z,) is trivial for all n > 1 (see
[60, Proposition 3.2]). Hence, so is the action of Sym(k) on H, (G, ((Ra)®™)®* @ Z,).

Suppose that k£ > 2 and let
G=(123)4(132)—(12)=14+(123)+(132)—1—(12) € ZSym(k).

Then ((Rq)®™)®%(, C ker 1, by the Jacobi identity and anticommutativity:

(a1 ®ay®az® - @ap)Gemy = a1, 9,03, ..., ;] + [az, ar, ag, . . ., ay]
+lag, ag, aq, ..., ax) — a1, a9, a3, ..., agl
—lag, a1, as, ..., agl
= 0.

Now, let @ € H,(G, Ly((Ra)®™) ® Z,) with n > 1. For a map ¢ of G-modules, we
shall let H(¢) denote the induced map between the corresponding homology groups.

Then, on one hand we have

since L ((Rap)®™) MG € ((Rap)®™)¥* G C ker 7.
On the other hand, since Sym(k) acts trivially on H,(G, ((Ru)®™)®* @ Z,), for
all n > 1, we have

Therefore, we must have that every element of H,,(G, Ly.((Raw)®™) ® Z,) with n > 1
is annihilated by k. Since p t k, we must have that H,, (G, Ly((Ruw)*™) ® Z,) = 0 for
alln>1 and k£ > 2.

For k = 2, we perform a similar argument with ¢, = 1+ (1 2). Then we have that

((Rap)®™)®2¢y C ker my by anticommutativity:

(CLl (24 CL2)<27T2 = [CLl, CLQ] + [CLQ, CLI] =0.
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Now, let z € H,(G, Lo((Rap)®™) ® Z,), with n > 1. Then, on one hand we have
ZL’H(/\QCQTFQ & ].) =0

since Lo((Rap)®™) A2 € ((Rap)®™)®2¢, C kerm. On the other hand, since Sym(2)
acts trivially on H, (G, ((Ra)*™)®? ® Z,), for all n > 1, we have that

IH(/\QCQ?TQ & ].) = I’H(2)\27T2 (24 1) = 4x.

Therefore, we must have that every element of H, (G, Lj((Ruw)®™) ® Z,) with n > 1
is annihilated by 4. Since p # 2 we must have that H,(G, La((Raw)®™) ® Z,) = 0 for
all n > 1. This completes the proof. m

Corollary 7.3.2. Let G be a group with free presentation given by G = F/R and let p
be a prime. Let Ry, denote the relation module stemming from this free presentation.

Then for any m > 0, k > 2 with p{ k the Bryant-Schocker modules for L(Ru & Z,)

have trivial homology in all positive dimensions:
H,.(G,Bymg) =0 for alln > 1.

Proof. By the Bryant-Schocker Decomposition Theorem (Theorem 6.6.1), we have
that each Bymj, is isomorphic to a direct summand of Li((Ru)*" ® Z,), which is
homologically trivial in all positive dimensions, by Lemma 7.3.1. The result follows

immediately. O]

7.4 Some useful exact sequences

In this section we record some useful exact sequences of K G-modules, including the
augmentation sequence and the relation sequence. We also give a six-term exact
sequence of G-modules due to R. Stohr, which we shall use to prove that the second Lie
power of the relation module reduced modulo 3 is projective as a ZzG-module (Lemma

7.4.1). We next describe a split short exact sequence of KG-modules involving the
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third Lie power, in the case where 3 is invertible in K. Finally, we shall produce
a five-term exact sequence of KG-modules, which we shall use to prove that the
third Lie power of the relation module reduced modulo 2 is projective as a ZyG-
module (Lemma 7.4.4). By the results of Chapter 5, Lemma 7.4.1 also provides an
alternative proof of the fact that the Bryant-Schocker module Bég) (in characteristic

3) is homologically trivial. In fact, we shall see that this module is projective.

7.4.1 The augmentation sequence

Let G be a group, ZG the integral group ring. We define a map ¢ : ZG — Z by

Z Qg — Z Qyg,

geqG geq@
called the augmentation of ZG. It is easy to check that € is a homomorphism of
rings. The kernel of e, which we shall denote by IG, is called the augmentation
ideal of ZG. The augmentation ideal is a Z-free G-module (the action of G given by
multiplication) with generating set {s — 1 : s € S}, where S is a generating set of
GG. The augmentation sequence is then simply the following short exact sequence of

G-modules

0—IG —7ZG S 7 — 0, (7.4.1)

where Z is the trivial module.

7.4.2 The relation sequence

Let G be a group with free presentation 1 — R — F % G — 1 and let Ry, = R/R'
denote the relation module stemming from this presentation. The action of G on Ry,
is given by conjugation. Let P = [ F ®¢g ZG. Then P is a G-module via the G-action
given by

(u®h)g=u®hg Vg,h € G,Yu € IF.
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The module P is G-free on the set {(x —1)®1: x € X}, where X is a free generating
set of F'. The following short exact sequence of G-modules is referred to as the relation

sequence

0— Ry > PLIG—0, (7.4.2)

where the embedding u, called the Magnus embedding, and the epimorphism o are
given by

p:rR—(r—1)®1,VreR and o:(z—1)®@1—azp—1, Vo e X.

See [28, Chapter VI §6] for further reference.

7.4.3 A six-term exact sequence

Let G be a group with free presentation 1 — R — F 2 G — 1 and let Ry, P and

IG be defined as above. Then there exists the following six-term exact sequence
0 — La(Ryp) — Lo(P) — IG® P — S9ZG — ZG — 7y — 0. (7.4.3)

This sequence is due to R. Stéhr [54]. Notice that, provided G has no 2-torsion, the
four middle terms are free G-modules. This follows from the fact that ZG and P are
free G-modules, and, by Theorem 7.2.3, we have that the second Lie and symmetric

powers of a free G-module are again free.

Lemma 7.4.1. If G has no 2-torsion then Lo(Ry,) ® Z, is a projective Z,G-module
for all primes p # 2.

Proof. Reduction of (7.4.3) modulo p turns this sequence into the five-term exact

sequence
0 — Ly(Ray) ® Zp — Lo(P) @ Zy — IG® P ® 7, — S2(ZG) ® Z, — Z,G — 0.

Since the four terms to the right of Ly(R.) ® Z,, are all free Z,G-modules, it follows
immediately that Ly(Ra) @ Z, is a projective Z,G-module. O
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We have already seen that the Bryant-Schocker modules are homologically trivial
in all positive dimensions. By imposing additional conditions on G, we may ap-
ply Lemma 7.4.1 to show that the Bryant-Schocker modules for Loym (R ® Z,) are

projective as Z,G-modules.

Corollary 7.4.2. Let G be a group with no 2-torsion and free presentation G = F/R.
Let Ry, be the relation module stemming this presentation. Then the Bryant-Schocker
modules Bayi for Lopm (R, @ Zy,) are projective Z,G-modules and, hence, have trivial

homology in all positive dimensions.

Proof. We recall from Chapter 6 that each of the modules By, (0 <i < m) permits
Ly(Rap ® Zy,) as a tensor factor (by Theorem 6.6.3). By Lemma 7.4.1 we have that
Ly(Ryp®7Zy) is a projective Z,G-module. Hence, each By, is a projective Z,G-module

and, thus, has trivial homology in all positive dimensions. O]

7.4.4 A split short exact sequence involving the third Lie

power

Let G be a group, K a commutative ring with 1 and let V' be a K-free right KG-
module. It is well known (see [25, Corollary 3.1]) that the third Lie power fits into

the short exact sequence
where the maps are given by

la1,a2,a3] +— a3 ® (ay0az) — as ® (ay o ag)
and a; ® (ag0a3) — ajoayoas.
Moreover, if 3 is invertible in K, we have that this sequence splits via the map

S3(V) — V @ S5(V) given by,

1
@1 0 ay 0 ag — g(al ® (ag0az) +as ® (a1 0az) + az ® (a1 0 az)).

119



CHAPTER 7: TORSION IN GROUPS AND HOMOLOGY OF LIE POWERS

Thus we have the direct sum decomposition

V@ Sy (V)= Ly(V)® S3(V).

7.4.5 A five-term exact sequence
Let K be a commutative ring with 1 and let

0-A%BL o0 (7.4.5)
be a short exact sequence of K-free KG-modules. Consider the sequence

0 — Ly(A) & B® Sy(A) & S4(B) 2 B S5(C) 25 (C © 55(C))/S5(C) — 0,
(7.4.6)

where the maps are given as follows:
(i) dq: L3(A) — B ® S3(A) is given by
[a1, ag, a3] — a1a ® (az 0 ag) — asa ® (ag o ag),
(i) do : B® S9(A) — S3(B) is given by
by ® (ag 0 az) — by o asax o azay,
(ili) d3: S3(B) — B ® S2(C) is given by
b1 0 by 0 by = by ® (baf3 0 b3f3) + by @ (b1 0 b3B) + by ® (b1f3 © b2f3),
and
(iv) dy: B® S3(C) — (C ® 55(C))/S3(C) is given by
b @ (c20¢3) = b1F @ (e20¢c3) +55(C),
where S3(C) is considered as a submodule of C' ® S3(C') via the embedding
c1oce0c3t— 1 ®(cg0c3)+ca®(croe3)+c3® (€1 003).
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It is easy to check that the maps d, ds,ds and dy are K G-module homomorphisms.
We also see that the above sequence is a chain complex of KG-modules. Indeed, we

have that

d
[a1,a,a3] = a1 ® (ay 0 az) — aza @ (a; o as)

da
Q1000 Aa(X O Az — Aa(x © a1 © aze = 0,

by definition of the symmetric product,

d
bl X (CL2 e} a3> — bl O asx © Az

I&

b1 @ (agaeff o agaff) + asa @ (b1 o azaf) + aza @ (b1 o asaf)
—0,

since a8 = 0, and

brobyoby % by @ (bafl 0bgf) + by @ (b1 0 b33) + by @ (b3 0 byf)
& b18 ® (ba3 0 b33)baB & (b1 0 b33)bs 3 & (b13 0 ba3) + S5(C)
=0,

since b1 5 ® (by3 0 b33)beB ® (b13 0 b3f3)bsB @ (b13 0 by3) € S3(C). In fact, we have

that this sequence is exact.

Lemma 7.4.3. The five-term sequence (7.4.6) is exact. Moreover, if 3 is invertible

in K, we have that the final term of this sequence is isomorphic to L3(C).

Proof. Since A, B and C are K-free we have that the sequence (7.4.5) splits over K
and, hence, B =2 A & C as K-modules. We also have that the short exact sequence
0 — L3(A) - A® S3(A) — S3(A) — 0 splits over K (see section 7.4.4), so that
A® Sy(A) = L3(A) @ S3(A). Now,

B® S3(A) 2 [A® Sy(A)] @ [C® S5 (A)] =2 Ls(A) @ S3(A) @ [C® Sy(A)].  (7.4.7)
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So we have that d; maps L3(A) isomorphically onto the first direct summand of
B® S5(A) in (7.4.7). For the symmetric cube, S5(B), we have the direct sum decom-
position,

S5(B) = 553(A) & [C ® S2(A)] & [52(C) ® Al @ S3(C), (7.4.8)
and it is easy to see that dy maps the second and third summands of B ® S3(A) in
(7.4.7) isomorphically onto the first and second summands of S3(B) in (7.4.8).

Next, the tensor product B ® S3(A) has direct sum decomposition

B® S5(C) 2 [A® S5(C)] ® [C' @ S2(C)] = [A® So(C)] @ S5(C) ® Ly(C), (7.4.9)

and we see that d; maps the third and fourth summands of S3(B) in (7.4.8) isomor-
phically onto the first and second summands of B ® S3(C') in (7.4.9). To summarise,

we see that we have the following picture:

Li(A) & B®S(A) & S(B) & BeS(C) % (Co S (C))/Ss(C)
Ls(A) = L3(A) — 0 — 0 — 0
Se(A) S Sy(A)  — 0 - 0
C®Se(A) = C®Sy(A) — 0 — 0
So(CY @A = A® S (C) — 0
S3(C) = S5(0) — 0
Ly(C) = Ls(C)

where (C' ® S5(C))/S3(C) = L3(C) as KG-modules, whenever 3 is invertible in K
(see Section 7.4.4). O

Lemma 7.4.4. If G has no 3-torsion then L3(Ru) ® Z, is a projective Z,G-module

for all primes p # 3.

Proof. Applying Lemma 7.4.3 to the relation and augmentation sequences, both re-

duced modulo p, gives the following exact sequences:

0—>L3(Rab)®Zp — P®S2(Rab>®zp—>53(P)®Zp
— P®Sy(IG) ®Z, — Ls(IG) ®Z, — 0, (7.4.10)

122



CHAPTER 7: TORSION IN GROUPS AND HOMOLOGY OF LIE POWERS

and

0— Ls(IG)®Zy, — ZG®S2(IG)® Ly — S3(LG) @ Ly,
— ZG® Sy (Z)®7Z, — L3(Z)®7Z,— 0. (7.4.11)

In (7.4.11), we have ZG ® Sy(Z) ® Z, = Z,G and L3(Z) ® Z, = 0. Moreover, since
the right hand term in (7.4.10) coincides with the left-hand term in (7.4.11), the two

sequences can be combined to give a single seven-term exact sequence:

0— L3(Rab) ®Zp — P®S2(Rab> ®Zp - 53(P) ®ZP
— PR S(IG) ®Z, — ZG @ Sy (I1G) @ Z,
— S3(2G) ® L, — L,G — 0 (7.4.12)

of Z,G-modules. Since P and ZG are free ZG-modules, it follows that the second,
fourth and fifth terms in this sequence are free Z,G-modules. Moreover, by Theorem
7.2.3 it follows that the two symmetric cubes are also free Z,G-modules. Now, since
all terms to the right of L3(Ru) ® Z, are Z,G-free, we must have that L3(R.) ® Z,

is a projective Z,G-module. n

We may apply Lemma 7.4.4 to show that the Bryant-Schocker modules Bs,i for
Lsym(Rap ® Zy,) are projective as Z,G-modules.

Corollary 7.4.5. Let G be a group with no 3-torsion and free presentation G = F/R.
Let Ry, be the relation module stemming this presentation. Then the Bryant-Schocker
modules Bsyi for Lapm (R, @ Zy,) are projective Z,G-modules and, hence, have trivial

homology in all positive dimensions.

Proof. We recall from Chapter 6 that each By, (0 <i < m) permits L3(Rq ® Z,,) as
a tensor factor (by Theorem 6.6.3). By Lemma 7.4.4 we have that L3(R, ® Z,) is a
projective Z,G-module. Hence, each Bs,: is a projective Z,G-module and, thus, has

trivial homology in all positive dimensions. [
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7.5 Main results

We now come to the main results of this chapter.

Proposition 7.5.1. Let p be a prime, p # 2. Let F' be a non-cyclic free group and
R a normal subgroup of F' such that the quotient G = F/R has no elements of order
p or order 2. Then,

H, (G, Loym(Rop ® Zy,)) =0 for alln > 1,m > 0.
Proof. By the Bryant-Schocker Decomposition Theorem we have that for all n > 0

H,(G, L2pm(Rab ® Zp)) = (G, me(B2)) @ H,(G, meq(ng))
@ Hn(G, Lp'anZ(BQpZ)) @ c @ Hn(G7 B2p’m>,<751)

where the By, (0 <i < m) denote the Bryant-Schocker modules for Loym(Ray ® Zy).
Since GG has no 2-torsion, we may apply Corollary 7.4.2 to deduce that the Bryant-
Schocker modules By, are all projective as Z,G-modules.

Next, since G has no p-torsion we have, by Lemma 7.2.4, that each L,m-i(By,)
is also a projective Z,G-module. Thus, each L,m-i(Bs,i) has zero homology in all
positive dimensions and we see that every summand on the right hand side of (7.5.1)

is zero. The result follows. O]

Proposition 7.5.2. Let p be a prime, p # 3. Let F' be a non-cyclic free group and
R a normal subgroup of F' such that the quotient G = F/R has no elements of order
p or order 3. Then,

H, (G, Lyym (Rop @ Zy,)) =0 for alln >1,m > 0.
Proof. By the Bryant-Schocker Decomposition Theorem we have that for all n > 0

H,(G. Ly (R © Z,)) = Hy(G. Ly (B3)) © H(G, L1 (B,)
EB Hn<G, me—Q(B3p2)) EB e EB Hn(G, ngm>7<752)

124



CHAPTER 7: TORSION IN GROUPS AND HOMOLOGY OF LIE POWERS

where the Bs,: (0 <7 < m) denote the Bryant-Schocker modules for Lgym(Rap ® Zp).
Since G' has no 3-torsion, we may apply Corollary 7.4.5 to deduce that the Bryant-
Schocker modules Bs,: are all projective as Z,G-modules.

Next, since G has no p-torsion we have, by Lemma 7.2.4, that each L,m—i(Bs,:)
is also a projective Z,G-module. Thus, each L,m-i(Bj,i) has zero homology in all
positive dimensions and we see that every summand on the right hand side of (7.5.2)

is zero. The result follows. O]

Lemma 7.5.3. Let p be a prime, p # 2. Let F' be a non-cyclic free group and R a
normal subgroup of F, such that the quotient G = F/R has no elements of order p
or order 2. Then, the exponent of the torsion subgroup of ~apm R/[Yopm R, F] divides

2, for allm > 0.

Proof. By Theorem 7.1.1 we have that the exponent of the torsion subgroup of
Yopm R/ [y2pm R, F'] divides 2p™. By (7.1.5), it is enough to show that Lo,m (Rap) @¢ Z

has no p-torsion. Consider the short exact sequence
0 — Loyn(Rap) 2 Lapn(Ray) — Loyn (Rap) @ Z, — 0, (7.5.3)

where p denotes multiplication by p and the second map is simply reduction modulo

p. The long exact homology sequence of (7.5.3) is given by

T Hl (G7 L2p7”(Rab)> - HI(G7 L2pm (Rab) ® Zp) & LQpM(Rab) ®G Z

LN Lopn(Ray) ®c 7 — Loyn(Ra) ®¢ Zy — 0.

Hence, we see that Lo,m (Rg,) ®¢Z has no p-torsion if and only if ker(p®1) = Im ae = 0.
The result now follows by Proposition 7.5.1. ]

Lemma 7.5.4. Let p be a prime, p # 3. Let F' be a non-cyclic free group and R a
normal subgroup of F', such that the quotient G = F/R has no elements of order p
or order 3. Then, the exponent of the torsion subgroup of vsym R/[Vspm R, F| divides
3, for allm > 0.
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Proof. By Theorem 7.1.1 we have that the exponent of the torsion subgroup of
Yapm R/ [v3pm R, F'] divides 3p™. By (7.1.5), it is enough to show that Ls,m(Ru) @¢ Z

has no p-torsion. Consider the short exact sequence
0 — Laym (Rap) 2 Laym(Rap) — Lapm (Rap) @ Zy — 0, (7.5.4)

where p denotes multiplication by p and the second map is simply reduction modulo

p. The long exact homology sequence of (7.5.4) is given by

- — H\(G, Lyym(Rw)) —  Hi(G, Layn(Ra) ® Zp) = Laym (Rap) @c Z

ELEN Ly (Ra) @67 — Layn(Ray) ®¢ Zy, — O.

Hence, we see that Ls,m (R4,) ®¢Z has no p-torsion if and only if ker(p®1) = Ima = 0.
The result now follows by Proposition 7.5.2. O]

Theorem 7.5.5. Let F' be a non-cyclic free group and R a normal subgroup of F
such that the quotient G = F/R has no elements of order 2 or 3. Then, v¢R/[y6 R, F]

18 torsion-free.

Proof. This follows immediately from Lemmas 7.5.3 and 7.5.4. O]

Ezxample. Let F be a free group of rank d. We consider the case where R = F’,
that is, when G = F/F’ is free abelian. In this case the quotient F'/[y.F", F] with
¢ > 2 is the free centre-by-(nilpotent of class (¢ — 1))-by abelian group of the same
rank as F. We have seen that if torsion occurs in F/[v.F’, F| then it occurs in the
centre v.F'/[v.F', F]. By (7.1.7) we see that for ¢ = p a prime the torsion subgroup
t(vpF' /[, F', F)) is isomorphic to Hy(G, Z,). Also, by (7.1.8) we have that the torsion
subgroup t(v4F'/[vaF', F|) = He(G,Zs). Now, for G free abelian, we have that the
homology group Hy(G,Z,) is an elementary abelian p-group of rank (Z) (we follow
the convention that if d < k then (,‘j) = 0 and hence Hy(G,Z,) = 0).

Thus, we see that if the rank of F' is large enough, we find torsion elements in
Y F'[[v.F', F] for ¢ prime or equal to 4. However, by Theorem 7.5.5 we have the

remarkable result that 6" /[vF’, F| is, in fact, always torsion-free.
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Chapter 8

Further Work

In this chapter we briefly outline a few problems which we would recommend for

further research.

8.1 Standard tableaux

In Chapter 3 we proved that for every partition A of n > 6 there exists a standard
tableau with major index coprime to n. This was sufficient for our needs. However,
by the Kraskiewicz and Weyman theorem (Theorem 3.1.3), it is known that for every
such partition there exists a standard tableau with major index congruent to 1 (or
any other fixed positive integer coprime to n) modulo n. It would be nice to be able
to give a proof of this fact.

Here is a proof for rectangular partitions. We first notice that swapping the entries
i and 7 + 1 in a standard tableau T of shape \ gives rise to a new standard tableau
T’ of shape A, provided that the entries i and 7 + 1 do not occur in the same row or
column. We shall call such an operation a switch and denote this by T’ G, T
Now, let A = (m*) be a rectangular partition of n = mk with m > 2. Let T be

the standard tableau of shape A\ obtained by filling in the entries row by row from
left to right. We define standard tableaux T}, 75, ..., T} by a sequence of switches as
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follows:
T (mm+1) T,
T (2m,2m+1) .
T (3m,3m-+1) T,
k—1)m,(k—1)m-+1
T s ((k—1)m,(k—1)m+1) Ty,
k—1)m+1,(k—1)m+2
T ((k-1) ym=+2) T..

Notice that if m = 2 we cannot perform the final switch, as the entries (k—1)m+1 and
(k—1)m+2 appear in the same column. (Also, we have that (k—1)m+2 = n, which
cannot be moved in any switch on a rectangular partition.) It is straight-forward to
check that

mk(k — 1)

2
maj(Ty) = maj(T)+m

maj(T) =

maj(Tz) = maj(Ty) + 2m = maj(T) + 3m

mk(k — 1)
2

maj(Ty—1) = maj(Th_2)+ (k—1)m =maj(T) + = 0 mod mk

maj(Ty) = maj(Tp_1) + 1 =1 mod mk.

For m = 2 let T be the standard tableau of shape (2¥) obtained by filling in the
entries column by column from top to bottom. We define standard tableaux 77,75, T3

and Ty by the following sequence of switches:

T (k,k+1) 7 (k—1,k) T (k+1,k+2) T (k—2,k—1) T,

Notice that for these switches to make sense we require that k£ > 3, since 1 cannot be
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moved in any switch. It is then easy to check that

1

+k
+k+1=maj(T)+3m

2)+1=1mod 2k.

) (k—1)
) (k—2)
maj(Ty) = 2k(k—2)
) (k—2)
) (k—2)
It may be possible to prove the non-rectangular case using switches, however, for

more complicated shapes a more detailed analysis of the switching operation would

be required.

8.2 Torsion

In Chapter 7 we proved that (i) for p a prime, p # 2, if G = F//R has no elements
of order p or order 2, then, for all m > 0, the exponent of the torsion subgroup of
Yopm R/ [Yopm R, F'] divides 2 and (ii) for p a prime, p # 3, if G = F//R has no elements
of order p or order 3, then, for all m > 0, the exponent of the torsion subgroup of

Yapm R/ [y3pm R, F'] divides 3. It is therefore natural to ask
(i) Can elements of order 2 occur in yapm R/[y2pm R, F]?
(ii) Can elements of order 3 occur in yg,m R/[ysm R, F|?

So far we have seen that elements of finite order can occur in v.R/[V.R, F| for ¢ = 4 or
c a prime, whilst v4R/[vs R, F] is always torsion free. We might wonder if v.R/[V.R, F]
is always torsion free, for ¢ not a prime power. It would be nice to see how far the

methods developed in Chapter 7 can be developed to answer questions such as this.

129



Appendix A

Preimages

A.1 Introduction

Let K be a field of characteristic 3, G a group and V' a KG-module. In Section 5.3.1

we proved the existence of the following K G-module decomposition
Le(V) = Ls(Lo(V)) @ BSY,

where B 2 Ly(V) @ So(V) @ Sy (V).

In order to assert the above isomorphism, it was shown that there exists a KG-
module epimorphism ¢é3) of Lg(V') onto Lo (V) ®@S55(V) @S2 (V') with kernel Lg(La(V)).
In this appendix we verify that each of the maps listed in Lemma 5.3.6 is indeed a
surjection.

Recall the family of K G-module homomorphisms ¢y, where Ho runs over all the
cosets of H (see §5.3.1). Let y = [a,b] ® cod ® e o f be an arbitrary element of
Ly(V) ® S2(V) ® So(V). In order to show that 1y, is a surjection, we need to find a
preimage for y in Lg(V).

The following pages give the preimages of y = [a,b] ® cod ® e o f for each of the
maps g, listed in Lemma 5.3.6. We use the image line notation for permutations,

as in §5.3.1
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APPENDIX A: PREIMAGES
A.2 Results
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a,bl ® cod ® e o f under ¥y, is given by

145623 the preimage of y

For o~ !
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a,bl ® cod ® e o f under ¥y, is given by

241356 the preimage of y
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a,bl ® cod ® e o f under ¥y, is given by

245613 the preimage of y
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[a,b] ® cod ® e o f under ¥y, is

253416 the preimage of y =
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Appendix B

Lie powers of infinite-dimensional

modules, R. M. Bryant

We reproduce here, for reference purposes, an unpublished manuscript of R. M.
Bryant. This document is a draft of a generalisation of two results of Bryant and
Schocker, namely, the ‘Decomposition Theorem’ [10, Theorem 4.4] and a certain iso-
morphism of modules [11, Equation (4.5) of Theorem 4.2] (stated there in terms of
the Green ring), to allow for infinite dimensional K G-modules V. Bryant also goes
on to give a generalisation of our Theorem 6.4.2.

The work described in this appendix remains the intellectual property of R. M.
Bryant and the article appears here in its original form. As such, we remark that
there are a few notational differences between this appendix and the main text. In
particular, we remind the reader to beware that in this appendix the action of the
symmetric group of degree n on the nth tensor power is on the left. Our right action
of the symmetric group is simply the opposite action to the one described here. Thus,
some care needs to be taken when considering the idempotents obtained.

The article appears here with its own reference list labelled [B1], [B2], ..., in order
to avoid confusion with the references cited in the main text.

We thank Professor Bryant for his kind permission to reproduce this work here.
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APPENDIX B: LIE POWERS OF INFINITE-DIMENSIONAL MODULES, R. M. BRYANT

B.1 Introduction

Let G be a group and F' a field. For any FG-module V, let L(V) be the free Lie
algebra on V' (the free Lie algebra freely generated by any basis of V), and regard
L(V) as an FG-module by extending the action of G on V so that G acts on L(V)
by Lie algebra automorphisms. For each positive integer n, the nth homogeneous
component L"(V) is a submodule of L(V'), called the nth Lie power of V.

In the case where V' is finite-dimensional the modules L™(V') have been studied in
considerable depth: see [B3] and the papers cited there. The results are best when
F has characteristic 0, but there has recently been substantial progress in the case of
prime characteristic p. In [B3], a general decomposition theorem was obtained which
reduces the study of arbitrary Lie powers of V' to the study of Lie powers of the form
Lpi(Br), where, for each r, B, is a certain direct summand of the rth tensor power
V®r This is a reduction to Lie powers of p-power degree. Information about the
isomorphism types of the modules B, is given in [B4] and [B2].

Recently, Marianne Johnson and Ralph Stohr have commenced a study of torsion
in certain ‘free central extensions’ of groups and have found that they can make
striking use of the decomposition theorem of [B3] and the results of [B4] and [B2]
provided that these results are available for infinite-dimensional modules V' (see [B9]
and [B10]). The purpose of the present paper is to derive such results by utilising
the results in the finite-dimensional case and some facts about modules for Schur
algebras. One attractive consequence of the arguments here is a reformulation and
sharpening of the previous results in terms of idempotents of the group algebras of
the symmetric groups. This gives results that are uniform for all fields of the same

characteristic.

Acknowledgement. I am grateful to Ralph Stohr for suggesting this topic.
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B.2 Preliminaries

All modules considered in this paper will be right modules, except for left modules
arising from the action of symmetric groups on tensor powers, as explained below.
We shall use the Schur algebras associated with the general linear group, as defined
in [B6]. However, [B6] treats only infinite fields and uses left modules. Thus we give
a self-contained summary of the basic facts (following the treatment in [B3, §2]).

Let F be a field. Let n and r be positive integers, and let I(n,r) be the set of
all ordered r-tuples i = (i1,...,14,), where iy,...,i, € {1,...,n}. Let Ar(n,r) be the
homogeneous component of degree r in the polynomial ring over F' in n? commuting
indeterminates ¢;; (1 < 4,5 < n). Thus Ar(n,r) has an F-basis consisting of the
monomials of degree r. For i,j € I(n,r), where i = (iy,...,4,) and j = (j1,...,7r),
we write ¢ ; for the monomial ¢; j, - - - ¢;.;,. The ¢ ; are not distinct (when n,r > 1)
but they give a basis (with repetitions) of Ap(n,r).

Let Sp(n,r) = Homp(Ap(n,r), F). Therefore Sg(n,r) has a basis (with repe-
titions) consisting of the elements & ; (with i,j € I(n,r)), where & j(ci;) = 1 and
&,j(cv ) = 01if ¢y 3 # ¢3. Multiplication in Sp(n,r) may be defined as in [B6, §2.3]:
for &,m € Sp(n,r),

(Emes) = > Elednlas).

kel(n,r)
In this way Sg(n,r) becomes an associative F-algebra with identity element. This is
the Schur algebra of degree r. If F is an extension field of F' then we usually identify
E ®p Sp(n,r) with Sg(n,r) in the obvious way.
For g = (a;j) € GL(n, F'), define ¢, € Sp(n,r) by

ColCirgy ** Cirj,) = @iy -~ Qi € F.
Then (see [B6, §2.4]) the map g — (, extends to an algebra homomorphism

FGL(n, F) — Sg(n,r) (B.2.1)
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that is surjective if F' is infinite. If U is a (right) Sg(n,r)-module then U may be
regarded as a (right) FGL(n, F')-module by means of (B.2.1), and such FGL(n, F)-
modules are called polynomial modules of degree r.

Let V' be an n-dimensional F-space (that is, vector space over F') with basis
{x1,...,2,} and consider the rth tensor power V¥". For i € I(n,r), where i =
(i1, ,0,), write 23 = x5, ® -+ @ 2, € V. Thus the elements z; form a basis of
Ve With respect to the basis {1, ..., 2,}, the identity representation GL(n, F') —
GL(n, F) gives V the structure of an F'GL(n, F')-module, called the ‘natural’ module.
Hence V®" becomes an F'GL(n, F')-module under the ‘diagonal’ action of GL(n, F).
It is straightforward to check (see [B6, §2.6]) that V®" is a polynomial module of

degree r. Indeed, for all £ € Sp(n,r), we have
xi§ = Zf(chj)xj. (B22)
J

In particular, with » = 1, V' is an Sg(n, 1)-module, called the natural module.

We take the symmetric group 3, to act on the right on {1,...,r}. Then, if V is
any F-space (of finite or infinite dimension), V®" may be given the structure of a left
FY,-module by making ¥, act on V" by ‘place permutations’; that is, for o € X,

and vy,...,v, € V, we take
U(U1®"‘®U7«):U10®"'®UTU. (B23)

It is easily seen that the action of F'Y, on V®" is faithful when dim V' > r.

Let V be an F-space with basis {x; : i € I}, where [ is some index set. The free
associative algebra freely generated by {z; : i € I} is denoted by T'(V') and, for each
r, the rth homogeneous component is denoted by 77(V'). However, we shall write
products in T'(V') as tensor products so that 7'(V') is thought of as the ‘tensor algebra’
onV and T7(V) = V& . Let ¢ € Endp(V). Then, since T(V) is free on {z; : i € I},
there is a unique algebra endomorphism ¢* of T'(V') such that vy)* = ve) for allv € V.
The restriction of ¥* to V& gives ¥®" € Endg(V®"), and it is easy to verify that ®"

commutes with the action of o on V" for all o € %,.
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Let G be a group and let V' be an F'G-module. Then, for each g € GG, the action
of g on V is given by an (invertible) map ¢, € Endr(V). We can make T'(V') into
an F'G-module by taking the action of g to be the algebra automorphism ¢;. Thus
V® is a submodule on which g acts as ¢¥". (This is the ‘diagonal” action we have
already met.) Hence the actions of FG and FX., on V®" commute; in other words,
V@ is an (F'Y,, FG)-bimodule.

In particular, if V' is the natural FGL(n, F)-module, we see that V®" is an
(F'%,, FGL(n, F))-bimodule. Indeed, from (B.2.2) and (B.2.3), it is straightforward
to verify the stronger fact that V" is an (FX,, Sp(n,r))-bimodule. For u € F¥,, the
right ideal uF'>,. of F'¥,. may be regarded as a (right) F'Y,-module.

Lemma B.2.1. Let F be a field and r a positive integer. Let ey, ..., es, f1,..., f: be

idempotent elements of F'Y,. such that there is an isomorphism
e FY, @ - @e Y, = iFY, & ® fi Y,

of F¥,-modules. (These are ‘external’ direct sums: we do not assume that the ideals
span their direct sums within F¥,..) Then, if A is an F-algebra and M is an (FX,, A)-

bimodule, there is an isomorphism of A-modules
eeM®--- e M= MG & fiM.

Proof. There is an isomorphism of A-modules o : FY, ®py, M — M given by
u®v+— uv for all u € FX,, v € M. Let e be an idempotent of F'Y,.. Since eF'Y,
is a direct summand of F%,, the A-module eFY, ®pyx,. M may be regarded as a
direct summand (and hence submodule) of F'¥,. ®ps, M and « restricts to give an

isomorphism eF'Y, @py, M = eM. Thus
€1M@"'@€SM = (elFZr@"'@@str)@FETM

= (iFS,. @@ filFy,) e, M =2 fIM&---& f;M,

as required. H
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The next lemma is a version of the well-known fact that the Schur functor has a
‘right inverse’: see [B6, §6]. However, we have found no reference that gives exactly
what is needed here (with F' arbitrary and dimV > r), so we sketch a short self-
contained proof.

Let F be a field and let n and r be positive integers, where n > r. Let ¢ : 'Y, —
& = 1¢. It can be checked from the definition of multiplication in Sg(n,r) that
(c7)p = (0¢)(1¢) for all o,7 € X,. If M is an Sg(n,r)-module then it is easily
seen that M¢; is invariant under (F'Y,)¢. Thus ME; becomes a right F'Y,-module,
denoted by S(M) (where s indicates the Schur functor).

Lemma B.2.2. Let F be a field and v a positive integer. Let V be an F-space of
finite dimension n, where n > r, and regard V" as an (FX,, Sp(n,r))-bimodule.

Then, for any right F¥,.-module U, we have S(U Qpyx, V&) 2 U.

Proof. Let {x1,...,x,} be a basis of V and let Z be the subspace of V" spanned by
{1, ® - R 2,y : 0 € 5, }. Clearly there is an isomorphism of F-spaces 0 : F¥,. — Z
given by 00 = 11, ® -+ ® x,, for all 0 € X,. It is easily checked that s(V®") =
(V)¢ = Z and that 6 is an isomorphism of (FX,, F'¥,)-bimodules.

In particular, Z is injective as a left F'¥,-module, hence a direct summand of V¢,
Thus U ®py, Z is isomorphic to a direct summand W of U ®px, V", where W is
the subspace of U ®pyx, V" spanned by {u® 2z :u € U,z € Z}. Also,

S(U @px, V) = (U Qpx, V)& =W, (B.2.4)

since (V®")¢ = Z. However, it is easily seen that U Qpy, Z and W are isomorphic

as right F'>,-modules. Therefore
W=2U®Qps, 22U Qpy, FY, = U.

Thus the result follows from (B.2.4). O
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Corollary B.2.3. Let F, r and V' be as in Lemma B.2.2. Let ey, ..., e, f1,..., [: be

idempotents of F'S, such that there is an isomorphism of Sg(n,r)-modules
V¥ @ @e V= iV @ @ V.

Then, if A is an F-algebra and M is an (FX,, A)-bimodule, there is an isomorphism
of A-modules
elMEBEBesMgflMEBEBftM

Proof. Let Uy = e1FX, ® --- P e, FX, and Uy = fLFY, & --- P fiF'>X,. Then, as in
the proof of Lemma B.2.1,
Ui Qps, VO = VO @ .. Pe, V&
= f[VE G- @ iV = UyQpy, VO

Thus, by Lemma B.2.2, U; = U,. Hence the result follows by Lemma B.2.1. O]

Let F' be a field and suppose that V is an F-space of finite dimension n. Let r
be a positive integer, and regard V" as an (FX,, Sp(n,r))-bimodule. Thus there
are maps « : FYX, — Endp(V®") and § : Sp(n,r) — Endp(V®"), where (FX,)a
and Sg(n,r)s are subalgebras of Endp(V®"). Let Endpy, (V®") and Endg, (s, (V®")
denote the centralizers in Endp(V®") of (FX,)a and Sg(n,r)s, respectively. We
require a version of ‘Schur—Weyl duality’. However, this is usually stated only for

infinite fields: see, for example, [B11, Theorem 1.2]. Thus we give the simple extra

argument needed to deduce the result for an arbitrary field F'.
Lemma B.2.4. (Schur-Weyl duality). In the above notation,
Endg, (nn)(V®") = (FX,)e, Endps, (V") = Sp(n,r)p.

Proof. Let E be an infinite extension field of F' and write Vg = E ®p V. We identify
Ve with E @p V®. The analogues of « and [ over E are

Qg : EET — EndE(V§T>7 /BE . SE(n7 T) - EndE(V§T>
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Identifying Endg(VS") with F ®@p Endp(V®") we find that
(EET)OéE =F KRXF (FZT)O(, SE(TL7 T‘)ﬁE =F R SF(TL,’I")ﬂ (B25)

Clearly,
(FY,)a C Endg,(nn(V®"),  Sp(n,r)3 C Endps, (V). (B.2.6)

However, by [B11, Theorem 1.2],
EndSE(n,r)(Vﬁ?r) = (EX,)ag, Endgs, (VS") = Se(n,r)3E. (B.2.7)
By (B.2.7) and (B.2.5), we have Endg, . (V5") = E ®F (FX,)a. However,
Ends,mnn(Ve") = E@p Ends, n.n (V),
by [B5, (29.5)], since Sg(n,r) may be identified with £ @ Sg(n,r). Hence
E ®@p Endg,(nm)(V") = E ®@p (FX,)o.

Therefore, from (B.2.6) and consideration of dimension, Endg, . (V®") = (FX,)a.

A similar argument gives the result for Endpy, (V). O

We require some background from [B3], and for this we follow [B3, §2] with only
minor variations of notation and terminology.

Let F be a field and recall that, for any F-space V', we write T'(V') for the tensor al-
gebra on V. Let F'(00) denote an F-space with a countably infinite basis {x;, 22, ...}
and, for each positive integer n, let F'(n) denote the subspace of F'(co) with basis

{z1,...,2,}. Then, with the obvious identifications,

For positive integers n; and ng, where ny < ng, define m,, ,, € Endg(F(ns)) by

x; for ie{l,....,ni},
LiTngmny =

0 for ie{n+1,...,n2}.
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This extends to an endomorphism of T'(F(ny)) with image T'(F(n;)), and the restric-
tion of this to F'(ny)®" gives 7, € Endp(F(n)®") with image F'(n;)®".

For each n we regard F(n) as the natural Sr(n,1)-module, so that F'(n)®" is an
Sp(n,r)-module. Suppose that {W(n) : n € N} is a family of modules such that, for
all n, W(n) is an Sg(n,r)-submodule of F(n)®" and W (ny)myy ,, = W(n1) for all n;

and ny with ny < ny. Then we say that the family {W(n) : n € N} is a uniform
submodule family of {F(n)®" : n € N}.

Lemma B.2.5. Let {W(n) : n € N} be a uniform submodule family of { F(n)®" : n €
N} such that, for some m > r, W(m) is a direct summand of F(m)®". Then there

exists an idempotent e of FX, such that W(n) = eF(n)®" for all n.

Proof. By the hypothesis on W (m), there is an idempotent Sg(m,r)-module homo-
morphism p : F(m)®" — F(m)®" with image W (m). By Lemma B.2.4, there exists
e € FX, such that up = eu for all w € F(m)®". Thus W (m) = eF(m)®". Also, since
p is idempotent and F'Y,. acts faithfully on F(m)®", e is an idempotent.

Now consider the family of modules {eF(n)®" : n € N}. Since 72" commutes

n2,ni

with the action of F'X,, we have (eF'(ng)*")wy, = eF(ni)®", for all n; and n,
with ny < ng. Thus {eF(n)®"} is a uniform submodule family of {F(n)®"}. Since
W(m) = eF(m)®", we may apply 7, to obtain W (r) = eF(r)®". Therefore, by [B3,

Lemma 2.5], W(n) = eF(n)®" for all n. O

B.3 Lie powers

Let V' be a vector space over a field F' with basis {z; : ¢« € I}. The tensor algebra
T(V) has the structure of a Lie algebra over F' under the multiplication given by
[u,v] = u@v—v@u for all u,v € T(V), and, by a theorem of Witt, the Lie subalgebra
generated by {x; : i € I} is a free Lie algebra, freely generated by {z; : i € I}, which

we denote by L(V'). For each positive integer r, we write
L'(V)=L(V)NnT(V)=L(V)NnV®,
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If G is a group and V' is an F'G-module then, as seen in §B.2, T'(V') is an F'G-module,
and it is easily verified that L(V') and L"(V') are submodules. We call the module
L™(V) the rth Lie power of V. If V has finite dimension n and is regarded as the
natural Sg(n,1)-module then L"(V) is an Sp(n,r)-submodule of V& (see [B3, §2]).

In [B3, §2, page 177] it was observed that if B is a subspace of L*(V'), for some
s, then the Lie subalgebra of L(V') generated by B may be identified with the free
Lie algebra L(B), and then, for all r, L"(B) is a subspace of L™ (V). We make such

identifications in the statement of the ‘Decomposition Theorem’ from [B3].

Theorem B.3.1. [B3, Theorem 4.4]. Let F' be a field of prime characteristic p. Let
G be a group and V' a finite-dimensional FG-module. For each positive integer r there
is a submodule B, of L" (V') such that B, is a direct summand of V®" and, for m >0

and k not divisible by p,
L"E(V) = L (By) & L (By) © -+ @ L' (Bymg). (B:3.1)

We shall extend this to modules V' that may be infinite-dimensional.

Let p be a prime and let F, be a field of p elements. Let £ be a positive integer
not divisible by p. By [B3, Theorem 4.2], for each positive integer s there exists a
uniform submodule family {Bg(n) : n € N} of {F,(n)®* : n € N} such that, for
all n, By (n) C L**(F,(n)), Bg(n) is a direct summand of F,(n)®**, and there is an

equality of subspaces of L(F,(n)),

L*(Fy(n)) & L*(Fpy(n)) & L*(F,y(n)) & - - -
(B.3.2)

= L(Bi(n)) ® L(Ba(n)) ® L(Bsk(n)) & - --
Therefore, for all m > 0, {B,mi(n)} is a uniform submodule family of {F,(n)*"*}
such that, for all n,
Byns(n) € V(R (n) (B.33)

and Bpmy(n) is a direct summand of F,(n)*P"*. Furthermore, from (B.3.2), by com-

paring terms of degree p™k within L(IF,(n)), we have
LBy () = L7 (Be(n) @ L™ (B(n)) @ -+ © L (Bya().  (B3.4)
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Lemma B.2.5, applied to the families { B,m;(n)}, gives the following result.

Lemma B.3.2. For each m > 0 there exists an idempotent bymy, of F,Xpmy, such that,

for all n,

Bymi(n) = bymy, (Fp(n)=P"F) . (B.3.5)

We now ignore module structure and regard F,(n) simply as an F,-space. Thus,

by (B.3.3), (B.3.4) and (B.3.5), if W is any finite-dimensional IF,-space, we have
bymp WEPE C LPE(W) (B.3.6)
and
LR (WY = L7 (W) @ L™ (bye WEPRY @ -« - @ LY (bym W), (B.3.7)

Let F' be any extension field of IF,. By tensoring the terms of (B.3.6) and (B.3.7)
with F' we find that (B.3.6) and (B.3.7) hold for any finite-dimensional F-space W.

We now generalise to arbitrary dimension.

Proposition B.3.3. Let p be a prime and let F), be a field of p elements. Let k be a
positive integer not divisible by p. Then, for each m > 0, there is an idempotent bymy,
of FpXpmi such that if F is any extension field of F, and V' is any F-space (of finite

or infinite dimension) we have
by VEP"E C LPTRE(V) (B.3.8)
and
LRV = L (b V) @ L™ (b VOPR) @ - - @ L by V). (B.3.9)

Proof. We use the idempotents bymj of Lemma B.3.2. Suppose that (B.3.8) does not
hold. Then there exist vy, ..., vm; € V such that bymg(vy @ -+ @ vymy,) & LP"H(V).
Let W be the subspace of V spanned by vy, . .., vymg. Then bymi WP™F & LP"F(W),
contrary to (B.3.6) over the field F. Thus (B.3.8) holds.
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Write Sy for the subspace of L(V') defined by
Sy = L7 (V) + L7 (b VE*) 4 -4 L (b V™).

If the sum on the right is not a direct sum then there exists a finite-dimensional
subspace W of V' such that the corresponding sum Sy, is not a direct sum, contrary
to (B.3.7) over F. Similarly, if LP"*(V) € Sy then there exists a finite-dimensional
subspace W of V such that LP"*(W) € Sy, again contrary to (B.3.7) over F. By
(B.3.8), Sy C LP"*(V). Thus (B.3.9) holds. O

In the rest of this paper, whenever F' is a field of characteristic p, we assume
that F' is an extension field of F, (rather than a field isomorphic to F,) so that the
idempotents of Proposition B.3.3 are available. This is essentially a notational issue.

We can now derive our first main result.

Theorem B.3.4. Theorem B.3.1 holds for an FG-module V' of arbitrary dimension,

where we take Bymg = bymiVEP"F for allm > 0 and all k not divisible by p.

Proof. Since V¥ is an (FYmy,, FG)-bimodule, Bymy, is an FG-submodule of V®P"F,
It is a direct summand, since bymj, is an idempotent, and, by (B.3.8), it is a submodule

of LP"*(V). Finally, (B.3.9) gives (B.3.1). O

It is easily seen, by induction, that the modules B,mj satistying (B.3.1), for a
given finite-dimensional module V', are determined uniquely up to isomorphism: thus

"k Some information about the iso-

we may take them to be the modules bym V&P
morphism types was given in [B4]. In stating the result of interest here we use the

notation @" B for the direct sum of r copies of an F-space B.
Theorem B.3.5. [B4, Theorem 4.2]. In the notation of Theorem B.3.1, for each

m > 0 there is an isomorphism of FG-modules

m—1

m m—1 m m
(@ By) @ (@B )@ 0 (@ BY )@ B = IHVer). (B3.10)
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We shall extend this to modules V' that may be infinite-dimensional, taking B; to
be b;V® for all i. However, we need some preliminary facts.

Let k£ be any positive integer and let ¢, be the element of Z3Y}; defined, using the
cycles (2,1), (3,2,1), ..., (k,...,2,1) of X, by

Go=(1—(k....,2,1)) (1= (3,2,1))(1 — (2,1)).

Let V be a vector space over a field F', and interpret ¢, as an element of F'>;. Then

it is well known and straightforward to verify that
U @U@ -+ @ ug) = [+ [[vg, ve],v3], ..., vk] (B.3.11)

for all vy, vq,...,vp € V. Tt follows that LF(V) = £,V k.
Suppose, for the moment, that char F = 0. Then, by (B.3.11) and the Dynkin—

Specht—Wever criterion for Lie elements [B7, Theorem V.8], we have
G0 @v2 @+ @) = k(v @ vz @ -+ ® ).

However, F'¥;, acts faithfully on V®* when dimV > k. Hence fi = kl},.
Now let F' be any field such that char F' t k. Thus 1/k exists in the prime subfield
F of F and we can define an idempotent wy of FX; (sometimes called the ‘Dynkin

idempotent’) by wy = (1/k)l;. Then, for any F-space V,

LF(V) = w, V&, (B.3.12)
Let r and s be positive integers, and partition the set {1,...,rs} as
{1,...,s}U{s+1,....,2s}U---U{(r—1)s+1,...,rs}. (B.3.13)

This gives, in an obvious way, an embedding p : 34 X - - - X 3y — X5, where the direct
product has r factors. Let ¢ : ¥y — ¥, X - -+ X ¥ be the ‘diagonal’ embedding given
by 0§ = (o,...,0) for all ¢ € ¥;. Then, by composition of § and p, we obtain an

embedding A : ¥, — ¥,. Consider the partition
{1,s+1,...,(r—=1)s+1}U{2,s+2,...,(r—=1)s+2}U---U{s,2s,...,rs}, (B.3.14)

149



APPENDIX B: LIE POWERS OF INFINITE-DIMENSIONAL MODULES, R. M. BRYANT

with s parts. It is easily checked that, for all o € ¥, o\ is the permutation that
permutes these s parts according to o, while preserving the order of the numbers
within each part.

Let F' be any field and identify F'(Xg X - -+ x X;) with FYX, ®p -+ @p F3,. Then

we may extend p and A linearly to obtain embeddings
wiFY,® - QFY, — FY., \:FX, — FXY,,.

For u, uy, ..., u, € FY, we write uy# - - - #u, to denote (u; ® - -+ ® u,)p and u*" for
u# - - #u. Also, for u € FY,, we write ul"! to denote uX. (In general, when u is a
proper linear combination of group elements, ull # u#".) Note that, if u,u,, ..., u,
are idempotents of 'Y, then wu # - - - #u,, u#" and ul") are idempotents of F¥,,.
Let G be a group and let V be an F'G-module. As usual, we index the factors
of V€' by the set {1,...,rs}: more formally, V®"* is identified with ).°, V; where,

for each 4, there is a fixed isomorphism from V; to V. Let X, act on V®* by place
permutations. Now consider V& ® --- @ V" that is (V®)®* where the rs factors
V' are indexed by {1,...,7s} in the order given by the partition (B.3.14). Let ¥,
act on (V®)®s by place permutations according to this indexing. It follows that
Vers and (VO)®* are isomorphic as (F'X,, FG)-bimodules. Note that F'Y; also acts
on (V®)®s by place permutations, with V®" instead of V' in the usual construction.

Then, for wq,...,ws € V¥ and o € X, we find that
(O')\)(U}1®®ws) :wla®"'®wsa:U(w1®"'®ws)-

Thus o) and ¢ act in the same way on (V®7)®*. Hence, for u € FY,, ull and u act
in the same way on (V®")®5.

Suppose that k is a positive integer not divisible by char F. By (B.3.12), L¥(V®") =
wr((VE)®*), Thus (taking s = k in the above analysis), we have LF(V®") =

wLT]((V®T)®k). Hence we obtain an F'G-module isomorphism
LH(veEry o yliyerk (B.3.15)
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We next identify V& with V®*®- .- @ V®*, that is (V®%)®", where the rs factors
V are indexed in natural order, as given by (B.3.13). We also take F'¥, to act on V®*

by place permutations. Then, for uy,...,u, € FX,, we find that
(ur#t - - #u, ) (V)2 = (i V) @ -+ - @ (u, V).
Thus there is an F'G-module isomorphism
(g # - F#u, ) VO 2 (1, V) @ - - @ (u, V). (B.3.16)
In particular, for u € FX,,
utTVES o2 () O5) e, (B.3.17)

Suppose that V' is a finite-dimensional F'G-module, as in Theorem B.3.5, where

we take B; = b;V®" for all 4. Thus, by (B.3.10), (B.3.15) and (B.3.17), we have

m ' m—1 m
(@ 0V & (@ WV @
(B.3.18)
(PP bﬁpm_ V®pmk) @ bk#PmV(X)pmk ~ w}[{?ﬂv@pmk.

Let W be an F-space of finite dimension n, where n > p™k, and regard W as
the natural Sg(n,1)-module. Let E be an infinite extension field of F. Thus we

may regard £ ®@p W as the natural Sg(n,1)-module or, equivalently, the natural

EGL(n, E)-module. By (B.3.18) there is an isomorphism of EGL(n, E')-modules
(@ Vi (E@ W)= ) @ @ b (B W)o"k = o (B e W)@, (B.3.19)

Since F is infinite, this is an isomorphism of Sg(n,p™k)-modules (see [B6, §2.4]).
The spaces bﬁﬁmjiW@mk and w,&pm]W@mk are Sp(n, p™k)-modules, and we make the
identifications Sg(n,p™k) = E ® Sp(n,p™k),

b (B @ W) = B bt Wt Wl (B e W) = B o wl Iwert,
Hence, by (B.3.19) and the Noether-Deuring theorem [B5, (29.11)], there is an
Sg(n,p™k)-module isomorphism

(@ Vo WEEY @ - DT W = P Iy, (B.3.20)

We can now derive our second main result.
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Theorem B.3.6. Theorem B.3.5 holds for an FG-module V' of arbitrary dimension,

where we take By, = bpz-kV@f”ik for alli > 0.

Proof. By (B.3.20) and Corollary B.2.3, there is an isomorphism of the form (B.3.18)
for arbitrary V. Thus, by (B.3.15) and (B.3.17), we obtain (B.3.10) for arbitrary
V. O

B.4 Decomposition of the modules B,

Let F be a field and let k£ be a positive integer not divisible by char F'. Let E be the
field obtained from F' by adjoining (if necessary) a primitive kth root of unity €, and
let (e) denote the multiplicative group generated by e, consisting of all kth roots of
unity in E. For £ € (e) write || for the multiplicative order of &.

Let V be an F-space and write Vg = E ®p V. Let oy be the k-cycle (1,2,...,k)
of ¥y, and, for each £ € (e), let e¢ be the element of EX) defined by

kol
—_

ol (B.4.1)

=

6§:

I
o

It is easy to verify that e is an idempotent of 3 and that eng@)k is the &-eigenspace
of V7* under the action of o). Thus Vi* = @ eV

If A is an F-algebra such that V¥ is an (E%;, A)-bimodule, then each ecVS* is
an A-submodule of ng. For [ prime to k, o} and o} are conjugate in ;. It follows

easily that there is an isomorphism of A-modules
eVER = e VEH when [¢] = [¢/]. (B.42)

Now suppose that G is a group and that V is a finite-dimensional F'G-module.
As shown in [B2, §2], by means of [B1], there exist FG-modules (V®*), such that

E@p (V) 2 e VEF (B.4.3)
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Yok o @§e<e>(V®k)5, and (V%) = (V&) when [£] = |¢'|. As in [B2], for each
(positive) divisor d of k, let Uy 4 denote an F'G-module satisfying

Uk,d = (V®k>§ when |§‘ =d. (B44)

Theorem B.4.1. [B2, Theorem 4.2]. Let F' be a field of prime characteristic p, G a
group, and 'V a finite-dimensional FG-module. Let k be a positive integer not divisible
by p and let m be a non-negative integer. Let Bymi be the module given by Theorem
B.3.1 and, for each divisor d of k, let U4 be the module of (B.4.4). Then there is
an index set Ao, and, for each X € Ny, a p™-tuple (A(1),...,\(p™)) of divisors of k,
such that

Bpmk = @ Uk,)\(l) Q- Uk)\(pm).
AEAQ

The purpose of this section is to generalise this theorem to modules V' that are

allowed to be infinite-dimensional. We begin with a general result.

Lemma B.4.2. Let k be a positive integer and let E be a field with prime field F.
Let w be an idempotent of EY,. Then there exists an idempotent wy of FXy such that
the ideals wEY and woEY, of EXy are isomorphic as EXy-modules.

Proof. Suppose that P is a principal indecomposable FX;-module and let R denote
the radical of FX;. Thus P/PR is irreducible (see [B5, (54.11)]). We have

E®@p (P/PR) = (E®r P)/(E @ P)(E ®F R).

Since F is a splitting field for ¥ (see [B8, Theorem 11.5]), E®p(P/PR) is irreducible.
Hence (F ®p P)/(F ®r P)(E ®r R) is irreducible. However, E ®p R is the radical of
E @p FX), (see [B5, (29.22)]). It follows that F ®p P is indecomposable.

In the rest of the proof we identify F ®p FX, with EY,. Write FX, as a direct
sum of principal indecomposables, F¥; = P)_, P;. Thus EY = D), E ®F I},

and, by what was proved above, each E ®p P; is indecomposable. Since w is an
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idempotent, the right ideal wEY is a direct summand of E¥;. Hence, by the Krull-
Schmidt theorem, it is isomorphic, as a right EY;-module, to the direct sum of some
subset of the modules £/ ®g P;. Hence there is a direct summand U of FX;, such that
whkYp = E ®p U. Since U is a direct summand, we may write U = woFX; for some

idempotent wy of FX,. It follows that wEY, = woEYy. O

Recall from §B.2 that if F'is a field and n is a positive integer then F'(n) denotes
an F-space of dimension n regarded as the natural Sr(n, 1)-module.

Let IF be a prime field and let k£ be a positive integer not divisible by charF. Let C'
be the (cyclotomic) field obtained from F by adjoining a primitive kth root of unity €.
For each divisor d of k write ¢; = e:/ d, so that |e4] = d, and let e., € C3y, be defined
as in (B.4.1) with £ = ¢;. By Lemmas B.4.2 and B.2.1 there exists an idempotent uy 4
of FX such that, for any positive integer n, e.,C(n)®* and uy, 4C(n)®* are isomorphic
Sc(n, k)-modules. Hence, by (B.4.2), if n is any element of (ex) of order d, there is

an isomorphism of S¢(n, k)-modules
enC'(n)®F 22wy, 4C (n)®*. (B.4.5)

Let E be any extension field of F such that F contains a primitive kth root of
unity €, and write C' = F(e). Let x be an isomorphism from C' to C’. Of course, x
is the identity on F. Applying x to (B.4.5) and recalling that ug 4 € FX;, we get an
Scr(n, k)-module isomorphism e:C’(n)®% 2 vy, ,C"(n)®, for all £ € ¢’ with |€] = d.

Hence, by tensoring with F, we get an Sg(n, k)-module isomorphism
ee B(n)®F =2 uy, 4B (n)®", (B.4.6)

for all £ € E with |£] = d.

Now suppose that F' is any extension field of F and let E be obtained from F
by adjoining (if necessary) a primitive kth root of unity. Let G be a group and let
V be an F'G-module of finite dimension n. For each divisor d of k let Uy 4 be an

FG-module satisfying (B.4.4). We regard Vg as the natural Sg(n,1)-module. Let
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¢ € FE with |¢| = d. Then, by (B.4.6), there is an Sg(n, k)-module isomorphism
a:ecVEN — up VIR (B.4.7)

If we think of Vg as the natural EGL(n, F)-module, the map « of (B.4.7) is an
isomorphism of EGL(n, F)-modules. Also, since V is an F'G-module, Vg is an EG-
module, and there is an associated homomorphism p : G — GL(n, E). The action of
G on V¥ is given by the composition of p and the action of GL(n, E) on VF*. Tt
follows that « is an isomorphism of EG-modules.

By (B.4.3) and (B.4.4), E ® Uy q and e V5" are isomorphic EG-modules. Thus,
since (B.4.7) is an £G-module isomorphism, E® Uy, 4 and uk,dvgk are isomorphic EG-
modules. Hence, by the Noether-Deuring theorem, Uy 4 and uk,dV@’k are isomorphic

FG-modules. Thus we have proved the following proposition.

Proposition B.4.3. Let F be a prime field, k a positive integer not divisible by char IF,
and d a divisor of k. Then there is an idempotent uyq of FXy such that if G is any
group, I is any extension field of F, and V is any finite-dimensional FG-module,

then the FG-module Uy q of (B.4.4) satisfies Uy q = uk,dV@’k.

From now on we assume that p is a prime and F' is an extension field of F,, the
field of p elements. We take k to be a positive integer not divisible by p. For each
divisor d of k we use the idempotent uy 4 of IF,2;, given by Proposition B.4.3.

Let m be a non-negative integer and let W be an F-space of dimension p™k. Let
E be an infinite extension field of F' and write W = E @pr W, where we regard Wg
as the natural EGL(p™k, E')-module.

We apply Theorem B.4.1 but with F replacing F', G = GL(p"k, E) and V = Wg.
Recall that B,mj; may be written up to isomorphism as bymy, WSP "k and, by Proposition
B.4.3, for each divisor d of k, U4 may be written up to isomorphism as uk’de@k.
Hence Theorem B.4.1 gives an isomorphism of FGL(p™k, E)-modules

bpmng)pmk = @ uk,)\(l)ng - ® “k«\(pm)ng'
AEAQ
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Therefore, by (B.3.16),

bpmkwé-@pmk = @ (uk’,\(l)# cee #uh)\(pm))WSPMk. (B48)

AeAg

Since F is infinite, (B.4.8) is an isomorphism of Sg(p™k, p™k)-modules. Hence,
by the Noether—Deuring theorem, there is an Sg(p™k, p™k)-module isomorphism

bk W™ 2 OB (ugay# - - Fuarm) ) WEF (B.4.9)

AEAg

Let V be an FG-module of arbitrary, possibly infinite, dimension. Then, by
(B.4.9) and Corollary B.2.3, there is an isomorphism of F'G-modules

bpmk.v®pmk = @ (Uk,)\(l)# ct #Uh/\(pvrz))V@pmk.

AEAg

In other words, by (B.3.16),

by, VEPE @ WAV @ - @ g aqm) VE
AEAQ

Thus we have proved the following result.

Theorem B.4.4. Theorem B./4.1 holds for an FG-module V' of arbitrary dimension,

where we take Bymg = bymi,VEP"F and Uy g = ugp gVE* for every divisor d of k.
We conclude with an observation on the idempotent uy, .
Proposition B.4.5. Under the hypotheses of Theorem B.4.4, uy V' = LF(V).

Proof. We use the idempotent wy of F,X; defined in §B.3. Let E be an infinite
extension field of F' and let W be an F-space of dimension k. Write Wg = E ®p W
and regard Wg as the natural EGL(k, E)-module. By [B2, Lemma 2.3] combined
with Proposition B.4.3, uy, ,W£* and L*(Wy) are isomorphic as EGL(k, E)-modules.
Thus, by (B.3.12), up,Wg* = w,Wg*. Since E is infinite, this is an isomorphism
of Sg(k, k)-modules. Hence, by the Noether-Deuring theorem, wu W ®* and w;, W®*
are isomorphic as Sg(k, k)-modules. By Corollary B.2.3, if V' is an F'G-module of
arbitrary dimension, umV@k and w,V® are isomorphic as FG-modules. Thus, by
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