
Metric matroids and metric buildings

Borovik, Alexandre

2008

MIMS EPrint: 2008.13

Manchester Institute for Mathematical Sciences
School of Mathematics

The University of Manchester

Reports available from: http://eprints.maths.manchester.ac.uk/
And by contacting: The MIMS Secretary

School of Mathematics

The University of Manchester

Manchester, M13 9PL, UK

ISSN 1749-9097

http://eprints.maths.manchester.ac.uk/


Metric matroids and metric buildings

Alexandre V. Borovik

Abstract. These notes represent fragments of an old joint work with I. M. Gelfand;

I put in them some material which did not find its way in our book with Neil
White Coxeter Matroids [1], but, I believe, deserves to be documented.

In particular, I use the old term W -matroid for what later became a

Coxeter matroid for Coxeter group W .
We discuss realizations of W -matroids on Coxeter groups by retractions

of buildings and their convexity properties. We define, in terms of metric

properties of retractions, some class of geometric objects which includes, as
partial cases, buildings and R-trees. For some of these new geometric structures

‘abstract’ convexity properties of retractions have a natural interpretation in

terms of usual Euclidean convexity.

Definitions and notation used in the paper are mostly standard and can be
found in [1].

1. Convexity properties of W -matroids

Let W be a Coxeter group with the set of distinguished generators R. A W -
matroid (called Coxeter matroid in [1]) is a map µ : W −→ W satisfying the
inequality

w−1µ(u) ≤ w−1µ(w)

for all u,w ∈W (here ≤ is the Bruhat ordering on W ).
It will be convenient for us to identify W with its Coxeter complex which we

shall denote by the same letter W . A subset X ⊆ W is convex if it contains, with
every two chambers u, v ∈ X, all geodesic galleries from u to v.

Theorem 1 (A. Borovik and S. Roberts, see [1]). If µ : W −→ W is a W -
matroid, then

(1): The fibers µ−1[w], w ∈W are convex subsets of W .
(2): If two fibers µ−1[u] and µ−1[v] of µ are adjacent (i.e. have a panel in

common), then their images u, v are symmetric with respect to some wall
σ of the Coxeter complex W . Moreover, all common panels of µ−1[u] and
µ−1[v] lie on σ.

(3): If W is infinite, then the nonempty fibers of the map µ are also infinite.

c©2008 A.V. Borovik
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This result provides a combinatorial version of properties of convex polyhedra
associated with W -matroids for finite Weyl groups [2].

What is more interesting, some other properties of W -matroids can also be in-
terpreted in terms of appropriately defined ‘convexity’. The present work is devoted
to a brief discussion of related results and constructions.

2. Bruhat convexity

2.1. Convexity. We start with a very general definition of convexity. Let
E be a set and P ⊆ 2E is a set of subsets of E closed under finite unions and
intersections and containing all finite subsets of E. A convex hull operator on P is
a closure operator τ : P −→ P (i.e. monotone, increasing, idempotent map from P
to P) satisfying, in addition, the Anti-Exchange Principle:

if x, y 6∈ τ(A), x 6= y and y ∈ τ(A ∪ {x}), then x 6∈ τ(A ∪ {y}).
Obviously, if E is an Euclidean space, then the usual convex hull

conv(X) = {a1x1 + · · ·+ anxn | xi ∈ X, ai ≥ 0, i = 1, . . . , n, a1 + · · ·+ an = 1},
is a convex hull operator on the set of all subsets of E.

The following (rather easy) proposition produces a wide class of convex hull
operators.

Proposition 2 (A. Borovik and I. M. Gelfand [BG2], Sections 3 and 5).
Assume that a group W acts on an ordered set (E,≤). We define a family of
orderings on E by setting

x ≤w y ⇐⇒ w−1x ≤ w−1y.

Define for A ⊆ E
τw(A) = {x ∈ E |x ≤w y for some y ∈ E}.

and
τW (A) =

⋂
w∈W

τw(A).

Then τW is a convex hull operator on 2E.

2.2. Extreme points. For a convex hull operator τ : 2E −→ 2E , a point
x ∈ A is called an extreme point of A ⊆ E if

x 6∈ τ(A \ {x}).
The set of all extreme points of A is denoted by ex(A).

2.3. Convex maps. Let W be a group acting on an ordered set (E,≤). A
map µ : W −→ E is called convex, if

µ(u)≤wµ(w)

for all u,w ∈W .
Notice that if W is a Coxeter group acting on itself by left multiplication and

≤ is the Bruhat ordering on W , then convex maps from W to W are nothing else
but W -matroids.

Proposition 3 ([BG2], Theorem 3.1). If µ : W −→ E is a convex map from
a group W to an ordered set (E,≤), then

µ[W ] = ex(τW (µ[W ])).
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It is easy to see that in a finite Coxeter group W the Bruhat convex hull operator
τW associated with the Bruhat ordering ≤ on W is trivial: τW (A) = A for every
set A ⊆ W . But in infinite Coxeter groups the Bruhat convexity is a non-trivial
and, from our point of view, very interesting structure.

3. Metricaly convex maps

3.1. Pseudometric. Let W be a set. A pseudometric on W is a map

r : W ×W −→ R≥0

satisfying the following properties.

Axiom M1: r(u, u) = 0,
Axiom M2: r(u, v) = r(v, u),
Axiom M3: r(u, v) + r(v, w) ≥ r(u,w) for all u, v, w ∈W .

Notice that we do not demand that r(u, v) = 0 implies u = v.

It is easy to see that, given a pseudometric r, the relation x ∼ y ⇐⇒ r(x, y) = 0
is an equivalence relation. We will call the classes of the equivalence relation points
of W . This name is suggested by the following important example of a set with a
pseudometric. Let W be the group of all isometries of an affine Euclidean space E.
Fix the origin 0 ∈ E and for u, v ∈W define r(u, v) = |u(0)− v(0)|, where | | is the
Euclidean norm on E. Obviously r is a pseudometric on W .

Returning to the general case we denote by E the set of all points of W and by
π : W −→ E the corresponding factor map. We define the distance r(w, a) of an
element w ∈ W from a point a ∈ E as r(w, u) for some (or arbitrary) u ∈ a. The
inequality of triangle (Axiom M3) warrants that the definition does not depend on
choice of a representative u ∈ a. In the same way we can define a pseudometric
r on the set E of points. Notice that on E the pseudometric r becomes a metric:
r(x, y) = 0 for x, y ∈ E implies x = y.

3.2. Metricaly convex maps. We shall call a map µ : W −→ E metricaly
convex, if it satisfies

r(w, µ(u)) ≤ r(w, µ(w))

for all u,w ∈W .
The ball of radius R centered at a ∈ E in the metric space E is the set

B(a,R) = {x ∈ E | r(a, x) ≤ R};

its surface S(a,R) is defined as

S(a,R) = {x ∈ E | r(a, x) = R}.

If X is any bounded subset of E, we define the hull τ(X) as the intersection of all
balls containing X and the set σ(X) of surface points of τ(X) as

σ(X) = {x ∈ τ(X) | x lies on the surface of one of the balls containing X}.

In many interesting cases (for example, in finite-dimensional Euclidean spaces) τ is
a convex hull operator on the set of bounded subsets in E.

The following result is obvious from definitions and justifies use of the term
‘metricaly convex map’.
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Proposition 4. Let W be a set with a pseudometric r and E = π(W ) its set
of points. If µ : W −→ E is a metricaly convex map, then its image µ[W ] lies on
the surface of its hull,

µ[W ] ⊆ σ(τ(µ[W ])).

3.3. Euclidean convexity. An important class of metricaly convex maps is
related to the groupW of all isometries of a finite-dimensional affine Euclidean space
E. In this case we can identify π(W ) with E. It is easy to see that for a bounded
set X ⊂ E its hull τ(X) is actually equal to the topological closure conv(X) of the
usual convex hull conv(X) and σ(τ(X)) lies on the boundary δ(τ(X)) of τ(X) and
can be interpreted as the set of ‘non-flat’ points of the boundary. So in this case
we have, for a metricaly convex map µ : W −→ E,

µ[W ] ⊆ δ(τ(µ[W ])).

3.4. Convexity on Coxeter groups. If nowW is Coxeter group and r(u, v) =
l(u−1v), where l is the usual length function on W , then r is a metric on W and
W = π(W ) coincides with its set of points. Since u ≤ v implies l(u) ≤ l(v), it is
immediate from the definition of a W -matroid µ : W −→ W that µ is a metricaly
convex map with respect to the (pseudo)metric r on W .

So we have two different notions of convexity for a Coxeter group W . In the
traditional meaning of this term, a set X ⊆ W is convex if it contains with every
pair of its points u, v ∈ X all geodesic galleries stretched from u to v. But we
also have the Bruhat convex hull operator introduced in the previous section (we
have denoted it τW ). We shall call a subset X ⊆W Bruhat convex if X = τW (X).
Theorem 1 shows that there are intimate and intricate relations between these two
kinds of convexity on W .

The notion of a metricaly convex map on W seems to be weaker than that
of a convex map. But we still do not know whether exist metricaly convex, but
not convex, maps on Coxeter groups or not; it is quite possible that there are
easy examples. Convex maps (or W -matroids) arise naturally in the geometry of
Grassmann and flag varieties (see next Section 4 and also more detailed discussions
in [1] and [2]). On the other hand, it is metricaly convex maps which arise in
certain generalizations of buildings. We will discuss this concept in Section 5.

4. W -matroids and buildings

In this section we explain a motivation behind our desire to link the notion of
metricaly convex maps with the theory of buildings.

Let W be a Coxeter group, ∆ a building of type W and A an apartment in ∆.
For a chamber c ∈ A we denote by ρc,A the retraction of ∆ onto A with the center
c. Abusing the notation, we will identify the apartment A with W , A = W .

The following surprisingly simple theorem is the starting point of all our con-
siderations. It dramatically simplifies and clarifies results of [2] on stratifications
of Grassmann and flag varieties.

Theorem 5 (A. V. Borovik and I. M. Gelfand [1]). Fix a chamber x in ∆
and consider the map µ : W −→ W defined by µ(w) = ρw,W (x). Then µ is a
W -matroid. In other words, µ is a convex (and also metricaly convex) map.
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We say in this situation that a W -matroid µ has a geometric representation in
the building ∆. This generalizes the classic notion of representability of matroids—
this analogy is fully developed in the book [1].

Since retractions of buildings play the central role in the theory of W -matroids,
we will try in the next section to define buildings in terms of metric properties
of their retractions. This more general approach shed some light on convexity
properties of W -matroids. Moreover, it was a pleasant surprise for us when we
realized that our generalization of buildings includes, as partial cases, R-trees and
and some other interesting classes of geometric objects.

5. Metric buildings

Let W be a group. A pseudometric

r : W ×W −→ R≥0

is left-invariant if in addition to Axioms M1 – M3 it satisfies r(wu,wv) = r(u, v)
for all u, v, w ∈W .

5.1. W -metric. Our approach to generalization of buildings emulates the
well-known definition (due to J. Tits [Ti1]) of buildings in terms of a ‘metric’
with values in a Coxeter group.

Axiom B1: W -metric on a set A is a map δ : A × A −→ W satisfying
δ(a, b) = δ(b, a)−1 for all a, b ∈ A and such that δ(a, b) = 1 if and only if
a = b.

Notice that the group W itself has a natural W -metric δ(u, v) = u−1v. If
A and B are two sets with a W -metric, an W -isometry from A to B is a map
preserving the W -metric. Notice that the left multiplication by an element of W is
a W -isometry of W .

If a set A admits a W -metric and W has a left-invariant pseudometric r then,
abusing notation, we define a pseudometric r on A by setting

r(a, b) = r(1, δ(a, b)).

5.2. Metric buildings of type W . Let W be a group with a a left-invariant
pseudometric r. A metric building B of type W is a set B with a W -metric δ
together with a family A of isometries from W to B satisfying the axioms B2 – B5
below.

Axiom B2: If α ∈ A and w ∈W , then their composition α ◦ w ∈ A.
Axiom B3: For any a, b in B there is an isometry α ∈ A such that both a

and b lie in the image of α.
The sets of the form α[W ] for α ∈ A are called apartments of the W -complex B
and the group W is called the Weyl group of the complex B. We shall refer to
elements of B as repers.

The name ‘reper’ in this context is suggested by an analogy with Euclidean
geometry: if W is the group of all isometries of n-dimensional Euclidean space
E, then W acts simply transitively on the set A of all repers in in E, i.e. objects
consisting of a point from E with n pairwise orthogonal vectors of norm 1 attached.
If a, b ∈ A are two repers, then we can define W -distance δ(a, b) being the only
element of W which sends a to b. Obviously A is a W -metric space isometric to W .
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Let now A be an apartment and c a reper in A. It is obvious that there is a a
unique W -isometry α ∈ A onto A which sends 1 (the identity element of W ) to c.
We define the retraction ρc,A of the W -complex B onto the apartment A by

ρc,A(b) = α(δ(c, b)),

where b runs through B.
Now we state the most important axiom for metric buildings of type W .

Axiom B4: For any apartment A ⊆ B and reper c ∈ A the retraction ρc,A

satisfies
r(ρc,A(a), ρc,A(b)) ≤ r(a, b)

for all a, b ∈ B.
The next, and the last, axiom can be probably deduced from Axioms B1 –

B4. When preparing this research report we did not have time to check carefully
possible dependences between the axioms.

Axiom B5: Apartments of B are convex in the following sense. If A is an
apartment and repers a, b ∈ A and c ∈ B satisfy r(a, c) + r(c, b) = r(a, b)
then π(c) ∈ π(A).

Because of special role of the pseudometric r on W in our definition of metric
buildings of type W it is probably more appropriate to use the term ‘metric build-
ings of type (W, r)’, specifying the pseudometric r on W . But in the present paper
it will be always clear what particular pseudometric on W we are working with.

Lemma 6. The function r is a pseudometric on the set B of repers of the metric
building B.

Proof: We need to check only that r(a, c) ≤ r(a, b) + r(b, c) for any three repers
a, b, c ∈ B. Let A be an apartment containing a and c and ρ = ρc,A. The restriction
of r on A is a pseudometric on A. So we have by Axiom B4 r(a, c) = r(ρ(a), ρ(c)) ≤
r(ρ(a), ρ(b)) + r(ρ(b), ρ(c)) ≤ r(a, b) + r(b, c). �

5.3. Classic case. First of all we have to check that our generalization of
buildings includes buildings in the classic meaning of the term.

The following proposition is almost obvious.

Proposition 7. Let W be a Coxeter group with the set of distinguished gen-
erators S and r(u, v) = l(u−1v) is the usual word metric on W . Let B = (B,A)
be a metric building of type W . We shall refer to repers of B as chambers. For
s ∈ S we say, as usual, that two chambers a, b ∈ B are s-adjacent if δ(a, b) = s,
thus introducing on B the structure of a chamber complex. Then if w = s1s2 · · · sn

is a reduced word in W and a, b ∈ B,

δ(a, b) = w ⇐⇒ a and b are connected by a geodesic gallery of type s1s2 · · · sn.

In particular, B is a building in the sense of the traditional definition. Vice versa,
every building is a metric building.

5.4. Convexity properties of retractions. Now we identify W with an
apartment in B and consider the map µ from W to its set of points E = π(W )
defined by

µ(w) = π(ρw,W (a))
for a fixed reper a ∈ B. The following theorem follows almost immediately from
Axiom B4.



METRIC MATROIDS AND METRIC BUILDINGS 7

Theorem 8. µ is a metricaly convex map from W to E.

Proof: We need to prove that r(w, µ(u)) ≤ r(w, µ(w)) for all u,w ∈ W . For
u ∈W denote for brevity ρu = ρu,W . By definition of the function r : W ×E −→ R
we have r(w, µ(u)) = r(w, π(ρu(a))) = r(w, ρu(a)). So the desired inequality takes
the form

r(w, ρu(a)) ≤ r(w, ρw(a)).
Notice that ρu(w) = w for all w ∈ W . Therefore r(w, ρu(a)) = r(ρu(w), ρu(a)) ≤
r(w, a) (here we use Axiom B4). Notice also that it follows from the defini-
tion of a retraction that δ(w, a) = δ(w, ρw(a)). Hence r(w, a) = r(1, δ(w, a)) =
r(1, δ(w, ρw(a))) = r(1, w−1ρw(a)) = r(w, ρw(a)). After combining all these in-
equalities together we obtain the desired result. �

6. R-trees

Dale derev~� ter��t svoi oqertan~� i glazu
Ka�uts� to treugol~nikom, to polukrugom –
�to u�e vyra�enie qistyh pon�ti$i,
Derevo sfera carstvuet zdes~ nad drugimi.
Derevo sfera – �to znaqok bespredel~nogo

dereva,
�to itog qislovyh operaci$i.
Um, ne iwi ty ego posredine derev~ev:
On posredine, i s boku, i zdes~, i povs�du.

N. Zabolocki$i
c©1994 for use in epigraphs: A. Borovik

6.1. Continuous Euclidean buildings. Let now W be a subgroup of the
group of isometries of the affine Euclidean space E of dimension n. Assume that
W contains the subgroup of all affine translations of E and endowed with the
pseudometric r(u, v) = |u(0) − v(0)|. In this case we shall call a metric building
B of type W a continuous Euclidean building. We will show in this section that
R-trees provide natural examples of continuous Euclidean buildings.

6.2. R-trees. Recall that a R-tree is a metric space T with the metric d such
that

(a): any two points x, y ∈ T with r(x, y) = d are connected by an isometric
image of the real segment [0, d]

and
(b): any two points of T can be connected by a unique curve, i.e. an image

of a real segment under a one-to-one continuous map from a real segment
to T .

A R-tree T has infinite branches if every two points of T lie in an isometric image
of R. Isometric images of R are called apartments of T .

Let now T be a R-tree with infinite branches and A′ be the set of all isometries
of R into T . We say that two isometries α, β : R −→ T are equivalent, if α(x) = β(x)
for all x in some segment [0, ε] ⊂ R for ε > 0. We shall call the equivalence classes
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of isometries repers and denote the set of them by B. If a ∈ B and α ∈ a, denote
θ(a) = α(0); we shall say that θ(a) is the point of a.

Let A be an apartment in T . We say that a reper a belongs to A, if α([0, ε]) ⊂ A
for some ε > 0 and some α ∈ a (in particular, the center θ(a) of a lies on A). Now
it is obvious that the set of all repers of a given apartment in T can be identified
with the group W of all isometries of R. It is easy to see that any two repers a, b in
B belong to some common apartment A in T . We can find α ∈ a and β ∈ b such
that α(R) = α(R) = A and define δ(a, b) as

δ(a, b) = α−1β.

If we now define a pseudometric on W by r(u, v) = |u(0) − v(0)| and take for A
the set of all W -isometries from W to B then it can be easily checked that these
definitions turn B = (B,A) into a metric building of type W . Moreover, if a, b ∈
B, then r(a, b) = d(θ(a), θ(b)). It defines a natural one-two-one correspondence
between the points π(a) and centers θ(a) of repers in B preserving metrics r on
π(B) and d on T .

Summarizing the construction, we can state the following theorem.

Theorem 9. Let W be the group of all isometries of R with the left-invariant
pseudometric r(u, v) = |u(0) − v(0)|, u, v ∈ W . If T is a R-tree with infinite
branches, then there exists a metric building B of type W such that the metric
space π(B) of points of B is isometric to T .
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