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Abstract

Let H. be the rational Cherednik algebra of type A, _; with spherical subalgebra U.=eH ce.
Then U, is filtered by order of differential operators, with associated graded ring gr U, =C[h &
[)*]W where W is the nth symmetric group. We construct a filtered Z-algebra B such that,
under mild conditions on c:

e the category B-qgr of graded noetherian B-modules modulo torsion is equivalent to U.-mod;
e the associated graded Z-algebra gr B has grB-lqgr >~ coh Hilb(n), the category of coherent
sheaves on the Hilbert scheme of points in the plane.

This can be regarded as saying that U, simultaneously gives a non-commutative deformation of
h @ bh*/W and of its resolution of singularities Hilb(n) — b @ h*/W. As we show elsewhere,
this result is a powerful tool for studying the representation theory of H, and its relationship
to Hilb(n).
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1. Introduction

1.1. This is the first of two closely related papers on rational Cherednik algebras.

In their short history, Cherednik algebras have been influential in a surprising range
of subjects: for example they have been used to answer questions in integrable systems,
combinatorics, and symplectic quotient singularities (see [BEG1,Go2,BFG,GK]). In this
paper, we strengthen the connections between Cherednik algebras and geometry by
showing that they can be regarded as non-commutative deformations of Hilbert schemes
of points in the plane. In the sequel [GS] this will be used to show the close relationship
between modules over the Cherednik algebra and sheaves on the Hilbert scheme as
well as to answer various open problems about these modules.

1.2. Fix ¢ € C. We assume throughout the paper that ¢ ¢ % + Z and, for simplicity,
we will also assume that ¢ ¢ R in this introduction; see (3.13) and (3.14) for the
more general case.

Let H. = Hj . be the rational Cherednik algebra of type A,_; with spherical subal-
gebra U, = eH.e. The formal definition of H, is given in (2.1) but one may regard it
as a deformation of the twisted group ring D(f) * W, where D(}) is the ring of differ-
ential operators on h=~C"~! with the natural action of the symmetric group W = S,,.
The algebra U, is then the corresponding deformation of the fixed ring D(h)". The
algebras U, and H, have a natural filtration by order of differential operators with
associated graded rings gr U.~C[h @ h*1V and gr H. ~C[h @ b*] * W. Thus we may
also regard U, as a deformation of C[l) & b*]W. In this introduction we will mostly
be concerned with U,, but since U, and H,. are Morita equivalent (Corollary 3.13) the
results we prove for U, also apply to H..

It is well-known that § @ b*/W has a crepant resolution Hilb(n) — b @ bh*/W,
where Hilb(n) is a variant on the Hilbert scheme of n points in the plane (see (4.9)
for the formal definition). The ring U, has finite global homological dimension (see
Corollary 3.15) and so one should expect that it has the properties of a smooth
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deformation of C[h @ h*]V; in other words its properties should be more closely
related to those of Hilb(n) than to §) @ h*/W. Hints of this have been reported in
[Go2,BEG2]: finite-dimensional H.-modules deform the sections of some remarkable
sheaves on Hilb(n). The main aim of this paper is to formalise this idea by showing
that there is a second way of passing to associated graded objects that maps U.-mod
precisely to Coh(Hilb(n)).

1.3. We take our cue from the theory of semisimple Lie algebras. When n = 2, U, is
isomorphic to a factor of U(sly) [EG, Section 8] and, for all n, the properties of U,
are similar to those of U(g)/P, where P is a minimal primitive ideal in the enveloping
algebra of a complex semisimple Lie algebra g (see, for example, [Gi, GGOR,Gu]). The
intuition from the last paragraph not only holds for enveloping algebras but can also
be formalised through the Beilinson—Bernstein equivalences of categories. This gives a
diagram

D <«—— U(g)/P

= | |

Org <——— OW),

where B = G/B is the flag variety, the primitive ideal P has trivial central character
and 7 : T*B — N is the Springer resolution of the nullcone A/. The Morita equivalence
from the sheaf of differential operators D to U(g)/P is obtained by taking global
sections under the identification U(g)/P =~ D(B).

Ginzburg has raised the question of whether a similar phenomenon holds for
Cherednik algebras (see [GK, Conjecture 1.6] for a variant on this conjecture). In
other words, can one complete the following diagram?

7 U,

e | e

Oty <—— OH ® h*/W).

The main result of the paper gives a positive answer to this question. Given a graded
ring R, we write R-qgr for the quotient category of noetherian graded R-modules
modulo those of finite length.

1.4. Main Theorem. There exists a graded ring B, filtered by order of differential
operators, such that

(1) there is an equivalence of categories U.-mod >~ B-qgr;
(2) there is an equivalence of categories gr B-qgr ~ Coh(Hilb(n)).
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1.5. The construction of B needs some explanation. For n > 2, it can be shown that
the Hilbert scheme Hilb(n) is not a cotangent bundle, so we cannot use sheaves of
differential operators as a non-commutative model. Instead, we take as our starting
point Haiman’s description of Hilb(n) as a blow-up of §) & h*/W and deform this to
a non-commutative setting. Set A = O(h @ h*/ W) with ideal I = A5, where J is
the discriminant and A! = C[h @ h*1? is the module of anti-invariants. Then [Hal,
Proposition 2.6] proves that Hilb(n) = Proj A where A = A°[¢]] is the Rees ring of I
(see Section 4 for the details).

Unfortunately one cannot construct B as an analogous Rees ring over U,, since
U, is a simple ring for generic values of c¢. We circumvent this problem by using
Z-algebras (see Section 5). Specifically, the ring B from Theorem 1.4 is an algebra
B = ;> ;>0 Bij whose multiplication is defined in matrix fashion: B;;Bjx S Bik
but B;jBy = 0 when j # £. The diagonal terms are just B;; = U.q; while the
off-diagonal terms B;; are given as the appropriate tensor products of the (Ug1, Ug)-
bimodules QZH = eHy410e. The shift functors Sy : Us-mod — U,y1-mod given by
tensoring with QZH are important operators in the theory of Cherednik algebras and
have already played a crucial role in combinatorics and representation theory; see, for
example, [BEG1,BEG2,Go2]. A good way to think of the functor Sy is as the analogue
of the translation functor [BG] from Lie theory.

In order to have control over B we need to know that the Q" are progenerators
for all d € ¢+ N; equivalently that the S; are Morita equlvalences This is a conjecture
from [GGOR, Remark 5.17] which we answer with

d+1

1.6. Theorem (Corollary 3.13). The shift functor Sy is a Morita equivalence for all
dec+N.

The significance of this result is that B now has rather pleasant properties; in partic-
ular Theorem 1.4(1) is an easy consequence. For the second assertion of Theorem 1.4,
we note that it is easy to obtain a Z- algebra A= b, > j>0 Aij from the graded algebra

A=@r>o I* for which A-qgr ~ A-qgr. One simply takes A;j = I'~/ for each i, j.
Thus the main step in the proof of Theorem 1.4 is given by

1.7. Proposition (Theorem 6.4). Under the filtration induced from the order filtration
of differential operators, gr Bjj =A; ; = =I'"J and so gr B~ A as Z-algebras.

In this result the inclusion I'~/ C gr B;; ; is straightforward. The opposite inclusion
is much more subtle as it is difficult to keep close control of the filtration on B;;.
Our proof leans heavily on the work of Haiman [Ha3,Ha4] surrounding the n! and
polygraph theorems and the strategy is outlined in more detail in (6.6).

1.8. Applications. Theorem 1.4 gives a powerful technique for relating H.- or U,-
modules to sheaves on gilb(n): given a U.-module M with a good filtration A we
obtain a filtered object (M, A) € B-qgr by tensoring with B and then a coherent sheaf
@A (M) € Coh(Hilb(n)) by taking the associated graded module.

This process is studied in [GS] where we show there that the subtle combinatorics
and geometry of Hilb(n) is reflected in the representation theory of U, and H.. Let
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Ac(w) be the standard H.-module corresponding to u € lrrep(W) (this is the analogue
of a Verma module) with unique simple factor L.(u). These modules have a natural
good filtration A and we mention a couple of illustrative results from [GS].

e Suppose that ¢ = 1/n+k for k € N, so that L. (iriv) is the unique finite-dimensional
simple H.-module. Then ®p (eL.(triv)) =0z, ® Lk, where Z,, = t=1(0) is the punc-
tual Hilbert scheme and L = Ogilp,)(1) is the Serre twisting sheaf.

e For any c, the characteristic cycle of @ (eA. (1)) equals )_; K,;1Z;], where K ,; are
Kostka numbers and the Z; are particular irreducible components of 7~ ! (h@ {0}/ W).

The first of these results is used in [GS] to show that the natural bigraded structure
on gra(eLy/,+x) coincides with that on H(Z,, £F), thus confirming a conjecture of
Berest et al. [BEG2]. The second of these results illustrates the subtlety of ®: if one
passes directly from U, to gr U.=~C[h @ h*]" then grp(eA. (1)) =C[h] ® u for any u
and c. Thus the support variety of grp eA.(u) is independent of pu.

We prove one such correspondence in this paper. Let P denote the Procesi bundle
on Hilb(n), the vector bundle of rank n! coming from Haiman’s n! theorem, see (4.10).
Then Corollary 6.22 proves:

1.9. Corollary. If eH. is given the order filtration A, then ®p(eH.) = P.

1.10. One reason why Theorem 1.4 provides such a strong bridge between Hilbert
schemes and Cherednik algebras is that the construction of B carries within it key
elements of both theories. For instance, we have already mentioned that the shift functor
S is an analogue of the translation functor from Lie theory. It is also the analogue of
the shift functor in Coh(Hilb(n)) given by tensoring with Opiipn)(1). Indeed, given
a U.-module M with a good filtration A, it is easy to show that CI)l—(Qg+1 QM) =
Ohnitbn) (1) ® ®A (M), for the appropriate filtration I (see [GS]).

Similarly, Corollary 1.9 can be interpreted as saying that H. is a non-commutative
analogue of the isospectral scheme X,, as defined in (4.10) (see (6.23) for further
details).

1.11. The Z-algebra has the virtue that it exists whenever one has an analogue of
the translation principle; that is, one has algebras R; and progenerative (R;i1, R;)-
bimodules Q; ;41 (these algebras can also be indexed by more general lattices than
7). One can then construct a Z-algebra as we have done and Theorem 1.4(1) will still
hold. It is not clear when Theorem 1.4(2) will hold and, even when it is true, it will
undoubtedly be rather subtle.

Hilbert schemes realise crepant resolutions for the symplectic quotient singularity
(C*H" /G whenever G is the wreath product of a finite subgroup of SL,(C) with the
symmetric group W, see [Wa, Theorem 4.2]. We believe that our methods will gener-
alise to the symplectic reflection algebras H.(G) = Hj,(G) associated with ((Cz)”, G)
to give non-commutative deformations of those Hilbert schemes. Even when there is no
crepant resolution of such a singularity (by Ginzburg and Kaledin [GK] this happens
for Weyl groups G of types other than A and B) the Z-algebra associated to H.(G)
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will still contain interesting information, as Gordon [Go2] demonstrates. For a Weyl
group, the analogue of Theorem 1.6 is at least known for sufficiently large values of
the defining parameter ¢ [BEG2, Proposition 4.3], but little is known for small values
of c.

The translation principle obviously holds for factors of enveloping algebras of semi-
simple Lie algebras and we can prove an analogue of Theorem 1.4 in this case.
However, the proof uses non-trivial Lie theoretic results, notably the Beilinson—-Bernstein
equivalence of categories, and it is unclear whether this approach carries information
that cannot be obtained from that equivalence. It would be interesting to see if the
recent work [BK,Ta] on the Beilinson—-Bernstein equivalence for quantised enveloping
algebras can be understood in a Z-algebra framework.

1.12. The paper is organised as follows. In Section 2 we recall the needed facts about
rational Cherednik algebras, while in Section 3 we prove Theorem 1.6. In Section 4 we
describe some of Haiman’s work on Hilbert schemes, adapted to the variety Hilb(n),
and use it to describe various Poincaré series that will be needed in the proof of The-
orem 1.4. Section 5 proves the results about Z-algebras that were mentioned earlier in
this introduction. Section 6 is the heart of the paper: in it we prove Theorem 1.4(2). This
is derived from an analogous result about the associated graded module of By ®y, e H,.
that also implies Corollary 1.9. Section 7 then gives a reinterpretation of Theorem 1.4
in terms of a tensor product filtration of B;;. In Appendix A we prove the following
result that may be of independent interest: suppose that R = P, >0 Ri is an N-graded
algebra over a field k, with Ry = k. If P is a right R-module that is both graded and
projective, then P is graded-free in the sense that P has a free basis of homogeneous
elements. This is a graded analogue of a classic result from [Ka] for which we do not
know a reference.

2. Rational Cherednik algebras

2.1. In this section, we define the rational Cherednik algebras (which will always be
of type A in this paper) and give some of the basic properties that will be needed in
the body of the paper.

Let W = S, be the symmetric group on n letters, regarded as the Weyl group of
type A,—1 acting on its (n — 1)-dimensional representation ) C C" by permutations.
Let S ={s = (i, j) with i < j} C W denote the reflections, with reflecting hyperplanes
ag = 0. We make similar definitions for h* and normalise oy € b so that a,(a)) = 2.

Given ¢ € C, the rational Cherednik algebra of type A,_1 is the C-algebra H,
generated by the vector spaces ) and h* and the group W with defining relations

wxw ™ = w(x), wyw_1 =w(y) forall yebh,x eh*,weWw,

X1X2 = X2X1, Y1Y2 = Y21 for all Vi € [), .xj (S b*,

yx —xy = x(y) — Zcocs(y)x(oc;/)s for all y € b, x € h*.
seS
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We should note that the definition of the Cherednik algebra is not uniform throughout
the literature. The definition we are using agrees with that in [BEG1,BEG2,EG,Gu]
but not that from [GGOR] where our constant ¢ equals —k; for their constant k; (see
[GGOR, Remark 3.1]).

2.2. We write the coordinate ring of an affine variety V as C[V]. By Etingof and
Ginzburg [EG, Theorem 1.3], the subalgebra of H. generated by h* can and will be
identified with C[h], while b generates a copy of C[h*] inside H. and the elements
w € W span a copy of the group algebra CW in H,. Fix once and for all dual bases
{x;} and {y;} of h* and b, respectively; thus C[h] = C[xy, ..., x,—1] and C[H*] =
Clyi, vy yn—1l.

By Etingof and Ginzburg [EG, Theorem 1.3] there is a Poincaré—Birkhoff—Witt iso-
morphism of C-vector spaces

C[h] ®c CW ®c C[h*] > H.. (2.2.1)

Filter H, by ord’ H, = C[h] « W, ord' H. = Iy + ord’ H. and ord’ H, = (ord' H.,)
for i > 1, and define the associated graded ring to be ogr H. = @ ogr'H,, where
ogr' H. = ord" H, /ord”7l H.. Then (2.2.1) is equivalent to the assertion that ogr H,
is isomorphic to the skew group ring C[h@®h*]* W defined by o f = o(f)a, for 0 € W
and f € C[h @ bh*].

2.3. The Dunkl-Cherednik representation. Let 6 € C[h] denote the discriminant
polynomial 6 = [[,.g % Thus ¢ transforms under W by the sign representation and
H®8 = p\ {0 = 0} is the subset of ) on which the action of W is free. By Etingof
and Ginzburg [EG, Proposition 4.5] there is an injective algebra morphism 6, : H, —
D(H™®8) s« W, where D(Z) denotes the ring of differential operators on an affine variety
Z. Under 0, the elements of C[l] are identified with the multiplication operators while,
by Etingof and Ginzburg [EG, p. 280] and in the notation of (2.2), y; € ) is sent to
the Dunkl operator

0c(yi) = 0; — Z cocs(yi)ocs_l(l —s), where 0; = 0/0x;. (2.3.1)

ses

Since ¢ acts ad-nilpotently on D(H™8) % W, the set {5"} forms an Ore set in that ring.
As observed in [BEGI, p. 288], 6. becomes an isomorphism on inverting J; that is,

H® = H.[67 1= D®™8) % W. (2.3.2)

For any variety Z, there is a natural filtration on D(Z) by order of operators and
this induces a filtration on D(H'®8) x+ W and its subalgebras by defining elements of
W to have order zero. If R is a subalgebra (or submodule) of D(H™8) « W, we
write the operators of order <n as ord"(R). When R = H,, ord is clearly the same
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filtration as that defined in (2.2). The associated graded ring of R will be written
ogr(R) = €p ogr'(R), where ogr*(R) = ord"(R)/ord" "' (R), and the resulting graded
structure of ogr(R) will be called the order or ogr gradation. (This will be only one
of several filtrations used in this paper.)

2.4. The rings of differential operators D(l)) and D(breg) also have a graded structure
given by the adjoint action [E, —] of the Euler operator E = Y x;0; € D(l). We
will call this the Euler grading and write E-deg for the corresponding degree function;
thus E-degx; = 1 and E-degd; = —1. Since E € D(H)", E commutes with W in
D(H™8) %« W and so this grading extends to that ring with E-deg W = 0. By inspection
(2.3.1) implies that the y; also have degree —1 and so each H. is also graded under
[E, —] and we continue to call this the Euler grading.

It is well-known and easy to check that the E-grading is compatible with the order
filtration on D(H™8) %« W, in the sense that [E, ord” D(H™8) « W] C ord" D(H8) « W
for all n >0. We therefore obtain an induced grading, again called the E-grading, on the
associated graded ring ogr D (h™®8) x W =~ C[H™8 @ h*]« W. Clearly this is again given
by E-degh* = 1 (which we define to mean that E-deg(x) = 1 for every 0 # x € h*)
while E-degh = —1 and E-deg W = 0.

One should note that, in general, E ¢ H.. However, there is a natural element in H,
that has the same adjoint action. Indeed, let

n—1

1
h=he =2 (uyi+yix) € He. 24.1)

i=1
This is independent of the choice of basis. By Berest et al. [BEG1, (2.6)] we have
[h,x]=x, [h,y]=—y, and [h,w] =0 forall x eh*,ychand we W. (24.2)

Thus commutation with h also induces the Euler grading on H..

2.5. The spherical subalgebra. Let ¢ € CW denote the trivial idempotent and let
e_ € CW be the sign idempotent; thus e = [W|7!'Y" _,, w and e_ = (Wt Y wew
sign(w)w. The main algebra of study in this paper is not the Cherednik algebra itself,
but its spherical subalgebra U. = eH.e and the related algebra U. = e_H.e_. We
will use frequently and without comment that ¢ is a W-anti-invariant and so e_J = Je.
Also, as E-deg W = 0, both U, and U have an induced E-graded structure.

2.6. Partitions. The rest of this section is devoted to the definition and basic prop-
erties of category .. Since its structure depends upon the combinatorics of W-
representations, we begin with the relevant notions from that theory.



230 1. Gordon, J.T. Stafford/Advances in Mathematics 198 (2005) 222-274

We write a partition of n as u = (u; > py = --- > > 0), with the understanding
that y; = 0 for i > [. The Ferrers’ diagram of u is the set of lattice points

d(w) = {0, j) e N X N:j <4}

Following the French style, the diagram is drawn with the i-axis vertical and the j-axis
horizontal, so the parts of u are the lengths of the rows, and (0, 0) is the lower left
corner. The arm a(x) and the leg I(x) of a point x € d(u) denote the number of
points strictly to the right of x and above x, respectively. The hook length h(x) is
1 4+ a(x) 4+ I(x). For example:

®(x)

[ AN 2K ]
a(x) =3,
u=(5,54731) il A I(x) =2, (2.6.1)
h(x) = 6.
e,0(0 0 0 (1)

(070). o000

The transpose partition ' is obtained from p by exchanging the rows and columns of
U
We will always use the dominance ordering of partitions as in [Mac, p. 7]; thus if
A and p are partitions of n then A>p if and only if Zle Ai > Zle w; for all k>1.

Let Irrep(W) denote the set of simple W-modules, up to isomorphism. As usual,
irreducible representations of W will be parametrised by partitions of n. We use the
ordering on Irrep(W) arising from the dominance ordering; thus, as in [Mac, Example 1,
p- 116], the trivial representation triv is labelled by (n) while the sign representation
sign is parametrised by (1) and so triv > sign. Note that the operation on Irrep(W)
given by tensoring by sign corresponds to the transposition of partitions.

2.7. Category O.. (See [GGOR,BEGI1, Definition 2.4].) Let O, be the abelian category
of finitely generated H.-modules M which are locally nilpotent for the subalgebra
C[b*] C H,. By Guay [Gu, Theorem 3] O, is a highest weight category.

Given u € Irrep(W), we define A (), an object of O, called the standard module, to
be the induced module A (1) = He Qcpy*pw i, Where C[H*]* W acts on p by pw-m =
p(0)(w -m) for p € C[H*], w € W and m € u. It is shown in [BEG1, Section 2] that
each A.(u) has a unique simple quotient L.(u), that the set {L.(u) : n € lrrep(W)}
provides a complete list of non-isomorphic simple objects in O, and that every object
in O, has finite length. Note that it follows from the PBW Theorem 2.2.1 that the
standard module A.(u) is a free left C[h]-module of rank dim(gu).
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2.8. The KZ functor. Let M € .. Then its localisation M™8 = M[6™!] at the
powers of § is a W-equivariant D-module on h® in the sense that M€ is a W-
equivariant vector bundle on H'®8 with a flat W-equivariant connection. On taking the
germs of horizontal sections on h'®8/W we get a representation of the braid group
B, = 1 (h™8/ W). This representation factors through the Hecke algebra Hy of W with
parameter ¢ = exp(2mic) [GGOR, Theorem 5.13]. In this way we have the Knizhnik—
Zamolodchikov functor KZ : O, — H,-mod. There is an anti-involution 1 on H,
induced by 1(T,) = T,,-1. Given a module V for H,, the space V* = Hoqu(V, C)
becomes an #H,-module via the rule & - f(v) = f(1(h)v).

The images of the standard modules under KZ are known [GGOR, Remark 6.9 and
Corollary 6.10]. For ¢ € R and p € Irrep(W)

KZ(A (1) =Sp, (10" 2.8.1)

where Sp, (p) is the so-called Specht module associated to p. (The dual module appears
since the defining relations for the rational Cherednik algebra given in [GGOR] are
normalised differently to (2.1); as remarked in (2.1), our parameter ¢ corresponds to
—k; in [GGOR].) Now suppose that M € O, has a filtration

O=MyCcMyC---CMy_1CM;, =M

such that M;/M;_; is a standard module for all 1<i<t. If N € O, and ¢ ¢ %+ 7z
then [GGOR, Proposition 5.9] implies that

Homp, (N, M) = Homy, (KZ(N), KZ(M)). (2.8.2)

3. Morita equivalence of Cherednik algebras

3.1. A powerful technique in the theory of semisimple Lie algebras is the translation
principle, given by tensoring with a finite-dimensional module, in part because it gives
an equivalence of categories between the O categories (and the Harish-Chandra cate-
gories) corresponding to distinct central characters [BG]. One interpretation of this is
that tensoring with a module of f-finite vectors gives a Morita equivalence between the
corresponding factors of the enveloping algebra [JS, Corollary 4.13].

Although it does not involve finite dimensional modules, there is a natural analogue
of this procedure for Cherednik algebras, given by the Heckman—Opdam shift functors
defined in (3.2). These functors have proved useful in a number of papers (see, for
example, [BEG1,BEG2,Go2]) and for particular values of ¢ these functors are known
to give equivalences of categories between H., U, and U.4; (see, for example, [BEGI1,
Theorem 8.1] and [BEG2, Proposition 4.3]). It is an open problem to determine pre-
cisely when these equivalences exist [GGOR, Remark 5.17] and this question is crucial
to our Z-algebra approach to Cherednik algebras. We give an essentially complete
answer to this question in Corollary 3.13 and Remark 3.14. We also prove that the
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equivalence H. — H.y; maps category O, to O.41 and sends the standard module
Ac(p) to Acqq(u), see Proposition 3.16.

3.2. Fix ¢ € C and keep the notation of (2.5). If we identify H, with its image in
D(H™8) « W via the Dunkl operator (2.3.1) then, by Berest et al. [BEG2, Proposi-
tion 4.1], there is an identity

Ue = 67U 6 = ed " Heyrde. (3.2.1)
In particular, this implies that Qf,“ = eH.y1e_0 = eH.y10e is a (Ugy1, Up)-bi-
submodule of D(H™8) x W. The shift functors mentioned above are given by

S, : U.-mod — U4 -mod : N+ 0l @y N
and
S. : H.-mod — H,,-mod : M+ Hei1e 0 ®y, eM.

3.3. When c is a positive real number, the Morita equivalence between U, and U,y is
given by S, and we begin with that case. The general case, proved in Corollary 3.13,
will be an easy consequence.

Theorem. Assume that ¢ € Rxo with ¢ ¢ % + Z. Then both shift functors gc :
H.-mod — H.y;-mod and S, : U.-mod — U, 1-mod are Morita equivalences.

Moreover, the idempotent functor E. : H.-mod — U.-mod given by M + eM is a
Morita equivalence.

Proof. To prove that S, is an equivalence we need to show that Q = Q*! is a pro-
jective generator for U.11-mod, with endomorphism ring Endy,,,(Q) = U.. Arguing
as in [EG, Theorem 1.5(iv)] the dual Q* = Homy,_,,(Q,Ucy1) is P = (3_le,HC+1e.
By the dual basis lemma, Q is a projective U,4i-module with Endy,,,(Q) = U, if
and only if PQ = U, while Q is a generator if and only if QP = U.4;. Substituting
in the given formule for Q and P shows that we need to prove that

HC+1€_HC+] = Hg+1 and HC+]€HC+1 = HC+1 for C>0 (331)

Similarly, as H.e is a projective left H.-module, E. will be a Morita equivalence if
we prove that

H.eH. = H. for ¢>0. (3.3.2)

Since §C = EL_+11 oS. 0 E., Egs. (3.3.1) and (3.3.2) will suffice to prove the theorem.
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The proof of Theorem 3.3 will be through a series of lemmas and we begin with
the first equality in (3.3.1). Set d =c + 1; thus d € R>, with d ¢ %+ Z.

3.4. Reduction to category O. If Hye_H, is a proper two-sided ideal of Hy it must
be contained in a primitive ideal, and hence, by Ginzburg [Gi, Generalised Duflo
Theorem], annihilate an object from category Oy. Thus, it is enough to show that e_
does not annihilate any simple module belonging to Oy.

To do this we first show in Corollary 3.6 that the composition factors of Agz(u) are
of the form L,4(4) for A< u. Under the Z-strings ordering such a result is proved in
[Gu] but as we work with the dominance ordering of partitions and representations, as
defined in (2.6), this definitely requires work, see also (3.7). We then show that the
lowest weight copy of the sign module for W in Ay(u) does not occur in any standard
module Ay(A) for 4 < u. Since Ly(u) is the head (that is, the unique simple factor
module) of Ag(p) it will follow that e_Lg(u) # O.

3.5. Lemma. Let ¢ € Rxo with ¢ ¢ % + Z. If Hompy, (Ac(2), Ac(w) # 0 for A, u €
Irrep(W), then A< u in the dominance ordering.

Proof. Let S; = S;(n, n) be the g-Schur algebra defined in [DJ2, Section 1], where
g = exp(2mic). It is conjectured in [GGOR, Remark 5.17] that S,-mod is equivalent to
O.. We cannot prove this, but we will show that there is a relationship which implies
the lemma.

For each u e Irrep(W) there is an S;-module W, (u), called the g-Weyl module. By
Dipper and James [DJ2, Corollary 8.6], there is an isomorphism

Homy, (Sp, (1), Sp,(4)) =Homs, (Wq(4), Wq (). (3.5.1)
On the other hand, by (2.8.1) and (2.8.2) we have

Homp, (Ac(2), Ac(1)) = Homyy, (Sp, (A)*, Sp, (11)*) (352)
=~ Homyy, (Sp, (1), Sp, (4)). o
Each W, (v) has a simple head F,(v), [DJ2, Theorem 4.6] and {F,(v) : v € Irrep(W)}
is a complete, repetition-free list of the simple S,-modules up to isomorphism, [DJ2,
Theorem 8.8]. Furthermore, F,(4) is a composition factor of W, (x) only if A<y, [DJ2,
Corollary 8.9]. By (3.5.1) and (3.5.2) a non-zero homomorphism ¢ : A:.(1) — A.(w)
implies the existence of a non-zero homomorphism ¢’ : Wy (2) — Wy(w). Thus F,(4)
must be a composition factor of W, (x) and so A<u. U

3.6. Corollary. Assume that ¢ € Rxo, with ¢ ¢ %—i— Z. If [Ac(u) : Le(W)] # 0 for
A, € lrrep(W), then A< in the dominance ordering.

Remarks. (1) For arbitrary ¢ and p, the unique occurrence of L.(x) as a composition
factor of A;(p) is as its head—see, for example, the discussion after Lemma 7 in [Gu,
Section 2].
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(2) Since sign is minimal in the dominance ordering, the lemma and the above
remark imply that A.(sign) is irreducible for all ¢ € R>¢. This can also be deduced
from [Gu].

Proof. We argue by induction on u. More precisely, suppose that [A.(w) : Lc(A)] # 0
for some u # A and that the lemma holds for any v < u. (The induction starts since there
are only finitely many ¢ with ¢ < u.) Let P.(4) denote the projective cover of A.(1), as
in [GGOR, Section 3.5], and write K for the kernel of the associated homomorphism
¢ : P.(2) > A:(p). By Guay [Gu, Proposition 13] there is a A-filtration of P.(/)

Pe(W)=MoyDM D---DM =0

with each factor M;/M ;1 of the form A.(/;) for some A; € Irrep(W). Thus there
exists i such that M; + K/K # 0 but M;;; + K/K = 0. This gives a non-zero
composition

VA ZMi/Miyy — (M + K)/K — P.(A)/K — Ac(w).

By Lemma 3.5, A; <pu. If 4; = p then the first remark after the statement of the lemma
would imply that i and hence ¢ are surjective, contradicting the fact that 1 # p. Thus
i < u. By BGG reciprocity [Gu, Theorem 19], [P.(4) : Ac(4i)] = [Ac(4i) : Le(A)] #0
and so, by induction, A< 4;. Thus A < pu. O

3.7. A result analogous to Corollary 3.6 is proved as part of the proof of Guay [Gu,
Proposition 13]. However, the Z-strings ordering used in [Gu] is different from the
dominance ordering. An explicit example where the orderings differ can be found when
n = 8, by taking 2 = (6,1,1) and u = (4,4). In this case 4 and p are incomparable
in the dominance ordering, but comparable in the Z-strings ordering.

3.8. The canonical grading on O.. The final ingredient we need for the proof of
Theorem 3.3 is a canonical grading on O.. Let h, € H, be defined as in (2.4.1). Then,
for M € O, and o € C, set

Wy(M) = {m € M : (h. — ) m = 0 for k > 0}.
By Ginzburg et al. [GGOR, (2.4.1)] this gives the canonical grading M =), .c Wy(M).

This observation has two useful consequences. First, if 60 : M| — M, is an H,-
module homomorphism with M; € O, then O(Wy(M;)) € W,(M;) for each a € C.
Secondly, if p € H. has E-deg p = ¢, then (2.4.2), implies that p- Wy, (M) C Wy (M).
Note that the standard module A, (u) is therefore a lowest weight module since it is
generated as a C[h]-module by the space 1 ® p.
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3.9. To describe the graded structure of the standard modules we need a little nota-
tion. Recall that the space of coinvariants C[H]°®W = C[b] / C[b]f@[b] is a finite-
dimensional graded algebra isomorphic as a W-module to the regular representation.
As in [Op], the polynomials

fu@) =) [CHIFCY - ! (3.9.1)

i=0

are called the fake degrees of u € Irrep(W). We define n(u) to be the lowest power
of v appearing in f,(v); thus, f,(v) = av™® 4 higher-order terms. In the notation of
Haiman [Ha3], n(p) is equal to the partition statistic ) ; u; (i — 1) (see the proof of
Gordon [Gol, Theorem 6.4]). Finally, (3.9.1) implies that

S (1) = dim W =dim pu= fu(1) for u e lrrep(W). 3.9.2)

3.10. Given a graded W-module M = ), c Wy (M) we define its graded Poincaré
series to be

pM. v, Wy=>"v" 3" [Wy(M): Al

oeC A€lrrep(W)
This is easily determined for standard modules.

Proposition. (1) Under the canonical grading, the subspace 1® u of A.(w) has weight
m + c(n(p) —n(u')), where m = (n — 1)/2.
(2) The Poincaré series of A.(1) as a graded W-module is

m+cm(uw—n(')) Z}, FHA®u

pAc(w), v, W) =v [T/, (1 — vi)

(3.10.1)

Proof. (1) We need to compute the action of h = %Z;’z_ll (x;jyi + yix;) on the space
1 ® pu. By the defining relations of H, from (2.1), and the fact that the {x;} and {y;}
are dual bases, we obtain

h= Y, xiyi+ 0 —1/2- 53 s> cas(i)xi(2))s
=) xyi+m—1)/2— %ZseS O‘S(‘x;/)s =D Xjyi+m-— CZSES S

The action of Y (1—s) on 4 € Irrep(W) can be derived from [BM,Lu]. More precisely,
/. is special by Lusztig [Lu, (4.2.2)] and so n(4) = b, = a; in the notation of Lusztig
[Lu]. Therefore, by Broué and Michel [BM, Section 4.21] and Lusztig [Lu, Section 4.1
and (5.11.5)], >",(1—s) acts on A € Irrep(W) with weight N+n(l)—n(2), where N =
n(n—1)/2 is the cardinality of S. Thus ) s acts on 1®u with weight —(n(p) —n(u"))
and hence h acts with weight m + c(n(u) — n(u")).
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(2) As graded W-modules, A(n) = (C[h] ® w[k] for k = m + c(n(u) — n(u')). The
shift arises from the fact that, by (1), the generator 1® u of A.(w) lives in degree k. The
Chevalley—Shephard—Todd Theorem implies that, as graded W-modules, C[h]=C[hH]" ®
C[HI®". Now C[h]" is a polynomial ring with generators in degrees 2<i<n and
so its Poincaré polynomial is []7_,(1 — v')~!. On the other hand, the coinvariant ring
CIHI°®W has graded Poincaré polynomial >, > ,[C[HIF®Y : A][A]v'. By definition,
this is just )_; f;(v)[A]. Combining these observations gives (3.10.1).

d

3.11. Completion of the proof of Theorem 3.3. We will first prove that Hye_Hy; =
H; (where d = ¢ + 1, as before). Since pu=~u* for symmetric groups, the sign repre-
sentation is a direct summand of u ® v if and only if v = g'. Thus (3.10.1) implies
that sign first appears in Ay(u) in the weight space

m+d(n(w) —n(u)) +n(') =m+dn(p) — (d — Hn(),

where m = (n — 1) /2. If A< pu then n(A) >n(u) by Shi [Sh, Theorem B and Proposi-
tion 1.6]. Moreover, as A’ > !, we have n(2") <n(u'). Since d € R>1,

m+dn(2) — (d — Dn(HY=m +dn(u) — (d — Dn(d)

with equality if and only if 2 = u.

It follows that the copy of sign appearing in the lowest possible weight space of
Ag(u) is never a weight of Ay(2) for A < p. By Corollary 3.6, this means that this
copy of sign is a weight for Ly (¢) and hence that e_ Ly (i) # 0. By (3.4) this implies
that Hye_ H; = Hy, and so the first equality of (3.3.1) is proven.

It remains to show that H.eH. = H. for ¢ € R>o. The argument of (3.4) shows
that we need to prove that e does not annihilate any simple module from O,.. In this
case triv appears in u ® v if and only if v = p. Therefore, (3.10.1) now implies that
triv first appears in A.(u) in degree m + c(n(u) — n(u')) +n(u). Let A< u. Then

m4+cm(l) —n(UH) +n(l) =m+ (c+ Dn(d) —cn(A)
= m+cn() —n()) +n(w

with equality if and only if A = u. This means that triv appears in A.(1) in a higher
degree than its first appearance in A.(u). In particular, the simple quotient L.(u) of
Ac(1) contains a copy of triv and so it cannot be annihilated by e. This therefore
completes the proof of (3.3.1) and (3.3.2) and hence proves the theorem. [

3.12. General equivalences. We now give the promised extension of Theorem 3.3 to
more general values of c¢. Since it requires no extra work, and it is put to crucial use
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in [BFG], we will also prove the result over more general base fields. Thus if k is a
subfield of C, with ¢ € k, let H(k). denote the k-algebra defined by the generators
and relations from (2). We write U (k)., Q(k)g“, etc., for the corresponding objects
defined over k.

Hypothesis. Set C = {z : z = % where m,d € Z with 2<d<n and z ¢ Z}. Assume

that ¢ € C is such that ¢ ¢ % + Z. If c is a rational number with —1 < ¢ < 0 assume
further that ¢ ¢ C.

3.13. Corollary. Let k € C be a field and assume that c € k satisfies Hypothesis 3.12.

(1) Uk)e and H (k). are Morita equivalent. If
cg (=2, -l)ec=1{zeC:-2<z<—1},

then U (k). is Morita equivalent to U (k)c+1.
(2) Let a = —c. Then H(k), is Morita equivalent to U(k), = e_H(k)qe_. If a ¢
(1,2)¢, then U(k), is Morita equivalent to U (k),_,.

Proof. (1) We start with the case U. = U(C).. If ¢ ¢ C then it follows from [BEGI,
Theorem 8.1] and [DJ1, Theorem 4.3] that H., U. and U_ are simple, Morita equivalent
rings (see the introduction to [BEG3] for the details). Since this also applies to H.1
the conditions (3.3.1) are trivially satisfied and the result follows.

Thus we may assume that ¢ € C. If ¢> — 1, then necessarily ¢ >0 and so the result
follows from Proposition 3.3. Otherwise ¢ < — 1. In this case the discussion before [De,
Remark 2.2] shows that there is an isomorphism y : H. — H_. satisfying y(e—) = e.
Thus, for any ¢, (3.2.1) implies that U, = U_, = eH_._1e = U_._1. The result for
c< — 1 therefore follows from the cases already discussed.

Finally, let k be an arbitrary subfield of C and consider U (k).. In order to prove, for
example, that U (k). is Morita equivalent to U (k).4+1 we need to prove that Q (k) P (k) =
U(k)c+1 and P(k)Q(k) = U(k).. By construction, Q(C) = Q(k) ®; C, and similarly
for P(C). By the earlier part of the proof, U(C)./P(C)Q(C) = 0. The faithful flatness
of U(C), = U(k), ®; C as a U(k).-module then ensures that U(k)./P(k)Q(k) = 0.
All the other steps in the proof follow in exactly the same way.

(2) Using the identity U, ~U__, this follows from part (1). O

—c?

3.14. Remarks. (1) The condition that ¢ ¢ % + Z is needed in Theorem 3.3 and
Corollary 3.13 in order to apply (2.8.2) and may be unnecessary. This is the case when
n =2 as U, is Morita equivalent to U.4 if and only if ¢ # —%, —% (see, for example,
[EG, Proposition 8.2]). The point about the excluded cases is that U_ 1 is simple but

the two neighbouring algebras, U 1 U_ 3 are not. Combining [EG, Proposition 8.2]
with [St, Theorem B] shows that U_ 1 has infinite global dimension, and so the next
Corollary 3.15 also fails for this value of c.
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(2) This also shows that the hypothesis ¢ ¢ (—2, 0)¢ is serious. Indeed, for any n >2,
let c = —m/n € (—1, 0)¢c. Then one can prove that the factor module V. = A (sign)/I.
considered in [CE, Theorem 3.2] does not contain a copy of the W-module triv (we
thank Pavel Etingof for this fact). In particular eV, = 0 and so the functor E. is not
an equivalence. If we further assume that (m, n) = 1, then V, is the unique irreducible
finite-dimensional H.-module by Chmutova and Etingof [CE, Corollary 3.3] and Berest
et al. [BEG2, Theorem 1.2(ii)]. Since U, = Endy, (eH,), this implies that U, has no
finite-dimensional modules. However, by Corollary 3.13(1) and Berest et al. [BEG2,
Theorem 1.2] U.y;-mod does have such modules and so there is no equivalence
between U, and U,4.

3.15. Corollary. Assume that ¢ € C satisfies Hypothesis 3.12. Then H. and U, have
finite homological global dimension and satisfy the Auslander—Gorenstein conditions
and Cohen—Macaulay conditions of Levasseur [Le].

Proof. Since this result takes us a little far afield, the details of the proof are left to
the interested reader. Standard techniques show that ogr H, =~ C[h & h*] * W and hence
H, have the given properties (see, for example, [Br, Theorem 4.4]). By Corollary 3.13,
U, is Morita equivalent to H, and it follows that U, also has these properties. [

3.16. The shift functor on O.. Many computations for U, reduce to computations in
category O and so it is important to know that, under the hypotheses of Theorem 3.3,
S. does provide an equivalence between the corresponding categories. This is the point
of the next result.

Proposition. Assume that ¢ € C satisfies Hypothesis 3.12 and that ¢ ¢ Q<. Then
the shift functor S restricts to an equivalence between O and Oci1 such that
Sc(Ac(W) = Acy1(2) for all partitions A of n. Thus Sc(eAc(1)) = eAcy1(A).

Remark. By Corollary 3.13(2), an analogue of the proposition also holds when ¢ €
Q«_1, provided that one shifts in a negative direction.

Proof. The final assertion of the proposition is immediate from the previous one com-
bined with Corollary 3'13(1)'~

We begin by showing that S, restricts to an equivalence between O, and O.4;. Fix
M e O.. Let I, = C[b*]‘gt denote the W-invariant elements of C[H*] of degree at
least ¢ and set I; = Z,C[H*], Then C[H*]/I, is a finite-dimensional algebra and so all
homogeneous elements of C[h*] of large degree belong to ;. Thus it is enough to
show that, if 71 = he_d @ em € S.(M) = H.y1e_0 ®u, eM, for some h € Hqy and
m € M, then m is annihilated by Z, for 7 > 0.

Recall the E-grading on H, from (2.4). Since C[h*] acts locally nilpotently on M, the
PBW isomorphism (2.2.1) shows that any homogeneous element of H. of sufficiently
large negative E-degree annihilates m € M. Thus, assume that gm = 0 for all ¢ € H,
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with E-deg(¢q)< — ¢ and let p € (D[I)*]‘gt. Then

phe_d®@em = [p,hle_0 ® em + hdd ' pe_d @ em
[p, hle_d ® em + he_6 ® 6~ pdem.

Since E-deg 6! pd = E-deg p< — 1, we have 0! pdem = 0 by the hypothesis on 7.
Therefore p(he_0 ® em) = [p, hle—d ® em for any such p. Since the choice of
t was independent of #h, this implies that p"(he_0 ® em) = ad(p)"(h)(e—0 ® em),
for any r > 0. Now, p commutes with both C[W] and C[h*], and so the defining
relations of H.yi from (2.1) ensure that the adjoint action of p € C[b*]w on H.yg is
locally nilpotent (see also [BEG1, Lemma 3.3(v)]). Therefore a sufficiently large power
of p annihilates he_ 0 ® em. Thus S.(M) € O.41 and S, does restrict to the desired

equivalence. -
It remains to compute S.(A.(4)) and we begin with the analogous problem on
H.SS. In the notation of (2.3.2), S.(A (1) = H..5e_0®;1,,- seAc(2). By (2.3.2),
c+1

HIS=A = DO™8) « W and 5o Sc(Ac(1) €= Ae_d ®p eAc()™E, where B =

0~ 'e_Ae_5. On the other hand, (3.2.1) induces an isomorphism
0:Ae_6Q@p eAc(A)8 — Ae @pe eAc(N)C8;  ae_d @ em > ade ® em.
Combined with the identity H.e H. = H,. from Corollary 3.13(1), this implies that
Se(Ac()™8 = Ae @pc €A () = (Hee @y, eAc(2)) 8 A8 £0. (3.16.1)

If ¢c ¢ C, we are dgne. Indeed, in this case [BEG1, Corollary 2.11] implies that A.1(4),
A () and hence S.(A.(4)) are all simple modules. The isomorphism (3.16.1) implies
that S.(Ac(2)) = Acy1(A)™8. Under this embedding, S.(Ac(4) N Ac41(4) # 0 and
hence S¢(Ac(2) = Act1 ().

We may therefore assume that ¢ € C, in which case Hypothesis 3.12 implies that ¢ >0
and we can use the KZ-functor from (2.8). By (3.16.1) and (2.8.1), KZ(S:(A.(1))) =
KZ(AC(A));Spq (A)*. By (2.8.2) and (3.5.1) we therefore have

HomHUH(gc(Ac()t)), Act1(4)) =Homg, (W, (1), Wy (7)) = C. (3.16.2)

It follows from Corollary 3.6 that the composition factors of A.41(4) are of the form
L¢t1(v) with v<A in the dominance ordering. We will show by an ascending induction
on this ordering that S.(A;(1)) =Ac+1(4).

If / is minimal in the dominance ordering then A = sign and so both Ay1(4)
zlnd S:(Ac(A)) are simple by Remark 3.6. By (3.16.2) there is a non-zero map from
Sc(Ac(A)) to Acy1(A) which therefore must be an isomorphism. This begins the
induction.
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Let / be arbitrary and suppose that, for all v < 4 in the dominance ordering, we have
S (Ac(v))=Ac41(v), and hence that S (Le(v))=Lcgq(v). Since SC is an equivalence,
S (Ac(w)) has simple head S (Lc(u)) for each u. By (3.16.2) S (Lc(A)) is therefore
isomorphic to a composition factor of A.41(4). But, by Corollary 3.6 and the remark
thereafter, the composition factors of A.y1(4), except for the head, are of Nthe form
Ley1(v) for v < A. Thus the non-zero map (3.16.2) must send the head of S.(A(4))
to the head of A.y;(4) and so induce an isomorphism Sc(Ac(i))—N)Ac_H(i). This
completes the inductive step, and hence the proof of the proposition. [

4. The Hilbert scheme

4.1. Haiman’s work on Hilbert schemes gives detailed information about their structure,
in particular as “Proj” of appropriate Rees rings. The resulting formula for the Poincaré
series of these rings will be crucial to the proof of the main theorem in Section 6. In
this section, we briefly describe the relevant results from the literature and use this to
derive the appropriate Poincaré series.

4.2. Let Hilb" C* be the Hilbert scheme of n points on the plane, which we realise
as the set of ideals of colength n in the polynomial ring C[C?]. Similarly, identify
the variety S"C? of unordered n-tuples of points in C> with the categorical quotient
C?'/W under the diagonal action of W on C[C?"]. Then the map 7 : Hilb" C> —
§"C? = C*"/W which sends an ideal to its support (counted with multiplicity) is a
resolution of singularities (see, for example, [Na, Theorem 1.15]).

We will actually be interested in a resolution of singularities for C[h @ h*]V rather
than C[C*"]", simply because the associated graded ring of U, is C[h @ h*]". The
results we need follow easily from the corresponding results on Hilb” C? and so we
begin with the latter.

4.3. The isospectral Hilbert scheme. Following Haiman [Ha3, Definition 3.2.4] the
isospectral Hilbert scheme X, is the reduced fibre product

X, —Is o

") l

Hilb" C2 ——— C¥/w.

It is a highly non-trivial fact (see [Ha3, Theorem 3.1 and the proof of Proposition 3.7.4])
that p, is a flat map of degree n!.

Haiman has given a description of both Hilb” C*> and X, as Proj of appropriate
graded rings and we recall this description since it will be extremely important to us.
Let Al = C[C?"]® be the space of W-alternating polynomials in C[C*"] and write
J! = C[C*]A! for the ideal generated by A'. For d>1 define A? and J¢ to be
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the respective dth powers of A! and J' using multiplication in C[C>"]; thus J¢ =
C[C*"AY. Finally, set J° = C[C*"], A® = C[C*"]" and A = P -, AY=A[1A'].
Then [Hal, Proposition 2.6] proves that

Hilb" C? ~Proj A as a scheme over Spec A’ = C*"'/W. 4.3.1)

Similarly, X, ~ProjS, where S = C[C*"][rJ'], is the blowup of C** at J' [Ha3,
Proposition 3.4.2].

4.4. Observe that J¢ is generated by its W-alternating or W-invariant elements, respec-
tively, depending on whether d is odd or even. Following Haiman we refer to these
elements as having correct parity.

Lemma. (1) For any d >0, A? consists of the elements of 3¢ with the correct parity.
(2) If C" denotes the first copy of that space in C*", then J? is a free module over
both C[C"] and C[C"]V.

Proof. (1) The statement is clearly true for d = 0, 1. Assume, by induction, that it is
true for d — 1. We will suppose that d is even, the argument in the odd case being
similar. Since A! generates the ideal J', any element x € J¢ can be decomposed as
x = Zi piqi where p; € J4=1 and qi € Al Since gie = e_q; we have (pigi)e =
(pie—)q; for all i. If x has the correct parity then x = xe =) ;(pigi)e = D, (pie—qi).
But J?"le_ is the subset of W-alternating elements of J9~! and so J¢9~le_ = A1
by induction. Thus x € AYTA! = A4,

(2) By Haiman [Ha3, Proposition 4.11.1] J4 is a projective module over C[C"]
and hence over C[C"]Y. Since C[C"] and C[C"]" are polynomial rings, any such
projective module is free by the Quillen—Suslin theorem. [

4.5. Geometric interpretation. There is a geometric description of both A¢ and J¢.
Let B be the rautological rank n vector bundle on Hilb" C? and let Py = (p0x,
denote the Procesi bundle of rank n! arising from the map p; : X, — Hilb" C2. Write
L = /\" By for the determinant bundle of B;. By Haiman [Hal, Proposition 2.12]
Ly is also the canonical ample line bundle Opn c2(1) associated to the presentation
Hilb" C? ~Proj A.

4.6. Set | = dn for some d >1 and write R(n,1) = H(Hilb" C?, P; ® B}). One should
note that R(n, ) is defined in [Ha4] to be the coordinate ring of the polygraph Z(n,[)
but, by Haiman [Ha4, Theorem 2.1], it is also isomorphic to the given ring of global
sections. There is an action of W x W< on P; ® Bll, with W acting fibrewise on P
and W¢ C &; acting on Bl] by permutations. By construction, (P)" = Oyt c2 and
(Bll)’gd = ﬁf, where ¢; denotes the sign representation of W¢.
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The proof of Haiman [Ha3, Proposition 4.11.1] shows that J]d;ﬂ%(n,l)gd. On the
other hand, the action of W¥ is trivial on Hilb" C2, so P} ® Bll is a direct sum of its
isotypic components. Hence

W =Rn, 1) = HOHII" C?, (Py ® £1)*) = HOHiIb" C2, Py ® £9).  (4.6.1)

It is not true, however, that the natural W-action on the two sides agrees. Indeed, thanks
to the proof of Haiman [Ha2, Proposition 4.2] the isomorphism written W-equivariantly
is

@2~ HOHilb" C%, Py ® L£9). (4.6.2)

The reason for this is that the isomorphism in (4.6.1) is given by the C[C*"]-module
homomorphism sending (in the notation of Haiman [Ha2]) the generators A; (a,b)---
A; (a,b) on the right-hand side to their evaluations on the left hand side: a — x,
b — y. The element A,j (a,b) has a trivial W-action as no x’s or y’s are involved,
whereas its specialisation has a W-action of ¢®¢ since that specialisation is the product
of d determinants.

As a result, (4.6.2) and Lemma 4.4 combine to prove:

Lemma. There is an isomorphism A?~R(n, )"V>% = HOHilb" Cz,ﬁ‘f) of A0
modules.

4.7. (Bi)graded characters. There is a bigrading on C[C?'] = CJx, y] with degx; =
(1,0) and deg y; = (0, 1) which, as in [Ha4, (12)], arises from the action of T? = (C*)?
on the plane c? given by (o, f) - (u,v) = (¢ 'u, ﬁ_lv) for (u,v) € C2. This action
extends to Hilb" C2, and the bundles Pi, By, L are naturally Tz—equivariant. The
isomorphisms from (4.6.1) and Lemma 4.6 respect the induced bigradings. Of course,
the sections M of any one of these modules obtains an induced action of T2 and this is
equivalent to a Z2-grading M = @ M; ;; explicitly, an element f € M is homogeneous
of weight (i, j) if (o, f) f = ol B/ f.

The T?—fixed points of Hilb” C? are precisely the ideals I, that are associated to
partitions u of n by

Li=C-{x"y" : (r,s) ¢ d(w} < Clx, yl,

see [Ha4, Proposition 3.1]. The set of monomials B, = {x"y* : (r,s) € d(u)} that are
not in [, form a natural C-basis of Clx, y]/1,.

4.8. For a bigraded space V = Zi’ i Vi with finite-dimensional weight spaces we
define the bigraded Poincaré series of V to be

p(V,s, 1) = Z dim(V; j)s't/.
ij
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Haiman has calculated the bigraded Poincaré series of R(n, /) and a similar calculation
will allow us to find the bigraded Poincaré series of J¢. For a pair of partitions A, u
let K,,(z,s) be the Kostka-Macdonald coefficients defined in [Mac, VI, (8.11)]. Set

Q) = H a-— S1+1(X)t—a(x))(1 _ S_l(x)tl+a(x))
xed(p)

and

Pu(s, 1) = ZS"W K (e, s (D).
A

We remark that many of the formule we cite from Haiman’s papers are given in terms
of Frobenius series Fys(z; s, t) but, as in [Ha2, (6.5)], we can always specialise these
to Hilbert series p(M, s, t) by specialising s,(z) to f;(1) = dim 4.

Proposition. Under the T?-bigraded structure, the bigraded Poincaré series of J? is

p(J%, s, 1) = Z Pyu(s, 1) Q) Lsdnwgdn
u

Proof. By Haiman [Ha4, Theorem 2.1] H ! (Hilb" C?, P ® E‘f) =0 for i > 0, while
(4.6.1) implies that HO(Hilb" C% P ® Ef) = J?. Thus, in the notation of Haiman
[Ha4, Section 3], p(JJd, s, 1) = XP1®£‘1" (s, t) and so, by Haiman [Ha4, Proposition 3.2],

P s, =3, p(Pr® LU, s, 1) Q™! 8.1

=2, p(P1p), s, Hp(LiUL, s, Q" "
Here we have used the fact that, as I, defines a finite dimensional scheme, we can
identify the sheaf P; ® L"ll(ly) with its global sections, and so p(P; ® L‘f(lu), s, 1) s
naturally defined.

We now evaluate the final term of (4.8.1). It is proved in [Hal, (3.9)], using the
notation of Haiman [Hal, (1.9)], that p(Li (L), 5, 1) = [Tyeqqy s' Dte® = s0n00),
On the other hand, by Haiman [Ha4, Proposition 3.4] (which is proved in [Ha3, Sec-
tion 3.9] and uses the notation of Haiman [Ha4, (46)]), p(P1(Iu),s,t) = Pu(s,1).
Substituting these observations into (4.8.1) shows that

P s 1) =) Puls, 1) Q= s pdnt),
u

as required. [J
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4.9. Blowing up () @ h*)/W. All the results described so far have natural analogues
for the subvariety b @ h* of C". Geometrically, this follows from the observation that
the natural additive action of C? by translation on Hilb” C*> gives a decomposition
Hilb” C? = C? x (Hilb” Cz) /C? into a product of varieties [Na, p. 10]. Unravelling
the actions shows that Hilb"” C>/C? provides a resolution of singularities for @ bh*.
However, since we need the algebraic consequences of Haiman’s results, we will take
a more algebraic approach.

We emphasise that the embedding ) @ h* < C?>* is always given by embedding b
into the first copy of C" and h* into the second copy. To fix notation, let §) be the
hypersurface z = 0 in C" and similarly let §H* be the hypersurface z* = 0 in the second
copy of C"; thus C[C*"] = C[h & h*][z, z*]. Since z,z* € C[C*']V, this induces the
decomposition c[c v = C[h @ h*1% [z, z*]. Following the lead of (4.3), we set

Al — C[b®b*]f C Al — C[CZII]I‘ and Jl — C[b D b*]Al C J]l — C[CZH]AI.

We then define A° = C[h @ b*]", J° = C[h @ b*] and, for d > 1, take A4 = (A1)
and J¢ = (J1)? for the respective dth powers using the multiplication in C[f @ h*].
Finally, we write

A=EP A'=A%A"] and S=@) /' =Clh@bh*IJ'1]
i=0 i=0

for the corresponding Rees rings. The next result is basic observation about these
objects.

Lemma. (1) For d >0, A = A9(z, z*] is the set of polynomials with coefficients from
A4, Similarly, J4 = J4z, 7%).
(2) Each J¢ is a free module over C[h] and C[H]V.

Proof. (1) By construction, A! = (C[h @ h*][z,z*])° = C[h & h*)’[z, z*] = A'[z, z"]
as polynomial extensions.Thus A? = (Al[z,z*])? = (AY)?[z,z*] = A%z, z*] and
J4 = Az, 2*1C[H @ b*] = J9[z, z*).

(2) By (1) and Lemma 4.4, Jd = J4(z, 2] is a free module over C[b][z] and hence
over C[b]. Therefore, so is its C[h]-module summand J¢. O

4.10. Recall the resolution of singularities 7 : Hilb" Cc? > ¥ /W defined in (4.2) and
define Hilb(n) = t~!(h@®h*/ W), with the resulting morphism 7 : Hilb(n) — h@h*/W.
Using the identifications of (4.9), the basic properties of Hilb(n) are easy to determine.

Corollary. (1) Hilb(n) = Proj(A) and t : Hilb(n) — b ® h*/W is a resolution of
singularities.
(2) Moreover t is a crepant resolution: that is OHilbn) = OHilb(n)-
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(3) Set X, = Proj(S). Then X, is the reduced fibre product

X, —— bob*

d l

Hilb(n) —— h @ h*/W.
and the map p is flat of degree n!.

Proof. (1) Recall from (4.3.1) that Hilb" C? = Proj(A). By Lemma 4.9, A = A[z, z*].
The maps A < A and C[z, z*] = A give maps Hilb" C> — Proj(A) and Hilb" C*> —
Spec(Clz, z*]) =~ C? and hence, by universality, a map Hilb" C> — Proj(A) x C2. It is
easy to check that this is an isomorphism locally and hence globally. The identification
of h @ b* with the subvariety z = 0 = z* of C*" easily yields Hilb(n) = Proj(A) and
so Hilb"” C? = Hilb(n) x C?. Since Hilb"” C? is a resolution of singularities of C?/W,
the result follows.

(2) By Hartshorne [Hr, Exercise 11.8.3(b)] wyn 02 = @Hilb(n) X2, the external ten-
sor product on Hilb” C> = Hilb(n) x C2. Now (2) follows since O 22 = Oginyr 02
by Haiman [Ha3, Proposition 3.6.3].

(3) Asin (1), S = @J]d = S[z, z*] and Proj(S) ~Proj(S) x C2. The assertions of
the corollary now follow from the corresponding results for X = Proj(S) that were
stated in (4.3). O

We also have analogues of P; and £; for Hilb(n). These are defined in the same
way: P = p,Ox, is the Procesi bundle on Hilb(n) of rankn! arising from the map
p: X, — Hilb(n) while L is the canonical ample line bundle Onjy)(1) associated to
the presentation Hilb(n) =~ Proj A.

4.11. Since z and z* are bihomogeneous, the bigradings of (4.7) to pass Hilb(n). Thus,
Lemma 4.9(1) implies that p(J™,s,t) = (1 — s)(1 — r)p(J™, s, t). Substituting this
formula into Proposition 4.8 gives

Corollary. The bigraded Poincaré series of J¢ is

pUL s =" Puls )1 = 5)(1 = ) Q= st
u

4.12. In Corollary 4.13 we will give a singly graded analogue of Corollary 4.11 that
will be needed in the proof of the Theorem 1.4. In the proof we will need the following
combinatorial formule for the fake degrees f,(v), as defined in (3.9.1).

Lemma. Let p € lrrep(W). Then
D fulw) = va#z(v_l), where N =n(n —1)/2,
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2) fu@) [Trcaq( = ") = v T (1 = oY), where h(x) = 1+ a(x) +1(x) as
in (2.6),
3) X, v" WK™ v [T f1(D) = 35 £, fu(D) £2(D.

Proof. (1) This is a well-known formula (see, for example, [Op, p. 453]).

(2,3) Up to a change of notation, these are both proved within the proof of Gor-
don [Gol, Theorem 6.4]—see the displayed equations immediately after, respectively
immediately before [Gol, (18)]. U

4.13. The E-grading from (2.4) descends naturally to ogr D(h) =C[H®H*] and we will
use the same notation there; thus E-degh* = 1 and E-degh = —1. For an E-graded
module (or, indeed, any Z-graded module) M = &;_, M;, we write the corresponding
Poincaré series as p(M,v) = > v' dimgc M;. Set

[Ty —v).

T 4.13.1)

[n]y! =

Corollary. Under the E-grading, the module Jd = jd / C[b]f] 4 has Poincaré series

A O e L R

Jd, :
r(J% ) T =)

(4.13.2)

Proof. Since C[b]_‘f is E-graded, so is ﬁ, and so the result does make sense. By
Lemma 4.4(2), the fundamental invariants of C[H]" form an r-sequence in J¢ for any

d >0. Since these elements have degrees 2<r <n, Corollary 4.11 implies that J9 has
Poincaré series

pUd o)y = [ A=A =)D Puls, 1) Qs . (4.13.3)

i= L
i=l F s=v,t=p~!

where Py and Q(u) are defined in (4.8). Lemma 4.12(2) implies that
n
_ -1 —1\—1 I A
(Qw) _ = ho o™ [Ta—Ha —v™.
1=

This gives

Y Pu, ™) fu() fu (o™ W0y =dnG)

T4 = |
P T — v )

(4.13.4)
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By Lemma 4.12(3) the numerator of this expression can be described as
Y ADC LA | D) fupp? e, (4.135)
1 2

Applying Lemma 4.12(1) and using the equality fj,(1) = fj(1) from (3.9.2) we find
that (4.13.5) equals

YA £ YL | fu ) fu N6, (4.13.6)
w \
The standard formula Y dim C[H]$®" v~ = [n],-1! shows that the fake degrees satisfy

the identity

[T a—v™)

oy e

PP ACER YA

Applying this and (4.13.6) to (4.13.4) we find that

o D) £ (o= p—d OGO =) YN [
p(J, v) = 2 S D (12[” )lzl = Vil (4.13.7)
i=2 -

After changing the order of summation from u to y' and using the equality

NI =v™) T (=)

I—vbHr = (1—wvr = [l

UN[}’Z]U—]! =v

(4.13.7) becomes the required equality (4.13.2), and the corollary is proved. [

5. 7Z-algebras

5.1. Typically in non-commutative algebra—and certainly in our case—one cannot ap-
ply the Rees ring construction since one is working with just right modules or ho-
momorphism groups rather than bimodules. One way round this is to use Z-algebras
and in this section we describe the basic properties that we need from this theory. The
reader is referred to [BP] or [SV, Section 11] for the more general theory and to [BGS,
Section 3] for applications of Z-algebras to Koszul duality.

Throughout this paper a Z-algebra will mean a lower triangular Z-algebra. By
definition, this is a (non-unital) algebra B = @i> >0 B;j, where multiplication is
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defined in matrix fashion: B;jBjr € B for i>j>k>0 but BjjBy = 0 if j # £.
Although B cannot have a unit element, we do require that each subalgebra B;; has a
unit element 1; such that 1;b;; = b;; = b;j1;, for all b;; € By;.

5.2. Let B be a Z-algebra. We define the category B-Grmod to be the category of
N-graded left B-modules M = €D,y M; such that B;jM; € M; for all i>; and
BijiM; = 0 if k # j. Homomorphisms are defined to be graded homomorphisms of
degree zero. The subcategory of noetherian graded left B-modules will be denoted
B-grmod. In all examples considered in this paper B-grmod will consist precisely of
the finitely generated graded left B-modules.

A module M € B-Grmod is bounded if M, = 0 for all but finitely many n € Z
and rorsion if it is a direct limit of bounded modules. We let B-Tors denote the
full subcategory of torsion modules in B-Grmod and write B-tors for the analogous
subcategory of B-qgr. The corresponding quotient categories are written B-Qgr =
B-Grmod/B-Tors and B-qgr = B-grmod/B-tors. Write n(M) for the image in B-Qgr
of M € B-Grmod.

5.3. There are two basic examples of Z-algebras that will interest us. For the first,
suppose that § = @n>0 S, is an N-graded algebra. As in [BGS, Example 3.1.3] we
can canonically associate a Z-algebra S = D=0 :SZ to S by setting :St,'j =S
with multiplication induced from that in S. Define categories S-Grmod, ..., S-qgr
in the usual manner. In particular, S-Grmod denotes the category of Z-graded S-
modules, from which the other definitions follow as in the last paragraph. We then
let S-Grmod>( denote the full subcategory of S-Grmod consisting of N-graded S-
modules M = P,y M;. It is immediate from the definitions that the identity map
1:M =@,y Mi— M =@,y M gives equivalences of categories S-Grmod > =~
S-Grmod and S-grmod >0 = S-grmod. For any module M € S-Grmod, one has
n(M) = (M=) in S-Qgr and so 1 induces category equivalences

S-Qgr~ S-Qgr and S-qgr ~ S-qgr. (5.3.1)

5.4. For the second class of examples, suppose that we are given noetherian algebras
Ry for n € N with (R;, Rj)-bimodules R, for i > j>0. Assume, moreover, that there
are morphisms ijk  Rjj ®R; Rjx — Rij satisfying the obvious associativity conditions.
Then we can define a Z-algebra Ry by Ry = ®i>j>0 Rjj, where R;; = R; for
all i.

A particular example of this construction is the one that interests us. Suppose that
{R, : n € N} are Morita equivalent algebras, with the equivalence induced from the
progenerative (R,1, R,)-bimodules P,. Define R;j = P, _1®pg;_,-- “®Rj 12 Pj+l®R/-+1 P;
and R;; = Rj, for i > j>0. Tensor products provide the isomorphisms 0 and
associativity is automatic. The corresponding Z-algebra Rz = P, j>0 Rij will be
called the Morita Z-algebra associated to the data {R,, P, : n € N}.
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5.5. Write R-mod for the category of finitely generated left modules over a noetherian
ring R. Although easy, the next result provides the foundation for our approach to U,:
in order to study U.-mod it suffices to study Rz-qgr, for any Morita Z-algebra Rz
with Ry U,.

Lemma. Suppose that Ry is the Morita 7Z-algebra associated to the data {R,, P, :
n € N}, where Ry is noetherian.

(1) Each finitely generated graded left Ry-module is noetherian.
(2) The association ¢ : M +— @, cny Ruo ®ry M induces an equivalence of categories
between Ry-mod and Rz-qgr.

Proof. (1) Any finitely generated graded left Rz-module M is a graded image of
D., (@J-}ai Rja;) ®R,; Rq;, for some a; € N and so we may assume that M =
@®,;>, Rja, for some a>0. Let L € M be a graded submodule and write Ry for the
dual of the progenerator R;;. Then

X(j) =R}, ®r, Lj € R}, ®, Mj = R%, ® Rjs— R, for j>a.

Since R, is Morita equivalent to Ry, it is noetherian and therefore ) izaX()) =
Z?:a X (i), for some b>a. Now,

b b b
Li = RiaX(k) € ) ReaX(D) =) RuRiaX() =) RuLi for k>a.

i=a i=a i=a

Thus L is generated by L; for b>j>a. Finally, as each L; is a submodule of the
noetherian left R;-module R;,, it is finitely generated and hence so is L.

(2) Certainly ¢p(M) € Rz-Grmod and, as ¢ (M) is finitely generated by the generators
of g,M, one has ¢(M) € Rz-grmod. Thus ®(M) = np(M) € Rz-qgr. Since @ sends
Rp-module homomorphisms to graded Rz-module homomorphisms, @ is a functor.

Conversely, suppose that N € Rz-qgr and pick a preimage N € Rz-grmod. Then N
is generated by @?:o N;, for some a, and so Nj = R, Ny, for all j>a. For j>i>a
we have natural maps of R,-modules

0ji: R, ® Ni~Rj, ® R}, ® Rj; ® N; =R}, ® (Rj; ® N))»R}, ® N;,

where the tensor products are over the appropriate Ri. By the associativity of tensor
products, Oi; = 0;;0;;, for all k> j>i>a. Since each N; is a noetherian R;-module,
each Ri*a®N,- is a noetherian R,-module and so 0}; is an isomorphism for all j>i > 0.
Equivalently, N;=~Rj; ® N; for all such j>i. _
Set ®(N) = R;O®Nj € Ro-mod for some j > 0. Since any two preimages of N in
R7-grmod agree in high degree, G)(]F\7 ) is independent of the choice of N. Moreover,
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* o __ * .
as RjO = RkORk],

O =; =P Ruo Ry N =@ Ry N, =P M

k> j k=j k=j

and so @@(ﬁ ) = N. Checking that ® and @ are inverse equivalences is now
routine. [J

5.6. We remark that many of the standard techniques and results concerned with asso-
ciated graded modules for unital algebras extend routinely to Z-algebras. These only
appear in peripheral ways in this paper and so we refer the reader to [GS] for a
discussion of these results.

6. The main theorem

6.1. In this section, we prove the main theorem of the paper by proving Theorem 1.4
from the introduction. Indeed we will prove more generally that a version of that
theorem holds for all values of ¢ € C that satisfy Hypothesis 3.12. As was true with
Corollary 3.13 and Proposition 3.16, the theorem will take slightly different forms
depending on whether ¢ € Q< _; or not, so it is convenient to separate the cases with

6.2. Hypothesis The element c € C satisfies Hypothesis 3.12 but ¢ ¢ Q¢ _.

6.3. Assume that Hypothesis 6.2 holds. By Corollary 3.13 there is a Morita equiva-
lence S. : U--mod — U4i-mod given by S.(M) = Q¢*! @y, M, where Q<! =
eH. 1e_0 C D(H™8) « W is considered as a right U.-module via (3.2.1). Following
(5.4) we can therefore define a Morita Z-algebra B(c) = B = Uy associated to the

data {U.4, Qgif‘”;i € N}; thus B = @i>j>0 Bj; where, for integers i > j >0,

e . L cti c+i—1 c+j+1
Bjj=Uc+j and Bj=0.; 0.5 50 (6.3.1)

where the multiplication in taken in D(H™8) « W. Note that, by Corollary 3.13, we
have a natural isomorphism

o~ CH cti—1 c+j+l1
Bij = Qyi 1 ®Ueit Qoyia ®Ucrion " BUpyjn Qg (6.3.2)

and so this does accord with the definition in (5.4).
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6.4. The Main Theorem. Assume that ¢ € C satisfies Hypothesis 6.2. The differential
operator filtration ord on D(breg) % W, as defined in (2.3), induces filtrations on the
subspaces Bj; and hence on B, which we will again write as ord. The fact that these
filtrations are induced from that of D(H™8) = W ensures that the associated graded
object

ogrB= (P ogrBy

i>j>0

is also a Z-algebra. Similarly, recall from (4.9) the N-graded algebra A = @i>0 Al
associated to Hilb(n). In this section, it is more convenient to use the isomorphic

algebra A = @i;o A3 to which we canonically associate the Z-algebra A =
@D;> ;>0 A"/, in the notation of (5.3).

Theorem. Assume that ¢ € C satisfies Hypothesis 6.2 and define B and A as above.
Then:

(1) There is an equivalence of categories U.-mod > B-qqgr.

(2) There is_an equality ogr B = eAe and hence a graded 7-algebra isomorphism
ogr B=A.

(3) ogr B-qgr >~ Coh Hilb(n).

Combining Theorem 6.4 with Corollary 3.13 and the isomorphism U, ~U_._; from
the proof of that result gives

Corollary. (1) Assume that ¢ € C satisfies Hypothesis 3.12. Then there exists a
Z-algebra B' such that U.-mod =~ B’-qgr and ogrB=~A. Thus ogrB’-qgr ~
Coh(Hilb(n)).

(2) Let ¢ € C with ¢ ¢ %+ Z. Then H.-mod =~ B”-qgr and ogr B"-qgr =~
Coh(Hilb(n)) for some Z-algebra B". [

6.5. Analogues of Theorem 6.4 also hold for certain important U.4k-modules and we
will derive the theorem from one of these. The module in question is the (Uq4k, He)-
bimodule N (k) = BpoeH, with the induced ord filtration coming from the inclusion
N (k) € D(H™8) « W. Recall the definition of J¢ from (4.9).

Proposition. Assume that ¢ € C satisfies Hypothesis 6.2 and let k € N. Then
ogr N (k) = eJ*6k as submodules of ogr D(H'®8) « W = C[h @ h*] « W.

6.6. Outline of the proof of the theorem and proposition. For the rest of the section,
we will assume that ¢ € C satisfies Hypothesis 6.2. Thus the notation from (6.3)
and (6.4) is available and, by Corollary 3.13, N (k)= Byo ®u. eH, is a progenerative
(Ucsk, He)-bimodule. As will be shown in (6.20), Theorem 6.4 follows easily from
Proposition 6.5, so we need only discuss the proof of the latter result. This is non-trivial
and will take most of the section but, in outline, is as follows.
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It is easy to see that eJks* ogr N (k) (see Lemma 6.9). The other inclusion is
considerably harder. The philosophy behind the proof is to note that we can grade both
Jk5K and N (k) by the E-gradation. This is not immediately useful since the graded
pieces of the two sides are infinite dimensional but both sides have factor modules
for which the graded pieces are finite dimensional. For eJ* ok =~ Jk5* the factor is the
module J¥&* described by Corollary 4.13, while the analogous factor N (k) of ogr N (k)
is described in (6.11) and Corollary 6.14 and is related to the standard modules A ().
The key observation is that these factors have the same Poincaré series and so they are
naturally isomorphic as graded vector spaces. The proof of the theorem then amounts
to lifting this isomorphism to give the desired equality eJ kok = ogr N (k).

This also shows that the result has to be non-trivial. Indeed, an alternative proof of
the proposition (or the theorem) would also provide an alternative proof to a number
of the results from [Ha3].

6.7. We start with two elementary observations that will be used frequently. If R =
U F'R is a filtered ring and r € F" R\ F"~'R, we write a(r) = [r+ F""'R] € gt R
for the principal symbol of r.

Lemma. Let R=JF R be a filtered k-algebra, for a field k.

(1) Let A, B be subspaces of R and give A, B and AB the induced filtration F. Then
(grp A)(grp B) C grp AB, as subspaces of grp R. Indeed, if a € A and b € B
satisfy o(a)a(b) # 0, then o(a)a(b) = a(ab).

(2) Suppose that A = | JF'A is a filtered right R-module and that B = | J F'B is
a filtered left R-module and give the vector space A @r B the tensor product
filtration: F"(A ® B) = Zj F/IA ® F'"IB. Then there is a natural surjection
gr A Qg r gy B—grp(A®r B).

Proof. (1) Identify grp A = @(F"A + F""'R)/F"'R C grp R so that the result
makes sense. Suppose that a € gr’; A and be gr’; B are such that ab # 0 in ng
Lift @ to a € F"A and b to b € F™B. Then, as elements of grp R, one has ab =
l[a+ F""'R][b+F™ 'R] C [ab+ F"*"~'R]. Since ab # 0, ab € F"™™ R\ F"*"~IR,
whence ab = a(ab) is the image of ab in grp(AB).

(2) Define a map p : grp A x grp B — grp(A ®r B) by p(a, by = [a®b+
F"m=1(A ® B)], for a € g’y A, be gr’; B and where the rest of the notation is the
same as for part (1). This clearly defines a C-bilinear map that is gr, R-balanced in the
sense that p(ar, b) = p(a, ib) for r € gr R. By universality, p therefore induces a map
gty AQgr k grp B — grp(A®g B). It is surjective since F"™(A®B)/F"™"~'(A® B)
is spanned by elements of the given form [a ® b+ F"" 1(A® B)]. O

6.8. Lemma. Let R = Ui>0 F'R be a filtered ring, pick r € R and let I be a subset
of R. Under the induced filtrations, grp(rl) = o(r)grg(I) in the following cases:

(1) o(r) is regular in grp R
2 r=r>e FOR) and r1 C I.
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Proof. Assume that r € F'R\ F s=IR. We claim that, in both cases, it suffices to
prove that F*(rI) = rF"*I for all n>s. Indeed, if this is true then the identity
F™(rI) =rI N F™R implies that the nth summand of gr(rI) equals

F(rl) F(rl) _ F'cD+F" 'R rF"I+F"'R
Fr=l(el)y = Fn(rl)nF—1R — Fr=1R B Fn=1R

’

which is the nth summand of a(r)gr (/).

(1) In this case, rt € F"(rl) =rINF"(R) &t €l and t € F"*R, as required.
(2) Here, rF"I C F"(rI) whence rF"I = r2F"I C rF"(rI) C rF"I. Since r F"(rI)
= F"(rI) this implies that r F" (1) = F"(r1). O

Example. It is easy to check that some hypotheses are required for the lemma to hold.
For example, filter the polynomial ring R = C[x, y] by x,xy € F'R but y € F'R.
Then x, xy € FO(xR), yet xy ¢ o(x)grg R.

6.9. We now turn to the proof of Proposition 6.5. As was mentioned in (6.6) the
inclusion J*6%e C ogr N (k) is easy.

Lemma. (1) For i>j>0 we have e(A'™/8'/)e C ogr Bj;.

(2) The inclusion of (1) is an equality for i = j and for i = j + 1.

(3) For k=0 there is an inclusion eJksk ogr N (k) of left eAe-modules. This is
an equality for k = 0.

Proof. (2) By the PBW Theorem 2.2.1, ogrB;; = e(C[h & b*] * W)e and so the
claim holds for i = j. Similarly, since e, d € ordO(D(breg) * W) and ¢ is regular in
ogr(D(H'®8) « W), Lemma 6.8 implies that

ogrBji1,j = ogr(eHcyjt1e-0) = ogr(eHctjy1e-)0 = e(Ogr Heyjt1)e—0
= e(C[Hh®H* 1« W)e_d = eAlde.

(1) Combining (2) with Lemma 6.7(1) and induction shows that

(€A151€)i7j = ogr B,',i_logr Bi—l,i—Z - ogr Bj—H,j
cogr (Bi,i—l e Bj-H,j) = ogr Bj;.

(3) When k = 0, the assertion eJ*5* = ogr N (k) is just the statement that eC[HdbH*] =
e(C[h @ h*] = W). When k > 0, (1) and Lemma 6.7 give

eJ*oF = eA*§*eCIh @ h*] « W C ogr Bxo ogr(eH,) C ogr N(k). O
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6.10. The next several results will be aimed at getting a more detailed understanding
of the bimodule structure of N (k) and its factors. For the most part we are interested in
their graded structure for which the actions of the elements h.;; € H.y; from (2.4.1)
are particularly useful. Given an (U4, Uc4;)-bimodule M, define

hem =h.ym — mhey, for any m € M.

When s = ¢ this is just the adjoint action of h.; on M.

Lemma. (1) ¢hey,_je = 6 'e_h. e_d.
(2) The action of h is diagonalisable on the modules N (i), Bjj and M (i) = H.1;eB;o,
for any i >j>0.

Proof. (1) Use the first paragraph of the proof of Gordon [Go2, Theorem 4.10].

(2) We start with the Bj. If by € Bijy and by € Byj, then he(b1b) = (heb1)by +
b1(h«by). Thus, by induction, it suffices to prove the result for each B, ;1 = eH 4, de.
Clearly eh = he. Thus, by (1), for any m € H.y; we have

heemde = h.y,emde — emdeh. ;|

= ehc_;_;mée — em(s(é_le_hc_‘_le_é) — e([hc+r, m])ée (6101)

By (2.4.2) H.4; is diagonalisable under the adjoint h.4;-action and so the result for
Bjj follows. The same argument works for the modules N (i) and M (i) if one uses the
decompositions N (i) = (Bjo)(eH,) and M (i) = (Hq+ie)(Bjo). U

6.11. The factors of N (k) that most interest us are defined as follows. Since N (k) is
a (Ucqx, H.)-bimodule, the embeddings C[H]" < U.4r and C[h*] — H. make N (k)
into a (C[H]Y, C[h*])-bimodule. Let C be the trivial module over either C[H]V or
C[h*] and set N(k) = C Qe N (k) and N(k) = N (k) ®cry*] C. As C is a graded
h-module, the adjoint action of h on N (k) from Lemma 6.10 induces a Z-grading,
again called the h-grading, on both N (k) and N (k). If an element b from any of these
three modules has degree n in this grading we write h-deg(b) = n. The reader should
note that, as will be explained in (6.14), this is not the same as the E-gradation on
these modules.
The next result gives the elementary properties of these modules.

Lemma. (1) For any i >j>0, B;j C Ucyi NUcy ;.

(2) For k>0, both N(k) and U.ix are free left C[H1V-modules, while N (k) is a
free right C[h*]-module.

(3) N(k) is a finitely generated, free left CIH1Y -module.

(4) Similarly, N (k) is a finitely generated, free right C[h*]-module.
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Proof. We will use frequently and without comment the fact that C[hH*] is a free
C[h*1%"-module. Moreover, as C[H*]V is a polynomial ring, any projective C[H*]V is
free by the Quillen—Suslin theorem.

(1) By induction, we may assume that i = j+1. The inclusion Bj; = eH .y ;0e C Uy
is immediate. If p € H.4; then, by (3.2.1),

epe_d = ed 'ope_d = 6 'e_dpe_d € e _Hoije_d = Ueyj.

(2) By the PBW Theorem 2.2.1, each Hy is free as a left C[h]-module and as a
right C[H*]-module. Therefore, H; is a free left C[b]W-module as is its summand
Hge. Under the left action of W, (Hye)" = eHye since, if fe € (Hge)V, then fe =
W1 ew wfe = efe. But (Hge)" is a W-module summand of Hge, while the
actions of W and C[h]" commute. Thus Uy = (Hze)" is a C[h]"-module summand
of Hye and hence is free. By Corollary 3.13, N (k)= Byo ®u, eH, is a projective left
U +x-module and hence a free left C[I)]W-module.

On the other hand, N (k) is a projective right H.-module and hence a projective right
C[b*]-module.

(3) Set X = H. ®cy*] C. Clearly X € O, in the sense of (2.7) and, by (2.2.1),
X =C[h] ®c CW as left C[b] * W-modules. Thus X is a finitely generated free left
C[b]-module and so, by Ginzburg et al. [GGOR, Proposition 2.21], X has a filtration
whose factors are standard modules. _ ~

By definition, N(k) = eM where M = S.1x—10---0S8:(X), in the notation of (3.2).
By Proposition 3.16 M also has a finite filtration by standard modules and so [GGOR,
Proposition 2.21] shows that M is a finitely generated free module over C[)] and hence
over C[[)]W. Thus, so is its summand eM.

(4) We first show that N (k) is finitely generated as a right module over R =
(C[H1")°P®¢ C[h*]. By (1), Bio < U, and so N(k) C eH,. Thus ogr N (k) C ogr H, =
C[bh ® h*] * W, which is certainly a noetherian C[H]" ® C[h*]-module. Since the ord
filtration on N (k) is the one induced from D(H'®8) x W, the actions of C[hH]" and
C[H*] on ogr N (k) are the natural ones induced from the actions of those rings on
N (k) C D(H™8) « W. In other words, the given R-module structure of ogr N (k) is the
one induced from the R-module structure of N (k). Since the former module is finitely
generated, so is the latter.

Let y1, ..., yn—1 be the generators of C[hH*] and let g1, ... , g,_1 be the fundamental
invariants of C[b]W. By (2), the {y;} form an r-sequence in N(k), while (3) implies
that the {g;} form an r-sequence in the factor N (k) = N(k)/ > N(k)y; as a module
over C[[)]W = R/Zij. It therefore follows that £ = {y;, g : 1<, m<n — 1} is a
regular sequence for the right R-module N (k). In particular, if n =} y;R+¢;R, then
Y is an r-sequence for the Ry-module N (k),;. By the Auslander—Buchsbaum formula
[Mt, Example 4, p. 114], N (k)y is therefore free as a Ry-module.

Finally, consider m =NKk)/> q N (k). Under the induced h-grading, m is a
finitely generated, graded C[h*]-module and so corresponds to a C*-equivariant coherent
sheaf on h*. As a result the locus where N (k) is not free is a C*-stable closed
subvariety of §h*. If this locus is non-empty it must contain the unique C*-fixed point
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p=(1,...,yn—1) for this expanding C*-action. But then (N (k)), would not be free,
contradicting the conclusion of the last paragraph. [

6.12. We next need to understand the graded structure of the modules m and N (k)
under the h-grading. To do this, we express N(0) as a weighted sum of standard
modules in the Grothendieck group Go(U,.) and then to use Proposition 3.16 to write
N(k) = Bro @ N(0) in a similar manner. This is quite delicate since there are some
subtle shifts involved and we first want to understand these shifts for Bj; @ A.(p).
We will need to work with the following ggaded version 5d of Oy constructed
in [GGOR, Section 2.4]. The objects M in Oy are finitely generated Hy-modules
on which C[h*] acts locally nilpotently and which come equipped with a Z-grading
M = @,.7 M, such that pM, € M, for each p € H; with E-deg(p) = £. The
morphisms are homogeneous H;-module homomorphisms of degree zero. A graded
standard module Ay4(p), isomorphic to A;(u) as an ungraded module, is given by
setting Ag(w)r = C[bl, ® p. By local nilpotence and finite generation, each weight
space of a module M € Oy is finite dimensional and so M has a well-defined Poincaré
series. There is a degree shift functor [1] in Oy defined by M[1], = M,_;. By abuse
of notation, Oy will also denote the corresponding category of graded Uz-modules.

Lemma. Fix i>j>0 and p € lrrep(W). Give By the adjoint h-grading and let
Bjj ®u,,; eAct+j(1) have the grading this induces. Then Bjj ®u,,; eActj(p) € Ocyi
and, as elements of that category,

Bjj ®u,.; eDerj (1) ZeAcil(i — Hn(p) — n(u))].

Proof. Write V = B;; ®y, eZCJr j(u) and let deg.,, denote the degree function in

c+j
O¢4u. By hypothesis, the graded structure of an element b ® v € V is given by

deg(b®v) = h-deg(b)+deg,., ;(v). Proposition 3.16 implies that (as ungraded modules)

V = Seti o0 Serjri (€A j (1) ZeAsi (). (6.12.1)

Thus, under its given grading, V € 5c+i.

Unfortunately, it is not easy to write the generator e®@ u of eA.4; (1) as an element of
V and for this reason the shift in the grading in (6.12.1) is subtle. In order to understand
this we will use the canonical grading from (3.8) and we write the corresponding degree
function as deg,,. The advantage of this grading is that it is simply given by the left
multiplication of h.4;. Thus, as (6.12.1) is an isomorphism of left U.y;-modules and
hence of left Cl[h.4;]-modules, it is automatically a graded isomorphism under the
canonical grading.

Since h* has E-degree 1, the canonical grading on A4(u), for any d € C, is a shift
of the grading on Ay(u). The shift is easy to compute. By definition, the generator
1 ® u of Ag(u) has deg;(1 ® u) = 0 whereas, by Proposition 3.10, the generator 1 ® p
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of Ag(u) has

degon(1® 1) = D(d, 1) = (n — 1)/2 + d(n(p) — n(u")).

We may therefore regard Ay(u) as being in 6[1, in which case

Aa(1) = Ag(ID(, )] (6.12.2)

Let b € B;j with h-deg(h) = r and suppose that v € eA 4 ;(u) has deg.,,(v) = s.
Then

hey - b@v=h-D)@v+bh;®v = heD))QU+b®hjv=(F+s5bRv.
Thus deg.,, (b ® v) = h-deg(b) + deg,,(v). Finally, (6.12.2) implies that

deg.; (b ®v) = deg.,,(b®v) — D(c+1i,p
= h-deg(b) + degyn(v) — D(c + i, 1)
= h-deg(b) + degcﬂ(v) +D(c+j,p)— D(c+i,p

= deg(b ® v) + (j — D) (n(w) —n(u")),

as required. [

6.13. Given a Z-graded complex vector space M = @,.7 M, such that dim¢ M, is
finite for all r then, as in (4.13), we define the Poincaré series of M to be p(M, v) =
> v" dim¢ M,. Each N (k) is graded via the adjoint h action from (6.11), although of
course the summands are infinite dimensional. Thus, in order to understand the more
detailed structure of N (k) and ogr N (k) we will consider the Poincaré series of the
factor modules N (k) and M

Proposition. If N (k) as graded via the adjoint h action on N (k), then its Poincaré
series is

Yy Fu(D) fu ™=k =nG

N, v) = .
p(N ). v) a0 v

(6.13.1)

Proof. We first calculate the Poincaré series for N(k), and we begin with N(0). As in

the proof of Lemma 6.11(3), X = He ®cpy*) C is an object of 56, where the grading
is the natural one defined by deg(l ® 1) = 0. By construction, eX = N (0) and this is
a graded isomorphism since the adjoint h-graded structure of N(0) = U./I is simply

defined by h-deg(e) = 0. Thus, as elements of the Grothendieck group G0(5C), we
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can write [X] = Z# p#[Z (w)] for some py € Z[v, v 1. By (2.2.1) we have a graded
isomorphism X = C[H]® CW. Applying (C®cyp;—) to the formula [X] = Z'u pﬂ[A (w]
therefore yields CW = Z# pulul. It follows from (3.9.2) that p, = f,(1) and so

[NO)] = Zu fﬂ(l)[exc(,u)]. Combining this formula with Lemma 6.12 shows that

[N T=>" fuu W=D A, (). (6.13.2)

The Poincaré series of N (k) is now easy to compute. First, in the canonical grading,
(3.10.1) shows that

WD 20 i@ pl

A ,uv, W
PAa (), v, W) = S g

and so

D(d. 1) fu(v)

pleAg(w),v) =v m

for any d € C. Thus (6.12.2) implies that p(eZd(u), v) = fu(v) [T, (1 — v~ ! in the
graded category J;. Combined with (6.13.2) this shows that

2 Fu (D) fu(u)ok=nG

N(k).v) = - :
p(N(k), v) T, =)

(6.13.3)

Finally, we calculate the Poincaré series of N(k). By Lemma 6.11(2,3), an
h-homogeneous basis for this module is given by lifting a homogeneous C-basis
from N(k) @cpyr) C = C Q¢yyw N (k). Thus, combining (6.13.3) with the formule

pCIHIY, v) = [T'(1 —v) 7! and p(CIH*, v) = (1 — v~ H"~! gives

Y0 Fu(D) fu (k@ =nt)

p(N), v) = T

(6.13.4)

It remains to adjust (6.13.4) to yield (6.13.1). Set N = n(n—1)/2. Then Lemma 4.12(1)
and (3.9.2) combine to show that

D D) fu@pF O = N f (1) fa (7 kw0
H 1

= oMY £ f T ke ),
A
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Moreover, rearranging (4.13.1) gives

P YU O R | T
. (1 —v)n (1—vhyn
Combining these formule with (6.13.4) gives (6.13.1). O

6.14. Recall the Euler gradation E-deg on D(h™8) « W and its subrings from (2.4).
Since e, e_ and § are homogeneous under this action, each Qgiﬁ“ and hence each Bj;
and N (k) is also graded under this action. As in (2.4), this induces a graded structure,
again called E-deg, on ogr B;; and ogr N (k). Since the fundamental invariants of cpv
are E-homogeneous, the E-grading on N (k) descends to gradings on N (k) and N (k).
Similarly, each A*6* and J"6" has an E-grading induced from that on C[f & §*] and
hence so does A =P, A"0".

However, the E-grading on Bio and hence on N(k) is not equal to the adjoint
h-grading. The problem is that, in (6.10.1), the adjoint h action does not “see” the
element §. Thus if we wish to relate the Poincaré series of N (k) to that of J k5K we
need the following slight modification of Proposition 6.13.

Corollary. Let k>0, set N =n(n —1)/2 and write K = kN.

(1) If b € By for i > j >0 is homogeneous under the h-grading then it is homogeneous
in the E-grading and E-degb = (i — j)N + h-degb.
(2) Under the E-grading, N (k) has Poincaré series

o 20 Fu(D) fu™ Hu ke w=nGO )

p(NGK).v) = v =

while N (k) has Poincare series

K 2u Fu(1) fu(uyok (=)

pP(N(k),v) =v

Proof. (1) If by € Bjx and by € By then he(b1by) = (heby)by + bi(h+by) and
[E, b1by] = [E, b1]1b> + b1[E, by]. By induction, it therefore suffices to prove the result
when b = emde € By x—1 = eH 1 de, for some k > 0. By (6.10.1) we see that heb =
e[heyk, m]de whereas [E, b] = e[E, m]oe + em[E, dle. By (2.4), [heqi, m] = [E, m]
and so the two gradings differ by E-degd = N.

(2) This follows from (1) combined with Proposition 6.13, respectively (6.13.3). [

6.15. Fix k>0 and for notational simplicity write J = ek and N = N (k). The
final step in the proof of Proposition 6.5 is to show that the inclusion ® : J < ogr N\
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from Lemma 6.9(3) is surjective. In order to effectively use Corollary 6.14, we do this
by lifting ® to a C[h]"-module map 0 : 7 — N.

The order filtration on D(H™8) « W induces a graded structure on the ring ogr D
(H™8) « W~ C[H™8 @ h*] * W and hence on the module ogr\/, which we call the
order gradation; thus deggq(C[h]* W) = 0, while degy,qh = 1. We will use the same
terminology for the induced grading on the rings A° = C[h @ h*]" and A and the
module J.

Let A" = ord™ N denote the elements in A of order <m. Similarly, write J =
®m>0 ogr™ J for the graded structure of 7 under the ord gradation and write the

induced order filtration as J = |J J", for 7" = ord™ J = @Ogigm ogr' J.

Lemma. There exists an injective map 0 : J < N of left C[H]V -modules such that

(1) 0 is a graded homomorphism under the E-gradation and is a filtered homomorphism
under the order filtration.

(2) The associated graded map ogr0 : J — ogrN induced by 0 is precisely ogr
0=0.

Proof. Trivially, ® is an E-graded map (by which we always mean a graded map of
degree zero), as well as being graded under the ord gradation. For any m, ogr”™ J is
an E-graded C[h]"-module. By Corollary 4.9(2) J is a free left C[h]"-module, and
hence so is each summand ogr” 7. Thus we may pick an E-homogeneous free basis
{ajm} for ogr" J. Now aj, = O(ajm) € ogr" N' = N™/N™~! and the surjection
T : N — N™/N™=1 is an E-graded surjection. Thus, for each j,m we can pick
an E-homogeneous preimage 0(aj,) € N of @(ajn).

Define 0 to be the C[h]"-module map induced by the map ajm + 0(ajy,) on
basis elements. Since 7, is a left C[b]w-module map, a straightforward induction on
orders of elements ensures that the 0(aj,) € N™ are a free basis for the module they
generate. The other conclusions of the lemma follow automatically from the construction
of . O

6.16. As happens with many questions about W-invariants, it is easy to prove that @
is surjective on H™®8. Given a left C[h]"-module M, we will write M [672] for the
localisation C[b]w[é_z] Qcyw M. Clearly, when M is a left C[H]-module, M[é_z] is

naturally isomorphic to C[b][éfl] ®cry M.

Lemma. (1) The inclusion ®[672] : J[072] < (ogr N[0~ 2] is an equality.

(2) The induced map 016721 : JI07%] — N[5 2] is an isomorphism. This map is
graded under the E-grading and is a filtered isomorphism under the order filtration, in
the sense that 0[6~2] maps ord" J[62] isomorphically to ord® N'[0~2] for each n.

Proof. (1) By (2.3.2) Bii_1[0"2] = eHey 1[0 le = e(D(H™8) « W)e, for any k €
C. Repeated application of this shows that B,‘j[éfz] = ¢(D(H™8) x W)e and so, by
Corollary 3.13, that N[672] = e(D(H™8) x W)eH, = e(D(H™8) x W). Since ord(5%) =
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0, we deduce that (ogrA)[6~2] = e(C[H™8 @& h*] « W). On the other hand, since
6% e JkokF < Ch @ b*], certainly

J07%] = eC[H™8 © h*] = e(C[H™8 ® h*] x W).

Since ® is given by inclusion, ©®[67?] is therefore an isomorphism.

(2) By Lemma 6.15, 0 and hence [0 2] are graded maps under the E-gradation
and filtered under the order filtration. Since gr(@[é_z]) = O[67?] is an isomorphism,
necessarily 0[02] is a filtered isomorphism. [J

6.17. Notation. As in (6.15), we set J = eJkK, N = N (k) and write 0(J)" =
ord™ 0(7) = 0(J)NN™ for all m>0. We rewrite the C[h]" -basis of 0(7) constructed
in the proof of Lemma 6.15 as {ag¢y}, where each agpy is g-homogeneous under the
E-gradation and has order exactly £. Since these were induced from the bases {a.¢} of
ogrz J, the set {agey : £<t} does give a basis of 0(T)".

By Lemma 6.11(2), N is a free left C[b]W—module and it is certainly graded. Thus,
by Theorem A.l, it is graded-free. We may therefore pick a C[h]" -basis {bgu} of N
where, again, each by, is E-homogeneous of degree g but of unspecified order. This
basis is far from unique and one cannot expect that {bg, : bg, € N} forms a basis
of N™; indeed at this stage we do not even know that A is a free C[h]"-module.

6.18. We are now ready to put these observations together to prove the hard part of
Proposition 6.5.

Proposition. Fix k>0 and set J = eJkk and N = N (k). Then the map 0: J — N
is an isomorphism.

Proof. Set m = C[b]! and note that N'/mN = N(k). On the other hand, in the
notation of Corollary 4.13, J/mJ =J¥[K] is the shift of J& by degd’ = K =
kn(n — 1)/2. By Corollaries 4.13 and 6.14, we therefore have an equality of Poincaré
series under the E-gradation

o 2 fu(D) = Dok =nGO)

Mo —v") = pN/mN,v). (6.18.1)
=2 -

p(J/mJ, v)=v

Keep the C[h]"W-bases of 0(7) =7 and N described in Notation 6.17. Write a(glm) =
g whenever agy,, exists for that choice of g, ¢, m; in particular dem v2(&tm) denotes
the sum )_ v, where one has one copy of vé for each £, m for which Agem €XISts.
Define b(gu) analogously. Since the bases {agen} and {bg,} induce C-bases of J/mJ,
respectively, N (k), (6.18.1) can be reinterpreted as

-1 —k(n()—n(u")) !
Z va(glm) _ vK Z# fy(v )J;y(v)v . [n]y! _ Z vb(gu)_ (6.18.2)
l_[i=2(1 —v7) g.u

g.t,m
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We note that (6.18.2) has several consequences for the a(gfm) and b(gu).

(1) For fixed g, there exist only finitely many elements ag¢,, and bg,. This is because
the middle expression in (6.18.2) is a well-defined series.

(12) There exists a universal upper bound a(gfm)<T. This is because the numerator
in the middle expression in (6.18.2) is a finite sum of polynomials. However,
there is no universal lower bound.

(f3) For any go, the number of ags, with ¢ = go equals the number of bg, with
g = go. This is simply because > v*&“") = 3P and the numbers are finite
by (D).

We aim to adjust the basis {bg,} to be equal to the basis {ag¢,}, and we achieve this
by a downwards induction on g. The induction starts since, by (13), there are no basis
elements by, with g > T.

Let —oo < GKT and, by induction, suppose that {bg, : u € Z} = {agy, : £, m €
Z} for all g > G. Suppose that there exists a basis element bgy € {aGem}. By
Lemma 6.16(2), 0(7)[0?] = N[6~2] and so there exists a homogeneous element x™ €
C[H]" of E-degree m such that x"bg,, € 0(J). Thus we have the E-homogeneous
equation

X"bgy = Z Cofhlgfh + ZCthath + Z Cozbgzs (6.18.3)
g<G g>G

where cgrp, Cp, € C[H]" and summation over f,h,z is suppressed. As 0(J) € N,

we may write each agr, as an E-homogeneous sum agrp, = ) deby; for some dy =
dfehuz € C[I)]W and obtain

X"bGw = Y Corndebuz + Y _ cGadebuz + Y Cpby:. (6.18.4)
g<G g>G

Both the last two displayed equations are E-homogeneous of E-degree G + m and so,
by (6.18.3), each element cgr, must have E-degree >m. Thus, the b,, appearing in the
first two terms on the right-hand side of (6.18.4) must have E-degree <G. Thus the
only appearance of by, with g > G is in the third sum. Since the b, are a C[b]" -basis
of NV, that third term }_,_; ¢, by is actually zero.

Now consider where the specific term bg,, appears on the right-hand side of (6.18.4).
For g < G, (6.18.3) implies that E-degc,r; > m for each f,h and so bg, cannot
appear in the first sum. Thus it must appear non-trivially in some term cg/yd'bgy in
the second sum. In this case, (6.18.3) implies that E-deg ¢y = m. Hence d" € C\{0}
and

aGgfn = d'bGy + Z duz”buz~
(uz)#A(Gw)
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Thus we can replace bgy by agsy in our basis for N. By (13), the sets {agem :
£,m € Z} and {bg, : u € Z} have equal finite cardinality. After a finite number of
steps we therefore have {bg,} C {agem} and hence {bg,} = {agem}. This completes
the inductive step and hence the proof of the lemma. [

We now pull everything together to prove Theorem 6.4 and Proposition 6.5.

6.19. Proof of Proposition 6.5. Recall that ® : eJksk — ogr N (k) is the natural
inclusion (see Lemma 6.9). For any k>0, Proposition 6.18 implies that the map 0 :
eJksk > N (k) is an isomorphism. Therefore, Lemma 6.15(2) implies that grp N (k) =
ogr0(eJk5F) = O (e %) = eskok. O

6.20. Proof of Theorem 6.4. (1) This follows from Corollary 3.13(1) and Lemma 5.5.

(2) Fix i > j >0. Since c+j still satisfies Hypothesis 6.2, Proposition 6.5 implies that
ogr BjeHy; = eJ'=/5'~/. Multiplying this identity on the right by e and applying
Lemma 6.8 and Corollary 3.13(1) gives

eJ' 715"V e = ogr(BjeH, j)e = ogr(BjeH. je) = ogr Bj;.

Since ¢ transforms under W by the sign representation, Lemma 4.4(1) shows that
eJiTIo T e = eATI 5 e, Combining these observations gives ogr B;; = eAi=I 5 e,
Therefore, ogr B = @ ogr B;; = eAe~A, as graded vector spaces. In order to ensure
that this is an isomorphism of graded Z-algebras we need to check that the multipli-
cation in ogr B coming from the tensor product multiplication in B is the same as the
natural multiplication in A. This follows from Lemma 6.7(1).

(3) The equivalences ogr(B)-qgr >~ A-qgr >~ Coh(Hilb(n)) follow from (2) combined
with (5.3), respectively, Corollary 4.10(1). O

6.21. Corollary. Assume that ¢ € C satisfies Hypothesis 6.2 and pick i > j >0. Then,
for m>0, each of the modules ord™ N (i), ogr” N (i), ord™ B;; and ogr™ Bj; is free as
a left C[H1Y -module.

Proof. By construction and Proposition 6.5, the map ® : ogr~N(i) — eJio' is an
isomorphism of ord-graded modules. Thus ogr™ N (i) ~ogr” eJ'd' is a free C[h]"W -
module by Lemma 4.9. By induction on m, it follows that ord™ N (i) is also free. The
analogous results for B;; follow by multiplying everything on the right by e. [I

6.22. We end the section by noting that Proposition 6.5 provides an interesting connec-
tion between H.-modules and the isospectral scheme X, defined in (4.10). Adjusting
to the conventions of this section, we identify Hilb(n) = PI'Q]A for A = @Akék
By construction, the Procesi bundle P = p, Oy, from (4.10) is then just the image in
CohHilb(n) of the A-module eJ k5K Thus the next result is an immediate conse-
quence of Proposition 6.5.
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Corollary. Assume that ¢ € C satisfies (6.2). Let eﬁc = @k}O B ®u, eﬁc be the
B-module associated to the ~UC—module eH,. and filter each Byo ®u,. eH, = BroeH, lzy
the ord filtration. Set ogreH, = €P ogr Broe H,. Then the sheaf associated to ogreH,
in CohHilb(n) is the Procesi bundle P. O

6.23. Just as Theorem 6.4 can be interpreted as saying that U, provides a non-
commutative model for Hilb(n), so Corollary 6.22 can be interpreted as saying that
the algebra H, provides a non-commutative model for X,. Here is one aspect of this
analogy. It follows from [BKR,Ha4] that there is an equivalence & of derived categories
between h @ h*/ W and Hilb(n) that is induced by a Fourier-Mukai transform over P.
Now pass to the non-commutative situation, replacing b @ h*/ W, Hilb(n) and P by
H.-mod, B-qgr and e H,, respectively. Then Corollary 3.13 shows that e H, still induces
a derived equivalence between the two categories. Indeed, it is even a equivalence of
categories. The fact that derived equivalences in the commutative case can become full
equivalences in the non-commutative case happens elsewhere and is in accord with the
philosophy behind [GK, Conjecture 1.6]; see [GK, Remark 1.7] for more details.

As will be justified in [GS], Corollary 6.22 therefore “sees” the equivalence ¢ and
this provides some intriguing connections between sheaves on Hilb(nz) and modules
over H..

6.24. If one considers Cherednik algebras in characteristic p > 0, where H, is a finite
module over its centre, then the relationship between H, and Hilb(n) becomes closer
still. For example, [BFG] shows that there is even a derived equivalence between H, and
an Azumaya algebra over a Frobenius twist of Hilb(n). Similarly in characteristic zero,
symplectic reflection algebras with parameter + = O are finite modules over their centre,
and [GSm, Theorem 1.2] shows that there are often derived equivalences between these
algebras and varieties that deform Hilbert schemes.

7. Tensor product filtrations

7.1. The tensor product decomposition (6.3.2) of the B;; can be used to give a second
filtration on that module by inducing a filtration on B;; from the ord filtration on the
tensorands. It turns out that the main theorem is essentially equivalence to the assertion
that the two filtrations are equal. In this short section we give the details behind this
assertion. Analogues of this result also hold for the module N (k) defined in (6.5) and
the module M (k) = HeyxeBro = Hcyx0eBy_1,0 defined in (B.1) and so we begin by
giving a general context for all three results.

7.2. For fixed i > j >0 we are interested in the following tensor product decompositions

c+i i— j+1
Bj=0Q  ® 01, ® - ® 0" (7.2.1)
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NiH=0  ®--® Q" ®@eH: or  N@)=Bio®eH, (7.2.2)

and
M(i)~Hcyi0e ® Bi—1;2®---®Bigp or M(i)=H.y;jde ®u,,; , Bi-10, (72.3)

where the tensor products are over the appropriate rings Uy. Corresponding to these
decompositions we have the tensor product filtration ten defined by the following
convention: given a module C = C; ® --- ® C;, where each C; is filtered by the ord
filtration, define

ten” (C) = {Zq ® @ cm€ord(C,) with Y z(m)gn}. (7.2.4)

m=1

As usual, the associated graded module is written tgr C = @ ten"C/ten"~! C.

Lemma. Assume that ¢ € C satisfies Hypothesis 6.2. Let C denote one of the objects
Bjj, N(i) or M(i) and consider the tensor product filtrations induced from one of the
tensor product decompositions (7.2.1-7.2.3). Then ord™ C = ten™C, for all m>0.

Proof. We will prove the result for the decomposition (7.2.1) and the first decomposi-
tion in each of (7.2.2) and (7.2.3). The proof in the remaining cases is left to the reader
as it uses essentially the same argument, although one needs to use the conclusion of
the lemma for (7.2.1).

In each of the three cases we are given a decomposition C = C| ®---® C,, say with
ogrC; = D; and ogr C = D. Moreover, by Theorem 6.4, respectively, Proposition 6.5
combined with Lemma 6.9, respectively, Proposition B.1 combined with Lemma B.2,
there is an equality Dy --- D, = D given by multiplication in D (H™8)xW. Equivalently,
the natural multiplication map y : D1 ®---® D, — D is surjective. Consider the graded
map y in more detail. Given elements &; € ogr’”(f) D;, with m = > m(j), lift the & i
to elements o; € ord™) C;. Then y is defined by

2o - Qo) = (‘3‘1 s+ Ord”’—l C) /ordm—l C.

By the definition of the ten filtration, this says that image of y is contained in (and
indeed equal to) P, (ten™ C +ord™~' C)/ord™ ! C. But y is surjective. By induction
on m we therefore have ord™ C =ten” C +ord" ' C =ten” C. [

7.3. The equality of filtrations given by Lemma 7.2 is not merely a formality; indeed
the result for B;; is essentially the same result as Theorem 6.4. To see this, suppose
that ogr B;; = tgr B;; for all i>j>0. As Lemma 6.9(2) shows, ogrBe1,¢ = AlS for
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each ¢ and so, by Lemma 6.7(2), we get a surjection y from E = (A'6)®¢~=7) onto
tgr B,’j = ogr Bijo

The multiplication map ¢ : E — (A'6)~/ is surjective and its kernel is the largest
torsion A°-submodule of (A!8)'~/. On the other hand ogrB;; C eC[h @ b*1V is a
torsion-free A°-module and so ker(¢) < ker(y). Thus ogrB; = E/ker(y) is a ho-
momorphic image of (A'6)'~/. Since (A'6)'~/ is a right ideal of the domain A°,
any proper factor of (A'6)"=/ will be torsion. Thus ker(¢) = ker(y) and ogr B =
(A'o)i—J.

7.4. The observation in (7.3) suggests that Lemma 7.2 will only hold for very special
decompositions and this is indeed the case. In essence, Theorem 6.4 says that the
identity B;j=B;; 1 ® --- ® Bjy1,; is a filtered isomorphism. On the other hand, an
identity like H.~ H.e ®y, eH. from Theorem 3.3 is clearly not filtered; in writing the
element 1 as an element of H.e ® eH, an easy computation shows that one needs to
use commutators of elements from C[h] and C[H*] and so 1 ¢ ten’(H,). However,
ge=ge-1le ten®(H,) for any 0 # g € C[H]" and so a(ge)a(1) = 0 in tgr H.. On the
other hand, as 1 is a regular element of ogr H., no such equation is possible ogr H,.
Thus ten H. 2 ogr H,.

As a second example, it is easy to check that Lemma 7.2 will fail for M (i) if
one introduces one more tensor product, M (i) = H.1;e Qu,,; Bio. Indeed, Lemma B.2
implies that ogr M (1) = C[) & h*]de. On the other hand, for the given decomposition
Lemmas 6.9 and 6.7 imply that tgr H,. is a homomorphic image of T = ogr H.1e®y,.
ogr Q¢! ~C[h @ h*le ® 0 Alde. Clearly the image of T in ogr M (1) is just C[h &
h*leAlde = J'Se. By the argument of the second paragraph of (7.3), this is also the
image of tgr M (1) in ogr M(1).
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Appendix A. Graded projective modules

A.1. The aim of this appendix is to prove the following graded analogue of a well-
known result of Kaplansky [Ka, Theorem 2], for which we do not know a reference.

Theorem. Let A = @i>0 A; be a connected N-graded k-algebra (thus Ay = k). Let
P be a right A-module that is both graded and projective. Then P is a graded-free
A-module in the sense that P has a free basis of homogeneous elements.
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Proof. Throughout this proof all graded maps are graded maps of degree zero. We will
write the degree of a homogeneous element x € P as |x|.

An observation of Eilenberg [Ei, Section 1] shows that P is graded projective in
the sense that there is a graded isomorphism F~ P @ Q, for some A-module Q and
graded-free A-module F. We need a minor variant on this result, so we give the proof.
Take a graded surjection ¢ : F = € fiA—P and an ungraded splitting 0 : P — F.
If pi = ¢(f;), then write O(p;) = gi + h;, where g; is the homogeneous component
of O(p;) with |g;| = |p;|. Then check that the map p; — g; also splits ¢. This proof
also shows that, if P is countably generated, then we can take F to be a countably
generated graded-free module.

The heart of the proof of the theorem is contained in the next two sublemmas.

A.2. Sublemma. Under the hypotheses of the theorem, P is a graded direct sum of
countably generated A-modules.

Proof. The proof of Kaplansky [Ka, Theorem 1] also works in the category of graded
modules. [

A.3. Sublemma. Keep the hypotheses of the theorem and assume that P is countably
generated. If x € P then there exists a graded-free direct summand G of P such that
x eG.

Proof. By the result of Eilenberg described above, we may pick a graded isomorphism
F=~P & Q, for some A-module Q and countably generated graded-free A-module F.
Select a homogeneous basis {u; : i € N} for F such that there is a graded expression
x = Z?:l u;a;, with a; € A and n as small as possible.

We first claim that no a; can be written as a left linear combination of the other
ay. Indeed, suppose that a, = Zl'-’;ll ria;, for some r; € A. By taking the appropriate
component we may assume that each r; is homogeneous with |r;| = |a,| — |a;|. It
follows that |u,r;| = |u;| and hence that u; = u; + u,r; is homogeneous. However

n—1 n—1 n—1

/
E u;a; = E u;a; + uy Z ria; | = x.
i=1 i=1

i=1

This contradicts the minimality of n and proves the claim.

Reorder the basis {u,¢} so that |u;|<|ujy1| for 1<i<n and write u; = p; + ¢;, for
pi € P, gi € Q, all of the same degree. Notice that P > x = Y u;a; = Y_ piai+Y_qia;
and so Y g;a; € PN Q = 0. Hence

n

n
x=Y ua =) pa;. (A3.1)
i=1

i=1
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Next write each p; as a homogeneous sum p; = Z'}Zl ujcji+t;, where t; € Y, u; A.
Then

n n n
X = Z u;a; = Zp,‘a[ = E ujcjia; + E tia;.
i=1 i=1

i j=1

Since {u;} is a basis,
n
aj =Y cja for 1<j<n. (A3.2)
i=1

We claim that ¢;; = 0 for i < j and that |cj;| > O whenever i > j (and cj; # 0).
Since |u;|<|ujy1l, we have |a;|>|a; 1] for each i. Also [cji| = |u;| — |u;| for all i, j
and so cj; =0 if |u;| < |u;|. Thus both parts of the claim are clear when |u;| # |u;|;
equivalently, when |a;| # |aj|. So, suppose that |a;| = |a;|, for some i # j and that
cji #0. Then c¢j; € k* and so (A.3.2) expresses a; as a left linear combination of the
other ay. This contradicts the initial minimality assumption on n and proves the claim.
Note that cj; =1 for all j, since otherwise (A.3.2) would express a; as a left linear
combination of the other ay.

The last paragraph implies that C = (cj;) is an upper triangular matrix, with units
on the diagonal and so it is invertible. In particular, {pi,..., pu} U {uy4e : £ > 0}
is a basis for F. Thus G = > |, p;A is a graded-free direct summand of F con-
tained in P. Thus G is also a graded-free direct summand of P which, by (A.3.1),
contains x. [

A.4. The proof of the theorem follows from the sublemmas by an easy induction. By
Sublemma A.2 we may assume that P is countably generated, say by homogeneous
elements z; for i € N. By induction, suppose that there is a graded decomposition
P=01® - & 0, ®R,, where each Q; is graded-free and z; € Q1 ® --- ® O,
for 1<i<n. By Sublemma A.3 this does hold when n = 1. Write z,11 =¢g +7r as a
homogeneous sum, where g € > 0 j and r € R;,. Since R, also satisfies the hypotheses
of Sublemma A.3, R, has a graded-free summand Q,; containing r, completing the
inductive step. Finally,

12

P = lim (Q1® & Q)
n—oo

o0

D o

i=1

is a graded-free submodule of P that contains each z;. Therefore P = P. O

Appendix B. Another module

B.1. Fix ¢ € C that satisfies Hypothesis 6.2 and an integer k >0. For applications in
[GS] we will need an analogue of Proposition 6.5 for the left H.ii-module
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M(k) = HeyreBro C D(breg) x W. As before, we filter M (k) by the induced order
filtration ord, so that ogr M (k) < ogr D(H™8) « W = C[H'®8 @ h*] % W. The aim of
this appendix is then to prove:

Proposition. The left H.4r-module M (k) = H.4reByo satisfies ogr M (k) = J k=lgke.

Recall that Proposition 6.5 showed that the module N (k) = Byo®eH, had associated
graded ring eJ kok In a sense, Proposition B.1 is just a left-right analogue of that result
and so much of the present proof is formally very similar to that of Proposition 6.5.

We should first explain why the two results involve different powers of J!. The
reason is that one can write M(k) = HqixeHq+x0eBr_19. By Corollary 3.13 and
(3.3.2) the left hand end of this expression collapses to give M (k) = H.qrdeBk—_1.0.
In particular, M (1) = H.y de. A routine computation using Lemmas 6.7 and 6.8 then
gives

B.2. Lemma. The associated graded module ogr M (1) equals C[h & H*]de while
Jk=1ske < ogr M (k) for all k>1. O

It takes considerably more work to show that J k=lgke actually equals ogr M (k) for
k > 1. The proofs of the first few steps in this argument are very similar to those
of Lemmas 6.11, 6.15 and 6.16 in the proof of Proposition 6.5 and so we will just
indicate how to modify the earlier proofs to work here.

B.3. Since M (k) is a (Hqk, Uc)-bimodule, the embeddings C[h] <= H.4; and C[b*]W
< U, make M (k) into a (C[h], C[h*]")-bimodule. Let C be the trivial module over
either C[h] or C[H*]V and set M (k) = C ®cy M (k) and M (k) = M (k) Qcy v C.

Lemma. (1) M (k) is free as a left C[hl-module and a right C[H*1V -module.
(2) M (k) is a finitely generated, free left C[h]-module.
(3) Analogously, M (k) is a finitely generated, free right C[Y*1W -module.

Proof. (1) By Corollary 3.13, M (k) is projective as a left H.x-module and as a right
U.-module. By (2.2.1), H.y and hence M (k) is free as a left C[h]-module. Similarly,
the argument of Lemma 6.11(2) shows that U, and hence M (k) are free right C[b*]w—
modules.

(2) This is contained in the proof of Lemma 6.11(3).

(3) Mimic the proof of Lemma 6.11(4). O

B.4. Using the conventions from (6.14), each M (k) and Jk=15ke s E-graded. Since
C[b]y is E-graded, the E-grading on M(k) descends to one on M(k). Similarly,
Jk=15ke has the order grading ogr from (6.15). Write ® : Jlgke o ogr M (k)
for the inclusion from Lemma B.2.

Lemma. There exists an injective map 0 : J k=15ke s M(K) of left C[hl-modules such
that:

(1) 0 is an E-graded homomorphism and is a filtered homomorphism under the order
filtration.
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(2) The associated graded map ogr0 : JE1ske — ogr M (k) induced by 0 is precisely
ogro=0

(3) In the notation of (6.16), the map 0[672] : (J16%e) 072 — M®E)[672] is an
isomorphism. This map is E-graded and is a filtered isomorphism under the order
filtration.

Proof. (1,2) As in the proof of Lemma 6.15, one constructs 6 by lifting a E-homo-
geneous basis of the free C[h]-module ogr”(Jk_lék)e to a set of E-homogeneous
elements in ord" M (k).

(3) This is essentially the same as the proof of Lemma 6.16. [

B.5. By Lemma 6.10, M (k) is graded under the adjoint h-action and, as both copies
of C are h-graded modules, this grading restricts to one on M (k) and M (k). In each
case, we call this the h-grading. For the reasons given in (6.14), this does not equal
the E-grading.

Proposition. If M (k) is graded via the adjoint h action, it has Poincaré series

ZH fﬂ(l)fﬂ(v—l)v—(k—l)(n(/t)—n(ﬂ’))

M(k),v) = -
p(M ), v) 0o

Proof. This is similar to the proof of Proposition 6.13 except that we use the module
Y = H.e g C, where R = eC[b*]We in place of X = H, Qcry* ) C. As in that

proposition, Y is an object in O and so we can write [Y] = Z pﬂ[A ()] for some
Pu € Z[v,v~']. To calculate the p, note that, by (2.2.1), ¥ ~C[h] ® C[H*]®W. Ap-
plying (C @y —) to the equation [Y] =) p,[ [Ac(1)] therefore yields [C[h* ]COW] =
Zﬂ pulp]. Thus (3.9.1) implies that p, = f,(v™ 1) (this is a polynomial in v~! rather

than v since C[h*] is negatively E-graded) and so, as an element of GO(OC),

Y1=3Y" fuw HAw]. (B.5.1)
n

Now consider M (k), which we can write as H.yre Qu,,, Bro Qu, e¥Y. By (3.3.2)

and Corollary 3.13, Hcyre Qu,,, eZHk()L);ZHk(i). Thus (B.5.1) and Lemma 6.12
combine to show that

MK =" fuw™ kW= [A, ).
u
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As graded vector spaces, A4k (1) = C[h]@u and so (3.9.2) implies that p(Acx (1), v) =
fu(DH(A — v)~=D | Therefore,

ZH fu(l)fu(v_l)vk(ﬂ(u)—n(u’)

TR (B.5.2)

pMK),v) =

By (2) and (3) of Lemma B.3, a homogeneous basis for M (k) is given by lifting a
homogeneous C-basis for M (k) Qcpy v C = C ®cyy M (k). Thus, combining (B.5.2)
with the formulze p(C[H*1V,v) = [T, - v™)~! and p(C[bh], v) = (1 —v)*~! gives

2y Fu™h) fu (ke @o=n)

ML= (B.5.3)

p(M(k), v) =

By Opdam [Op, Theorem 8] the fake degrees satisfy fu(v_l) = fu (v Hp W) =n(w
Combined with (3.9.2) this implies that

fﬂ(v—l)fﬂ(l)vk(n(ﬂ)—”(/l’)) — f,u’(U_l)f,u’(1)1)_(](_1)("(#’)_"(#))-
Substituting this into (B.5.3) gives the stated formula for p(M(k), v). U

B.6. As was true for Corollary 6.14, we need to slightly modify Proposition B.5 in
order to compute the Poincaré series for M (k) under the E-grading.

Corollary. Set K = kn(n — 1)/2 and n = C[bly. Under the E-grading there is an
equality of Poincaré series

P Fu(D) fu(™Hp= k=D =n(D)
[T, (1 —v)

p(M(k),v) =v = p(J*F15 mak=1ok ) v).

(B.6.1)
Proof. Eq. (6.10.1) continues to hold if we replace emde by mode. Thus the argu-
ment of Corollary 6.14(1) combined with Proposition B.5 and the formula M (k) =

H.qrdeBi_1,0 gives the first equality of (B.6.1).
In order to obtain the second equality in (B.6.1), note that

p(JF1E mak 16k vy = oK paF T makt ).

Set p(v) = p(J*¥=ImJ*=1 v) and qv) = p(JF1/mJI*=L v), where m = C[h]Y
The Poincaré series g(v) has been computed in Corollary 4.13. Since that series was
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obtained by specialising the bigraded Poincaré series p(J¢, s, ) from Corollary 4.11,
it follows immediately that

p(CIbl. v) _ (-t _ 9w

(1Y v) q(v) q(v)

PQ) 1=, (1 — vi) = Il

where the final equality uses (4.13.1). Substituting these observations into Corollary 4.13
gives the second equality in (B.6.1). U

B.7. Proof of Proposition B.1. We need to show that the map 0 : J*"1o%e — M(k)
is an isomorphism for all k>1. This is analogue of Proposition 6.18. In that case,
a purely formal argument showed that Proposition 6.18 followed from (6.18.1). The
same argument can be used, essentially without change, to show that the bijectivity of
0 follows from (B.6.1).

Combined with Lemma B.4(ii) this says that ogr M (k) = ogr 0(J¥~16ke) = Jk—15ke,
as required. [

Appendix C. Index of Notation

Al, Al, ) . (4.3),4.9) QC, category O for He, 2.7
A=@pA', A=A, (4.3),(4.9) Oc, graded category O for Hc, (6.12)
A=@izjz0A, 64) [nly!= (1 —v) ™" [T} (1 =), (4.13)
B, tautological rank n bundle, 4.5) N (k) = BroeHc, 6.5)
— o +i—1 +1 X
PO =Ollec OO0 e fiaton, ord, ogr e
canonical grading W,, 3.8 ), s s .
d(w Ferrgrs’ di%lgra?‘n g2.6; Py, P, Procesi bundles, (4.5),(4.10)
5= i—[ o ’ (2.3) p(M, v), Poincaré series, (4.13)
A Steﬁg tandard modul. 57 p(V,s,1), bigraded series, (4.8)
Ac(w), the standard module, @7 p(M, v, W), W-graded series, (3.10)
gc(y), grade({1 analogue, (6(218 qgr, Qgr, quotient categories, (5.2)
ominance ordering . c+1 _ _
Dunkl_Cherednik map 0, 23) Qc™ = eHcr1e—0 = eHey e G2
E =) x;9;, the Euler operator, 2.4) R(n, 1) = H'(Hilb" C*, Py ® B)), 4.6)
E-deg, the Euler grading, 2.4) - X, — Hilb" C2 43
ke degrees oo o) ' X" Hilb(r), @0
aobee i S=el, s=a/, (43),4.9)
c. b.b% @1 Sy = Sq(n,n), q-Schur algebra, (35)
pree 2.3) S e
’ 4 , the reflections in W, 2.1)

h=h, = % YTy XY+ Yixis (2.4) a(r), the principal symbol of r, (6.7)
h-deg, the h-grading, (6.11) sign, the sign representation, 2.6)
Hecke algebra H, (2.8) Specht module Sp, (1), (2.8)
Hilb" C2, Hilb(n), (4.2),(4.10) T Hilb" €2 — C*/w, “2)
I, monomial ideal 4.7 7:Hilb(n) > h @ b*/W,A (4.10)
Jl = C[Czﬂ] Al (4.8) triv, trivial W-representation, (2.6)
Jl = Clhe b*]Al’ (4.9) Ue = EHL-e, Us, = e_.Hce_’ (2.5)
Le(u), simple factor of Ac(), 2.7 W = ©;, the symmetric group, 2.1)
Ly = Oy 2D, (4.5) Xns Xn, (4.3),(4.10)

L= OHi]b(n)(l), 4.10)
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