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Abstract  This paper is a brief survey of recent results and some open problems related to linear groups
of finite Morley rank, an area of research where Bruno Poizat’s impact is very prominent. As a sign of
respect to his strongly expressed views that mathematics has to be done, written and published only in
the native tongue of the immediate author—the scribe, in effect—of the text, I insist on writing my paper
in Russian, even if the results presented belong to a small but multilingual community of researchers
of American, British, French, German, Kazakh, Russian, Turkish origin. To emphasise even further the
linguistic subtleties involved, I use British spelling in the English fragments of my text.

The English title of the paper: Linear Groups of Finite Morley Rank.

Jannast craTbs gBJAETCH KPATKHM O030pOM HEIABHUX DPE3Y/IbTATOB U DPsAa OTKPBLITHIX mpobsiem,
CBA3AHHBIX € JUHEHHBIMH TpyIIaMH KOHedHOro panra Mopsan — obsactu uccienoBanwmit, rae Bprono
Ilyasa oka3zas ocobeHHO 3aMeTHOe BinsHEe. VI3 yBarKeHUs K ero TO4YKe 3peHHUs — KOTOPYIO OH BBIPaXKaeT
BeChbMa KATETOPUYHO — YTO MaTEeMATUYCCKHUE pa6OTBI AOJIZKHBI eJIaThCd, MUCATHCA U HyGJTI/IKOBaTBCﬂ
TOJIBKO Ha POJHOM sI3BIKE HEIIOCPEACTBEHHOTO aBTOPA TEKCTa, si HACTAWBAI0 HA TOM, YTOOBI 9Ta CTAThS
OblLIa HA PYCCKOM SI3bIKE — JIazKe eCJIM IIPEJCTaBJICHHbIE B Hell Pe3ysbTaTbl IPHUHAIIEKAT HEOOIbLUIOMY,
HO Pa3HOA3BIKOMY COODIIECTBY HCCIIenoBaTenell aMepUKaHCKOTO, GPUTAHCKOr0, Ka3aXCKOT0, HEMEI[KOTO,
PYCCKOTO, TYPeIKOro, (GpaHIfy3CKOr0 IPOU3X0KAeHUsA. UTOOH! elfe CuibHee MOAYEPHYTh BO3HHKAIOIINE
JIMHTBUCTHIECKUE TOHKOCTH, 5T UCIOJb3YI0 OPUTAHCKYIO Opdorpaduio B aHIIIHHACKIX (PPATMEHTAX MOEro
TEKCTa.

3aroJioBOK CTarThy HA aHIVIMHCKOM si3bike: Linear Groups of Finite Morley Rank.

Keywords: rpyuna, npocras rpyuna, JuHeiinas rpynmna, paar Mopan; group, simple group, linear
group, Morley rank
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1. CrpykTypHasi Teopus JUHEHHBIX rpynn KoHedyHOro padnra MopJanu

EcrecTBennoit ornpaBHOil TOYKOIT MOero obO30pa siBISETCs Caeayoias TeopeMma BproHo
Ilyaza, ocHoBamHas, B CBOIO OUYepeab, Ha (QyHIaMeHTAIbHBIX pe3ynbrarax Ppamka
Baruepa o nossax koneunoro paura Mopsu. (Oupenesenus u 0603HAYEHNST MOI'YT GbIThH
uaiizenn! B [16].)

Teopema 1.1 (Ilyasza [25]). Ilycte V' — KOHEYHOMEpDHOE BEKTOPHOE TPOCTPAHCTBO
Haz anrefpanvecKn 3aMKHYThIM mosem K xapakrepucrukm p > 0, w G < GL(V) —
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GeCcKOHeTHAsT IPOCTasd Tpynmna takas, 9ro crpykrypa (GL(V), G) mmeeT KOHEIHBINH paHT
Mopuu. Torga G — npocras ajrebpanyeckas rpymmna Hag K.

JlokazaTeabCcTBO 3TOH 3amevareabHOW TeopeMbl, Kak oHO Obwto maHo Ilyasa,
OIIMPAJIOCH, B KOHEYHOM HMTOIe, Ha KJIACCUMUKAIMIO TIPOCThIX KOHEYHBIX rpymni [5,21].
D10 cayumiock noromy, dto Ilyaza, wcmonn3yst Teopemy ®Ppanka Barmepa o momsx
KOHe4YHOro panra Mopau [27], cBe 10oKa3aTeabCeTBO K CIyvalo, Korja mose K JoKaiabHO
KOHEYHO, IIOCJIe 9ero yTBepxKieHue 06 anrebpandHocTu rpyiibl G MIHOBEHHO CJIEI0BAJIO
u3 Teopembr CaiiMona ToMaca O JOKAJIBHO KOHEYHBIX IPYMIaXx KOHEYHOro paxra Mopsu
[26] win u3 Gau3koro o ayxy pesyibrary Buccapuona BessieBa 0 mpocTbix JIOKaJIbHO
KOHEUHBbIX JIMHeHHBIX rpynnax [8,9]. Teopemsl Bensera u Tomaca, B CBOK Ouepesns,
OTMMPAJINCH HA KIACCU(DUKAIUIO MPOCTHIX KOHEYHBIX IPYIII.

[Teproe nabmomenne, KOTOPOe s XOTes ObI CIeJaTh B JAHHON CTAThe, KACAeTCsT HOBOTO
craryca Teopemsr 1.1: oHa GOJbIIE HE 3aBUCUT OT KJAACCH(MPHUKAIMHE MPOCTHIX KOHEUHDBIX
rpyun. JelicrBurenbHo, KiaccuduKAusg IPOCTHIX EPUOINIECKUX JIMHENHBIX DY HA/T
MTOJITMU HEYETHOH XapaKTepPUCTUKU MOXKeT ObITh JHOCTUTHYTa 0€3 MPUMEHEHUs KJIaCCH-
dbukanuu npocrbix Koneunbix rpymn [11,12]; cMm. rakzxke Gosee 3j1eranTHOE J0KA3aTEb
CTBO IIPH JIOTIOJHUTEIBHOM YCIOBUH KoHewHocTH panra Mopsm [13]. Yro ke kacaercs
JIOKAJIbHO KOHEYHBIX IMOJIeH YETHOW XapPAKTEPUCTUKY, TO B 9TOM CJIy4ae KIACCUMUKAIAS
JIMHEHHBIX TPYTI KOHEYHOTO paHTa MOpP/IU BRITEKAET 13 HEJABHErO KIaCCU(DUKAIIMOHHOTO
pe3ysbpTaTa:

Teopema 1.2 (Aarunen, Boposuk u Yepuuu [1]). Ecaun npocrasg rpynna G koHeqHOro
panra MopJu comepRuT GECKOHCTHYIO abeleBy MoArpymmy nepuoga 2, To G apasercs
MIPOCTOM anredpamvecKkoil TpyNnol Ha  anrebpanvdecKn 3aMKHYTBIM IMOJEM XapaKTepH-
CTUKH 2.

Samerum, najee, uro Teopema Ilyaza Moxker OBITH mepeHeceHa Ha  Caydai
MTPOM3BOJIBHBIX CBA3HBIX JIMHEHHBIX TPYIII.

Teopema 1.3 (Epynan Mycradun [24]). Ilycte V' — koHeuHOMEpHOE BEKTODHOE MPO-
CTPAHCTBO HAJ aJredpamdecku 3aMKHYThIM moseM K xapaktepuctuku p > 0, u G <
GL(V) — 6Geckoneuanas rpymmna Takad, 910 ctpykrypa (GL(V), G) nMeeT KOHEUHDIH paHT
Mopuu. TIpeanonoxum AOIOTHATENBHO, 9TO Tpynna G CBsA3HA.

O603Haunm wepe3 G 3aMpikanme rpymnsl G B TOIOIOTME 3apHCCKOro, a epes U —
YHUIIOTEHTHBIN PAINKAJ TPYIIIHI G. Hanee, momoxum U = U N G. Torna

e U sBjisieTcss YHUIIOTEHTHBIM PAIUKAJOM Tpynmbl (G, TO eCTh MHOXKECTBOM
YHHUIIOTEHTHBIX 3JIEMEHTOB Pa3perniuMoro paaukaia rpymmns G.

e Eciu mbl o6o3nauuM romomopdube obpassl noarpynn u3 G 8 G = G/U upn
HOMOIIM CEMBOJIA , TO rpynna G pasjaaraercs B HEHTPAIBHOE IIPOU3BEIEHIE

G=1Ly* % Ly *x F°(GQ)
OIPEeIeNnMbIX HOATPYII L1, ..., L, KaXKJaa U3 KOTOPBIX OMPeIeTuMO n30MOpdHa,
KBA3UOpPOCTON asirebpamdeckoit rpynne wan K, u nmemumoit abemeBoil Tpymmibi

F°(G), cocTosmeit u3 MOIYIPOCTHIX SJIEMEHTOB.
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OjiiH U3 JeTMKATHBIX MOMEHTOB TeopeMbl Mycraduna — 3T0 TO, 9TO B Hell BOZHHKAET
KoHMUTYDAIHsT, OMUCHIBAEMAsT YACTHBIM ClIydaeM TeopeMbl Anrunena u Yepauwwa o
MEHTPAJIBHBIX PACITUPEHUSX MPOCTHIX aaredpandecKux rPYIIn B KATETOPUHU IPYIIT KOHE'-
Horo panra Mopsu. ITockombKy 3Ta Teopema MOKET M CaMa 10 cebe TPAKTOBATHCA KaK
pe3yabTaT 0 JIMHEHHOCTH ONpPEIEIEHHOTO KJIacca Py, TO OyJIeT HOJIe3HO MPUBECTH ee
POPMYTHPOBKY HETHKOM.

Teopema 1.4 (Anrunen u Yepaun [2]). IIycrs G — rpynna koneunoro paura Mopau.
IMpeanonoxkum, aro G — KBA3UMPOCTa, TO €cTh (G COBMAIAET CO CBOMM KOMMYTAHTOM,
[G,G] = G, u mmeer npocroii dbaxrop G/Z(G) no uenTpy.

Ecnmn bl monmomamrensHo mpeanomaraeM, aro G/Z(G) — npocras anrefpandecKad
rpynna HaJ ajaredpanvecKu 3aMKHYThIM TojieM K, To u cama rpynna G aBiisiercs ajred-
pamueckoit rpynmoit man K. B wactrOocTH, ee merTp Z(G) KOHEUEH.

Tlepexoms K JWHEHAHBIM TPyHIaM XapakTepucTrKu 0, MBI CHOBA HOJIZKHBI OTMETUTH
pesynbrar Bpiono Ilyaza.

Teopema 1.5 (ITyasza [25]). IIycts V — KoHEUHOMEDPHOE BEKTOPHOE TIPOCTPAHCTBO HAT
anrebpanveckn 3aMkHyThIM Tosem K xapakrtepuctuku 0, 1 G < GL(V) — Geckoneanast
LpOCTas IpyIa Takas, 4ro crpykrypa (GL(V), G) umeer koneunpiii panr Mop.u. Ilpen-
nmostoxkuM, 910 G He 3aMKHyTa B TONOJOTHH 3apucckoro. Torma ece amemenThl B G —
MOy IPOCTBIE.

TlockonbKy B yCIOBHSAX NpEbLIyIlell TeopeMmbl BCe 3jeMeHThl B G IOJyIpOCThI, TO
bopenescrue nodepynnst B G, TO €CTh MAKCUMAILHBIE CBA3HBIE PA3PEITUMbIE TOAPYIIIIHI,
ABJIAIOTCA abeJieBbIME U Kaxkad U3 HUX — nepecedenne G U HEKOTOPOro Topa (auaro-
Hanusupyemoit noarpynmnet) u3 GL(V). Bosee Toro, ussdmHas jJeMMa, TPUHAITIEKAIIAL
Mycraduny [24], mokaspBaeT B 3TOM cjydae, 49TO OopesieBcKhe noarpynmel B G
COIIPSIZKEHBI.

Camblii moceauuil U HeJTABHUN Pe3yJbTaT B 3TOM Py MOKA3BIBAET, UTO MPOCTHIE
u He ajarebpadyveckue JMHEHHbIE I'PYIINIBI KOHEYHOro paHra Mop/iu HMeIT CBONCTBA,
JeJIAONMMU MX OYEHD IIOXOXKUMU HA NAOTUE 2PYnnss, BBEIeHHbIe Koraa-To bprono [Tyaza
KaK THIOTETHIECKHE MPENITCTBUA K COCTOATEILHOCTH TUIOTE3hI 3uibbepa-Uepanna oo
aarebpan<THOCTH MPOCTHIX TPYIN KOHEIHOTO panra Mopau. Z mpuBoXKy 3TOT pe3yabTaT
B CyMMapHoii (hbOpMYIUPOBKe, NeIalomel 0ojiee BRIMTYKJION aHAJOTHIO C TJIOXHMU TPYT-
MTaMH.

Teopema 1.6 (Bépmaxec u Boposuk [14]). IIycrs V' — KoHeuHOMepHOE BEKTOPHOE 1IPO-
CTPAHCTBO HaJ, anrebpamdecks 3aMKHyThIM mojieM K xapakrepuctuxu 0, u G < GL(V)
— DecKOHeuYHasi Tpocras rpynna Takas, 9ro c¢rpykrypa (GL(V),G) uMeer KoHeduHbIi
panr Mopau. Ilpeamomokum, uro G He 3aMKHyTa B TOIOJOTHH 3apuckoro. Torma
BBITIOTHSIFOTCST CJIEIYFOIITHE YTBEPKICHMUST.

e Bce anementsl B G — MOJIyNIPOCTHIE.
e Bopenesckue noarpynnsl B G abeieBbl U COLPKEHbI.

e Eciu B - Gopenesckag noarpynna B G, to Ng(B) = B.
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e (G HE COMEPIKUT HJIEMEHTOB MOPSIKA 2.

e Bce koneunble noarpynnsl B G abesieBbl.

Wnrepecnas 4yepra [TOKA3aTETbCTBA ITOH TEOPEMBI COCTOUT B TOM, UTO WHBOJIIOIUN

— 3JIEMEHTHI TOPsiaKa 2 — yOMBaiOTCd IpH [OMOINE Teopuu baxmana o

‘MOCTPOEHNN
reOMETPHH HA OCHOBe MOHATHA cuMMerpun”’ [6], TOYHO Tak »Ke, KaK HHBOJIIOIWH
ybusanuch B mioxux rpynmax ( [16], Tmaa 8). MMenHo, B HalleM J0KAa3aTEIbCTBE
BO3HUKAET M3AMIHAA W HEOKHIAHHAA reoMeTpruvecKas KOHQHUIYPalud, TPOaHATN3nPO-

BAHHAA B CJICAYIOLIEH TeopeMe.

Teopema 1.7 (Baxman [6]; [16], Teopemnt 8.15 u 8.18). IIpeamnonoxKuM, ITO MHOZKECTBO
I mupomronmii B rpynne G IOMyCKaeT CTPYKTYPY MPOEKTHBHON MIOCKOCTH, MPHIEM TPH
MHBOJIIOIAN JIEZKAT HA OJHONW NPAMON TOrJa M TOJBKO TOIJA, KOIJA MX MPOU3BEIEHHE
CHOBA SIBJISIETCS] UHBOJIIOIMEIH.

Torma (I) ~ SO3(k, f) ams mexkoroporo noms k, narepnperupyeMoro B G, u HEKOTOPOit
HEM30TPONHON KBaaparuunoii ¢popmber f. B gacraocTu, G He MOXKET MMETh KOHEYHBIH
paur Mopmn.

2. A Kakwe TpyNNbI JJUHEHAHBI?

CrouT BCIOMHUTD, YTO KJIACCHYECKas TumoTe3a 3uibbepa u Uepmna

OeCKOHEUHAA NPOCTNAA 2PYNNG KoHewHo20 parea Mopau usomopdra npocmoti
aszebpauveckoli epynne Had as2ebpauiecky 3aMERYMbIM TOAEM

BKJIIOUAET B cedsl TpeACcKa3aHWe, 49TO MPOCThIe TPYINbl KOHEYHOTO panra Mopsu
aBnagiorca guneifiabiMu. C JIpyroil CTOPOHBI, TOJBKO YTO OOCYKIEHHBIE PE3YIBTATHI O
JUHEHHBIX TPYNIAX IMOKA3BIBAIOT, YTO B ITOM Kiacce runoresa 3uiabbepa n Uepsmna
O4Y€Hb 6JII/I3Ka K TIOATBEPZKICHUIO. /f[ame ecam MOW YuUTaTes b BOCTIpUHUMAECT TUIIOTE3Y
Sunrbepa u YepauHa ¢ OCHOBATEIBHON 030 CKENTUIIN3MA, OH MOXKET OKa3aTbCs 0osee
O6J1aTOCKIOHHBIM K TaKOi ee MOAn(DUKAIIIH:

T'unoresa 1. Beckoneunast mpocras rpyrmmna KouedHoro panra Mopaun gubo

e 30MOp(dHA TPOCTON aJredpamdecKkoil rpymnmne Hal aaredpandecku 3aMKHYTHIM
oseM, oo

® sBJIdeTCH JMHENHON Ipynmnoii, onuceiBaemoit Teopemoit 1.6.

[TosTOMYy €CTeCTBEHHO MOMBITATHCS 3AKIIYUTH MOU KPATKU 0030p HepeduncieHueM
HECKOJIbKUX OTKPBITHIX MPOOJIEM O JMHEHHOCTU TPYIN KOHEYHOro panra Mopsu.

Yrobbr 0600HImMTL THNOTE3y 3uabbepa—UepianHa W TPEBPATUTH €e B THUIOTe3Y
O JIMHEHHOCTH JOCTATOYHO IIUPOKOIO KJACC IPYII KOHEYHOro paHra Mopsiu, Ham
MOTPEOYIOTCST HEKOTOPBIE YTOUHSIIOIINE OPEIE/ICHNUSI.

Hazosewm cBasuyto rpynmy G KoHeIHOTO panra Mopin yrunomenmmo pedyuuposanmot,
€CJTM BBITIOJICHBI JBA CJEIYIONINX YCIOBHUA:
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e F(G) < |G, G], tme F(G), kak o6brano, — moarpynmna @urruara rpynmnst G (To ecTh
MAKCAMAJILHAS HOPMAJILHASA ONpeeAMast HUIBIIOTeHTHAS TIOATPYTINa Tpynmbt (),
u

o (G He COMEPIKUT COOCTBEHHBIX OIPEIEIUMBIX HOPMAJILHBIX TOArPYN H, TakKux, 9To
dakroprpynmna G/H — HHJILIOTEHTHASA TPYIIIA OrPAHUICHHOrO MEPUOIA.

T'umoresa 2. Ilpeanonoxkum, uro G — CBA3HAS U yHUIIOTEHTHO PELYTHPOBAHHAS TPYIIIA
koueuHoro panra Mopsm. Torna G nomyckaeT TOYHOE JHHEHHOE TPEICTABICHNE

G — GL.(R)

HaJ KOMMYTATUBHBIM KOJbIOM R KoHeuHOro panra Mopmm. Bosee Toro, ects HamexIa,
9TO KOJIBIO R MOXKeT ObITH CAETAHO IPSIMOM CyMMOii

R=K o 0K,
asrebpanyeckn 3aMKHYTHIX T0JIEeH.

Toxkany#t, nacrymaer mopa mpoBecTH 0OJIee TOHKOE PA3TUYIUE MEKIY HECKOJIbKUMU
BApUAHTAMU ONPEIEIEHUs] JINHEHHOTO TPEICTABIEHNUsI, KAK OHU €CTECTBEHHO BO3HUKAIOT
B KOHTEKCTe Tpynnm KoHewHoro panra Mopmau. B T'mmorese 2 mporre Bcero »keaarhb
CyIecTBOBaHusA abcmparmmuozo romomopdusma ¢ : G — GL,(R). Crenyommas CTeneHb
CMEJIOCTH JKeJIAHWH — 3TO OXKUJIATh, 910 G, R U ¢ onpee/uMbl B HEKOTOPOH 00beMJTIONIeH
CTPYKTYpE KOHEUHOTO paHra MopJin; B TAKOM CJIydae Mbl OYIeM FOBOPUTH, 9TO IPEICTAB-
JIeHTe ¢ onpedesumo.

B cuny pesynbraros u3 mnpeapiayiero maparpada, caemyoriee yeumenne ['umore3nr 2
TIPEICTABJISETCH OCOOEHHO 3aMaHIUBBIM.

Bompoc 3. Moxwuo mm ycuaurh [umoreldy 2, morpebOBaB B OpHUAATy, HUTOOBI
romomopdusm ¢ : G — GL,(R) Mor GbITh BBIOpAH ONpeIeTuMbIM?

Bonpoc 4. Mox#o ju yeunuth [unoresy 2, norpebosas, arobbl koibio R (a paBHO u
nong Ky, ..., K,) Gbutn unrepnperupyembl B G — Tak Ke Kak U roMoMopdusm

G — GL,(R)?

3. OTkyna 6epyrca moJada?

Koneuno, xorma ™Mbl XOTMM JOOUTHCS JTUHEHHOCTH PA3PEIIAMbBIX TPYII KOHETHOTO
panra, MopJsn, TO MBI PACCUMTBHIBAEM, UTO TIOJI€ TIOSIBUTCS B PE3Y/JbTaTe TTPUMEHEHUS
MPOCIIABIEHHON TeopeMbl 3uiibbepa 00 HHTEPIPETUPYEMOCTH aIrebpandecKu 3aMKHYTO-
IO TIOJIst B CBSI3HOM PA3pEIMMOil HEHUJIBIIOTEHTOU rpymne KoHedHoro paura Mopswu. Ho
¥ B CJIy49ae HUJIBIOTEHTHIX TPYII MOJE YACTO BOZHUKAET CAMBIM €CTECTBEHHBIM O0OpPa30M.

Teopema 3.1 (Buibbep [28]). Eciu nubnorenrnas rpyuna G koneunoro paunra Mopiiu
u 0e3 KpydeHHusi He MOKeT ObITh pasjioskeHa B npoussenenne G = AB T03JeMEHTHO
KoMMyTHpytommx, [4, B] = 1, cobcTBeHEBIX onpenennMbrx noarpynm A u B, To rpynna G
OTIPEETNMO H30MOP(dHA aNTebpandecKoil IpyIine HaJ aIredpandecKi 3aMKHY THIM MTOJTeM
K, uarepuperupyemsiM B G.
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ITpomece MoABIEHUA TIOJA B HAJBIOTEHTHON Ipymme 6e3 KPydYeHHA XOPOLIO CXBAMEH
caepytomum pesyabrarom Jxedda Bépuxeca [17] u Onusbe Opekona [20], KoTopslil s
npuBOXKY B dbopmyanposke Bépmxkeca [17].

Teopema 3.2 (Bépmaxec [17], Teopema 2.5 u ®peron [20], pexnoxkenne 5.7). Ipex-
no10KuM, 910 (G — HWIBIOTEHTHASA I'PYIIIa KOHeYHOro panra Mopuan u 6e3 KpydeHus,
KOTOpasg COOepKNUT OECKOHETHOe PABHOMEPHO OIMPEIeTNMOe CeMefCTBO J MOmapHO pas-
JINYHBIX onpenaeauMbix noarpynn. Torna 8 G MOXKHO HPOMHTEPIPETHPOBATHL ajredpau-
geckn 3aMkuayToe nojie K. Bosee Toro, B G ecth onpenennmast cexisa H /N | onpenennmo
n3oMopdHas BEKTOPHOMY MPOCTPAHCTBY HaT K| mpudeM cemeiicTBO

((HNF)N/N | F € F}

COMEPKUT OECKOHEYHOE PABHOMEDPHO OIMPEIEIMMOe IOICEMENCTBO TOMAPHO PA3TUYHBIX
BEKTOPHBIX HOJIIPOCTPAHCTB.

Tema paBHOMEPHO OMPEIETUMBIX CEMENCTB TOATPYNI W WX BAWSHUSA HA CTPOSHUE
rpymnsl JeraibHo pasputa Onuebe OpekoHOM B ero crarThe [20] B 3TOM Ke TOME, Ky/Ia
a4 U OTCBHIJIAI0 YUTATENS.

B caydae HUABIOTEHTHBIX TPy C KPYYEHWEM I[0OJe, K COXKAJIEHHUIO, HE BCErIa
omnpeennmo. KoHTprpumepom aBisttorcs nocrpoernbie Angpeacom Baynuiom HecaeTHo
KaTeropuvHble p-Tpynnbl B mpoctoro mepwoja p > 2, panra Mopam 2 u cTymeHu
HuboreHTHOCTH 2 [7]. 113 HUX Ke JIErKO CTPOMTCsST KOHTpHpUMEp K Bepcun Teope-
MBI 3.2 IJIs HWJIBIOTEHTHBIX TPy ¢ Kpydenuem. Cjemymooiras KOHCTPYKIWS MOJIE3Ha,
TeM, 9TO OOBACHSET, KAK PABHOMEPHO OMPEJETUMbIE CEMEHCTBA MOATPYIIT BO3HUKAIOT B
HUWIBIIOTEHTHBIX I'PYIINaX.

HeiictBurensHo, mycts B — rpymnna Bayauma nepuona p. Pacemorpum abenreBy rpytmmy

A= (B/Z(B)) x Z(B).
Hanovmuuwm, aro B uMeeT KIacC HUJIBIIOTEHTOCTH 2, MOITOMY KOMMYTHPOBAHUE
x> [z,b]

[IPOM3BOJIBHOIO 3JIeMeHTa * € B ¢ ¢dukcupoBaHHbIM 3jeMeHTOM b € B omnpenenser
orobpazkenue v, : B — Z(B), xkoropoe dunprpyerca depes dakrop B/Z(B), cTaHOBACH
JIUHEHHBIM OTOOpaXKEeHUEM

% : B/Z(B) — Z(B).

Ecmu Teneps 'y C (B/Z(B)) x Z(B) — rpaduk orobparxkeHus 7, TO B CeMeACTBE Ompe-
JIeTAMBIX TIOTPYTIT

G={Ty|be B}

u3 rpynnbl A MOKHO HARTH GECKOHEYHOTO MHOTO MOMAPHO PA3IUIHBIX MTOAIPYIIIL.

[Mockonbky rpymma Baynuia we naTEpIpeTHpYeT OECKOHEYHOTO MOJIs, TO CTPYKTYPA,
COCTOSAIIAs U3 abesIeBoi rpynnbl A U PABHOMEDHO OIPEIETUMOro ceMeficTBa G, Tak Ke
HE MOXKET WHTEPIPETHPOBATH HUKAKOTO DECKOHEYHOTO MOJI.
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Bompoc 5. Ilposeputs, 9To rpymnmnsl Bayauina He aBasgioTca THHEHAHBIMHA.

Bosspauascs k reopeme 3uibbepa (Teopema 3.1) 06 uHTepuperupyemMocru 1oJs B
pPa3pelumMon, HO HEHUJIbIIOTEHTHON CBA3HONI I'pyllIle, eCTECTBEHHO 3a1aThbCA BOIIPOCOM O
JIMTHEHHOCTY Pa3PENUMBbIX TPYIIT KOHEYHOTO paHnra Mopiu.

Bompoc 6. Bepro au, uro cBs3nas paspemmMas rpynna G ¢ TPUBHAIBHBIM IEHTPOM,
Z(G) = 1, umeer onpesemMoe TOUHOE MATPUIHOE PEJICTAB/IeHIEe

G — GL(n,R)

HaJl KOMMYTATUBHBIM KOJIbIIOM R KoHedHoro paxra Mopiu?

Koneuno, orpannuenne Z(G) = 1 BKIIOYEHO B 3TOT BONPOC B HAJEXKJE, U4TO OHO
YCTDAHWT BCe OCJIOKHEHWs, CBf3aHHBIE ¢ rpynmaMu Baymuma. Tem He MeHee, OHO
He 700aBJISI€T CJIMIIKOM MHOTO TOBOJIOB /Ui ONTHMH3Ma, MOCKOAbKY Osupebe ®pekoH
3aMeTHiI, 9To Bompoc 6 ocraercss OTKDBITBIM JlaXKe B CIy9ae OYeHb MAJEHBKUX DY
CPABHUTEJBHO TIPOCTOIO CTPOEHMS.

Bomnpoc 7 (Ouusbe Pperon). IIpennonoxum, uro G — cBg3Has pa3peliduMag TrPyIa
panra Mopau 3 u ¢ TpuBHATIBHBIM 1eHTpOM. Kpome Toro, mpeanomnoxum, aro G comep-
JKHAT OIPEIeaIuMyto abeaeBy HOpMaJbHYO noarpymny A panra Mopau 2 u 6e3 KpydeHus.
Bepuo s, uro G — nuHeiinas rpymmna?

TTosTomy cremyrommii BOITPOC 33aH ¢ HECKOJBKO 00Jiee TTECCUMUCTUIECKUX TTO3UITHH.

Boupoc 8 (Txedd Bépmxkec). Ilycrs G — ca3Has paspeinmuMasi rpyIiia KOHEYHOro
panra Mopsu 6e3 yHunomermHozo kpywerus, TO0 eCTb 63 OECKOHEUHBIX abeIeBbIX MO~
TPYII OrPAHUIEHHOTO TIEPUO/IA.

Bepmo jii, aTo B TakoM cirydae G CONEPKUT KOHETHOE YHUCII0 TAKUX OMPEILINMbBIX MO/
rpyun Gy, .. .,G,, 94T0 Kaxkaasa noarpynna (G; onpenenuMo JuHelHa Hal anrebpandecku
3aMKHYTBIM 1oJeM k;, onpegenuMmbiM B G, i =1,....,.n,u G =Gy --- G,?

4. T'eHepuUYecKu N-TPAaH3UTUBHBbIE TPYNNIbI

Cuaesyiomas rpyliia BOIPOCOB cBsda3aHa co crarbeil Boposuka u Yepsuna [15] o rpynnax
mo/ICTaHOBOK. HamomuuM, 4ro onpenenumMoe peiictBue rpymmbl (G KOHEYHOI'O pPaHra
Mopan #Ha MHOXKecTBe X HA3BIBACTCS 2eHEPUUECKU M- MPanaumuerom, n = 1,2,...,
ecsu G umeer Ha X" renepudeckyio opbury (uiu opouTy 06we2o nososceHUs), TO eCTh
opbury 2%, 7 € X", rakyiwo, uro k2% = rk X",

Bompoc 9. Tlpeamonoxum, 9aro cBs3uas rpynna G KoHedHOTo panra Mopiu neficreyer
TOYHO, OTPEJIEINMO U NeHEPUIECKH {-TPAH3UTUBHO Ha abeseBoil rpynmne A paxra Mopim
n. Bepro ju, uro t < n?

DTOT BOIPOC OCOBEHHO WHTEPECEH B CBOEM IMPEINOIOKUTETHLHOM MPEIETbHOM CITydae
t = n. HefcTBUTENBHO, €CTh HANEHKA, UTO OH BEHET K CJEAYIONEN XapaKTepu3aluu
TIOJTHBIX JIMHEHHBIX IPYIII.
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T'unmoresa 10. IIpennonoxkum, 4To cBa3Hag rpynmna (G KomeyHoro panra Mopuu
JeficTByeT TOYHO, ONPEIeTUMO W TeHEPUIECKH N-TPAH3WTHBHO HA CBSI3HON abereBoit
rpymme V panra Mopan n.

Torma V umeer cTpyKTypy BEKTOPHOTO ITPOCTPAHCTBA PA3MEPHOCTH 1 HAJT HEKOTOPBIM
anrebpamdeckn 3aMKHyTHIM TosieM F panra Mopmm 1 u G cosmagaer ¢ GL,(F) B ee
ecTeCTBeHHOM aedicrsuu Ha V = F.

OcHoBaHuMe MHAYKIUW B BO3MOXKHOM MHIYKTMBHOM (IO M) J0Ka3aresbcrse umore-
3p1 10 camo 110 cebe ABIsIETCH OTKPBITOM TPOOIEMOii:

I'mnmoresa 11. Ilpeanomoxkum, uro cBsazHas rpynna (G KoHedHoro paxra Mopiu
AeficTByeT TOYHO, OIPEeIennMO W HEIPHBOOINMO Ha abenepoit rpymme V' panra Mopim
2 nwim 3. B TakoM ciiydae BBIMOJHSIETCsST OHO M3 CJIEAYIOMUX YTBEPKICHMI.

e 1k(V) =2, u G copnamaer ¢ omnoii u3 rpynm SLy (F) wmm GLa(F') B ee ecrecTBeHHOM
neifcreun Ha V = F?, unn

e 1k(V) = 3, V umeer Koneunyio skcrnoneury p” s p > 2, u G — npocrast p-rpynmna

)

(u TeM cambIM siBjIgercd “muioxoil” rpynuoii B repmunosoruu Ilyasza), uin

o tk(V)=3,G=Z(G) * L, rue * 0003HAUAET NEHTPATHHOE TPOU3BEACHNE TPYIII, U
L coenamaer ¢ onHoii n3 rpynn PSLy(F) unu SLs(F).

IMomumo cBoel poiu Kak OCHOBaHWgA WHAYKIWH, [umoreza 11 mosme3na Kak CBOEro
POJIa HCIBITATEIbHBIA MOJUTOH JIJIsi METOJIOB, Pa3pabaThbIBAEMbIX MOUMHU KOJIJIETAMU
Anrunenom, Bépmrkecom, demopo, 2Kaauro mis kinaccuduKaimm “MajgeHbKUX’ IPOCTBIX
rpynn KoHewHOro panra Mopau u HederHoro tuna. “‘Hederusrit” Tun nmonumMaercss 37eCh
KaK TapaJjiesib “d4eTHOrQ”; mpocTas rpyIna KOHEIHOro paHra Mopiu umeer Hewemmvl
MUN, €CITH OHA COJEPIKUT WHBOJIIONNIO, HO HE SIBIIIeTC TPYIIoi 4eTHOro tuna. EcTh ere
U THIIOTETUYIECKUH KJIACC MPOCTBIX IPYIII “BBIPOXKIEHHOIO THUIA”, BOBCE HE COMEPIKAIIIX
WHBOJTIOINIA; TTPO 9TOT KJIACC TAK W HEU3BECTHO, MIYCT OH WX HET. B TO ke BpeMs mpocThie
aredpanvyecKre TPYNIbl HAJ aJIreOPAndecKu 3aMKHYTBIMU TIOJSIMUA HEYETHOU Xapak-
TEPUCTUKYU WJIN XaPAKTEPUCTUKHU HOJb ABJSIOTCA TPYINIAaMU HedeTHOro Tuna. HeemoTpst
Ha CYIIECTBEHHBIH IIPOTPECe, MOKA3aTeNIbCTBO IUNoTe3bl 3uiabbepa-Uepanna fajig rpy
HEUYETHOTO THUTMA JAJIEKO OT 3aBEPINIEHNs], W TJIABHBIM KAMHEM TPETKHOBEHUS SIBJISTIOTCS
KakK pa3 “MajieHbKue’ TI'DYIIIbL.

OdeHb BEPOSTHO, YTO JI0Ka3aTeabCTBO l'mmore3nt 11 morpebyer cucremarmsaiuu
BCEX HMMEIONMINXCSA Pe3yabTaTOB O ‘“MajleHbKNUX TPYINAaX HEYETHOIO THUIA, HAYMHAA C
paborbl Kpucrunbl Anbruaiivep o xapakrepusanuu rpyun PSLs menrpanusaropamu
unsomomii [3]. Yro kacaercs rpymmst PSLy(F), To oHa, cKopee Bcero, 6y1eT BO3SHHKATh
B ['mnorese 11 u3 kordUrypammu, HOKpBITOil HemasHeil Teopemoit A mpuena enopo [18].

Teopema 4.1 (Henopo [18]). Iycts G — MUHUMAaJIBbHAST TPOCTast TPYTINA (UTO O3HAUAET,
49TO BCe COOCTBEHHBIE OIPEIEIUMBIE CBI3HBIE HOAIPYIINbLI PA3PEIIUMbI) KOHEUHOIO PAHIA
Mopau u HedeTHOro THma. [IpeamnosokuM, 9T0 MAKCUMAJbHBIE IEJTUMbIE 2-TIOATPYTIIbI
(2-Topsl, B Tepmunosnoruu Ilyaza) uz G u3oMopdHbI KBA3UIMKINYECKOH 2-rpy1ne Zgoo.
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ITycrs t — urBoOMIONNS, comepkamasics B 2-tope u3 G. Ilpennonoxum, nasee, 4To CBA3HAS
kommonenTta, Cg(t) mentpammsaropa Cg(t) MHBOMONME ¢ HE ABJAETCA MAKCUMAIBHOM
CBA3HON paspermumoii noarpynmnoi B G.

Torma G ~ PSLy(F) myist anrebpantdeckn 3aMKHYTOTO mojst F.

Eie 6omee moste3noit 17151 fOKa3aTebeTBa ['unore3nl 11 aBasieTcs Caeayromas Teope-
ma Anpuena emopo n Dpuka Kanwro [19], yenamparomasi mpepiaynmii pe3yabrar
Hemnopo. Ham morpeGyercst oiHo onpenenenne n3 [19]: Mbl 6ymeM roBopuTh, 9TO TPyMNa
G xonedHoro panra Mopiu SBIISIETCS A0KGABHO DPA3PEWUMOT’, €CJIU HOPMAJHU3ATOP
Ng(A) mo6oit HerpuBHaabHON onpeaennmoil noarpynnsl A uz G nowmu paspewum, T.e.
uMeer paspemmmyo ceasuyio komnonenry N&(A). B ycnosuax I'munoresst 11 rpynma G
JOBOJIBHO 9aCTO OYIET OKA3BIBATHCA JIOKAJIHHO Pa3PEITHMOii.

Teopema 4.2 (denopo u ZKamuro [19]). Ilycre G — mpocrasi JOKaJbHO pa3permmas®
IpyIma KOHeYHOTo paura Mopsu u Hewernoro Tuma. llpemnonoxum, 9ro 2-TOphI U3
G w30MOpMHBI KBABUIMKINIECKONH 2-rpymie Zgeo. [lpeamomoxum, 910 ¢ — WHBOJIO-
must, comepxamasica B 2-1ope u3 G. IlpemmonoxuM, nasee, uro C&(t) me sBusercs
MaKCUMAJILHOM cBsi3HOI paspeimmoil noarpynmnoit 8 G. Torna G ~ PSLo(F) ais anre6-
palvecKu 3aMKHYTOro mosd [,

SambicioBaTbie GOPMYIUPOBKY JBYX TPYAHBIX TEOPEM IPUBOAATCS 37€Ch TOJIBKO s
TOTO, 9TO0BI MOKA3ATh YUTATENIO, HACKOIBKO OBICTPO HAINA TEOPHs CTAHOBUTCH KpaiiHne
TEXHWYECKOH W TEPECTAET BMEIATHCS B PAMKH dJeMeHTapHoro obsopa. Mue ocraercs
TOJIBKO 3aBEPUTDH UYUTATENS, YTO TEXHUKA V HAC €CTh.

5. 'pynmbl mceBOoOTpaKeHU it

CJIe,ZLyIOH_[aH THIIOTE€3a, XOTA ¢ BBIIVIAOIUT OYEHb TeXHquCKOﬁ, MOZKET OKa3aThbCAa
pelnarnuM 3BeHOM noKas3areabcTBa ['unoressr 10. OHa omuchIBaeT KOHQUTYDPAIHIO,
KOTOpasi UIPAeT BaXKHYK POJIb B KJIACCU(UKAIIMU TPYIN KOHEYHOrO panra Mopau u
YeTHOr'o THUIla. Ee TOATBEPXKICHUE B O6H_[eM CJay4vae MOXKET CTaTh OJHUM U3 KJIIOYCBHIX
CTPYKTYPHBIX PE3YJBTATOB O I'PYIIIaX KOHEIHOrO panra Mop/iu B meioM.

Tumoresa 12. IIpenmonoxum, 4To cBa3Hasg rpynna (G KoHedHoro panra Mopau
JefiCTByeT TOYHO, ONPEIeJNMO W HEIPUBOAMMO HA CBA3HON abemeBoit rpymnme V KoHeU-
woro paura Mopsu. s ynobcrea, Oyaem MCIoIb30BaTh AINTUBHBIE O0E€3HAYEHUS JIsT
oreparmii B V. [lpeamomoxkum, aro G conepRuT nodepynny ncesdoompadicenutl, TO €CTh
abeniesy noarpynmy R taxyio, uro V = [V, R] @ Cy(R) u R AeficTByeT TpaH3UTHBHO HA
MHOKECTEE HEHYJICBBIX 37eMeHTOB 13 [V, R).

B Takom ciiyuae V' momyckaer CTpyKTypPY BEKTOPHOTO TPOCTPAHCTBA HAJL ajredpanvec-
KU 3aMKHYTBIM 1ojeM F'| npuuem [V, R] oka3bIBAeTCs OJHOMEPHBIM IIOAIPOCTPAHCTBOM
u R neiicreyer na [V, R| Kak MyJbTUILIMKATUBHAS rpyna nojis F. B nosepuienue Bcero,

G = GL(V).

B cay4ae, xorma V' — abeneBa 2-rpymma, I'mmoresa 12 mokasama kak Teopema IV.5.3
us [1].
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Bamernm, uTo B wactHOM cayvae, koraa rk ([V, R]) =1 (a 3T0 eamHCTBEHHBIN Cy9ai,
HYKHBIH jiia moaTeepkaenus Lumoresst 10), Twnoresa 12 ckopee BCEro SABISETCS
OTHOCUTEJIBHO ITPOCTLIM cjiefcTBueM ['umoresnr 11 u MoKeT ObITh JOKa3aHa IPU IOMOIIN
TexHUKH, paspuToil Afime Bepkman [10]. Ho npwm 3TOM MBI OKa3BIBAEMCA HA PA3BUIIKE,
rJIe B HAII CIEHAPUI BJIUBACTCA TEMA KAGCCUMECKUT UHGOMOUUT.

HeticrButensro, mus mo06oit conpsizkennoit rpynmer RY rpymmet R, rpymma L = (R, RY)
uenrpanusyer U = Cy(R) N Cy(RY) u meiicteyer wa V/U. Ho tkV/U < 2; nostomy
BO3HMKAET €CTECTBEHHOE YKEJIAHUE UCI0/Ib30BaTh ['unore3y 11 u HaliTH TaKyIo NOATrPYIIILY
L,uro L = L/Cp(V/U) mzomopdua GLy(F), a R u RY 0Ka3bIBaIOTCH €€ OJHOMEPHBIMI
anrebpandeckumu Topamu. Eciu Mbr nosoxum J = [L, L], To J ~ SLy(F) u obaamaer
3aMEeYATENbHBIM CBOHCTBOM: ecqu z — maBOmonasa u3 Z(J), To J < Cq(2).

TeM caMbiM WHBOJIOUUA Z SBJISETCS KAaCCuyueckol unsomouyuelti w3 G B cMbIcie
Maiikna Ambaxepa [4] u Aitie Bepkman [10]. Boino 0bI 0U€HD HHTEPECHO MOMBITATHCS
mokaszars ['umoresy 12, memonb3ya meTomsr crarbu Bepkman [10].

Ocraerca nobasuth, 49ro Korga rpymma (J9 | g € G) yke OTOKIECTBIEHA
co cnemmanbHON smEedHONW rpymmo#t SL,(F), To cymecrsoBamme Ha V  CTpyK-
Typbl BEKTOPHOTO TIPOCTPAHCTBA HAJ ToJgeM F  BBITEKAET M3 NPUHAJJIENKAIIETO
Vabpuxy Maiiepdpankendenbiy pe3yabrara, XapaKTepU3yOIIero eCTeCTBEHHIE MOYIN
KJaccuyecKux rpynn [23].
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