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The Annals of Applied Probability

OPTIMAL SCALING OF RANDOM WALK METROPOLIS ALGORITHMS
WITH DISCONTINUOUS TARGET DENSITIES

By PETER NEAL, GARETH ROBERTS AND WAl KONG YUEN

University of Manchester, University of Warwick and Brock University

We consider the optimal scaling problem for high-dimensional
Random walk Metropolis (RWM) algorithms where the target distri-
bution has a discontinuous probability density function. All previous
analysis has focused upon continuous target densities. The main re-
sult is a weak convergence result as the dimensionality d of the target
densities converges to co. In particular, when the proposal variance
is scaled by d~2, the sequence of stochastic processes formed by the
first component of each Markov chain converges to an appropriate
Langevin diffusion process. Therefore optimising the efficiency of the
RWM algorithm is equivalent to maximising the speed of the limit-
ing diffusion. This leads to an asymptotic optimal acceptance rate of
e~%(= 0.1353) under quite general conditions. The results have major
practical implications for the implementation of RWM algorithms by
highlighting the detrimental effect of choosing RWM algorithms over
Metropolis-within-Gibbs algorithms.

1. Introduction. Random walk Metropolis (RWM) algorithms are widely used generic Markov
chain Monte Carlo (MCMC) algorithms. The ease with which RWM algorithms can be con-
structed has no doubt played a pivotal role in their popularity. The efficiency of a RWM al-
gorithm depends fundamentally upon the scaling of the proposal density. Choose the variance
of the proposal to be too small and the RWM will converge slowly since all its increments are
small. Conversely, choose the variance of the proposal to be too large and too high a proportion
of proposed moves will be rejected. Of particular interest is how the scaling of the proposal
variance depends upon the dimensionality of the target distribution. The target distribution is

the distribution of interest and the MCMC algorithm is constructed such that the stationary
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2 NEAL ET AL.
distribution of the Markov chain is the target distribution.

In their seminal work, [12] considered the asymptotic problem as the dimensionality d of the
target distribution tends to infinity. In particular, they showed that for continuous and suitably
smooth IID product densities the (asymptotic) optimal scaling of the proposal density is I2/d
for some [ > 0. Of great practical importance, it was shown that the optimal scaling of the
proposal density leads to an average acceptance probability of 0.234. This has major practical
implications for practitioners, in that, to monitor the efficiency of the RWM algorithm it is
sufficient to study the proportion of proposed moves accepted. Computer simulations have shown
that the asymptotic approximations are very good for d = 10. Furthermore the overall efficiency
of the algorithm is O(d). A number of extensions of the results in [12] have been considered, see
[8], [14], [11] and [4], all with the same conclusions for optimal scaling and the resulting average
acceptance probability. Similar results have been obtained for Metropolis adjusted Langevin
algorithms (MALA), see [13], where the optimal scaling of the proposal density is 1?/d"/3 for
some [ > 0 and the corresponding average acceptance probability is 0.574. Extensions appear in

[14], [7] and [11].

In all of the above mentioned examples the target distribution is assumed to have a continuous
(and suitably differentiable) probability density function (pdf). The aim of the current work is to
investigate the situation where the target distribution has a discontinuous pdf. More specifically,

we consider target distributions of the form

d
(1.1) ma(x?) =[] £ (=),
i=1
where
(1.2) f(z) xexp(g(z)) (0<z<1)

where g(+) is twice differentiable upon [0, 1] and f(z) = 0 otherwise. In particular, we show that
the optimal scaling of the proposal variance is 03 = 12/d? for some | > 0 with a corresponding
average acceptance probability of e2(= 0.1353). Therefore the mixing of the algorithm is O(d?).
This compares unfavourably with Metropolis-within-Gibbs algorithms for which the mixing of
the algorithm is O(d). Furthermore, the arguments of [11] can easily be adapted to this situation

and it is shown that updating only a proportion ¢ > 0 of the components rather than the full
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OPTIMAL SCALING OF RWM ALGORITHMS 3

RWM algorithm leads to a gain in efficiency of ¢~!. Hence lower dimensional updating schema
are preferable. This is the main practical implications of the paper, although should a full RWM
algorithm be used, the optimal scaling of the proposal variance leads to an average acceptance

probability of e~2.

The paper is structured as follows. The algorithm and main Theorem (Theorem 2.1) are given
in Section 2. Although the results are similar to [12] and subsequent work the method of proof
is markedly different. In particular, the proof of Theorem 2.1 splits into two parts which are
proved in Sections 3 and 4, respectively. Finally in Section 5 extensions of Theorem 2.1 are given

and the practical conclusions of the work beyond the analytical results are discussed.

2. Algorithm and statement of the main Theorem. For d > 1, we shall consider a
Random walk Metropolis (RWM) algorithm on the d-dimensional hypercube with target density
7q(x?) of the form given by (1.1) and (1.2).

For d > 1, let X4, X‘f, ... denote the successive states of a Markov chain constructed as follows.
Let Xg ~ mq(-). Fort > 0and ¢ > 1, let Z;; be independent and identically distributed according
to the uniform random variable Z ~ U[—1,1], with Z¢ = (Z41, Zi9,. .., Zta). Then for d > 1,
t>0and [ >0, let

Vi, = X{ + 042

where 04 = [/d. Set

d . e ma(Yi )
<t _ Y{ ; with probability {1 A ﬂd(;(; },
t+1

X¢  otherwise.

Therefore for d > 1, let

274 if g% € (—1,1)¢
ha(z) = ( )
0 otherwise.

Let J;(x?%) denote the probability of accepting a move in the RWM process given the current

state of the process is x?. Then

(2.1) Ja(x?) = /hd(zd) {1/\M} dz’.

ma(x)

In order to assist in our analysis of the RWM algorithm it is necessary to define a related

process which we shall term the pseudo-RWM process. The key difference is that the pseudo-
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4 NEAL ET AL.

RWM process moves at each iteration. Furthermore the moves in the pseudo-RWM process
are identical to those of the RWM process, conditioned upon a move in the RWM process
being accepted. For d > 1, let Xg,f{cf, ... denote the successive states of the pseudo-RWM
process, where Xg ~ mq(+). The pseudo-RWM process is a Markov process, where for ¢ > 0,

Xtdﬂ = X% + ¢42% and given that X¢ = x9, Z¢ has pdf
((27x?) = ha(z") {1 A M} / Ja(x?) (2’ € RY).
Let #4(-) denote the stationary distribution of the pseudo-RWM process. Then for x? € [0, 1]¢,
falt) = Tl malxt) ) [ Taly"maly”) dy”
= Jd(Xd)ﬁf(fU?)//Jd(yd)ﬂd(yd) dy?
i=1

xd) &
(2.2) = DT ), say.
=1

My

where My = [ Ja(y4)ma(y?) dy?. Note that X%, X4 ~ 74(-) and therefore we can couple the
two processes to have the same starting value Xg. A continued coupling of the two processes is
outlined below. For j > 0 let G;(-) denote independent Geometric random variables, where for
0 < p <1, Gj(p) denotes a Geometric random variable with ‘success’ probability p. For s € Z™,

let

U = sup {s eN: si:IGj(Jd(X?)) < t} .

j=0
The RWM process can then be constructed from the pseudo-RWM process by setting Xg = Xd,
and for all s > 0, X4 = XdUg. Obviously the above process can be reversed by setting Xf equal

to the t*" accepted move in the RWM process.

For t > 0, let
[td®—1]

L= T Gl
and let -
W = sup{s; Ty(s) < t}.
Therefore W = d%U[‘fig "t
For each d > 1, the components of Xg are independent and identically distributed. Therefore

we focus attention on the first component as this is indicative of the behaviour of the whole
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OPTIMAL SCALING OF RWM ALGORITHMS 5

process. Therefore for d > 1 and t > 0, letting V, = X [(fi?t}

Vi=vd,.
t VVf

, and Vﬂ = X[Cég g0 We have that

THEOREM 2.1. Fizl > 0. For all d > 1, let X§ = (X(‘)I’I,X(C){Q7 e ,X&d) be such that all of its

components are distributed according to f(-). Then, as d — oo,
Vi=Vv
where Vo ~ f(-) and V satisfies the (reflected) Langevin SDE on [0,1]
1
(2.3) dVy = \/v(1)dB; + §V(l)g/(Vt) dt +dL)(V) — dL (V)

where

and f* = limy)g <7f(x)+£(1fx)) .

Note that the factor 1/3 comes from the variance of U[—1,1] being 1/3.

Proof. Fix | > 0 and let ¢;(t) = exp(—f*1/2)t (t > 0). We shall prove the theorem under the
assumptions that

(2.4) Vi = V. asd— oo,

(2.5) we 2 () asd— oo,

where V. satisfies (2.3) with v(I) = 12/3 and Vo = Vj ~ f(-). The proofs of (2.4) and (2.5) are
given in Sections 4 and 3, respectively.

Thus to prove the theorem it is sufficient to show that Vi = le(_) as d — oo.

By (2.4), (2.5) and [5], Theorem 4.4,
(VW) =2 (V).

Since V. is almost surely continuous and W is non-decreasing in ¢, it follows by [5], (17.7-17.9)
that

Vv‘f,_d = le(.) as d — oo.
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6 NEAL ET AL.

Therefore since for all ¢ > 0 and d > 1, V* = Vﬁ/d, we finally have that
t
Vi V=V asd— oo,

as required. O

The speed of the diffusion depends on f* and therefore depends upon the limiting number
of components (under stationarity) close to the boundaries 0 and 1. In fact the speed of the
diffusion is not affected at all by the behaviour of f(-) in the interior of (0,1). This contrasts
with the continuous density results of [12] where the speed of the limiting diffusion depends

upon Ef[¢'(X)?].

The most important consequence of Theorem 2.1 is the following Corollary. First let
(2.6) aall) = [ malx) Ja(x) dx’

be the average acceptance rate of the RWM algorithm in d dimensions, and let

all) = exp(—£'1/2).

COROLLARY 2.2.
v(l) is mazimised by

Also

a(l) = exp(—2) = 0.1353.

Clearly, if f(-) is known [ can be calculated explicitly. However where MCMC is used f () will
often only be known up to the constant of proportionality. This is where Corollary 2.2 has major
practical implications, in that, to maximise the speed of the limiting diffusion, and hence, the
efficiency of the RWM algorithm it is sufficient to monitor the average acceptance rate, and to
choose [ such that the average acceptance rate is approximately e~2. Therefore there is no need

to explicitly calculate or estimate the constant of proportionality.
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OPTIMAL SCALING OF RWM ALGORITHMS 7

3. Proof of (2.5). The proof of (2.5) is rather lengthy and is completed in Theorem 3.16.
Therefore before jumping into the proof we give an outline of how the argument will proceed.

In order to show that W9 -2 () as d — oo, we will show that for all s > 0,
(3.1) Ta(s) 2= sexp(f*1/2) as d — oo.

The first step towards (3.1) is to show that under stationarity, the number of components in the
rejection region is sufficiently well controlled, where for fixed I > 0, we term R, = (0,04) U (1 —
o4, 1) the rejection region. The term rejection region is used since for a component in Rfi there
is a non-zero probability of proposing a new value outside of the range (0,1) with such moves
rejected automatically. This enables us to consider a simpler quantity Td(s) = d—12 ng:dg -1 Ld(Xf)

where Lg(x?) = Jy(x%) ! (x? € (0,1)%), in place of Ty(s), see Corollary 3.3.

The second step is to deal with complications caused by the dependence between the components
in the pseudo-RWM process. This dependence is very weak and for large d, the pseudo-RWM
process behaves in a similar manner to the independent pseudo-RWM (ip-RWM) process defined
after Corollary 3.3. In particular, we show that the two processes can be coupled for [d®] iterations
(0 < a < 1/8) with probability tending to 1 as d — oo. This coupling is sufficient for our needs

and is completed in Corollary 3.6.

The above are the preliminary steps towards proving (3.1). The main part of the proof consists

in showing that for suitable sequences of positive integers {ig} and {k4},

In other words, after k; iterations the ‘acceptance probability’ of the pseudo-RWM process
‘forgets’ the initial configuration of the Markov chain. This is done by showing that the position
of the components in Rfi after kg iterations converge to the points of a suitably defined Poisson

point process. By (3.2) and Chebychev’s inequality, we will be able to show that

A

Tu(s) = sexp(f*1/2) as d — oc.

The proof of (3.2) is given in Lemma 3.13 following preliminary analysis of the movements of the
components of the pseudo-RWM and ip-RWM processes. The results are then drawn together
in Theorem 3.16.
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8 NEAL ET AL.

Fix [ > 0. We shall assume that «, 3 and v are arbitrary but satisfy 0 < 20y < f < a < %. For
d>1andr>0,let R, = (0,7/d)U (1 —r/d,1) (this is consistent with the definition of R/, as

the rejection region) and let v (x?) = Z;lzl 1{3:?6535}.

Let F} = {x%b}(x%) < log d} and let A}, = {X¢ € F};0 < s < [d°/?]}. In order to analyse A}

it is easier to study the RWM process and use the coupling outlined in Section 2 in reverse.

LEmMMA 3.1.  For any k > 0,

d"P(X ¢ F}) -0 asd— oc.

Proof. Note that Xd ¢ F} if and only if b,(X{) >~ log d. However,
Lo 1/d
) ~ B (. [ 45600 4 0 -0} ar).
with
1/d
(3.3) d {f(x)+ f(1 —2x)}dx — 2f*] asd— oo.
0
Fix p > k/~. By Markov’s inequality,
1/d d
d"P(by(X§) >y log d) < d~ (1 +(e”=1) [ {f(x)+ (1 x)}dx) / exp(pylog d)
0

(3.4) < d¥TP7exp ((ep —1)d Ol/d{f($) + f(1— x)}dz) :

The lemma follows since (3.3) implies that the right hand side of (3.4) converges to 0 as d — oo.
U

LEMMA 3.2.

(3.5) dPP((ANY) =0 as d — .
Hence for any sequence of sets {Fd}, such that

(3.6) BPXEZF) —0  asd— oo,
we have that

(3.7) /8P (u,@dsf]{xg ¢ Fd}> 0 asd— oo.

imsart-aap ver. 2005/02/08 file: nry3.tex date: May 29, 2007



OPTIMAL SCALING OF RWM ALGORITHMS 9

i1 AP xed 1 S
Proof. Let A; =n;_, '{X{ € F;}. By stationarity and Lemma 3.1,

d/5p ((A}l)c> —0 asd— oo.

From (2.1) we can write

d
exp(g(x; + 042;))
h“%:/WW”W”mﬂm”%AE oxplgl)) |

Let g* = supg<,<; l¢'(y)]. By Taylor’s Theorem

d

> g(@i+042) — g(x:) = —lg*.
i=1

Hence for all x% € Fl},

Ja(x4) > 27 Vlogdelg" > g=ve-l9",

For d > 1, let Xg, X‘ll, ... denote independent and identically distributed random variables with
P(xd = 1) = exp(—lg*)d™". Let 03 = ng;/s] 1{X‘§;£X§l+1}7 the total number of accepted moves
in the first [d2%/8] iterations of the RWM process. Then 6y > [d°/?] and A} together imply Al
Therefore

d'PP((Ag)7) < dVPB((A)C) + d'/PP(6a < [d*?]| AD).

However, conditional upon A%,
[d23/8]

d
Z XZ Sst eda
i=0

and so,
[d23/8]

(38) WWMMWSdWW%ﬂ+WW(Zx%wW)
i=0

By Chebychev’s inequality the latter term on the right hand side of (3.8) converges to 0 as

d — oo and hence (3.5) is proved.

- Bt > (@8] (xed - F [@°/?] fcd
For a given sequence of sets Fy; satisfying (3.6), let Dy = N;_, {X{ € Fy}and Dg = N, {X{ €
F;}. Then

(3.9) d'*P(DF) < d'/PP(DF) + d'*P((A3)7) + d"*P(DF | Dy, Ay).
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10 NEAL ET AL.

The first two terms on the right hand side of (3.9) converge to 0 as d — oo by (3.6) and Lemma
3.1, respectively. The final term on the right hand side of (3.9) converges to 0 as d — oo by
identical arguments to (3.8) since Dy and 64 > [d°/?] together imply Dy. Therefore (3.7) is

proved. O

Lemma 3.2 will prove very useful in proving results for {Xf} by exploiting the fact that Xg =

X& ~ m4(-) and {X?} is in stationarity.

For s > 0, let Ty(s) = Z[Sd 1 Ld(Xf) An immediate consequence of Lemma 3.2 is the

following Corollary.

COROLLARY 3.3.  For all s >0, Ty(s) = sexp(f*1/2) if Ty(s AL o sexp(f*1/2) asd — oo.

Proof. Fix s > 0. By Lemma 3.2, Ty(s) - sexp(f*1/2) if Ty(s)|A} = sexp(f*1/2) as d — oc.

Consider the characteristic function of Ty(s)|AL. For all T € R,

[[sd%—1] .
Blexp(rTu(s)|4i = B| [ E |ew (56500%0)| b (X4)]| 4}
L 7=0
Bl exp(in/d2) J(XY) '
= _ Al
. _ ]HO 1— (1 Ju(X%)) explir/d2)|

Conditional upon A}, Ld(X?) < exp(lg*)d”. Hence, for all d > s? and 0 < j < sd® — 1,

exp(iT/d?) J (X4
p( /A d) d( J.) ; leLd(Xd) +O(d 3).
1—(1- Jd(Xj)) exp(it/d?)
Therefore Elexp(iTy(s))|AL] and Elexp(itTy(s))|A}L] have the same limit as d — oo, and the
corollary is proved. O

Therefore it is sufficient to study Ty(s)|AL. For j > 1, let T;l’a = ﬁ Zgjzd[?j__l]l)da] Lg(X%). Then

to prove (3.1) it is sufficient to show that for j > 1,

(3.10) T}i’a\Aé L exp(f*1/2) asd — oc.

We introduce the ip-RWM algorithm and define a suitable coupling to overcome problems in
analysing the pseudo-RWM algorithm caused by dependence between the components. We shall
define the ip-RWM before outlining a useful coupling of the two algorithms. In analysing (3.10),
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OPTIMAL SCALING OF RWM ALGORITHMS 11

it is sufficient to consider a coupling of the two processes over [d®] iterations. This coupling will

allow us to use either of the two processes depending upon which is most convenient.

For all d > 1, define the ip-RWM algorithm as follows. For j, k > 0, let XZ’j denote the position
of the ip-RWM process after k iterations with Xg’j = X;l That is, we start the coupling at the
4t iteration of the pseudo-RWM process and if the coupling is maintained for k iterations we
have that XZM = X?+k. For j>0,k>1,1<i<dandz € [04,1 — 04|, if nglyi =z, let Zgl]

have probability density function (pdf)

jd(z) _ % (1 + %adg’(:n)z) -1<z<1,
xr
0 otherwise.

Forj>0,k>1,1<i<dandz € R}, if X/, . =z, let Z{") have pdf

(14xz/og) " —zfog<z<1, ze(0,0q)
i) =8 A+ —-2)/og) ! —l<z<(l—2)/og z€(l—041)
0 otherwise.

Finally, set
vdi _ xd.J ~d.j
Xy =Xy HoaZy;
We require the following preliminaries and Lemma 3.4 before coupling the two processes.

We follow [3] and [!1] in noting that, for any function h which is a twice differentiable function

h(z)

on R, the function z — 1 Ae is also twice differentiable, except at a countable number of

points, with first derivative given Lebesgue almost everywhere by the function

h(z :
il A ) — W (z)eM?) if h(z) <0

dz 0 if h(z) > 0.

Therefore letting Jj(xd) denote the probability of accepting a move in the RWM given that

7§ = z, we have that

(3.11) Tix?) = {73 + 0ug/ (21) 23 (x") + 0(03) } Lz, 4oy,
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12 NEAL ET AL.

where x9~ = (19, 23,...,2%), Tq_(x%7) = Tq_1(x97),
0/ dy Td— (Xdi + O’dzdf)  Td— (Xdi + Udzdf)
Ja(x") = E l g (x07) ) g (x8-) < 1]
d d
= E [Ad(xd‘ + 0427 ) exp (Z{g(xi +04Z{) - g(fvi)}> 0> {g(ai+04Z) — g(x:)} <0
1=2 =2
(3.12)

and for all z% € R,

Ayl = 1z €(0,1) !
0 2z ¢ (0,1)%L

There are two cases to consider with (3.11) and (3.12). The first case is the uniform density

where g(x) = 0 for all 0 < z < 1. In this case Jj(x?) = JO(x) (s, +0,2¢(0,1)} and J9x?) = 0.

The second case is where E¢[¢'(X)?] = [ ¢/(x)*f(z) dz > 0. We shall focus on the non-uniform

case with the uniform case following by similar, but considerably simpler, arguments. For d > 1,

<d‘1/4}.

For all k > 0, by independence of the components of Xg and Markov’s inequality

let

d
Fj = {Xd : |$ > ¢ (@) —E[g'(X1)?

i=1

(3.13) d"P(Xd ¢ F2) -0 asd— oo.

LEMMA 3.4. For E[¢'(X1)%] > 0 and for all x4 € F} N F2,

St 1

1/4

Proof. Fix x? € F} N F?. Let

d
Ii(x%) = \/EZ{Q(%' +04Z;) — g(xi)}
=2
d
(3.14) = ﬁ ;g'(xi)Zi +o(d™1/3).
Therefore

eXP(_d_l/S)E [Ad(xd_ + O'dzd_)l{[d(xd)/\/g<g}} - E[l{jd(xd)/\/g<,d—1/3}]

jc(l)(xd) <E [Ad(xd_ + Udzd_)l{[d(xd)/\/ad]}}

IN
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OPTIMAL SCALING OF RWM ALGORITHMS 13

and

eXp(_d_l/g)E {Ad(xd_ + Udzd_)} - E[l{jd(xd)/\/a<,d71/3}]
< JHx) B [Ag(x 4 0427)] .

By Markov’s inequality,
d3P(Iy(x?) < —ds) — 0 as d — oo,

and so,

- d— d—

(3.15) 79 (x) E[Ay(x7 + 04Z4)]

since for x? € F}, E[Ay(x?™ 4+ 04Z%7)] > e719"d .

Note that

E[Aa(x?™ +04Z7) 1) ay vacoy)

E[Aq(xT 1 0427))] = P(Ia(x?) < 0[Ag(x"" + 04277) = 1).

Let By(x%) = {2 < i < djog < 7 < 1 — g} and let Iy(x?) = \/EZieBd(xd) lg'(x;)Z;. For
x4 € F}, |By(x4)¢| = b}, (x?) < vlog d, and so, using (3.14), for all sufficiently large d,
|Ta(x?) — Ty(x%)| < d7/3.

Thus

P (Iy(x") < —d/%)

IN

P(I4(x%) < 0]Ag(x?™ 4 04297) = 1)

(3.16) < P (L") <d M),

since for i € By(x?), Z¢ is independent of Ag(x9~ + 04Z97).

By the Central limit theorem, I;(x%) 2 Iy(x%) ~ N(0,(12/d) > ic By(xd) g (z;)?), and so, by the

Berry-Esséen inequality, there exists K1 < oo such that for any a € R,

. . K,
3.17 P(I4(x") < a) = P(I4(x") < a)| < —=.
(3.17) [Pa(x") < @) = P(Lu(x") <o)l < =
Since x? € F?, 1 YieBa(xd) 9 (i) > +E[¢'(X)?] for all sufficiently large d. It follows from (3.16)
and (3.17) that there exists Ko < oo such that

(3.18) P(I(x%) < 0]Ag(x?™ + 042 ) =1) — % < Kod '3,

The lemma then follows from (3.15) and (3.18). O
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14 NEAL ET AL.

LEMMA 3.5.  Suppose that x% € Fc} N FC%. Then for j > 0 there exists a coupling such that

dV' X £ XX =X =x) -0 asd— cc.

Proof. We prove the result for j = 0 with the general case following by identical arguments.

Note that

d
(3.19)  P(X{# XX =X =x%) <Y P(X{, £ XX = XT =x9).
=1

We shall focus on the first component, X&l = Xg ’? = z1 and consider the cases z1 € [04,1 — 0]
and x1 € Rld, separately. We have different bounds for the two cases but we can again make use

of the fact that, for x? € F}, b,(x?) < v log d.

Starting with x; € [04,1 — 04]. For the ip-RWM, we have that

(3.20) ];ll(z) = % {1 + %g/(xl)adz} .

For the pseudo-RWM, we have that Xﬁl = X(‘)ijl + Zﬁl where Zﬁl has probability density

function

(3.21) Ja(2) =
From (3.20) and (3.21), we can couple Zf? and Zl 1 so that

(322 P # 2% =) = [ 1iu(e) — i, ()=
By (3.11), for 1 € [04,1 — 4],

(3.23) T3 = J9(x) + 0ug (1) 23(xY) + (o).

Therefore for x? € F} it follows from (3.21) and (3.23) that

TY(x%) + 049/ (1) 2J9(x) + o(’y )
T9(x) + o(a?)
d
(3.24) = % {1 + jfég igdg (1)z + o(d"o 7/4)} '

It follows from Lemma 3.4 and (3.24) that

ﬁd( ) = X

DN |

(3.25) Ja(z) = e, () +o(d).
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OPTIMAL SCALING OF RWM ALGORITHMS 15

For z; € RY, we have that

T2 (x) JOxM) + 049 (v1) 29 (x?) + 0(02/2) 1+ o4z € (0,1)
d\X) =
0 otherwise.

Focussing upon 0 < x; < o4 (identical arguments apply for 1 — o4 < 1 < 1), we have that
d ! 1 d
Ja(x) = / —Ji(x%) dz
—a1/0g 2
1 1

22 3/2
(3.26) = 5 (1 2 ety + 2(1‘0_)""‘“ O/ (1)z + 0(0?).

Therefore for x; + o4z € (0, 1), it follows from (3.26) and Lemma 3.4 that

96 + 0ag' (@) 23 (x%) + (o)

X
(14 2) J9(xt) + o(0®)

N 1
Jid() = 9

-1 70 (5
= (1+ —) {1 + jzogxdiadg’(:rl)z + o(d”ag/g)}

(3.27) = 4. (2) +o(d73/).

For x? € F}, b'(x?) < v log d, and so, the lemma follows from (3.19), (3.22), (3.25) and (3.27).
0

The following Corollary is an immediate consequence of Lemma 3.5.

COROLLARY 3.6.  For 0 < jq < [d°/% —d®), let X{7* = X4, and let A3(jg) = N\Zg XL, s =

X?’jd}. Then using the coupling outlined in Lemma 3.5, we have that

dVSB(A3(ja))7) =0 asd — .

Proof. Let g = N©1{X¢ € F} 0 F2}. By Lemma 3.2 and (3.13),
dPP(AY) -0 as d — oco.
Therefore the Corollary follows from Lemma 3.5, since

d'PP(A2(ja)¢) < dVBP(AT) + d/PP(A3(ja)C | Aa).- O

We now focus explicitly upon proving (3.2). This is achieved in Lemma 3.13 and involves studying

the (random) configuration of the components in the rejection region. In particular, we show
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16 NEAL ET AL.

that after sufficiently many steps the configuration of the components is well approximated by
a Poisson point process. This is established in Lemma 3.11, via a series of preliminary results.

Then (3.2), and hence (3.1), follow straightforwardly.
Ford>1,1<i<d,0<r <l k>0andx?e (0,1)% let

1 if X*0 e R given X340 = xd
Wt rik) = o ’
0 otherwise.

The components of the ip-RWM algorithm move independently. Therefore we only need to
explicitly state the starting value of component i when considering the i** component. In other

words, X¢(x%r; k) = X3 (zs;7; k). For z € (0,1), let
G (a;r; k) = E[X{ (2: 73 k).
For a random variable Y defined upon (0, 1), let
¢'(Y;ri k) = E[X{(Y; 3 B)|Y].

For the pseudo-RWM process define x¢(x%; r; k) and ¢%(x?;r; k) in the obvious fashion replacing
X% by X4, Finally, for 0 < 7 < [ and x? € (0,1)%, let My(x%rk) = ¢4, (x4 r; k) and
Md(xd; rik) = 2;1:1 (x4 7; k). Tt is worth noting that for j > 0 and k < [d%], conditional upon
A%(j), if X§7 = X4, then

Md(f(g’j; rik) = Md(X?;r; k).

Ford > 1, x% € (0,1)4 0 <r <land k > 0, let S\d(xd;r;k‘) = E[Md(xd;r;k)] and let
Aa(x%rik) = E[Ma(x%; 1 k)],

To prove that T]‘-i ALY s exp(f*1/2) as d — oo, it suffices by Chebychev’s inequality to show
that for any sequences of non-negative integers {ig} and {k;} such that [d°] < k; < [d®] and

0 <ig+ kg < [d°?],
(3.28) cov(Ly(X$ ), La(X¢ 1 )IAY) — 0 asd — co.
We shall prove (3.28) for arbitrary sequences {iq} and {kq} satisfying the above criterion.
For d > 1, let ag = k2/4 and
F = {x*: by (x7) — B[y (X3)]| < af*).
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OPTIMAL SCALING OF RWM ALGORITHMS 17

5/2] A
Let A3 = ﬂgdzl ]{Xfl € F3}. In other words, for x? € F3 the number of components ‘close’ to

the boundary is well controlled.

LEMMA 3.7.  dY/3P((A3)C) — 0 as d — oc.

Proof. By stationarity and Markov’s inequality, for all m € N,

< B B[ xd) - B
— 3m/2 d 0 d 0 :
aq

(3.29)  dPP(be(X) — B34 (XE)]| = oY)

However, b5*(Xd) ~ Bin (d, f(;ld/d{f(az) + f(1— l’)}dl’), and so, for any m € N, there exists
K < oo such that
E |(b3(X5) — E[b3* (X))™™| < Kajp

Since aq > d3#/*, the right hand side of (3.29) converges to 0 as d — oo by taking m > 8/4.
The lemma then follows by Lemma 3.2. O

The following Lemma is important for Lemma 3.11 in that it establishes useful bounds for
the probability of a component being in the rejection region after iy + kg iterations given that

X! e FiNFiNFy.
LEMMA 3.8. For all x¢ € Fj N FC% N Fg’,
d
(3.30) d > "¢ (@l kg)* -0 asd — oo
i=1
Also for all0 < x < 1,
(3.31) Azl k) — 0 as d — .

Proof. Fix x?% € Fdl N FC% N Fg’ and set Xg’o = x4,

Studying the ip-RWM directly is not straightforward. However, by coupling each of the com-
ponents of the ip-RWM to a reflected random walk (RRW) progress can be made. Explicitly,
we couple the ip-RWM process to a random walk which is perturbed at the boundaries (RWB).
Since each component of the ip-RWM are independent we focus on the first component with

od,0
XO,l = x1.
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18 NEAL ET AL.

For d > 1, let the RWB process, {P;t > 0}, be defined as follows. Set P§ = z;. For k > 1,

Pl e (04,1 —04), let PI?H = P + 04Z{ where

U[_P]g/o-d> 1] Pkczl € (07 Od]
Zi =< Ul-1,1] Pl e (04,1 04)
Ul-1,(1 - P3) /o4 PLe[l—o0g41).

For d > 1, the ip-RWM process, {Xt”fl;t > 0} can be constructed as follows. For k > 0, let
&d,0 = d,0 ~d
Xiviq = Xg1 +0aZj,
where for Xg’? € (04,1 — aq) Z{ has pdf j?zd’o(z) (-1 < z < 1) and for Xg’? € R, Z¢ ~
) ka1 )
Ul-min{ X} /o, 1}, min{(1 — X7)/04,1}]. For all k > 0, if X"} = P, with probability

(1 — %g*ad), set Zg = Zg and with the remaining probability draw Zg so that Zg has the
correct distribution. (Remember g* = supg<,<1 |¢'(y)|.) Therefore we have a coupling such that
od kdl *
P(X.° # Pl < 2.
d» 2d
Finally, we define the RRW process {P?;t > 0}. Set P§ = z for some z € (0,1). Let Zy, Z1,. ..

be independent and identically distributed according to U ~ U[—1,1]. For k > 1, set P,fﬂ =
P,f + 047, with reflection at the boundaries 0 and 1, so that p]g € (0,1).

For z € (0,1),1 > 0 and k > 0, let p(x;1;k) = P(P¢ € RY|P¢ = z) and pd(z;1;k) = P(P{ €

RY|P¢ = x). A simple coupling argument shows that, for all € (0, 1),
P (515 ka) < 9 (w515 ka).

This is because it is not possible to move a distance greater than k;o4 from your starting point in
kg iterations. Therefore without loss of generality, we assume that 0 < x < (kg+1)og (symmetry

arguments apply for 1 — (kg + 1)og < x < 1), and so, by the reflection principle

kq—1

ﬁd(x;l; kd) =P (—O’d <xz+og Z Zi < O'd)
=0
kq—1

(3.32) =P (—1 <wzlog+ Y Z;i < 1) :

1=0
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OPTIMAL SCALING OF RWM ALGORITHMS 19

By the Berry-Esséen theorem, there exists a positive constant, K; < oo say, such that for all

z € R,
kq—1
3 K
3.33 P — Z;i<z| —®(2) < —
(3.33) (\/ b 2 ) G = 7%

where ®(-) denotes the cdf of a standard normal. Therefore it follows from (3.32) and (3.33)

that there exists a positive constant, Ko < oo say, such that for all x € (0,1),

Ko
3.34 Pl k) < —=.
(3.34) ( ) T
By Markov’s inequality, for any m € N and € > 0,
= ) | ka 2m
Pl |—— Z;i| > € < —E —F Z;
\/k‘d ; €2m \/k?d z:zl
1 /2m!
. < = -
(3 35) — 62m < om )

For ag < x < (kq+ 1)/d, we have by (3.35) that, for any m € N,

< O'd)
aq
= 2d>

ka1
P slika) = P (96+0d > Z
=0

kg—1
< P|log Z Z;
i=0

2m
< (21%)™(2m)) <@>
aq
(3.36) < (@2)m2m)k; ™.
By taking m > 2/ in (3.36), we have that
(3.37) Pl k) < (2™ (2m)d™  as d — .

Finally, for (kq+1)/d <z < 1 — (kg +1)/d, p%(x;1; kq) = 0.

Therefore we can put all the parts of the proof together. Firstly, by applying the couplings, we

have that
kgl
i(zlka) < pd(x§l§kd)+2—29*
k4l
(3.38) < plalika) + 570
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20 NEAL ET AL.
By (3.34) and (3.38), (3.31) follows immediately.

Since x? € FINF2NF3 it follows from (3.34), (3.37) and (3.38) that, there exists K3, K4, m < 00

such that
d kal ,\?
2 Glke)? < 247 3l (ad s kg)? <— )
@S ettt < 23 {tin + (B
K2 2 3 k2 lg* 2
3.39 < 27 Kszaq [ ——= Kakg(21%)™(2m!)d 1—d<—>
(3.39) < {3ad(¢k_d)+4d<><m> (%
with the righthand side of (3.39) converging to 0 as d — oc. O

COROLLARY 3.9. For any m > 1, there exists K < co such that for all d > 1,

(3.40) E[q"(X§ 150 ka)>™] < Kd~UHm=3/95),

Proof Fix m > 1. From Lemma 3.8, there exists constants K1, Ko, K3 < oo such that for all

d>1,
~%d 2m d oy [ K2\ d gy (K1 ™
E[g(X0q1;Lka)™] < P(X§; € Ry?) N +P(X5, € Ry?) i
KSRy \ 2 K
< K34 (—) +P(X¢, € R ( )
= 3 d \/k_d ( 0,1 ) d
The Corollary follows since kg > d”. O

We continue by considering the mean number of components in the rejection region after ig+ kg

iterations given that ng € FINFINF3.

Suppose that U? ~ 74(-). Then by stationarity and symmetry, for all 0 < r <[ and k > 0,

~

EXa(U%rik)] = EXa(U%7;0)]
= dE[¢{(U%r;0)]
= dP(U{ € RY).

Note the U ~ fy(-) where f4(-) denotes the marginal distribution of a component of 74(-). For

x1 € (04,1 — 04), it follows that

¢ _ f($1)f{Jg( )+0(0’d )}TFd 1( )dxd_
fa(x1) =
[ aa(y1){JI(y )—i—o(ad 2V ra(y®) dy
(3.41) = flz1)+0(d™)
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OPTIMAL SCALING OF RWM ALGORITHMS 21
where for 0 <z < 1, ag(z) = E[l{g<y10,2<1})- Similarly for x; € R,
fa(@1) = aq(wr) f(a1) + o(d /).
Thus if A(r) = f*r(1 4 r/20),

Vd|dP(UE € RY) — A(r)| = 0 as d — oco.

Utilising the coupling of the pseudo-RWM and ip-RWM processes

(3.42) dVEEN(U% s kg)] — M) — 0 as d — .

For any 0 < r </, let

(3.43)

L
—
=3
~—
Il
—~
»
U
—
U
—
»
\-&
3
™
U
~
|
>

()| <d*7}.

LEMMA 3.10. For any 0 <r <1 and for 0 <t < [d°/?],

4P (uLféQ]{Xf & Fé(r)}) —0 asd— oo.

Proof. Fix 0 < r < [. By Lemma 3.2, it suffices to show that

BP(XE ¢ Fi(r) -0 asd— oo.

By the triangle inequality,

IAa(XG; 75 ka) — A(r)]
< [Aa(X§; s ka) — EDAa(X; 7 ka)]| + [EDa(XG; 75 ka)] — EXa(U% 75 kg)]|
(3.44) +EA(U% 75 kg)] — A(r)]-
By (3.42) the third term on the right hand side of (3.44) is less than d~7/3 for all sufficiently

large d.

From (3.41), there exists a constant K < oo, independent of d, such that for all d > 1,

[ 15 = oo < 5.
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22 NEAL ET AL.

Therefore it follows from (3.31) that for all sufficiently large d,
[B(G{ (X815 73 ka)] = Elai (U 73 ka)]| < d”0F7/3
and consequently the second term on the right hand side of (3.44) is bounded by d~7/3.
Therefore to prove the lemma it is sufficient to show that
AP Xa(XG; 73 ka) — ENg(X 75 kg))| > d77/3) =0 as d — oc.
By Markov’s inequality, for all m € N,

PP Aa(XG; 73 ka) — B[A(XG; 73 ka)]| > d77/3)

< BAPTTIYE[(Ag(XG; 7 ka) — B[A(XE; s ka)])>")-
Since the components of Xg are independent, we have that
d*P(|Xa(XG; 73 ka) — BA(XG; 75 ka)]| > d77/3)

d d d m
grmaP Ty 0y o B[] (Ga(XEs, s ka) _E[Qd(Xg,ij;Tde)])2]

<

B i1=14s=1 im=1 |j=1
d d d [ m

< 3PN LN R H(‘jd(Xg’i],;r,de]
i1=lis=1  im=1 |j=1

d d d ['m
(3.45) < 3@ NN N T E | ] dal g’i],;l;k:dﬁ] .

i1=liz=1  im=1 |[j=1
By Corollary 3.9, (3.40), there exists K < oo such that the right hand side of (3.45) is less than
Kd3+2myd=Bm/4 < Kd3=3m (since 207y < f3).

The lemma follows by choosing m > 1/7. O

Forn > 1, let
- il
Fd(n)szmFnggm{ F;*(—)}.
At
It follows immediately from the previous results that for any sequence {i4}

(3.46) dl/SP(X?d Z Fy(n)) — 0 asd— oo.

For any n e Nand 1 <17 < n, let
d
St(xTisk) = {X?(?ﬁj; il/nyk) — X5 (i — Dl /n; k)}
j=1
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OPTIMAL SCALING OF RWM ALGORITHMS 23
with
St (x% k) = (S3(x% 15 k), S4(x% 2 k), ..., Se(xn; k).

Let S, = (S}, 82, ..., 5") where the components of S,, are independent Poisson random variables

with S¢ ~ Po(\,;) and

Ani = Mil/n) —A(i —1D)I/n) (1 <i<n).
We are now in position to prove the following key result.
LEMMA 3.11.  For any n € N and x? € Fy(n),

S%(x%; ky) 2.8, asd— .

Proof. Fix n € N and x? € Fy(n). Let
S50 ka) = (S(x% 15 ka), S5(x% 25 k), - -, S5 (x5 s ha))
where for 1 <14 <n, S%(x%;ky) are independent Poisson random variables with means
AL (x% kq) = Aa(x% il /ns kq) — Aa(x% (i — 1)1 /n; kq).
The lemma is proved by showing that
dry(S(x%ka),Sn) < drv(Sq(x% ka), S (x% Ka)) + drv (S5 (x%; ka), Sn)

(3.47) — 0 asd— oo.

By [2], Theorem 1,

(3.48) dry (SE(x%; kq), S (x%: kq)) 7 (s 1 kq)?

”M&

By Lemma 3.8, (3.30) the right hand side of (3.48) converges to 0 as d — oo.
For the second term on the right hand side of (3.47), it suffices to show that
S (x%; k) 2.8, asd— co.

(For discrete random variables convergence in distribution and convergence in total variation

distance are equivalent, see [3], page 254.)
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The components of SZ(Xd; kq) and S,, are independent, and therefore it is sufficient to show

that, for all 1 <i <n,

(3.49) S4(x%: i ky) 2, Sni asd— o0.
For all 1 <i <mn, (3.49) holds, if

(3.50) A (x%ka) = Apg as d — oo,

Therefore the lemma follows from (3.50) since x? € NI, Fi3(il/n).

We set about utilising Lemma 3.11 to prove (3.2).

Forn € N, 1 <4 <n and x? € (0,1)¢, let lN)Z’i(xd) = bg/n(xd) - bl(ii_l)l/n(xd) with b%(x?) =

(00 (x1), 052 (x), ..., b (x%)). For n € N and s = (s1, 89, ... ,5,) € R, let
1 (G—1)\""%
<§ + 2n )
s
2 2n '

The key point to note is, that for all n € N and for all x¢ € (0,1),

n
I
i=1
n
I
=1

an (b (x?)) < La(x?) < an (b (x)).

<

Therefore, conditional upon A2 (i),

(3.51) an (S (x% ka)) <ot {La(X, 00, )1XE, = X7 <ot @n(S7(x% ka)).

COROLLARY 3.12. Fizn € N. Ford > 1 let x € Fy(n). Then
E[fln(gﬁ(xd; kq))] — Elan(Sn)]  as d — oo,
B[ (S2(x% ka))] — Elan(Sn)]  as d — oo,
Proof. By [6], Theorem 29.2, and Lemma 3.11

(3.52) an(SE(x% ka)) 2 @n(Sn)  as d — oo,
(3.53) an(S%(x% ky)) -2 @n(Sn)  as d — oo.
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For all n € N,
(3.54) (S (x% k) < n (S (x; k) < 251" 1ka)
The lemma follows immediately from (3.52), (3.53) and (3.54) if there exists ¢t > 2 such that
supE[tgf(xd;l;kd)] < 0.
d
Since the components of S’f(xd; 1; kq) are independent Bernoulli random variables, for all t € R,
(3.55) E[t5 k0] < exp ((t = DAa(x; 1 Ea) ) -

Finally for x? € F;(n), the right hand side of (3.55) is less than exp((t—1)2A()) for all sufficiently

large d and the lemma is proved. O

Note that E[a,,(S,)], E[an(S,)] — exp(f*1/2) as n — oc.

LEMMA 3.13.

E[La(X{,4k,) XS] = exp(f71/2)  as d — oo.
Proof. Fix ¢ > 0. Choose n > 1, such that
[Elan(Sn)] — exp(£1/2)], [Elin(Sn)] — exp(£1/2)] < ¢/2.

For all x? € (0,1)?, by the triangle inequality,

B (Sn(x%; ka)] — exp(f*1/2)| B (Sn(x%; ka)] = Elan(Sn)]| + [Ean(Sn)] — exp(f*1/2)]
Ean (Sn(x% ka)] — exp(£*1/2)] < [Efin(Sn(x%; ka)] — Elan(Sn)]| + |Elan(Sn)] — exp(f*1/2)].
(3.56)

IN

For x? € Fy(n), the right hand sides of the equations (3.56) are less than ¢ for all sufficiently
large d. Therefore, for Xf-ld € Fy(n), it follows from (3.51) and (3.56), that conditional upon
Aj(ia),

[E[La(X{, 1)1 X, = x7] —exp(f*1/2)] < e,

for all sufficiently large d. The lemma follows by Corollary 3.6 and (3.46). O
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LEMMA 3.14.  For any sequence of positive integers {iq} such that 0 <ig < [d°/?],

sup E[La(X{,)"|Al] < oo.

Proof. We shall begin by assuming that for all d > 1, ig > [d”].

Therefore iq = jq + [d°] where j; > 0. By (3.51), we have that

E[La(X{)YAY < (a7 (P(430a)C1AD) + B, & Fa()]AD)

(3.57) +E [(24)31 eSS ALY

X4 € Fa(1), A3Ga), AL -

Since 4y < 1/8, the first two terms on the right hand side of (3.57) converge to 0 as d — oo, by

Corollary 3.6 and (3.46), respectively. The latter term is bounded for all d > 1 since

sup E{ngf(xdﬂ;[dﬁ])} < exp(15XA(x% 15 [dP)))
XdGFd(l)

~

< exp(30A(1)),

for all sufficiently large d, c.f. Corollary 3.12.

The proof for 74 < [d°] is similar making use of A%(0) and the fact that Xg ~ my(-). O

COROLLARY 3.15.

cov(La(X{,), La(X{ 11, )|Af) = 0 as d — oo.

Proof. Since E[Ld(f(gld +kd)\Acll] — exp(f*1/2) as d — oo, an immediate consequence of Lemmas

3.13 and 3.14 is that

The lemma follows from (3.58) by proving that the sequence
{La(X{) (BILa(X, 11, )[XE] — B[La(X{ 1)) [Alid > 1}
is uniformly integrable which is an immediate consequence of Lemma 3.14.

We can finally prove (2.5).

THEOREM 3.16.  For any T > 0,

(3.59) sup |[We —(t)] 20  as d — oo.
0<t<T
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Proof. Fix T' > 0. By Chebychev’s inequality, (3.10) follows immediately from Corollary 3.15.
However (3.10) implies (3.1). Since W< and Ty(-) are non-decreasing in ¢, it follows from (3.1),

for all ¢ > 0,
(3.60) WL texp(—f*1/2) = i(t) as d — oc.

Since W is bounded and non-decreasing in ¢ with ¢;(-) continuous, (3.59) follows trivially from

(3.60), see, for example, [1], Lemma 5.1. O

4. Convergence of the pseudo RWM process. The aim of this section is to formally state

and prove the main weak convergence result of the paper, Theorem 4.1.

THEOREM 4.1.

Vi=V asd— oo.

We begin with some background before embarking on the proof itself. Let G4 be the (discrete-
time) generator of X4, and let H be an arbitrary test function of the first component only.

Thus
GaH(x') = E[(H(XY]) - H(X{))XF = x|

The generator G of the (limiting) one-dimensional diffusion for an arbitrary test function H, is

given by
2
(1.1 GH() = 5 {50 @) H'@) + 51" @) |

at least for x € (0,1).

Firstly note that the diffusion defined by (4.1) is regular, see [9], page 366. Therefore by [9],

Chapter 8, Corollary 1.2, it is sufficient to restrict attention to functions
HeD={h:heC(0,1])NC*(0,1)) N D*,Gh € C(|0,1])}
where D* is obtained by setting ¢; = 0 (i = 0,1) in [9], page 367, (1.11) and is given by

(4.2) D* = {h: 1/(0) = k(1) = 0}.
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For d > 1, let F} and A} be defined as in Section 3. Since P((A})¢) — 0 as d — oo, by [9],
Chapter 4, Corollary 8.7, Ve = V would follow from
(4.3) sup |GgH(x%) — GH(z1)| — 0 asd — oc.

x1eF;
This would be the standard method of proof and would follow from that of [12] (with some
differences in dealing with boundary behaviour) and H € C2° (][9], Chapter 8, Theorem 2.1).

Unfortunately (4.3) does not hold for our problem, the uniformity of convergence breaking down
at the boundaries. This is more than just a technical issue, since it merely reflects the fact that
the one step transition dynamics of the first component is not asymptotically Markov, transitions

depending on b};(x,4) in particular.

Instead we need a homogenisation argument which involves looking at the generator of [d5] steps
of X%, sufficient time to allow the rapidly mixing b);(x4) to average over its stationary measure.
We shall require some constants throughout the proof and so throughout this section, fix 0 <

y<B<i<a<i

For s € Zt, let P? = X%  Let GY be the (discrete-time) generator of PY, and so, for H € D

[dd]s
2 . o
GAHY) = E ()~ PP =]
&2 [d0—1] ) N N
= @ > E[H(XY,,) - HXIXG = x|
j=0
p cdyicd _ od
(4.4) = m Z E[GdH(Xj)|X0:X ]
j=0

For all ¢ > 0, let th = P[th/[d‘s]],l = X[d‘s}x[d?t/[d‘s]],l' Note that for all ¢ > 0,
[d26) = [@°) x [dt/[@”)]] < [d°]

and

Hence for all T' > 0,

andso,f/d:>f/iff/d:>f/asd—>oo.
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We proceed by analysing G4 H (x?). Then using (4.4) we can study the generator GO H (x%).

LEMMA 4.2.
(4.5)
Gt (xt) = 21) {GH< )+ KaH (1) + SELZ " (21 4 6) — B (a0))] + <d-1/5>}
d1(X Ja(x4) I1 d41\T1 B 1 T1 1 L1 o

where ¢ lies between 0 and 0471 and for y € (04,1 — 04), Kq(y) =0 and for y € R.,
l2
KqH (y) = ldE[Z110<yt 0,2 <131 H' (y) + g{E[Z%10<y+adzl<1] —1/3Y(H"(y) + ¢'(y)H'(y)).
(4.6)
Proof. For d > 1, fix x? € FC%. Then
GaH(x") = &’ [H(X]) - HX{)X{ =]

(4.7) _ 2 E [(H(xd + 0qZ%) — H(x%) {1 A ma(x + 04Z") H ,

Ja(x?)
The right hand side of (4.7) is familiar in that it is the generator of the RWM-algorithm divided

by the acceptance probability, see for example, [12] page 113.

Firstly, note that
TG g Py d "
H(l‘l + ale) — H(:E1> = O'dle,(SL‘l) + 7Z1H, (331) + EZI{H (561 + wl) —H (:El)},
where the random variable @bf lies between 0 and o427.

An immediate consequence of (3.11) and Lemma 3.4 is that

1
(4.8) Ti ) = Lgcansoseety { 180 {14 Joug' (00)2 4 0a ™9

since J9(x4) > e~ d™7 (x¥ € F}).

Thus
GqH (x%)
_ ¢ g [(H(x +04Z1) — H(21))Ega [m”d(xd*"dzd)ﬂ by (4.8)
Ta(xd) 2 [T oa VR ma(x?) i
= %;)E Hffdle,(ffl) + %?IZ%H”(M) + %§Z12{H”($1 + ) — H”(fﬁl)}}

1 _
X {in)(xd) {1 + 50d9/($1)Z1} +o(d 6/5)} 1{0<x1+ole<1}}
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which is equal to (4.5) as required. O

LEMMA 4.3. For all x¢ € Fj with 1 € (04,1 — 04),

(4.9) sup  |GgH(x%) — GH(z1)] = 0 asd — oo.

r1€(0q,1—0q)

Furthermore, there exists 0 < K* < oo such that for alld > 1, x* € Fy and x1 ¢ (04,1 — 04),

(4.10) |GgH (x| < K*.

Proof. Since H” is continuous on [0, 1],

E[Z2(H" (z1 + %) — H"(21))] = 0 as d — .

For 04 < 1 <1 — 04, we have that

(4.11) Ja(x?) = /_ 11 %Jj(xd) dz = J9(x) + o(c%?).

Therefore (4.9) follows immediately from (4.5) and (4.11).

For z1 & (04,1 — 04), there exists 0 < y < [ such that 21 = y/d or x1 =1 — y/d. For x1 = y/d,

by Taylor’s Theorem
/ ly Y 2 e 7d
VAE[Z1 1 jocyyoyzi <t} H (21) = 1 1- 7 H"(¥7)

where ¢ € (0,04) since H'(0) = 0. Therefore there exists Ky < oo such that the right hand
side of (4.6) is less than K for all d > 1. Similarly, there exists K; < oo such that for all d > 1
and 21 € (1—0g4,1), |KaH(x?)| < K;. For all x4, J9(x)/J4(x?) < 2, and so, (4.10) follows from
(4.5) and (4.6). O

We are now in a position to complete the proof of Theorem 4.1.

Proof of Theorem 4.1. By [9], Chapter 4, Corollary 8.7 (f) and Lemma 3.2, the result V¢ = V

follows if we can demonstrate

(4.12) sup |GSH(x4) — GH(z1)] — 0 as d — co.
xdeF]
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Let {j4} denote any sequence of positive integers such that [d°] < j4 < [d°]. By Lemma 3.8,
(3.31) for any 0 < x; < 1 and for all sufficiently large d > 1, }P’()A(Jdd,l ¢ (04,1 — 0q)|X¢ €

F;,X&l = z1) < d~7. Furthermore, note that for Xg’l =z,
XS — 21| < Jao,
and so,
(4.13) IGH(XY ) — GH(z1)| 250 as d — oc.
For any random variable Y, let
ELY] = E[Y|X§, =2, X%, € (04,1 — 04)].

Therefore by (4.5)

E[GqaH (X],)| X5, = 21] — GH(x1)]

< (K*+ sup [GH())B(XY, & RYXE € B Xgy = ) + [ GaH(XY, )] ~ GH ()]

0<z<1
< (K*+ sup |GH(2)))d™ + [Bie? |GaH (X],)| — GH(a1)].
0<z<1
(4.14)
By (4.5),

. X o TJoxd X
Ejt |GyH(XS,)| = Blg! [MGHW )| +ea

xr1 Jd(X?d) Ja,1

where e; — 0 as d — oo.

By the triangle inequality,

- [J9(xd .
Ed [CI(—A?)GH(XZJ)] — GH (1)
Jd(de)

i [L’m [GH(X™ ) — GH(x1)}

= +
Ja(X5,)

(4.15) < RJa-d [‘@(—{%GH(M)] — GH(z1)

o LaX5)

The first term on the right hand side of (4.15) converges to 0 as d — oo by (4.13). The latter
term on the right hand side of (4.15) converges to 0 as d — oo since X ]ddg ¢ R%. Therefore the

right hand side of (4.14) converges to 0 as d — oo, and so, for all x? € F},

[d°—1]
1 RPN
(4.16) @] > E[GaH(XY)X§ =x" — GH(z1)| - 0 as d — oc.
j=l1d]
Therefore (4.12) follows from (4.4), (4.5) and (4.16). O
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5. Extensions. We consider two extensions of Theorem 2.1. Firstly, rather than having f(-)

non-zero on a bounded interval, we could have f(-) non-zero on the positive half-line. That is,

f(x)exp(g(z)) (z>0)

and f(x) = 0 otherwise.

THEOREM 5.1. Fizl > 0. For all d > 1, let X¢ = (X(‘){l,Xf){Q7 e ,X(‘id) be such that all of its

components are distributed according to f(-) with sup,sq|g'(z)] = g* < co. Then, as d — oo,
Vis v

where Vo ~ f(-) and V satisfies the (reflected) Langevin SDE on [0, c0)

AV = o )dB, + So(l)g (V) de + dLY(V)

where

and f* = limg o f(z).

Proof. The proof of the theorem is virtually identical to the proof of Theorem 2.1, and so, the

details are omitted. O

Note that we have assumed that ¢'(-) is bounded on [0, c0). This assumption is almost certainly
stronger than necessary with ¢'(-) being Lipschitz and/or satisfying certain moment conditions

probably being sufficient, c.f. [12].

Theorem 5.1 is unsurprising with the speed of the diffusion depending upon the number of
components close to the discontinuity at 0. Let a4(!) be defined as in (2.6), the average acceptance

rate of the random walk Metropolis algorithm in d dimensions, and let

a(l) = exp(~1"1/4).

COROLLARY 5.2.

lim ay(l) = a(l)

d—o0
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v(l) is mazimised by

Also

A,

a(l) = exp(—2) = 0.1353.

Therefore the conclusions are identical to Corollary 2.2 that in order to maximise the speed of

the limiting diffusion it is sufficient to choose ! such that the average acceptance rate is e 2.

The second and more important extension of Theorem 2.1 follows on from [I11]. In [11], the
Metropolis-within-Gibbs algorithm was considered, where only a fixed proportion ¢ (0 < ¢ <
1) of the components are updated at each iteration. For given d > 1 at each iteration cyd
of the components are randomly chosen and new values for these components are proposed
using random walk Metropolis with proposal variance ag,cd = (I/d)?. The remaining (1 — cq)d

components remain fixed at their current values. Finally it is assumed that ¢ — ¢ as d — .

The following result assumes that f(-) is nonzero on (0, 1) only. The extension to the positive

half-line is trivial.

THEOREM 5.3. Fiz0<c<1andl>0. For alld>1, let X4 = (ngl,ng, . ng,d) be such

that all of its components are distributed according to f(-). Then, as d — oo,
Vi v
where Vo ~ f(-) and V satisfies the (reflected) Langevin SDE on [0, 1]
1
AV = \JveD)dB, + Svelg/ (Vi) di + dLY(V) — dLL(V)

where

ve(l) = % exp <—CJ;*Z>

and f* = limg|o w

Let ag(l) denote the average acceptance rate of the RWM algorithm in d dimensions where a

proportion ¢4 of the components are updated at each iteration. Let

a(l) = exp(—cf*l/2).
We then have the following Corollary which mirrors Corollaries (2.2) and (5.2).
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COROLLARY 5.4. Letcqg— c as d — oo.

lim a3’ (1) = a®(l)

d—oo

For fixred 0 < ¢ <1 v.(l) is mazimised by

N 4
l:lc: )
cf*
and
. 1 .
Vc(lc) = _Vl( 1)
Also

Corollary 5.4 is of fundamental importance from a practical point of view, in that, it shows that
the optimal speed of the limiting diffusion is inversely proportional to c¢. Therefore the optimal
action is to choose ¢ as close to 0 as possible. Furthermore we have shown that not only is
full-dimensional RWM bad for discontinuous target densities but it is the worst algorithm of all

the Metropolis-within-Gibbs RWM algorithms.
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