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Abstract. We show that each block whose defect groups intersect pairwise trivially
either has cyclic or generalised quaternion defect groups, or is Morita equivalent
to one of a given list of blocks of central extensions of automorphism groups of
non-abelian simple groups. In particular we classify all blocks of automorphism
groups of non-abelian simple groups whose defect groups are non-cyclic and inter-
sect pairwise trivially. A consequence is that Donovan’s conjecture holds for blocks
whose defect groups intersect pairwise trivially.

Mathematics Subject Classification (2000): 20C20

1 Introduction and notation

The classification given by Gorenstein and Lyons in [17] of finite simple groups
possessing a strongly p-embedded subgroup, together with the classification given
by Suzuki in [30], yields a classification of finite simple groups whose Sylow
p-subgroups are TI (trivial intersection, meaning that each pair of distinct conju-
gates intersect trivially). Clifford theory then allows certain questions about groups
with TI Sylow p-subgroups to be reduced to questions about finite simple groups
(and their covering and automorphism groups). This approach has lead to the ver-
ification of various conjectures in representation theory for this class of groups
(see [5] and [8]).

* This research was supported in part by the Marsden Fund of New Zealand via grant
UOA 810.
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By a well-known theorem of Green, when a finite group has TI Sylow p-sub-
groups each block must either have defect zero or maximal defect, and hence such
blocks must have TI defect groups. A natural generalisation is to consider all blocks
with TI defect groups (call these TI defect blocks). Here we classify all TI defect
blocks of finite groups of the foorm M < G < Aut(M), where M is quasisim-
ple. Clifford-theoretic arguments then allow us to establish Morita equivalences
between any given TI defect block and a member of one of these Morita equiva-
lence classes or a block with cyclic or generalised quaternion defect groups. The
Clifford-theoretic arguments are essentially those of Fong, observing that similar
arguments apply when the covered block is a block of defect zero, rather than just
a block of a p’-group. As such the arguments may be considered elementary.

Behind the reduction lies the fact that TI defect blocks are precisely those with
p-local rank one as defined in [3], and that the p-local rank is compatible with any
reductions we make. Note that the class of TI defect blocks contains the class of T1
blocks (see [4]).

Let O be a local complete discrete valuation ring containing a primitive |G |*
root of unity, whose residue field k = O/J(O) is algebraically closed of character-
istic p and whose field of fractions K has characteristic zero. Denote by Blk(G) the
set of blocks of G with respectto O and let B € Blk(G).If H < G, then denote by
Blk(H, B) the set of blocks of H with Brauer correspondent B. If H < G, write
Blk; (G) for the set of blocks of G covering b € Blk(H).

Let G be a finite group and p a prime. Then H < G is a TI subgroup if
H8 N H = 1foreach g € G — Ng(H). Here we also stipulate that G # Ng(H).

Our main result is the following:

Theorem 1.1 Let G be a finite group and B € BIk(G) have non-normal TI defect
groups. Then B is Morita equivalent to one of the following:

(a) a block with cyclic or generalised quaternion defect groups;

(b) a 2-block of A, with Klein-four defect groups, where n = m?/2 +m + 4 or
n =m?/2 4+ m + 6 for some integer m;

(c) the unique block of J» or Ru with Klein-four defect groups;

(d) the unique block of O'N, Aut(O’N), 2.Suz, Aut(Suz) with defect groups of
the form C3 x C3;

(e) the principal 3-block of M1,

(f) a 5-block of maximal defect of 3.McL or Aut(McL);

(g) the principal 11-block of Ja;

(h) a block of Spam (3) with defect groups of the form Qg, where m > 4;

(i) a p-block of maximal defect of a p’-central extension of a group X with Y <
X < Aut(Y), where (p,[X : Y]) = 1l and Y is PSLy(p™) or PSU3(p™),
where m > 1. Further the corresponding central extension of Y is perfect;

(j) a 2-block of maximal defect of a group X with Y < X < Aut(Y), where
2, [X:Y]) =1andY is 2By(2>"*1), where m > 1;

(k) a 3-block of maximal defect of a group X with Y < X < Aut(Y), where
G,[X:Y)) =1and Y is2G,(3*" 1), where m > 1;

(1) the principal 3-block of Aut( 2G»(3)');

(m) the principal 5-block of >F4(2)', 2F4(2) or Aut( ?>B(2%)).
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(n) a3-block of maximal defect of a 3'-central extension of a group X withY < X <
Aut(Y), where 3,[X : Y]) = Ll and Y is PSL3(4). Further the corresponding
central extension of Y is perfect.

Further (b)—(n) comprise a complete list of non-cyclic Tl defect blocks occuring
in automorphism groups of quasisimple groups.

Note that we do not assert that the above are representatives of distinct Morita
equivalence classes — this is certainly not the case. The main objective is to give a
framework within which results about TI defect blocks may be proved.

Recall that Donovan’s conjecture states that for a given p-group D and alge-
braically closed field k of characteristic p, there are only finitely many Morita
equivalence classes of blocks (with respect to k) with defect groups isomorphic
to D. The following is a consequence of the proof of Theorem 1.1 as well as the
result itself, so we delay its proof until section 8 (the conclusion of the theorem is
not sufficient since at the time of writing Donovan’s conjecture is not yet known
for generalised quaternion groups). For this result only we are concerned only with
blocks with respect to an algebraically closed field of characteristic p (this is since
we make use of results in [10], [11] and [21], for which this is a hypothesis).

Corollary 1.2 Given a p-group D, there are only finitely many Morita equivalence
classes of blocks (with respect to k) containing a block with TI or normal defect
group isomorphic to D.

The paper is structured as follows. In what remains of this section we outline
some general notation and definitions. Section 2 contains a collection of properties
of the TI defect blocks and the p-local rank. In section 3 we give an elementary
account of the correspondences used in the reduction step, and in section 4 we give
the reduction itself. Sections 5 to 7 contain the analysis of the alternating groups,
sporadic simple groups and groups of Lie type comprising the classification. Section
8 contains the proof of Theorem 1.1 itself.

A radical p-subgroup of G is one with O = 0,(Ng(Q)), where O,(H) is
the unique maximal normal p-subgroup of H. A radical p-chain o of G is a chain
Qo < -+ < Qp of p-subgroups of G, with strict inclusions, such that Qy is radical
in G and Q;4 is aradical p-subgroup of Ng(Qp) N--- N Ng(Q;) for each i with
0<i<n-—1.Let|o| =nbethelengthof o and G, = Ng(Qp)N---NNg(Qy).
Denote by R(G) the set of radical p-chains of G. Following [3] and [29], define
the p-local rank to be

plr(B) = max{|o| : 0 € R(G, B)},

where R(G, B) € R(G) consists of those chains o for which Blk(G, B) # 0.
By [3,5.1] plr(B) =1if and only if B has a defect group D for which D/O0,(G) #1
and is a TI subgroup of G/ 0, (G).

Write Irr (G) for the set of irreducible charactersof G.If N <« G and u € Irr(N),
then write Irr (G, ) for the set of irreducible characters of G covering w. Denote
by Irr (G, B) the set of irreducible characters belonging to B, and more generally,
for H < G write Irr(H, B) for the set of irreducible characters of H belonging to
Brauer correspondents of B.
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2 General properties of TI defect blocks and the p-local rank

Lemma 2.1 Let N be a normal subgroup of a finite group G and D a TI radical
subgroup of G. If Q = DN N # 1, then Ng(Q) = Ng(D) and Q is a TI rad-
ical subgroup of N. In particular, if b € BIk(N) is covered by a TI defect block
B € BIk(G), then b has a TI defect group. If further OP/(G) < N, then b and B
have a defect group in common.

Proof. Suppose W is a defect group of b. Then W = N N R for some defect group
R of B (see for example [1, 15.1]). Thus either W = 1 or W # 1. In both cases W
is a TT subgroup. The last statement is trivial. O

We observe that the p-local rank of a block is compatible with the reductions
of later sections:

Proposition 2.2 Let B € BIk(G) have defect group D. Let H < G and N < G.
Then:

(i) plr(B) =0ifand only if D < G; plr(B) < lifand only if D/ Op,(G) is TI;

(ii) If b € BIk(H, B), then plr(b) < plr(G);

(iii) Suppose € Irr(N) extends to 0 € Irr(G). If v € Irr(G/N) lies in the
block by of G/N and 0y € Irr(G, B), then plr(by) < plr(B). If further
plr(B) = 1 and O,(G) = 1, then by either has a normal defect group or Tl
defect groups;

(v) If G = G1 x Gy and B = By x By, where B; € BIK(G;), then plr(B) =
plr(B1) + plr(B2);

(v) If b € BIK(N) is covered by B, with plr(B) = 1 and O,(G) = 1, then
plr(b) < land Op(N) = 1;

(vi) If N < Z(G), plr(B) = 1 and B is the unique block of G/ N corresponding

to B under the natural epimorphism, then plr(B) = 1.

Proof. (i) is [3, 5.1]; (ii) is [3, 3.2]; the first part of (iii) is [3, 4.1], and the second
part follows from its proof; (iv) is [3, 3.5]; (v) follows immediately from (i) and
Lemma 2.1; (vi) follows from (i), noting that 0,(Z(G)) < 0,(G) is contained in
every defect group. O

Lemma 2.3 Suppose that B € BIk(G) has a Tl defect group D. Let 1 # x € Z(D).
Then D = O, (L) whenever Cg(x) < L < Ng({x)), and L possesses a block with
Brauer correspondent B and defect group D.

Proof. Write Q = (x) and suppose Cg(Q) < L < Ng(Q). Then D < L <
NG(Q) < Ng(D), so that D < L. But there is a block by of L with bg = B,
which must have a defect group D(bg) satisfying D < O,(L) < D(bg) < D. O

Lemma 2.4 Let D be a p-subgroup of G, and N < O (Z(G)). If D & Syl (G)
and Cg/N(DN/N) < DN /N, then there is no block with defect group D.

Proof. 1t’s well known that if D is a defect group, then D = P8 N P for some P €
Syl,(G) and some g € Cg(D) (see, for example [1, 13.6]). If Cg,n(DN/N) <
DN/N,then P8 = P forevery P € Syl ,(G) containing D and every g € Cg(D),
so D € Syl »(G),a contradiction. m]
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Lemma 2.5 Let G be a finite group with O,(G) = 1 and P a p-subgroup of G.
Then P is a non-trivial Tl radical subgroup of G if and only if M = Ng(P) is a
maximal p-local subgroup of G with P = O,(M) a non-trivial TI subgroup of G.

Proof. Let P be a non-trivial TI radical subgroup of G. Then Ng(P) is p-local
and so Ng(P) < M for some maximal p-local subgroup M of G. In particular,
0,(M) < Op(Ng(P)) = P.If x € M, then O,(M) = O,(M)* < PN P*, so
thatx € Ng(P) and M = Ng(P). Thus O,(M) = P is TL

Conversely, suppose M is maximal p-local and 1 # P = O,(M) is a TI sub-
group. If P isnon-radical, then M < Ng(P),sothat Ng(P) = Gand P < O0,(G),
which is impossible. O

Note that the following lemma applies in particular to defect groups.

Lemma 2.6 Let P be a radical p-subgroup of G, where G = G| x G»>. Then
P = P1 x P, for uniquely defined radical p-subgroups Py, P> of G| and G»
respectively. Conversely, Py x P, is a radical p-subgroup of G whenever P;, P>
are radical subgroups of G1, G».

Proof. See [27,2.2]. O

In performing the reductions it may happen that we reduce to the case where
the block has a normal defect group. We will see that, once we have reduced to the
case where every normal p’-subgroup is central, this happens only when the defect
groups intersect trivially with the generalized Fitting subgroup. The following two
results show that this implies that the defect group cannot contain an elemen-
tary abelian subgroup of order p?, i.e., that the defect groups are either cyclic or
generalised quaternion (cf. [16, Theorem 5.4.10]).

Recall that a quasisimple group H is a perfect group where H/Z (H) is non-
abelian simple. A component of G is a subnormal quasisimple subgroup. E(G) is
the normal subgroup of G generated by the components and F*(G) = E(G)F(G)
is the generalised Fitting subgroup.

Lemma 2.7 Let N <t G and D < G be a TI defect group for some block B €
BIk(G) such that D "N = 1. Then Cn(x) = Cn(D) for each x € D — {1}. In
particular for eachn € N, either Cp(n) = D or Cp(n) = 1.

Proof. Letx € D—{1}.ThenCn (D) < Cy(x).Supposethatn € Cy(x)—Cn(D).
Then there is y € D such that n ¢ Cy(y). Now y" = y[y,n] and [y,n] € N,
so y" & D, for otherwise 1 # [y,n] € DN N = 1. Hence D" # D whilst
1 # x € D" N D, a contradiction. So Cy(x) = Cn(D). The last part follows
immediately. O

Proposition 2.8 Suppose that D is a (non-normal) Tl defect group for B € Blk(G),
where O,(G) < Z(G). If D N F*(G) = 1, then D is either cyclic or generalised
quaternion.

Proof. Suppose that D possesses a subgroup Q = (x,y : x? = y? = [x,y] =
1) = C, x C, (otherwise D is cyclic or generalised quaternion).
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Note that Cg (F*(G)) < F*(G), that E(G) # 1 and that every component has
order divisible by p. We claim first that Q fixes every component of G.

Write My, ... , M, for the components of G, and H = ﬂ;’leG (M;). Suppose
that Q £ H. Consider the permutation action of Q on {1, ... , n} induced by per-
mutation of the components (by conjugation). Suppose that x € H buty ¢ H.
Let M; lie in an orbit of length p of y. Since p| |M;|, x must fix some non-trivial
m € M;. Clearly y does not fix m, a contradiction by Lemma 2.7. Hence QNH =1,
so that Q acts faithfully. Without loss of generality we may assume that x moves
the points {1, ... , p} transitively but y doesn’t. Now y fixes one of {1, ... , p}, say
1, or moves one of these points to the outside of the x-orbit. In the first case we may
choose non-trivial m € M fixed by y, since p| | M|, obtaining a contradiction by
Lemma 2.7. In the latter case, x fixes some non-trivial m € My * --- % M. But
y & Cg(m), again a contradiction to Lemma 2.7. Hence Q < H as claimed.

Since Cg(F*(G)) < F*(G), there must be acomponent, say M, not centralized
by Q. We examine the various possibilities for MQ = M x Q.

We may assume that M is simple, since otherwise we may just quotient by
the centre of M (which is contained in the centre of G). Since Cyo(M) = 1, no
element of Q (which we may regard as a subgroup of Aut(M)) may act as an inner
automorphism.

Since Q = M Q/M is a subgroup of Out(M), it follows that Out(M) is non-
cyclic, so M is a group of Lie type (we are making use of the isomorphism Ag =
PSL>(9)). We may write x = x;x, and y = y;y,, where x;, y; are inner automor-
phisms, and x, = X4X rXg, Yo = YaY 1Y, Where x4, yq are diagonal automorphisms,
x, yy are field automorphisms and xg, y, are graph automorphisms. Let r be the
characteristic of the field of definition of M. Note that Lemma 2.7 tells us that
(Cu(F):1#F < Q)=Cu(Q) #M.

Suppose first that p # r. Then by [18, 7.3.4], the above discussion and the
structure of Out(M) we must have (Cy(F) : 1 # F < Q) = M (see the proof
Case (1) of Proposition 7.3), a contradiction.

Suppose that p = r. Then M possesses no diagonal automorphisms and we
may choose x = x;xr, y = y;yg. By [18, 4.9.1.d] we may replace D by an M-
conjugate if necessary to further assume that x = x . But then by [18, 7.3.8] we
must have (Cy(F) : 1 # F < Q) = M (see the proof Case (2) of Proposition
7.3), again a contradiction, so we are done. O

3 Some correspondences like Fong’s

In [13] Fong studies modular representation theory with respect to a normal
p’-subgroup, establishing the well-known Fong correspondences. These give a
Morita equivalence between a block of the original group and a block of a p’-
central extension of a certain section of that group. Now the same general methods
may be applied for blocks of defect zero of any normal subgroup (thus generalis-
ing the results of [13]). This is nothing new, since this situation has been studied,
among others, by Dade, and Kiilshammer and Puig (see [22], where strong re-
sults are proved concerning blocks covering nilpotent blocks). The results of [22]
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may be applied directly to establish the equivalences we require, but the authors
feel that since the full strength of [22] is not being used, readers may bene-
fit from a more elementary treatment. Our starting point is the treatment given
in [9], where correspondences like Fong’s are given along with an elementary
proof that the correspondences respect blocks. Our proof makes use of techniques
from [13].

Let B € BIk(G), where O,(G) = 1. We suppose that B has positive defect.
Let N < G. Suppose that B covers b € Blk(N), a block of defect zero. Let ¢ be
the unique irreducible character lying in b. It is well-known (see, for example [12,
V.2.5]) that there is a unique block By of I (), the inertia subgroup of ¢ in G, such
that induction gives a Morita equivalence between B and B;. Hence it suffices to
consider the case Ig(¢) = G

In the following paragraph we summarise section 1 of [9]:

We may choose a central extension G of G (with w <Z (G) Where G / WG
and W < [G G]) such that there is an irreducible character € Irr(G) extending
¢. All extensions H of H by A derived in this way that we consider in this paper
satisfy A < [H, H]. We therefore do not make further explicit reference to the fact.
Let N be the subgroup of G identified with N, sothat NNW = 1.Set G = G / N,
a central extension of G/N by W (where W is the i image of W under the natural
epimorphism). Then 6 lies over a unique linear character (i of W. Let /i be the
complex conjugate of /i, regarded as a character of W. There is a 1-1 correspon-
dence between Irr (G, ¢) and Irr(G L), given by x < 0% X, where of course we are
identifying x withits inflation to G. Now there is a collection of blocks Bl, ..., B,
of G (the Dade correspondents of B) so that, wr1t1ng B = B] + ...+ Br, there is
a correspondence between Irr(G, B, ¢) and Irr(G, , i), where 1mplicitly we are
using the 1-1 correspondence between blocks of G and blocks of G covering the
principal block of O (W). Note that the Dade correspondence respects the Brauer
correspondence as described in [9]. Let S be an O N-module affording ¢ and let T

be an OG-module extending S. We observe that the functor M — (T* ® o M W
gives rise to a Morita equivalence between B and B (for details see [23]).
We claim that we may choose W to be a p -group. For consider G /O (W).

Let [ # p be a prime. Let P; < G contain N x W so that Pl/(N x W) is a
Sylow [- subgroup of G/(N X W) Now ¢ extends to G so extends to ¢ € Irr(Py).
Leto € Irr(N X W) be the canonical extension of the complex conjugate of the
unique irreducible constituent of ¢ on restriction to O,(W) (i.e., « is trivial on
0,(W) x N). By [19, 8.16] « extends to, say ¥ € Irr(P,). Then ¢ is also an
extension of ¢ to P; by standard Clifford theory. Note that O p(W) < Ker(¢y),s0¢
(after appropriate identifications are made) extends to P,/ O, (W). Now let P, < G
contain N x Op/(W) so that P,,/(N X W) is a Sylow p-subgroup of é/(1\7 X W).
Identify b with the block of defect zero containing the canonical extension of ¢ to
N x Oy (W). By [12, V.3.5] there is a unique block of P,/ O, (W) covering b, and
so by [1, 15.1] this has a defect group, Q say, such that Q N (1\7 X O,,/(W)) =1
and P,/ 0p(W) = Q(N x O (W)),ie., Pp/Op(W) = (N x 0,(W)) x Q,and
¢ extends to P,/ O ,,(W). Hence ¢ extends P, /O p(W) for every prime ¢, and so
extends to G /O p(W) by [19, 11.31] as claimed. In other words we may, and do,
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assume that OP(W) = 1, so that W is a p’-group. A consequence of this is that
Irr(G, B, i) = Irr(G, B).

We now observe that in fact r = 1, so that B is Morita equivalent to a block
B of G. Further, as a consequence of the construction B and B have isomorphic
defect groups. As with all results in this section, we make no claims to originality.

Proof. Let A be the subset of Irr (G, B, {) = Irr (G, B) of characters correspond-
ing to characters of Bl. We show that A = Irr(G, B), which gives r = 1. For
convenience, identify A with the set of inflations of its elements to G.

By block orthogonality (see for example [25, 3.7]), whenever X € G p (the set

of p-regular elements of G)andy € G — Gp/ (i.e., y is p-singular), we have

Y A®IG) =0.

selr(G,By)

We use the converse (due to Osima) of the block orthogonality result to show that
A is the set of irreducible characters belonging to a collection of blocks of G and
hence is Irr(G B), which would give the required result.

Letx € G rand y € G — G . Recall that G = G/N Now £N is p-regular,

but we can’t guarantee that yN is p-singular. We have

YA®ID) = ) ZEMIG®IENEE)
XEA €l (G, By)
=0®0F) Y, TENIGN).
elr(G,By)

If N is p-singular, then this is zero by block orthogonahty If N is p- regular,
and § has order ¢, then 7 € N, where ¢, is the p’-part of c. But y°#' is the unique
p-part of 3, and so is non-trivial. But then 9()761”) = ¢(7) = O since ¢ isin a
block of defect zero. Hence Zx A X&) X () = 0, and by [28, Theorem 3] A is

the set of irreducible characters belonging to a collection of blocks as required. O

Write B = B for the unique Dade correspondent. Note that at each stage, B,
Bj and B have isomorphic defect groups.
In summary, we have

Theorem 3.1 Let B € BIk(G) be a block of positive defect and N < G, with
0, (G) = 1. Supposethat B covers a p-block b of defect zero of N. Write I = 1 (D).
Then there is a central extension I of 1 /N by a cyclic p'-group W and a block b (of
defect zero) of W such that B is Morita equivalent to a block B € BIk(I) covering
b and with defect groups isomorphic to those of B. Further, if plr(B) = 1, then
either plr(é) = 1land OP(i) =1, or plr(é) =0.

Proof. Tt remains to observe that each step we have made is compatible with the
p-local rank of a block. Since B; € Blk(Ig (b)) has Brauer correspondent B, by
part (ii) of Proposition 2.2 we have plr(Bj) < plr(B) = 1. We must rule out
the case that p/r(By) = 0, i.e., that B; has a normal defect group. Note that
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[0,(I),N] < O,(I)NN < Op(N) =1.Hence O,(I) < Cg(N) < I.But then
O,(I) < Cg(N),and O,(I) < 0,(Cg(N)) < 0p(G) =1, since Cg(N) < G.
Hence B; cannot have a normal defect group, since we are assuming that B (and
so By) has positive defect.

By part (vi) of Proposition 2.2 plr(1§) = plr(B;) = 1, where B is the
unique block of G naturally corresponding to By. The rest follows from part (iii) of
Proposition 2.2. o

4 Reduction to covers of automorphism groups of simple groups

Let G be a finite group and B € Blk(G) with TI defect group D. We assume that
B does not have a normal defect group, so that 0,(G) = 1.

Let E(G) be a central product M7 s - - - * M of normal subgroups of G, where
each M; is a central product M;q * - - - x M;; of quasisimple groups. For each i, G
acts transitively on My, ... , Mj;.

Lemma 4.1 Consider B as above, and suppose that D possesses a subgroup of
the form C, x C,. Let H < G be a p’-group. Then DH/H is a non-normal TI
subgroup of G/H.

Proof. Write G for the quotient by H. Since
H = (Cy(x):1#x e D)= Ng(D)

(see [16, 6.2.4)), it follows that H < Ng(D), so D < Cg(H). Then NE(B) =
Ng (D) and the result follows. O

Theorem 4.2 B as above is Morita equivalent to a block with cyclic or generalised
quaternion defect groups or a block of a finite group X where Z(X) is a p'-group
and M < X/Z(X) < Aut(M), where M is non-abelian simple.

Proof. First observe that by Theorem 3.1 and its proof (with N = O,/(G)) B is
Morita equivalent to the block By, in the notation of Theorem 3.1, and B; has
non-normal TT defect groups which are also defect groups for B. Hence we may
assume that G = I.

By Theorem 3.1, B is then Morita equivalent to a block Bofa group G, where
0,(G) < Z(G) and either plr(B) = 0 or plr(B) = 1 and 0,(G) = 1. Now
G=G / N in the notation of the previous section. If B (and hence B) does not have
cyclic or generalised quaternion defect groups, then by Lemma 4.1 applied to G,
the image of D in G (adefect group of B) is non-normal and trivial intersection. So
we assume that O (G) < Z(G). Let D be a defect group for B. If E(G) = 1, then
Cc(F*(G)) < F*(G) = 0,/(G) < Z(G), and G is abelian, contradicting out
assumption that Ng (D) # G. Hence we may assume that E(G) # 1, and further
that every component has order divisible by p.

If DN E(G) = 1, then by Proposition 2.8 D is again cyclic or generalised
quaternion. Hence we assume that D N E(G) # 1.

Consider M; <1 G, and let b; € Blk(M;) be covered by B. By Proposition 2.2
(v) either b; has positive defect and (non-normal) TI defect groups, or has defect
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zero. If b; has defect zero, then by Theorem 3.1 B is Morita equivalent to a block
B of a central extension of I (b;)/M; (where B has TI defect groups or cyclic or
generalised quaternion defect groups), and so we may assume that b; has positive
defect, and p-local rank one. We may also assume that b; is G-stable.

Now M,' = M,’l koo *M,'[, andb[ = b,’] X -+ X b,’t. Butb,-j = b,‘k for all j, k
since b; is G-stable and G acts transitively on the components of M;. By Propo-
sition 2.2 (iv) we have 1 = plr(b;) = t(plr(bi1)), sot = 1. Similarly the block
b = by x---xbsof E(G) has p-local rank one, and s = plr(by)+- - -+ plr(bs) =
plr(b) = 1. Hence G has a unique component, say M. Note that M is the unique
minimal non-central normal subgroup of G. Hence Cg (M) = Z(G), else G would
have more than one component. Hence M < G/Z(G) < Aut(M) as required. O

For any x € Irr(G), denote by d(x) and x(x) the nonnegative integers such
that 1 <« (x) < (p— 1),

d(x) — |G|p an K'(X)E |G|[7/
x(Dp x (L)

If H < G and £ is a character of H, then

(mod p).

d(Ind (£)) = d(¢) and «(Ind$(£)) = k(£).

Remark 4.3 Let B and B be the blocks given by Theorem 4.2 such that B is Morita
equivalent to B. Suppose x € Irr(B) corresponds to x € Irr(B). Then

d(x)=d(x) and «(x)= «kok(X)(mod p)
for some integer ko % 0 (mod p) dependent only on the block B.

Indeed, in the notation of Section 3, x < é)Z with é(l) =¢(1), so

d(x) =d()+d(x) =d(x) and «k(x) = kok(x) (mod p),

where kg = k(&) (mod p). Thus the remark follows by the note above.

In the following sections we classify all TI defect blocks of p’-central exten-
sions of groups M < H < Aut(M), where M is a non-abelian simple group. For
the sake of space, and since blocks with cyclic defect groups are well understood,
we only give a classification of TI defect blocks with non-cyclic defect groups.

5 Alternating groups

Let Z(G) = 0, (G) = M < G where M/Z(G) < G/Z(G) < Aut(M/Z(G))
and M/Z(G) = A,, an alternating group, n > 5. Write H for Z(G)H/Z(G)
whenever H < G, and A™ for the preimage of A < G in G. We demonstrate that,
but for a small list of exceptions, the only blocks B € Blk(G) of p-local rank one
are those which have defect groups of order p.

For the sake of exposition it is convenient to work first of all with the symmetric
groups. For odd primes this is sufficient.
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Proposition 5.1 Suppose that G = S,, where n > 5, and suppose B € BIk(G)
has a TI defect group D # 1. Then |D| = p unless (n, p) = (6, 3), in which case
D = C3 x Cs.

Proof. Letx € Z(D)haveorder p,andwritex = xZ(G) # Z(G). Write Q = (x).
Note that Cz(¥)™ < Ng(Q). Suppose that X consists of exactly k cycles of length
p and n — kp of length one. Then C(X) = (Cp 2 Sk) X Sp—pk.-

Suppose first that p > 3, so that in particular O, (S,,) = 1 for every m. By
Lemma 2.3 and Lemma 2.6 D = O,(Cg(x)") = (Cp)k. [We will be implic-
itly using Lemma 2.6 in this way repeatedly throughout this proof, so we will
no longer make explicit reference to it]. Suppose that k > 1. We may choose
an element y € D = Z(D) consisting of precisely one cycle of length p. Then
Ce() = Cp x Sp—p,s0 D = 0,(Ca(y)") = Cp, a contradiction. Hence k = 1
and D = C, as required.

Now suppose that p = 3. If k > 3, then D = 0,(C5(®)™) = (Cp)* x
03(S,—31). As above, there is y € Z(B) consisting of just one cycle length 3. We
have Cz(y) = Cp x Sy—3,and so D = O0,(Cx(y)) = Cp x 03(S,—3). Since
k > 3 we have n > 9, so that O3(S,,—3) = 1, giving a contradiction.

If Kk = 3, then D = O3(Cg(x)") = (C31C3) x 03(Sy—9). Write D =
D1 x Dy, where D; = C3:C3 and Dy = 03(S,—9). Note that D1 is isomorphic to a
Sylow 3-subgroup of Sg. Now Sg does not have TI Sylow 3-subgroups (see [5] for
example), so in particular D cannot be TI.

If k = 2, then D = O3(Cz(x)™) = (C3)? x 03(Sy—¢). If n # 9, then D =
(C3)2. Lety € Z (D) consist of justone cycle of length 3. Then C(y) = C3x S,-3,
so D = 0,(Cg(y)7") = C3 x 03(5,-3). If n # 6, then | D| = 3 and we are done
in this case. If n = 9, then again we may choose y € Z(D) consisting of just one
cycle of length 3. Then C#(y) = C3 x Sg, so D = (3, a contradiction. If n = 6,
then G has self-centralizing TI Sylow 3-subgroups, and so G has (two) blocks with
TI defect groups isomorphic to C3 x Cs.

Finally suppose that p = 2. In this case we may take Z(G) = 1 unlessn = 6 or
n =7 (since S, has Schur multiplier of order two when n = 5 or n > 8). We have
D = (C21 02(Sk)) x O2(Sp—21)- Suppose that O(Sx) = 1 (i.e., k =3 ork > 5).
As usual we may choose a transposition y € Z(D). Then Caz(y) = Cy x S22,
and D = Cy x 07(S,-2). If n > 6, then O2(S,—2) = 1 so that |[D| = 2. If
n < 6, then it is easy to find examples to show that D is not TL. If k¥ = 2, then
C(X) = (C22C) x Sy—g and D = (C2 2 C2) x O2(Sy—4). Hence C5(D) < D,
and if n > 7, then D ¢ Syl,(G), so that by Lemma 2.4 D cannot be TI.

Ifk =4,thenn > 7 and so Z(G) = 1. We have D = (C, 1 (C2 x C3)) x
0,(S,—38). We have C (x) = (C284) x S,—g, and this must possess a block with
defect group D by Lemma 2.3. Write Cg(x) = H x L, where H = Cy 1 §4 and
L = §,,_g. Then H must possess a block with defect group P = C : (C3 x C2).
Notice that P ¢ Syl, (H). Hence since Cy(P) = Z(P) < Op(H), by Lemma 2.4
P cannot be a defect group in H, so D cannot be a defect group of Cg (x). O

Corollary 5.2 Suppose that A,, < G/Z(G) < Aut(A,), where n > 5, and sup-
pose B € BIk(G) has p-local rank one and is of positive defect. If D is a defect
group of B, then |D| = p unless (n, p) = (6,3) or p = 2. If (n, p) = (6, 3), then
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D = C3 x C3. If p =2, then D is of order two or is elementary abelian of order
4. In particular A, possesses a 2-block with Klein-four TI defect group precisely
whenn = m?/2 +m + 4 orn = m?/2 + m + 6 for some integer m > 1.

Proof. Suppose that H is a covering group of A,, where n > 5, and G is a covering
group of S, containing H. Let b be a TI defect block of H with defect groups of
order greater than p. Let D be a defect group of b.

First suppose p # 2. If Cg(D) < H, then the unique block B of G is a Brauer
correspondent of b and so plr(B) = plr(b) = 1 by Proposition 2.2 (ii). Hence
(n, p) = (6, 3) as required. If Cg(D) £ H, then it follows that [G : Ng(D)] =
[H : Ny (D)], so that B and b have precisely the same defect groups. Hence again
plr(B) = 1, so that (n, p) = (6, 3).

Now suppose that p = 2. We treat the cases n = 6, 7 separately, so that we
may assume as before that Z(G) = 1. Let x € Z(D) have order two. Suppose that
x consists of precisely k cycles of length two, so that k is even. Then Cy, (x) =
((CrvAg) x A, —2)(t), where ¢ is an involution, so that H = (Cy 1 Ay) X A,—ox <
Ca,(x) < (C228) x Sp—2k = Cs, (x). Hence D = 03(Ca, (x)) < 02(Cg, (x)) =
(C22 02(8K)) x O02(Sy—2k). We show that we may assume k = 2.

Suppose that k # 2. If further n — 2k # 2, then O2(Ax) = 02(Sk) and
02(An-2k) = O02(Sp—2k), so that D = (C22 02(Sk)) X O2(Sp—2¢). Now C(Q)
must possess a block, b say, with defect group D, where Q = (x). Let b be a block
of H covered by bg. This must also have defect group D. Write H = H; x H»,
where Hy = Cr Ay and Hy = A,,_. Write b = l;l X 152, where Ei is a uniquely
determined block of H;. Then D = D1 x D;, where D; is a (the) defect group for l;,-.
We have Cy, (D) < Dy, so such a block can only exist when D € Syl,(H),i.e.,
when k = 4. Notice that D1 is isomorphic to a Sylow 2-subgroup of Ag whenk = 4,
but Ag does not have TI Sylow 2-subgroups, so in fact D cannot be TI in this case.

Suppose that n — 2k = 2. Then C Ay < Cyq,(x) < (C228k) x Ca. As above,
we may assume n # 8, so that k > 6, and D is elementary abelian of order 2k or
2k+1 Hence we may choose z € Z(D) = D consisting of precisely two cycles of
length two, i.e., we may as well have assumed that k = 2.

Now suppose k = 2. We need to show that, where it exists, B must have defect
groups of the form C, x C,. We have (C2)2 X Ap—g A Cy,(x) < (C22C2) X Sy—4,
and (C2)2 X 02(An—4) < D < (Cy2C3) x 02(S,—4). There is no block with
non-cyclic TI defect groups for Ag. If n # 8, then (Cz)2 < D < (CyC,. Note
that in this instance, C : C7 is isomorphic to a subgroup of Sy4, but there is no such
subgroup of A4, s0 D = (Cz)z. Now Cy, (D) = D x A,_4, and so B does indeed
exist whenever A;_4 possesses a p-block of defect zero. The precise conditions
for the existence of such a block are well-known and easy to derive.

Inthecasesn = 6andn = 7, eachlinear character of Z(G) extends to every nor-
maliser of a Klein-four subgroup of H, so there is a defect-preserving 1-1 correspon-
dence between blocks of H/Z(G) and blocks of H covering a given block of defect
zero of Z(G). Hence it suffices to note that there are no TI defect blocks of Ag or A7.

The remaining automorphism group we must consider is G/Z(G) = Ag.2%. It
suffices to consider the case p = 2. By Lemma 2.1, a block B of G with TI defect
groups must cover blocks of defect zero of A, since the only 2-defect groups for
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Ag are trivial and the Sylow 2-subgroups, which are not trivial intersection. Hence
|D| = 2 or 4. But by [6] no involution has centralizer H with |0, (H)| = 4, so
|D| # 4 by Lemma 2.3. O

6 Sporadic simple groups

Proposition 6.1 Suppose that N/Z(G) < G/Z(G) < Aut(N/Z(G)), where
N/Z(G) is one of the 26 sporadic simple groups. Then B € Blk(G) has non-
cyclic Tl defect group D if and only if one of the following occurs:

(i) D = Cy x Cy and G/ Z(G) is isomorphic to one of J» or Ru;
(ii) D= C3 x C3and N/Z(G) = O'N or Suz;
(iii) p =3 and N/ Z(G) = M1y,
(iv) p=Sand N/Z(G) = McL;

(v) p=1land N/Z(G) = Js.

Note that in cases (i) and (ii) D is not a Sylow p-subgroup and in cases (iii)-(v)
D is a Sylow p-subgroup.

Throughout we use the notation of [18], including for the labelling of conjugacy
classes of sporadic groups. So for instance xZ(G) € 2A means that x Z(G) is a
member of the conjugacy class 2A (of whichever group we are considering at the
time) as labelled in [18].

As in the previous section write H for the quotient by Z(G), and A™ for pre-
images. Of course we may take Z(G) = 0,/ (G).

In this section let N be a sporadic simple group and N < G < Aut(N). Let
B € BIk(G) have non-cyclic TI defect group D. We use Lemma 2.3 and Lemma 2.4
to eliminate most of the possibilities for conjugacy classes containing non-trivial
elements of Z (D). We first suppose that G = N.

Suppose that 1 # x € Z(D). First, by Lemma 2.3 D = O,(Ng(Q)), where
O = (x). Hence we may eliminate the cases where O,(Ng(Q)) is cyclic. We
identify these from [18, Table 5.3], using the fact that NE(E)” = Ng(Q), and list
them in Table 1. Of course we consider only cases where p?||G]|.

Of the remaining possibilities we may apply Lemma 2.4 to eliminate all but a
small number of cases.

Lemma 6.2 Let G be a sporadic simple group and x Z(G) in one of the conjuga-
cy classes listed in Table 2. Then G cannot have a TI defect defect group D with
x € Z(D).

Proof. By Lemma 2.4 it suffices in each case to show that O,(N¢g({x))) is not
a Sylow p-subgroup of G and that its quotient is self-centralizing. In all but one
case this follows from consideration of the orders of centralizers of elements con-
tained in Ng({x)). The only different case is G = BM and x € 3B. In this case
Ng((x)) =348 : 2170 (2.2, and D = 317® & Syl;(G). The only involutions
in G which can centralize a subgroup of G of order 3° are those in 2A. Suppose
z is an involution in C (D). Then by [6] D is a Sylow 3-subgroup of C;(z), but
Sylow 3-subgroups of Cg(z) have exponent 9 whilst D has exponent 3. Hence
Cg(D) < D. |
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Table 1. Conjugacy classes containing x Z(G) with O, (Ng ({(x))) cyclic, 2G|

G Conjugacy classes G Conjugacy classes
M none M, 2A,3B
M>; 3A M 3A
en 3A,3B Ji 2A
J 3A,3B,5A,5B J3 3A
Js 3A Cos 2A,2B,3C,5B
Coy 3B,5B Co 3A,3D,5A,5B,7A,7B
HS 2B,3A,5B McL 2A
Suz 3A,5A,5B He 3A,3B,5A,7A,7B
Ly 2A,3A Ru 3A,5B
O'N 2A Fip 2A,3A,5A
Fi 2A,3A,5A Fi}, 2A,3A,5A,7A
HN 2A,3A,5A Th 3A,7A
F,=BM 2A,3A,5A,7A FF=M 2A,3A,3C,5A,7A,11A,13A

Table 2. Conjugacy classes containing x with O,(Ng({x))) ¢ Syl,(G) and self-
centralizing

G Conjugacy classes G ‘ Conjugacy classes
My, 2B My, My, 2A
M3 2A Moy 2A,2B
J 2A J3 2A
Ja 2A,2B,11B Cos 3A,3B
Cop 2A,2B,2C,3A Coq 2A,2C,3C,5C
HS 2A,5C McL 3A,3B,5B
Suz 2A,3B He 2B,7D,7E
Ly 3B,5A,5B Ru 2A
O'N 7B Fiy 2B,2C,3B,3C,3D
Fix 2C,3B,3C,3D Fi}, 2B,3B,3C,3D
HN 2B,3B,5B,5C,5D,5E Th 2A,3B,3C
F, =BM 2B,2D,3B,5B Fr=M 2B,3B,5B,7B

We already know the classification of sporadic groups with TI Sylow p-sub-
groups (see [5]). This says that the only such cases are M| with p = 3, McL with
p = 5 and J4 with p = 11 (and their p’-covering groups). Note that in each of
these cases we have one block of maximal defect for each block of defect zero of
the centre. Hence we may now assume that O, (Ng ((x))) ¢ Sylp(G).

We are thus left with, for p = 2: 2B in J; 2B in Co1; 2B in Suz; 2A in He;
2B in Ru; 2B in Fis3; and 2C in BM; for p = 3: 3B in Coy; 3C in Suz; 3A in
O'N;and 3E in Fi),.
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In the remaining cases D = C, x C,. Landrock in [24] gives a complete
list of non-principal 2-blocks (but not for the covering groups). From this, we are
able to eliminate Coj, He, Fiy3 and BM for p = 2. We must eliminate Suz. If
xZ(G) € 2B, then Ng(D) = (A4 x L3(4) : 2) : 2. In this case Ng (D) does not
possess a block with defect group D, and so neither does G.

J> and Ru each possess a single 2-block with defect group C, x Cj. Further
neither J> nor Ru possesses a radical 2-subgroup of order two, so these blocks are
indeed TI defect.

Suppose that G = Coj and xZ(G) € 3B lies in the centre of a non-cyclic TI
defect group D. Then D = C3z x C3. Butby [18, Table 5.31] O3(Ng({x))) contains
an element of 3A, so that D = (x), a contradiction.

Suppose that G = Fi}, and x with xZ(G) € 3E lies in the centre of a non-
cyclic Tl defect group D. Then D = C3 x C3. Butby [18, Table 5.3v] O3(Ng ({x)))
contains an element of 3A, so that D = (x), a contradiction.

If G = O'N and xZ(G) € 3A, orif G = Suz and xZ(G) € 3C, then by [18,
Table 5.3s] and [18, Table 5.30], N ({x)) has the form ((C3 x C3) - 2) x Ag, and
the maximal normal 3-subgroup D of this is TI. By [6] Ng({x)) is maximal, so is
equal to Ng (D). This possesses a 3-block with defect group D and so by Brauer’s
first main theorem a suitable B exists.

It remains to consider the automorphism groups of the sporadic groups. Since
[Aut(N) : NJ]|2 for each sporadic simple group N, for odd primes, Aut(/N) has
non-cyclic TI defect groups if and only if N does (by the same argument as in
Corollary 5.2). It thus suffices to consider p = 2. Note that by Proposition 2.2 (v)
and since blocks of Aut(N) covering blocks of defect zero of N have defect groups
of order dividing two, if Aut(N) possesses a non-cyclic TI defect group, then N
possesses a (possibly cyclic of order two) TI defect group. By [24] this leaves the
cases Aut(Jp), Aut(McL) and Aut(Fip).

We may eliminate Aut(J;) (noting that here Z(G) = 1), since if x € Z(D),
where D is a non-cyclic TI defect group, is not contained in N, then D =
O,(Ng({x))) has order two. But by [6] the non-cyclic TI defect block of J; is
stabilised by the outer automorphisms, so by [1, 15.1] D must contain an element
outside of N.

We may eliminate Aut(McL) since if D is a TI defect group, then Z(D) must
contain an involution outside of N. But then by [18, Table 5.3n] |D| = 2.

We may eliminate Aut(F'is;) since if D is a non-cyclic TI defect group, then
|D| = 4, and D must contain an element x with xZ(G) € 2A. But then D = (x).
This completes the proof of Proposition 6.1.

7 Finite groups of Lie type

We will follow the notation of [18]. In particular, if K is a finite group of Lie type,
then K, and K, are the corresponding universal and adjoint finite groups.

Lemma 7.1 Let K € {SL},(q), E7(q)u, Sp2m(q), R2m+1(q), 25,,(q)} with odd q
and m > 1, and let B be a 2-block of K with a defect group O2(Z(K)), where
€ = &+ = £1. Then one of the following holds.
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(i) K = SL;,(q) and there exists a 2-element T € GL},(g9)\Z(GL;,(g)K
stabilizing B.

(i) K = Q5,,(q) and there exists a 2-element T € SO3, (q9)\25,,(q) stabilizing
B.

(iii) There is a 2-element t € Outdiag(K) stabilizing B.

(iv) K = Spam(q), B = E (K, (s)) for some semisimple 2'-element s in the dual
group K* such that Cg«(s) is a Coxeter torus of K* and |Cg+(s)|» = 2.
Moreover, Cx+(s) = GL1(q™) or GU(q™) according as 4|q + 1 or4|lq — 1,
and in the former case, m is odd. In addition, there exists a 2-element T €
GSpom (@\Z(GSpam(q))K stabilizing B.

Proof. Set v(n) = log,(n2) for any integer n > 1, where n5 is the 2-part of n.

Suppose K = E7(q)y, so that D(B) = Z(K) = 2. If x is the canonical char-
acter of B, then x can be viewed as an irreducible character of K, = E7(q)4. Let
H = Inndiag(K), x' an irreducible character H covering x and By the 2-block
of H containing x'. Then the dual group H* is K. Since x has defect 0 as a charac-
ter of K, it follows that |[D(Bg)| = 1 or 2, and in the former case x'(1) = 2x (1)
and in the later case x'(1) = x (1).

If x'(1) = x (1), then the inertia group / (B) is H and there exists a 2-element
T € H\K, stabilizing B. Suppose x'(1) = 2x(1), so that D(Bg) = 1.If (s, ) is
the pair of semisimple and unipotent labels of x’, then

v(x') = v(K: Ck () +v(n).

In particular, v(u) = v(Ck(s): Z(Ck(s))) and |Z(Ck(s))|2 = 1, since u(1)
divides |Ck (s): Z(Ck (s))|. This is impossible as Cp = Z(K) < Ck (s).

Suppose K is classical. Let V be the underlying space of K, I (V) = Isom(V)
the set of all isometries on V defined in [18] and let Ip(V) be the subset of (V)
consisting of elements of determinant 1.

Suppose K # Q0,41(q) and 5, (¢). Then K = Ip(V) and B = &(K, (s))
for some semisimple odd element s of the dual group K*. If K = SL{, (¢g), then
we may suppose s € K and set s* = 5. If K = Spa,(gq), then let s* be the dual
element of s defined in [2], so that s* € K. Thus D(B) is a Sylow 2-subgroup of
Ck (s*). Since D(B) is cyclic, it follows that Cg (s*) is a maximal torus 7 of K.

If K = Spam(q),then T = GL'{(q’”) is a Coxeter torus and |Z(K)| = 2 is the
exact power of 2 dividing g™ — n (written 2||¢g™ — n). If 4|g — 1, then 4|¢™ — 1, so
that n = —1 and m is arbitrary. If 4|q + 1, then 2||¢™ + 1 if and only if m is even.
But if 2||¢g™ + 1, then m must be odd since m is the degree of a monic irreducible
polynomial A such that w is a root of A if and only if w™9 is its root (cf. [14,
p-111]). In both cases, there is a 2-element t € GSp2,, (¢)\Z(G Sp2m(q))K such
that T centralizes s*. It follows that t stabilizes B.

Suppose K = SLj (g), so that I(V) = GLy,(g). If T is non-cyclic, then
Crvy(s) = GL{'(g"™") x GLT(¢"?). Thus 02(Ci(v)(s)) > O2(Z(I(V)))D(B)
and there exists some T € O2(Cj(v)(s)\O2(Z(I1(V)))D(B) stabilizing B. If T
is cyclic, then Cyv)(s) = GL?(q’”/) is a Coxeter torus of I (V), where (n, m') =
(1,m) whene = 1,and (n, m") = (1, Z) or (—1, m) when € = —1.
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If m is odd, then D(B) = 1 and there exists some T € O2(Cj(v)(s))\D(B) sta-
bilizing B.If ¢ = l ando = v(m), theno > 1 and 2”+°‘||qm —1,where b > 2isan
integer such that 2°+1|| g2 — 1. In particular, 2% > 2? > |D(B)|. Suppose € = —1.
Since m is even and since g + 1 is not a factor of g™ + 1, it follows that n = 1 and
som' =m/2.But Z(I(V)) = q+1 < Crv)(s),soq + 1|¢g"™ — 1 and m’ is even.
Similarly, if &’ = v(m’) > 1, then 2°1% ||g™ — 1 and 2°7¢ > 20 > |D(B)|. Thus
in both cases, there exists some 7 € O2(Cy(v)(s))\O2(Z(1(V)))D(B) stabilizing
B.

Suppose K = Q0,,11(q) or Q5 (g), so that D(B) = 1 or 2. If K is abelian,
then K = Q5(q) = Cq%e and the proof is trivial since SO5(q) = Cy—_e.

Let B be the unique block of Io(V) covering B, so that B = E(Ip(V), (5))
for some semisimple 2'-element s of Ip(V)*. Thus D(I§) N K = D(B) and
ID(B): D(B)| < 2.

If ID(B): D(B)| = 2, then I(B) = Ip(V) and there exists a 2-element T €
Ip(V)\K stabilizing B.

Suppose D(fi) = D(B), and let s* € Iy(V) be a dual element of s in Ip(V).
Then D(B) is a Sylow 2-subgroup of Cy,v)(s*). Let Cryvy(s*) = [ [ L, where
Lr = Iy(Vy) with Vj the fixed-point set of s* on V or L = GLZ; (g™") for some
integers nr, mr and sign nr. Since D(B)is cyclic and K is non-abelian, it follows
that Cjyvy(s*) = GL{(¢™) is a Coxeter torus and D(B) = O02(Cryvy(s™)) # 1.
Thus D(B) = D(B) =2 and K = Q5 (¢).

Since —1y € K, it follows that m("z_l) is even or odd accordingase€ = 1 or —1.
If e = —1, then m is odd and 2|g — 1, so that 2°||g" + 1 and |O2(Cyy(v)(s*))| =
20 > 4.1f e = 1 and m is even, then 26170 || g™ — 1 and 26470 > 8 Ife = 1 and
m is odd, then 4|g — 1 and 2°||g™ — 1. In all cases, [|02(Cryvy(s™)| = 2|D(B)|,
which is impossible. O

Remark 7.2 (i) In the notation of Lemma 7.1 (i) and (ii), let K = SL{,(q) or
Q5,,(q). Then either 7 = —1y ¢ K or 7 induces a non-trivial element of
Outdiag(K).

(i1) If B is a 2-block of Ip(V) = SO (V) such that D(E) = Z(SO(V)), then there
exists a 2-element T € GSO(V)\Z(GSO(V))SO (V) stabilizing B.

Proof. Indeed, in the notation above, Cgsov)(s*) = (o, Cgsowv)(s*)), where
Gq_l (S Z(CGSO(V)(S*)) and o centralizes CSO(V)(S*) (Cf [15, (lA)]) Thus
Cgsov)(s*) isabelian and |Cgsov) ()2 > |Z(GSO(V))Csov)(s*)|2, so that
there exists such a 2-element 7. |

LetZ(G) = 0,/(G) < M < Gwhere M/Z(G) < G/Z(G) < Aut(M/Z(G))
and M/Z(G) is a finite non-abelian simple group of Lie type. If D is a TI defect
group of a block of G, then

NG(D)/Z(G) = Ng;z(6)(D)

and D is a TI radical subgroup of G/Z(G). Thus we first classify TI radical sub-
groups of G/Z(G).
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Proposition 7.3 Let K = K, be a finite non-abelian simple group of Lie type and
K < G < Aut(K). Suppose that D is a Tl radical subgroup of G. Then one of the
following holds.

(i) D is cyclic
(ii) Cg(D) < D.
(iii) K = PSL3(4) and D is a Sylow subgroup of K.
(iv) D is a generalized quaternion with D N K = Qg a quaternion, and

K € ’D4(3), F1(3), EE(3), E7(3), Es(3), PSLS(3), PSpan(3)},
where n > 3 and n # 4 when K = PSL{,(3).

Proof. Let H = Inndiag(K), R=HNDand Q = KN D.

Case (1) Suppose p and the characteristic r of the underlying field of K are
distinct and D contains a non-cyclic abelian subgroup W and let E = 21 (W). Then
E is a non-cyclic elementary abelian group acting on K and Ng(E) < Ng(D).
Let

=T}, =(0"(Ck(F)|1#F <E)

and I = I‘%’l =(Cx(F)|1# F <E).ThenT" <T < Ng(E)NK.

Suppose I' = K or " = K. If Q # 1, then by Lemma 2.1, Q is a radical TI
subgroup of K and Ng(Q) = Ng(D). But K < Ng(D), so Nx(Q) = Ng(Q) N
K = K and Q < 0, (K), which is impossible. Thus Q = 1and KD = K x D as
D = 0,(Ng (D)), which is also impossible. SoI'" < T < K.

Since I' < K, it follows by [18, Theorem 7.3.3] that Cg(K) = 1. Applying
[18, Theorem 7.3.4] we get a finite list of pairs (E, K). By Lemma 2.5, NG (D) is
a maximal p-local subgroup of G with E < D <1 Ng(D) and |[Ng(D)|, > |E|
whenever E is not a Sylow subgroup of G. Note that if Ng(D) is contained in a
maximal (non p-local) subgroup N of G, then Ng (D) is a maximal p-local sub-
group of both N and G. Using the maximal subgroups of Aut(K) and K given in
[6], we can get the possible N4, (k)(D). The possible triples (E, K, Ny k) (D))
are given in Table 3.

If Aut(K) = G = K = C4(2) and Ng(D) = 3%: Dg x S < (S¢ x Se).2,
then D = 3% contains an element y of type 3A, so that Cg(y) = 3 x Spe(2) <
Ng (D), which is impossible. If (E, K) = (32, A>(4)), then E € Syl3(K) and
Aut(K) = Az(4).D12. Thus D € Syl3(K) or D € Syl;(Aut(K)). In the lat-
ter case, NGg(E) = Ng(D) and so D = O3(Ng(E)), which is impossible. If
(E, K, Nau(k)(D)) # (32, C4(2),3%: Dg x S) and (3%, Ax(4),3%: 284 x 2),
then Cg (D) < CNAut(K)(D)(D) <D.

Case (2) Suppose p =rand Q = K N D # 1. Then Ng(Q) = Ng(D) and
by [18, Corollary 3.1.4],

F*(NG(Q)) = 0:(Ng(Q)) = D.

Thus Cg(D) = Cng(py(D) < D.
Suppose Q = DNK =1.Ifx e Ng(D)NK and y € D, then x" 'y~ lxy €
DN K =1,sothat Cx (D) = Nx(D) < Ng(D).
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Table 3. The possible triples (E, K, Nau:(k)(D))

|E| K Naur(x)(D)

22 A1 (5) S4

22 A(7) Dig, Sa

22 A1(9) S4.2 %2

22 B>(3) 24: 85,2.(As x As).2.2
22 23 2G,(3) 23.7:3

32 Ar(4) 32:28, x 2

3? Us2) | 34720 284,3%: (84 x 2)

32 By (2) 32: Dg

3? C3(2) 3172: 284,33 (84 x 2)

3?2 Cs(2) 3%2: Dg x Se, 3284

3? G2(2) | 317%:8:2

3? 2F2) | 32:284,347%: SDys

3?2 L>(8) 9: 6

52 2E,2) 52: 48,

52 2By(2) 25:20

In the notation of [18, Theorem 2.5.12], Out (K) = Outdiag(K): ®x Ik and
so D < &k Tk, since Outdiag(K) is a p’-group.

Suppose D is non-cyclic. Then [I'g|, # 1and p = 2 or 3. If [T'g|2 # 1,
then |[l'x|» =2, and K = A,,(2%), B»(2%), D,,(2%), F4(2%) or E¢(2%), and more-
over, ® g 'k is cyclic whenever K = B»(2%) and F4(2%). Thus K = A,,(2%) with
m > 2, D,,,(2%) or E¢(2%) with 2|a, and ®x 'y = ®g x ['g. If [Tk |3 # 1, then
[Tk |3 =3 and K = D4(3%) with 3|a. So D is abelian of 3-rank 2.

Let ¢ be a field of graph-field automorphism of order p. Then Koy = Cg (¢) is
simple and by [18, Theorem 7.1.4], Cg(¢) = (¢). It follows that ¢ & D and D is
cyclic, which is impossible.

Case (3) Suppose p # r and every abelian subgroup of D is cyclic. Thus D
is cyclic or a generalized quaternion group Qe of order 2% > 8 (cf. [16, Theorem
5.4.10]). In the latter case, each subgroup of D is either cyclic or generalized qua-
ternion, and D has a unique element z of order 2 with (z) = Q1(Z(D)).

Suppose D is non-cyclic, so that p = 2, D = Qs and r is odd with g = r¢.

Case (3.1) Suppose, moreover that D N K = 1, so that Nx (D) = Ck (D)
and D is a quaternion subgroup of Out(K). In particular, a Sylow 2-subgroup of
Out(K) is non-abelian, so that K is classical, K # PSp2,(q), and m > 3 when
K = PSLs,(q).

Since Out (P, (q)) is either abelian or Out (P2, (g)) € {Dg x Cq4, S3 X
Cy, S4 x Cu}, it follows that Out (P S2,,(g)) contains no quaternion subgroup, so
that K = PSL, (q).
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Suppose D contains a field or graph-field automorphism ¢ of order 2. Then
Ko = Ck(¢) < Ng(D) and Cx (¢p)D = Ck (D) x D.Inparticular, D < Cg(Kyp).
Since r is odd, it follows that K is simple and by [18, Theorem 7.1.4], C(Kp) =
(¢), so that D is cyclic, which is impossible.

Since Outdiag(K) is cyclic and since D has exactly one involution z, it follows
that R = D N H is cyclic. If moreover, R = 1, then D < &g x 'k, which is
impossible. Thus R # 1,z € R, Ng(D) = Cg(2).

Let M = GL,(q), so that H = Inndiag(K) = M/Z(M). Then z € H\K,
R = 02(Cy(2)) and Cy(z) is given by [18, Table 4.5.2]. If L = o (CH(2)), then

L € {SL;,_1(q). SL{(q) * SL;,_.(q). SL% (g},

2

where 2 < i < 7 and SL{(q) * SL;,_;(q) is a central product of SLf(g) and
SLE (q).Let[D,L] = (y"'x'yx|y € D,x € L},sothat [D,L] < DNL
= 0»(L). Since O>(L) < D N H is cyclic, it follows that O>(L) < Z(L). But
y~!x7'yx = 1 forany y € D and 2’-element x € L, so [D,L] = 1 and D <
Cego)(L).

Let ¢ be the inverse-transpose map or 1 according as M = GL,,(q) or M =
U, (q). We may suppose that

C = CAut(K)(Z) = (CH(Z)v Y L)’

where y is a field automorphism of M. Note that if x8 centralizes L for some
x € Cy(z)and B € (y, 1), then x € Cr(B). It follows that Cc(L) = Cc¢y, () (L)
and O>(Cc,()(L)) < D N H is cyclic. This is impossible as D < Cc(z).

Case (3.2) Suppose O = D N K # 1. Then Q21(Z(Q)) has order 2 and
z € Z(Q). So Ng(D) = Cg(z), Nk(Q) = Ck(2), D = 02(Cg(z)) and Q =
0,(Ck (2)). The proof is similar to above.

The centralizer Cy (z) is given by [18, Table 4.5.1]. If L = 0’/(CH(z)), then
either L = L or L1 * L for some finite groups L; of Lie type. Since L < Cg(z2) =
Ng(D), it follows that DN L <« Land D N L = Oy(L), sothat [D, L] < O,(L).

Note that each O, (L;) is cyclic except when L; € {Q23(3) = A4, SL2(3) =
SU2(3) = Sp2(3) = Qg 3, Q4(3) = SL2(3) * SL2(3)}.

Since O2(L) < D is cyclic or generalized quaternion, it follows that either
0y(L;) is cyclic for all i or L; = SL»(3) for a unique i. In the former case each
L; is quasisimple or cyclic, O2(L;) < Z(L;), and [D, L] < Z(L), since L is
generated by 2’-elements. In the latter case ¢ = 3 and O,(L) = Qs.

Suppose O2(L) = Qg, so that ¢ = 3. If K is exceptional, then

K € {?D4(3), G2(3), Fa(3), E{(3), E1(3), Ex(3)}.

If K is classical, then K € {PSL{,(3), PSp2,(3)}. By [18, Table 4.5.1], each K
has exactly one possible conjugacy class of involutions z, and L = L % L, with
L =S8L>(3) and
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SL»(27) if K=3D4(3),

SL>(3) if K =G)(3),

Spe(3) if K = Fy4(3),

€ : _ €
Ly SL§(i) ?f K = E{(3), a1

Spin{,(3)/(zs) if K = E7(3),

E7(3)y if K=Eg(3),

SLE ,(3) if K=PSL;(3),

Span—2(3) if K = PSp2(3).

If K = G2(3), then Q > Op(L) = 24, which is impossible. Similarly, we may
suppose K # PSL3(3) and PSp4(3). Thus Q = Ox(L) = Qg and Cx(Q) =
Cu(Q) = L».

Suppose O2(L) is cyclic and L is non-abelian, so that L is quasisimple, and
D < CCG(Z)(L) < CCAut(K)(Z)(L)' In particular, O <R< CCH(Z)(L) and by [18,
Theorem 4.5.1], R is cyclic.

In the notation of [18], Aut(K) = H® g k. It follows by [18, Theorem 4.5.1]
that we may suppose

Caurk)(2) = Cu(2)PkTk.

If xB € CC @ (L) for some x € Cy(z) and B € Pk, then x € Cr(B).
It follows that CCAM(K)(Z)(L) < Ch(z) and so D < Ccy () (L) is cyclic, which is
impossible.

Suppose L is cyclic, so that K = PSLy(gq). Let G be the general semilinear
group on the underlying space V of K,, and A = G (1), where ¢ is the inverse-trans-
pose map. In addition, let Z = {aly : 0 # o € F,} be a subgroup of A, so that
Aut(K) = A/Z and we may suppose z = tZ with 02(Z) < (t), since Q # 1.

IfxZ € Cg(z), then x~'tx € tZ, so that x 'rx € () and x € N4((¢)). Thus
Caurk)(@) = Na((t))/Z and Cy(z) = NG, q)(1)/ Z.

Let D4 be a2-subgroup of N4 ((t)) suchthat D4/ 02(Z) = D.Now N4 ({t)) =
(GL1(g%), p,v,t) and Ngr,i)((t) = (GL1(g?), p), where p and y induce
field automorphisms of order 2 and a, respectively and ¢ inverts each element
of GL1(g?).

We may choose p such that p* = 1, pZ has order 2 in GLa(q)/Z and
[o,y] = [p,t] = 1. Suppose y € Dg N {p, y,t) such that 2 = |y| > 4.
Then yzw1 = ¢ € D4, which is impossible. Here ¢ is the field automorphism of
order 2. Thus Ds N {p, y,t) < (p, @, ) and

02(GL1(g%) < Da < (02(GL1(g>)), p, ¢, 1).

Since (p,¢,1)Z/Z is elementary abelian of order 23, it follows that
my(Da/02(Z)) > 2, which is impossible. O

Proposition 7.4 Let Z(G) = 0,(G) < M < G such that M/Z(G) is a finite
non-abelian simple group of Lie type and M/ Z(G) < G/Z(G) < Aut(M/Z(G)).
Suppose B € BIk(G) has a trivial intersection defect group D # 1. Then one of
the following holds:



482 J. An, C. W. Eaton

(i) D is cyclic.

(ii) D is a non-cyclic Sylow p-subgroup of G. If D N M is non-cyclic, then the
possible pairs (M /Z(G), p) are listed in [5, Proposition 1.3] and moreover,
[(G: M], =1,s0that D < M. If DN M is cyclic, then Z(G) =1, (M, p) =
(?B>(2°), 5) or (L»(8), 3), in which case G = Aut (M) = M.p.

(iii) p = 2, Z(G) = 1, G = PSpr,(3) with even m > 4 and D = Qg is a
quaternion group. In this case, let B, be a block of K,, = Sp2, (3) containing
B. Then B, = £(Ky, (5)) for some semisimple 2'-element s of the dual group
Ky = 8S02n4+1(3), D(By) = Qg x Ca and Cx(s) = S03(3) x GL, (3" 1.

In particular, if D is non-cyclic, then G/ Z(G) has a block with a defect group
D = DZ(G)/Z(G).

Proof. Let K = M/Z(G). Since D = DZ(G)/Z(G) is a radical subgroup of
G/Z(G), it follows by Proposition 7.3 that D is cyclic, Cg,z)(D) < D, K =
A>(4) with D = 3% or D is generalized quaternion with DN K = Qg and K given
by Proposition 7.3 (iv).

Suppose Cg/z(G)(D) < D.By Lemma 2.4 D is Sylow of both G and G/Z(G),
so that by Lemma 2.1, Q = D N K is a TI Sylow subgroup of K.

Suppose p # r. If Q is non-cyclic, then by [5, Proposition 1.3],

(K, p) = {((PSL3(4),3), CF2(2), 5)}
and if Q is cyclic, then by Table 3,
(K, p) € {(L2(8), 3), CB2(2%), 5)}.

If[G: M], # 1, then (K, p) # (*F2(2)',5), so that [G: M], = p.

If (K, p) = (L3(4),3), then Aut(K)/K = 2 x S3, Ng(Q) = 3°: Qg and
Nawx)(Q) = 32: 284 x 2. It follows that Q is a radical subgroup of G and D is
not TI, which is impossible.

If (K,p) = (L2(8),3) or (*By(2%),5), then Q is cyclic and G/Z(G) =
Aut(K) = K.p. Since Aut(K)/K is cyclic and M(K) = 1, it follows by [8,
Lemma 3.4] that M(G) = 1, so that Z(G) = 1 and G = Aut(K). If (K, p) =
(L2(8),3), then K = 2G,(3), G = 2G2(3) and Ng(Q) = 9: 6. If (K, p) =
(?B>(2%), 5), then Ng(Q) = 25: 20. Thus Q is non-radical in G and so the Sylow
subgroup D is a TI subgroup of G.

Suppose p = r. By [5, Proposition 1.3], K = A1(p%), 2A2(p%), 2B»(2%) or
2G5 (3%). Since p = r, it follows that a Sylow p-subgroup of Out(K) is cyclic
generated by a field automorphism.

If |Out(K)|p =1, then D = Q is Sylow in G. In particular, we may suppose
K # 2B5(2%) as in this case a is odd.

Suppose [G: M], # 1, so that |Out(K)|, # 1. Since Cg (Q) < Q and since
Out(K)iscyclic, it followsthat @ < D.Thus D contains a field automorphism ¢ of
order p.By[18, Proposition4.9.1], Cx (¢) = A1(p“/P), 2 A2(p®/P)and > G, (3%/3),
respectively. But Ck (¢) < Naur k) (D), so Cg (¢) is a subgroup of the Borel sub-
group Nk (Q). In particular, Cg (¢) is soluble. Thus p = 2, Cx(¢) = A1(2) or
2 A»(2). In both cases, |Out(K)|p, < p and D is Sylow in G.
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If (K, p) = (A1(4),2), then Q = 2%, Ng(Q) = Ag and Naw(x)(Q) = Sa.
If (K, p) = (A2(4),2), then Q = 22T4, Ng(Q) = 2*™: 15 and Naw (x)(Q) =
22+4: (3 x Dyp).2. In both cases, Q isradical in Aut(K) and a Sylow 2-subgroup
D of Aut (K) is not a TI defect group.

Suppose D is generalized quaternion with D N K = Qg and

K € £ D4(3), Fa3), E§3), E7(3), Eg(3), PSL;,(3), PSpan(3)},

where n > 3 and n # 4 when K = PSL (3). Thus

3D4(3).3 if K=3D4(3),
F4(3) if K= F4(3),
EE(3).2 if K=E{Q3),
Aut(K) = { E7(3).2 if K =E7(3), (7.2)
E3(3) if K =Eg(3),
PSLEB3).(n,3 —€).2 if K = PSLE(3),
PSprn(3).2 if K= PSpr(3).

In particular, Aut(K)/K is either cyclic or a 2-group. Since K # PSU4(3), it
follows that M (K) is a 2-group, and by [8, Lemma 3.4], M (X) is a 2-group for
any K < X < Aut(K). Since Z(G) is a 2/-group, it follows that we may suppose
Z(G)=1.

Let Bk be the block of K covered by B. Then we may suppose Q = KN D =
D(Bk) and in addition, suppose (Q, bg) is a Sylow By -subgroup.

IfL = 03/(CH(Z(Q))), then L = Ly % Ly, Q = Oy(L) and Cg(Q) = L»,
where L1 = SL>(3) and L; given by (7.1). Since (Q, bg) is a Sylow Bg-sub-
group, it follows that by € Blk (L) with defect group Z(Q) = Z(L>). Moreover,
suppose K # PSp2,(3). By [18, Table 4.5.1], Nx(Q) > (Q * Lj, t) for some
2-element 7, and in addition, t induces a non-trivial element of Outdiag(L>),
except when Ly = SpinT2(3)/(zs), in which case we can suppose T € SOI"'Z(?))\
QT2(3). By Lemma 7.1, T stabilizes b, so that T € Ng (Q, bg), which is impos-
sible as (Q, bg) is maximal.

Suppose K = PSp>,(3)and G # K. Then G = Aut(K) = K.2 = GSp2,(3)
andso Cg(Q) = Ly, Ng(Q) = (Q*L», t) for some 2-element 7 € G. By Lemma
7.1 again, T stabilizes bg and so T € Ng(Q, bg), which is impossible. O

8 Proof of the main theorem

By Theorem 4.2 it suffices to find all TT defect blocks of groups X where M <
X/Z(X) < Aut(M) for a non-abelian simple group M. Thus we have reduced
to p’-central extensions of groups of automorphisms of simple groups. Since it
is not always the case that the Schur multiplier of a simple group and that of its
automorphism group are the same, we show here that it suffices to consider central
extensions which are perfect when considered as an extension of just the simple



484 J. An, C. W. Eaton

group. In our case, all the non-abelian simple groups we consider have outer auto-
morphism group which is a product of at most two cyclic groups. We deal with
each cyclic group in turn.

Proposition 8.1 Suppose that M is a non-abelian simple group and M < X <
Aut(M). Suppose further that Out(M) is a product of at most two cyclic p’-groups.
Let G be a central extension of X by a p’-group, and B € BIk(G) a TI defect block.
Then there is a central extension L of M by a p'-group and a finite group H with
L < H < Aut(L) such that H possesses a TI defect block By Morita equivalent
to B.

Proof. Let Z(G) < N < T < Gsuchthat N/Z(G) = M,and T/N and G/ T are
cyclic p’-groups. Let W be the central extension of T/Z(G) by T’ N Z(G) with
W < T. We repeat first the construction from [5, 3.6].

Choose u € G such that uWZ(G) = uT generates the cyclic p’-group
G/WZ(G) = G/T of order m. Hence u™ € WZ(G), say u™ = wz where
w € W,z € Z(G). Let V be a cyclic p’-group such that Z(G) < V, and contain-
ing an element v € V such that v = z. Write A = G * V, where we identify
Z(G)withGNV.

Setting h = uv~! € A, define H = (W,h) < A. Define L = N’. Following
the argument in [8, 3.7], and using the fact that 7/ Z(G) has Schur multiplier con-
tained in that of M (see [8, 3.5]) we see that Z(L) < H' and Cy(L) = Z(L) =
Z(H) = Op(H), so that H is indeed an automorphism group of the perfect
p’-central extension L of M.

Now there are Zg, Zy < Z(A) suchthat A/Zg = Gand A/Zy = H.By the
constructions of section 3 there is a block B4 of A Morita equivalent to B, and a
block By of H Morita equivalent to B4. By Proposition 2.2 (vi) B4 and By have
TI defect groups, and we are done. O

If X/M is cyclic, then by [8, 3.5] X has smaller Schur multiplier than M. Thus
using this fact and Proposition 8.1, the result holds when M is a sporadic or alter-
nating group by Corollary 5.2 and Proposition 6.1. Otherwise, if the defect group
is not a Sylow p-subgroup, then the result holds by Proposition 7.4. If the defect
group is a Sylow p-subgroup (and M is a group of Lie type), then the result holds
by Proposition 7.4 and Proposition 8.1, but here we use the fact that G has TI Sylow
p-subgroups if and only if G/Z(G) does (given that Z(G) is a p’-group), and that
in each case Out(M) is either cyclic or a direct product of cyclic p’-groups.

Theorem 1.1 follows, noting that Ag¢ = PSL>(9) and C3 x Cs is its Sylow
subgroup.

Proof of Corollary 1.2. Let B be a block (with respect to k) with TI or normal
defect group D of a finite group G. By Theorem 4.2 and its proof B is Morita
equivalent to a block B of a group G, where the following hold: (1) B has a defect
group D which is isomorphic to D and is TT or normal; (ii) either D is normal in G
or Z(G)isa p’-groupand M < G/Z(G) < Aut(M), where M is non-abelian sim-
ple (note that the Morita equivalences of Theorem 4.2 are established with respect
to O, but this implies that the corresponding k-blocks are Morita equivalent).
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Suppose that D is not normal in G. Then by Theorem 1.1 D is either cyclic,
Klein-four, quaternion of order eight, or B is a block belonging to one (or more)
of (d)—(g), (i)—(n) of Theorem 1.1. Donovan’s conjecture is known to hold for
cyclic and Klein-four defect groups (see [7], [20] and [11]). Now consider the case
D = Qg, which occurs in Spam (3). Note that here Né([)) = SLr(3).

If D = (g, then by [26] B possesses either one or three Brauer characters,
and this number is determined within N (D), so that [(G, B) = [(Nz(D), B) =
[(SL>(3)) = 3. But Donovan’s conjecture is known to hold for blocks with quater-
nion defect groups and three simple modules (see [10], in which a classification of
algebras of quaternion type is given and it is shown that none of the infinite families
in the list contains a block of a finite group) and we are done in this case.

Cases (d)-(g), (1) and (m) of Theorem 1.1 each contain only a finite number of
(isomorphism classes of) groups. We must show that in each of the cases (i)-(k)
and (n) there are only a finite number of Morita equivalence classes of blocks for
each possible defect group. In each case, G has a quasisimple normal subgroup H
of p’ index, and further the distinct H in each case have non-isomorphic TI Sylow
p-subgroups D. Note that (D" :h e Hy = H. By Section 5 of [21], B is Morita
equivalent to a crossed product Y = €, .y Yy, where Y is a basic subalgebra of a
block b of H with defect group D and X is a finite p’-group whose order divides
|Out(D)|2 (a full definition of a crossed product may be found in [21]). Up to
isomorphism, there are only a finite number of possibilities for X and Y; and so
only finitely many such crossed products (see the discussion in Section 5 of [21]),
so the result follows in this case.

Suppose that D < G. Then by [21] B is Morita equivalent to a crossed product
Y = @,cx Yx, where Yy is isomorphic to a basic subalgebra of kD and X is a
p’-group with order dividing | Out(D)|?. Hence as above there are only finitely
many such crossed products, and the result follows. O
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