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SPECIAL TRANSVERSE SLICES AND THEIR ENVELOPING
ALGEBRAS

ALEXANDER PREMET

Abstract. Let G be a simple, simply connected algebraic group over C, g = Lie G,
N (g) the nilpotent cone in g, and (E,H, F ) an sl2-triple in g. Let S = E+Ker adF ,
the special transverse slice to the adjoint orbit Ω of E, and S0 = S ∩ N (g). The
coordinate ring C[S0] is naturally graded (see [35]). Let Z(g) be the centre of the
enveloping algebra U(g) and η : Z(g) → C an algebra homomorphism. Identify
g with g∗ via a Killing isomorphism and let χ denote the linear function on g
corresponding to E. Following [32] we attach to χ a nilpotent subalgebra mχ ⊂ g

of dimension (dim Ω)/2 and a 1-dimensional mχ-module Cχ. Let H̃χ denote the
algebra opposite to Endg(U(g) ⊗U(mχ) Cχ) and H̃χ,η = H̃χ ⊗Z(g) Cη. It is proved
in the paper that the algebra H̃χ,η has a natural filtration such that

gr(H̃χ,η), the associated graded algebra, is isomorphic to C[S0]. This construction
yields natural noncommutative deformations of all singularities associated with the
adjoint quotient map of g.

1. Introduction

1.1. Let V be a 2-dimensional vector space over C with basis {u, v} and Γ a finite
subgroup of SL(V ). In [4], Crawley-Boevey and Holland constructed a family of
noncommutative filtered deformations of the graded coordinate ring C[V ]Γ of the
Kleinian singularity V/Γ (for Γ cyclic this was done earlier in [13]). To deform C[V ]Γ

Crawley-Boevey and Holland pick λ in the centre of the group algebra CΓ, let Γ act
on the tensor algebra T (V ) as homogeneous automorphisms, form the skew group
algebra T (V ) ∗ Γ, consider its quotient Sλ = (T (V ) ∗ Γ)/(uv − vu − λ), and then
define Oλ := eSλe where e is the average of the group elements. The C-algebra Oλ

is naturally filtered and the associated graded algebra is isomorphic to C[V ]Γ (see [4,
Theorem 1.6]).

1.2. By Brieskorn’s theorem, any Kleinian singularity arises in Lie theory as the
intersection of the nilpotent cone of a simple Lie algebra g with a “good” transverse
slice to the subregular nilpotent orbit in g (see [1], [35]). Applying the same recipe
to the other (nonregular) nilpotent orbits in g yields more complicated singularities
playing an important rôle in representation theory. The goal of this paper is to prove
that the singularities thus obtained all admit natural noncommutative deformations
similar to those constructed by Crawley-Boevey and Holland in the subregular case.
To describe these deformations in detail we need some notation.

1.3. Let G be a simple, simply connected algebraic group over C and g = LieG. Let
N = N (g) denote the nilpotent cone of g. The affine variety N is irreducible and
G acts on N with finitely many orbits. The unique open orbit in N coincides with
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Nreg, the set of all regular nilpotent elements in g. It is well-known that the closed
set N ′ = N \ Nreg is irreducible and has codimension 2 in N . The elements in the
unique open orbit of N ′ are called subregular nilpotent elements in g.

Let (E,H, F ) be an sl2-triple in g, c = Ker adF , and r = dim c. It follows from
the sl2-theory that c∩ [E, g] = 0. So the affine space S = E+ c is a transverse slice to
the adjoint orbit Ω = (AdG) ·E. It is called the special transverse slice to Ω. There is
a 1-dimensional torus λ = λE in G such that E ∈ g(λ, 2), F ∈ g(λ,−2), Ker adE ⊂
⊕i≥0 g(λ, i), and c ⊂ ⊕i≤0 g(λ, i), where g(λ, k) = {Ad(λ(t))x = tkx for all t ∈ Gm}.
Composing the adjoint action of λ with the scalar Gm-action (t, v) 7→ σ(t)v := tv on
g induces an additional rational action ρ : Gm −→ GL(c), t 7→ σ(t2)λ(t−1) (see [35]
for more detail).

1.4. Let m1, . . . ,ml denote the exponents of the Weyl group of g, and let f1, . . . , fl be
algebraically independent homogeneous generators of the invariant algebra C[g]G such
that deg fi = mi + 1 for 1 ≤ i ≤ l. Let ϕS denote the restriction to S of the adjoint
quotient g −→ Al, x 7→ (f1(x), . . . , fl(x)). According to [35] the morphism ϕS is
faithfully flat. In particular, ϕS is surjective and each fibre Sξ of ϕS has dimension
r − l. Moreover, each Sξ is a normal affine variety and the smooth points of Sξ are
exactly the regular elements of g contained in Sξ (see [35]). It is well-known that
S0 = S ∩N . Let τ denote the affine translation c −→ S, x 7→ E+x, and ψ = ϕS ◦ τ .
Clearly,

ψ : c −→ Al, x 7→ (ψ1(x), . . . , ψl(x)),

is a faithfully flat morphism and ψ−1(ξ) ∼= Sξ for any ξ = (ξ1, . . . , ξl) ∈ Al. Since the
null-fibre ψ−1(0) is ρ-stable the coordinate ring C[ψ−1(0)] has a natural N0-grading.
The zero part of this grading is C.

It is proved in Section 5 of this paper that all fibres of ψ are irreducible and the ideal
of regular functions on c vanishing on ψ−1(ξ) is generated by ψ1− ξ1, . . . , ψl− ξl (the
second half of this statement was known to the experts but missing in the literature).
In particular, ψ−1(0) is an irreducible, normal complete intersection of dimension r−l
in c. The set of smooth points of ψ−1(0) coincides with (−E +Nreg) ∩ c.

1.5. Let κ denote the Killing form on g. By the sl2-theory, κ(E,F ) 6= 0. Set
Φ = κ(E,F )−1 · κ and define χ ∈ g∗ by letting χ(X) = Φ(E,X) for all X ∈ g. Set
zχ = Ker adE, g(i) = g(λ, i), and p+ = ⊕i≥0 g(i). Let X1, . . . , Xm be a basis of p+

satisfying Xi ∈ g(ni) for some ni, where 1 ≤ i ≤ r, and such that X1, . . . , Xr is a
basis of zχ ⊂ p+.

Define the skew-symmetric bilinear form ψE on g(−1) by setting ψE(X, Y ) =
Φ(E, [X,Y ]) for all X, Y ∈ g. Since zχ ⊂ p+ this form is nondegenerate. Let
{Z ′1, . . . , Z ′s, Z1, . . . Zs} be a Witt basis of g(−1) relative to ψE and g(−1)0 the sub-
space of g(−1) spanned by the Z ′i. Define mχ := g(−1)0 ⊕

⊕
i≤−2 g(i). By con-

struction, mχ is a nilpotent subalgebra of dimension (dim Ω)/2. Let Nχ be the left
ideal of the enveloping algebra U(mχ) generated by all X − χ(X) with X ∈ mχ, and
Cχ = U(mχ)/Nχ, a 1-dimensional left U(mχ)-module. Let 1̃χ be the image of 1 in Cχ.

Let Q̃χ = U(g) ⊗U(mχ) Cχ, an induced g-module, and H̃χ = H̃χ(g) = Endg(Q̃χ)
op,

an associative algebra over C. The representation ρ̃χ : U(g) −→ End(Q̃χ) is injective
on the centre of U(g) (see (6.1)). Given a pair (a,b) ∈ Nm

0 ×Ns
0 we denote by XaZb

the monomial Xa1
1 · · ·Xam

m Zb1
1 · · ·Zbs

s in U(g). By the PBW theorem, the vectors
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{X iZj⊗ 1̃χ | (i, j) ∈ Nm
0 ×Ns

0} form a basis of Q̃χ over C. For k ∈ N0 we denote by H̃k

the linear span of all h ∈ H̃χ such that h(1̃χ) is a linear combination of XaZb ⊗ 1̃χ
with

m∑
i=1

ai(ni + 2) +
s∑
i=1

bi ≤ k.

It is proved in the paper that the subspaces {H̃ i | i ∈ N0} form a filtration of the alge-
bra H̃χ and the associated graded algebra gr(H̃χ) is isomorphic to a graded polynomial
algebra in r variables with free homogeneous generators of degree n1 + 2, . . . , nr + 2
(Theorem 4.6).

1.6. For k ≥ 0 let Uk denote kth component of the standard filtration of U(g). It
is well-known that the centre Z(g) of U(g) is generated by algebraically independent

elements f̃1, . . . , f̃l satisfying f̃i ∈ Z(g) ∩ Umi+1 for all i. Since the restriction of
ρ̃χ to Z(g) is injective we can identify Z(g) with its image in End(Q̃χ). Under this

identification, f̃i ∈ H̃2mi+2 \ H̃2mi+1 for 1 ≤ i ≤ r (see (6.1)). We denote by ψ̃i the

image of f̃i in gr2mi+2(H̃χ). The Killing isomorphism x 7→ Φ(x, · ) induces a natural
isomorphism, κ̃, between C[c] and S(zχ). For 1 ≤ k ≤ r we set ξk = κ̃(Xk)|c and
view ξk as a homogeneous polynomial function of degree nk + 2 on c. In (6.3), we

prove that there is an isomorphism of graded algebras δ : gr(H̃χ)
∼−→ C[c] such that

δ(Θ̄k) = ξk for 1 ≤ k ≤ r and δ(ψ̃i) = ψi for 1 ≤ i ≤ l.

1.7. Let η : Z(g) −→ C be an algebra homomorphism, Jη = H̃χ ·Ker η, a two-sided

ideal of H̃χ, and Cη = Z(g)/Ker η. Define

H̃χ,η := H̃χ ⊗Z(g) Cη
∼= H̃χ/Jη.

The subspaces {(H̃k+Jη)/Jη | k ≥ 0} form a filtration of the algebra H̃χ,η. We denote

by gr(H̃χ,η) the associated graded algebra. Our main result is the following:

Theorem 6.4. The graded algebras gr(H̃χ,η) and C[ψ−1(0)] are isomorphic.

In (6.5), we prove that the Poisson bracket on C[c] induced by the isomorphism δ and
multiplication in H̃χ is nonzero for any E ∈ N ′. We also show that if [zχ, [zχ, zχ]] 6= 0

then the product in H̃χ,η induces a nonzero Poisson bracket on the coordinate ring
C[ψ−1(0)] (Theorem 6.5). In Section 7, we compute this Poisson bracket in the case
where E is a subregular nilpotent element in g.

1.8. To obtain the results described above we first establish their finite dimensional
analogues. To that end, we assume in Sections 2 and 3 that g is the Lie algebra of a
reductive algebraic groupG over an algebraically closed fieldK of characteristic p > 0.
Given a finite dimensional restricted Lie algebra L over K with [p]th power map x 7→
x[p] and a linear function ξ ∈ L∗ we denote by Uξ(L) the reduced enveloping algebra
of L associated with ξ (recall that Uξ(L) = U(L)/Iξ where Iξ is the two-sided ideal of
U(L) generated by all xp−x[p]−ξ(x)p with x ∈ L). Following [32] we attach to χ ∈ g∗

a [p]-nilpotent subalgebra mχ ⊂ g of dimension (dim G · χ)/2. Because Uχ(mχ) is a
local algebra the left Uχ(mχ)-module Kχ := Uχ(mχ)/Jac(Uχ(mχ)) is 1-dimensional.
In Section 3 we investigate the induced Uχ(g)-module Qχ = Uχ(g)⊗Uχ(mχ)Kχ, a finite

dimensional analogue of Q̃χ. It follows from a Morita theorem proved in Section 2
3



that Qχ is a projective generator for Uχ(g) and

Uχ(g) ∼= Matd(χ)(Hχ)

where d(χ) = p
1
2

dim G ·χ and Hχ = Endg(Qχ)
op (see Theorems 2.3 and 2.4 and Propo-

sition 2.6). The projectivity of Qχ implies that there are θ1, . . . , θr in Hχ such that
the monomials θa1

1 · · · θar
r with 0 ≤ ai ≤ p − 1 form a K-basis of Hχ (Theorem 3.4).

We show that, to some extent, these generators are independent of p and can be
lifted to characteristic 0. This yields a very nice generating set, Θ1, . . . ,Θr, in the
C-algebra H̃χ (see the proof of Theorem 4.6 for more detail).

1.9. The modular setting of Sections 2 and 3 is reinstated in the last section of
the paper where we use the results of [8] to prove that for any χ ∈ g∗ the image of
the centre of U(g) under the canonical homomorphism U(g)� Uχ(g) has dimension
pl where l = rkG (Theorem 8.2). Combining this with the main result of [28] we
show that the image of the centre of U(g) in the restricted enveloping algebra U [p](g)
is isomorphic to a direct sum of coinvariant algebras for the Weyl group of g (see
Proposition 8.3 for more detail).

1.10. We wish to finish the introduction with a (nonrigorous) discussion on possible
applications of the algebras H̃χ in the theory of W -algebras. Recall that Poisson
Reduction is a method used in physics to construct new Poisson algebras (B, { · , · }′)
from a known Poisson algebra (A, { · , · }). One starts by fixing a finite set S in A
called the set of constraints. If the set S is second class relative to { · , · } it gives
rise to a Poisson bracket { · , · }′ on a quotient algebra B of A, the Dirac bracket
associated with S. If some constraints in S are first class the Dirac bracket is not
well-defined. This can be resolved by adding gauge fixing constraints to S in such
a way that the total set of constraints S̃ is second class (this will force B to shrink
further).

In [5], de Boer and Tjin take as a Poisson algebra A the polynomial algebra
C[g] ∼= gr(U(g)) with its standard Poisson bracket (induced by multiplication in
U(g)) and observe that any nilpotent element in g yields a nice set of first class con-
straints in C[g]. They then determine the group of gauge transformations generated
by these constraints and choose the so-called lowest weight gauges to fix gauge invari-
ances. They argue that any nilpotent element E ∈ g gives rise to a Poisson algebra
(WE, { · , · }E) called the finite W -algebra associated with E.

The process bringing WE to life is natural. As an algebra, WE is nothing but the
ring of polynomial functions on the centraliser cg(E) of E in g. The new feature ofWE

is its highly nontrivial Poisson structure: the bracket { · , · }E often takes nonlinear
values on linear generators of C[g].

Let χ = Φ(E, · ). It seems likely that WE and gr(H̃χ) are isomorphic as Poisson
algebras.

Since deformation quantisation amounts to replacing Poisson brackets by commu-
tators the question arises: is it always possible to deform WE to give a finite quantum
W -algebra? This question is addressed in [5, Theorem 4] under the assumption
that the nilpotent element E is even. The authors of [5] set up the BRST complex
(U(g) ⊗ C, d) associated with the constraints imposed by E and then show that its
only nonvanishing cohomology is H0(U(g) ⊗ C, d). Here C is the graded Clifford
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algebra generated by ghost variables and d is the BRST differential, a degree 1 su-
perderivation of the graded algebra U(g)⊗C. They argue that the associative algebra
H0(U(g)⊗C, d) is a quantisation of WE.

It seems likely that the BRST quantisation ofWE is isomorphic to H0(U(g)⊗C, d).

Acknowledgement. I am most grateful to P. Slodowy for his comments on a prelimi-
nary version of this paper. The idea of using a contracting C∗-action in the proof of
Proposition 5.2 is due to him. I would like to thank J.E. Humphreys, S. Skryabin and
I. Gordon for helpful discussions and email correspondence, and D. Rumynin and D.
Panyushev for bringing [5] and [42] to my attention.

2. Projective generators

2.1. Due to the Kac-Weisfeiler conjecture, confirmed in [30], the following useful
result is applicable to reduced enveloping algebras.

Proposition. Let A be a finite dimensional associative algebra with 1 over an alge-
braically closed field, and d a positive integer. Suppose that any simple left A-module
has dimension divisible by d. Then there exists a projective A-module P such that

AA ∼= P ⊕ · · · ⊕ P (d times), where AA denotes the left regular A-module. Moreover,

A ∼= Matd(B
op) where B = EndA (P ).

Proof. Let J be the Jacobson radical of A. Let V1, . . . , Vl be all simple left A-modules
(up to isomorphism). Let ai = (dimVi)/d where 1 ≤ i ≤ l. By our assumption, each
ai is a positive integer. Let Pi denote a projective cover of Vi. Given a left A-module
M and a positive integer r let M r denote the direct sum of r copies of M . Define
P := P a1

1 ⊕ · · · ⊕ P al
l . Clearly, P is a projective A-module and

P d/JP d ∼=
l⊕

i=1

(Pi/JPi)dai ∼=
l⊕

i=1

V dimVi
i

as left A-modules. So it follows from the Wedderburn theorem that the left A-
modules AA/(J · AA) and P d/JP d are isomorphic. Therefore, AA ∼= P d (see, e.g.,
[29, Corollary 6.2]). Also,

A ∼= EndA (AA)op ∼= EndA (P d)op ∼= (Matd (EndA (P ))op ∼= Matd (Bop),

where B = EndA (P ) (see [29, Proposition 1.3 and Corollary 3.4a]). This finishes the
proof. �

2.2. Let L be a finite dimensional restricted Lie algebra over K with pth power
map x 7→ x[p]. We denote by N (L) the set of all nilpotent elements of L, i.e.,
N (L) = {x ∈ L |x[p]e = 0 for e � 0}. We let Np(L) denote the set of all x ∈ L
with x[p] = 0.

Fix a linear function ξ on L and let Uξ(L) denote the corresponding reduced en-
veloping algebra. In [11], Friedlander and Parshall generalised to the context of Uξ(L)
the notion of a support variety as studied for U [p](L) in [10] and [16]. Given x ∈ L let
Uξ(x) denote the subalgebra with 1 of Uξ(L) generated x. Recall that for any Uξ(L)-
module M , the support variety VL(M) of M consists of 0 and all those x ∈ Np(L)
for which M is not a free Uξ(x)-module. The set VL(M) is a Zariski closed, conical
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subset of Np(L). One knows that M is a projective Uξ(L)-module if and only if
VL(M) = {0} (see [11, Proposition 6.2]).

Let E1, . . . , Es be representatives of the isomorphism classes of simple Uξ(L)-
modules. Define

VL(ξ) :=
s⋃
i=1

VL(Ei).

By [33, Proposition 2.2], VL(ξ) = VL(Uξ(L)) where Uξ(L) is viewed as the adjoint
U [p](L)-module. Any Zariski closed conical subset of VL(ξ) is of the form VL(W ) for
some finite dimensional Uξ(L)-module W and conversely, given a finite dimensional
Uξ(L)-module M one has VL(M) ⊆ VL(ξ) (see [33, (2.4)] for more detail).

2.3. A restricted subalgebra q of L is called [p]-nilpotent if q ⊆ N (L). By Engel’s
theorem, q is a nilpotent subalgebra of L. It follows that z(q) 6= 0. A straightforward

induction argument based on this inequality shows that the [p]-closure [q, q] of the
derived subalgebra [q, q] is a proper ideal of q.
Definition. A restricted subalgebra n of L is called ξ-admissible if it satisfies the
following three conditions:

(ξ1): the subalgebra n is a [p]-nilpotent;

(ξ2): the linear function ξ vanishes on [n, n];
(ξ3): the intersection VL(ξ) ∩ n is zero.

Let Uξ(n) denote the unital subalgebra of Uξ(L) generated by n (it is isomorphic to
the reduced enveloping algebra of n associated with ξ|n). Due to Jacobson’s formula
[14, Ch. V, Sect. 7] condition (ξ2) is equivalent to saying that ξ(x) = 0 for all
x ∈ n[p] ∪ [n, n]. It follows that the subspace n′ := n ∩ Ker ξ is a restricted ideal
of codimension ≤ 1 in n. By Engel’s theorem, n′ acts trivially on any simple n-
module with p-character ξ|n (see [32, P. 248] for more detail). But then Uξ(n) has a
unique simple module which is 1-dimensional. In other words, there is a canonical
augmentation map Uξ(n) → K whose kernel Nn coincides with the Jacobson radical
of Uξ(n). We denote by Kξ the 1-dimensional left Uξ(n)-module Uξ(n)/Nn.

Condition (ξ3) and our discussion in (2.2) show that n∩VL(M) ⊆ n∩VL(ξ) = {0}
for any finite dimensional Uξ(L)-module M . This implies that all finite dimensional
Uξ(L)-modules are projective over Uξ(n). By the above, Uξ(n) is a local algebra.
Therefore, any finite dimensional L-module with p-character ξ is a free Uξ(n)-module
(see [17, Corollary 3.4] for more detail).

Theorem. Let ξ ∈ L∗ and let n be a ξ-admissible subalgebra of L of dimension m.
Set d = pm and denote by Qn the induced Uξ(L)-module Uξ(L) ⊗Uξ(n) Kξ. Define
Hn := EndL (Qn)

op. Then the following hold.

(i) Qn is a projective Uξ(L)-module. Moreover, Qd
n is a free Uξ(L)-module of rank 1.

(ii) Uξ(L) ∼= Matd (Hn) as K-algebras.

(iii) The adjoint U [p](n)-module Uξ(L)Nn is free.

(iv) Hn
∼= Uξ(L)n/Uξ(L)n ∩ Uξ(L)Nn where Uξ(L)n is the centraliser of n in Uξ(L).

(v) Uξ(L) ∼= Qn ⊗ Uξ(n) as (Uξ(L), Uξ(n))-bimodules.

(vi) There is a (noncanonical) isomorphism of associative algebras

Hn ⊗ Uξ(n)
∼−→ Uξ(L)n

6



which maps Hn ⊗Nn onto Uξ(L)n ∩ Uξ(L)Nn.

(vii) Uξ(L)n ∩ Uξ(L)Nn is contained in the Jacobson radical of Uξ(L)n.

(viii) Qn is a free module over EndUξ(L)(Qn).

(ix) Uξ(L) is free as a right Uξ(L)n-module.

Proof. It is immediate from the PBW theorem that Qn is a free Uξ(x)-module when-
ever x ∈ Np(L)\n. It follows that VL(Qn) ⊆ VL(ξ)∩n. Now (ξ3) forces VL(Qn) = {0}.
In other words, Qn is a projective Uξ(L)-module (see (2.2)). Let Pi denote the projec-
tive cover of Ei where 1 ≤ i ≤ s. Since each Ei is free over Uξ(n) one has dimEi = dri
for some positive integers ri. So Proposition 2.1 applies yielding an algebra isomor-
phism

Uξ(L) ∼= Matd(EndL(P )op)

where P = P r1
1 ⊕ · · · ⊕ P rs

s . We claim that P ∼= Qn as Uξ(L)-modules. To prove the
claim it suffices to show that ri = dim HomL (P,Ei) = dim HomL (Qn, Ei) for all i.
Since each Ei is free over Uξ(n), Frobenius reciprocity yields

dim HomL (Uξ(L)⊗Uξ(n) Kξ, Ei) = dim Homn(Kξ, Ei) = rkUξ(n)Ei = ri.

So the claim follows proving statements (i) and (ii) of the theorem.
Next observe that the support variety of the adjoint U [p](n)-module Uξ(L) equals

VL(Uξ(L))∩n = VL(ξ)∩n = {0} (by [11, Proposition 7.1(a)], [33, Proposition 2.2] and
(ξ3)). So the adjoint U [p](n)-module Uξ(L) is projective, hence free (for the algebra
U [p](n) is local). As Nn is a two–sided ideal of Uξ(n) the left ideal I := Uξ(L)Nn is
(ad n)-stable. The left Uξ(n)-module U := Uξ(L)/I is free (see our discussion above).
Given x ∈ n and u ∈ Uξ(L) one has

x(u+ I) = (ξ(x)u+ [x, u]) + I

(because x−ξ(x) ∈ Nn and ad x = ad (x−ξ(x)). It follows that for any x ∈ Np(L)∩n,
the endomorphism adx acts on U as a direct sum of Jordan blocks of length p. This
shows that the support variety of the adjoint U [p](n)-module U is zero. So the adjoint
U [p](n)-module U is projective, hence free. Thus the short exact sequence of (ad n)-
modules

0 → I → Uξ(L) → U −→ 0

splits. In other words, there is a subspace V ⊂ Uξ(L) such that [n, V ] ⊆ V and
Uξ(L) ∼= V ⊕ I as (ad n)-modules. Thus the adjoint U [p](n)-module I is projective,
hence free, proving (iii). It also follows that

B := {u ∈ Uξ(L) | Iu ⊆ I} = {u ∈ Uξ(L) | [n, u] ⊂ I} = V n ⊕ I.

This gives B/I ∼= Uξ(L)n/Uξ(L)n ∩ I. Since Qn
∼= U as Uξ(L)-modules we have

EndL (Qn) ∼= (B/I)op as algebras (see, e.g., [29, Exercise 2.1.2(c)]). This proves (iv).
To establish (v) we first show that Uξ(L) is projective as a (Uξ(L), Uξ(n))-bimodule.

Let L̃ denote the direct sum L⊕n of restricted Lie algebras. Define ξ̃ ∈ L̃∗ by setting
ξ̃(l + n) = ξ(l)− ξ(n) for all l ∈ L, n ∈ n. By construction, Uξ̃(L̃) ∼= Uξ(L)⊗ U−ξ(n)
as algebras. On the other hand, the antipode of U(n) maps the defining ideal of Uξ(n)
onto that of U−ξ(n) and induces an algebra isomorphism Uξ(n)op ∼= U−ξ(n). Thus the

(Uξ(L), Uξ(n))-bimodule Uξ(L) is just a Uξ̃(L̃)-module and it suffices to show that its
support variety V is zero. Let z+ z′ ∈ V , where z ∈ L and z′ ∈ n, and a = z− z′. Let
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λ = ξ̃(z + z′). Suppose a 6= 0. Choose a basis x1, . . . , xn of L with x1 = a. Let W be
the subspace of Uξ(L) spanned by the monomials xa1

1 x
a2
2 · · ·xan

n with 0 ≤ a1 ≤ p − 2
and ai ∈ {0, 1, . . . , p − 1} for i > 1. Clearly, W has codimension pn−1 in Uξ(L).

Let ρ denote the representation of L̃ in Uξ(L). Then ρ(z + z′) = lz − rz′ where lx
(respectively, rx) denotes the left (respectively, right) multiplication by x ∈ L. This
yields

ρ(z + z′)− λ · id = (la − λ · id) + ad z′.

Note that ad z′ respects the standard filtration of Uξ(L) (induced by expanding vectors
via the monomial basis {xa1

1 x
a2
2 · · ·xan

n | 0 ≤ i ≤ p − 1} and counting degrees). This
observation shows that

Ker (ρ(z + z′)− λ · id) ∩W = 0 and dim (Ker (ρ(z + z′)− λ · id) ≤ pn−1.

Since (z + z′)[p] = 0 we must have (ρ(z + z′)− ξ̃(z + z′) id)p = 0. Hence

dim Ker (ρ(z + z′)− λ · id) ≥ pn−1.

Combining the two inequalities we obtain that ρ(z+z′)−λ·id acts on Uξ(L) as a direct
sum of nilpotent Jordan blocks of length p. This, however, contradicts the fact that
Uξ(L) is not a free Uξ̃(z+z′)-module. Thus a = 0 yielding ρ(z+z′) = ad z′. But then
z′ belongs to the support variety of the adjoint L-module Uξ(L). The latter coincides
with VL(ξ) ([33, Proposition 2.2]). So z′ ∈ VL(ξ) ∩ n = {0} as n is ξ-admissible. We
deduce V = {0} as desired.

Let K−ξ be the unique simple module over the local algebra U−ξ(n). Clearly, the
modules {Ei⊗Kξ | 1 ≤ i ≤ s} form a set of representatives of the isomorphism classes
of simple Uξ(L)⊗ Uξ(n)-modules. For any i ≤ s,

HomUξ(L)⊗U−ξ(n)(Uξ(L), Ei ⊗K−ξ) = {φ ∈ HomUξ(L)(Uξ(L), Ei) |φ(I) = 0}
= HomUξ(L)(U,Ei) ∼= HomUξ(L)(Qn, Ei).

By (i), (Qn ⊗ Uξ(n))d is a free Uξ(L)⊗ U−ξ(n)-module of rank 1. It follows that

dim HomUξ(L)⊗U−ξ(n)(Qn ⊗ Uξ(n), Ei ⊗K−ξ) = (dimEi)/d = dim HomUξ(L)(Qn, Ei).

As both Uξ(L) and Qn⊗Uξ(n) are projective over Uξ(L)⊗U−ξ(n) we get (v) (see [29,
Corollary 6.2]).

For (vi), consider the endomorphism algebras A and A′ of the (Uξ(L), Uξ(n))-
bimodules Uξ(L) and Qn ⊗ Uξ(n). By a standard argument, for any β ∈ A there
is a unique b ∈ Uξ(L)n such that β(x) = x · b for all x ∈ Uξ(L). In other words,
Aop ∼= Uξ(L)n. On the other hand, (v) implies that

A ∼= A′ ∼= EndUξ(L)(Qn)⊗ U−ξ(n)op ∼= Hop
n ⊗ Uξ(n)

as algebras. Since Qn is a projective left Uξ(L)-module there is an idempotent
e ∈ Uξ(L) such that Qn

∼= Uξ(L)e as modules and Hn
∼= eUξ(L)e as algebras ([29,

Sect. 6.4]). Fix a bimodule isomorphism α : Uξ(L) −→ Qn ⊗ Uξ(n) and express the
image of the unity element as α(1) = q1 ⊗ u1 + · · · + qd ⊗ ud with qi ∈ Uξ(L)e

and ui ∈ Uξ(n). The isomorphism A′
∼−→ A induced by α can be described as fol-

lows. First we identify Qn with Uξ(L)e and Hop
n with eUξ(L)e. Given h ∈ Hn and
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u ∈ Uξ(n) there is a unique κh,u ∈ A′ such that κh,u(q ⊗ u′) = qh⊗ uu′ for all q ∈ Qn

and u′ ∈ Uξ(n). Then

(α−1 ◦ κh,u ◦ α)(1) = α−1(
∑d

i=1
qih⊗ uui) =

∑d

i=1
(α−1(qih)) · uui =: η(h, u).

Hence α−1 ◦ κh,u ◦α = rη(h,u) where rx denotes the right multiplication by x ∈ Uξ(L).
It is immediate from our discussion that the map (h, u) 7→ η(h, u) extends uniquely

to an algebra isomorphism η : Hn ⊗ Uξ(n)
∼−→ Uξ(L)n. If u ∈ Nn then η(h, u) ∈ I for

any h ∈ Hn. So η(Hn ⊗Nn) ⊆ Uξ(L)n ∩ I. By (iv), η(Hn ⊗Nn) = Uξ(L)n ∩ I. Since
Hn ⊗Nn is a nilpotent ideal of Hn ⊗ Uξ(n), statements (vi) and (vii) follow.

By (i) and (ii), there are idempotents e = e1, e2 . . . , ed ∈ Uξ(L) such that e1 + · · ·+
ed = 1, ei · ej = 0 for i 6= j, and eiUξ(L) ∼= eUξ(L) as right Uξ(L)-modules. Then
eiUξ(L)e ∼= eUξ(L)e as right eUξ(L)e-modules, hence

Qn
∼= Uξ(L)e =

d⊕
i=1

eiUξ(L)e ∼= (eUξ(L)e)d ∼= (Hop
n )d

asHop
n -modules. We get (viii). To obtain (ix) we need to show that the (Uξ(L), Uξ(n))-

bimodule Uξ(L) is free over its endomorphism algebra. This follows from (vi) and
(viii) completing the proof of the theorem. �

2.4. Theorem 2.3 provides a perfect setting for a Morita equivalence. Given a K-
algebra A we denote by A-mod the category of all finite dimensional left A-modules.

Let L, ξ, n, Hn and Nn be as in (2.3). Given a left Uξ(L)-module M define
Mn = {v ∈M |Nn ·v = 0}. Identify Hn with Uξ(L)n/Uξ(L)n∩Uξ(L)Nn in accordance
with Theorem 2.3(iv) and view any left Hn-module as a Uξ(L)n-module with the
trivial action of the ideal Uξ(L)n ∩ Uξ(L)Nn.

Theorem. The functors

Uξ(L)-mod Hn-mod, M 7−→Mn,

and

Hn-mod Uξ(L)-mod, V 7−→ Uξ(L)⊗Uξ(L)n V,

are mutually inverse category equivalences.

Proof. Let M be a finite dimensional left Uξ(L)-module and

indMn = Uξ(L)⊗Uξ(L)n Mn.

We need to show that M ∼= indMn as L-modules. By Theorem 2.3, dim (indMn) =
d · dimMn. By (2.2), any finite dimensional Uξ(L)-module is free over Uξ(n). Since

dim (indMn)n = rkUξ(n) (indMn) = (dim indMn)/d = dimMn

we have (indMn)n = 1 ⊗Mn. Let ψM : indMn −→ M denote the L-module homo-
morphism such that ψM(1 ⊗ v) = v for any v ∈ Mn. It suffices to show that ψM
is an isomorphism. As KerψM is a Uξ(L)-submodule of indMn, it intersects with
(indMn)n = 1⊗Mn. Since ψM is injective on 1⊗Mn we have KerψM = 0. As M is
free over Uξ(n), we also have that dimM = d · dimMn. Then dimM = dim indMn,
hence ψM is an isomorphism as desired. �
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2.5. In general, it is very difficult to obtain a satisfactory description of Hn as an
algebra. However, there is an important special case where this problem can be solved.
For Lie algebras of reductive groups, this case includes the Kac-Weisfeiler theorem
[44, 20] and the Morita theorem obtained by Friedlander and Parshall in [11].

Proposition. Let n be a ξ-admissible subalgebra of L and p the normaliser of n in
L. Suppose dim p ≥ dimL − dim n and ξ|n = 0 (so that ξ induces a linear function
on p/n). Then dim p = dimL − dim n and Hn

∼= Uξ(p/n) as algebras. In particular,
Uξ(L) and Uξ(p/n) are Morita equivalent.

Proof. As ξ vanishes on n the ideal Nn of Uξ(n) is generated by the image of n in Uξ(n).
This yields [p, Nn] ⊆ Nn. Let Uξ(p) denote the unital subalgebra of Uξ(L) generated
by p (it is canonically isomorphic to the reduced enveloping algebra of p associated
with ξ|p). In view of our previous remark, Uξ(p)Nn is a two-sided ideal of Uξ(p). By
the PBW theorem, Uξ(p)/Uξ(p)Nn

∼= Uξ(p/n) as algebras. Let 1ξ = 1+Nn, the image
of 1 in Kξ, and Q0

n = Uξ(p) · 1ξ. Since Qn
∼= Uξ(L)/Uξ(L)Nn as left Uξ(L)-modules,

the PBW theorem and the discussion above imply that dimQ0
n = dimUξ(p/n). Given

q ∈ Q0
n there is u ∈ Uξ(p) such that q = u · 1ξ. By Jacobi identity, [n, u] ∈ Uξ(p)Nn

for any n ∈ Nn, forcing Nn · Q0
n = 0. The universality property of induced modules

implies that for any q ∈ Q0
n there is a unique hq ∈ EndUξ(L)(Qn) such that hq(1ξ) = q.

This means that dimHn ≥ dimUξ(p/n). On the other hand,

dimHn = pdimL−2 dim n and dimUξ(p/n) = pdim p−dim n ≥ pdimL−2 dim n

(by Theorem 2.3(i) and our assumption). It follows that dim p = dimL − dim n
and EndUξ(L)(Qn) = {hq | q ∈ Q0

n }. Using this equality it is not hard to deduce
that EndUξ(L)(Qn) ∼= Uξ(p/n)op as K-algebras. Then Hn

∼= Uξ(p/n), completing the
proof. �

2.6. Let G be a reductive algebraic group over K. We assume that the derived
subgroup G(1) of G is simply connected and p is a good prime for the root system R
of G. Given a closed subgroupH ⊆ G we denote byX∗(H) the set of all 1-dimensional
tori contained in H. The adjoint action of ν ∈ X∗(G) turns g = LieG into a Z-graded
Lie algebra:

g =
⊕
i∈Z

g(ν, i), [g(ν, i), g(ν, j)] ⊆ g(ν, i+ j) for all i, j ∈ Z,

where g(ν, i) denotes the weight space of g corresponding to weight i ∈ X∗(ν) ∼= Z.
By [30, Sect. 3], G possesses a finite dimensional semisimple rational representaton ρ
such that the trace form

Φ: g× g → K, (X, Y ) 7→ tr dρ(X) dρ(Y ),

has the property that Rad Φ ⊆ z(g).
The Lie algebra g carries a natural pth power map x 7→ x[p] invariant under the

adjoint action of G. Given a linear function l on g we denote by zl = zg(l) the stabiliser
of l in g. Obviously, zg(l) is a restricted subalgebra of even codimension in g. Let
ZG(l) denote the isotropy subgroup of l relative to the coadjoint action of G. By [20,
Sect. 3] and [30, Lemma 3.1], there exist unique ls ∈ g∗ and el ∈ N (zg(ls)) such that

(1) l(x) = ls(x) + Φ(x, el) for all x ∈ g;
(2) ZG(ls) is a Levi subgroup of G and zg(ls) = Lie ZG(l);
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(3) zg(l) = {x ∈ zg(ls) | [e, x] ∈ Rad Φ};
(4) ZG(l) = {g ∈ ZG(l) | (Ad g) · el = el}.

The decomposition l = ls + Φ(· , el) is called the Jordan decomposition of l.
Fix a nonzero χ ∈ g∗ and set e = eχ, L = ZG(χs), l = Lie ZG(χs). Let P+ be a

parabolic subgroup of G such that P+ = L · N+ where N+ = Ru(P+). Let P− be a
parabolic subgroup conjugate to P+ and such that P+ ∩ P− = L. Set N− = Ru(P−)
and n±χ = LieN±. Then g = nχ ⊕ l⊕ n+

χ .
First suppose that e 6= 0. By [21], [37], [31], there exists a 1-dimensional torus

λe ∈ X∗(L(1)) such that e ∈ g(λe, 2) and Ker adl e ⊆ ⊕i≥0 l(λe, i) In [31], such a torus
is called a Dynkin torus for e. Put l(i) = l(λe, i) and let ψe denote the skew-symmetric
form on l(−1) such that ψe(u, v) = Φ([u, v], e) for all u, v ∈ l(−1). If p = 2 define a
quadratic form Q on l(−1) by letting Q(u) = Φ(u[2], e) for all u ∈ l(−1). Let l(−1)0

denote a maximal totally isotropic subspace of l(−1) relative to ψe. If p = 2 suppose
in addition that Q vanishes on l(−1)0 (such a subspace exists by [30, P. 97]). Set

mχ = l(−1)0 ⊕
( ∑

i≤−2
l(i)

)
⊕ n−χ .

If e = 0 set mχ = n−χ .

Proposition. Suppose χ ∈ g∗ is such that [e, l] ∩ z(g) = 0. Then mχ is a χ-admissible
subalgebra of dimension (dim G · χ)/2 in g.

Proof. By [30, Lemmas 3.2 and 3.6], mχ is a restricted [p]-nilpotent subalgebra of
g, dim mχ = (dimG · χ)/2, and χ vanishes on a restricted ideal of mχ containing
[mχ,mχ]. Thus to finish the proof it suffices to show that mχ satisfies (ξ3). By [33,
Proposition 2.4], mχ ∩Vg(χ) ⊆ mχ ∩ zg(χ) (see also [32, Corollary 1.2]). On the other
hand, it follows from (2.6(3)) and our assumption that zg(χ) = Ker adl e ⊆

∑
i≥0 l(i).

So we get mχ ∩ Vg(χ) ⊆ mχ ∩
( ∑

i≥0 l(i)
)

= {0}, as desired. �

Proposition 2.6 shows that if [e, l] ∩ z(g) = 0 then g contains a χ-admissible subal-
gebra m of dimension d(χ) = (dimG ·χ)/2. In view of Theorem 2.3(i) this subalgebra
induces an algebra isomorphism Uχ(g) ∼= Matq(χ)(Hm) where q(χ) = pd(χ). On the
other hand, if Matr(A) ∼= Matr(B), where A and B are finite dimensional associa-
tive algebras over a field and r ∈ N, then A ∼= B (this is not hard to deduce from
the Krull-Remak-Schmidt theorem). As a consequence, the isomorphism classes of
the algebra Hm and the projective generator Qm do not depend on the choice of a
χ-admissible subalgebra m of dimension d(χ).

For χ satisfying the assumption of Proposition 2.6 we set Qχ = Qmχ , Hχ(g) = Hmχ

and let ρχ denote the representation of Uχ(g) in End (Qχ). As D. Kazhdan pointed out
to me, there is a striking resemblance between the representations {ρχ |χ ∈ g∗} and
the generalised Gelfand-Graev representations of finite Chevalley groups introduced
by Kawanaka (see, e.g., [21]).

3. PBW bases in Hχ(g)

3.1. In this section, we retain the assumptions of (2.6) and take a closer look at the
algebras Hχ(g). What we do here will be crucial for constructing noncommutative
filtered deformations of the graded coordinate rings C[ψ−1(0)].
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Henceforth we assume that χ is nilpotent that is χs = 0 and χ = Φ( · , e) where
e = eχ. The general case can be reduced to the nilpotent case by applying Proposition
2.5 to an appropriate parabolic decomposition of g. Thus from now on l = g and
mχ = g(−1)0 ⊕

∑
i≤−2 g(i). We also assume that [e, g] ∩ z(g) = 0. Then zχ = cg(e),

in view of (2.6(3)) and the inclusion Rad Φ ⊆ z(g). As cg(e) is (Ad λ)-stable, zχ =∑
i≥0 zχ(i) where zχ(i) = zχ ∩ g(i).
For x ∈ g we write wt(x) = k if and only if x ∈ g(k). We choose a homogeneous

basis x1 . . . , xr of zχ and extend it up to a homogeneous basis x1, . . . , xr, xr+1, . . . , xm
of the graded parabolic subalgebra pe =

∑
i≥0 g(i). Let wt(xi) = ni, 1 ≤ i ≤ m.

Since zχ ⊆ pe and Rad Φ ⊆ z(g) ⊆ g(0) (see, e.g., [30, Sect. 3]), the equality [e, pe] =∑
i≥2 g(i) holds. It follows that r = dim g(0)+dim g(1) and there exist homogeneous

yr+1, . . . , ym ∈
∑

i≤−2 g(i) such that

Φ([yi, xj], e) = δij (r + 1 ≤ i, j ≤ m).

Fix a Witt basis z′1, . . . , z
′
s, z1, . . . zs of g(−1) relative to ψe such that z′1, . . . , z

′
s ∈

g(−1)0. Using the injectivity of ad e on
∑

i≤−1 g(i) it is easy to deduce that s = 0 if
and only if g(k) = 0 for all odd k. If s = 0 one says that e is even.

For k ∈ N define Λk := {(l1, . . . , lk) | li ∈ Z, 0 ≤ li ≤ p− 1}. Set ei = (δi1, . . . , δik)
where 1 ≤ i ≤ k. For l = (l1, . . . , lk) ∈ Λk set |l| = l1 + · · · + lk. Given (a,b) =
(a1, . . . , am; b1, . . . , bs) ∈ Λm × Λs define

|(a,b)|e :=
m∑
i=1

ai(ni + 2) +
s∑
i=1

bi

and denote by xazb the monomial xa1
1 · · ·xam

m zb11 · · · zbss in Uχ(g). We say that xazb

has e-degree |(a,b)|e and write dege(x
azb) = |(a,b)|e. Note that

dege(x
azb) = wt (xazb) + 2 deg (xazb) (1)

where wt (xazb) = (
∑

i≤m niai) − |b| and deg (xazb) = |a| + |b| are the weight and

the standard degree of xazb, respectively.
Set 1χ := 1+Nmχ ∈ Kχ. The vectors xazb⊗ 1χ with (a,b) ∈ Λm×Λs form a basis

of Qχ over K. It is well-known (see, e.g., [40, (5.7)]) that

u · xazb =
∑
i∈Λm

(
a

i

)
xa−i · [uxi] · zb (2)

for any u ∈ Uχ(g), where [uxi] = (−1)|i|(ad xm)im · · · (ad x1)
i1(u) and

(
a
i

)
=

∏m
k=1

(
ak

ik

)
.

Lemma. Let (a,b), (c,d) ∈ Λm × Λs be such that |(a,b)|e = A and |(c,d)|e = B.
Then(

ρχ(x
azb)

)
(xczd ⊗ 1χ) = (xa+czb+d + terms of e-degree ≤ A+B − 2)⊗ 1χ.

The first summand on the right is interpreted as 0 if (a + c,b + d) 6∈ Λm × Λs.

Proof. First suppose that a = 0 and |b| = 1, so that A = 1. Then zb = zk for some
k. Applying (3.1(2)) one obtains(

ρχ(zk)
)
(xczd ⊗ 1χ) = (xc · ρχ(zk) zd +

∑
i 6=0

αi x
c−i · ρχ([zkxi]) zd)⊗ 1χ
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for some αi ∈ K. Since ρχ(mχ) stabilises the line K1χ, the first summand on the
right equals xczd+ek ⊗ 1χ modulo terms of lower e-degree (if dk + 1 = p then zd+ek is
interpreted as 0). Suppose i 6= 0 is such that wt([zkx

i]) ≤ −1. Then ρχ([zkx
i]) zd⊗1χ

is a linear combination of zj⊗ 1χ with |j| ≤ |d|+1 (because ρχ(mχ) stabilises the line
K1χ). As a consequence, xc−i ·ρχ([zkxi]) zd⊗1χ is a linear combination of xc−izj⊗1χ
with

dege(x
c−izj) =

m∑
k=1

(ck − ik)(nk + 2) + |j| ≤
m∑
k=1

ck(nk + 2) + (|j| − 2|i|) ≤ A+B − 2

(one should take into account that i 6= 0 and all nk are nonnegative).
Now suppose i 6= 0 is such that wt([zkx

i]) ≥ 0. Since χ vanishes on pe, the reduced
enveloping algebra Uχ(pe) is canonically isomorphic to the restricted enveloping alge-
bra U [p](pe). It follows that Adλ acts on Uχ(pe) as algebra automorphisms. This, in
turn, implies that xc−i · [zkxi] is a linear combination of xl with wt(xl) = wt(xc)− 1
and |l| ≤ |c| − |i| + 1. Therefore, xc−i · ρχ([zkxi]) zd ⊗ 1χ is a linear combination of
xlzd ⊗ 1χ with

dege(x
lzd) = −1+wt(xc)+2|l|+ |d| ≤ wt(xczd)+2 deg (xczd)−2|i|+1 ≤ A+B−2.

Thus in all cases,(
ρχ(zk)

)
(xczd ⊗ 1χ) = (xczd+ek + terms of e-degree ≤ A+B − 2)⊗ 1χ.

Iduction on |b| = |(0,b)|e = B now shows that(
ρχ(z

b)
)
(xczd ⊗ 1χ) = (xczb+d + terms of e-degree ≤ A+B − 2)⊗ 1χ (3)

for all b ∈ Λs. Since Ad λ acts on Uχ(pe) as algebra automorphisms the PBW
theorem implies that

xa · xc = xa+c +
∑

|i|<|a|+|c|

βi x
i

where βi = 0 unless wt(xi) = wt(xa)+wt(xc) (the first summand should be interpreted
as 0 if a+ c 6∈ Λm). Combining this equality with (3.1(3)) and (3.1(1)) it is now easy
to derive that(

ρχ(x
azb)

)
(xczd ⊗ 1χ) = (xa+czb+d + terms of e-degree ≤ A+B − 2)⊗ 1χ

for all admissible (a,b) and (c,d). �

3.2. Recall that any 0 6= h ∈ Hχ(g) is uniquely determined by its value h(1χ) ∈ Qχ.
Write h(1χ) = (

∑
|(i,j)|e≤n λi,j x

izj)⊗ 1χ, where n = n(h) and λi,j 6= 0 for at least one

(i, j) with |(i, j)|e = n. For k ∈ N0 put Λk
h = {(i, j) |λi,j 6= 0 & |(i, j)|e = k} and let

Λmax
h denote the set of all (p,q) ∈ Λn

h for which the quantity wt(xpzq) assumes its
maximum value. This maximum value will be denoted by N = N(h).

For a ∈ Z we let ā denote the residue of a in Fp ⊂ K.

Lemma. Let h ∈ Hχ(g) \ {0} and (p,q) ∈ Λmax
h . Then q = 0 and p ∈ Λr × {0}.

Proof. Suppose the contrary. Then (pr+1, . . . , pm, q1, . . . , qs) 6= 0. If pk 6= 0 for some
k > r set y = yk ∈ g(−nk − 2). If all pi’s are zero for i > r then qj 6= 0 for some
j ≤ s. In this case set y = z′j. Let w = wt (y).
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Let (a,b) ∈ Λd
h. It is immediate from (3.1(2)) and the definition of Qχ that(
ρχ(y)

)
(xazb ⊗ 1χ) =

( ∑
i

(
a

i

)
xa−i · ρχ([yxi]) zb

)
⊗ 1χ

where the summation runs over all i ∈ Λm such that [yxi] is nonzero and has weight
≥ −2.

Suppose i is such that wt([yxi]) ≥ 0. Then |i| ≥ 1. Recall that Ad λ acts on
Uχ(pe) as algebra automorphisms. This implies that xa−i · ρχ([yxi]) zb⊗ 1χ is a linear
combination of xjzb ⊗ 1χ with

wt(xjzb) = w + wt(xazb) (4)

and

dege(x
jzb) = w + wt(xazb) + 2|j|+ 2|b| ≤ 2 + d+ w − 2|i|. (5)

Now suppose i is such that wt([yxi]) = −1. Then
∑

k≤m iknk = −w − 1. Since

ρχ(mχ∩g(−1)) annihilates 1χ, the vector xa−i ·ρχ([yxi]) zb⊗1χ is a linear combination
of xa−izl ⊗ 1χ with |l| = |b| ± 1. Moreover, if |l| = |b|+ 1 then |i| ≥ 1,

wt(xa−izl) = wt(xa−izb)− 1 = w + wt(xazb), (6)

and

dege(x
a−izl) = 2 + d+ w − 2|i|. (7)

If |l| = |b| − 1 then

wt(xa−izl) = 2 + w + wt(xazb); dege(x
a−izl) = d+ w − 2|i|. (8)

Finally, suppose i is such that wt([yxi]) = −2. Then

xa−i · ρχ([yxi]) zb ⊗ 1χ = χ([yxi]) · xa−izb ⊗ 1χ. (9)

As
∑

k≤m iknk = −2− w we have

wt(xa−izb) = 2 + w + wt(xazb); dege(x
a−izb) = 2 + d+ w − 2|i|. (10)

For i, j ∈ Z let πi, j denote the endomorphism of Qχ such that πi, j(x
azb ⊗ 1χ) =

xazb ⊗ 1χ if dege(x
azb) = i and wt(xazb) = j, and 0 otherwise.

Suppose y = yk. Then w ≤ −2 and

0 = (ρχ(y)− χ(y) id) · h(1χ) =
( ∑

a,b

λa,b

∑
|i|≥1

(
a

i

)
xa−i · ρχ([yxi]) zb

)
⊗ 1χ.

Applying (3.2(4))–(3.2(10)) we get 0 = πn+w,N+w+2((ρχ(y)− χ(y) id) · h(1χ)) =( ∑
(a,b)∈Λmax

h

λa,b

m∑
i=1

āi Φ([y, xi], e) · xa−eizb
)
⊗ 1χ =

∑
(a,b)∈Λmax

h

λa,b āk x
a−ekzb ⊗ 1χ 6= 0,

a contradiction. Thus y = zj whence w = −1 and χ(y) = 0. By (3.2(5)) and (3.2(7)),
0 = ρχ(y) · h(1χ) =( ∑

(a,b)∈Λn
h

(
λa,b b̄j x

azb−ej +
m∑
i=1

xa−ei · ρχ([y, xi]) zb
)

+
∑

|(i,j)|e≤n−2

βi,j x
izj

)
⊗ 1χ
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for some βi,j ∈ K. But then

πn−1, N+1((ρχ(y) · h(1χ)) =
∑

(a,b)∈Λmax
h

λa,b b̄j x
azb−ej ⊗ 1χ 6= 0

(in view of (3.2(4)), (3.2(6)) and (3.2(8))). This contradiction completes the proof of
the lemma. �

3.3. For k ∈ N0 let Hk denote the linear span of all 0 6= h ∈ Hχ(g) with n(h) ≤ k. It
follows readily from Lemma 3.1 that H i ·Hj ⊆ H i+j for all i, j ∈ N0. In other words,
{H i | i ∈ N0} is a filtration of the algebraHχ(g) (obviously, Hχ(g) = Hk for all k � 0).
We set H−1 = 0 and let gr (Hχ(g)) =

⊕
i≥0H

i/H i−1 denote the corresponding graded
algebra. Lemma 3.1 implies that the algebra gr (Hχ(g)) is commutative.

Proposition. For any i ∈ Λr there is hi ∈ Hχ(g) such that Λmax
hi

= {i}. The vectors
{hi | i ∈ Λr} form a basis of Hχ(g) over K.

Proof. Given (a, b) ∈ N2
0 let Ha,b denote the subspace of Hχ(g) spanned by Ha−1

and all h ∈ Hχ(g) such that n(h) = a and N(h) ≤ b. Order the elements in N2
0

lexicographically. By construction, Ha,b ⊆ Hc,d whenever (a, b) ≺ (c, d). Applying
the Basis Extension Theorem to the (finite) chain of subspaces just defined we obtain
that Hχ(g) has basis B =

⊔
(i,j)Bi,j such that n(v) = i and N(v) = j whenever

v ∈ Bi,j.
Define the linear map πB : Hχ(g) → Qχ by setting πB(v) = πi,j(v(1χ)) for any

v ∈ Bi,j and extending to Hχ(g) by linearity (the idempotents πi,j ∈ End (Qχ) are
defined in the course of the proof of Lemma 3.2). By Lemma 3.2, πB maps Hχ(g)
into the subspace Uχ(zχ)⊗ 1χ of Qχ. By construction, πB is injective. On the other
hand, dimHχ(g) = pr = dimUχ(zχ)⊗ 1χ due to Theorem 2.3(ii) and Proposition 2.6.
Thus πB : Hχ(g) → Uχ(zχ)⊗1χ is a linear isomorphism. For a = (a1, . . . , ar) ∈ Λr set
ha = π−1

B (xa1
1 · · ·xar

r ⊗ 1χ). By the bijectivity of πB and the PBW theorem (applied
to Uχ(z)), the vectors hi with i ∈ Λr form a basis of Hχ(g), while from the definition
of πB it follows that Λmax

hi
= {i} for any i ∈ Λr. �

3.4. As an immediate consequence of Proposition 3.3 we obtain that there exist
θ1, . . . , θr ∈ Hχ(g) such that

θk(1χ) =
(
xk +

∑
|(i,j)|e=nk+2, |i|+|j|≥2

λki,j x
izj +

∑
|(i,j)|e<nk+2

λki,j x
izj

)
⊗ 1χ (11)

where λki,j ∈ K and λka,b = 0 if (a,b) is such that ar+1 = · · · = am = b1 = · · · = bs = 0.

Let θ̄i denote θi +Hni+1, the image of θi in gr (Hχ(g)).

Theorem. (i) The monomials θ̄a1
1 · · · θ̄ar

r and θa1
1 · · · θar

r with 0 ≤ ai ≤ p − 1 form
bases of gr (Hχ(g)) and Hχ(g), respectively.

(ii) Let 1 ≤ i, j ≤ r. Then [θi, θj] = θj ◦ θi − θi ◦ θj ∈ Hni+nj+2. Moreover, if
[xi, xj] =

∑r
k=1 α

k
ij xk in zχ then

[θi, θj] ≡
r∑

k=1

αkij θk + qij(θ1, . . . , θr) (modHni+nj+1)
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where qij is a truncated polynomial in r variables whose constant term and linear part
are both zero.

Proof. (i) Easy induction on |a| shows that (θar
r ◦ · · · ◦ θa1

1 )(1χ) =

=
(
xa1

1 · · ·xar
r +

∑
|(i,j)|e=|(a,0)|e, |i|+|j|>|a|

λa
i,j x

izj + terms of lower e-degree
)
⊗ 1χ

for any a = (a1, . . . , ar) ∈ Λr (the induction step is based on (3.4(11)) and Lemma
3.1). Due to Proposition 3.3 we have that

θa1
1 · · · θar

r = µaha +
∑
i∈Λr

µihi, µa 6= 0, (12)

where µi = 0 unless (n(hi), N(hi)) ≺ (n(ha), N(ha)). Since this holds for any a ∈ Λr,
the monomials θa1

1 · · · θar
r with a ∈ Λr form a basis of Hχ(g) = Endg(Qχ)

op. It
follows from (the proof of) Proposition 3.3 that for any k ≥ 0, the cosets hi +Hk−1

with i ∈ Λr and
∑

j≤r ij(nj + 2) = k form a basis of grk(Hχ(g)). Due to (3.4(12))

and Lemma 3.1 the cosets θirr · · · θ
i1
1 + Hk−1 with i ∈ Λr and

∑
j≤r ij(nj + 2) = k

have the same property. To complete the proof of part (i) it remains to note that
θ̄i11 · · · θ̄irr = θi11 · · · θirr +Hk−1 for any i ∈ Λr with

∑
j≤r ij(nj + 2) = k.

(ii) Combining (3.4.(11)) with Lemma 3.1 we deduce that [θi, θj] ∈ Hni+nj+2. As in
the proof of Lemma 3.1, induction on |b| yields

(
ρχ(z

b)
)
(xczd ⊗ 1χ) =

(xczb+d +
∑
i,j

βijx
c−eiρχ([zi, xj])z

b+d−ej + terms of e-degree ≤ |(c,b+d)|e−3)⊗1χ.

It follows that
(
ρχ(x

azb)
)
(xczd) =

= (xa+czb+d +
∑
i<j

αijx
a+c−ei−ej [xi, xj]z

b+d +
∑
i,j

βijx
a+c−eiρχ([zi, xj])z

b+d−ej

+ terms of e-degree ≤ |(a + c,b + d)|e − 3)⊗ 1χ.

Together with (3.4(11)) this shows that (θj ◦ θi − θi ◦ θj)(1χ) =

=
(
[xi, xj] +

∑
|(i,j)|e=ni+nj+2, |i|+|j|≥2

µi,jx
izj +

∑
|(i,j)|e<ni+nj+2

µi,jx
izj

)
⊗ 1χ

for some µi,j ∈ K. As a consequence, πni+nj+2, ni+nj

(
[θi, θj] −

∑r
k=1 α

k
ij θk

)
= 0.

On the other hand, part (i) of this proof shows that there exists a unique truncated
polynomial q̃ij in x1, . . . , xr such that [θi, θj]−

∑r
k=1 α

k
ij θk = q̃ij(θ1, . . . , θr). Moreover,

it follows from the preceding remark that the linear part of q̃ij involves only those xk
for which wt(xk) < ni + nj. So there exists a truncated polynomial qij in r variables
with initial form of degree at least 2 such that

[θi, θj]−
r∑

k=1

αkij θk − qij(θ1, . . . , θr) ∈ Hni+nj+1.

This completes the proof of the theorem. �
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4. Complex analogues of Qχ and Hχ(g)

4.1. Let GC be a simple, simply connected algebraic group over C, and H a connected
subgroup of GC. Given a 1-dimensional torus ν ⊆ H we denote by h(ν, i) the weight
space of weight i in h = Lie H relative to the adjoint action of ν.

Let E be a nonzero nilpotent element of gC = Lie GC. By the Bala–Carter theory
[3, Ch. 5], there exist a Levi subgroup LC ⊆ GC and a 1-dimensional torus λ = λE in

L
(1)
C such that

⊕
i≥0 l

(1)
C (λ, i) is a distinguished parabolic subalgebra of l

(1)
C = Lie L

(1)
C ,

E ∈ lC(λ, 2), Ker adE ⊆
⊕

i≥0 gC(λ, i), and [E, gC(λ, i)] = gC(λ, i+ 2) for i ≥ 0.
There exists F ∈ lC(λ,−2) such that (E, [E,F ], F ) is an sl2-triple in gC and Lie ν =

C [E,F ]. Let t = rkL
(1)
C . By a result of Dynkin (or by the Bala–Carter theory), there

exist a maximal torus T of GC contained in LC, a Chevalley system S = {Eα , Hα |α ∈
R = R(gC, T )}, and root vectors Eγ1 , . . . , Eγt ∈ S ∩ lC(λ, 2) such that ν ⊆ T and
E = Eγ1 +· · ·+Eγt (see, e.g., [39, (III, 4.29)]). The roots γ1, . . . , γt are Q-independent
in QR.

4.2. For i ∈ Z set gC(i) = gC(λ, i). LetN be a large positive integer andA = Z[1/N !].
We denote by gA the A-submodule of gC generated by S. This is an A-form in gC
(in particular, a free A-module) and a Lie algebra over A. Clearly, gC ∼= gA ⊗A C
as Lie algeras. Put gQ = gA ⊗A Q. Since γ1, . . . , γt are Q-independent and t =

dimT ∩ L(1)
C we have [E,F ] ∈ gQ (for [E,F ] ∈ Lie T ∩ L(1)

C and [[E,F ], E] = 2E).

Since
∑

i≥0 l
(1)
C (λ, i) is distinguished in l(1), the map adE : lC(λ,−2) → l

(1)
C (λ, 0) is a

linear isomorphism. Thus F ∈ gQ as well. Enlarging N if necessary we may assume
that F ∈ gA.

Let κ denote the Killing form of gC. Obviously, κ(gA, gA) ⊆ A. Representation
theory of sl2 implies that κ(E,F ) is a positive integer. In what follows we assume
that N > κ(E,F ) and denote by ΦC the bilinear form κ(E,F )−1 · κ on gC. We let
ΦA be the restriction of ΦC to gA. By our assumption, this form is A-valued.

Let p be a prime with p � N , K an algebraically closed field of characteristic p,
and gK = gA ⊗A K ∼= (gA/p gA) ⊗Fp K. Let GK denote a simple, simply connected
algebraic K-group such that gK = Lie GK . The form ΦA induces a GK-invariant
bilinear form on gK , ΦK say. Given X ∈ gA we denote by x the image of X under the
canonical homomorphism gA → gA/p gA and identify x with x⊗ 1 in gK . Note that
ΦK(e, f) = 1. Since p � 0 the form ΦK is nondegenerate. Define χ ∈ g∗C by setting
χ(X) = ΦC(E,X) for all X ∈ gC. Since χ is A-valued on gA, it induces a linear form
on gK , χK say.

By construction, gA =
⊕

i∈Z gA(i) where gA(i)=gA(i)∩gA. Let gK(i) = gA(i)⊗AK.
It follows from (4.1) that for any i ≥ −1, the A-module [E, gA(i)] is an A-lattice in
gC(λ, i + 2) (one should take into account that dim gC(−1) = dim gC(1)). Enlarging
N if necessary we may assume that [E, gA(i)] = gA(i + 2) for all i ≥ −1. Then
ad e : gK(i) → gK(i + 2) is surjective for all i ≥ −1. Since ΦK is nondegenerate, a
standard duality argument shows that cgK

(e) ⊆
⊕

i≥0 gK(i).

4.3. Let ψE denote the skew-symmetric form on gC(−1) such that ψE(X, Y ) =
ΦC(E, [X, Y ]) for all X,Y ∈ gC(−1). Since ψE is A-valued on gA(−1) it induces
a skew-symmetric bilinear form on gK(−1) denoted by ψe. By our discussion in
(4.2), both ψE and ψe are nondegenerate. Also, ψe(x, y) = ΦK(e, [x, y]) for all x, y ∈
gK(−1).

17



LetW = {Z ′1, . . . , Z ′s, Z1 . . . , Zs} be a Witt basis of gC(−1) relative to ψE contained
in gQ. Enlarging N if necessary we may assume thatW is a free basis of the A-module
gA(−1) (in particular, W ⊂ gA(−1)). Then {z′1, . . . , z′s, z1, . . . , zs} is a Witt basis
of gK(−1) relative to ψe. Let gC(−1)0 (respectively, gK(−1)0) denote the subspace
of gC (respectively, gK) spanned by the Z ′i (respectively, z′i). Let mC,χ = gC(−1)0 ⊕⊕

i≤−2 gC(i) and mχK
= gK(−1)0 ⊕

⊕
i≤−2 gK(i), nilpotent subalgebras in gC and

gK . Choose a free homogeneous basis X1, . . . , Xr, Xr+1, . . . , Xm of the A-module⊕
i≥0 gA(i) such that X1, . . . , Xr is a basis of zC,χ = Ker adE over C (it exists because

adE : gA(i) → gA(i+ 2) is surjective for all i ≥ 0 and A is a principal ideal domain).
Then x1, . . . , xm form a basis of

⊕
i≥0 gK(i) and x1, . . . , xr span cgK

(e).

4.4. Given a Lie algebra L over a commutative ring and k ∈ N0, we denote by Uk(L)
the kth component of the standard filtration of U(L), the enveloping algebra of L.
Let Nχ be the left ideal of U(mC,χ) generated by all X − χ(X) 1 with X ∈ mC,χ, and
Cχ the 1-dimensional U(mC,χ)-module U(mC,χ)/Nχ. The image of 1 in Cχ is denoted

by 1̃χ. Let Q̃χ = U(gC) ⊗U(mC,χ) Cχ and H̃χ(gC) = EndgC(Q̃χ)
op. The representation

of U(gC) in End (Q̃χ) is denoted by ρ̃χ.

Given (a,b) ∈ Nm
0 × Ns

0 we denote by XaZb the monomial Xa1
1 · · ·Xam

m Zb1
1 · · ·Zbs

s

in U(gC). By the PBW theorem, the vectors X iZj ⊗ 1̃χ with (i, j) ∈ Nm
0 × Ns

0

form a basis of Q̃χ over C. We assume that wt(Xi) = ni, i.e., Xi ∈ gC(ni) where
1 ≤ i ≤ m, and adopt for our new setting the notation of Section 3. For example,
given (a,b) ∈ Nm

0 × Ns
0, we say that XaZb has e-degree k, written dege(X

aZb) = k,
if

|(a,b)|e =
m∑
i=1

ai(ni + 2) +
s∑
i=1

bi = k.

.

Lemma. Let (a,b), (c,d) ∈ Nm
0 × Ns

0 be such that |(a,b)|e = A and |(c,d)|e = B.
Then(
ρ̃χ(X

aZb)
)
(XcZd ⊗ 1̃χ) = (Xa+cZb+d + terms of e-degree ≤ A+B − 2)⊗ 1̃χ.

Proof. It is well-known that

u ·XaZb =
∑
i∈Nm

0

(
a

i

)
xa−i · [uX i] · Zb (13)

for any u ∈ U(gC) (see [40, (5.7)]). Now repeat the proof of Lemma 3.1 applying
(4.4(13)) in place of (3.1(2)). �

4.5. Any h ∈ H̃χ(gC) is uniquely determined by its value h(1̃χ) ∈ Q̃χ. For h 6= 0 we
let n(h), N(h) and Λmax

h have the same meaning as in (3.2).

Lemma. Let h ∈ H̃χ(gC) and (p,q) ∈ Λmax
h . Then q = 0 and p ∈ Nr

0 × {0}.

Proof. Repeat verbatim the proof of Lemma 3.2 but apply (4.4(13)) in place of
(3.1(2)). �

4.6. For k ∈ N0 we denote by H̃k the linear span of all 0 6= h ∈ H̃χ(gC) with

n(h) ≤ k. Put H̃−1 = 0. It follows from Lemma 4.4 that the subspaces {H̃ i | i ∈ N0}
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form a filtration of the algebra H̃χ(gC). Moreover, Lemma 4.4 implies that the graded

algebra gr (H̃χ(gC)) =
⊕

i≥0 H̃
i/H̃ i−1 is commutative.

Theorem. (i) There exist Θ1, . . . ,Θr ∈ H̃χ(gC) such that

Θk(1̃χ) =
(
Xk +

∑
|(i,j)|e=nk+2, |i|+|j|≥2

λki,jX
iZj +

∑
|(i,j)|e<nk+2

λki,jX
iZj

)
⊗ 1̃χ

where λki,j ∈ Q and λka,b = 0 if b = 0 and ar+1 = · · · = am = 0.

(ii) The monomials Θa1
1 . . .Θar

r with ai ∈ N0 form a basis of H̃χ(gC) over C.

(iii) The elements Θ̄i = Θi + H̃ni+1 ∈ gr (H̃χ(gC)) are algebraically independent and

generate gr (H̃χ(gC)). In particular, gr (H̃χ(gC)) is a graded polynomial algebra with
homogeneous generators of degrees n1 + 2, n2 + 2, . . . , nr + 2.

(iv) Let 1 ≤ i, j ≤ r. Then [Θi,Θj] = Θj ◦ Θi − Θi ◦ Θj ∈ H̃ni+nj+2. Moreover, if
[Xi, Xj] =

∑r
k=1 α

k
ij Xk in zC,χ then

[Θi,Θj] ≡
r∑

k=1

αkij Θk + qij(Θ1, . . . ,Θr) (mod H̃ni+nj+1)

where qij is a polynomial in r variables whose constant term and linear part are both
zero.

Proof. Let Uk
χK

(gK) denote the kth component of the standard filtration of the re-
duced enveloping algebra UχK

(gK). For k < p the canonical homomorphism U(gK) →
UχK

(gK) induces a linear isomorphism between Uk(gK) and Uk
χK

(gK). Let Q̃k
χ (respec-

tively, Qk
χK

) denote the subspace of Q̃χ (respectively, QχK
) spanned by all X iZj⊗ 1̃χ

(respectively, all xizj⊗1χ) with |(i, j)|e ≤ k. Note that |(i, j)|e > |i|+ |j|. So it follows

from our preceding remark that dimC Q̃
k
χ = dimK Q

k
χK

provided that p > k.
Recall that p� 0, in particular, p > max {ni+2 | 1 ≤ i ≤ m}. Let C1, . . . , Cm+s−r

be a homogeneous basis of the freeA-module gA(−1)0⊕
⊕

i≤−2 gA(i) where gA(−1)0 is
the A-span of Z ′1, . . . , Z

′
s. The universality property of induced modules implies that

in order to construct Θk ∈ H̃χ(gC) it suffices to find a collection {λki,j} ⊂ Q satisfying

certain linear conditions (like λki,j = 0 whenever |(i, j)|e = nk +2 and |i|+ |j| = 1) and
such that

ρ̃χ(Ci)
(
(Xk +

∑
i,j

λki,jX
iZj)⊗ 1̃χ

)
= χ(Ci) · (Xk +

∑
i,j

λki,jX
iZj)⊗ 1̃χ

for all i. Now (4.4(13)) and our discussion in (4.1)–(4.3) show that the left-hand
side of each of these vector equations can be expressed as a linear combinaion of
X iZj ⊗ 1̃χ, where |i| + |j| < p, with coefficients in A. So m + s− r vector equations
above together with the linear conditions imposed on {λki,j} are equivalent to a system
of linear equations

D · x = d

over A. Let D̃ = (D |d) denote the augmented matrix of the system. We denote by
D̃p = (Dp |dp) the matrix whose entries are the residues of the entries of D̃ in A/pA.

Obviously, D̃p is the augmented matrix of the linear system

Dp · x = dp
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over Fp. Since ρχK
(ci) · θk(1χK

) = χK(ci) · θk(1χK
) for all i ≤ m+ s− r, our discussion

in (4.1)–(4.3) in conjunction with (3.4(11)) and (3.1(2)) shows that the latter system
has a solution over K. This, in turn, yields rk D̃p = rkDp. Since this holds for almost

all primes we must have rk D̃ = rkD. But then the former system has a solution over
Q proving (i).

For a ∈ N0 we denote by Θa the monomial Θa1
1 · · ·Θar

r = Θar
r ◦· · ·◦Θa1

1 in H̃χ(gC) =

EndgC (Q̃χ)
op. Straightforward induction on |a| shows that Θa(1̃χ) =

=
(
Xa1

1 · · ·Xar
r +

∑
|(i,j)|e=|(a,0)|e, |i|+j|>|a|

λa
i,jX

iZj + terms of lower e-degree)⊗ 1̃χ

for some λa
i,j ∈ Q (the induction step relies on Lemma 4.4 and the form of the Θi’s).

As a consequence, ∆max
Θa = {a}. From this it is immediate the monomials Θa with

a ∈ N0 are linearly independent.
For (a, b) ∈ N0 we let H̃a,b be the subspace of H̃χ(gC) spanned by Ha−1 and all

h ∈ H̃χ(gC) with n(h) = a and N(h) ≤ b. Let ι denote the unique bijection between
N2

0 and N with the property that ι(a, b) < ι(c, d) whenever (a, b) ≺ (c, d). Suppose
that for all (i, i′) with ι(i, i′) ≤ k the subspace H̃ i,i′ is spanned by the Θa satisfying∑r

j=1 aj(nj + 2) ≤ i (this is true for k = 1). Let (a, b) be such that ι(a, b) = k + 1,

and h ∈ Ha,b \ {0}. Lemma 4.5 says that Λmax
h ⊆ {(i, 0, . . . , 0) × 0 | i ∈ Nr

0}. By
our remarks earlier in the proof, there exist a1, . . . , at ∈ Nr

0 with |(ai,0)|e = a and
µ1, . . . , µt ∈ C such that h ∈

∑t
i=1 µiΘ

ai +
∑

ι(i,i′)≤k H̃
i,i′ . Note that ι(i, i′) ≤ k forces

i ≤ a. Our earlier remarks now ensure that for any i ≥ 0, the monomilas Θa with∑r
j=1 aj(nj + 2) ≤ i form a basis of H̃ i.
As an immediate consequence we obtain that the Θa with a ∈ Nr

0 form a basis
of H̃χ(gC). As a second consequence we derive that the monomials Θ̄a1

1 · · · Θ̄ar
r =

Θa1
1 · · ·Θar

r + H̃ i−1 with
∑r

j=1 aj(nj + 2) = i form a basis of gri(H̃χ(gC)) for all i ≥ 0.

This implies that Θ̄1, . . . , Θ̄r are algebraically independent and generate gr (H̃χ(gC)).
Since each Θ̄k is homogeneous of degree nk + 2 we get (iii).

To obtain (iv) one argues as in the proof of Theorem 3.4(ii) applying (4.4(13)) and
part (i) of this theorem in place of (3.1(2)) and 3.4(11), respectively. �

5. The adjoint quotient and the special transverse slices

5.1. We retain the assumptions of Section 4. To ease notation we drop the subscript
C throughout this section and write G, g, Φ, etc. in place of GC, gC, ΦC, etc. Set
c = cg(F ) and c(i) = c ∩ g(λ, i) (recall that c(i) = 0 for all positive i). Identify
S(g∗), the symmetric algebra of g∗, with the algebra of regular functions on g. Let
f1, . . . , fl denote algebraically independent homogeneous generators of the invariant
algebra S(g∗)G. Recall that deg fi = mi + 1 where m1, . . . ,ml are the exponents of
the Weyl group of g.

In this section, we are concerned with geometric properties of the restriction, ϕS,
of the adjoint quotient

ϕ : g −→ Al, x 7→ (f1(x), . . . , fl(x)),

to the special transverse slice S = E + Ker adF . By [35, Corollary 7.4.1], the mor-
phism ϕS is faithfully flat. As a consequence, ϕS is surjective and all its fibres have
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dimension r − l. According to [36] (see also [38]) the fibres of ϕS are generically
smooth and irreducible. Given ξ ∈ Al we denote by Sξ the fibre of ϕS above ξ. It
follows from [23] that

S0 = S ∩N (g) = (E + Ker adF ) ∩N (g).

Let τ denote the translation c
∼−→ S, x 7→ E+x, an isomorphism of affine varieties,

and ψ = ϕS ◦ τ . Clearly,

ψ : c −→ Al, x 7→ (ψ1(x), . . . , ψl(x)),

is faithfully flat and ψ−1(ξ) ∼= Sξ for any ξ ∈ Al. The scalar action of Gm on g,
given by (t, v) 7→ σ(t)v := tv, commutes with the adjoint action of the 1-parameter
subgroup λ. Following [35, (7.4)] we consider the Gm-action

ρ : Gm −→ GL(g), t 7→ σ(t2)λ(t−1).

Each x ∈ g decomposes uniquely as x =
∑

i xi with xi ∈ g(i). By construction,
ρ(t)x =

∑
i t

2−ixi, hence both S and c are ρ-stable. Arguing as in [35, Proposition
7.4.1] we get

ψi(x) = fi(λ(t−1)(E + x))

= fi(t
−2E +

∑
i

t−ixi) = t−2mi−2fi(E +
∑
i

t2−ixi) = t−2mi−2ψi(ρ(t)x).

Therefore, ψi(ρ(t)x) = t2mi+2ψi(x) for all x ∈ c. In other words, the morphism
ψ : c =

⊕
i c(i) → Al is quasihomogeneous relative to ρ of type

(2m1 + 2, . . . , 2ml + 2;n1 + 2, . . . , nr + 2)

(see [35, (7.4)] for more detail). As a consequence, both S0 and ψ−1(0) are ρ-stable.

5.2. Recall that an element x ∈ g is called regular if dim cg(x) = l. It is well-known
that the set of all regular elements, greg, is nonempty and Zariski open in g.

Proposition. Let x ∈ c be such that E + x ∈ greg. Then (dψ)x is surjective.

Proof. Our proof will consist of three steps.

(a) By the differential criterion for regularity [23], the linear map

(dϕ)E+x : g −→ Cn

is surjective. Let y, z ∈ g and λ ∈ C. Since each fi is (AdG)-invariant we have
that fi((expλad z).y) = fi(y). This forces (dfi)y([z, y]) = 0 implying that (dϕ)E+x

vanishes on Im ad(E + x).

(b) Pick a basis v1, . . . , vr of c and extend it to a basis v1, . . . , vr, vr+1, . . . , vd of g.
For x = t1v1 + · · · + trvr we let M(t1, . . . , tr) denote the (d + r) × d matrix whose
rows are the coordinate vectors of [E+x, v1], . . . , [E+x, vd], v1, . . . , vr relative to the
basis {vi | 1 ≤ i ≤ d}. Let ∆1(x), . . . ,∆N(x) be the d × d minors of M(t1, . . . , tr)
and let Y denote the set of all y ∈ c for which ∆i(y) = 0 where 1 ≤ i ≤ N . Clearly,
Y = {y ∈ c | c + Im ad(E + y) ( g}. Since the ∆i’s are polynomials in t1, . . . , tr, the
set Y is Zariski closed in c. It is not hard to see that Y is ρ-stable. If Y 6= ∅ then
0 ∈ Y (for all weights of ρ on c are positive). But then c + [E, g] 6= g contrary to the
fact that S is a transverse slice to the adjoint orbit of E. Thus Y = ∅, that is

c + Im ad(E + y) = g (∀y ∈ c).
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(c) Now let x ∈ c be such that E+x ∈ greg. Let W be a subspace of c complementary
to c ∩ Im ad(E + x). Then, naturally, W ∩ Im ad(E + x) = 0. By part (b) of this
proof, dimW = l. So we must have g = W ⊕ Im ad(E + x). By part (a), the
linear map (dϕ)E+x vanishes on Im ad(E + x). Applying the differential criterion for
regularity [23] we deduce that the restriction of (dϕ)E+x to c is surjective. But then
(dψ)x : c −→ Cl is surjective, too. �

5.3. In order to prove the main result of this section we need to generalise the method
of associated cones [26, (II.4.2)] to the case of a nonscalar Gm-action. We follow [26,
(II.4.2)] closely. Let V be a finite dimensional vector space over an algebraically
closed field K and

µ : Gm −→ GL(V ), v 7→ µ(t)v,

a rational Gm-action. Then V decomposes into weight spaces with respect to µ, that
is V =

⊕
k∈Z V (k) and µ(t)vk = tkvk for all t ∈ K∗ and all vk ∈ V (k). We assume that

all weights of µ on V are nonnegative, i.e., V (i) = 0 for all i < 0. By our discussion
in (5.1), the Gm-action ρ : Gm −→ GL(c) satisfies this assumption.

Identify V (i)∗ with with the subspace of V ∗ consisting of all linear functions ξ
with ξ(V (j)) = 0 for all j 6= i. Clearly V ∗ =

⊕
i>0 V (i)∗. This gives S(V ∗) ∼= K[V ]

a graded algebra structure, S(V ∗) =
⊕

i≥0 S(V ∗)i. The torus µ acts on S(V ∗) as
algebra automorphisms.

Given a subspace M of S(V ∗) we let grµM denote the homogeneous subspace of
S(V ∗) with the property that g ∈ grµM ∩ S(V ∗)r if and only if there is g̃ ∈ M such
that g̃ − g ∈

⊕
j<r S(V ∗)j. Obviously, the subspace grµM is µ-invariant. If M is an

ideal of S(V ∗) then so is grµM .
Given a subset X ⊆ V we set IX = {g ∈ S(V ∗) | g(X) = 0} and define

KµX := {v ∈ V | f(v) = 0 for all f ∈ grµIX}.

By construction, KµX is a Zariski closed µ-stable subset of V . We call KµX the
µ-cone associated with X.

The operations grµ and Kµ have the following properties:

(1) If I and J are two ideals of S(V ∗) satisfying I ( J then grµI ( grµJ .

(2) grµ
√
I ⊆

√
grµI for any ideal I of S(V ∗).

(3) grµI · grµJ ⊆ grµIJ ⊆ grµI ∩ grµJ for any two ideals I, J of S(V ∗).
(4) The correspondence X 7→ KµX respects inclusions and has the property that

Kµ(X ∪ Y ) = KµX ∪KµY for all X, Y ⊆ V .

(5) For any subsetX ⊆ V the µ-cone KµX is contained in µ(K∗)X and dim KµX =
dim X̄. Moreover, if X is Zariski closed and irreducible then all irreducible
components of KµX have the same dimension.

Here (5.3.1)–(5.3.3) are obvious and (5.3.4) is a direct consequence of (5.3.3). The first
part of (5.3.5) is clear: since Iµ(K∗)X is µ-stable it is a homogeneous ideal contained
in IX , hence also in grµIX . The second part of (5.3.5) is proved below by using a
straightforward modification of the argument from [26, Ch. II, Theorem 4.2.2].

We may assume (without loss ot generality) that X is Zariski closed. Define a
Gm-action

µ̃ : Gm −→ GL(V ⊕ K)
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on V ⊕ K by setting µ̃(t)(v, 1) = (µ(t)v, t) for all v ∈ V . Let

X ′ = µ̃(K∗)(X × {1}) = {(µ(λ)x, λ) ∈ V ⊕ K |λ ∈ K∗, x ∈ X}.

Let Z be the Zariski closure of X ′ in V ⊕ K and η : Z → K the (nonzero) regular
function on Z induced by the projection V ⊕ K� K. Let R = S(V ∗). Then

K[V ⊕ K] = R[t] =
⊕
d≥0

R[t]d, R[t]d =
d∑
i=0

Ri t
d−i.

For a homogeneous f =
∑d

i=0 fit
d−i ∈ R[t]d and λ ∈ K we have that f(µ(λ)v, λ) =

λd
∑d

i=0 fi. Therefore, f ∈ IZ if and only if
∑d

i=0 fi ∈ IX . Since the ideal IZ is
µ̃-stable we deduce that (z, λ) ∈ Z for λ 6= 0 if and only if z = µ(λ)x for some x ∈ X.
It follows that

η−1(λ) = µ(λ)X × {λ} ∼= X if λ 6= 0.

For g =
∑d

i=0 gi ∈ R, gd 6= 0, set g̃ =
∑d

i=0 git
d−i. Clearly, g̃(v, 0) = gd(v) and

IX′ = {g̃ | g ∈ IX}. Therefore, (v, 0) ∈ Z if and only if v ∈ KµX. In other words,

Z ∩ (V × {0}) = η−1(0) = KµX × {0} ∼= KµX.

By construction, X ′ ∼= X × K∗. Thus if X is irreducible then so is Z, and dimZ =
dimX+1. From this it is immediate that all irreducible components of KµX ∼= η−1(0)
have dimension equal to dimX. Using (5.3.4) we derive that dim KµX = dimX for
reducible X, too.

5.4. We are now in a position to prove the main result of this section.

Theorem. Let ξ = (ξ1, . . . , ξl) ∈ Al and ψ−1(ξ) = {x ∈ c |ψ(x) = ξ}.
(i) The ideal Iψ−1(ξ) is generated by ψ1 − ξ1, . . . , ψl − ξl.

(ii) The closed set ψ−1(ξ) is an irreducible, normal complete intersection of dimension
r − l in c.

(iii) Let z ∈ ψ−1(ξ). Then E + z ∈ greg if and only if z is a smooth point of ψ−1(ξ).

Proof. (1) According to [35, Lemma 5.2] the fibre ϕ−1
S ϕS(E+z) is normal and E+z ∈

S is a smooth point of the fibre ϕ−1
S ϕS(E + z) if and only if E + z ∈ greg. By (5.1),

ϕS is surjective and ϕ−1
S ϕS(E + z) = E + ψ−1ψ(z). Hence ψ−1ψ(z) is normal and z

is a smooth point of ψ−1ψ(z) if and only if E + z ∈ greg, proving (iii).

(2) Let R = C[c]. Clearly, ψ1, . . . , ψl ∈ R. Let aξ denote the linear span of ψi − ξi
where 1 ≤ i ≤ l. By our discussion in (5.1), dimψ−1(ξ) = dim c− l. Since ψ−1(ξ) is
the set of all common zeros of the ideal

aξR = 〈ψ1 − ξ1, . . . , ψl − ξl〉

and R is a polynomial ring, the ring R/aξR is Cohen-Macaulay (see, e.g., [9, Propo-
sition 18.13]).

Let J denote the ideal of R/aξR generated by all l×l minors of the Jacobian matrix
J = (∂ψi/∂xj), taken modulo aξR, and

ψ−1(ξ)◦ = {x ∈ ψ−1(ξ) | g(x) = 0 for all g ∈ J}.
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Since ψ−1(ξ) is normal Sing(ψ−1(ξ)), the set of all singular points in ψ−1(ξ), has
codimension ≤ 2 in ψ−1(ξ) (see, e.g., [34, Ch. II, Theorem 5.3]). By part (1) of this
proof,

ψ−1(ξ)− Sing(ψ−1(ξ)) = (−E + greg) ∩ ψ−1(ξ).

So Proposition 5.2 yields that ψ−1(ξ)◦ has codimension ≥ 2 in ψ−1(ξ). Applying [9,
Theorem 18.15] we now deduce that R/aξR is a direct product of domains. As a
consequence, the scheme-theoretic fibre of ψ above ξ is reduced, proving (i).

(3) It remains to show that each ψ−1(ξ) is irreducible. We first consider the null-fibre
of ψ. By (5.1), ρ acts on ψ−1(0) and gives C[ψ−1(0)] = C[c]/(ψ1, . . . , ψl) a graded
algebra structure. Since all weights of ρ on c are positive the zero part of this grading
is C. But then 1 is the only idempotent of C[ψ−1(0)] (because the algebra C[ψ−1(0)]
is reduced). So it follows from (2) that C[ψ−1(0)] is a domain, i.e., the null-fibre
ψ−1(0) is irreducible.

(4) We now consider an arbitrary fibre of ψ making use of the operation grρ introduced
in (5.3). Clearly, grρaξ = a0. Let C be an irreducible component of ψ−1(ξ). Due to
(5.3.2), the irreducibility of ψ−1(0), part (2) of this proof, and (5.3.5) we get

a0R ⊆ grρaξR ⊆ grρIC ⊆
√

grρIC = Iψ−1(0) = a0R.

Then grρaξR = grρIC hence aξR = IC (by (5.3.1)). We deduce that aξR is a prime
ideal, completing the proof. �

Remark. The above argument can be carried out over K if p = charK is not too
small. To get a modular version of Theorem 5.4 valid for all very good primes one
has to replace the special transverse slice e+ cgK

(f) by a good transverse slice to the
adjoint orbit of e (see [37, 38]).

6. Noncommutative deformations of the graded algebra C[ψ−1(0)]

6.1. In this section, our ground field is C and we retain the assumptions and conven-
tions of Sections 5 and 6. We denote by Z(g) the centre of the universal enveloping
algebra U = U(g). Recall that Uk denotes the kth component of the standard fil-
tration of U . By the PBW theorem, gr(U) ∼= S(g) as graded algebras. The Killing
isomorphism x 7→ Φ(x, · ) enables us to identify the graded (AdG)-algebras S(g) and
S(g∗). Since g = c ⊕ [E, g], by the sl(2)-theory, and [E, g] is orthogonal to zχ under
Φ, the Killing isomorphism induces an isomorphism, κ̃, between the (Adλ)-algebras
C[c] and S(zχ).

There exist algebraically independent f̃i ∈ Z(g) ∩ Umi+1, 1 ≤ i ≤ l, such that

Z(g) = C[f̃1, . . . , f̃l] and gr f̃i = fi for all i (see, e.g., [7, (7.4)]).

6.2. Let T ⊂ G be as in (4.1) and t = LieT . Since the Harish-Chandra homomor-
phism Z(g) −→ U(t) is injective so is the restriction of ρ̃χ : U −→ End(Q̃χ) to Z(g).

In what follows we identify Z(g) with a central subalgebra of H̃χ.

Since f̃i ∈ Z(g) is fixed by the adjoint action of λ = λE on U it is not hard to see,

using a suitable PBW basis of U , that f̃i(1̃χ) is a linear combination of XaZbF c(1̃χ)

with |(a,b)|e − 2c = 2|a|+ 2|b| and |a|+ |b|+ c ≤ mi + 1. Moreover, since gr f̃i has
degree mi + 1 in S(g) at least one vector XaZbF c(1̃χ) with |a| + |b| + c = mi + 1

occurs in f̃i(1̃χ). It follows that f̃i(1̃χ) is a linear combination of XaZb ⊗ 1̃χ with
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|(a,b)|e ≤ 2mi + 2 and at least one basis vector XaZb ⊗ 1̃χ ∈ Q̃χ with |(a,b)|e =

2mi + 2 occurs in f̃i(1̃χ). This implies that

f̃i ∈ H̃2mi+2 \ H̃2mi+1, 1 ≤ i ≤ l.

6.3. We denote by ψ̃i the image of f̃i in gr2mi+2(H̃χ). The dth homogeneous compo-
nent of the polynomial algebra C[c] viewed with the grading induced by the action of
ρ is denoted by C[c]d. For 1 ≤ k ≤ r set ξk = κ̃(Xk)|c and view ξk as a homogeneous
polynomial function on c of degree nk + 2.

Proposition. There exists an isomorphism of graded algebras δ : gr(H̃χ)
∼−→ C[c]

such that δ(Θ̄k) = ξk for 1 ≤ k ≤ r and δ(ψ̃i) = ψi for 1 ≤ i ≤ l.

Proof. Adopt the notation of (4.1) and let M denote the subspace of g spanned by
Z1, . . . , Zs and X1, . . . , Xr, Xr+1, . . . , Xm. The e-degree of monomials XaZb ∈ S(M)
is defined as in (4.4) and gives S(M) a graded algebra structure. In view of Lemma
4.4 there is an embedding of graded algebras δ′ : gr(H̃χ) ↪→ S(M). Define an algebra
homomorphism ν : S(M) −→ S(zχ) by letting ν(Zi) = 0 for all i, ν(Xi) = 0 for
i > r, ν(Xi) = Xi for 1 ≤ i ≤ r, and extending algebraically. Let δ′′ denote the
restriction of ν ◦ δ′ to gr(H̃χ). Using Theorem 4.6(i) it is not hard to observe that
δ′′(Θ̄k) = Xk for all k. So it follows from Theorem 4.6(iii) that δ′′ is an isomorphism
of graded algebras.

Let g(−2)′ = {x ∈ g(−2) |Φ(x,E) = 0}. By our discussion in (4.2), g(−2) =
g(−2)′ ⊕ CF . Extend ν to an algebra homomorphism ν̃ : S(g) −→ S(zχ) by letting
ν̃(Z ′j) = ν̃(g(−2)′) = ν̃(g(i)) = 0 for all i < −2 and j ≤ s, and ν̃(F ) = 1. From our
discussion in (6.2) it follows that

δ′′(ψ̃i) = ν̃(grf̃i), 1 ≤ i ≤ l,

where grf̃i denotes the image of f̃i in Smi+1(g) = Umi+1/Umi . On the other hand,

(κ̃ ◦ ν̃)(grf̃i) = ψi, by the choice of f̃i. Let δ = κ̃ ◦ δ′′. Then δ : gr(H̃χ) −→ C[c] is an

isomorphism of graded algebras and δ(ψ̃i) = ψi for all i, as desired. �

6.4. Let η : Z(g) −→ C be an algebra homomorphism and Cη = Z(g)/Ker η. Define

H̃χ,η(g) = H̃χ,η := H̃χ ⊗Z(g) Cη
∼= H̃χ/H̃χ ·Ker η.

Set Jη = H̃χ · Ker η, Jkη = Jη ∩ H̃k, and H̃k
χ,η = (H̃k + Jη)/Jη ∼= H̃k/Jkη where

k ∈ N0. Notice that gr(Jη) =
⊕

k≥0 (Jkη + H̃k−1)/H̃k−1 is a graded ideal of gr(H̃χ)

and {H̃k
χ,η | k ∈ N0} is a filtration of the algebra H̃χ,η(g). We denote by gr(H̃χ,η) the

associated graded algebra. It is easy to see that

gr(H̃χ,η) ∼= gr(H̃χ)/gr(Jη)

as graded algebras. Recall that the coordinate ring C[ψ−1(0)] ∼= C[S0] is naturally
graded by the action of the 1-dimensional torus ρ (see (5.1)).

Theorem. The graded algebras gr(H̃χ,η) and C[ψ−1(0)] are isomorphic.

Proof. (a) By Theorem 5.4(i), the ideal Iψ−1(0) is generated by ψ1, . . . , ψl. Therefore,
in view of Proposition 6.3, it suffices to show that the ideal gr(Jη) is generated by

ψ̃1, . . . , ψ̃l. Note that ψ̃i ∈ gr(Jη) for all i. Let Z denote the subalgebra of gr(H̃χ)

generated by the ψ̃i’s. Combining Proposition 6.3 with [35, Corollary 7.4.1] and our
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discussion in (5.1) we observe that gr(H̃χ) is a flat Z-module. Since S is a transverse
slice to the orbit (AdG) ·E, the polynomials ψ1, . . . , ψl are algebraically independent.

Using Proposition 6.3 we now obtain that so are ψ̃1, . . . , ψ̃l.
For k ∈ N0, set Zk(g) = Z(g) ∩ H̃k. Let ηi = η(f̃i) where 1 ≤ i ≤ l. By our final

remark in (6.2), f̃i − ηi ∈ Z2mi+2(g). It follows from our discussion in (a) that there

exists an algebra isomorphism ξ : Z(g)
∼−→ Z such that ξ(f̃i − ηi) = ψ̃i for all i. It

sends Zk(g) onto Z ∩
⊕

i≤k gri(H̃χ).

(b) Let x ∈ Jdη \ Jd−1
η . Then x =

∑l
i=1 ui(f̃i − ηi) where ui ∈ H̃ki \ H̃ki−1 for some

ki ∈ N0. Of course, such a presentation of x is not unique, and we are going to
minimise

N0 := max {ki + 2mi + 2 | 1 ≤ i ≤ l}

which depends on the presentation. By our assumption on x we have that N0 ≥ d.
Suppose the presentation is such that N0 > d and let I0 = {i ≤ l | ki+2mi+2 = N0}.
Then I0 6= ∅ and ∑

i∈I0

gr(ui) · gr(f̃i − ηi) =
∑
i∈I0

gr(ui)ψ̃i = 0

is a nontrivial homogeneous relation in gr(H̃χ). By our discussion in (a), gr(H̃χ)
is a flat Z-module. Applying the Equational Criterion for Flatness (see, e.g., [9,
Corollary 6.5]) we deduce that there are aij ∈ Z and u′j ∈ gr(H̃χ), homogeneous with
deg aij + degu′j = ki, such that

gr(ui) =
∑
j

aiju
′
j and

∑
i∈I0

aijψ̃i = 0 (14)

for all i ∈ I0 and all j. Choose ũ′j ∈ H̃χ and ãij ∈ Z(g) with gr(ũ′j) = u′j and
ξ(ãij) = aij. Since ξ is an isomorphism of algebras the second part of (14) yields∑

i∈I0

ãij(f̃i − ηi) = 0 (∀ j). (15)

It follows from (15) that

x =
l∑

i=1

ui(f̃i − ηi) =
l∑

i=1

ui(f̃i − ηi)−
∑
i∈I0

( ∑
j

ãijũ
′
j

)
(f̃i − ηi)

=
∑
i6∈I0

ui(f̃i − ηi) +
∑
i∈I0

(
ui −

∑
j

ãijũ
′
j

)
(f̃i − ηi).

The first part of (14) shows that

ui −
∑
j

ãijũ
′
j ∈ H̃ki−1

for all i ∈ I0. It follows that N0 of the new presentation of x is smaller than that of
the initial one. Continuing this process we eventually arrive at a presentation of x
with N0 = d.
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(c) As a consequence, we can assume that x =
∑l

i=1 ui(f̃i−ηi) where ki+2mi+2 ≤ d
for all i. Then

gr(x) =
∑
i∈I0

gr(ui)ψ̃i ∈ gr(Jη),

implying that gr(Jη) is generated by ψ̃1, . . . , ψ̃l and thereby completing the proof. �

6.5. Recall that Proposition 6.3 identifies the graded algebras gr(H̃χ) and C[c].

Proposition. (i) The product in H̃χ induces a Poisson bracket { · , · } on C[c] such
that

{ξi, ξj} =
r∑

k=1

αkij ξk + q′ij(ξ1, . . . , ξr) ∈ C[c]ni+nj+2,

where αkij are as in Theorem 4.6(iv) and q′ij is a polynomial in r variables whose
constant term and linear part are both zero.

(ii) If the Lie algebra zχ is nonabelian then there is a homomorphism η : Z(gC) −→ C
such that the algebra H̃χ,η is noncommutative.

(iii) If [zχ, [zχ, zχ]] 6= 0 then for any η : Z(g) −→ C the product in H̃χ,η induces a
nonzero Poisson bracket on C[ψ−1(0)].

Proof. Let h ∈ H̃a and h′ ∈ H̃b. Then [h, h′] ∈ H̃a+b−2, by Theorem 4.6 and Leibniz
rule. As a consequence, we can define a graded C-bilinear skew-symmetric bracket
{ · , · } : gr(H̃χ)× gr(H̃χ) −→ gr(Hχ) by setting

{h+ H̃a−1, h′ + H̃b−1} := hh′ − h′h+ H̃a+b−3.

It is straightforward to check that the bracket { · , · } satisfies Jacobi identity and
Leibniz rule, hence is a Poisson bracket on gr(H̃χ). Part (i) now follows from Theorem
4.6(iv), Proposition 6.3 and the definition of { · , · }.

Now suppose H̃χ,η is commutative for any η : Z(g) −→ C. Let V be any simple

H̃χ-module. Since gr(H̃χ) ∼= C[c] is finitely generated and commutative, Quillen’s
lemma shows that EndH̃χ

(V ) consists of scalar operators (see, e.g., [7, Lemma 2.6.4]).

It follows that Z(g) ⊆ H̃χ acts on V via a central character η′ : Z(g) −→ C. Then Jη′

annihilates V . Since V is an arbitrary simple H̃χ-module and [H̃χ, H̃χ] ⊆ Jη′ by our

assumption, we deduce that [H̃χ, H̃χ] is contained in J(H̃χ), the Jacobson radical of

H̃χ. For any x ∈ J(H̃χ) the element 1+x is invertible in H̃χ (see, e.g., [7, Proposition

3.1.12]). Suppose x ∈ J(H̃χ) is such that x ∈ H̃k \ H̃k−1 for some k > 0. Then

1 + x ∈ H̃k \ H̃k−1 also. Let y ∈ H̃χ be such that (1 + x)y = 1. There is t ≥ 0 such

that y ∈ H̃ t \ H̃ t−1. Since gr(H̃χ) ∼= C[c] we must have (1+x)y ∈ H̃k+t \ H̃k+t−1. But

then (1 + x)y 6= 1, a contradiction. Since H̃0 = C 1 we derive J(H̃χ) = 0. Therefore,

H̃χ is itself commutative, which forces the Poisson bracket { · , · } to be identically
zero on C[c]. Part (i) of this proof now shows that all structure constants of the Lie
algebra zχ vanish, hence (ii).

For (iii), let I denote the ideal of C[c] generated by ξ1, . . . , ξr. Clearly, Ik is a
Poisson ideal of C[c] for any k > 0. Combining Theorem 5.4(i), Proposition 6.3
and Theorem 6.4 we obtain that the image of gr(Jη) in C[c] coincides with Iψ−1(0) =
〈ψ1, . . . , ψl〉. It follows that Iψ−1(0) is a Poisson ideal of C[c] and the natural Poisson
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bracket on C[ψ−1(0)]/Iψ−1(0) coincides with that induced by multiplication in H̃χ,η.

Since [Θi, f̃j] = 0 we have that {ξi, ψj} = 0 for all 1 ≤ i ≤ r and 1 ≤ j ≤ l (this is
immediate from Proposition 6.3).

The Poisson bracket on C[c] gives the factor space I/I2 a Lie algebra structure. By
part (i), zχ ∼= I/I2 as Lie algebras. Let Ψ denote the linear span of all ψi. It follows
from our preceding remark that Ψ + I2 is contained in the centre of the Lie algebra
I/I2. If { · , · } induces the zero bracket on C[ψ−1(0)] then {ξi, ξj} ∈ Ψ + I2 for all
1 ≤ i, j ≤ r. But then [zχ, zχ] is a central subalgebra of zχ forcing [zχ, [zχ, zχ]] = 0.
The proof of the proposition is now complete. �

Remark 1. It is proved in [42] and [27] that zχ is abelian if and only if E is a regular
nilpotent element in g (Springer and Steinberg posed this as an open problem in [39,
(III, 1.18)]). The proof in [42] is computer-free.

Remark 2. Proposition 6.5(ii) leaves is a lot of room for improvement. The following
question seems relevant:
Is it true that for any two-sided ideal I of H̃χ, the centre of the quotient algebra H̃χ/I
coincides with the image of Z(g) in H̃χ/I?

The answer is positive in the two extremes. If χ = 0 then H̃χ = U(g). Let I be a two-
sided ideal of U(g) and A = U(g)/I. According to [7, Proposition 4.2.5], the centre
of A coincides with the image of Z(g) in A (this follows easily from the semisimplicity
of the adjoint action of g on U(g)). For the regular nilpotent case, see our discussion
in (7.2).

Remark 3. Proposition 6.5(iii) in conjunction with [42, Lemma 2.4]) shows that the
Poisson bracket on C[ψ−1(0)] induced by { · , · } is nonzero for all nondistinguished
nilpotent elements in g. Of course, it should be nonzero for all nonregular ones. In
the next section we will compute this Poisson bracket in the subregular nilpotent
case.

7. Some special cases

7.1. Suppose the nilpotent element E in g = gC (respectively, e in g = gK) is even.
Then g(k) = 0 for k odd and mχ =

∑
i≤−2 g(i) (see (3.1) for more detail). Moreover,

Q̃χ
∼= U

( ∑
i≥0 g(i)

)
and Qχ

∼= Uχ
( ∑

i≥0 g(i)
)

= U [p]
( ∑

i≥0 g(i)
)

as vector spaces. It

follows from our discussion in (4.5) and (3.2) that H̃χ and Hχ can be identified with
subalgebras of U

( ∑
i≥0 g(i)

)
and U [p]

( ∑
i≥0 g(i)

)
, respectively. The PBW theorem

implies that there exists a natural projection U
( ∑

i≥0 g(i)
)
→ U(g(0)) (respectively,

U [p]
( ∑

i≥0 g(i)
)
→ U [p](g(0))), a surjective algebra homomorphism. The restriction

of this projection to H̃χ (respectively, to Hχ) induces an algebra homomorphism

µ : H̃χ −→ U(g(0)) (respectively, µ[p] : Hχ −→ U [p](g(0))). Inspired by similarity

between the algebras H̃χ and BRST quantisations of finite W algebras (see, e.g., [5])

we call µ (respectively, µ[p]) the Miura homomorphism from H̃χ to U(g(0)) (respec-
tively, from Hχ to U [p](g(0))).

In the modular case, it follows from Engel’s theorem that the [p]-nilpotent ideal∑
i>0 g(i) of the restricted Lie algebra pe =

∑
i≥0 g(i) acts trivially on any simple

U [p](pe)-module. From this it follows that the kernel of the projection U [p](pe) �
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U [p](g(0)) is contained in the Jacobson radical of U [p](pe). As a consequence, the kernel
of µ[p] is a nilpotent ideal of Hχ, hence acts trivially on any simple Hχ-module. Thus
simple g-modules with p-character χ are in one-to-one correspondence with irreducible
representations of µ[p](Hχ), the image of Hχ under the Miura homomorphism. In the
subregular nilpotent case one is essentially reduced to a mysterious subalgebra of
U [p](sl(2)).

Remark. If g = gC and χ is regular nilpotent then the Miura homomorphism µ is
injective (indeed, µ is essentially the Harish-Chandra homomorphism in this case).
Probably this holds for any even χ (cf. [5, Theorem 5]).

7.2. Suppose E is a regular nilpotent element in g = gC. Then dim c = l and
ψ : c −→ Al is a ρ-equivariant isomorphism of affine varieties (see [35, Lemma 8.1.1
and Corollary 7.4.2]). This means that C[c] is generated by ψ1, . . . , ψl. By Proposition

6.3, gr(H̃χ) is generated by gr f̃1, . . . , gr f̃l. A standard filtration argument now shows

that H̃χ is generated by f̃1, . . . , f̃l, that is H̃χ = Z(g). It should be mentioned that

in the regular case the module Q̃χ is generated by a Whittaker vector (see [24]). So

the equality H̃χ = Z(g) can also be deduced from the main results of [24]. In the
modular case, one can use a similar argument to show that if charK is very good for
gK and χ = χK is regular nilpotent then the algebra Hχ(gK) coincides with Zχ, the
image of the centre of U(gK) in Hχ. The latter also follows from [28, Theorem 12]
and Theorem 8.2 of this paper.

7.3. Compared with the regular nilpotent case, the case of a subregular nilpotent
χ is much more interesting and leads to a deep modular representation theory (see
[18], [19]). Until the end of this section we assume that E is a subregular nilpotent
element in g = gC. In this case, it was conjectured by Grothendieck and proved by
Brieskorn that, for g of type A, D, E, the affine variety ψ−1(0) is a surface with an
isolated rational double point of the type corresponding to the Lie algebra g. More
precisely, ψ−1(0) is isomorphic to the Kleinian singularity C2/Γ where Γ ⊂ SL2(C) is
the binary polyhedral group whose Coxeter-Dynkin-Witt diagram ∆(Γ) has the same
type as the Dynkin diagram of g. Detailed proofs of Brieskorn’s results, outlined in
[1], can be found in [35]. Slodowy also extended Brieskorn’s results to include the
remaining simple Lie algebras (i.e., those of type Bl, Cl, F4 and G2).

Set wi = ni + 2 and dj = 2mj + 2 where 1 ≤ i ≤ r and 1 ≤ j ≤ l (in the present
case r = l + 2). According to [35, Proposition 7.4.2], we can choose basis vectors
Xi ∈ zχ and homogeneous polynomial invariants fi ∈ S(g∗)G such that wi = di for
1 ≤ i ≤ l − 1. The ρ-weights w1 . . . , wl+2 are given in the table below:
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Type d1 d2 d3 · · · dl−3 dl−2 dl−1 dl wl wl+1 wl+2

Al 4 6 8 . . . 2l − 4 2l − 2 2l 2l + 2 2 l + 1 l + 1
Bl 4 8 12 . . . 4l − 12 4l − 8 4l − 4 4l 2 2l 2l
Cl 4 8 12 . . . 4l − 12 4l − 8 4l − 4 4l 4 2l − 2 2l
Dl 4 8 12 . . . 4l − 12 4l − 8 2l 4l − 4 4 2l − 4 2l − 2
E6 4 10 12 16 18 24 6 8 12
E7 4 12 16 20 24 28 36 8 12 18
E8 4 16 24 28 36 40 48 60 12 20 30
F4 4 12 16 24 6 8 12
G2 4 12 4 4 6

which also lists the degrees d1, . . . , dl. This table is taken from [35, (7.4)] for reader’s
convenience.

7.4. According to [35, Lemma 8.3.1], the differential of ψ : c −→ Al ∼= Cl has
rank l − 1 at 0. Therefore, by [35, Lemma 8.1.2], there are direct decompositions
Cl = V ⊕ A0 and c ∼= Cl ⊕ C2 = V ⊕ c0, with all summands ρ-stable and with
dimV = l − 1, as well as a ρ-equivariant polynomial automorphism α of c such that
ψ ◦ α : V ⊕ c0 −→ V ⊕ A0 has the form

(v, c) 7→ (v, ψ′(v, c)) (v ∈ V, c ∈ c0)

where ψ′ : c −→ A0
∼= A1 is a polynomial function on c. Moreover, ρ operates on V

with weights d1 = w1 . . . , dl−1 = wl−1 (see [35, (8.2)]).
Looking at the comorphism of ψ ◦α is not hard to observe that one can adjust the

homogeneous basis X1, . . . , Xr of zχ in such a way that ψi = ξi ◦α−1 for 1 ≤ i ≤ l−1.
Set u = α−1(ξl), v = α−1(ξl+1), w = α−1(ξl+2). Since α is ρ-equivariant we have that
u ∈ C[c]wl

, v ∈ C[c]wl+1
and w ∈ C[c]wl+2

. Since α is a polynomial automorphism of c
the elements ψ1, . . . , ψl−1, h, u, w form a system of free homogeneous generators for the
graded polynomial algebra C[c]. Combining Proposition 6.3 with a standard filtration
argument we now deduce that there exist ũ ∈ H̃wl , ṽ ∈ H̃wl+1 and w̃ ∈ H̃wl+2 such
that the elements f̃1, . . . , f̃l−1 thogether with ũ, ṽ and w̃ generate H̃χ as an algebra.
More precisely, we obtain the following.

Proposition. If E is subregular nilpotent in g = gC then the algebra H̃χ is a free

module over its subalgebra Z ′ = C[f̃1, . . . , f̃l−1]. Moreover, the monomials ũaṽbw̃c

with a, b, c ∈ N0 form a free basis of H̃χ over Z ′.

Remark. Proposition 7.4 has a modular analogue valid under the assumption that
p = charK is a very good prime for the root system of G.

7.5. We denote by I0 the ideal of C[c] generated by ψ1, . . . , ψl−1. By our discussion
in (6.5), I0 is a Poisson ideal of C[c]. As usual, we identify the graded algebras C[c]/I0
and C[c0]. The rest of this section is devoted to computing the Poisson bracket on
C[c]/I0 induced by { · , · }.

Since α preserves both c0 and V the cosets x′ = u+ I0, y
′ = v+ I0 and z′ = w+ I0

form a free system of homogeneous generators for C[c]/I0. Let f = ψr + I0. Recall
that ρ acts on c0 and f is a quasihomogeneous polynomial relative to ρ of type
(dl;wl, wl+1, wl+2). According to [35, Proposition 8.3.2], there exists a ρ-equivariant
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polynomial automorphism β : c0 → c0 such that f ◦ β has the normal form of a
rational double point. This form is given in the second column of the table below.

Type f {x, y} {x, z} {y, z}
Al, l ≥ 1 xl+1 + yz y −z (l + 1)xl

Bl, l ≥ 2 x2l + yz y −z 2lx2l−1

Cl, l ≥ 3 xl + xy2 + z2 2z −2xy lxl−1 + y2

Dl, l ≥ 4 xl−1 + xy2 + z2 2z −2xy (l − 1)xl−2 + y2

E6 x4 + y3 + z2 2z −3y2 4x3

E7 x3y + y3 + z2 2z −x3 − 3y2 3x2y
E8 x5 + y3 + z2 2z −3y2 5x4

F4 x4 + y3 + z2 2z −3y2 4x3

G2 x3 + xy2 + z2 2z −2xy 3x2 + y2

Since β can be lifted to a ρ-equivariant polynomial automorphism of c we may assume
without loss of generality that f has the normal form with respect to x′, y′, z′. There
exist homogeneous polynomials r1, . . . , rl−1 ∈ C[ψ1, . . . , ψl−1, u, v, w] such that

ψl = f(u, v, w) +
l−1∑
i=1

ψiri. (16)

7.6. Suppose the Poisson bracket { · , · } is identically zero on C[c]/I0 (this implies
I0 6= 0, hence g is not of type A1). Let I denote the ideal of C[c] generated by
ψ1, . . . , ψl−1, u, v, w, and Ī0 = C[ψ1, . . . , ψl−1] ∩ I0. Since zχ is nonabelian (by [42])
we must have {

{u, v}, {u,w}, {v, w}
}
6⊂ I · I0 (17)

(otherwise {p, q} ∈ I2 for all p, q ∈ C[c] contrary to Proposition 6.5(i)). Since
ψ1, . . . , ψl−1, u, v, w are free homogeneous generators of C[c] (see (7.4)),

C[c]/I2
0
∼= C[u, v, w]⊗ C[ψ1, . . . , ψl−1]/Ī

2
0

as graded algebras. From this it is not hard to deduce that, for any k ≥ 1, the
factor algebra C[c]/(I2

0 + Ik · I0) has basis consisting of the cosets of uavbwcψdi where
1 ≤ i ≤ l − 1, 0 ≤ d ≤ 1 and a+ b+ c < k if d = 1.

7.7. It follows from (7.5(16)) and our assumption on { · , · } that {g, f(u, v, w)} ∈ I2
0

for any g ∈ C[u, v, w].
Suppose g is of type Al where l ≥ 2. Then f(u, v, w) = ul+1 + vw forcing

w{u, v}+ v{u,w}, v{v, w} − (l + 1)ul{u, v} ∈ I2
0 .

From Table 7.3 we get {u, v} ≡ λψd (mod I · I0), {u,w} ≡ µψd (mod I · I0) and
{v, w} ≡ νψl−1 (mod I · I0), where λ, µ, ν ∈ C and d = (l − 1)/2. In particular,
λ = µ = 0 if l is even. In any event,

(µv + λw)ψd, νvψl−1 ∈ I2
0 + I2 · I0.

But then λ = µ = ν = 0 (see our final remark in (7.6)). Since this contradicts
(7.6(17)) we deduce that g is not of type Al. A similar argument shows that g is not
of type Bl.
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Suppose g is of type Cl where l ≥ 3. Then f(u, v, w) = ul + uv2 + w2 hence

2uv{u, v}+ 2w{u,w}, 2w{v, w} − (v2 + lul−1){u, v} ∈ I2
0 .

From Table 7.3 we get {u, v} ≡ λψd1 (mod I · I0), {u,w} ≡ µψd2 (mod I · I0) and
{v, w} ≡ νψl−1 (mod I · I0), where λ, µ, ν ∈ C, d1 = l/2 and d2 = (l + 1)/2. As
a consequence, λµ = 0. Computing modulo I2

0 + I3 · I0 and using (7.6) we obtain
λ = µ = 0. Since l ≥ 3 we have 2νwψl−1 ∈ I2

0 + I2 · I0 yielding ν = 0. Therefore, g is
not of type Cl. Arguing similarly we deduce that g is not of type Dl.

If g is of type E6 then f(u, v, w) = u4 + v3 + w2. Also, {u, v} ≡ λψ3 (mod I · I0),
{u,w} ≡ µψ4 (mod I · I0) and {v, w} ≡ νψ5 (mod I · I0) for some λ, µ, ν ∈ C (see
Table 7.3). It follows that

3v2{u, v}+ 2w{u,w}, 2w{v, w} − 4u3{u, v} ∈ I2
0 .

Computing modulo I2
0 + I3 · I0 (respectively, modulo I2

0 + I2 · I0) we derive λ = µ = 0
(respectively, ν = 0). Thus g is not of type E6. A similar reasoning shows that g is
not of type F4.

If g is of type E7 then f(u, v, w) = u3v + v3 + w2. Therefore,

(u3 + 3v2){u, v}+ 2w{u,w}, 2w{v, w} − 3u2{u, v} ∈ I2
0 .

A quick look at Table 7.3 yields {u, v} ∈ I · I0, {u,w} ≡ λψ5 (mod I · I0) and
{v, w} ≡ µψ6 (mod I · I0). Computing modulo I2

0 + I2 · I0 we get λ = µ = 0. Hence
g is not of type E7.

If g is of type E8 then f(u, v, w) = u5 + v3 + w2 whence

3v2{u, v}+ 2w{u,w}, 2w{v, w} − 5u4{u, v} ∈ I2
0 .

From Table 7.3 we get {u, v} ∈ I · I0. Computing modulo I2
0 + I2 · I0 we deduce that

{u,w}, {v, w} ∈ I · I0 as well. If g is of type G2 then it follows from Table 7.3 that
{u, v}, {u,w}, {v, w} ∈ I · I0.

We have proved that the Poisson bracket { · , · } is nonzero on C[c]/I0 in all cases.

7.8. We are now in a position to prove the main result of this section.

Proposition. The Poisson bracket { · , · } is nonzero on C[c]/I0. Moreover, there
exist free homogeneous generators x, y, z of C[c]/I0 such that f has the normal form
of a rational double point with respect to x, y, z and the values {x, y}, {x, z}, {y, z}
are as in Table 7.5.

Proof. According to (7.7), the Poisson bracket { · , · } is nonzero on C[c]/I0. Being a
polynomial algebra, C[c]/I0 is a unique factorisation domain.

Suppose g is of type Al. Then x′l+1 + y′z′ = 0 hence z′{x′, y′} + y′{x′.z′} =
y′{y′, z′} − (l + 1)x′l{x′, y′} = 0. In particular, y′ | {x′, y′}. Since y′ and {x′, y′}
have the same degree we must have {x′, y′} = λy′ for some λ ∈ C∗. This implies
{x′, z′} = −λz′ and {y′, z′} = (l + 1)λx′l. Setting x = αx′, y = βy′, z = βz′

where αl+1 = β2 = λ−1 we achieve λ = 1. For g of type Bl, one argues similarly
to obtain that after a suitable linear substitution, {x, y} = y, {x, z} = −z and
{y, z} = (2l + 1)λx2l.

Suppose g is of type Cl or Dl−1 where l ≥ 3. In this case x′l + x′y′2 + z′2 = 0
yielding 2x′y′{x′, y′} + 2z′{x′, z′} = 2z′{y′, z′} − (lx′l−1 + y′2){x′, y′} = 0. It follows
that z′ | {x′, y′}. Since {x′, y′} and z′ have the same degree (see Table 7.3) we get
{x′, y′} = 2λz′ for some λ ∈ C∗. Then {x′, z′} = −2λx′y′ and {y′, z′} = λ(lx′l−1+y′2).
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Setting x = αx′, y = βy′, z = γz′ with α = (4λ2)−1, β2 = αl−1 and γ2 = αl we achieve
λ = 1. For g of type G2, we argue as in C3-case to obtain that after a suitable linear
substitution, {x, y} = 2z, {x, z} = 2xy, {y, z} = 3x2 + y2.

Suppose g is of type E6 or F4. Then x′4 + y′3 + z′2 = 0 forcing 3y′2{x′, y′} +
2z′{x′, z′} = 2z′{y′, z′} − 4x′3{x′, y′} = 0. This implies z′ | {x′, y′}. According to
Table 7.3, z′ and {x′, y′} have the same degree. Therefore, {x′, y′} = 2λz′ for some
λ ∈ C∗. This, in turn, yields {x′, z′} = −3λy′2 and {y′, z′} = 4λx′3. Setting x = αx′,
y = βy′, z = γz′ with α4 = β3 = γ2 and α = (8λ3)−1 we achieve λ = 1.

A similar argument shows that for g of type E7, {x′, y′} = 2λz′, {x′, z′} = −λ(x′3 +
3y′2), {y′, z′} = {y′, z′} = 3λx′2y′, while for g of type E8, {x′, y′} = 2λz′, {x′, z′} =
3λy′2, y′, z′} = 5λx′4 where λ ∈ C∗. In both cases, a suitable linear substitution of
the form x = αx′, y = βy′, z = γz′ yields λ = 1. This completes the proof. �

7.9. Suppose g is not of type A1. We can combine [27, Theorem B] with information
contained in Tables 7.5 and 7.3 to get more insight into the structure of the graded Lie
algebra zχ. Indeed, looking at the tables and taking into account Propositions 6.5(i)
and 7.8 it is not hard to observe that zχ contains a graded central Lie subalgebra z′

of dimension l − 1 such that h := zχ/z
′ is solvable. Moreover, if g has type Al or Bl

then h(1) is abelian and has codimension 1 in h. If g is not of type Al or Bl then h
is isomorphic to a three-dimesional Heisenberg Lie algebra. If g has type Bl or G2

then zχ ∼= z′ ⊕ h is a split extension. In all other cases the extension is nonsplit. If g
is not of type G2 then z′ coincides with the centre of zχ. The degrees of the graded
components of z′ are d1 − 2, . . . , dl−1 − 2 (see Table 7.3).

8. Properties of the centre: the modular case

8.1. From now on we assume that G is a simple, simply connected algebraic group
over K and g = LieG. We assume that p = charK is a very good prime for the
root system R = R(G, T ) and adopt the notation introduced in Section 3. As before,
Uk stands for the kth component of the standard filtration of U = U(g), and we
denote by m1, . . . ,ml are the exponents of the Weyl group W = NG(T )/ZG(T ). Let
t = LieT and l = dim t.

The centre Z of U has two distinguished unital subalgebras: the p-centre Zp of g

(generated by all xp − x[p] with x ∈ g) and the invariant algebra UG. According to
Kac and Weisfeiler [20], the Harish-Chandra homomorphism induces an isomorphism

UG ∼−→ S(t)W (see also [17, Theorem 9.3]). By [39, (II, 3.17′)], the Chevalley Restric-
tion Theorem holds in our situation. In particular, S(t)W ∼= S(g)G as graded algebras
(we identify K[g] with S(g) via the Killing isomorphism induced by the trace form
Φ). Combining this isomorphism with the results of Demazure [6] one observes that

there exist f̃1 ∈ UG ∩ Um1+1, . . . , f̃l ∈ UG ∩ Uml+1 such that the elements fi := gr f̃i
with 1 ≤ i ≤ l form a free generating set for S(g)G. Let

f : g∗ −→ Al, ξ 7→ (f1(ξ), . . . , fl(ξ))

denote the adjoint quotient map.
It was discovered by Veldkamp under the assumption that p does not divide the

order of W that Z is a free Zp-module of rank pl with basis consisting of all f̃a1
1 · · · f̃al

l

with 0 ≤ ak ≤ p− 1 for all k (see [43, (3.1)]). This was generalised by Donkin to the
case where p is good for R (see [8, (3.3)]). Another proof of Veldkamp’s theorem valid
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under our assumptions on p and G was recently obtained by Mirković and Rumynin
in [28].

8.2. Given χ ∈ g∗ we denote by Zχ the image of Z under the canonical homomorphism
U � Uχ. The proof of our next theorem relies on the results of [8].

Theorem. For any χ ∈ g∗ we have dimZχ = pl.

Proof. (a) Following [8] we denote by A the coordinate ring of the algebraic group
G. Clearly, G acts on A by conjugation. For 1 ≤ k ≤ l we let ρk denote the
rational representation of G with highest weight $k ∈ X+(T ) (as usual, X+(T ) =
N0$1 ⊕ · · · ⊕ N0$l stands for the set of all dominant weights of T ). Since G is
simply connected the trace functions trρ1, . . . trρl freely generate the invariant algebra
J = AG (see [41, Theorem 3.4.2]).

Given a K-algebra C we denote by C(p) the subalgebra of pth powers of elements
of C. Clearly, A(p) ⊂ Ag, the algebra of g-invariants. By the main result of [8],
multiplication in A induces a G-equivariant isomorphism of K-algebras

J ⊗J(p) A(p) ∼−→ Ag.

Together with the preceding remark this implies that Ag is a free A(p)-module of rank
pl. Using earlier results of Koppinen [22, Ch. 4] (see also [15, (11.11)]) Donkin proved
in [8, (3.1)] that Ag is a direct summand of the A(p)-module A, that is

A = Ag ⊕ A′, A(p) · A′ ⊆ A′.

Let m denote the maximal ideal of A consisting of all regular functions vanishing
on 1 ∈ G. The function algebra A1 = K[G1] on the first Frobenius kernel G1 of
G is nothing but A ⊗A(p) K ∼= A/Am(p). Let φ : A � A1 denote the canonical
homomorphism. Since Am(p) = Ag m(p) ⊕ A′m(p), our discussion above shows that
dim φ(J) = pl.

(b) Since G is a smooth variety the completion

Â = lim
←−

A/mi

with respect to m is isomorphic to the formal power series algebra in dim g variables
(see [34, Ch. II, (2.2)] for example). Let ι denote the natural map from A into

Â. Since A is a domain, ι is an embedding (by the Krull Intersection Theorem).
According to [8, (3.4)] the short exact sequence of G-modules 0 → m2 → m →
m/m2 = g∗ → 0 splits. From this it follows that there is a G-equivariant isomorphism

δ : Â
∼−→ K[[g]], where K[[g]] stands for the completion of the polynomial algebra

K[g] ∼= S(g∗) with respect to its ideal n generated by linear forms. We denote by m̂

and n̂ the maximal ideals of Â and K[[g]], respectively. The isomorphism δ maps m̂

onto n̂, hence Â m̂(p) onto K[[g]] n̂(p). As a consequence, δ induces a G-equivariant

isomoprphism δ̄ : Â⊗Â(p) K
∼−→ K[[g]]⊗K[[g]](p) K.

Let

S̄ = K[g]⊗K[g](p) K ∼= K[g]/K[g] n(p),

a graded truncated polynomial algebra in dim g variables. It follows from [9, Theorem

7.2(a)] that multiplication induces G-equivariant isomorphisms A⊗A(p) Â(p) ∼= Â and
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K[g]⊗K[g](p) K[[g]](p) ∼= K[[g]]. As a consequence,

Â⊗Â(p) K ∼= A⊗A(p) Â(p) ⊗Â(p) K ∼= A⊗A(p) K = A1

and

K[[g]]⊗K[[g]](p) K ∼= K[g]⊗K[g](p) K[[g]](p) ⊗K[[g]](p) K ∼= K[g]⊗K[g](p) K = S̄,

yielding G-epimorphisms α : Â → A1 and β : K[[g]] → S̄. By [8, (3.1)], there is
a left regular G-submodule Q of A such that Q ∼= A1 as left regular G1-modules
and A ∼= Q⊗ A(p) as left regular G-modules (in particular, A is a free A(p)-module).
Moreover, the latter isomorphism is induced by multiplication in A. This yields
α ◦ ι = φ.

Let n̂k denote the ideal of K[[g]] consisting of all formal power series with initial
form of degree at least k. It is not hard to observe that for k sufficiently large,
n̂k ⊆ K[[g]]n̂(p). This implies that the restriction of β to K[g] ⊂ K[[g]] is surjective
and β(K[[g]]G) = β(K[g]G).

In view of the above remarks the diagram

A
ι //

φ ��?
??

??
??

? Â

α

��

δ // K[[g]]

β

��

K[g]oo_ _ _

{{v
v

v
v

v

A1
δ̄ // S̄

is commutative. Since dim φ(J) = pl, by (a), we have dim α(ÂG) ≥ pl. Since δ and
δ̄ are G-isomorphisms we also have dim β(K[[g]]G) ≥ pl. The equality β(K[[g]]G) =
β(K[g]G) now shows that dim β(K[g]G) ≥ pl.

(c) By [8, (3.4)], the algebra K[g]g is a free K[g](p)-module with basis

B = {fa1
1 · · · fal

l | 0 ≤ ai ≤ p− 1}.
Therefore, the image of K[g]G ⊂ K[g]g in S̄ = K[g]⊗K[g](p) K has dimension at most

pl. Combining this with our final remark in (b) we deduce that the image of B in S̄
is a linearly independent set.

Let B̃ = {f̃a1
1 · · · f̃al

l | 0 ≤ ai ≤ p−1}, a free basis of the Zp-module Z (see (8.1)). It
follows from the PBW theorem that the standard filtration of U induces a filtration
of Uχ such that the associated graded algebra gr(Uχ) is isomorphic to S̄. If the image

of B̃ in Uχ is a linearly dependent set then so is the image of gr(B̃) in S̄. However,

gr(B̃) = B by our discussion in (8.1). Thus the image of B̃ in Uχ must be linearly
independent. On the other hand, Veldkamp’s theorem implies that Zχ is spanned by

the image of B̃ in Uχ. So dim Zχ = pl completing the proof. �

8.3. In this subsection, we combine Theorem 8.2 with [28, Theorem 10] to obtain an
explicit description of the algebra Zχ. Let χ = χs + χn be the Jordan decomposition
of χ (see [20]).

Let R+ be a positive system in R and {hi | 1 ≤ i ≤ l} ∪ {eα |α ∈ R+} ∪ {fα |α ∈
R+} a Chevalley basis of g. Note that t = LieT is spanned by h1, . . . , hl. Let n+

(respectively, n−) be the subalgebra of g spanned by all eα (respectively, fα).
Let χ ∈ g∗ and g ∈ G. As usual, we denote by Iχ the ideal of U generated by all

xp − x[p] − χ(x)p with x ∈ g. It is well-known (and easy to see) that g sends Iχ onto
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Ig.χ, hence induces an isomorphism between Uχ and Ug·χ (here g ·χ = χ ◦ g−1). Since
g(Z) = Z this isomorphism maps Zχ onto Zg·χ. In particular, Zχ ∼= Zg·χ as algebras.
By [20], there is g ∈ G such that g · χ vanishes on n+ and χs vanishes on n±. Thus
we may assume without loss of generality that χ vanishes on n+ and χs vanishes on
n±. Let χ̃s : S(t) → K be the algebra homomorphism such that χ̃s(hi) = χs(hi)

p for
1 ≤ i ≤ l.

Set Λχs = {λ ∈ t∗ |λ(h)p−λ(h[p]) = χs(h)
p for all h ∈ t∗}. Note that Λχs = λ+Λ

where Λ = {λ ∈ t∗ |λ(hi) ∈ Fp for 1 ≤ i ≤ l} and λ is an arbitrary element in Λχs .
For η ∈ Λχs let Wη, Wη+Λ, and Cχs,η denote the stabiliser of η, the set-wise stabiliser
of η + Λ, and the partial coinvariant algebra S(t)Wη ⊗

S(t)
Wη+Λ Kχ̃s , respectively. Let

Cχs =
⊕

λ∈WΛχs/W

Cχs,λ.

Proposition. (i) For any χ ∈ g∗, Zχ ∼= Cχs as algebras.

(ii) Let χ, χ′ ∈ g∗ be such that f(χ) = f(χ′). Then Zχ ∼= Zχ′.

(iii) The image of Z in the restricted enveloping algebra U [p](g) is isomorphic to the
coinvariant algebra C0 =

⊕
λ∈Λ/W S(t)Wλ ⊗S(t)W K.

Proof. It follows from Veldkamp’s theorem that the algebra Z ⊗Zp Kχ has dimension

pl (the homomorphism Zp → Kχ is induced by the map xp − x[p] 7→ χ(x)p). Since
xp − x[p] − χ(x)p ∈ Iχ for all x ∈ g the natural homomorphism Z → Zχ induces an
epimorphism Z ⊗Zp Kχ → Zχ. This epimorphism must be injective by Theorem 8.2.
Thus Zχ ∼= Z⊗Zp Kχ. So it follows from [28, Theorem 10] that Zχ ∼= Cχs as algebras.

In proving (ii) we may assume that χ and χ′ vanish on n+ and χs and χ′s vanish
on n±. So we may (and will) identify χs and χ′s with linear functions on t. There is
a 1-dimensional torus µ ⊂ T acting on n+ with positive weights. Since f : g∗ −→ Al

is homogeneous and µ-equivariant, the equality f(χ) = f(χ′) implies f(χs) = f(χ′s).
By the Chevalley Restriction Theorem, χs and χ′s are conjugate under the action of
W on t∗ (see (8.1)). This implies Cχs = Cχ′s yielding Zχ ∼= Zχ′ .

Finally, suppose χs = 0. Then χ̃s = 0, Λχs = Λ and Wη+Λ = W for any η ∈ Λχs .
As a consequence, Z0

∼=
⊕

λ∈Λ/W S(t)Wλ ⊗S(t)W K completing the proof. �

8.4. I would like to finish this paper by sketching an elementary proof of Theorem 8.2
for g = gl(n,K). In principle, this proof generalises to all types but for exceptional
Lie algebras it is more complicated and employs a modular version of [25].

Theorem. Let g = gl(n,K) and χ ∈ g∗ (no restriction on p = charK). Let Zχ be
as in (8.2). Then dim Zχ = pn.

Proof. Let eij denote the matrix units in g and X =
∑n

i,j xijeij. For 1 ≤ k ≤ n let
σk denote the sum of the diagonal k × k minors of the matrix X. By the Chevalley
Restriction Theorem, the invariant algebra S(g∗)G is freely generated by σ1, . . . , σn
(viewed as polynomial functions on g). Since the bilinear form (x, y) 7→ trxy on g
is nondegenerate and G-invariant we may identify g with g∗, hence S(g∗) with S(g).
Let I denote the ideal of S(g∗) generated by all xpij and S̄ = S(g∗)/I, a truncated

polynomial algebra in n2 variables.
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It follows from [2, Sect. 3] that Z is a free Zp-module generated by the set

{f̃a1
1 · · · f̃an

n | 0 ≤ ai ≤ p − 1} where f̃1, . . . , f̃n ∈ UG are such that gr f̃i = σi for
1 ≤ i ≤ n. Therefore, in order to prove that dim Zχ = pn it suffices to establish that
the image of {σa1

1 . . . σan
n | 0 ≤ ai ≤ p− 1} in S̄ is a linearly independent set (see part

(c) of the proof of Theorem 8.2 for more detail). Since σpi ∈ I for all i the latter is
equivalent to showing that the image of σp−1

1 · · ·σp−1
n in S̄ is nonzero.

Let {yi,j | 1 ≤ i, j ≤ n, i + j ≥ n + 1} be n(n + 1)/2 indeterminates and Y the
truncated polynomial algebra in yi,j over K. Let ω : S̄ −→ Y denote the algebra
homomorphism such that ω(xij) = 0 for i+ j ≤ n and ω(xij) = yi,j for i+ j ≥ n+ 1
(we identify each xij with its image under the canonical homomorphism S(g∗) → S̄).

Since σn = detX we have ω(σp−1
n ) = ±yp−1

1,n y
p−1
2,n−1 · · · y

p−1
n,1 . Suppose we have already

established that
ω(σp−1

n−k) · · ·ω(σp−1
n ) = ±

∏
i+j−n−1≤k

yp−1
i,j

where 0 ≤ k ≤ n− 2. Using the relations ypi,j = 0 and the fact that σn−k−1 is the sum
of the diagonal minors of X of order n− k − 1 we then deduce that

ω(σp−1
n−k−1) · · ·ω(σp−1

n ) = ±
∏

i+j−n−1≤k+1

yp−1
i,j .

Downward induction on k now yields

ω(σp−1
1 ) · · ·ω(σp−1

n ) = ±
∏
i,j

yp−1
i,j 6= 0,

showing that the image of σp−1
1 · · ·σp−1

n in S̄ is nonzero and thereby completing the
proof. �

Remark. Combining Theorem 8.4 with [12, Lemma 6.2] and [2, Sect. 3] it is not
hard to generalise Theorem 8.2 and Proposition 8.3 to the case where G is as in (2.6)
and the trace form Φ is nondegenerate.
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