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SPECIAL TRANSVERSE SLICES AND THEIR ENVELOPING
ALGEBRAS

ALEXANDER PREMET

ABSTRACT. Let G be a simple, simply connected algebraic group over C, g = Lie G,
N (g) the nilpotent cone in g, and (E, H, F') an sla-triple in g. Let S = E+Kerad F,
the special transverse slice to the adjoint orbit Q of E, and Sy = S NN (g). The
coordinate ring C[Sp] is naturally graded (see [35]). Let Z(g) be the centre of the
enveloping algebra U(g) and n: Z(g) — C an algebra homomorphism. Identify
g with g* via a Killing isomorphism and let x denote the linear function on g
corresponding to E. Following [32] we attach to x a nilpotent subalgebra m, C g
of dimension (dim €)/2 and a 1-dimensional m,-module C,. Let H, denote the
algebra opposite to Endy(U(g) ®u(m,) Cy) and ﬁxm = flx ®z(g) Cy. It is proved
in the paper that the algebra f{xm has a natural filtration such that

gr(H,, ), the associated graded algebra, is isomorphic to C[Sp]. This construction
yields natural noncommutative deformations of all singularities associated with the
adjoint quotient map of g.

1. INTRODUCTION

1.1. Let V be a 2-dimensional vector space over C with basis {u,v} and I' a finite
subgroup of SL(V). In [4], Crawley-Boevey and Holland constructed a family of
noncommutative filtered deformations of the graded coordinate ring C[V]' of the
Kleinian singularity V/T (for T' cyclic this was done earlier in [13]). To deform C[V]"
Crawley-Boevey and Holland pick A in the centre of the group algebra CI, let I' act
on the tensor algebra T'(V) as homogeneous automorphisms, form the skew group
algebra T'(V) x T, consider its quotient S* = (T(V) * I')/(uv — vu — \), and then
define O* := eS*e where e is the average of the group elements. The C-algebra O*
is naturally filtered and the associated graded algebra is isomorphic to C[V]" (see [4,
Theorem 1.6]).

1.2. By Brieskorn’s theorem, any Kleinian singularity arises in Lie theory as the
intersection of the nilpotent cone of a simple Lie algebra g with a “good” transverse
slice to the subregular nilpotent orbit in g (see [1], [35]). Applying the same recipe
to the other (nonregular) nilpotent orbits in g yields more complicated singularities
playing an important role in representation theory. The goal of this paper is to prove
that the singularities thus obtained all admit natural noncommutative deformations
similar to those constructed by Crawley-Boevey and Holland in the subregular case.
To describe these deformations in detail we need some notation.

1.3. Let G be a simple, simply connected algebraic group over C and g = LieG. Let
N = N(g) denote the nilpotent cone of g. The affine variety N is irreducible and
G acts on N with finitely many orbits. The unique open orbit in N coincides with
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MNeg, the set of all regular nilpotent elements in g. It is well-known that the closed
set NV = N\ Ny is irreducible and has codimension 2 in A/. The elements in the
unique open orbit of N are called subregular nilpotent elements in g.

Let (E, H, F') be an sly-triple in g, ¢ = Kerad F', and r = dim ¢. It follows from
the sly-theory that ¢N[E, g] = 0. So the affine space S = E + ¢ is a transverse slice to
the adjoint orbit 2 = (Ad G)- E. It is called the special transverse slice to 2. There is
a 1-dimensional torus A = A\g in G such that E € g(\,2), F' € g(\,—2), Kerad E C
Bi>0 8(\, 1), and ¢ C @< g(\, 1), where g(\, k) = {Ad(A(t))z = tFz for all t € G, }.
Composing the adjoint action of A with the scalar G,,-action (t,v) — o(t)v := tv on
g induces an additional rational action p : G,, — GL(c), ¢t — a(t*)A\(t™!) (see [35]
for more detail).

1.4. Let mq,... ,m; denote the exponents of the Weyl group of g, and let fi,... , f; be
algebraically independent homogeneous generators of the invariant algebra C[g]® such
that deg f; = m; + 1 for 1 < i <. Let pg denote the restriction to S of the adjoint
quotient g — AY  z — (fi(x),..., fi(z)). According to [35] the morphism ¢g is
faithfully flat. In particular, g is surjective and each fibre S¢ of pg has dimension
r — l. Moreover, each S¢ is a normal affine variety and the smooth points of S¢ are
exactly the regular elements of g contained in S¢ (see [35]). It is well-known that
So = SNN. Let 7 denote the affine translation ¢ — S, z +— E+x, and ¢ = pgoT.
Clearly,

v:e— A, (1(x), ..., (x)),

is a faithfully flat morphism and 1 ~'(§) & S for any € = (£4,... ,&) € AL Since the
null-fibre ¢~1(0) is p-stable the coordinate ring C[¢)~*(0)] has a natural Ny-grading.
The zero part of this grading is C.

It is proved in Section 5 of this paper that all fibres of ¢ are irreducible and the ideal
of regular functions on ¢ vanishing on ¢~1(€) is generated by ¢y — &, ... , ¢ — & (the
second half of this statement was known to the experts but missing in the literature).
In particular, 1)~1(0) is an irreducible, normal complete intersection of dimension r —1
in ¢. The set of smooth points of ¢)~1(0) coincides with (—FE + Nyeg) N ¢.

1.5. Let k denote the Killing form on g. By the sly-theory, x(E,F) # 0. Set
® = k(E,F)™! - k and define x € g* by letting x(X) = ®(E, X) for all X € g. Set
3y = Kerad E, g(i) = g(\, i), and pr = B;>09(7). Let Xq,...,X,, be a basis of p;
satisfying X; € g(n;) for some n;, where 1 < ¢ < r, and such that X;,..., X, is a
basis of 3, C p;.

Define the skew-symmetric bilinear form ¢ on g(—1) by setting ¥g(X,Y) =
O(E,[X,Y]) for all X,Y € g. Since 3, C p, this form is nondegenerate. Let
{Z),...,Z,,Z,... Zs} be a Witt basis of g(—1) relative to ¢p and g(—1)° the sub-
space of g(—1) spanned by the Z/. Define m, := g(—1)° ® @,. ,9(i). By con-
struction, m, is a nilpotent subalgebra of dimension (dim €)/2. Let N, be the left
ideal of the enveloping algebra U(m, ) generated by all X — x(X) with X € m,, and
Cy = U(m,)/Ny, a 1-dimensional left U(m,)-module. Let 1, be the image of 1 in C,.

Let QX = U( ) ®u(my) Cy, an induced g-module, and H =H +(g) = End (QX) ,
an associative algebra over C. The representation p, : U(g) — End(Q,) is injective
on the centre of U(g) (see (6.1)). Given a pair (a,b) € NI* x N3 we denote by X2ZP
the monomial X{*--- X%z ... 7% in U(g). By the PBW theorem, the vectors
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{(X1Zio1,|(i,j) € N x N} form a basis of Q, over C. For k € Ny we denote by H*
the linear span of all h € H, such that h(1,) is a linear combination of X2ZP @ 1,

with
=1 =1

It is proved in the paper that the subspaces { H'|i € Ny} form a filtration of the alge-
bra H  and the associated graded algebra gr(l':[ +) is isomorphic to a graded polynomial
algebra in r variables with free homogeneous generators of degree ny +2,... ,n, + 2
(Theorem 4.6).

1.6. For k > 0 let U* denote kth component of the standard filtration of U(g). It
is well-known that the centre Z(g) of U(g) is generated by algebraically independent
elements fi, ..., f; satisfying f; € Z(g) N U™ for all 4. Since the restriction of
Py to Z(g) is injective we can identify Z(g) with its image in End(Q,). Under this
identification, f; € H¥™it2\ H2m+1 for 1 < i < r (see (6.1)). We denote by 1; the
image of f; in grom, +2(H,). The Killing isomorphism x ~— ®(z, - ) induces a natural
isomorphism, &, between C[¢] and S(3,). For 1 < k < r we set & = R(Xj)|. and
view & as a homogeneous polynomial function of degree nj + 2 on ¢. In (6.3), we
prove that there is an isomorphism of graded algebras ¢ : gr(ﬁlx) — Clc] such that
5(O) =& for 1 <k <rand 6(¢;) = for 1 <i <.

1.7. Let n : Z(g) — C be an algebra homomorphism, J, = ﬁx - Kern, a two-sided
ideal of H,, and C,, = Z(g)/Kern. Define

Hy = Hy @z C) = Hx/Jn~

The subspaces {(H*+.J,)/J, | k > 0} form a filtration of the algebra H, ,. We denote
by gr(H,,) the associated graded algebra. Our main result is the following:

Theorem 6.4. The graded algebras gr(H,,,) and C[yy='(0)] are isomorphic.

In (6.5), we prove that the Poisson bracket on C[¢] induced by the isomorphism ¢ and
multiplication in H,, is nonzero for any E € N’. We also show that if [y, [5y,3y]] 7 0
then the product in H,, induces a nonzero Poisson bracket on the coordinate ring
C[)~1(0)] (Theorem 6.5). In Section 7, we compute this Poisson bracket in the case
where F is a subregular nilpotent element in g.

1.8. To obtain the results described above we first establish their finite dimensional
analogues. To that end, we assume in Sections 2 and 3 that g is the Lie algebra of a
reductive algebraic group G over an algebraically closed field K of characteristic p > 0.
Given a finite dimensional restricted Lie algebra £ over K with [p|th power map x +—
2! and a linear function & € £* we denote by Ug(L) the reduced enveloping algebra
of £ associated with & (recall that U¢(L) = U(L)/I¢ where I¢ is the two-sided ideal of
U(L) generated by all P — P! — ¢(2)P with 2 € £). Following [32] we attach to y € g*
a [p]-nilpotent subalgebra m, C g of dimension (dim G - x)/2. Because U,(m,) is a
local algebra the left U, (m,)-module K, := U,(m,)/Jac(U,(m,)) is 1-dimensional.
In Section 3 we investigate the induced U, (g)-module Q, = Uy(g) ®v, (m,) K, a finite

dimensional analogue of QX. It follows from a Morita theorem proved in Section 2
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that @, is a projective generator for U, (g) and
Uy (g) = Mataq(y) (Hy)

where d(y) = p29m ¢ X and H, = Endy(Q,)° (see Theorems 2.3 and 2.4 and Propo-
sition 2.6). The projectivity of @), implies that there are 6,,...,6, in H, such that
the monomials 07" --- 0% with 0 < a; < p — 1 form a K-basis of H, (Theorem 3.4).
We show that, to some extent, these generators are independent of p and can be
lifted to characteristic 0. This yields a very nice generating set, ©4,...,0,, in the
C-algebra ﬁx (see the proof of Theorem 4.6 for more detail).

1.9. The modular setting of Sections 2 and 3 is reinstated in the last section of
the paper where we use the results of [8] to prove that for any x € g* the image of
the centre of U(g) under the canonical homomorphism U(g) — U, (g) has dimension
p' where | = tk G (Theorem 8.2). Combining this with the main result of [28] we
show that the image of the centre of U(g) in the restricted enveloping algebra U!(g)
is isomorphic to a direct sum of coinvariant algebras for the Weyl group of g (see
Proposition 8.3 for more detail).

1.10. We wish to finish the introduction with a (nonrigorous) discussion on possible
applications of the algebras Hx in the theory of W-algebras. Recall that Poisson
Reduction is a method used in physics to construct new Poisson algebras (B, { -, - })
from a known Poisson algebra (A, {-, -}). One starts by fixing a finite set S in A
called the set of constraints. If the set S is second class relative to { -, -} it gives
rise to a Poisson bracket {-, -}’ on a quotient algebra B of A, the Dirac bracket
associated with S. If some constraints in S are first class the Dirac bracket is not
well-defined. This can be resolved by adding gauge fixing constraints to S in such
a way that the total set of constraints S is second class (this will force B to shrink
further).

In [5], de Boer and Tjin take as a Poisson algebra A the polynomial algebra
Clg] = gr(U(g)) with its standard Poisson bracket (induced by multiplication in
U(g)) and observe that any nilpotent element in g yields a nice set of first class con-
straints in Clg]. They then determine the group of gauge transformations generated
by these constraints and choose the so-called lowest weight gauges to fix gauge invari-
ances. They argue that any nilpotent element E € g gives rise to a Poisson algebra
(Wg,{ -, - }r) called the finite W-algebra associated with E.

The process bringing Wg to life is natural. As an algebra, Wg is nothing but the
ring of polynomial functions on the centraliser ¢g(£) of E in g. The new feature of Wg
is its highly nontrivial Poisson structure: the bracket { -, - } g often takes nonlinear
values on linear generators of Clg].

Let x = ®(E, -). Tt seems likely that Wy and gr(H,) are isomorphic as Poisson
algebras.

Since deformation quantisation amounts to replacing Poisson brackets by commu-
tators the question arises: is it always possible to deform Wpg to give a finite quantum
W-algebra? This question is addressed in [5, Theorem 4] under the assumption
that the nilpotent element E is even. The authors of [5] set up the BRST complex
(U(g) ® C,d) associated with the constraints imposed by E and then show that its

only nonvanishing cohomology is H°(U(g) ® C,d). Here C is the graded Clifford
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algebra generated by ghost variables and d is the BRST differential, a degree 1 su-
perderivation of the graded algebra U(g) ® C. They argue that the associative algebra
H°(U(g) ® C,d) is a quantisation of Wg.

It seems likely that the BRST quantisation of Wy is isomorphic to H(U(g)®C, d).

Acknowledgement. 1 am most grateful to P. Slodowy for his comments on a prelimi-
nary version of this paper. The idea of using a contracting C*-action in the proof of
Proposition 5.2 is due to him. I would like to thank J.E. Humphreys, S. Skryabin and
[. Gordon for helpful discussions and email correspondence, and D. Rumynin and D.
Panyushev for bringing [5] and [42] to my attention.

2. PROJECTIVE GENERATORS

2.1. Due to the Kac-Weisfeiler conjecture, confirmed in [30], the following useful
result is applicable to reduced enveloping algebras.

Proposition. Let A be a finite dimensional associative algebra with 1 over an alge-
braically closed field, and d a positive integer. Suppose that any simple left A-module
has dimension divisible by d. Then there exists a projective A-module P such that
AAZ P®---@® P (d times), where 4 A denotes the left reqular A-module. Moreover,

A = Maty(B°?) where B = End, (P).

Proof. Let J be the Jacobson radical of A. Let Vi,..., V] be all simple left A-modules
(up to isomorphism). Let a; = (dimV;)/d where 1 < ¢ <. By our assumption, each
a; is a positive integer. Let P; denote a projective cover of V;. Given a left A-module
M and a positive integer r let M" denote the direct sum of r copies of M. Define
P:=P"®-- & P". Clearly, P is a projective A-module and

! !
Pd/jpd ~ @(Pl/jljl)dal ~ @V;dimvi
i=1 i=1
as left A-modules. So it follows from the Wedderburn theorem that the left A-
modules 4 A/(J - 4A) and P?/J P? are isomorphic. Therefore, 4A = P4 (see, e.g.,
29, Corollary 6.2]). Also,

A= Endy (4A)°° = Endy (PY)° = (Matg (End4 (P))°P = Matg (B°P),

where B = End, (P) (see [29, Proposition 1.3 and Corollary 3.4a]). This finishes the
proof. O

2.2. Let L be a finite dimensional restricted Lie algebra over K with pth power
map = — zPl. We denote by N(L) the set of all nilpotent elements of £, i.e.,
N(L) = {x € L]z =0 for e > 0}. We let N,(£) denote the set of all z € L
with zlPl = 0.

Fix a linear function £ on £ and let Ug(L) denote the corresponding reduced en-
veloping algebra. In [11], Friedlander and Parshall generalised to the context of Ug (L)
the notion of a support variety as studied for UP/(£) in [10] and [16]. Given z € £ let
Ue(x) denote the subalgebra with 1 of Us(L) generated x. Recall that for any U (L)-
module M, the support variety V(M) of M consists of 0 and all those z € N,(L)
for which M is not a free Ug(x)-module. The set V(M) is a Zariski closed, conical
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subset of NM,(L£). One knows that M is a projective Ug(L)-module if and only if
V(M) = {0} (see [11, Proposition 6.2]).

Let Ei,...,E; be representatives of the isomorphism classes of simple Ug(L)-
modules. Define

Ve(€) = UVE(Ei).

By [33, Proposition 2.2], V.(§) = V. (Ue(L)) where Ug(L) is viewed as the adjoint
UP)(£)-module. Any Zariski closed conical subset of V(€) is of the form V(W) for
some finite dimensional Ug(L£)-module W and conversely, given a finite dimensional
Ue(L)-module M one has V(M) C V(€) (see 33, (2.4)] for more detail).

2.3. A restricted subalgebra q of £ is called [p]-nilpotent if ¢ C N(L). By Engel’s
theorem, q is a nilpotent subalgebra of L. It follows that 3(q) # 0. A straightforward
induction argument based on this inequality shows that the [p]-closure [q, q] of the
derived subalgebra [q, q] is a proper ideal of q.

Definition. A restricted subalgebra n of L is called &-admissible if it satisfies the

following three conditions:
(£1): the subalgebra n is a [p]-nilpotent;

(£2): the linear function £ vanishes on [n, nj;
(£€3): the intersection V(&) Nn is zero.

Let Ug(n) denote the unital subalgebra of U¢(L) generated by n (it is isomorphic to
the reduced enveloping algebra of n associated with &,). Due to Jacobson’s formula
[14, Ch. V, Sect. 7] condition (£2) is equivalent to saying that {(z) = 0 for all
x € nlPl U [n,n]. It follows that the subspace n’ := n N Ker¢ is a restricted ideal
of codimension < 1 in n. By Engel’s theorem, n’ acts trivially on any simple n-
module with p-character &, (see [32, P. 248] for more detail). But then Ug(n) has a
unique simple module which is 1-dimensional. In other words, there is a canonical
augmentation map Ug(n) — K whose kernel N, coincides with the Jacobson radical
of Ug(n). We denote by K¢ the 1-dimensional left Ug(n)-module Ug(n)/Ni.

Condition (£3) and our discussion in (2.2) show that nN V(M) C nN V() = {0}
for any finite dimensional Ug¢(L£)-module M. This implies that all finite dimensional
Ug¢(L)-modules are projective over Ug(n). By the above, Ug(n) is a local algebra.
Therefore, any finite dimensional £-module with p-character £ is a free Ug(n)-module
(see [17, Corollary 3.4] for more detail).

Theorem. Let & € L* and let n be a {-admissible subalgebra of L of dimension m.
Set d = p™ and denote by Qn the induced U¢(L)-module Us(L) ®u,my Ke. Define
H, :=End; (Qn)°P. Then the following hold.

(i) Qu is a projective Ug(L)-module. Moreover, Q% is a free Ug(L)-module of rank 1.
(11) Ug(L) = Mat, (Hy) as K-algebras.

(iii) The adjoint UP/(n)-module Us(L)N, is free.

(iv) Hy =2 Ue(L)" U (L) N Ue(L) Ny where Ue(L)" is the centraliser of n in Ug(L).
(v) Ue(L) = Qn @ Ue(n) as (Ue(L), Ue(n))-bimodules.

(vi) There is a (noncanonical) isomorphism of associative algebras

Ho ® Ug(n) = Ue(£)"
6



which maps Hy, @ Ny, onto Ue(L)" N Ug(L)Ny.

(vii) Ue(L)* N Ue(L)Ny is contained in the Jacobson radical of Ug(L)".
(viii) Q is a free module over Endy, (c)(Qn).

(iz) Ue(L) is free as a right Us(L)"-module.

Proof. It is immediate from the PBW theorem that (), is a free Ug(x)-module when-
ever € N,(£)\n. It follows that V. (Q.) C V.(§)Nn. Now (£3) forces Vo (Qn) = {0}.
In other words, @), is a projective Ug(L)-module (see (2.2)). Let P; denote the projec-
tive cover of E; where 1 <1i < s. Since each Ej is free over Ug(n) one has dim E; = dr;
for some positive integers r;. So Proposition 2.1 applies yielding an algebra isomor-
phism
Ug(ﬁ) = Matd(Endﬁ(P)OP)

where P = P[* @ --- @ P!*. We claim that P = ), as Ug(£)-modules. To prove the
claim it suffices to show that r; = dim Hom, (P, E;) = dim Hom (Q,, E;) for all i.
Since each E; is free over Ug(n), Frobenius reciprocity yields

dim Hom, (Ug (L) ®@u,m) Ke, £) = dim Hom, (K¢, E;) = rky, ) B = 74

So the claim follows proving statements (i) and (ii) of the theorem.

Next observe that the support variety of the adjoint UP/(n)-module Ug(L) equals
Ve(Ue(L))Nn =V, (€)Nn = {0} (by [11, Proposition 7.1(a)], [33, Proposition 2.2] and
(€3)). So the adjoint UP!(n)-module Ug(L) is projective, hence free (for the algebra
UlPl(n) is local). As N, is a two-sided ideal of Ug(n) the left ideal I := U¢(L)N, is
(ad n)-stable. The left Ug(n)-module U := Ug(L)/I is free (see our discussion above).
Given x € n and u € Ug(L) one has

r(u+1I)=(&(x)u+ [z,u])+1

(because x—¢(x) € Ny and ad « = ad (x—&(x)). It follows that for any x € N,(L£)Nn,
the endomorphism ad z acts on U as a direct sum of Jordan blocks of length p. This
shows that the support variety of the adjoint UP!(n)-module U is zero. So the adjoint
UPl(n)-module U is projective, hence free. Thus the short exact sequence of (ad n)-

modules .
0—=1—-U(L)—-U—70
splits. In other words, there is a subspace V' C Ug(L) such that [n,V] C V and

Us(L) =2V @1 as (ad n)-modules. Thus the adjoint UP!(n)-module I is projective,
hence free, proving (iii). It also follows that

Bi={ucUdL)|TuC T} = {ucU(L)|[nu] CI} = V' & 1.

This gives B/I = Ug(L)*/Ue(L)* N 1. Since Q, = U as Ug(L)-modules we have
End; (Qn) = (B/I)°? as algebras (see, e.g., [29, Exercise 2.1.2(c)]). This proves (iv).

To establish (v) we first show that Ug(L) is projective as a (Ug(L), Ue(n))-bimodule.
Let £ denote the direct sum £@n of restricted Lie algebras. Define € € £* by setting
E(l+n)=¢() —&(n) for all [ € £, n € n. By construction, Ug(/j) = Ue(L) @ U_g(n)
as algebras. On the other hand, the antipode of U(n) maps the defining ideal of U¢(n)
onto that of U_¢(n) and induces an algebra isomorphism Ug(n)°? = U_¢(n). Thus the

(Ue(L), Ug(n))-bimodule Ug(L) is just a Uz(L)-module and it suffices to show that its

support variety V is zero. Let z+ 2" € V, where z € L and 2/ € n, and a = z — 2'. Let
7



A= é(z + 2'). Suppose a # 0. Choose a basis x1, ..., z, of L with 1 = a. Let W be
the subspace of Ug(L) spanned by the monomials z7'x5? - - - 2% with 0 < a; <p—2
and a; € {0,1,...,p — 1} for ¢ > 1. Clearly, W has codimension p"~! in Ug(L).
Let p denote the representation of £ in Ug(£). Then p(z + 2') = I, — r. where I,
(respectively, r,) denotes the left (respectively, right) multiplication by x € £. This
yields

p(z+2) = X-id= (I, — X-id) + ad 2.
Note that ad 2’ respects the standard filtration of U (£) (induced by expanding vectors

via the monomial basis {x]'z5*--- 2% |0 < i < p — 1} and counting degrees). This

observation shows that
Ker (p(z+2)—A-id)NW =0 and dim (Ker (p(z +2') — X -id) < p" .
Since (z 4 2/)P) = 0 we must have (p(z + 2') — &(z + /) id)? = 0. Hence
dim Ker (p(z + 2') — X -id) > p"~*.

Combining the two inequalities we obtain that p(z+2")—\-id acts on Ug¢(L) as a direct
sum of nilpotent Jordan blocks of length p. This, however, contradicts the fact that
Ug(L) is not a free Ug(z +z')-module. Thus a = 0 yielding p(z +2') = ad 2. But then
2 belongs to the support variety of the adjoint £-module Ug(L). The latter coincides
with V() ([33, Proposition 2.2]). So 2’ € Vz(§) Nn = {0} as n is {-admissible. We
deduce V = {0} as desired.

Let K_¢ be the unique simple module over the local algebra U_¢(n). Clearly, the
modules {£; @ K¢ |1 <14 < s} form a set of representatives of the isomorphism classes
of simple Ug(L) ® Ug(n)-modules. For any i < s,

HomU§(5)®U—§(n)(U§(£)’ E;® K—ﬁ) = {¢ S Hong(C)(UE(’C)v El) | gb([) = O}
= Homy,()(U, E;) = Homy,(r)(Qn, E;).

By (i), (Qn ® Ue(n))? is a free Ug (L) @ U_¢(n)-module of rank 1. It follows that
dim HomU5(5)®U_€(n)(Qn & Ug(ﬂ), Ez & K_g) = (dlm EZ)/d = dim HOHlUg(E)(Qn, Ez)

As both Ug(L) and Q, ® Ug(n) are projective over Ug(L) ® U_¢(n) we get (v) (see [29,
Corollary 6.2]).

For (vi), consider the endomorphism algebras A and A’ of the (Ug(L),Us(n))-
bimodules Ug(L) and Qn ® Ue(n). By a standard argument, for any § € A there
is a unique b € Ug(L)" such that S(x) = x - b for all x € Ug(L). In other words,
AP = Ue(L)". On the other hand, (v) implies that

A=A~ EHdUE([;)(QrJ & U_g(n)Op = ng & Ug(n)

as algebras. Since ), is a projective left Ug(L)-module there is an idempotent
e € Ug(L) such that Q, = Ug(L)e as modules and H, = eU¢(L)e as algebras (]29,
Sect. 6.4]). Fix a bimodule isomorphism a: Ug(L) — @y ® Ue(n) and express the
image of the unity element as a(l) = ¢ ® ug + -+ + qa ® uqg with ¢; € Ug(L)e
and u; € Ug(n). The isomorphism A’ — A induced by « can be described as fol-

lows. First we identify @, with Us(L)e and HyP with eUg(L)e. Given h € H, and
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u € Ug(n) there is a unique xy,, € A’ such that k(¢ ®@ v') = ¢gh @ wu’ for all ¢ € Qy
and v’ € Ug(n). Then
d d

(@ tokrpuoa)(l) = a—l(ZFI ¢h ® uu;) = ZiZI(@—l(qih)) cuu; =: n(h,u).

Hence a'o Khu © O = Ty(hu) Where r, denotes the right multiplication by = € Ue(L).

It is immediate from our discussion that the map (h,u) — n(h,u) extends uniquely
to an algebra isomorphism 7n: H, ® Us(n) — Ug(L)". If u € N, then n(h,u) € I for
any h € Hy,. So n(H,® Ny) CU(L)"NI. By (iv), n(Hy ® Ny) = Ue(L)" N 1. Since
H, ® N, is a nilpotent ideal of H, ® U¢(n), statements (vi) and (vii) follow.

By (i) and (ii), there are idempotents e = ey, e ..., eq € Ue(L) such that e; +-- - +
eq =1, € -e; =0for i # j, and e;Ue(L) = eU(L) as right Ug(L)-modules. Then
e;Ue(L)e = eU¢(L)e as right eUg(L)e-modules, hence

Qn = Ug(L)e = @eiUg(ﬁ)e = (eUg(L)e) = (HP)!

as HeP-modules. We get (viii). To obtain (ix) we need to show that the (Ug(L), Ug(n))-
bimodule Ug(L) is free over its endomorphism algebra. This follows from (vi) and
(viii) completing the proof of the theorem. O

2.4. Theorem 2.3 provides a perfect setting for a Morita equivalence. Given a K-
algebra A we denote by A-mod the category of all finite dimensional left .A-modules.

Let £, £, n, H, and N, be as in (2.3). Given a left U¢(L)-module M define
M" ={v e M|Ny-v=0}. Identify H, with Us(L)"/Ue(L)*NUe(L)Ny in accordance
with Theorem 2.3(iv) and view any left Hy,-module as a Ug(L£)"module with the
trivial action of the ideal Ug(L)" N Ug(L)Ny.

Theorem. The functors
Ue(L£)-mod ~» Hy-mod, M +— M",
and
Hy-mod ~ Ug(£)-mod, V +—— Ue(L) Qugcy V,

are mutually inverse category equivalences.

Proof. Let M be a finite dimensional left U (L£)-module and
ind M" = Ug(ﬁ) ®U5(£)“ M".

We need to show that M = ind M™ as £L-modules. By Theorem 2.3, dim (ind M™") =
d-dim M™. By (2.2), any finite dimensional U¢(L£)-module is free over Ug¢(n). Since

dim (ind M")" = rky, () (ind M") = (dim ind M")/d = dim M"

we have (ind M™)" = 1 ®@ M". Let ¢p: indM™ — M denote the £-module homo-
morphism such that ¥,,(1 ® v) = v for any v € M". It suffices to show that 1,
is an isomorphism. As Kery, is a Ug(L)-submodule of indM™", it intersects with
(ind M™™ = 1® M™. Since ¥,/ is injective on 1 ®@ M™ we have Kervy, = 0. As M is
free over Ug(n), we also have that dim M = d - dim M". Then dim M = dim ind M*,

hence 1)y, is an isomorphism as desired. 0]
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2.5. In general, it is very difficult to obtain a satisfactory description of H, as an
algebra. However, there is an important special case where this problem can be solved.
For Lie algebras of reductive groups, this case includes the Kac-Weisfeiler theorem
[44, 20] and the Morita theorem obtained by Friedlander and Parshall in [11].

Proposition. Let n be a £-admissible subalgebra of L and p the normaliser of n in
L. Suppose dimp > dim £ — dimn and &, = 0 (so that £ induces a linear function
on p/n). Then dimp = dim £ — dimn and H, = Ue(p/n) as algebras. In particular,
Ue(L) and Ue(p/n) are Morita equivalent.

Proof. As £ vanishes on n the ideal N, of Ug(n) is generated by the image of n in Ug(n).
This yields [p, No) € N,. Let Ug(p) denote the unital subalgebra of Ug(L) generated
by p (it is canonically isomorphic to the reduced enveloping algebra of p associated
with &,). In view of our previous remark, Ug(p) N, is a two-sided ideal of Ug(p). By
the PBW theorem, Ug(p)/Us(p) Ny = Ue(p/n) as algebras. Let 1o = 14+ Ny, the image
of 1in K¢, and QY = Ug(p) - 1¢. Since Qn =2 Ue(L)/Ue(L)N, as left Ug(L)-modules,
the PBW theorem and the discussion above imply that dim QO dim Ug(p/n). Given
q € QY there is u € Ug(p) such that ¢ = u - 1. By Jacobi identity, [n,u] € Ug(p)Ny
for any n € Ny, forcing N, - Q% = 0. The universality property of induced modules
implies that for any ¢ € Q0 there is a unique h, € Endy, (£)(Qn) such that h,(1¢) = q.
This means that dim H, > dim U¢(p/n). On the other hand,

dim Hn — pdimE—Zdimn and dim Ug(p/n) — pdimp—dimn Z pdimC—Qdimn

(by Theorem 2.3(i) and our assumption). It follows that dimp = dim £ — dimn
and Endy, ) (Qn) = {he|q € Q%}. Using this equality it is not hard to deduce
that Endy, () (Qn) = Ue(p/n)? as K-algebras. Then H, = Ug¢(p/n), completing the
proof. O

2.6. Let G be a reductive algebraic group over K. We assume that the derived
subgroup G of G is simply connected and p is a good prime for the root system R
of G. Given a closed subgroup H C G we denote by X, (H) the set of all 1-dimensional
tori contained in H. The adjoint action of v € X, (G) turns g = Lie G into a Z-graded
Lie algebra:

g =awi), [9(vi), 9. j)] Ca(v.i+j) forall i jez,
i€Z
where g(v,7) denotes the weight space of g corresponding to weight i € X*(v) = Z.
By [30, Sect. 3], G possesses a finite dimensional semisimple rational representaton p

such that the trace form
P:gxg— K, (X,Y)r trdp(X)dp(Y),

has the property that Rad ® C 3(g).

The Lie algebra g carries a natural pth power map z — z!?! invariant under the
adjoint action of G. Given a linear function [ on g we denote by 3; = 34(1) the stabiliser
of [ in g. Obviously, 34(/) is a restricted subalgebra of even codimension in g. Let
Za(1) denote the isotropy subgroup of [ relative to the coadjoint action of G. By |20,
Sect. 3] and [30, Lemma 3.1], there exist unique /5 € g* and ¢; € N (34(ls)) such that

(1) U(z) = ls(x) + P(z,¢) for all x € g;
(2) Za(ls) is a Levi subgroup of G and 34(ls) = Lie Z¢(1);
10



(3) 3a(l) = {x € 34(ls) | [¢, 2] € Rad ®};
(4) Za(l) = {9 € Za()) | (Adg) - &1 = e}
The decomposition [ = I; + ®(-, ¢;) is called the Jordan decomposition of .

Fix a nonzero x € g* and set e = e,, L = Zg(xs), | = Lie Zg(xs). Let Py be a
parabolic subgroup of G such that P, = L - N, where N, = R,(Py). Let P_ be a
parabolic subgroup conjugate to P, and such that P, N P_ = L. Set N_ = R,(P_-)
and nif = Lie Nx. Then g =n, & [@n].

First suppose that e # 0. By [21], [37], [31], there exists a 1-dimensional torus
Ae € X,(LW) such that e € g(\.,2) and Ker ad;e C @;0 [(\, i) In [31], such a torus
is called a Dynkin torus for e. Put [(i) = [()\, ) and let ¢, denote the skew-symmetric
form on [(—1) such that ¢.(u,v) = ®([u,v],e) for all u,v € [(—1). If p = 2 define a
quadratic form @ on [(—1) by letting Q(u) = ®(ul? e) for all u € [(—1). Let [(—1)°
denote a maximal totally isotropic subspace of [(—1) relative to ¥.. If p = 2 suppose
in addition that @ vanishes on [(—1)? (such a subspace exists by [30, P. 97]). Set

m, = [(-1)°® (Zi§f2 (7)) ®n.

If e=0set my =n_.

Proposition. Suppose x € g* is such that [e,[] N 3(g) = 0. Then m, is a x-admissible
subalgebra of dimension (dim G - x)/2 in g.

Proof. By [30, Lemmas 3.2 and 3.6], m, is a restricted [p|-nilpotent subalgebra of
g, dimm, = (dimG - x)/2, and x vanishes on a restricted ideal of m, containing
[m,, m,]. Thus to finish the proof it suffices to show that m, satisfies (£3). By [33,
Proposition 2.4], m, N Vg4(x) € m, N34(x) (see also [32, Corollary 1.2]). On the other
hand, it follows from (2.6(3)) and our assumption that 34(x) = Ker adje C )., ().

So we get my,, N Vy(x) Cm, N (ZiZO [(i)) = {0}, as desired. O

Proposition 2.6 shows that if [e, [] N 3(g) = 0 then g contains a x-admissible subal-
gebra m of dimension d(x) = (dim G- x)/2. In view of Theorem 2.3(i) this subalgebra
induces an algebra isomorphism U, (g) = Maty(y)(Hw) where g(x) = p™. On the
other hand, if Mat,.(A) = Mat,(B), where A and B are finite dimensional associa-
tive algebras over a field and » € N, then A = B (this is not hard to deduce from
the Krull-Remak-Schmidt theorem). As a consequence, the isomorphism classes of
the algebra H, and the projective generator (), do not depend on the choice of a
x-admissible subalgebra m of dimension d(x).

For x satisfying the assumption of Proposition 2.6 we set Qy = Qum,, Hy(g) = Hn,
and let p, denote the representation of U, (g) in End (@, ). As D. Kazhdan pointed out
to me, there is a striking resemblance between the representations {p, | x € g*} and
the generalised Gelfand-Graev representations of finite Chevalley groups introduced
by Kawanaka (see, e.g., [21]).

3. PBW BASES IN H,(g)

3.1. In this section, we retain the assumptions of (2.6) and take a closer look at the
algebras H,(g). What we do here will be crucial for constructing noncommutative

filtered deformations of the graded coordinate rings C[/~*(0)].
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Henceforth we assume that x is nilpotent that is x; = 0 and xy = ®(-,e) where
e = e,. The general case can be reduced to the nilpotent case by applying Proposition
2.5 to an appropriate parabolic decomposition of g. Thus from now on [ = g and
m, = g(-1)°@® > .., g(i). We also assume that [e,g] N 3(g) = 0. Then 3, = c4(e),
in view of (2.6(3)) and the inclusion Rad ® C 3(g). As cg4(e) is (Ad A)-stable, 3, =
Zz>0 3x (1) where 3,(i) = 3, N g(7).

For z € g we write wt(x) = k if and only if = € g(k). We choose a homogeneous
basis z1 ... ,, of 3, and extend it up to a homogeneous basis x1,... , 2, Tri1,... , T,
of the graded parabolic subalgebra p. = > .., g(i). Let wt(z;) = n;, 1 < i < m.
Since 3, C p. and Rad ® C 3(g) C g(0) (see, e.g., [30, Sect. 3]), the equality [e,p.] =
Y i>2 8(4) holds. It follows that r = dim g(0) 4+ dim g(1) and there exist homogeneous
Yrits -+ »Ym € D<o 8(7) such that

@([yi,xj],e):&j (T+1§Z,]§m)

Fix a Witt basis 21,...,25,21,... 25 of g(—1) relative to 1. such that z},... 2. €
g(—1)°. Using the injectivity of ade on >, , g() it is easy to deduce that s = 0 if
and only if g(k) = 0 for all odd k. If s = 0 one says that e is even.

For k € N define Ay :={(l1,... ,lg) |l €Z, 0 <1; <p—1}. Set ; = (di1,..., )
where 1 < i < k. For 1l = (Iy,...,ly) € Apset || =1 +---+ lx. Given (a,b) =
(@1, ... ,am;b1, ..., bs) € Ay X Ay define

(@, b)le ==Y aini+2)+ > b

i=1 =1

and denote by 22z the monomial 29! - 2%m 20 ... 205 in Uy(g). We say that 22zP

has e-degree |(a, b)|. and write deg, (222P) = |(a b)|.. Note that

deg, (222P) = wt (222P) + 2 deg (222P) (1)
where wt (222°) = (3,,, nia;) — |b| and deg (#2z") = |a| + |b| are the weight and
the standard degree of x2zP, respectively.

Set 1, := 14 N, € K. The vectors 222> @ 1, with (a, b) € A,, x A, form a basis
of @, over K. It is well-known (see, e.g., [40, (5.7)]) that

w- 2P = ?:l 2270 Jurd] - 2P 2
by (3)att ot @)
for any u € U, (g), where [uai] = (<L)l (ad z,)"" - - (ad )" (u) and (2) = [T, (&

Lemma. Let (a,b),(c,d) € A, X As be such that |(a,b)|. = A and |(c,d)|. = B.
Then

(pr(222)) (z°2% @ 1) = (2*°2°T + terms of e-degree < A+ B —2)® 1,.
The first summand on the right is interpreted as 0 if (a+c,b+d) & A,,, x As.

Proof. First suppose that a = 0 and |b| = 1, so that A = 1. Then 2P = 2, for some
k. Applying (3.1(2)) one obtains

(o3 (20)) (2°22 @ 1) = (2° - py(ze) 2% + D cwz® - py([ma])) 2Y) @ 1,

i#0
12



for some oy € K. Since p,(m,) stabilises the line K1,, the first summand on the
right equals 2°297®* ® 1, modulo terms of lower e-degree (if dy + 1 = p then z9Te is
interpreted as 0). Suppose i # 0 is such that wt([z;z']) < —1. Then p, ([2x2]) 29 ®1,
is a linear combination of 20 ® 1,, with |j| < |d|+1 (because p,(m, ) stabilises the line
K1,). As a consequence, 2°7 - p, ([2x2']) 22 ®1, is a linear combination of 2729 ®@1,
with

deg, (z = (cx—ix) nk+2)+]J|<ch ne+2)+ (lj| = 2/i)) <A+ B -2
k=1 k=1

(one should take into account that i # 0 and all nj are nonnegative).

Now suppose i # 0 is such that wt([2;2']) > 0. Since x vanishes on p., the reduced
enveloping algebra U, (p.) is canonically isomorphic to the restricted enveloping alge-
bra UPl(p,). It follows that Ad X acts on U, (p.) as algebra automorphisms. This, in
turn, implies that 2°71 - [z,21] is a linear combination of 2! with wt(a!) = wt(2¢) — 1
and |1| < |c| — |i| + 1. Therefore, z°7% - p, ([22']) 2 ® 1, is a linear combination of
24 ® 1, with
deg (2'2%) = —1+wt(2°) 4+ 2[1| +|d| < wt(2°2%) +2deg (z°2%) —2|i| +1 < A+ B 2.
Thus in all cases,

(px(21)) (2°24 @ 1)) = (2°297% + terms of e-degree < A+ B —2)®1,.
Iduction on |b| = |(0,b)|. = B now shows that
(P (2°)) (22 ® 1,) = (2°2"T9 + terms of e-degree <A+ B-2)®1, (3)

for all b € A,. Since Ad X acts on U, (p.) as algebra automorphisms the PBW

theorem implies that
r® . pC = gate 4 Z B 2
lil<|al+|c]
where 3; = 0 unless wt(x!) = wt(2?)+wt(2°) (the first summand should be interpreted

as 0if a+c & A,,). Combining this equality with (3.1(3)) and (3.1(1)) it is now easy
to derive that

(py(2®2”)) (2°29 @ 1,) = (2*7°2"* + terms of e-degree <A+ B —2)® 1,
for all admissible (a,b) and (c,d). O

3.2. Recall that any 0 # h € H,(g) is uniquely determined by its value h(1,) € Q.
Write 2(1y) = (32)64).<n M 7'23) @ 1, where n = n(h) and A;j # 0 for at least one
(i,j) with |(i,j)]e = n. For k € Ny put A} = {(i,j) | Mj # 0 & |(i,j)|c = k} and let
A™ denote the set of all (p,q) € A} for which the quantity wt(zPz9) assumes its
maximum value. This maximum value will be denoted by N = N(h).

For a € Z we let a denote the residue of a in F, C K.

Lemma. Let h € H,(g) \ {0} and (p,q) € Ap®. Thenq =0 and p € A, x {0}.

Proof. Suppose the contrary. Then (p,11,... ,Pm,q1, .- ,qs) 7 0. If px # 0 for some
k> rsety =y, € g(—ng —2). If all p;’s are zero for i > r then ¢; # 0 for some
J <'s. In this case set y = /. Let w = wt (y).
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Let (a,b) € A¢. It is immediate from (3.1(2)) and the definition of @, that

a a a—i i
(Px(y>)($ Zb@lx) = (Z(1>x -px([yx])zb)@)lx
where the summation runs over all i € A, such that [yz'] is nonzero and has weight
> —2.
Suppose i is such that wt([yzi]) > 0. Then [i| > 1. Recall that Ad X acts on
Uy (p.) as algebra automorphisms. This implies that 2271 p, ([yz']) 2P @ 1, is a linear

combination of z3zP ® 1, with

wt(292P) = w + wt(222P) (4)

and
deg, (92P) = w + wt(2*2°) + 2|j| + 2|b| < 2+ d + w — 2[il. (5)
Now suppose i is such that wt([yzi]) = —1. Then Zk;gm ixny = —w — 1. Since

px(myNg(—1)) annihilates 1, the vector z* 21 p ([y2']) zP®1, is a linear combination
of z2 12! ® 1, with [1] = |b| j: 1. Moreover, if |1 = |b| + 1 then i > 1,

wt(a ') = wi(272") — 1 = w + wt(a?2"), (6)
and
deg (z*7'2") = 24+ d +w — 2|i|. (7)
If |1 = |b|] — 1 then
W2 = 24w wi(®2P); deg, (+°12Y) = d +w — 2Ji]. (3)
Finally, suppose i is such that wt([yz']) = —2. Then
27 p ([ya']) 2P @ 1, = x([yz']) - 2222 @ 1,. (9)
As D e ik = —2 — w we have
W12 =2 bk Wt deg, (o) =24 dbw o2l (10

For i,j € Z let m; ; denote the endomorphism of @, such that m; ;(z22P ® 1,) =
2P @1, if deg,(222P) =i and wt(222P) = j, and 0 otherwise.
Suppose y = y,. Then w < —2 and

0= (py(y) — x(y)id ZAabZ< ) p(lya']) 2°) @ 1,

li|>1

Applying (3.2(4))-(3.2(10)) we get 0 = Ty, wsasa(px () — x(3) id) - (1)) =

m

(Y b Zaz Oy, zil,e) - 2P ) @1, = > Aapapa® *z> @1, £0,

(a.b) Ay (a.b)cAmx

a contradiction. Thus y = z; whence w = —1 and x(y) = 0. By (3.2(5)) and (3.2(7)),
0=py(y) - h(ly) =

Z (Aap bj 222P% —i—Zxa [y, 2]) 2°) + Z Bij xizj> ®1
(a,b)eA] [(i.3)]e<n—2
14



for some 3;; € K. But then

Tn—1, N+1((Px (y) - (1)) = Z Aab Bj r22P7% ® 1, #0
(a,b)eAax

(in view of (3.2(4)), (3.2(6)) and (3.2(8))). This contradiction completes the proof of
the lemma. O

3.3. For k € Ny let H” denote the linear span of all 0 # h € H,(g) with n(h) < k. It
follows readily from Lemma 3.1 that H*- H? C H*™ for all i,j € Ny. In other words,
{H"|i € Ny} is a filtration of the algebra H, (g) (obviously, H, (g) = H* for all k > 0).
We set H~! = 0 and let gr (H,(g)) = @,., H'/H"* denote the corresponding graded
algebra. Lemma 3.1 implies that the algebra gr (H,(g)) is commutative.

Proposition. For any i € A, there is hy € H,(g) such that A = {i}. The vectors
{hi|i€ A.} form a basis of Hy(g) over K.

Proof. Given (a,b) € N2 let H*" denote the subspace of H,(g) spanned by H*"!
and all h € H,(g) such that n(h) = a and N(h) < b. Order the elements in N3
lexicographically. By construction, H** C H%¢ whenever (a,b) < (c,d). Applying
the Basis Extension Theorem to the (finite) chain of subspaces just defined we obtain
that H,(g) has basis B = || ; Bi; such that n(v) = i and N(v) = j whenever
v E Bz’]

Define the linear map mp: H,(g) — @, by setting mp(v) = 7 ;(v(1l,)) for any
v € B;; and extending to H,(g) by linearity (the idempotents m; ; € End (Q,) are
defined in the course of the proof of Lemma 3.2). By Lemma 3.2, 75 maps H,(g)
into the subspace U, (3,) ® 1,, of Q),. By construction, 75 is injective. On the other
hand, dim H, (g) = p" = dim U, (3,,) ® 1,, due to Theorem 2.3(ii) and Proposition 2.6.
Thus 7p: Hy(g) — Uy(3y) @1, is a linear isomorphism. For a = (ay,... ,a,) € A, set
ha = 75" (27" -+ 2% @ 1,). By the bijectivity of 75 and the PBW theorem (applied
to Uy(3)), the vectors h; with i € A, form a basis of H,/(g), while from the definition
of mp it follows that AJ* = {i} for any i € A,. O

(i,

3.4. As an immediate consequence of Proposition 3.3 we obtain that there exist
b1,...,6, € H,(g) such that

Or(1y) = (x5 + Z )\ﬁj o'+ Z /\ﬁj ') ® 1, (11)
[(L.3)le=np+2, |i[+]j|>2 [(1,3)|e<np+2
where Xf; € K and Ay, = 0if (a,b) is such that a,41 = -+ = @y, = by = --- = by = 0.

Let 6; denote 6; + H™*1, the image of 6; in gr (H,(g)).

Theorem. (i) The monomials 05 ---0% and 07" --- 6% with 0 < a; < p — 1 form
bases of gr (H,/(g)) and H,(g), respectively.

(ii) Let 1 < i,j < r. Then [0;,0;] = 0;060; — 0,00, € H*" 2 Moreover, if
(5, 25] = Y5y bz in 3y then

[(91’, 9]] = Z Oéfj 9k + C]Z'j<91, R ,9,,) (mod Hni+nj+l)
k=1
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where g;; s a truncated polynomial in r variables whose constant term and linear part
are both zero.

Proof. (i) Easy induction on |a| shows that (627 o ---06")(1y) =

= (a2 + Z AR ') + terms of lower e-degree ) ® 1,
[(Ld)le=I(a,0)[e, [i[+]i|>lal
for any a = (ay,...,a,) € A, (the induction step is based on (3.4(11)) and Lemma
3.1). Due to Proposition 3.3 we have that
O -0 = praha + Y pihi,  pa 70, (12)
ieA,

where p; = 0 unless (n(h;), N(hi)) < (n(ha), N(ha)). Since this holds for any a € A,,
the monomials 67" ---60% with a € A, form a basis of H,(g) = Endgy(Q,)°. It
follows from (the proof of) Proposition 3.3 that for any k > 0, the cosets h; + H**
with i € A, and ), i;(n; +2) = k form a basis of gr,(H,(g)). Due to (3.4(12))
and Lemma 3.1 the cosets 67 --- 0 + H*! with i € A, and > ti(ng +2) =k
have the same property. To complete the proof of part (i) it remains to note that
0 -0 =0y -0 + H*' for any i € A, with Y. i;(n; +2) = k.

(ii) Combining (3.4.(11)) with Lemma 3.1 we deduce that [6;,60;] € H™*2 As in
the proof of Lemma 3.1, induction on |b| yields (p,(z°))(z°2¢ @ 1,) =

(2%t + Z Bijx® % py ([21, 75])2°T47% + terms of e-degree < |(c,b+d)|.—3)®1,.
1,

It follows that (p,(27zP))(2°29) =

_ (Ia—l—czb—i-d + Z aijxa—i-c—ei—ej [xi7 l’j]zb+d + Z ﬁijma—&-c—eipx([zi, :L“j])zb+d_ej
1<J 1,7

+ terms of e-degree < [(a+c¢,b+d)lc—3)®1,.
Together with (3.4(11)) this shows that (6; 0 6; — 6, 06;)(1,) =

- ([xl, z;] + Z pigrta + Z ,ui,jxizj) ®1,

|(Ld)le=nit+n;+2, [i[+]j|>2 [(Ld)]e<nitn;+2

for some ;5 € K. As a consequence, Tp, n; 42 n+n; ([Qi, 0;] — >, afj Qk) = 0.
On the other hand, part (i) of this proof shows that there exists a unique truncated
polynomial G;; in a1, . .. , z, such that [0;,0;]—>", _; af; 0, = Gi; (61, ... ,0,). Moreover,
it follows from the preceding remark that the linear part of g;; involves only those
for which wt(xy) < n; + n;. So there exists a truncated polynomial ¢;; in r variables

with initial form of degree at least 2 such that
[02'7 ‘gj] - ZOKZ' O — ql'j(‘gl, .. ,HT) c gritnitl
k=1

This completes the proof of the theorem. 0
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4. COMPLEX ANALOGUES OF (), AND H,(g)

4.1. Let G¢ be a simple, simply connected algebraic group over C, and H a connected
subgroup of G¢. Given a 1-dimensional torus v C H we denote by h(v,7) the weight
space of weight ¢ in h = Lie H relative to the adjoint action of v.

Let E be a nonzero nilpotent element of gc = Lie G¢. By the Bala-Carter theory
[3, Ch. 5], there exist a Levi subgroup L¢ C G and a 1-dimensional torus A = Ag in
L((Cl) such that €,., (8)(/\, i) is a distinguished parabolic subalgebra of () = Lie L((cl),
E €1c(N\2), Kerad E C @, 0c(A, i), and [E, gc(N,4)] = ge(\, i + 2) for i > 0.

There exists F' € I¢(\, —2) such that (E, [E, F], F) is an sly-triple in gc and Lie v =

C[E, F]. Let t =1k L<(cl ). By a result of Dynkin (or by the Bala—Carter theory), there
exist a maximal torus T of G¢ contained in L¢, a Chevalley system S = {E, , H, | o €
R = R(gc,T)}, and root vectors E,,,... ,E, € SNIg(A,2) such that v C T and
E=E,+ - -+E,, (see, eg., [39, (III, 4.29)]). The roots v, ... ,7 are Q-independent
in QR.
4.2. Fori € Zset gc(i) = ge(N, 7). Let N be alarge positive integer and A = Z[1/N!].
We denote by g4 the A-submodule of g¢ generated by S. This is an A-form in g¢
(in particular, a free A-module) and a Lie algebra over A. Clearly, gc = g4 ®4 C
as Lie algeras. Put gp = g4 ®4 Q. Since vq,...,7 are Q-independent and ¢ =
dimT N LY we have [E, F] € gg (for [E,F] € Lie TN LY and [[E, F), E] = 2E).
Since ) < [((Cl)()\,i) is distinguished in [V, the map ad E: l¢()\, —2) — [((Cl)()\,O) is a
linear isomorphism. Thus F' € gg as well. Enlarging N if necessary we may assume
that F' € g4.

Let x denote the Killing form of gc. Obviously, (g4, g4) € A. Representation
theory of sly implies that x(E, F') is a positive integer. In what follows we assume
that N > k(F, F) and denote by ®¢ the bilinear form x(FE, F)™" - x on gc. We let
® 4 be the restriction of ®¢ to g4. By our assumption, this form is A-valued.

Let p be a prime with p > N, K an algebraically closed field of characteristic p,
and g = g4 @4 K = (ga/pga) ®r, K. Let Gg denote a simple, simply connected
algebraic K-group such that gx = Lie Gix. The form &4 induces a Gg-invariant
bilinear form on gy, P say. Given X € g4 we denote by x the image of X under the
canonical homomorphism g4 — g4/pga and identify x with 2 ® 1 in gx. Note that
Qg (e, f) = 1. Since p > 0 the form ®x is nondegenerate. Define x € g by setting
X(X) = Oc(F, X) for all X € gc. Since x is A-valued on g4, it induces a linear form
on gr, XK Say.

By construction, g4 = @, 9.4(7) where g4(7)=ga(i)Nga. Let gx (i) = ga(i)QaK.
It follows from (4.1) that for any i > —1, the A-module [E, g 4(7)] is an A-lattice in
gc(A, @+ 2) (one should take into account that dimge(—1) = dim ge(1)). Enlarging
N if necessary we may assume that [E, ga(i)] = ga(i + 2) for all ¢ > —1. Then
ade: g (i) — gx(i + 2) is surjective for all i > —1. Since ®x is nondegenerate, a
standard duality argument shows that cg, (¢) C @,~ 9x (7).

4.3. Let ¥p denote the skew-symmetric form on gc(—1) such that ¥e(X,Y) =
Oc(E,[X,Y]) for all XY € ge(—1). Since ¢g is A-valued on g4(—1) it induces
a skew-symmetric bilinear form on gx(—1) denoted by .. By our discussion in
(4.2), both ¢ g and v, are nondegenerate. Also, ¥.(z,y) = Pk(e, [x,y]) for all z,y €

grx(—1). -



Let W={Z1,...,Z,Z ..., Zs} be a Witt basis of gc(—1) relative to ) contained
in gg. Enlarging NV if necessary we may assume that W is a free basis of the .A-module
ga(—1) (in particular, W C ga(—1)). Then {21,...,2L,21,...,2:} is a Witt basis
of gx(—1) relative to 1. Let gc(—1)° (respectively, gx(—1)°) denote the subspace
of gc (respectively, g ) spanned by the Z/ (respectively, z!). Let mc, = gc(—1)° @
@D, ,0c(i) and my,. = g (—1)° ® @,._, gk (i), nilpotent subalgebras in gc and
gx. Choose a free homogeneous basis Xi,...,X,, X,41,...,X,, of the A-module
D, 94(7) such that X, ..., X, is a basis of 3¢, = Kerad E over C (it exists because
ad E: ga(i) — ga(i+2) is surjective for all i > 0 and A is a principal ideal domain).

Then x1,. ..z, form a basis of @, 0x(i) and x1,... , 2, span cgy (e).

4.4. Given a Lie algebra L over a commutative ring and k € Ny, we denote by U*(L)
the kth component of the standard filtration of U(L), the enveloping algebra of L.
Let N, be the left ideal of U(mc ) generated by all X — x(X) 1 with X € m¢,, and
C, the 1-dimensional U(mc ,)-module U(mc,)/Ny. The image of 1 in C,, is denoted
by 1,. Let Q, = U(gc) ®U(me,) Cy and H,(gc) = End,.(Q,)°. The representation
of U(ge) in End (Q,) is denoted by f,.

Given (a,b) € N* x Nj we denote by X2ZP the monomial X .. Xam 70 ... 7b
in U(ge). By the PBW theorem, the vectors X173 ® 1, with (i,j) € Nj' x N3
form a basis of Q, over C. We assume that wt(X;) = n;, i.e., X; € ge(n;) where
1 <7 < m, and adopt for our new setting the notation of Section 3. For example,
given (a,b) € NI* x N3, we say that X2ZP has e-degree k, written deg,(X?ZP) =k,
if

(@, b)le =Y ai(ni+2)+ ) b=k

i=1 i=1
Lemma. Let (a,b), (c,d) € Nj* x N§ be such that |(a,b)|. = A and |(c,d)|. = B.
Then
(P (X2ZP)) (X2 ® 1)) = (X2 + terms of e-degree < A+ B —2)®1,.

Proof. Tt is well-known that

AESY (a) 2t uXt] - ZP (13)

i
ieNg

for any u € U(gc) (see [40, (5.7)]). Now repeat the proof of Lemma 3.1 applying
(4.4(13)) in place of (3.1(2)). O

4.5. Any h € H,(gc) is uniquely determined by its value h(1,) € Q. For h # 0 we
let n(h), N(h) and A} have the same meaning as in (3.2).
Lemma. Let h € H,(gc) and (p,q) € AP™. Then q =0 and p € N} x {0}.

Proof. Repeat verbatim the proof of Lemma 3.2 but apply (4.4(13)) in place of
(3.1(2)). O

4.6. For k € Ny we denote by H* the linear span of all 0 # h € H,(gc) with

n(h) < k. Put H=' = 0. It follows from Lemma 4.4 that the subspaces {H’|i € Ny}
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form a filtration of the algebra H, (gc). Moreover, Lemma 4.4 implies that the graded
algebra gr (H,(gc)) = @, H'/H'™" is commutative.

Theorem. (i) There exist ©4,...,0, € H (gc) such that

Or(1,) = (X5 + > NG X Z+ Y M X ) el
|(Ld)le=nk+2, [i[+]i|>2 |(1.d)]e<ni+2
where)\k GQand)\kb—Osz—O and a1 = -+ = ay = 0.

(ii) The monomials ©F* ... 0% with a; € Ny form a basis of F[X(g@) over C.

(iii) The elements ©; = ©;, + H" ' € gr (H (gc)) are algebraically independent and
generate gr (H,(gc)). In particular, gr (H,(gc)) is a graded polynomial algebra with
homogeneous generators of degrees ny + 2, na +2, ..., n, + 2.

(iv) Let 1 < i,5 <r. Then [0,,0;] =0,00, —0,00; € Hm 452 Moreover, if
X, X =>0, afj Xy in 3c, then

[@ia @]] = Z Oéfj @k + qij(@l, - :67“) (mOd f{m+nj+1)
k=1
where q;; 15 a polynomial in v variables whose constant term and linear part are both
zero.

Proof. Let UY (gx) denote the kth component of the standard filtration of the re-
duced enveloping algebra U, . (gx ). For k < p the canonical homomorphism U(gx) —
Uy (8x) induces a linear isomorphism between U*(gx ) and U}, (gk). Let Qf( (respec-
tively, Qfm) denote the subspace of Qx (respectively, Q) spanned by all X1Zi® 1,
(respectively, all 123 ®1,) with |(i,j)|. < k. Note that |(i,j)]. > [i| +|j|. So it follows
from our preceding remark that dimc Qi = dimg Qfm provided that p > k.

Recall that p > 0, in particular, p > max{n;+2|1 <i <m}. Let Cy,... ,Cpis_»
be a homogeneous basis of the free A-module ga(—1)°® @, _, g.4(i) where gA( 1)%is
the A-span of Z1, ..., Z.. The universality property of induced modules implies that
in order to construct 6 € ﬁx(g@) it suffices to find a collection {)\fJ} C Q satisfying
certain linear conditions (like Af; = 0 whenever |(i,j)]c = 7 +2 and |i| 4 [j| = 1) and
such that

Xk+Z)\kXZJ®1) Xk+Z)\""XZJ

for all i. Now (4.4(13)) and our discussion in (4.1)—(4.3) show that the left-hand
side of each of these vector equations can be expressed as a linear combinaion of
XZi® 1x> where |i| + |j| < p, with coefficients in A. So m + s — r vector equations
above together with the linear conditions imposed on {)\fJ} are equivalent to a system
of linear equations

D.-x=d
over A. Let D = (D|d) denote the augmented matrix of the system. We denote by
D, = (D, | d,) the matrix whose entries are the residues of the entries of D in A/p A.
Obviously, Dp is the augmented matrix of the linear system

D, -x=d,
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over IF,. Since py, (¢i) - Ok(1y,) = Xk (¢i) - 0k(1y ) for all i < m+s—r, our discussion
in (4.1)—(4.3) in conjunction with (3.4(11)) and (3.1(2)) shows that the latter system
has a solution over K. This, in turn, yields rk Dp = rk D,. Since this holds for almost
all primes we must have rk D = rk D. But then the former system has a solution over
Q proving (i).

For a € Ny we denote by ©2 the monomial ©f' --- 0% = 0% o---00% in H,(gc) =
Endg. (Q,)°. Straightforward induction on |a| shows that ©2(1,) =

= (X' X+ Z A X'Z3 4+ terms of lower e-degree) ® 1,
|(Ld)le=[(2,0)le, [il+il>]al

for some A\Y; € Q (the induction step relies on Lemma 4.4 and the form of the ©;’s).
As a consequence, AZ2* = {a}. From this it is immediate the monomials ©* with
a € Ny are linearly independent.

For (a,b) € Ny we let H** be the subspace of H,(gc) spanned by H* ! and all
h € H,(gc) with n(h) = a and N(h) < b. Let ¢ denote the unique bijection between
NZ and N with the property that ¢(a,b) < t(c,d) whenever (a,b) < (c,d). Suppose
that for all (i,i') with ¢(i,7') < k the subspace H*' is spanned by the ©2 satisfying
> =1 @j(n; +2) < (this is true for & = 1). Let (a,b) be such that t(a,b) = k + 1,
and h € H*® \ {0}. Lemma 4.5 says that A C {(i,0,...,0) x 0]i € Nj,}. By
our remarks earlier in the proof, there exist a;,... ,a;, € Nj, with |(a;,0)|. = a and
fi1s -, € Csuch that h € 320, 1,02 + D i<k H' . Note that (') < k forces
1 < a. Our earlier remarks now ensure that for any ¢ > 0, the monomilas ©# with
> i1 @j(n; +2) < form a basis of Hi.

As an immediate consequence we obtain that the ©* with a € Nj form a basis
of ﬁx(gc). As a second consequence we derive that the monomials O - Q% =
O ...0% + ! with > -y aj(n; +2) =i form a basis of ar;(H,(gc)) for all i > 0.
This implies that ©4, ... , O, are algebraically independent and generate gr (ﬁx(g@)).
Since each ©), is homogeneous of degree ny + 2 we get (iii).

To obtain (iv) one argues as in the proof of Theorem 3.4(ii) applying (4.4(13)) and
part (i) of this theorem in place of (3.1(2)) and 3.4(11), respectively. O

5. THE ADJOINT QUOTIENT AND THE SPECIAL TRANSVERSE SLICES

5.1. We retain the assumptions of Section 4. To ease notation we drop the subscript
C throughout this section and write G, g, ®, etc. in place of G¢, gc, Pc, etc. Set
¢ = ¢g(F) and ¢(i) = ¢ N g(A, i) (recall that ¢(i) = O for all positive 7). Identify
S(g*), the symmetric algebra of g*, with the algebra of regular functions on g. Let
f1,-.., fi denote algebraically independent homogeneous generators of the invariant
algebra S(g*)¥. Recall that deg f; = m; + 1 where my,... ,m; are the exponents of
the Weyl group of g.

In this section, we are concerned with geometric properties of the restriction, g,
of the adjoint quotient

(28 g—>Al7 x'_)(fl(x)a 7fl($))7
to the special transverse slice S = F + Kerad F'. By [35, Corollary 7.4.1], the mor-

phism g is faithfully flat. As a consequence, g is surjective and all its fibres have
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dimension r — . According to [36] (see also [38]) the fibres of pg are generically
smooth and irreducible. Given & € A! we denote by S¢ the fibre of pg above €. Tt
follows from [23] that

So=SNN(g) = (E+Kerad F) N N(g).

Let 7 denote the translation ¢ — S, = — E+x, an isomorphism of affine varieties,
and ¢ = pg o 7. Clearly,

P —s Al z— (Y1(@),..., i(z)),

is faithfully flat and ¢='(¢) = S; for any £ € Al. The scalar action of G,, on g,
given by (¢,v) — o(t)v := tv, commutes with the adjoint action of the 1-parameter
subgroup A. Following [35, (7.4)] we consider the G,,-action

p: G, — GL(g), t= o)A,

Each x € g decomposes uniquely as = ) . x; with ; € g(i). By construction,
p(t)x = >t "z;, hence both S and ¢ are p-stable. Arguing as in [35, Proposition
7.4.1] we get

vilz) = fiAE)(E +2))
= JETPE 4D ) =B 4 Y ) = £ ().

Therefore, 1;(p(t)x) = t*"i+2%);(z) for all z € ¢. In other words, the morphism
Y ¢ =@, (i) — Al is quasihomogeneous relative to p of type

(2my +2,...,2my+ 2,01+ 2,... ,n, + 2)
(see [35, (7.4)] for more detail). As a consequence, both Sy and 1~1(0) are p-stable.

5.2. Recall that an element = € g is called regular if dim ¢g(z) = [. It is well-known
that the set of all regular elements, g,q, is nonempty and Zariski open in g.

Proposition. Let x € ¢ be such that E + © € gee. Then (dv), is surjective.

Proof. Our proof will consist of three steps.
(a) By the differential criterion for regularity [23], the linear map

(dQO)E+z g — C"

is surjective. Let y,z € g and A € C. Since each f; is (Ad G)-invariant we have
that fi((expAad z).y) = fi(y). This forces (dfi),([z,y]) = 0 implying that (d¢)gis
vanishes on Im ad(F + ).

(b) Pick a basis v1,...,v, of ¢ and extend it to a basis vy,... , vy, Vpy1,... ,0q Of g.
For x = tjv; + -+ + t,v, we let M(tq,...,t,) denote the (d + r) x d matrix whose
rows are the coordinate vectors of [E+x,v1],... ,[E+z,v4],v1, ... , v, relative to the
basis {v; |1 < i < d}. Let Ay(z),...,Ay(z) be the d x d minors of M(ty,... ,t,)
and let Y denote the set of all y € ¢ for which A;(y) = 0 where 1 < i < N. Clearly,
Y={yec|c+Imad(E+y) C g}. Since the A;’s are polynomials in ¢y,... ,t,., the
set Y is Zariski closed in ¢. Tt is not hard to see that Y is p-stable. If Y # ) then
0 € Y (for all weights of p on ¢ are positive). But then ¢ + [E, g] # g contrary to the
fact that S is a transverse slice to the adjoint orbit of E. Thus Y = (), that is

c+Imad(E+y)=g (Vy € ¢).
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(c) Now let = € ¢ be such that £+ € g,.,. Let W be a subspace of ¢ complementary
to cNImad(E + x). Then, naturally, W NImad(E + z) = 0. By part (b) of this
proof, dimW = [. So we must have g = W & Imad(E + x). By part (a), the
linear map (d¢) g4, vanishes on Imad(E + z). Applying the differential criterion for
regularity [23] we deduce that the restriction of (d¢)g,, to ¢ is surjective. But then
(de)), : ¢ — C! is surjective, too. O

5.3. In order to prove the main result of this section we need to generalise the method
of associated cones [26, (I1.4.2)] to the case of a nonscalar G,,-action. We follow [26,
(I1.4.2)] closely. Let V' be a finite dimensional vector space over an algebraically

closed field K and

e G — GL(V), v — u(t)v,
a rational G,,-action. Then V' decomposes into weight spaces with respect to u, that
is V =@,, V (k) and p(t)vr = thvy for all t € K* and all v, € V(k). We assume that
all weights of p on V' are nonnegative, i.e., V(i) = 0 for all i < 0. By our discussion
in (5.1), the G,,-action p : G,, — GL(c) satisfies this assumption.

Identify V' (i)* with with the subspace of V* consisting of all linear functions &
with {(V(j)) = 0 for all j # i. Clearly V* = @,_,V(¢)*. This gives S(V*) = K[V]
a graded algebra structure, S(V*) = @,.,5(V*);. The torus p acts on S(V*) as
algebra automorphisms. -

Given a subspace M of S(V*) we let gr,M denote the homogeneous subspace of
S(V*) with the property that g € gr, M N S(V*), if and only if there is § € M such
that g — g € @,_, S(V*);. Obviously, the subspace gr, M is p-invariant. If M is an
ideal of S(V*) then so is gr, M.

Given a subset X CV we set Ix = {g € S(V*)|g(X) = 0} and define

K, X :={veV|f(v)=0 forall fegr,lx}.

By construction, K,X is a Zariski closed p-stable subset of V. We call K,X the
pu-cone associated with X.
The operations gr, and K, have the following properties:

(1) If I and J are two ideals of S(V*) satisfying I C J then gr, I C gr,J.

(2) gr, VI C /gr, I for any ideal I of S(V*).

(3) grul -gr,J Cgr,lJ Cgr,INgr,J for any two ideals I, J of S(V*).

(4) The correspondence X +— K, X respects inclusions and has the property that
K, (XUY)=K,XUK,Y forall X,Y C V.

(5) For any subset X C V the pi-cone K, X is contained in p(K*).X and dim K, X =
dim X. Moreover, if X is Zariski closed and irreducible then all irreducible
components of K, X have the same dimension.

Here (5.3.1)—(5.3.3) are obvious and (5.3.4) is a direct consequence of (5.3.3). The first
part of (5.3.5) is clear: since I,k+)x is p-stable it is a homogeneous ideal contained
in Iy, hence also in gr,/x. The second part of (5.3.5) is proved below by using a
straightforward modification of the argument from [26, Ch. II, Theorem 4.2.2].

We may assume (without loss ot generality) that X is Zariski closed. Define a
G,,,-action

i G, — GL(V @ K)
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on V @ K by setting fi(t)(v, 1) = (u(t)v,t) for all v € V. Let
X' =u(KNX x {1}) = {(pN)z,\) e VB K|X € K", z € X}.

Let Z be the Zariski closure of X’ in V @ K and n: Z — K the (nonzero) regular
function on Z induced by the projection V @& K — K. Let R = S(V*). Then

d
KIVoK =R[t] =€ R[ts  Rltla=>_ Rit""
d>0 i=0
For a homogeneous f = Z?:o fit?=" € R[t]g and A € K we have that f(u(\)v,\) =
A\ Z?:o fi. Therefore, f € I, if and only if Z?:o fi € Ix. Since the ideal I, is
fi-stable we deduce that (z, \) € Z for A # 0 if and only if z = p(\)z for some x € X.
It follows that

770 = (V)X x A} X if A#0.

For g = Z?:o 9 € R, ga # 0, set g = ch‘l:o git?=t. Clearly, g(v,0) = gq(v) and
Ix ={g|g € Ix}. Therefore, (v,0) € Z if and only if v € K,X. In other words,

ZN(Vx{0}h)=n"0)=K,X x {0} 2K, X.

By construction, X’ = X x K*. Thus if X is irreducible then so is Z, and dim Z =
dim X +1. From this it is immediate that all irreducible components of K, X = n~1(0)
have dimension equal to dim X. Using (5.3.4) we derive that dimK,X = dim X for
reducible X, too.

5.4. We are now in a position to prove the main result of this section.

Theorem. Let &£ = (&,...,&) € Al and v=1(€) = {z € ¢|¥(z) = £}

(i) The ideal 1,1 () is generated by Yy — &y, ... b — &.

(ii) The closed set ~1(€) is an irreducible, normal complete intersection of dimension
r—1nc.

(iii) Let z € ~1(§). Then E + z € greg if and only if z is a smooth point of =1 (&).

Proof. (1) According to [35, Lemma 5.2] the fibre ¢g' ps(E +2) is normal and E+ 2 €
S is a smooth point of the fibre p3'¢g(E + 2) if and only if E + z € gree. By (5.1),
pg is surjective and ¢g'ps(E + 2) = E + 1~ 14(2). Hence ¢~19(z) is normal and z
is a smooth point of ¢~ (z) if and only if E + z € gyee, proving (iii).

(2) Let R = Clc¢]. Clearly, ¢1,... ,¢; € R. Let ag denote the linear span of ¢; — &
where 1 < i < [. By our discussion in (5.1), dim¢~!(¢) = dim¢ — [. Since ¥~1(§) is
the set of all common zeros of the ideal

aclR = (1 — &1yt = &)
and R is a polynomial ring, the ring R/aR is Cohen-Macaulay (see, e.g., [9, Propo-
sition 18.13]).

Let J denote the ideal of R/a¢R generated by all [ x [ minors of the Jacobian matrix
J = (0¢;/0z;), taken modulo a¢R, and

€ ={z e v (§)|g(x) =0 forall g€ J}.
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Since ¥ ~1(€) is normal Sing(¢~1(€)), the set of all singular points in 1 ~1(¢), has
codimension < 2 in ¥ 71(&) (see, e.g., [34, Ch. II, Theorem 5.3]). By part (1) of this
proof,

YH(E) — Sing(¥T(€)) = (—E + greg) NYT(E).
So Proposition 5.2 yields that ~!(£)° has codimension > 2 in ¥ ~'(£). Applying [9,
Theorem 18.15] we now deduce that R/acR is a direct product of domains. As a
consequence, the scheme-theoretic fibre of ¢ above ¢ is reduced, proving (i).

(3) It remains to show that each ¢)~1(£) is irreducible. We first consider the null-fibre
of . By (5.1), p acts on ¢~(0) and gives C[t)"1(0)] = Cl[¢]/(¢1, ... ,%;) a graded
algebra structure. Since all weights of p on ¢ are positive the zero part of this grading
is C. But then 1 is the only idempotent of C[t)~1(0)] (because the algebra C[y~1(0)]
is reduced). So it follows from (2) that C[t)"'(0)] is a domain, i.e., the null-fibre
¥71(0) is irreducible.

(4) We now consider an arbitrary fibre of 1) making use of the operation gr, introduced
n (5.3). Clearly, groas = ag. Let C be an irreducible component of ~*(€). Due to
(5.3.2), the irreducibility of ¢~1(0), part (2) of this proof, and (5.3.5) we get

apR C grpacR C grplc C y\/grplc = Ly-1() = aoRR.

Then gr,a:R = gr,Ic hence acR = I (by (5.3.1)). We deduce that a¢R is a prime
ideal, completing the proof. O

Remark. The above argument can be carried out over K if p = char K is not too
small. To get a modular version of Theorem 5.4 valid for all very good primes one
has to replace the special transverse slice e + ¢g, (f) by a good transverse slice to the
adjoint orbit of e (see [37, 38]).

6. NONCOMMUTATIVE DEFORMATIONS OF THE GRADED ALGEBRA C[)~1(0)]

6.1. In this section, our ground field is C and we retain the assumptions and conven-
tions of Sections 5 and 6. We denote by Z(g) the centre of the universal enveloping
algebra U = U(g). Recall that U* denotes the kth component of the standard fil-
tration of U. By the PBW theorem, gr(U) = S(g) as graded algebras. The Killing
isomorphism z — ®(z, -) enables us to identify the graded (Ad G)-algebras S(g) and
S(g*). Since g = ¢ & [E, g|, by the s[(2)-theory, and [E, g is orthogonal to 3, under
®, the Killing isomorphism induces an isomorphism, &, between the (Ad \)-algebras
Clc] and S(3y)-

There exist algebraically independent f; € Z(g) N U™*, 1 < i < [, such that
Z(g) = C[f1,..., fi] and gr f; = f; for all i (see, e.g., [7, (7.4)]).

6.2. Let T C G be as in (4.1) and t = Lie7. Since the Harish-Chandra homomor-
phism Z(g) — U(t) is injective so is the restriction of j, : U — End(Qy) to Z(g).
In what follows we identify Z(g) with a central subalgebra of H,.

Since f; € Z(g) is fixed by the adjoint action of A = Ag on U it is not hard to see,
using a suitable PBW basis of U, that f;(1,) is a linear combination of X2ZPF¢(1,)
with |(a, b)|. — 2¢ = 2|a| + 2|b| and |a| + |b| 4+ ¢ < m; + 1. Moreover, since gr f; has
degree m; + 1 in S(g) at least one vector X2ZPF¢(1,) with |a|] + |b| + ¢ = m; + 1

occurs in fi(1,). It follows that f;(1,) is a linear combination of X2ZP ® 1, with
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|(a,b)|. < 2m; + 2 and at least one basis vector X2 @ 1, € Q, with |(a,b)|. =
2m; + 2 occurs in f;(1,). This implies that

fi e [2mit+? \ I_?2mi+17 1<i<l.

6.3. We denote by 1); the image of f; in grgmiJrQ(lf[X). The dth homogeneous compo-
nent of the polynomial algebra Cl[c¢] viewed with the grading induced by the action of
p is denoted by C[c|q. For 1 <k <7 set § = £(Xg)|. and view &, as a homogeneous
polynomial function on ¢ of degree ny + 2.

Proposition. There exists an isomorphism of graded algebras o : gr(flx) — C|¢]
such that 5(0},) = & for 1 <k <r and (5(1/32) = for 1 <i<|I.

Proof. Adopt the notation of (4.1) and let M denote the subspace of g spanned by
Zi,..., Zsand X1,..., X, X,41,..., X;n. The e-degree of monomials X2ZP € S(M)
is defined as in (4.4) and gives S(M) a graded algebra structure. In view of Lemma
4.4 there is an embedding of graded algebras ¢’ : gr([:IX) — S(M). Define an algebra
homomorphism v : S(M) — S(3y) by letting v(Z;) = 0 for all 4, v(X;) = 0 for
i>r, v(X;) =X, for 1 <i < r, and extending algebraically. Let ¢” denote the
restriction of v o &' to gr(H,). Using Theorem 4.6(i) it is not hard to observe that
§"(0}) = X, for all k. So it follows from Theorem 4.6(iii) that ¢” is an isomorphism
of graded algebras.

Let g(—2) = {x € g(—2)|®(x, E) = 0}. By our discussion in (4.2), g(—2) =
g(—2)' @ CF. Extend v to an algebra homomorphism 7 : S(g) — S5(3y) by letting
v(Z;) = v(g(—2)) = (g(i)) = 0 for all i < -2 and j < s, and 7(F) = 1. From our
discussion in (6.2) it follows that

O"(¢n) = p(grfi),  1<i<l,
where glrfi~ denotes the image of fi}n Smitl(g) = ygmitl /ym, On the other hand,
(RoD)(grfi) =, by the choice of f;. Let 6 = Ko ¢”. Then § : gr(H,) — Cl¢] is an
isomorphism of graded algebras and d(v);) = v; for all 7, as desired. O
6.4. Let n: Z(g) — C be an algebra homomorphism and C,, = Z(g)/Kern. Define
ﬁx,n(g) = ﬁx,n = ﬁx Rz Cy = ﬁx/gx - Ker.

Set J, = Hy - Kern, J& = J, N H* and H*, = (H* + J,)/J, = H*/J* where
k € No. Notice that gr(J,) = @5, (JF + H*1)/H* is a graded ideal of gr(H,)
and {]:I;zn |k € Ny} is a filtration of the algebra H, ,(g). We denote by gr(H,,) the
associated graded algebra. It is easy to see that

gr(Hy ) = gr(Hy)/gr(Jy)
as graded algebras. Recall that the coordinate ring C[)71(0)] = C[So] is naturally
graded by the action of the 1-dimensional torus p (see (5.1)).

Theorem. The graded algebras gr(H, ) and Cltp=1(0)] are isomorphic.

Proof. (a) By Theorem 5.4(i), the ideal I,,-1(g) is generated by 1, ... ,4y. Therefore,
in view of Proposition 6.3, it suffices to show that the ideal gr(J,) is generated by

Y1, ... 0. Note that i € gr(J,) for all i. Let Z denote the subalgebra of gr(ﬁx)

generated by the v;’s. Combining Proposition 6.3 with [35, Corollary 7.4.1] and our
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discussion in (5.1) we observe that gr(H,) is a flat Z-module. Since S is a transverse
slice to the orbit (Ad G)- E, the polynomials 11, ... ,1; are algebraically independent.
Using Proposition 6.3 we now obtain that so are 1/)1, e ,z/jl

For k € Ny, set Z*(g) = Z(g) N H*. Let n; = n(f;) where 1 < i < I. By our final
remark in (6.2), f; — m € Z¥™+2(g). It follows from our discussion in (a) that there
exists an algebra isomorphism ¢ : Z(g) — Z such that £(f; — n;) = o for all 4. Tt
sends ZF(g) onto Z N @, ., gri( Hy).

(b) Let z € J¢\ J¢~'. Then z = S wi(fi — ) where u; € H* \ H%! for some
k; € Ny. Of course, such a presentation of z is not unique, and we are going to
minimise

No :=max{k; +2m; + 2|1 <i <[}
which depends on the presentation. By our assumption on x we have that Ny > d.
Suppose the presentation is such that Ny > d and let Zo = {i < 1| k;+2m;+2 = Noy}.

Then Zy # () and
Zgruz ~gr(f Zgrul Z—O

€Ly 1€21o

is a nontrivial homogeneous relation in gr(f,). By our discussion in (a), gr(H,)
is a flat Z-module. Applying the Equational Criterion for Flatness (see, e.g., [9,
Corollary 6.5]) we deduce that there are a;; € Z and u); € gr(H,), homogeneous with
dega;; + degu’; = k;, such that

gI‘(UZ) = Z aiju; and Z aij'l;i =0 (14)
J i€y

for all i € Ip and all j. Choose @, € H, and a; € Z(g) with gr(i#;) = u; and
£(aij) = a;;. Since ¢ is an isomorphism of algebras the second part of (14) yields

Y a(fi—m) =0 (V)). (15)

i€Zp

It follows from (15) that

- Buion) = Tutdow - (Sa)io

1€Zo J
ISP STR YA ST
i2To i€y J

The first part of (14) shows that
=) ayi, € HY
J

for all i € Zy. It follows that Ny of the new presentation of z is smaller than that of
the initial one. Continuing this process we eventually arrive at a presentation of x
with Ny = d.
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(c) As a consequence, we can assume that © = S\_ u;(f; —n;) where k;4+2m; +2 < d
for all 7. Then

gr(z) =Y ar(u)d; € gr(Jy),

i€Zp

implying that gr(.J,) is generated by 1;1, cee 121 and thereby completing the proof. [J

6.5. Recall that Proposition 6.3 identifies the graded algebras gr(H, ) and Clc].

Proposition. (i) The product in H, induces a Poisson bracket { -, -} on Clc] such

that
{gia g]} = Z afj gk + q'ij(é-lv e 75?‘) S C[c]n¢+nj+27
k=1
where afj are as in Theorem 4.6(iv) and qj; is a polynomial in r variables whose

constant term and linear part are both zero.
(11) If the Lie algebra 3, is nonabelian then there is a homomorphismn : Z(gc) — C
such that the algebra H, , is noncommutative.

(111) If [3x, (3x:3x)] # O then for any n: Z(g) — C the product in H,, induces a
nonzero Poisson bracket on C[y)~*(0)].

Proof. Let h € H* and h' € H®. Then [h, '] € H***~2 by Theorem 4.6 and Leibniz
rule. As a consequence, we can define a graded C-bilinear skew-symmetric bracket

{-, -} gr(Hy) x gr(H,) — gr(H,) by setting
{h+H"" W + H"'} = hh' — W'h+ H*P8,
It is straightforward to check that the bracket {-, -} satisfies Jacobi identity and

Leibniz rule, hence is a Poisson bracket on gr(H,). Part (i) now follows from Theorem
4.6(iv), Proposition 6.3 and the definition of {-, - }.
Now suppose H,, is commutative for any n: Z(g) — C. Let V be any simple

H,-module. Since gr(H,) = C|c] is finitely generated and commutative, Quillen’s
lemma shows that Endy (V') consists of scalar operators (see, e.g., [7, Lemma 2.6.4]).
It follows that Z(g) C H, acts on V via a central character ' : Z(g) — C. Then J,,
annihilates V. Since V is an arbitrary simple le—module and [ﬁx, FIX] C J, by our
assumption, we deduce that [H,, H,] is contained in J(H,), the Jacobson radical of
H,. For any z € J(H,) the element 14z is invertible in [, (see, e.g., [7, Proposition
3.1.12]). Suppose x € J(H,) is such that x € H*\ H*! for some k > 0. Then
1+x € H*\ H*' also. Let y € H, be such that (1 + x)y = 1. There is t > 0 such
that y € H*\ H'"'. Since gr(H, ) = C[c] we must have (1+z)y € H**\ H*~1. But
then (1 + z)y # 1, a contradiction. Since H® = C1 we derive J(H,) = 0. Therefore,
FIX is itself commutative, which forces the Poisson bracket {-, -} to be identically
zero on C[c]. Part (i) of this proof now shows that all structure constants of the Lie
algebra 3, vanish, hence (ii).

For (iii), let I denote the ideal of C[c] generated by &;,...,&.. Clearly, I* is a
Poisson ideal of C[¢] for any £ > 0. Combining Theorem 5.4(i), Proposition 6.3
and Theorem 6.4 we obtain that the image of gr(.J;) in C[¢] coincides with I,-1(g) =

(V1,... ;). It follows that I,-1(g) is a Poisson ideal of C[¢] and the natural Poisson
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bracket on C[t)~1(0)]/Iy-1() coincides with that induced by multiplication in H,,.
Since [0y, f;] = 0 we have that {&,1;} = 0forall 1 <4 <7 and 1 < j <1 (this is
immediate from Proposition 6.3).

The Poisson bracket on Cl¢] gives the factor space I/I? a Lie algebra structure. By
part (i), 3, = I/I?* as Lie algebras. Let U denote the linear span of all ¢;. It follows
from our preceding remark that ¥ 4 I? is contained in the centre of the Lie algebra
I/I% If {-, -} induces the zero bracket on C[)~*(0)] then {&;,&;} € ¥ + I? for all
1 <14,7 <r. But then [3,,3,] is a central subalgebra of 3, forcing [3y, 3y, 3x]] = 0.
The proof of the proposition is now complete. O

Remark 1. It is proved in [42] and [27] that 3, is abelian if and only if £ is a regular
nilpotent element in g (Springer and Steinberg posed this as an open problem in [39,
(III, 1.18)]). The proof in [42] is computer-free.

Remark 2. Proposition 6.5(ii) leaves is a lot of room for improvement. The following
question seems relevant:

Is it true that for any two-sided ideal I of ﬁ[x, the centre of the quotient algebra ]:IX/I
coincides with the image of Z(g) in H,/T?

The answer is positive in the two extremes. If y = 0 then ﬁx = U(g). Let Z be a two-
sided ideal of U(g) and A = U(g)/Z. According to [7, Proposition 4.2.5], the centre
of A coincides with the image of Z(g) in A (this follows easily from the semisimplicity
of the adjoint action of g on U(g)). For the regular nilpotent case, see our discussion
in (7.2).

Remark 3. Proposition 6.5(iii) in conjunction with [42, Lemma 2.4]) shows that the
Poisson bracket on C[)7(0)] induced by {-, -} is nonzero for all nondistinguished
nilpotent elements in g. Of course, it should be nonzero for all nonregular ones. In
the next section we will compute this Poisson bracket in the subregular nilpotent
case.

7. SOME SPECIAL CASES

7.1. Suppose the nilpotent element E in g = g¢ (respectively, e in g = gx) is even.
Then g(k) =0 for k odd and m, = >_,__, g(i) (see (3.1) for more detail). Moreover,

Qy = U(Yi5008(0) and Q) = Uy (Y150 0(0) = U[pj(zizog(i)) as vector spaces. It
follows from our discussion in (4.5) and (3.2) that H, and H, can be identified with
subalgebras of U(>",-,8(i)) and UP/ (>, g(i)), respectively. The PBW theorem
implies that there exists a natural projection U( Y., a(i)) — U(g(0)) (respectively,
UP(Y..08(i)) — UP(g(0))), a surjective algebra homomorphism. The restriction

of this projection to H, (respectively, to H,) induces an algebra homomorphism
p: H, — U(g(0)) (respectively, ul”!: H, — UPl(g(0))). Inspired by similarity
between the algebras fIX and BRST quantisations of finite W algebras (see, e.g., [5])
we call u (respectively, ulP!) the Miura homomorphism from H,, to U(g(0)) (respec-
tively, from H, to UP/(g(0))).

In the modular case, it follows from Engel’s theorem that the [p|-nilpotent ideal
> iv08(7) of the restricted Lie algebra p. = > .., g(i) acts trivially on any simple

UP(p,)-module. From this it follows that the kernel of the projection UP(p,) —»
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UP/(g(0)) is contained in the Jacobson radical of UP!(p,). As a consequence, the kernel
of /P! is a nilpotent ideal of H,, hence acts trivially on any simple H,-module. Thus
simple g-modules with p-character x are in one-to-one correspondence with irreducible
representations of ulP/(H,), the image of H, under the Miura homomorphism. In the
subregular nilpotent case one is essentially reduced to a mysterious subalgebra of

Ul (s1(2)).

Remark. If g = g¢ and x is regular nilpotent then the Miura homomorphism g is
injective (indeed, u is essentially the Harish-Chandra homomorphism in this case).
Probably this holds for any even y (cf. [5, Theorem 5]).

7.2. Suppose E is a regular nilpotent element in g = g¢c. Then dime¢ = [ and
¥ : ¢ — Al is a p-equivariant isomorphism of affine varieties (see [35, Lemma 8.1.1
and Corollary 7.4.2]). This means that C|c| is generated by 1, ... ,1;. By Proposition
6.3, gr(H,) is generated by gr fi,...,gr fi. A standard filtration argument now shows
that Hx is generated by fi,..., f;, that is I:IX = Z(g). It should be mentioned that
in the regular case the module Q, is generated by a Whittaker vector (see [24]). So
the equality H, = Z(g) can also be deduced from the main results of [24]. In the
modular case, one can use a similar argument to show that if char K is very good for
grx and x = xx is regular nilpotent then the algebra H, (gx) coincides with Z,, the
image of the centre of U(gx) in H,. The latter also follows from [28, Theorem 12]
and Theorem 8.2 of this paper.

7.3. Compared with the regular nilpotent case, the case of a subregular nilpotent
X is much more interesting and leads to a deep modular representation theory (see
[18], [19]). Until the end of this section we assume that F is a subregular nilpotent
element in g = gc. In this case, it was conjectured by Grothendieck and proved by
Brieskorn that, for g of type A, D, E, the affine variety ~1(0) is a surface with an
isolated rational double point of the type corresponding to the Lie algebra g. More
precisely, 1 ~1(0) is isomorphic to the Kleinian singularity C?/T" where I' C SLy(C) is
the binary polyhedral group whose Coxeter-Dynkin-Witt diagram A(I") has the same
type as the Dynkin diagram of g. Detailed proofs of Brieskorn’s results, outlined in
[1], can be found in [35]. Slodowy also extended Brieskorn’s results to include the
remaining simple Lie algebras (i.e., those of type B;, C;, Fy and Gs).

Set w; = n; +2 and d; = 2m; + 2 where 1 <4 <rand 1 < j <[ (in the present
case r = | + 2). According to [35, Proposition 7.4.2], we can choose basis vectors
X; € 3, and homogeneous polynomial invariants f; € S(g*)¢ such that w; = d; for
1 <4 <1 —1. The p-weights w; ... ,w;1o are given in the table below:
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’Type‘dl dy dg --- dj_3 dj_s di— \ d; \wz Wi41 wl+2‘

A |14 6 8 ..o 20—-4 20—-2 20 |20+2]2 1I+1 [I+1
B |4 8 12 ... 4 —-12 4 -8 4 —-4| 4 2 21 21
G |4 8 12 ... 4—-12 4 -8 4 —-4| 4 4 20-2 2]
D |4 8 12 ... 4—-12 40-8 21 |4 —-4|4 20—-4 2]—-2
Es |4 10 12 16 18 24 6 8 12
E; |4 12 16 20 24 28 36 8 12 18
Eg |4 16 24 28 36 40 48 60 |12 20 30
Fy |4 12 16 24 6 8 12
Gy | 4 12 4 4 6

which also lists the degrees dy, ... ,d;. This table is taken from [35, (7.4)] for reader’s
convenience.

7.4. According to [35, Lemma 8.3.1], the differential of ¢ : ¢ — Al = C! has
rank [ — 1 at 0. Therefore, by [35, Lemma 8.1.2|, there are direct decompositions
Cl=V®Ayand ¢ 2 C'® C? = V @ ¢, with all summands p-stable and with
dimV =1 —1, as well as a p-equivariant polynomial automorphism « of ¢ such that
Yvoa: Vdeg — V@ Ay has the form

(v,¢) — (v,¢'(v,¢)) (veV,céec)

where ¢ : ¢ — Ay = A! is a polynomial function on ¢. Moreover, p operates on V/
with weights dy = wy ... ,dj—1 = w;_; (see [35, (8.2)]).

Looking at the comorphism of 1) o « is not hard to observe that one can adjust the
homogeneous basis X1, ..., X, of 3, in such a way that ¢, = {oa ! for 1 <i <[—1.
Set u=a &), v=a"1(& 1), w=a"(&2). Since a is p-equivariant we have that
u € Clcly,, v € C[c]y,,, and w € C[cly,,,. Since o is a polynomial automorphism of ¢
the elements 1, ... ,1¥;_1, h, u, w form a system of free homogeneous generators for the
graded polynomial algebra C[c ] Combining Proposition 6.3 with a standard filtration
argument we now deduce that there exist @ € H*, o € H"+ and @ € H"+2 such
that the elements fl, . fl 1 thogether with @, v and w generate H as an algebra.
More precisely, we obtaln the following.

Proposition. If E is subregular nilpotent in g = gc then the algebra I:IX 1S a free

module over its subalgebra Z' = C[fy,..., fi_1]. Moreover, the monomials u*t"w°

with a,b,c € Ny form a free basis of HX over Z'.

Remark. Proposition 7.4 has a modular analogue valid under the assumption that
p = char K is a very good prime for the root system of G.

7.5. We denote by I the ideal of Cl¢] generated by v, ... ,¢;,_1. By our discussion
n (6.5), Iy is a Poisson ideal of Cl¢]. As usual, we identify the graded algebras C|c|/I
and C[cg]. The rest of this section is devoted to computing the Poisson bracket on
Cl[c]/Iy induced by {-, - }.

Since « preserves both ¢g and V' the cosets ' = u+ Iy, y' = v+ Iy and 2/ = w+ I
form a free system of homogeneous generators for Cl¢|/Iy. Let f = 1, + . Recall
that p acts on ¢y and f is a quasihomogeneous polynomial relative to p of type
(dy; wy, w1, wis2). According to [35, Proposition 8.3.2], there exists a p-equivariant
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polynomial automorphism 3: ¢y — ¢¢ such that f o 3 has the normal form of a
rational double point. This form is given in the second column of the table below.

[ Type | I {z,y} | {z,2) | {y,z} |
Ay l>1 o+ yz Yy —z (I+1)a!
B, 1>2 22 4+ yz y —z 2zt
Ci, 1 >3] ot 4+ ay? + 22 2z —2xy o' + o2
Dy l>4 a7 a2+ 22| 22 —2zy | (I —1D)at"2 442
Es xt + 3+ 22 2z —3y? 423
E; 23y 4+ 3 + 22 2z | —a3 — 3y? 322y
Ex x® + 3+ 22 2z —3y? 5t
Fy xt + Y3 + 22 2z —3y? 423
Gy 3 + xy? + 22 2z —2xy 322 + 12

Since 3 can be lifted to a p-equivariant polynomial automorphism of ¢ we may assume
without loss of generality that f has the normal form with respect to 2/, ', z’. There

exist homogeneous polynomials 71, ... .71 € C[t)q,... ,¥_1,u,v,w] such that
-1
wl = f(uavvw)+z¢iri- (16)
i=1

7.6. Suppose the Poisson bracket { -, -} is identically zero on Clc]/Iy (this implies
Iy # 0, hence g is not of type A;). Let I denote the ideal of C[c] generated by
U1y U1, u,v,w, and Iy = Cliy, ... 1] N Iy. Since 3, is nonabelian (by [42])
we must have

{{u, v}, {u,w}, {v,w}} ¢ I- Iy (17)

(otherwise {p,q} € I? for all p,q € C[¢] contrary to Proposition 6.5(i)). Since
1, ... W1, u,v,w are free homogeneous generators of Clc] (see (7.4)),

Cle]/I§ = Clu,v,w] ® Cl¢py, ... ;] /1§

as graded algebras. From this it is not hard to deduce that, for any £ > 1, the
factor algebra Clc]/(I2 + I* - Iy) has basis consisting of the cosets of u®v w)? where
1<i<l-1,0<d<landatbtec<kifd=1.
7.7. Tt follows from (7.5(16)) and our assumption on { -, - } that {g, f(u,v,w)} € I3
for any g € Clu, v, w].

Suppose g is of type A; where [ > 2. Then f(u,v,w) =u

w{u, v} +v{u, w}, v{v,w} — (1 + Du'{u,v} € I2.
From Table 7.3 we get {u,v} = M)y (mod I - Iy), {u,w} = mwpy (mod I - Iy) and
{v,w} = vi;_1 (mod [ - Iy), where A\, u,v € C and d = (I — 1)/2. In particular,
A =p=0if [ is even. In any event,
(v + M)y, voy_y € IZ+ I* - L.

But then A\ = y = v = 0 (see our final remark in (7.6)). Since this contradicts
(7.6(17)) we deduce that g is not of type A;. A similar argument shows that g is not
of type B;.

1 4 vw forcing
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Suppose g is of type C; where [ > 3. Then f(u,v,w) = u' + uv? + w? hence
2uv{u, v} + 2w{u, w}, 2wiv,w} — (v* + W) {u,v} € IZ.

From Table 7.3 we get {u,v} = M)y, (mod I - 1y), {u,w} = ppg, (mod I - Iy) and
{v,w} = viy_; (mod I - Iy), where \,u,v € C, dy = 1/2 and dy = (I +1)/2. As
a consequence, A\ = 0. Computing modulo IZ + I? - [y and using (7.6) we obtain
A= pu=0. Since [ > 3 we have 2vwi;_; € IZ + I - I, yielding v = 0. Therefore, g is
not of type C;. Arguing similarly we deduce that g is not of type D;.

If g is of type Eg then f(u,v,w) = u* +v* +w? Also, {u,v} = A3 (mod I - Iy),
{u,w} = pby (mod I - 1Iy) and {v,w} = vip5 (mod I - Iy) for some A\, u, v € C (see
Table 7.3). It follows that

3v*{u, v} + 2w{u, w}, 2w{v,w} — 4u*{u,v} € I3.

Computing modulo 12 4 I* - Iy (respectively, modulo I3+ I? - Iy) we derive A = p = 0
(respectively, ¥ = 0). Thus g is not of type Fg. A similar reasoning shows that g is
not of type Fj.

If g is of type Fy then f(u,v,w) = uv + v3 + w?. Therefore,

(u® + 3v*){u, v} + 2w{u, w}, 2w{v,w} — 3u*{u,v} € I.

A quick look at Table 7.3 yields {u,v} € I - Iy, {u,w} = M5 (mod I - I) and
{v,w} = ubg (mod I - Iy). Computing modulo I3 + I* - Iy we get A = = 0. Hence
g is not of type E7.

If g is of type Eg then f(u,v,w) = u®+ v + w? whence

3vH{u, v} + 2w{u, w}, 2w{v,w} — 5u*{u,v} € I2.

From Table 7.3 we get {u,v} € I - I. Computing modulo I + I? - I we deduce that
{u,w},{v,w} € I -1y as well. If g is of type G5 then it follows from Table 7.3 that
{u,v},{u,w}, {v,w} eI I.

We have proved that the Poisson bracket { -, -} is nonzero on C[¢]/I; in all cases.
7.8. We are now in a position to prove the main result of this section.

Proposition. The Poisson bracket {-, -} is nonzero on C|c|/Iy. Moreover, there
exist free homogeneous generators x, y, z of Clc|/Iy such that f has the normal form
of a rational double point with respect to x, y, z and the values {z,y}, {x, 2}, {y, 2}
are as in Table 7.5.

Proof. According to (7.7), the Poisson bracket { -, - } is nonzero on Cl¢]/[y. Being a
polynomial algebra, Clc]/Ij is a unique factorisation domain.

Suppose g is of type A;. Then z/™! + /2’ = 0 hence 2/{2’,y'} + ¢y'{2/.2'} =
v{y, 2’} — (I + Da2'{2’,y'} = 0. In particular, ¢’ |{z’,9'}. Since y' and {z’,y'}
have the same degree we must have {z/,y'} = Ay’ for some A\ € C*. This implies
{2/, 2"} = =Xz and {¢/,2'} = (I + DXa''. Setting x = aa’, y = By, z = (2
where a/*! = 32 = A\~ we achieve A = 1. For g of type B;, one argues similarly
to obtain that after a suitable linear substitution, {z,y} = vy, {z,z} = —z and
{y,z} = (21 + 1) 22

Suppose g is of type C; or D;_; where [ > 3. In this case 2/' + 2/y'> + /2 = 0
yielding 2z'y'{2,y'} + 22/{2', 2’} = 22'{y/, 2’} — (12’7 + y'*){2',y/'} = 0. It follows
that 2’ |{2,y'}. Since {2/,y'} and 2’ have the same degree (see Table 7.3) we get
{2y} = 2)\2' for some XA € C*. Then {2/, 2’} = —2\2'y’ and {y/, 2’} = M(lz'"1+y?).
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Setting x = az’, y = By, 2 = v2' with a = (4\?)7, 5% = o!~! and 72 = o! we achieve
A = 1. For g of type G5, we argue as in Cs-case to obtain that after a suitable linear
substitution, {z,y} = 22, {z, 2} = 2xy, {y, 2} = 32 + y*.

Suppose g is of type Fg or Fy. Then 2/* + ¢/ + 2/ = 0 forcing 3y*{z’,y'} +
2:/{a!, 2}y = 22/{y, 7'} — 42’3{2’,y/} = 0. This implies 2’| {2/,y'}. According to
Table 7.3, 2/ and {2’,y'} have the same degree. Therefore, {z/,y'} = 2A2’ for some
A € C*. This, in turn, yields {2/, 2’} = —3\y/? and {v/, 2’} = 4 2’3, Setting v = ax’,
y =Py, 2=z with a* = 32 = +? and a = (8)\*)~! we achieve A = 1.

A similar argument shows that for g of type Fr, {2/, 3/} = 2\2/, {2/, 2’} = —\(2/3 +
3y, {y, 7'} = {y/, 7'} = 3\a'?y/, while for g of type Eg, {z/,y'} = 22/, {2/,2'} =
3\y2, o/, 2’} = b\’ where A € C*. In both cases, a suitable linear substitution of
the form = = ax’, y = By’, 2 = vz’ yields A = 1. This completes the proof. 0J

7.9. Suppose g is not of type A;. We can combine [27, Theorem B| with information
contained in Tables 7.5 and 7.3 to get more insight into the structure of the graded Lie
algebra 3,. Indeed, looking at the tables and taking into account Propositions 6.5(i)
and 7.8 it is not hard to observe that 3, contains a graded central Lie subalgebra 3’
of dimension ! — 1 such that b := 3, /3" is solvable. Moreover, if g has type A4; or B
then h(M is abelian and has codimension 1 in h. If g is not of type A; or B; then b
is isomorphic to a three-dimesional Heisenberg Lie algebra. If g has type B; or G,
then 3, = 3’ @ b is a split extension. In all other cases the extension is nonsplit. If g
is not of type Gy then 3’ coincides with the centre of 3,. The degrees of the graded
components of 3" are d; —2,... ,d;_; — 2 (see Table 7.3).

8. PROPERTIES OF THE CENTRE: THE MODULAR CASE

8.1. From now on we assume that G is a simple, simply connected algebraic group
over K and g = LieG. We assume that p = char K is a very good prime for the
root system R = R(G,T) and adopt the notation introduced in Section 3. As before,
U* stands for the kth component of the standard filtration of U = U(g), and we
denote by my, ... ,my are the exponents of the Weyl group W = Ng(T')/Za(T). Let
t=Lie7 and [ = dim t.

The centre Z of U has two distinguished unital subalgebras: the p-centre Z, of g
(generated by all 2P — zP! with = € g) and the invariant algebra U®. According to
Kac and Weisfeiler [20], the Harish-Chandra homomorphism induces an isomorphism
U% = S(t)" (see also [17, Theorem 9.3]). By [39, (II, 3.17")], the Chevalley Restric-
tion Theorem holds in our situation. In particular, S(t)"" = S(g)¢ as graded algebras
(we identify K[g] with S(g) via the Killing isomorphism induced by the trace form
®). Combining this isomorphism with the results of Demazure [6] one observes that
there exist f; € USNU™™, ... f, € US N U™ such that the elements f; := gr f;
with 1 < <[ form a free generating set for S(g)“. Let

frg— A & (fi(8),... fil€))

denote the adjoint quotient map.

It was discovered by Veldkamp under the assumption that p does not divide the
order of W that Z is a free Z,-module of rank p’ with basis consisting of all f*--- f
with 0 < ap <p—1 for all k (see [43, (3.1)]). This was generalised by Donkin to the
case where p is good for R (see [8, (3.3)]). Another proof of Veldkamp’s theorem valid
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under our assumptions on p and G was recently obtained by Mirkovi¢ and Rumynin
in [28].

8.2. Given x € g* we denote by Z,, the image of Z under the canonical homomorphism
U — U,. The proof of our next theorem relies on the results of [8].

Theorem. For any x € g* we have dim Z, = p'.

Proof. (a) Following [8] we denote by A the coordinate ring of the algebraic group
G. Clearly, G acts on A by conjugation. For 1 < k < [ we let p; denote the
rational representation of G with highest weight w;, € XT(T) (as usual, X (T') =
Now; @ -+ @ Ny, stands for the set of all dominant weights of T'). Since G is
simply connected the trace functions trpy, ... trp; freely generate the invariant algebra
J = A% (see [41, Theorem 3.4.2]).

Given a K-algebra C' we denote by C® the subalgebra of pth powers of elements
of C. Clearly, A®) C A8 the algebra of g-invariants. By the main result of [8],
multiplication in A induces a G-equivariant isomorphism of K-algebras

J ® ;) AP >, g8

Together with the preceding remark this implies that A9 is a free A®-module of rank
p'. Using earlier results of Koppinen [22, Ch. 4] (see also [15, (11.11)]) Donkin proved
in [8, (3.1)] that A® is a direct summand of the A®)-module A, that is

A=A A, AW . A CA.

Let m denote the maximal ideal of A consisting of all regular functions vanishing
on 1 € G. The function algebra A; = K[G1] on the first Frobenius kernel G; of
G is nothing but A ® 4 K = A/Am(p). Let ¢: A — A; denote the canonical
homomorphism. Since Am® = A9m® @ A'm® | our discussion above shows that

dim ¢(J) = p'.

(b) Since G is a smooth variety the completion
A =1lim A/m’

with respect to m is isomorphic to the formal power series algebra in dim g variables
(see [34, Ch. II, (2.2)] for example). Let ¢ denote the natural map from A into
A. Since A is a domain, ¢ is an embedding (by the Krull Intersection Theorem).
According to [8, (3.4)] the short exact sequence of G-modules 0 — m? — m —
m/m? = g* — 0 splits. From this it follows that there is a G-equivariant isomorphism
§: A =5 K[[g]], where K[[g]] stands for the completion of the polynomial algebra
Kg] = S(g*) with respect to its ideal n generated by linear forms. We denote by m
and # the maximal ideals of A and K [[g]], respectively. The isomorphism § maps m
onto @i, hence Am® onto K[[g]]a®). As a consequence, § induces a G-equivariant
isomoprphism 6 : A ® 50, K —— K[[g]] ® gy K.
Let

S = Klg] @xgm K = K[g]/K[g]n®,

a graded truncated polynomial algebra in dim g variables. It follows from [9, Theorem

7.2(a)] that multiplication induces G-equivariant isomorphisms A ® 4o A® = A and
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(9] @rcign K1[a])” = K[[g]]. As a consequence,
A®A(p) K = A®A(p) A(P) ®A(p) K = A®A(p) K = A1
and
KHQH ®K[[g]](1’> K= K[g] ®K[g](p) K[[g]](p) ®K[[g]](p) K= K[g] ®K[g](p) K = S’,

yielding G-epimorphisms a: A — A; and 3 : K[[g]] — S. By [8, (3.1)], there is
a left regular G-submodule @) of A such that Q = A; as left regular G{-modules
and A=~ Q ® AP as left regular G-modules (in particular, A is a free A®-module).
Moreover, the latter isomorphism is induced by multiplication in A. This yields
aolL=¢.

Let 1 denote the ideal of K[[g]] consisting of all formal power series with initial
form of degree at least k. It is not hard to observe that for k sufficiently large,
fi, € K[[g]]a®). This implies that the restriction of 3 to K[g] C K[[g]] is surjective
and A(K[g]|%) = B(K[g]°).

In view of the above remarks the diagram

is commutative. Since dim ¢(J) = p', by (a), we have dim a(A%) > pl. Since § and
§ are G-isomorphisms we also have dim B3(K[[g]]¢) > p!. The equality 8(K|[[g]]¢) =
B(K[g]) now shows that dim B(K[g]“) > p'.

(c) By [8, (3.4)], the algebra K[g]? is a free K[g]®”-module with basis
B={f"f"l0<a <p—1}.

Therefore, the image of K[g]” C K[g]? in S = K[g] ® (g K has dimension at most
p'. Combining this with our final remark in (b) we deduce that the image of B in S
is a linearly independent set.

Let B = {f--- f]0 < a; < p—1}, a free basis of the Z,-module Z (see (8.1)). Tt
follows from the PBW theorem that the standard filtration of U induces a filtration
of U, such that the associated graded algebra gr(U,) is isomorphic to S. If the image
of B in U, is a linearly dependent set then so is the image of gr(B) in S. However,
gr(B) = B by our discussion in (8.1). Thus the image of B in U, must be linearly
independent. On the other hand, Veldkamp’s theorem implies that Z, is spanned by
the image of B in Uy. So dim Z, = p' completing the proof. U

8.3. In this subsection, we combine Theorem 8.2 with [28, Theorem 10] to obtain an
explicit description of the algebra Z,. Let x = xs + x» be the Jordan decomposition
of x (see [20]).

Let Ry be a positive system in R and {h; |1 <i <[} U{e,|a € Ry} U{fa|a €
R.} a Chevalley basis of g. Note that t = LieT is spanned by hy, ..., h;. Let ny
(respectively, n_) be the subalgebra of g spanned by all e, (respectively, f).

Let x € g* and g € G. As usual, we denote by I, the ideal of U generated by all

2P — 2Pl — y(2)P with x € g. Tt is well-known (and easy to see) that g sends I, onto
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I, hence induces an isomorphism between U,, and U,., (here g-x = xog™'). Since
9(Z) = Z this isomorphism maps Z, onto Z,.,. In particular, Z, = Z,., as algebras.
By [20], there is g € G such that ¢ - x vanishes on ny and y, vanishes on ny. Thus
we may assume without loss of generality that y vanishes on n, and y, vanishes on
ny. Let x5 : S(t) — K be the algebra homomorphism such that xs(h;) = xs(h;)?P for
1<i <L

Set Ay, = {\ € t*| A(h)? — A(RIP)) = x,(R)P for all h € t*}. Note that A,, = A+ A
where A = {A € t*| A\(h;) € F, for 1 <4 <[} and X is an arbitrary element in A,,.
For n € A, let W,, W, 1, and C)_, denote the stabiliser of 7, the set-wise stabiliser
of n + A, and the partial coinvariant algebra S(t)"” ® S(Wn+a K5, respectively. Let

C.= P Cun

NEW A, /W

Proposition. (i) For any x € g*, Z, = C,, as algebras.
(11) Let x,x' € g be such that f(x) = f(x'). Then Z,, = Z,,.

(i4i) The image of Z in the restricted enveloping algebra UP\(g) is isomorphic to the
coinvariant algebra Co = @epm S @ggw K.

Proof. Tt follows from Veldkamp’s theorem that the algebra Z ®,, K, has dimension
p' (the homomorphism Z, — K, is induced by the map 27 — xlPl — y(x)P). Since
aP — Pl — x(z)? € I, for all x € g the natural homomorphism Z — Z, induces an
epimorphism Z ®z, K, — Z,. This epimorphism must be injective by Theorem 8.2.
Thus Z, = Z ®y, K. So it follows from [28, Theorem 10] that Z, = C,, as algebras.

In proving (ii) we may assume that x and x’ vanish on n, and x, and X/ vanish
on ny. So we may (and will) identify ys and x/, with linear functions on t. There is
a 1-dimensional torus p C T acting on n, with positive weights. Since f : g* — Al
is homogeneous and p-equivariant, the equality f(x) = f(x’) implies f(xs) = f(X%)-
By the Chevalley Restriction Theorem, x; and x. are conjugate under the action of
W on t* (see (8.1)). This implies Cy, = C), yielding Z, = Z,,.

Finally, suppose xs = 0. Then x, =0, A\, = A and W,;p = W for any n € A,.
As a consequence, Zy = @)\eA/W S(t)" ®g@w K completing the proof. O

8.4. I would like to finish this paper by sketching an elementary proof of Theorem 8.2
for g = gl(n, K). In principle, this proof generalises to all types but for exceptional
Lie algebras it is more complicated and employs a modular version of [25].

Theorem. Let g = gl(n, K) and x € g* (no restriction on p = char K). Let Z, be
as in (8.2). Then dim Z, = p".

Proof. Let e;; denote the matrix units in g and X = Z’:J xzie55. For 1 < k < n let
o denote the sum of the diagonal k£ x k minors of the matrix X. By the Chevalley
Restriction Theorem, the invariant algebra S(g*)¢ is freely generated by oy,... 0,
(viewed as polynomial functions on g). Since the bilinear form (z,y) — trazy on g
is nondegenerate and G-invariant we may identify g with g*, hence S(g*) with S(g).
Let I denote the ideal of S(g*) generated by all 2}, and S = S(g*)/I, a truncated

polynomial algebra in n? variables.
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It follows from [2, Sect. 3] that Z is a free Z,-module generated by the set
{ffl f“" |0 < a; < p— 1} where fi,ooi fn € UG are such that gr f; = o; for
1 <7 < n. Therefore, in order to prove that dim Z, = p" it suffices to establish that
the image of {o7*...0% |0<a; <p—1}in Sisa linearly independent set (see part
(c) of the proof of Theorem 8.2 for more detail). Since of € I for all i the latter is
equivalent to showing that the image of o - -oP~1in S is nonzero.

Let {y;;|1 <i,j <n,i+j > n+1} be n(n+ 1)/2 indeterminates and Y the
truncated polynomial algebra in y;; over K. Let w: S — Y denote the algebra
homomorphism such that w(z;;) =0 for i + j < n and w(z;;) =y;; fori+j>n+1
(we identify each z;; with its image under the canonical homomorphism S(g*) — S).
Since 0, = det X we have w(c?™!) = :l:y’f;llyg;zl_l . -yﬁjll. Suppose we have already

established that
wot ) wet ™ == [ o
i+j—n—1<k

where 0 < k < n — 2. Using the relations ygj = (0 and the fact that 0,,_;_1 is the sum
of the diagonal minors of X of order n — k — 1 we then deduce that

won ) wler =+ I it

itj—n—1<k+1

Downward induction on k now yields

w(ol ™) -w(oh™h) = iHy 0,

showing that the image of 0’19_1 ---0P71in S is nonzero and thereby completing the
proof. O

Remark. Combining Theorem 8.4 with [12, Lemma 6.2] and [2, Sect. 3| it is not
hard to generalise Theorem 8.2 and Proposition 8.3 to the case where G is as in (2.6)
and the trace form @ is nondegenerate.
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