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INJECTIVE OBJECTS IN TRIANGULATED CATEGORIES

GRIGORY GARKUSHA AND MIKE PREST

1. INTRODUCTION

We extend ideas and results of Benson and Krause on pure-injectives in triangulated
categories. Given a generating set of compact objects in a compactly generated triangulated
category T we define notions of monomorphism, exactness and injectivity relative to this set.
We show that the injectives correspond to injective objects in a localisation of the functor
category Mod T¢ where T¢ denotes the subcategory of compact objects of T. The paper
begins by setting up the required localisation theory.

Benson and Krause [BK] showed that injective modules over the Tate cohomology ring of
a finite group algebra kG, where k is a field of characteristic p and G is a p-group, correspond
to certain pure-injective objects in the (compactly generated, triangulated) stable module
category of kG. We generalise this to arbitrary compactly generated triangulated categories,
replacing the trivial module k£ by any compact object and the Tate cohomology ring by the
graded endomorphism ring of that object. We obtain the strongest results in the case that

this graded endomorphism ring is coherent.

Notation. If no confusion concerning the ring R or the category C is possible, we usually
abbreviate Hompg(X,Y") or Home(X,Y) to (X,Y) or C(X,Y). All subcategories considered
are assumed to be full.

2. LOCALIZATION, TORSION IN GROTHENDIECK CATEGORIES

In this section we collect basic facts about localization and torsion in Grothendieck cat-
egories. For details and proofs we refer the reader to [Ga] for example.
We say that a subcategory 8 of an abelian category € is a Serre subcategory if for every

short exact sequence

0—X —>Y —27—0

in € an object Y € § if and only if X, Z € 8. A Serre subcategory 8 of a Grothendieck
category C is localizing if it is closed under taking direct limits. Equivalently, the inclusion
functor i : § — € admits a right adjoint ¢ = tg : € — § which takes each object X € C to
the maximal subobject ¢(X) of X belonging to 8. The functor ¢ we call the torsion functor.
An object C of € is said to be 8-torsionfree if t(C) = 0. Given a localizing subcategory 8§
of C the quotient category €/ consists of those C' € € such that (8,C) = Ext'(8,C) = 0.
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The objects from C/8 we call §-closed objects. For any C € € there exists a canonical exact

sequence
(2.1) 0— A —C2% 05— A" — 0

with A’ = t(C), A” € 8, and Cs € C/8 being the maximal essential extension of C' = C/t(C)
such that Cjg /6’ € 8. The object Cg is unique up to isomorphism and the morphism
A¢ : C — Cy is called the S-envelope of C. The 8-envelope has the property that given any
morphism « : C — W with W an 8-closed object, there is a unique morphism ag : Cs — W
such that agAc = a.

Thus the inclusion functor 7 : €/8 — C has the left adjoint localizing functor (—)s : € —
C/8 which takes each C' € € to Cs € €/8. Then there is an isomorphism

Hom@ (X, Y) ~ Hom@/s (Xg, Y)

for all X € € and Y € €/8. We note that the functor (—)s is exact.

2.1. Finitely presented objects

An object X of a Grothendieck category C is finitely generated if whenever there are sub-
objects X; C X with ¢ € I satisfying

X=>X;

i€l

then there is a finite subset J C I such that

X=> X
icd

The subcategory of finitely generated objects is denoted by fg C. A finitely generated object
X is said to be finitely presented if every epimorphism v : Y — X with Y € fg € has finitely
generated kernel Ker~y. We denote by fp € the subcategory consisting of finitely presented
objects. Finally, we refer to a finitely presented object X € C as coherent if every finitely
generated subobject of X is finitely presented. The corresponding subcategory of coherent
objects will be denoted by coh C.

A Grothendieck category € is said to be locally finitely generated (respectively, locally
finitely presented, locally coherent) if every object C' € € is a directed sum

C=> ¢
icl
of finitely generated subobjects C; (a direct limit of finitely presented, coherent objects,
respectively). We note that in a locally coherent category € the subcategories of finitely
presented and coherent objects, fp € and coh €, coincide.

If C is a locally finitely generated category, an object C' is finitely generated (finitely
presented) iff the representable functor

(C,—):C— Ab

respects directed sums (direct limits).



2.2. Functor categories

The main locally finitely presented Grothendieck category we work with is the category
Mod A (Mod A°P) of contravariant (covariant) functors from a small, or at least skeletally
small, preadditive category A to the category, Ab, of Abelian groups. We also refer to objects
of Mod A as A-modules. Here we collect some of the basic facts about functor categories:
these all follow directly from the definitions.
The Yoneda functor
XeAr— Hx =(—X)€ModA

takes objects of A to finitely generated projective objects of Mod A. Moreover, every finitely
generated projective A-module P is a direct summand of a finite coproduct of representable
objects [[}~, Hx,. If A is an additive category, this direct summand P corresponds to an

idempotent of . .
End (]:[1 Hxi) ~ End (]:[1 X)

If idempotents split in A, this corresponds to a direct summand X of [, X; and then
HX ~ P,
We shall denote the subcategory of finitely presented A-modules by mod A. Every finitely

presented module M has a presentation

n m
HHXi HHHY — M —0
i=1 j=1

by finitely generated projective modules.

If A is an additive category the category, Mod A, of A-modules is locally coherent iff A
has pseudo-kernels. A morphism ¢ : X — Y is called a pseudo-kernel for ¢ : Y — Z in A
if the sequence

Hy 2o 1y 2wy,
is exact, i.e., every morphism ¢ : Z/ — Y with ¢ = 0 factors through ¢. Pseudo-cokernels
are defined dually. If A has kernels, then mod A is an abelian category of projective dimen-
sion at most two.

Let B be an arbitrary subcategory (as always, we mean full) of a preadditive category A

and let f : B — A denote the inclusion functor. This induces a functor of module categories
fx : Mod A — ModB, M +— M|s.
Let
8 =Ker f, = {M € Mod A | M(B) = 0}.
Then 8 is a localizing subcategory and f.(M) = f.(Msg) for all modules M (see the exact

sequence (2.1)). We refer to 8 as the annihilator of the subcategory B. If B = {B} consists
of a single object, we say that § is the annihilator of the object B.

Theorem 2.1 ([G, GG]). The functor f. induces an equivalence Mod A/8 — ModB. In
particular, if B ={B} consists of a single object B € A, then Mod A /8 is equivalent to the
category of Endyg B-modules.

We shall, therefore, identify the category of B-modules with the subcategory of S-closed
modules in Mod A.



2.3. Derived categories

In what follows, all functors between triangulated categories are assumed to preserve the
triangulated structure. For undefined terms see, for example, [W].
Let K*(A) and D*(A), * = b,+,0, denote the corresponding homotopy and derived

categories of Mod A. The functor f, induces a functor
»: K*(A) — K*(B)
that takes a complex X = (X",d") to Xs = (X¢,dg) and a morphism o = (a™) to
ag = (ag). Since the functor f, is exact there is then an induced functor
§: D*(A) — D*(B),
between the derived categories. Let T denote Ker § - a thick subcategory of D*(A) (that is,

a triangulated subcategory which is closed under direct summands).

Lemma 2.2. The category T is the subcategory D§(A) of D*(A) consisting of all complezes

whose cohomology groups belong to S.

Proof. Any complex X = (X™,d") all of whose cohomology groups lie in § is clearly quasi-
isomorphic to 0 in K*(B), hence 0 in D*(B). Conversely if 6.X = 0 then X must be quasi-
isomorphic to 0 in K*(B), so each H"(3X) = 0 in K*(B). That is H"(X)s = H"(Xs) = 0.
Equivalently, H"(X)|s = 0. O
We have an equivalence
o D*(A)/T — D*(B)
where D*(A)/T is the Verdier quotient category of D*(A) with respect to T.
A quasi-inverse to the functor ¢,
¢ D*(B) — D*(A)/T,

is described explicitly as follows.
Let i : Mod B = Mod A/8 — Mod A be the inclusion functor. It naturally induces a fully
faithful embedding
t: K*(B) — K*(A).
If 7 : K*(A) — D*(A) is the canonical quotient functor, then the values of the composed
functor 7t on acyclic complexes in K*(B) belong to 7.

So the composed functor
K*(B) ™% D*(A) — D*(A)/T
factors as
K*(B) -2 D*(B) -4 D*(A)/T
where p : K*(B) — D*(B) is the canonical quotient functor. Obviously, p¢p = 1. On
the other hand, let X be a complex of A-modules. There is a morphism A : X — Xg of

complexes
n—1 n n+1
d Xn dx Xn+1 d
)‘Xn l J{>\Xn+1
(d5% M)s n (d%)s ni1l @XM s
Xg X ’



where Ax, is the 8-envelope of X,,. The mapping cone of X is the complex

C(A) ZX[1]®X5, dony = ( 7§X d?(s, )

The restriction of C'(\) to B is C(1). The latter complex is null-homotopic. From here it
follows that X and Xg are isomorphic in D(A)/T and then ¢ = 1.

Theorem 2.3. Under the conditions of Theorem 2.1, the functor f. : Mod A — Mod B
induces an equivalence of categories between D*(A)/T and D*(B), * = b, +,0. In particular,
if B = {B} consists of a single object B € A, then the categories D*(A)/T and D*(End 4 B)
are naturally equivalent.

If * = () then the thick subcategory T of the unbounded derived category D(A) is localiz-
ing, that is closed under direct sums. Let T+ denote the subcategory of D(A) whose objects
X are T-local, i.e. such that (T, X) =0.

Corollary 2.4. The composed functor D(A) — D(A)/T = D(B) has a right adjoint.
Therefore D(B) can be viewed as the subcategory of T-local objects of D(A).

Proof. By Lemma 2.2 T can be considered as the subcategory D§(A) of all complexes whose
cohomology groups belong to 8. By [F, Theorem 4.1] the inclusion functor 7 < D(A) has
a right adjoint. The rest of the proof follows now from [AJS, Proposition 1.6]. O

2.4. Inverse limits of categories

Definition. (1) A limit of a functor F' : I — Cat, where [ is a small category, with values on
the “large” category of categories Cat, is a category C together with functors m; : € — F'(4)
in Cat such that m; = F(a)m; for any « : ¢ — j and which satisfies the universal property:
for any category A € Cat and any system of compatible functors f; : A — F(i) there exists
a unique functor g : A — C such that f; = m;¢. This universal property guarantees that any
two limits of F' are equivalent. Below we shall use the notation ((C;), fi;) to specify values
of F on objects and morphisms of I respectively.

(2) Let I be an inversely directed poset and let ((€;), fi;) be the system (of values on
objects and morphisms) associated to a functor F' : I — Cat. The inverse limit of the
system is the limit (C,m;);er of F. The category € will be denoted by liLniEI C;. We shall
refer to a system indexed by a directed set as an inverse system of categories.

Lemma 2.5. The inverse limit of an inverse system ((C;), fi;) always exists.
Proof. For each i € I let p; : [[C; — €; be the ith projection functor from the product-
category [] €;. Let C denote the following subcategory of [] €;:
ObC={(Xi)r | X; = fi;(Xi)}
Mor € = {()r | aj = fij (i)}
Define m; : € — C; by m; = p;le. It is directly verified that (C, ;) is the inverse limit

Let Mod A be the module category over a preadditive category A. Let us consider the set
I that consists of the localizing subcategories 8§ of Mod A which are annihilators of objects



B of A. This set is ordered by inclusion. If, moreover, A is an additive category, then I is
a directed set: if P and 8§ from I are the annihilators of objects P and S respectively, then
the localizing subcategory T which is the annihilator of P[] S is contained both in P and in
S. Let Ap and Ag denote the endomorphism rings of P and S respectively. If P C § then

restriction of the 8-localizing functor
(2.2) (—)g : Mod A — Mod AS

to Mod Ap induces a functor fpg : Mod Ap — Mod Ag. The functor (2.2) factors through
Mod Ap, because Ms = (Mp)s and ag = (ap)s for any module M and any morphism « of
Mod A. Thus we obtain an inverse system of categories (Mod A/P = Mod Ap), fps).

The next result exhibits the generalized module category Mod A as an inverse limit of

categories of modules over rings and also as an inverse limit of certain localisations.

Proposition 2.6. Let A be a skeletally small additive category, then Mod A is equivalent
to the category liglp Mod Ap, where P runs over the objects of A, Ap = Endg P, and also
is equivalent to the category @Sel Mod Ag as 8 runs over the directed set I constructed

above.

Proof. Clearly the two inverse systems of categories are equivalent so we abuse notation by

identifying them. The system of localizing functors (2.2) is compatible. Let
¢ :Mod A — lim, Mod Ap

be a unique functor such that g = (—)s with =g : 1iLnI Mod Ap — Mod Ag the projection
corresponding to an element § of I. Clearly, Kerp = 0. For an A-module is trivial iff it
vanishes on every object of A. Therefore ¢ is a faithful functor.

We now construct a quasi-inverse functor
(I @P Mod Ap — Mod A

to .

Let (Xp)p be an object of liilp Mod Ap. We define the corresponding functor ¥ ((Xp)p)
in Mod A to have value Xp(P) at the object P of ModA. On a morphism o : P — @
it takes the value Xpgq(c) where we identify the category Modpgq with the category of
functors on the full subcategory of A with objects P and Q.

Given a morphism (ap)p : (Xp)p — (Yp)p in lim , Mod Ap we define the value of the
corresponding natural transformation ¢ ((ap)p) at an object @ of A to be ag(Q).

One may verify that the above do define functors and morphisms of Mod A and that v

is a quasi-inverse for ¢. (]

Corollary 2.7. Every object X and every morphism o of Mod A with A an additive cate-
gory can be presented as

X:linngg and az@saag,

where I is the directed set constructed above, Xg and ag the corresponding S-localisations
of X and «.

Exzample. The category of generalized R-modules Cr = (Rmod, Ab) counsists of covariant
additive functors defined on the category, Rmod, of finitely presented left R-modules with
values in the category, Ab, of Abelian groups. Given M € Rmod we put S = Endr M. By



Theorem 2.1 there exists an equivalence of categories Cr/8 2, Mod S with 8 the annihihilator
of M and h(Fs) = Fs(M) = F(M) for all F € Cg. The functor quasi-inverse to h is
constructed as follows: ¢g : Mod S — Cgr/8 sends an S-module N to ((gMs, Ns) ®r —)s.
In particular, given a functor F', we have a natural isomorphism Fs ~ ((M, F(M)) ®r —)s.
By the preceding corollary we deduce that

F= @MERmOd((M7F(M)) ®R _)S'

3. COMPACTLY GENERATED TRIANGULATED CATEGORIES

We fix a triangulated category T with arbitrary direct sums. An object X of T is said to

be compact if for every family {Y;};cr of objects from T the canonical map

DTy — T [Iv)

i€l il
is an isomorphism. The suspension of a compact object is compact. The category T is
compactly generated if there exists a small set € of compact objects of T such that T(C,Y) =0
implies Y = 0, for every object Y in T. We refer to such a set C as a generating set if it
is closed under suspension: for which we write € = XC. The triangulated subcategory of
T consisting of compact objects will be denoted by T¢. We observe that T¢ is the smallest
triangulated subcategory in T containing C and recall that T is closed under taking direct
products.

The following examples of such categories are important for applications:

(1) the derived category D(R) of unbounded complexes of modules for a ring R;
(2) the stable module category Mod A of a quasi-frobenius (QF) ring A;
(3) the stable homotopy category Ho(8) of CW-spectra.

One can specify in each case generating sets and the compact objects.

(1) The set R = {R[n]}ncz generates D(R), where R[—n| denotes the complex concen-
trated in the nth degree, and the perfect complexes (i.e. the complexes isomorphic
to bounded complexes of finitely generated projective modules) are the compact
objects in D(R).

(2) If {S1,...,S:} is the set of the simple A-modules, then the set

R= {Qnsl}neZ U s U{Qnsl}nez
generates Mod A, and the finitely generated modules are the compact objects in
Mod A.
(3) The set R = {S™},cz of suspensions of the sphere spectrum S° generates Ho($),
and the finite spectra are the compact objects in Ho(S).

Following Hovey, Palmieri and Strickland [HPS], we call a triangulated category T mono-
genic if there is an object X in T such that the only localizing subcategory in T containing
X is T itself. We shall refer to X as a generator. All of the above triangulated categories

are plainly monogenic.
Definition. Let R be a set of compact objects in T¢ closed under suspension. Consider the
functor H = Hg : T — Mod R that takes an object X of T to Hx = T(—, X)|x.

(1) Amap X — Y in T is said to be an R-monomorphism if the map Hx — Hy is a
monomorphism in Mod R.



(2) An object X in T is called R-injective if every R-monomorphism ¢ : X — Y splits,
i.e. there exists a map ¢ : Y — X such that ¥p = 1.
(3) Atriangle X - Y — Z — XX is R-ezact if the sequence 0 - Hx — Hy — Hz — 0

is an exact sequence in Mod R.

The corresponding notions of an R-epimorphism and R-projective object are dually de-
fined. If R is the subcategory of compact objects T¢, the corresponding R-injective, R-
projective objects and R-exact triangles will be referred to as pure-injective, pure-projective
objects and pure-exact triangles. It follows immediately from the definitions that, for any
R, every R-injective (R-projective) object is pure-injective (pure-projective). Clearly, any

product of R-injective objects is R-injective.
Ezxzample. (1) Let R = {R[n]}nez in D(R). Since
H"(X) = D(R)(R[-n], X)

for any complex X, we see that X — Y is an R-monomorphism in D(R) iff the induced
map of cohomology groups H™(X) — H™(Y) is a monomorphism for all n € Z.

It follows that if X is R-injective then each cohomology group H™(X) is an injective
R-module. To see this note that for each n there is a morphism X — E(H"(X))[—n], where
E denotes injective hull of R-modules, with the induced map in n-th cohomology being
an embedding of H™(X) into its injective hull. Then the map X — [, ., E(H"(X))[-n]
is an R-monomorphism which must, therefore, split and hence each embedding H"(X) —
E(H™(X)) splits, as required. See the discussion after 3.9 for a complete description of the
R-injectives.

(2) A map M — N in the stable category Mod A of a QF-ring A is an R-monomorphism,

where R is the generating set described earlier, iff the induced map
Ext?(S, M) — Ext? (S, N)

is a monomorphism for all simple modules S and n € Z.
(3) Let X be a spectrum in Ho(8) and let m,(X) = Ho(8)(S™, X) denote its stable
homotopy groups. A morphism of spectra X — Y is a monomorphism iff the induced map

7 (X) — mp(Y) is a monomorphism for all n € Z.

Now we prove, for general R, results established in [Kr2] for the case R = T°.

Closely related to the notion of exactness is the concept of phantom map. A map ¢ in T
is said to be R-phantom or, if the context makes R clear, simply phantom if the map H, in
Mod R vanishes.

Lemma 3.1. For a triangle X —=Y —» Z - SX the following are equivalent:
(1) u is an R-phantom map;
(2) v is an R-monomorphism;
(3) w is an R-epimorphism;
(4) the shifted triangle Y - Z -+ ©X %7 is R-ezact.

Proof. Easy. O
From Theorem 2.1 it follows that the functor H : T — Mod R factors as

T Mod 7¢ 228 Mod R



where the functor h takes an object X of T to the functor hx = T(—, X)|ye and (—)s
is the localization functor with § = {F € ModJ* | F(R) = 0}. Moreover, the category
Mod R is the quotient category Mod T¢/8. The functor h identifies pure-injectives in T with
injectives in Mod T¢ and the map T(X,Y) — (hx,hy), ¥ — hy is an isomorphism iff YV is
pure-injective (see [Kr2]).

Below we collect some elementary facts about R-injective objects which we will use later.

Lemma 3.2. The functor H : T — Mod R identifies R-injective objects in T and injective
objects in Mod R.

Proof. Let M be an injective object in Mod R. Then it is also an injective object in Mod T°.
By [Kr2, Lemma 1.7] there exists, up to isomorphism, a unique pure-injective object X in
T such that M ~ hx.

Given an object Y of T, we have
(3.1) T(Y, X) ~ Homg<(hy, hx) ~ Homg ((hy)s, Hx) ~ Homg (Hy, Hx).

We use here the fact that hy is injective (for the first isomorphism), that M|x = hx|x = Hx
and that M is an S-closed object. Clearly, X is R-injective.

Conversely, let X be an R-injective object in T and i : Hx — E be a monomorphism
with E the injective envelope of Hx in Mod R. We have shown that F is represented by an
R-injective object W in T. The isomorphism (3.1) implies that ¢ = H,, for some ¢ : X — W.
Since 7 is a monomorphism, ¢ is an R-monomorphism in T, and so splits. Therefore i splits,
and hence Hx is an injective object in Mod R. O

Proposition 3.3. The following statements are equivalent for an object X in T:
(1) X is R-injective;

(2) Hx = T(—,X)|x is an injective object in Mod R;

(3) the map T(Y,X) — (Hy,Hx), U — Hy, is an isomorphism for all' Y in T;

(4) if o : Y — X is an R-phantom map, then ¢ = 0;

(5)

5) if o : V. — W is an R-monomorphism, then every map V — X factors through ¢.

Proof. The equivalences (1) <= (4) < (5) are proved as in [Kr2, Lemma 1.4]. The
implication (1) = (2) follows from the preceding lemma, and (2) = (3) from (3.1).
(3) = (4). If p: Y — X is an R-phantom map, then H, = 0. O
As regards R-projective objects, one can prove easily that an object X in T is R-projective
iff it is in Add R. The proof of the following lemma is straightforward (see [B, Kr3]).

Lemma 3.4. The functor H : T — Mod R identifies R-projective objects in T and projective
objects in Mod R. Moreover, the map
J(X,Y) — (Hx,Hy), 9+ Hy,
is an isomorphism for any R-projective object X and any object Y in T.
We consider the localizing subcategory N = (R) generated by R. This triangulated

category is compactly generated because R consists of compact objects (e.g. see [N, 2.1]).

In this case, given an object X in 7, there exists a triangle

Yx—>X—>Zx—>ZYX



with Yx in N and Zx in Nt = {W | T(N,W) = 0}. Moreover, the inclusion functor
i : N — T has a right adjoint j : T — N [AJS, Proposition 1.6]. Then an object X of T
is R-injective (R-projective) iff its image under j is injective (projective) (with respect to
R CN) in N, because R is a generating set in N.

Note that since the indecomposable injective objects in Mod R form a set the indecom-
posable R-injective objects in T form a set. We denote this set by Spy 7.

The next corollary says that T has enough R-injectives and enough R-projectives providing

R is a generating set in 7. We continue to assume that R C T¢ and is closed under suspension.

Corollary 3.5. If R is a generating set in T, then every object X in T admits a mono-
morphism X — [[,c; Es with E; € Spg T for all i and an epimorphism P — X with P an
R-projective object in T. In particular, T(X,Y) =0 for all Y € Spy T implies X = 0.

Proof. The proof of the fact that every object X in T admits a monomorphism X —
[lic; Ei with E; € Spy T is like that of [Kr2, Corollary 1.10]. We take P to be equal
to @Dy cx @y_x Y. Then the induced canonical morphism P — X is clearly an epimor-
phism. O

We are interested primarily in the case where R is a generating set in T. We call a map
@ : X — Y an R-injective envelope of X if ¢ is an R-monomorphism, Y is R-injective and

every endomorphism v of Y satisfying ¥ = ¢ is an isomorphism.

Lemma 3.6. A map ¢ : X — Y is an R-injective envelope of X iff H, : Hx — Hy is an

injective envelope in Mod R.
Proof. This follows directly from the definitions. O

Corollary 3.7. Every object X in T admits an R-injective envelope ¢ : X — Y. If
¢+ X — Y’ is another R-injective envelope, then there exists an isomorphism ¢ : Y — Y’
such that ¢’ = .

Proof. This follows from Proposition 3.3 and the existence of injective envelopes in Mod R.
O

The existence of R-injective envelopes in T implies the existence of a universal R-phantom
map ¢ : X’ — X and a universal R-monomorphism 1 : X — X", as described in the next

result, for every object X of 7.

Proposition 3.8. Suppose that R is a generating set for T. Then for every object X in T

there exists, up to isomorphism, a unique triangle
X Lx 4 xr Lowx

having the following properties:
(1) amap 0 : Y — X is an R-phantom map iff o factors through p;
(2) every endomorphism o of X' satisfying ¢ = o is an isomorphism.
The same triangle is characterized, up to isomorphism, by the following properties:
(3) amap 0 : X — Y is an R-monomorphism iff 1 factors through o;

(4) every endomorphism o of X" satisfying v = ot is an isomorphism.

10



Proof. Let v : X — X" be the R-injective envelope of X. Complete this map to a triangle
X' £x Loxr Lonx,

The proof of the fact that the triangle satisfies the statements of the proposition is like that

of [Kr2, Theorem 1.14]. O

To illustrate R-injective objects in triangulated categories, consider the derived category
D(R) of a ring R. The set R = {R[n]}ncz generates D(R). Since

mmmm¢m®={§ﬂz¢ m

the functor

Mod R — (Mod R)” = [[ Mod R
Z

M — (M")nez, M" = M(R[n])

is an equivalence of categories.

The functor H : D(R) — Mod R = (Mod R)? takes a complex X in D(R) to the object
(H™™(X))nez in (Mod R)? and we may define the functor F : (Mod R)? — D(R) to take
an object (M™),ez to the complex M = (M™,0),¢cz with zero differential.

Lemma 3.9. Let M = (M™,0),ez be a complex with zero differential. Then the following
relations hold in the derived category D(R):
M =[] M"-n] =[] M"[-n],
neZ nez

where M™[—n] is the complex with M™ in the nth degree and zero in other degrees.

Proof. The natural map

[T M7 [=n] — T] M"[-n]

neZ neL
is an H"-isomorphism for all n. Therefore it is an isomorphism in D(R). Similarly, the
natural map

M — H M"[—n)]
neE”Z

is an H™-isomorphism for all n. O

Obviously, an object (M™),cz in (Mod R)? is injective (projective) iff each M™ is an
injective (projective) R-module. Therefore, by 3.3 and 3.4, a complex X is R-injective (R-
projective) in D(R) iff it is a complex of the form [[, E”[—n] (][, P"[—n]) with the E"
(P™) injective (projective) R-modules. Thus an R-injective complex is indecomposable iff it
is of the form E[n] with E an indecomposable injective module. Therefore,

Spx D(R) = | (Sp R)[n],
nez
where (Sp R)[n] is the set of complexes E[n] concentrated in the —nth degree with E an
indecomposable injective module.

From Lemma 3.6 it follows that a map ¢ : X — E = [[,c, £"[-n] in D(R) is the

R-injective envelope of a complex X iff H"(p) : H"(X) — H"™(E) = E™ is the injective

envelope of H"(X) in Mod R for all n. Conversely, given a complex X we consider the object
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(H™(X))nez in (Mod R)Z. Its injective envelope is the morphism (") : (H"(X))z — (E™)z
in (Mod R)% with 1" : H"(X) — E™ the injective envelope of H"(X). By Proposition 3.3
and Lemma 3.9 there exists a unique map ¢ : X — [[, E"[—n] such that H"(p) = ¢".
This ¢ is plainly the R-injective envelope of X.

Thus we have obtained an explicit description of the R-injective complexes in D(R) where
R = {R[n]}nez. In the next section we extend [BK] and consider classification of R-injective

objects in another type of example.

4. INJECTIVE OBJECTS

The class of pure-injective right modules PInj R of a ring R can be identified via the
tensor functor Qr — Q ®pr — with injective objects of the category of generalized modules
Cr = (Rmod, Ab) [GJ]. Given any finitely presented module M, the category of right
S = Endgr M-modules can be viewed as a full subcategory of the category of S-closed
objects in Cg, where 8§ = {F € Cgr | F(M) = 0}, via the functor Ng — ((rMgs, Ns) ®r —)s
(see the example on p. 6). In particular, this functor induces a map of injective S-modules
to pure-injective R-modules and the latter correspond precisely to the injective objects of

the quotient category Cr/S. So we have the following relation:

lJ miscPinjr
S=End M
The left part of the relation is a proper subclass in Plnj R in general. Indeed, by [H], we
have that the image of the indecomposable modules in Inj S, where S = End M, in the right
Ziegler spectrum of R is the dual of the Ziegler-closed set (in the left Ziegler spectrum of R)
generated by M. So if, for instance, R were an artin algebra then the left-hand side would
consist exactly of the direct sums of finite-length R-modules.

Let T be a compactly generated triangulated category and let T¢ denote the subcategory
of compact objects. Roughly speaking, the category of functors Mod T¢ plays the same role
for the collection, PlnjT, of pure-injective objects in T that the category Cr does for the
collection, PInj R, of pure-injective modules in Mod R.

In a similar way, one would like to embed injective modules over endomorphism rings of
compact objects of T into PlnjTJ. Precisely, given a compact object X in T¢, we consider
the Z-graded ring S = T(X, X), = @, T(E" X, X) and the set R = {¥" X },.cz in T°. By
Theorem 2.1 the category, Mod R, of R-modules is the quotient category of Mod T¢ with
respect to the localizing category § = {F € ModT° | F(R) = 0}. The category Mod T is

equivalent to the inverse limit

ModT¢ = lim . Mod®R

of the functor categories Mod R where X runs over the objects of T7¢ and R = {¥" X}z
(by the proof of Theorem 2.6). Below we shall generalise results in [BK] and show that the
injective S-modules may be considered as the injective objects in Mod R. Proposition 3.3
will then give the relation Inj S C Plnj T, and hence

U Inj S C PlInj 7.
S=T(X,X).,XETe

12



We fix a compact object X in T7¢ and set S = (X, X).. Consider the two functors
I:T— ModS, Y+ T(X,Y).=EPTE"X,Y)
neZ
and
T : Mod S — Func(T°P, Ab)
that sends any module M to the contravariant functor Y ; given on objects by
Ta(Y) =Homg(I(Y), M) = Homg(T(X,Y )., M) : TP — Ab.
Clearly the functor I commutes with direct sums. We also observe that II(¢) = 0 where
@:V — W is amap in T iff ¢ is an R-phantom map in T.

Below we use the following well-known result (e.g. see [BelK]).

Lemma 4.1. The functor I : T — Mod S induces an equivalence between the category of
R-projective objects (=AddR) and the category of projective S-modules.

Let E be an injective S-module. Then the functor T g takes triangles to long exact
sequences and it takes direct sums to products. Brown’s Representability Theorem in tri-
angulated categories [N] implies that there exists a representing object 'y and a natural

isomorphism
(4.1) Homgs(T(X,Y).,E) ~T(Y,T'g)
for Y € 7. In particular, the graded S-module TJ(X,I'g). = II(I'g) is isomorphic to E. The
assignment E — I'g yields a fully faithful functor
r:injs —17.

It follows immediately from the isomorphism (4.1) that I' preserves direct products. Let

Injr T denote the subcategory in T consisting of R-injective objects.

Theorem 4.2. The functor I' identifies the class, Inj S, of injective S-modules Inj.S with
the class, Injq T, of R-injective objects.
Proof. Given an object Y € T, the map
0 e T(V.Tp) — I(Y) " (I's) == E € Homg(II(Y), E)

is an isomorphism. Let ¢ : Y — T'g be an R-phantom map. Then II(¢) = 0, and hence
@ = 0. By Proposition 3.3 the object ' is R-injective.

Let E be an injective cogenerator in Mod S. It follows from (4.1) that T(Y,Tg) # 0
whenever II(Y) # 0. Consider the morphism

p:Y — H T'g.
Y—>FE
The homomorphism of S-modules
() : T(Y) — H E
n(Y)—E

is a monomorphism, and hence ¢ is an R-monomorphism. Here we use the isomorphism (4.1)

and the fact that I' preserves direct products. In particular, if Y € Injg T is nonzero then

II(Y) # 0 and ¢ splits. This split map gives an idempotent e : [[Tg — [[T'g. Since
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T is a fully faithful functor and commutes with products, e = I'(f) for an idempotent
f:I1E—]IE. HenceIm fisin InjS, and s0 Y =Ty € Inji T. O

We discuss a number of consequences. By InjR we also mean the category of injective
objects of Mod R.

Corollary 4.3. The composed functor
HoT:InjS—InjR, Ev+— Hr,=7(—,Tg)|x
is an equivalence of categories.

Proof. This follows from Proposition 3.3 and Theorem 4.2. O

Let G be a finite group and k be a field of characteristic p. The trivial kG-module k is a
compact object in the stable category Mod kG. The Tate cohomology ring ﬁ*(G7 k) is, by
definition, the Z-graded ring Hom(k, k).. In [BK], Benson and Krause classified injective
modules over ﬁ*(G, k). They showed that Inj H* (G, k) is equivalent via the functor IT" to the
category, let us denote it T(G, k), consisting of the pure-injective kG-modules which arise

as a direct summand of a (possibly infinite) product of modules of the form Q"k.

Corollary 4.4. The functorsT : Inj o (G, k) — Mod kG and H : Mod kG — Mod R, where
R = {0k} nez, induce an equivalence of categories Inj H*(G, k), T(G, k) and InjR.

Remark. We note that all R-modules Hgnj are injective and together they cogenerate

Mod R, that is [, ., Han is an injective cogenerator in Mod R.

nezZ

We discuss now some properties of the functor T ;.

Corollary 4.5. The following are equivalent for an S-module M :
(1) the module M is injective;

(2) the functor Yy is exact;
(3) the functor Yy is representable by an object Tz of T, that is T = T(—,Tar).

Proof. (1) = (2) is obvious, (2) = (3) is a consequence of Brown’s Representability
Theorem [N], because Y takes direct sums to products.

(3) = (1). Similarly to the proof of Theorem 4.2 one can show that I'js is an R-injective
object. O

The spectral category Spc € of an additive category € has the same objects as C, but the
morphisms are given by
C(X,Y)/rad C(X,Y)
where rad C(X,Y) consists of the morphisms ¢ : X — Y such that for any morphism
¥ :Y — X the composed morphism ¥y belongs to rad(End(X)). So

Endspc e(X) = Ende(X)/ rad(Ende(X)).

We denote by SpcS (SpcRR) the spectral category of InjS (InjR). This spectral category
is a Grothendieck category in which every object is injective and projective [GaOb]. In a
certain sense, it controls the behavior of the injective objects. We note that two injective

S-modules are isomorphic iff they are isomorphic in Spc.S.
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Corollary 4.6. The composed functor T'oH : Spc.S — SpcR is an equivalence of categories.
Proof. This is immediate from Corollary 4.3. O

We are now in a position to describe the R-injective objects Injg T of a monogenic trian-
gulated category T where R = {¥" X },,cz where X is a generator of 7.

Theorem 4.7. Let T be a monogenic triangulated category with a generator X. Let R =
{¥"X},. Then the functor T : InjS — T, where S denotes the graded ring T(X,X).,

identifies injective S-modules and R-injective objects of T.
Proof. Combine the preceding statements. O

Corollary 4.8. Under the assumptions of Theorem 4.7 the functor I : Inj S — T identifies
the indecomposable injective S-modules Sp S with the indecomposable R-injective objects in

Exzample. (1) Let Ho(8) be the homotopy category of CW-spectra. Then the sphere spec-
trum SO is a generator for Ho(8). We write 7. () for the graded ring Ho(8)(SY, S°).. By the
preceding theorem the functor I": Injm,(S) — Ho(8) identifies the injective ,(S)-modules
with the R-injective objects of Ho(8).

(2) Let A be a quasi-frobenius k-algebra, let {S1,...,5,} be the set of distinct simple
modules and set S = @, S;. Then S is a generator for the stable module category Mod A.
Denote by E the Tate Ext-algebra @, ., EX\T,X(S, S). Then the functor T': Inj B — Mod A
identifies the injective F-modules with the injective objects of Mod A. In particular, if
A = kG with G a finite p-group and k a field of characteristic p, then the trivial kG-module
k is, up to isomorphism, the unique simple kG-module and FE is the Tate cohomology ring
ﬁ*(G,k). In this case, the injective objects of Mod kG are the objects of T(G, k) (see
Corollary 4.4).

More generally, given a finitely generated A-module N, let E denote the Tate Ext-algebra
D,z E}RX(N, N). If N is the localizing subcategory in Mod A generated by N, then the
injective E-modules can be identified with the injective objects in N.

In this situation we can also consider the endomorphism ring of a complete resolution ﬁ*
of N. Precisely, let

~

P, : ...—>P1—>POL>P_1—>P_2—>...

be a complete resolution for N, that is an exact sequence of projective=injective modules
such that Imd ~ N.
Denote by A the cochain complex

A= Homx(ﬁ*,f’*) :

here

A" = [ Homa (P i, P)
with differential d : A — A defined by

(df)(z) = 0(f(x)) = (=1)" f(9(x))
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where 9 is the differential of P,. Then A is a differential graded algebra whose cohomology
is the Tate Ext-algebra E. By Keller’s theorem [K], there is a triangle equivalence between
the localizing subcategory N and the derived category of differential graded A-modules.

As a consequence of Theorem 4.7, the R-injective envelope of an object Y in T is con-
structed as follows. Let ¢ : II(Y) — E be the injective envelope in Mod S. By (4.1) there
exists a unique map ¢ : Y — I'g such that II(¢)) = ¢. This ¢ is plainly the injective envelope
for Y.

Thus we obtain a complete classification of the R-injective objects of T whenever we have
a classification of the injective S-modules. Below we discuss a number of special cases.

A Grothendieck category Mod A is locally Noetherian if every direct sum of injective
objects is injective. Similarly, we refer to a compactly generated triangulated category T as

locally R-Noetherian if every direct sum of R-injective objects in T is R-injective.

Theorem 4.9. Let T be a monogenic triangulated category with a generator X, let S be the

Z-graded ring T(X, X). and let R = {E" X }ez. The following statements are equivalent:
(1) T is locally R-Noetherian;

(2) ModRR is locally Noetherian;

(3) S is a right Noetherian ring;

(4) every R-injective object Y in T is isomorphic to a direct sum Y = €, Y; of inde-
composable objects Y;.

Proof. The equivalence (1) <= (2) is a consequence of Proposition 3.3. (1),(2) < (4) is
well-known.

(1) = (3). Let {E}icr be a family of injective right S-modules. By assumption, the
direct sum @, I', of the R-injective objects I'g, is R-injective. By Theorem 4.7 there exists
an injective module E such that I'y = €; I'g,. Applying the functor II, we obtain

E=T(g) =1(PTr) =P1Ts) =P E
I I I

Thus any direct sum of injective right S-modules is injective. Hence S is right Noetherian.

Before completing the proof we need the following lemma.

Lemma 4.10. If S is a right Noetherian ring, then the graded module TI(Y') is finitely

generated whenever Y is compact.

Proof. The subcategory of those compact objects Y in T7¢ such that II(Y) is finitely generated
is thick. This follows from the fact that S is right noetherian. Since this thick subcategory
contains the generator X, it coincides with J°. O

(3) = (1). Let E = P, E; with the E; injective S-modules. It suffices to show that the
canonical map @; I'g, — I'g is an isomorphism. For that it is sufficient, by Proposition 3.3,

to prove that for every compact object Y the induced map
¢: TV, Tr) — T(V,Ts)

is an isomorphism. We have an isomorphism

v @PIV.TE) — TV, PTe)
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since Y is compact. The composed map @1 is isomorphic to the canonical map
v : @ Homs(1I(Y), E;) — Homg(II(Y), E)

by definition of T'. By the preceding lemma the module II(Y") is finitely generated. Therefore

v is an isomorphism, and hence ¢ is an isomorphism. U

Suppose now that the ring S is commutative and Noetherian. A classification of injective
S-modules is well-known in this case. Precisely, given a homogeneous prime ideal p, the
injective envelope I, = E(S/p) of the quotient S/p is indecomposable, and each indecom-
posable injective module is isomorphic to a shifted copy I,[n] for some prime p and n € Z.
Since S is Noetherian, every injective S-module is a direct sum of modules of the form I,[n].

Corollary 4.11. If the graded ring S is commutative Noetherian, then each R-injective
object Y € Injg T is isomorphic to a direct sum Y = @', [, of indecomposable injectives
F[p [n] S SpiR T.

5. THE ZIEGLER AND ZARISKI SPECTRA

Whenever we deal with a locally coherent Grothendieck category € one can consider two
topologies on the set, Sp €, of (isomorphism types of) indecomposable injective objects of
C: the Ziegler and Zariski topologies. Ziegler [Z] introduced a topology on the set Zsp R of
indecomposable pure-injective R-modules in model-theoretic terms. The definition may be
extended to any locally coherent Grothendieck category, see Herzog [H] and Krause [Krl].
The Zariski topology on Zsp R has been introduced by Prest in [Prl] and generalized to
additive finitely presented categories in [Pr2]: it is dual to the Ziegler topology.

By definition, the collection of subsets

(5.1) 0(X)={QesSpC|C(X,Q) # 0},

where X € coh C, forms a basis of open subsets for the Ziegler topology on Sp €. Each such
subset is compact, see [H, Kr1] (though if € is not a module category the whole space might
not be compact). Let 8 = /X denote the smallest Serre subcategory in coh € containing
X € coh C and let

§={lim X, | X; € 8}.

[—

be the localising subcategory that it generates. Then O(X) coincides with the set
0(8) ={Q € Sp€ | ts(Q) # 0},

where tg is the torsion functor corresponding to the localizing subcategory S [H]. Moreover,
the map

S — 0(8)
gives a 1-1 correspondence between the set of Serre subcategories in coh € and the algebra
of open sets on Sp C [H, Krl].

Example. The category of generalized R-modules Cr = (Rmod, Ab) is locally coherent.
The functor

?7®r —:ModR — Cr, Q+— Qg —,
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identifies the pure-injectives in Mod R with the injectives in Cr. Omne can introduce the

Ziegler topology on Zsp R via the functor ? ® g —. Precisely, the collection of subsets
0(X)={QeZspR| (X,Q®r —) # 0},

where X is a coherent (=finitely presented) object in Cg, forms a basis of open subsets for
the Ziegler topology on Zsp R [Z, H, Krl].

For example, the set Sp R of indecomposable injective R-modules is closed in Zsp R iff R
is right coherent [PRZ, GG]. In this case, Mod R is locally coherent and the collection of
sets (5.1) determines the Ziegler topology on Sp R. Then the inclusion Sp R < Zsp R is a
closed map.

Let T be a compactly generated triangulated category with T¢ the subcategory of compact
objects and let Zsp T be the set of indecomposable pure-injective objects in T. The functor
h:T — ModT¢ X — hx = J(—,X), identifies the pure-injectives in T with the injectives
in Mod 7¢ [Kr2]. Since Mod T¢ is a locally coherent category, one can introduce the Ziegler
topology on Zsp 7 via the functor h. Precisely, the collection of subsets

0(X) ={Q € ZspT | (X, hq) # 0},

where X is a coherent (=finitely presented) object in Mod T¢, forms a basis of open subsets
for the Ziegler topology on Zsp T. We follow [Kr3] in calling this topological space the Ziegler

spectrum of T.

Remark. A covariant functor F' : T — Ab is said to be coherent if there exists an exact
sequence

TX,-) —JY,-) —F—0
such that X and Y are compact objects. In [Kr3], Krause defined the Ziegler topology as
follows. The basic open subsets for the topology are, by definition, the sets

B(F) ={Q € ZspT | F(Q) # 0},

where F' is a coherent functor. In fact, this topology coincides with the topology defined by
the basic open sets O(X) (see [Kr3, section 7] for details).

A localizing subcategory L in Mod T¢ is of finite type if L = S with 8 the Serre subcategory
L N coh(Mod T¢) in coh(Mod T¢). Equivalently, the inclusion functor Mod 7¢/L — Mod T°
preserves direct limits, see [Krl].

Theorem 5.1. Let T be a monogenic triangulated category with a generator X, let S be the
graded ring T(X, X). and set R = {X" X },,cz. Then the following conditions are equivalent:
1) S is a right coherent ring;
2

(
(2) Mod R is a locally coherent category;

(3) for every compact object Y in T the S-module TI(
(

(

(

)

) Y) =T(X,Y). is finitely presented;
4) for every compact object Y in T the S-module I(Y) = T(X,Y). is finitely generated;
5) the localizing subcategory 8§ = {M € Mod T¢ | M(R) = 0} is of finite type;

6) the set U={T'g | E € SpS} is closed in ZspT.

Proof. (1) <= (2). The category of right S-modules Mod S (the functor category Mod R)
is locally coherent iff the category addS (addR) of finitely generated projective modules
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(compact projective objects) has pseudo-kernels. By Lemma 4.1 the categories add S and
add R are naturally equivalent.

(1) = (3). It suffices to observe that the category 8§ of compact objects Y such that
II(Y) is a finitely presented S-module is thick. The fact that 8 is triangulated follows from
properties of modules over coherent rings. Clearly it is thick and contains the object X and,
therefore, coincides with T¢.

(3) = (4). Obvious.

(4) = (1). S is right coherent iff the kernel of every map f : Py — P; between finitely
generated projective right S-modules is finitely generated. By Lemma 4.1 P; = II(Y;) and
f =TI(p) for some compact projective objects Y; in T, 4 = 0,1, and some map ¢ : Yy — Y7.
Complete the map ¢ to a triangle

Y 1 —Y i)Yi — 2Y_4.
Then the sequence of S-modules
ny.,) — p, L p,

is exact. Since the object Y_; is compact and II(Y_1) is finitely generated by assumption,
we see that Ker f is finitely generated.

(2) = (5). The family {hy = T(—,Y)}yege is a generating family of coherent objects
in Mod 7°. By [G, Theorem 5.14] it suffices to show that each Hy = T(—,Y)|x is a finitely
presented object in ModR. As in the proof of the implication (1) = (3) it suffices to
observe that the category of compact objects Y such that Hy is finitely presented is thick
in T°.

(5) = (2). This is a consequence of [H, Theorem 2.16].

(5) <= (6). By Lemma 3.2 and Corollary 4.8 SpR = {Hr,, | E € SpS}. The rest of the
proof follows from [Krl, Corollary 4.3]. O

For the remainder of the paper the ring S is assumed to be right coherent. By the
preceding theorem the functor category Mod R is locally coherent. Therefore we can consider
the Ziegler topology both on Sp.S and on SpR. Moreover, the Ziegler topology on Sp R
coincides with the topology induced from Zsp T [H, Krl]. We denote by

O(M)={FE €SpS |Homg(M,FE) # 0}
the basic open set in Sp .S defined by M € mod S and by
O(F) ={Hr, € SpR | Hom (F, Hr,) # 0}

the basic open set in SpR defined by a coherent (=finitely presented) object F' in Mod R.

Given a coherent object F' € Mod R determined (as a cokernel) by a map H, : Hx — Hy
with X and Y compact R-projective objects in T, we denote by M € mod S the cokernel of
the map II(p) : II(X) — II(Y). For E € Sp S, we have an exact sequence

0 — Homg (M, E) — Homg(II(Y), E) — Homg(II(X), E).
By (4.1) and by Proposition 3.3 this sequence is isomorphic to the exact sequence
0 — Hom« (F, Hr,) — Homx(Hy, Hr,) — Homx (Hx, Hr).

Thus,
Homgx (F, Hr,) ~ Homg (M, E).
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So the inverse image of Q(F') under the bijective map H oT' : Sp.S — SpR is the open set
O(M).

Conversely, if M € mod S then a finite presentation for M gives rise to a map H, : Hx —
Hy between finitely generated projective objects in Mod R. Let F' denote the cokernel of
H,. As above, it follows that the image of O(M) is the open set Q(F).

Corollary 5.2. The map H ol :SpS — SpR is a homeomorphism of spaces.

Given a locally coherent category C we define the dual Ziegler or Zariski topology Zar C
(Zar S and Zar R for € = Mod S or € = Mod R) to have the same underlying set as Sp € but
to have, as a basis of open sets the complements

UWX)=0(X)*={Fe€SpC|CX,E)=0,X € cohC}

of the compact Ziegler-open sets [Prl, Pr2].

If R is a commutative Noetherian ring, then the (Zariski) spectrum Spec R is homeomor-
phic via the map p — I, = E(R/p) to the Zariski spectrum Zar R.

Similarly, for a compactly generated triangulated category T we define the Zariski topol-
ogy on ZspT as the Zariski spectrum on SpT°¢ = {hg = T(—,Q)|y- | @ € ZspT}. This
toplogical space we denote by Zar 7.

Theorem 5.3. The map H oI : ZarS — ZarR is a homeomorphism of spaces. Moreover,
Zar R coincides with the topology induced from ZarT.

Proof. The first part of the theorem is proved similarly to Corollary 5.2. Let us show that
Zar R coincides with the topology induced from Zar 7.
Given a coherent object Y in Mod T° let

V(Y) ={E € Spx T | Homg(Y, hgp) = 0}

denote a basic Zariski-open subset for the induced from ZarT topology. Since each hg,
E € Spy T, is an 8-closed object, it follows that

Homg (Y, hg) ~ Homg(Ys, Hg)

where Ys is the S8-localization of Y. By Theorem 5.1 § is of finite type. Therefore Ys is a
coherent object in Mod R [H, Krl]. Consequently, V(V') = U(Ys).

Conversely, if X is a coherent object in Mod R, there exists a coherent object Y in Mod T°
such that Ys = X [H, Theorem 2.16]. Therefore U(X) = V(Y), as claimed. O

Suppose that the graded ring S is commutative Noetherian and Spec S is its (Zariski)

spectrum consisting of homogeneous prime ideals.

Corollary 5.4. The map Spec S — Zar R which sends a prime p to Hr, = T(—,Tr,)|x is
a homeomorphism of spaces.

Proof. This follows from Corollary 4.11 and Theorem 5.3. O
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