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MIXED PRECISION LU FACTORIZATION ON GPU TENSOR CORES:
REDUCING DATA MOVEMENT AND MEMORY FOOTPRINT*

FLORENT LOPEZ' AND THEO MARY?

Abstract. Modern GPUs equipped with mixed precision tensor core units present great poten-
tial to accelerate dense linear algebra operations such as LU factorization. However, previous works
have focused solely on improving speed, neglecting memory consumption. Indeed, state-of-the-art
mixed half/single precision LU factorization algorithms all require the matrix to be stored in single
precision. This is explained by the fact that simply switching the storage precision from single to half
leads to significant loss of accuracy, forfeiting all accuracy benefits from using tensor core technology.
In this article, we propose a new factorization algorithm that is able to store the matrix in half
precision without incurring any significant loss of accuracy. Our approach is based on a left-looking
scheme employing single precision buffers of controlled size and a mixed precision doubly partitioned
algorithm exploiting tensor cores in the panel factorizations. Our numerical results show that com-
pared with the state of the art, the proposed approach is of similar accuracy, up to twice faster, and
with only half the data movement and memory footprint.

Key words. numerical linear algebra, mixed precision algorithms, high performance computing,
LU factorization, tensor cores, NVIDIA GPU, rounding error analysis

AMS subject classifications. 65F05, 65G50

1. Introduction. Until recently, the majority of scientific codes used to carry
out floating-point computations in either double (fp64) or single (fp32) precision,
as defined by the 1985 IEEE standard. The emergence of low precisions, such as
the half precision fpl6 and bfloat16 formats, have generated a growing interest in
mixed precision algorithms, which combine different precisions to achieve both high
performance and high accuracy. Indeed, the use of mixed precision arithmetic is
becoming increasingly common in scientific computing, both in algorithms and in
hardware, with the emergence of specialized units that exploit multiple precisions
internally. Examples of such units include the NVIDIA GPUs equipped with tensor
cores, the Google TPUs and the forthcoming Intel Cooper Lake processors.

This article focuses on the direct solution of dense linear systems Az = b by LU
factorization, a key computational task at the heart of numerical linear algebra. The
high potential of mixed precision arithmetic for solving linear systems is well estab-
lished. For example, with the most recent variants of iterative refinement proposed by
Carson and Higham [4], [5], an fp16 LU factorization of A may be enough to obtain
a solution = at fp64 accuracy, even for relatively ill-conditioned matrices. Another
approach to exploit multiple precisions in the solution of Az = b is to use a mixed pre-
cision algorithm for the LU factorization itself. This is most natural when targeting
hardware equipped with mixed precision computing units, such as those previously
mentioned. In particular, Haidar et al. [10], [9] and Blanchard et al. [3] have investi-
gated mixed precision LU factorization algorithms exploiting GPU tensor cores that
employ fpl6 and fp32 precisions. Moreover, a mixed precision LU factorization can
be combined with iterative refinement to accelerate the convergence of the latter [10].

In this article, we propose new mixed precision LU factorization algorithms that
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extend and improve previous algorithms in several ways, in terms of speed, accuracy,
and, perhaps most importantly, data movement and memory footprint. Indeed, previ-
ously proposed algorithms require the matrix A to be entirely stored in fp32, thereby
forfeiting any potential gains in memory consumption associated with the use of the
lower fpl6 precision, and requiring expensive data movements in fp32. We propose,
to our knowledge, the first mixed precision algorithm based on GPU tensor cores that
is able to accurately factorize a matrix stored in fpl6. Our algorithm only requires
fp32 buffers of modest and controlled size. We explain why this is not immediate:
simply switching the storage precision from fp32 to fp16 leads to a significant loss of
accuracy. Our algorithm uses a left-looking update scheme to overcome this issue.
We also investigate in what precision the panel factorizations should be carried out;
we show that the approach achieving the best performance-accuracy tradeoff is to use
two levels of partitioning so as to exploit tensor cores both in the updates and in the
outer panel factorizations.

Throughout the article, we explore several variants of mixed precision LU fac-
torization, and investigate their performance and accuracy, both via rounding error
analysis (generalizing that of [3]) and via numerical experiments on random dense
matrices using NVIDIA V100 GPUs. Overall, the best variant of our new algo-
rithm achieves a better performance—accuracy tradeoff than previous state-of-the-art
algorithms by being of similar accuracy, up to twice faster thanks to reduced data
movement, and by having only half the memory footprint. We have made our code
publicly available!.

The rest of this article is organized as follows. We begin by providing technical
background and by describing our experimental setting in section 2. We also review
previous work and explain how we aim to improve it in section 3. Our core algorithmic
contributions are found in sections 4 and 5. In section 4 we describe a left-looking
mixed precision algorithm that factorizes a matrix stored in fp16 without losing all the
accuracy benefits of tensor cores. In section 5 we investigate the choice of precision
for the panel factorization. We provide additional experiments on a range of real-life
matrices coming from various applications in section 6. Our conclusions are reported
in section 7.

Throughout the article, we will denote by fl;4 and fl3o the operations of rounding
to the fp16 and fp32 formats, and by uig = 27! and u3y = 2724 their respective unit
roundoffs.

2. Technical background and experimental setting. We provide some tech-
nical background on partitioned LU factorization and GPU tensor cores, and describe
our experimental setting used throughout the article.

2.1. Partitioned LU factorization. High performance LU factorization algo-
rithms are based on partitioning the matrix in r x r blocks so as to recast most of
the operations as matrix—matrix (BLAS-3) operations. Given such a partitioning,
the LU factorization amounts to performing a sequence of panel factorizations and
updates. At each step k, the panel factorization computes the part of the LU factors
associated with the current panel, while the update overwrites the trailing submatrix
via matrix-matrix products.

We can distinguish two types of algorithms, right- and left-looking versions, de-
pending on the order in which the operations are performed. In a right-looking fac-
torization (Algorithm 2.1), at step k, the entire trailing submatrix (to the right) is
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updated with respect to the current panel after factorizing it. In a left-looking fac-
torization (Algorithm 2.2), at step k, the current panel is updated with respect to the
already computed LU factors (to the left) before being factorized.

Algorithm 2.1 Standard (uniform precision) LU factorization (right-looking ver-
sion).

1: Input: a matrix A € R™*" in precision u, partitioned into r X r blocks A;;, where
g = n/r is assumed to be an integer.

2: Output: the LU factors of A in precision u (with L and U partitioned into r X r
blocks).

3: for k=1:¢qdo

4: Factorize LppUki = Agk.

5: fori=k+1:qdo

6: Solve L;p Ui = Aik for L;.
7 Solve Ly Ui = Ay, for Ug;.
8: end for

9: fori=k+1:qdo

10: for j=k+1:qdo

11: Update A” — A” — LUy
12: end for

13: end for

14: end for

Algorithm 2.2 Standard (uniform precision) LU factorization (left-looking version).

1: Input: a matrix A € R™*" in precision u, partitioned into 7 x r blocks A;;, where
q =n/r is assumed to be an integer.
2: OQutput: the LU factors of A in precision u (with L and U partitioned into r X r

blocks).
3: for k=1:¢do
4 for i =k: qgdo
5 for j=1:k—1do
6: Update A < Aj — LijUjk:-
7: if i # k then Update Ay; < Ag; — Ly;Uj;.
8: end for
9: end for
10: Factorize LipUgr = Akk~
11: fori=k+1:qdo
12: Solve L;Ugr = A;p for L.
13: Solve LypUy; = Ay; for Uy;.
14: end for
15: end for

To achieve maximal performance, the matrix can be recursively partitioned so
as to also exploit BLAS-3 operations within the panel factorization [8]. For example,
LAPACK’s dgetrf [1] uses two levels of partitioning. Algorithms 5.1 and 5.2, proposed
in section 5 are based on LAPACK’s algorithm and also use two levels.

2.2. GPU tensor cores. The tensor cores in the NVIDIA Volta and Turing
architectures are a special type of unit that carry out the operation D = C + AB,
3



where all matrices are 4 x 4 [2]. The tensor cores are inherently mixed precision units:
while the matrices A and B must be stored in fp16, C and D can be in fp16 or fp32.
Pictorially, we have

D = C + A B.
X X X X X X X X X X X X X X X X
XXX XXX XX XX XX X X X X
X X X X | | x x x X X X X X X X X X
X X X X X X X X X X X X X X X X
fpl6 or fp32 fpl6 or fp32 fpl6 fpl6

Tensor cores are an instance of what has been called a t x t block fused multiply-
add (with ¢t = 4) by Blanchard et al. [3]. In the context of both matrix multiplication
and LU factorization, Blanchard et al. [3] show that storing C and D in fp32 (the
so-called TC32 variant) yields much more accurate results than storing them in fp16
(the so-called TC16 variant). This is because with C' and D in fp32, rounding error
accumulation only affects the error term proportional to the fp32 unit roundoff uss.
For example, consider the matrix product C' = AB where A € R™*"™ and B € R"*P,
Blanchard et al. [3, Alg. 3.1] propose a blocked matrix—matrix product algorithm
that can compute C' using tensor cores, and [3, Thm. 3.2] shows that the computed
C satisfies:

nuie (TClG),

(2.1)
2u16 + nus2 (T032)

IC = C| S ealAlIBl, cn = {

Furthermore, Blanchard et al. [3] also report that the TC16 and TC32 variants achieve
similar performance.

2.3. Experimental setting. We use a range of different test matrices in our
experiments. In sections 3 through 5, we use nxn dense matrices with off-diagonal en-
tries randomly sampled from the uniform [0, 1] distribution and with diagonal entries
set to n (to make them diagonally dominant, similarly to what is done in the HPL-
AT benchmark?). In section 6, we provide additional experiments on some real-life
matrices from the SuiteSparse collection [7].

Our code (which is publicly available®) implements the various LU factorization
algorithms presented in this article for the NVIDIA Volta GPU architecture. In the
same spirit as the HPL-AI benchmark, we do not perform any numerical pivoting. We
use a single V100 GPU unit equipped with 16 GB of memory and with a peak per-
formance of 7.8 and 15.7 TeraFLOPS using double (fp64) and single (fp32) precision
arithmetic. With the tensor cores, the peak performance increases to 125 TeraFLOPS.
We use the cuBLAS v10.1 library for the matrix—matrix product operations in the
updates, and hand-coded CUDA kernel for the panel factorizations.

We assess the stability of the different LU factorization algorithms by using them
to solve a linear system Az = b by the substitutions Ly = b and Uz = y, where L
and U are the computed LU factors of A. The substitutions are performed in fp32.
We generate the solution z as the vector of ones [1...1]T, and thus the right-hand
side is computed as b = Ax. Denoting the computed solution as Z, we measure the

2https://icl.bitbucket.io/hpl-ai/
3https://github.com/flipflapflop /remifa/
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componentwise backward error
Ebwd = min {5 S0 : (A+AAT=b, |AA]<e(|A] + \E||r7|)}
—max — ATt (2.2)
© (A LU ]
where (2.2) follows from the Oettli-Prager theorem [11, Thm. 7.3], [16].

3. Contributions with respect to previous work. To our knowledge, the
first LU factorization algorithm exploiting GPU tensor cores is that of Haidar et
al. [10], that is shown to accelerate the solution of dense linear systems in the context of
GMRES-based iterative refinement [4]. Their algorithm is a right-looking factorization
where the tensor cores are exploited to accelerate the update operations. To do so, it
suffices to convert to fpl6 the LU factors computed by the panel factorization on the
fly. This is described in Algorithm 3.1, where the highlighted lines correspond to the
changes that need to be made to the standard LU factorization (Algorithm 2.1).

Algorithm 3.1 State-of-the-art mixed precision LU factorization from [10, 3].

1: Input: a matrix A € R™*" in precision u = ugs or u = uyg, partitioned into r x r
blocks A;;, where ¢ = n/r is assumed to be an integer.

2: Output: the LU factors of A in precision v (with L and U partitioned into r x r
blocks).

3: for k=1:¢gdo

4: Factorize LyiUkr = Agk (in precision ).

5: fori=k+1:qdo

6: Solve L;Ukr = Ajx, for Ly (in precision u).
7: Solve LUy = Ag; for Uy, (in precision u).
8: end for

9: fori=k+1:qdo

10: for j=k+1:qdo

11: Convert to fpl6: Zik — flig(Lik)-

12: Convert to fpl6: ﬁki — fli6(Uks).

13: Update A;; < A;; — Eikﬁkj using tensor cores.
14: end for

15: end for

16: end for

Blanchard et al. [3] give the rounding error analysis of Algorithm 3.1 (which is the
equivalent of their Algorithm 4.1), and show that it can be significantly more accurate
than a standard LU factorization in fpl6 arithmetic (Algorithm 2.1 with u = us6).
Note that Blanchard et al. [3] assume the panel size r to match the dimension ¢ of the
block FMA (that is, 7 = ¢ = 4 in the case of GPU tensor cores), but the extension to
an arbitrary size r is straightforward.

All previously cited works share the common weakness that the matrix A is as-
sumed to be stored in fp32 (that is, Algorithm 3.1 uses u = ugz). Therefore, current
state-of-the-art mixed precision LU algorithms do not achieve any memory consump-
tion gains associated with the use of half precision. This represents a significant
shortcoming since memory consumption, rather than speed, may be the most criti-
cal resource in some applications. This is especially relevant on GPUs, which have
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very limited memory. Moreover, storing the matrix in fp32 requires expensive data
movements to perform the update operations, which can significantly hinder their
performance.

Before describing the contributions of this article, let us first explain why it is so
challenging to store the matrix in fp16. To do so, we recall the main result of the
error analysis of [3], which analyses a version of Algorithm 3.1 with general ¢ x ¢ block
FMA units in precisions uiow and unigh. We specialize that result to the case of GPU
tensor cores where matrices C and D in the block FMA are stored in fp32 (TC32
variant).

THEOREM 3.1 (Specialization of [3, Thm. 4.3] to tensor cores). Let A € R"*"

be partitioned in r x 1 blocks. If Algorithm 3.1 runs to completion then the computed
LU factors L and U satisfy A+ AA = LU, where

|AA| < f(n,7,u16, uze, w) (|A] + |L||U|) + O(uszuse), (3.1)
with
fln,r uie, gz, u) = 2uig + uig + maX(%,%(fZH + Yn—ry/a) (L + u16)>

and with ©w = u if u > uzy and ©w = 0 otherwise.

Note how Algorithm 3.1 and Theorem 3.1 allow the matrix to be stored in a
precision u that can be either ugs or ujg. In their experiments, Blanchard et al. [3]
however only investigate the case u = ugz, for which bound (3.1) becomes

IAA| < (2usg + nuss) (|A] + | T D). (3.2)

Crucially, the term proportional to uie in (3.2) does not grow with n. Storing the
matrix in fpl6 gives a very different result. Indeed, setting v = u1g in (3.1) yields

|AA| < 0.25nui6(A| + | L|[T)). (3.3)

The term proportional to uig now grows linearly with n. Hence, bound (3.3) is
roughly min(n/8,u16/4usz) = min(n/8,2048) larger than bound (3.2). Hence, for
large n, bound (3.3) is about three orders of magnitude larger than bound (3.2).

This increase is confirmed experimentally. Figure 3.1a shows that switching from
u = uzo to u = uyg leads indeed to an error increase of about two orders of magnitude.
This is less than could be expected from the theoretical bounds, but still represents
a significant loss of accuracy. Moreover, for reference, we also compare Algorithm 3.1
with a standard LU factorization in fpl6 arithmetic (Algorithm 2.1 with u = usg).
Figure 3.1a shows that, with v = u6, both Algorithms 2.1 and 3.1 achieve the same
error: any accuracy gain associated with the use of tensor cores is therefore lost by
storing the matrix in fp16.

This behavior is explained by the term 7(,,_,)/4 in Theorem 3.1, which accounts
for the need to round the output D of the block FMA to the working precision u after
each call. With the TC32 variant, the output D is in fp32 and therefore, if u = uzo
no extra rounding is necessary and this term is equal to zero. However, with u = wuqg,
it becomes equal to nuys/4 + o(nuie) due to the need to round to fpl6 every ¢t = 4
additions.

In this article, we introduce new algorithms that overcome this issue and are able
to use an fp16 matrix (therefore halving the memory footprint) with no significant loss
of accuracy. We begin, in the next section, by introducing a left-looking factorization
with fp32 buffers.
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Fig. 3.1: Accuracy and performance of Algorithm 3.1 with u = w16 or u = ugy. The
panel size is r = 256.

4. A left-looking factorization using fp16 LU factors with fp32 buffers.
As explained in the previous section, using Algorithm 3.1 with the matrix stored in
fpl6 (u = u16) leads to a significant loss of accuracy due to the need to repeatedly
round to fp16 every t = 4 additions. To be precise, the update operation (line 13)

Ay Ay — LUy, (4.1)

takes the form of several block FMAs D < C — AB chained one after the other.
Here, A and B are 4 x 4 subblocks of L; are Uy, stored in fp16, and C' and D are
4 x 4 subblocks of A;;, stored in precision u. In the case u = w6, the block FMA
is therefore being used with fp16 output (the so-called TC16 variant by Blanchard
et al. [3]), which has indeed been shown to be much less accurate than with an fp32
output (TC32 variant), as explained in section 2.2.

It is important to realize that this issue is therefore not intrinsic to the tensor
cores themselves, which are naturally able to handle matrix—matrix products of large
dimensions without rounding to fp16 every 4 additions (by using the TC32 variant).
The core issue lies instead with Algorithm 3.1, which forces the use of the much less
accurate TC16 variant.

In this section, we present a reformulation of the algorithm that is able to exploit
the TC32 variant instead of the TC16 one, while still storing the matrix in fp16. The
key idea is to introduce temporary fp32 buffers that we use to chain several block
FMAs by accumulate their output in fp32. That is, we replace the updates

Aij < Aij — Eikﬁkj; for k=1: mln(l,]) — 1, (42)
by

Bij = fl32(Aij), (4.3a)

Bij < Bij — LixUy;, for k= 1: min(i, ) — 1, (4.3b)

Agj « thie(Bij)- (4.3¢)

Whereas (4.2) forces the use of the TC16 variant, (4.3) allows for the use of the TC32
variant.



Unfortunately, simply replacing (4.2) by (4.3) is not satisfying: while this is likely
to recover a good accuracy, it requires an fp32 buffer of the same dimensions as the
trailing submatrix, which contains (n — kr)? entries at step k. Therefore, at the early
steps, this buffer consists of almost the entire matrix, and so this approach does not
achieve a significant memory gain compared with Algorithm 3.1 with u = usy (which
requires n? fp32 entries).

The key to overcome this issue is to switch from a right-looking algorithm to a
left-looking one. Indeed, as explained in section 2.1, in a left-looking factorization, all
the updates associated with a given block A;; are performed together one after the
other. Therefore, we only need the fp32 buffer B;; for a short period of time, and so
we can reuse the same buffer to update different blocks. We present in Algorithm 4.1
a new mixed precision left-looking LU factorization algorithm, where the highlighted
lines correspond to the changes that need to be made to the standard left-looking LU
factorization (Algorithm 2.2).

Algorithm 4.1 A new left-looking mixed precision LU factorization.

1: Input: a matrix A € R™™ in precision ui¢, partitioned into r x r blocks A;;,
where ¢ = n/r is assumed to be an integer.

2: Output: the LU factors of A in precision u1g (with L and U partitioned into
r X r blocks).

3: for k=1:¢qdo

4: fori=k:qgdo

5: Convert to fp32: By = flsa(Aix).

6 if i # k then Convert to fp32: By; < flsa(Ayg;).

7 for j=1:k—1do

8: Update B;j, < By, — L;;U;, using tensor cores.

9: if ¢ # k then Update By; < By; — Ly;Uj; using tensor cores.
10: end for

11: Convert back to fpl16: A;r < flig(Bik)-

12: if i # k then Convert back to fpl6: Ag; < flig(Bgi)-
13: end for

14: Factorize LyiUgr = Agx (in precision ugg).

15: fori=k+1:qdo

16: Solve L; Uk = A, for Ly, (in precision ug).

17: Solve LUy = Ag; for Uy, (in precision ug).

18: end for

19: end for

There is some freedom in the choice of the fp32 buffer size. The absolute minimum
buffer size we need is only of t> = 16 entries, because we technically could update each
r X1 block A;; one 4 x4 subblock at a time. However, it is desirable to update multiple
r X r blocks at the same time to achieve increased parallelism and performance. In
our GPU implementation of Algorithm 4.1, we use a buffer of the same dimension as
either the L or U part of the current panel at step k (that is, a buffer formed of either
all blocks A;j, for ¢ = k: g or all blocks Ay; for i = k+1: ¢). The algorithm therefore
requires an fp32 buffer of at most nr entries.

We note that, at step k of Algorithm 4.1, we update both the L part of the panel
(A for i = k: ¢) and the U part (A, for ¢ = k+1: ¢). This is sometimes referred to
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as a Crout factorization, as opposed to a “pure” left-looking factorization which only
updates the L part and delays the update of Ax; to step 7. In our context, there is no
significant difference between a Crout or a pure left-looking factorization, neither in
terms of accuracy nor memory footprint.

Since all updates are carried out by chaining block FMAs with fp32 output, we
can expect Algorithm 4.1 to be significantly more accurate than Algorithm 3.1 with
u = uyg. To formally prove this result, we now perform the rounding error analysis
of Algorithm 4.1.

4.1. Rounding error analysis of Algorithm 4.1.

LEMMA 4.1. Let B= A — Z X;Y;, where A,B € R™" are given in precision
usz and X;,Y; € R™" are given in preczszon uyg, be computed with GPU tensor cores
using the TC32 variant. The computed B satisfies

|B - B| <42 (|A| + Z 1X;]Y; |> (4.4)

Proof. This is a both a specialization and an extension of [3, Corollary 4.1]. The

result is specialized to tensor cores with the TC32 variant, for which ¥ = v(2) and
FFMA — 0. Tt is also trivially extended to general block size r possibly different from
t=4. |

THEOREM 4.2 (Backward error bound for Algorithm 4.1). Let A € R™*™ be
partitioned in v x v blocks. If Algorithm 4.1 runs to completion, the computed LU
factors LandU satisfy A+ AA = LU where

|AA| < gl Al + f(n,7, w6, uzs) (1 + wie) | A| + L] T]), (4.5)

with
f(n,r, uig, uze) = max(use +%(l 3+1 +U16'77(l 2+1» (16))

Proof. Algorithm 4.1 requires the input matrix A to be in precision u16 so we
must first account for this conversion: let A = fljs(A) = A+ E, with |E| < uiglA|.
We now apply the algorithm to A. The (i, k) block of the L factor is computed on
line 16 by solving

k—1
Likﬁkk = Rik, Rik = Bik — Zimﬁ]k 7> k’,
j=1
where B;, = flgg(gik) = A By Lemma 4.1, the computed fiik satisfies, since k < g,

k—1
I o
R — Rusl <282, (|Am| s |Lij||Ujk|). (4.6)
=1

We then convert ﬁik back to fpl6 (lines 11 and 12), obtaining Eik = fllﬁ(ﬁik) =
R + Fy, with

k—1
|Fi| < u16|le| < uie(l+ 7(327)~+1) (|A1k| + Z |Lij|Ujk|> : (4.7)
j=1



Table 4.1: Dominant term in the expression of f in the error bound A + AA = ZU,
|AA| < f(n,r, u16,us2)(|A|+|L||U|) and number of fp32 entries that need to be stored
for various algorithms.

fp32 storage

(# of entries) fn, 1, w16, uz2)

Alg 3.1 ('LL = U32) 7l2 2U16 + nuszz
Alg. 3.1 (u=wu1) O nuie/4
Alg. 4.1 nr u16 + max(nuss, ruie)

By [11, Thm. 8.5] we have
|Eik[7kk - Eik| < 7§16)\Em\|ﬁkk|- (4.8)

Combining the three inequalities (4.6)—(4.8), we conclude that for ¢ > k,

k
Aii, — ZLijUjk < |Rit, — Rir| + | Fir| + |Rir — Lir Uil
=1

k
< flonr i vae) (12l + 3 ElOnl ). (49
j=1

where f(n,r, uig, uz2) = max(uig + 77(13_27).+1 + ulev,(fz.ﬂ,fyﬁw)). For i = k, Ly, is
determined with Uy, on line 14 of Algorithm 4.1, and by [11, Thm. 9.3] we have
|Ekk(7kk — ﬁkk\ < ’yﬁw)@kk”ﬁku. Therefore (4.8) holds for ¢ = k, too, and hence so
does (4.9). In a similar way, the inequality (4.9) can be shown to hold for ¢ < k. We
have thus proved A+ AA=LU with

|AA| < f(n,r,ui6, uz2) (|A| + |L]|T]).

Replacing A by A + E yields the bound on |AA| and concludes the proof. O

Theorem 4.2 proves that Algorithm 4.1 is indeed potentially much more accurate
than Algorithm 3.1 with u = u16. We summarize the dominant term in the error
bounds of each algorithm in Table 4.1. To assess the sharpness and validity of these
bounds, we next present an experimental comparison of the two algorithms.

4.2. Numerical experiments with Algorithm 4.1. Figure 4.1a shows that
our new Algorithm 4.1 is indeed more accurate than Algorithm 3.1 with u = wugg,
reducing the error by about an order of magnitude for large n. Moreover, Figure 4.1b
shows that this accuracy improvement is accompanied by a significant performance
boost. Indeed Algorithm 4.1 achieves a peak performance of 46 TeraFLOPS, instead
of 26 TeraFLOPS for Algorithm 3.1 with u = ugs. This improved performance is
explained by two reasons. First, storing the matrix in fpl6 instead of fp32 not only
halves the memory footprint, but also significantly reduces data movement, which in
turn improves performance. In fact, Algorithm 3.1 with u = uy¢ is itself faster than
with u = ugs (achieving a peak performance of 40 TeraFLOPS). Second, a left-looking
factorization involves matrix—matrix products with different shapes than those of a
right-looking factorization, that lead to a higher FLOPS rate for large matrices.
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Fig. 4.1:  Accuracy and performance of Algorithms 3.1 and 4.1. The panel size is
r = 256.

Despite these positive results, Figure 4.1a also shows that Algorithm 4.1 is not
able to fully recover the same accuracy as Algorithm 3.1 (which stores the matrix in
fp32), with an error about an order of magnitude larger. This is explained by the
term max(ruyg, nuge) in the error bound of Algorithm 4.1. For matrix sizes n such
that ru;s dominates over nuss, the ratio between the dominant terms in the error
bounds of Algorithm 4.1 and Algorithm 3.1 with u = usy is thus ruig/(2uie + nuss),
which can be as large as r/2. In the experiments of Figure 4.1, we have used a panel
size r = 256, so that nugs > ruig for n 2 2.1 x 105. The available memory on a single
GPU device limits the size n that we can test to n ~ 5 x 10%, so we are clearly in the
regime where the ru;g term dominates.

We also note that, due to statistical effects in the rounding errors, probabilistic
analyses [12], [13], [6] have shown that constants depending on the problem dimensions
can usually be replaced by their square root to obtain more realistic bounds. The
smallest n such that the term y/nuss dominates over the term /rujg is even larger
and equal to about 1.7 x 1019, which is about three orders of magnitude larger than
the largest linear system ever solved by the TOP500 ranking as of June 2020.

It is therefore clear that the term limiting the accuracy of Algorithm 4.1 for
practical values of n is the term rujg, which comes from the panel factorization
(lines 14 to 18). In the next section we turn our attention to this step and investigate
how to perform it more accurately.

5. Mixed precision algorithms for the panel factorization. We first pres-
ent in section 5.1 a simple modification of Algorithm 4.1 which performs the panel
factorization entirely in fp32 arithmetic (Algorithm 5.1). We show that this is enough
to recover almost the same accuracy as Algorithm 3.1 with fp32 LU factors, but at
the price of lesser performance. Therefore, we then propose in section 5.2 a doubly
partitioned factorization algorithm that exploits GPU tensor cores in the panel factor-
ization in order to achieve both high accuracy and high performance (Algorithm 5.2).

5.1. Mixed precision LU factorization with fp32 panel factorization.
Algorithm 4.1 can be easily modified to perform the panel factorizations in fp32: it
suffices to convert the panels back to fpl6 after the panel factorization, instead of
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before. The fp32 buffer in which we accumulate the updates is thus also used for the
panel factorization. The resulting algorithm is described in Algorithm 5.1, where the
conversion that has been moved is highlighted.

Algorithm 5.1 A modified version of Algorithm 4.1 that computes the panel factor-
ization in fp32 instead of fp16.

1: Input: a matrix A € R™™ in precision w6, partitioned into r x r blocks A;;,
where ¢ = n/r is assumed to be an integer.
2: Output: the LU factors of A in precision ujg (with L and U partitioned into
r X r blocks).
3: for k=1:¢qdo
for i =k: g do
Convert By « fl3o(Aig)-
if 4 % k then Convert Bkl < f132 (A]m)
for j=1:k—1do o
Update B; < B, — L;;Uji using tensor cores.
if ¢ # k then Update By; < By — Ek;jﬁji using tensor cores.
10: end for

© %>R

11: end for

12: Factorize LirUgr = Bk (in precision ugs).

13: fori=k+1:qdo

14: Solve L;; Ui = By for Ly (in precision ugs).
15: Solve LyxUy; = By; for Uy; (in precision ugsp).
16: end for

17: fori=k: g do

18: Convert fzk — f116 (le)

19: Convert ﬁki — f116(Uk1)

20: end for

21: end for

THEOREM 5.1 (Backward error bound for Algorithm 5.1). Let A € R™*™ be
partitioned in v X 1 blocks. If Algorithm 5.1 runs to completion, the computed LU
factors L and U satisfy A+ AA = LU, where

|AA| < urg| Al + fn,r,urg, uz2) (1 + uie)| A + |L]|T]), (5.1)

with
F(n, s, uz2) = max(3 7)1, 2ure + udg + 18 (1 + wie)?).

Proof. Algorithm 5.1 requires the input matrix A to be in precision u16 so we
must first account for this conversion: let A = fl;g(A) = A + E, with |E| < uiglA|.
We now apply the algorithm to A. The (i, k) block of the L factor is computed on
line 14 by solving

k=1
LUk = Rir, Rip = A=Y LijUj, i >k,
j=1

where ﬁkk is the computed Uy in precision fp32, and Lj U'jk are the computed LU
12



factors converted to fpl6. By Lemma 4.1, the computed ﬁik satisfies, since k < g,

k—1
Ru — Rl <+, (|Az-k| s |Lij||Ujk|). (5.2)

Jj=1

Unlike in Algorithm 4.1, Ry, is now in fp32, and so by [11, Thm. 8.5, the computed
Zik satisfies L

| LiwUkk — Rir| < 72| L || Ug. (5.3)
We then convert Ezk back to fp16 (line 18), obtaining L, = flig (Zlk) = Eik +F;p., with
|Fix| < wig|Lix| (using the alternative form [11, Eq. (2.5)] of the model of floating-
point arithmetic to have |L;| rather than |le| on the right-hand side). Similarly the
conversion of Ukk (hne 19) ylelds Ukk = Ukk + Fyp, with |Frg| < u16|Ukk| Replacing
le by le - sz and Ukk by Ukk - Fkk in (5 3) ylelds

\Eikf]kk - 1k| < (2u16 +ulg + V(dz)(l + U16)2)|Zik||ﬁkk\- (5.4)

Combining (5.4) with (5.2), we conclude that for ¢ > k,

k
Aik — Z LUy
j=1

< |Ri — Rir| + |Rix — Lir.Ugs],

k
< f(nurau16>u32)(|Aik|+Z|Lij|Ujk|>- (5.5)
j=1
where f(n,r, uig, us2) = max(va 2+1, 2u1p + uig + 7(3 )(1 +u16)?). In a similar way,
the inequality (5.5) can be shown to hold for ¢ < k and i = k. We have thus proved

A+AA LU with
|AA| < f(n,r,ui6, uz2) (|A| + |L]|U]).

Replacing A by A+ E yields the bound on |AA| and concludes the proof. 0

Theorem 5.1 shows that carrying out the panel factorization in fp32 arithmetic
drops from the error bound (5.1) any term proportional to the panel size r times
the fpl6 unit roundoff uig. For matrix sizes n such that the term ru;g dominates
over nuge (which, as discussed in the previous section, covers most practical values
of n), Algorithm 5.1 therefore achieves an error bound roughly r times smaller than
Algorithm 4.1.

We now assess experimentally the accuracy and performance of Algorithm 5.1 in
Figure 5.1. We see that Algorithm 5.1 is indeed more accurate than Algorithm 4.1,
up to about an order of magnitude in some cases. This confirms that the precision of
the panel factorization is indeed the limiting factor for the accuracy of Algorithm 4.1.
There still remains a small gap of about a factor three between the errors of Al-
gorithms 5.1 and 3.1 with u = wugy. This small gap is not fully explained by the
theoretical error bounds. A possible explanation may be that Algorithm 3.1 with
u = uge does not need to convert the initial matrix A nor the diagonal blocks of its
LU factors Ly, and Up.

While the accuracy of Algorithm 5.1 is therefore more or less satisfactory, the
same cannot be said about its performance. Indeed, Figure 5.1b shows that switching

13
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Fig. 5.1: Accuracy and performance of Algorithms 3.1, 4.1 and 5.1. The panel size
is r = 256.

the panel factorization precision from fpl6 to fp32 may have a significant impact on
the performance. For large n, the FLOPS rate may decrease by up to 20%.

This observation motivates the idea of exploiting the tensor cores not only in the
update operations, but also in the panel factorization.

5.2. Doubly partitioned algorithm that exploits GPU tensor cores in
the panel factorization. To our knowledge, all previous works on mixed preci-
sion LU factorization algorithms exploiting GPU tensor cores only used them in the
updates, but not in the panel factorizations.

For example, Haidar et al. [10] explain this design choice with two reasons. First,
the panel factorizations are said to occupy only “a small portion of the total time” [10,
p. 3]; while that is usually true for monoprecision LU factorizations, the performance
experiments shown in Figure 5.1b show that this is not the case in mixed precision
arithmetic. Indeed, when the update operation is accelerated with tensor cores, the
relative cost of the panel factorization becomes more important and cannot be ne-
glected any more. The second reason given by [10] not to exploit tensor cores in
the panel factorizations is that these operations are “numerically sensitive” [10, p. 4].
However, using a doubly partitioned matrix, the panel factorizations are nothing else
than partitioned LU factorizations themselves, so it stands that we can recursively
benefit from tensor cores without endangering the stability of the algorithm. Our
numerical experiments will in fact show that exploiting the tensor cores within the
panel factorizations is numerically harmless.

As described in section 2.2, tensor cores operate on matrices of dimensions 4 x 4.
Therefore, in order to exploit tensor cores within the panel factorizations, a natural
strategy is to partition again these panels, just as LAPACK’s dgetrf routine [1]. The
matrix is thus doubly partitioned into outer panels of size r, themselves partitioned
into inner panels of size s. The panel factorizations then amount to a sequence of
(inner) panel factorizations and updates (of the trailing outer panel), where the latter
can be accelerated with tensor cores, provided that s > 4 (and for practical reasons,
s should preferably be a multiple of 4).

The resulting algorithm is described in Algorithm 5.2, which is a modified version
of Algorithm 4.1 where the panel factorization (lines 14 to 18) has been replaced by

14



a PanelFactor algorithm that exploits tensor cores. Since the role of PanelFactor
is simply to compute a partitioned LU factorization, any of the previously presented
algorithms can be used, such as Algorithms 3.1, 4.1, or 5.1. (Strictly, these algorithms
must be modified since they perform a full LU factorization, whereas a panel factor-
ization is a partial factorization, but this modification is trivial: it suffices to stop the
main loop on k at r/s instead of n/s).

Algorithm 5.2 A doubly partitioned LU factorization algorithm that exploits tensor
cores in both the updates and panel factorizations.

1: Input: a matrix A € R™*" in precision w1, doubly partitioned into r x r blocks
A;;, themselves partitioned into s x s blocks, where ¢ = n/r and r/s are assumed
to be integers, and a partitioned LU factorization algorithm PanelFactor (that
potentially exploits tensor cores).

2: Output: the LU factors of A in precision ujg (with L and U partitioned into
r X r blocks).

3: for k=1:¢do

4: for i =k: g do

5: Convert to fp32: By = flga(Asg).

6: if ¢ # k then Convert to fp32: By, < fl3a(Ag;).

7 for j=1:k—1do

8: Update B; < B, — L;;U;i using tensor cores.

9: if ¢ # k then Update By; < By — Ly;Uj; using tensor cores.
10: end for

11: end for

12: If necessary, convert B;; and By, ¢ = k: g, to fpl6.

13: Compute the LU factors L;; and Uy, i = k: g, using PanelFactor.
14: If necessary, convert L;; and Uy, i = k: g, to fpl6.

15: end for

THEOREM 5.2 (Backward error bound for Algorithm 5.2). Let A € R™*™ be
doubly partitioned in rxr blocks themselves partitioned in sx s blocks. If Algorithm 5.2
runs to completion, the computed LU factors L and U satisfy A+ AA = LU where

|AA| < uiglA| + f(n,7,8,u16,uz2) (1 + wig)|A] + |L||T]), (5.6)
with

~ 32 ~ (32 ~ ~ ~
f(na r,s,Uu16, U32) = max (uin+%(hi+1 +Uin77(172+17 g(?", S, U16, u32) (1+Uout)2+2uout+ugut)a
where g(r, s, u16, us2) depends on the panel factorization algorithm PanelFactor (see
Table 5.1), where Wiy, = uig or iy = 0 depending on whether PanelFactor takes
fp82 or fp16 input, respectively, and Uous = U1 OT Uous = 0 depending on whether it
returns fp32 or fpl6 output, respectively.

Proof. The proof is derived by generalizing the proofs of Theorems 4.2 and 5.1
to a general panel factorization algorithm PanelFactor. In the proof of Theo-
rem 4.2, (4.7) holds with uj¢ replaced by i, since the conversion of Ry is not
needed if PanelFactor takes fp32 input, and (4.8) holds with 77(,16) replaced by
g(r, s,u16, usz2), whose value depends on PanelFactor and is given in Table 5.1. Fi-

nally, if PanelFactor returns fp32 output, the conversion of its output to fpl6 must
15



Table 5.1: Dominant term in the expression of g and f in the error bound (5.6) of
Algorithm 5.2, depending on the PanelFactor algorithm.

PanelFactor Un  Uout g(r,s,u16,Us2) fln,r, s, uie, uge)
Alg 2.1 ('LL = U16) Ule 0 rule TU16 + NU32
Alg. 2.1 (u = U32) 0 U6 rU32 2u16 + nusgo
Alg. 3.1 (u = u15) ug O ’I“U16/4 TU16/4 “+ nusze
Alg 3.1 (u = U32) 0 0 2u16 + TU32 2u16 + nuse
Alg. 4.1 u1g 0 max(uig + ruge, Su1g)  Suie + Nugs
Alg. 5.1 ug O max(ruse, 2uie + suse)  2uie + nuss
PanelFactor: Alg 4.1
—4— PanelFactor: Alg 5.1 50000
1073
40000
30000
10~ 20000
L"‘_‘/l——»——t 16000 PanelFactor: Alg 4.1
0 —&— PanelFactor: Alg 5.1
-5
16 0 10000 20000 30000 40000 50000 0 10000 20000 30000 40000 50000
matrix size: n matrix size: n
(a) Componentwise backward error (2.2). (b) Performance (GFLOPS).

Fig. 5.2:  Accuracy and performance of Algorithms 3.1, 5.2 with PanelFactor 4.1
and 5.2 with PanelFactor 5.1. The panel size is r = 256 and inner panel size s = 8.

be accounted for, as done in the proof of Theorem 5.1, where (5.4) holds with w1
replaced by Ugyy- O

Theorem 5.2 generalizes both Theorems 4.2 and 5.1 to mixed precision LU factor-
ization with an arbitrary panel factorization algorithm PanelFactor. Table 5.1 ana-
lyzes six possibles choices for PanelFactor. For the first two options, Algorithm 2.1
in precision u is used, which does not exploit tensor cores; in this case Algorithm 5.2
reduces to either Algorithm 4.1 (v = uy6) or Algorithm 5.1 (u = wug2). The third
option, Algorithm 3.1 with u = w1¢, is not very interesting since the error bound still
exhbits a term proportional to ruig. The last three options are the most attractive
ones, since they all achieve a bound whose term proportional to uis is independent
of the outer panel size r.

In Figure 5.2, we compare the accuracy and performance of the last two options
of Table 5.1), that is, Algorithms 4.1 or 5.1 as PanelFactor.

e Figure 5.2a shows that Algorithm 5.2 with Algorithm 5.1 as PanelFactor
achieves high accuracy, similar to that of Algorithm 5.1 in Figure 5.1a. More-
over, Figure 5.2b shows that it also achieves high performance, peaking at
around 47 TeraFLOPS, which is better than the 43 TeraFLOPS performance
of Algorithm 5.1 (shown in Figure 5.1b).
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e As for Algorithm 5.2 with Algorithm 4.1 as PanelFactor, Figure 5.2a shows
that it achieves a lesser accuracy than with Algorithm 5.1 as PanelFactor.
Its accuracy is similar to that of Algorithm 4.1 (shown in Figure 5.1a), even
though the theoretical error bounds suggests it should be a factor /s smaller.
However, Figure 5.2b also shows that this algorithm achieves the highest
performance of all variants considered in this article, peaking at around
56 TeraFLOPS, which is significantly better than the 46 TeraFLOPS of Al-
gorithm 4.1 (shown in Figure 5.1b).
To summarize, comparing Figures 5.1 and 5.2, we have obtained two variants of
Algorithm 5.2 (with different PanelFactor) that achieve similar accuracy than Al-
gorithms 4.1 and 5.1, respectively, but significantly outperform them. This therefore
confirms that exploiting tensor cores in the panel factorizations allows to achieve
the best performance—accuracy tradeoff. Finally, there is no clear winner between the
two choices of PanelFactor algorithm, since they each achieve a different compromise
between performance and accuracy.

We make one final comment. In general the inner panel size s can be larger
than the size of the block FMA ¢ = 4. Therefore, we could further partition the
inner panel into smaller panels of size t, obtaining a triply partitioned matrix overall.
This could be useful in the cases where PanelFactor factorizes the inner panel in fp16
arithmetic, such as Algorithm 4.1, because it would reduce the error bound sui6+nuss
(penultimate row of Table 5.1) to tuie + nuss. In the experiments of Figure 5.2, we
have set the inner panel size to s = 8 (which we have observed to be the optimal
value in terms of speed), so in our case the improvement of the error bound does seem
worth seeking, but different environments (much larger matrix, different block FMA
unit) could lead to a different conclusion.

6. Numerical experiments with real-life matrices. In this section we com-
pare four mixed precision LU factorization algorithms on a range of real-life matrices
coming from various applications: two versions of Algorithm 3.1 (with v = uzy and
u = wusz2), and two versions of Algorithm 5.2 (with either Algorithm 4.1 or Algo-
rithm 5.1 as PanelFactor).

The matrices are taken from the SuiteSparse collection? [7] and, although they
are sparse, we treat them as dense matrices for the purpose of our study. Note that
most of these matrices are ill conditioned, with condition number generally greater
than 10, and are therefore at risk of becoming singular when converted to half pre-
cision. In order to reduce the chance of that happening, we preprocess them using
row and column scaling techniques as suggested in [14]. As a result, we were able
to successfully factorize most of the test matrices. Nevertheless, for some matrices,
the LU factorization failed and/or produced singular LU factors for some of the al-
gorithms considered. Since the failure rate does not seem to be correlated with the
specific algorithm choice, in the following we only report the results for the matrices
for which all four algorithms succeeded.

We compare the accuracy and performance of the four algorithms in Table 6.1.
Algorithm 3.1 with u = ugy is the most accurate of all four, but it is also the only
algorithm that requires the matrix to be stored in fp32. Algorithm 3.1 with u = wus¢ is
the least accurate of all four. For these matrices, the error increase remains less than
about an order of magnitude, but this is a still significant loss of accuracy. Most im-
portantly, Algorithm 5.2 achieves a much better performance—accuracy tradeoff than

4https://sparse.tamu.edu/
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Table 6.1: Accuracy and performance of four variants of mixed precision LU fac-
torization on a set of real-life matrices. Algorithm 3.1 (with v = ugy or u = uig)
is compared with Algorithm 5.2 (with two choices of PanelFactor, Algorithm 4.1 or
5.1). The performance (“perf.”) is measured in TeraFLOPS. The accuracy is assessed
with the componentwise backward error epyq given by (2.2), and is scaled by 10%.

Alg. 3.1 Alg. 5.2 with PanelFactor...
U = U3g U= Uig Alg. 4.1 Alg. 5.1
Matrix n cbwd perf. | epwa perf. | epwa  perf. | epwa perf.
gyro 17,361 | 04 164 | 45 228 | 3.9 282 | 2.2 18.7
crystm03 24696 | 0.5 203 | 3.4 294 | 29 372 | 27 27.3
smt 25,710 0.4 20.2 2.2 30.3 1.1 37.8 0.8 28.3
nd12k 36,000 | 09 236 | 53 359 | 48 46.7 | 2.8 37.0
pdblHYS 36,417 | 0.3 232 | 50 353 | 40 465 | 14 37.0
wathen120 36,441 | 0.7 23.7 | 29 358 | 2.7 465 | 1.9 37.0
jnlbrngl 40,000 | 1.2 249 | 28 371 | 28 495 | 24 39.6
torsionl 40,000 | 0.3 249 | 24 370 | 26 494 | 1.6 39.7

Algorithm 3.1 with v = uy4. Indeed, when Algorithm 5.1 is used as PanelFactor, Al-
gorithm 5.2 achieves a similar performance but a better accuracy than Algorithm 3.1
with u = uj6. Conversely, when Algorithm 4.1 is used as PanelFactor, then Algo-
rithm 5.2 achieves an accuracy no worse than Algorithm 3.1 with u = w6 (and often
noticeably better), while achieving a much higher performance.

7. Conclusion. Modern GPUs equipped with mixed precision tensor core units
can be exploited to significantly accelerate LU factorization of dense matrices. Ex-
isting approaches (Algorithm 3.1) however assume the matrix to be stored in fp32
precision (u = uge), thereby preventing any memory consumption gains associated
with the use of fpl6 arithmetic. This is explained by the fact that naively convert-
ing the matrix to fpl6 (setting u = uyg in Algorithm 3.1) leads to a significant loss
of accuracy, negating the entire accuracy boost delivered by the tensor cores (see
Figure 3.1).

We have proposed a new mixed precision LU factorization algorithm that is able
to store the matrix in fpl6 precision without incurring such a significant loss of ac-
curacy. The first step is to switch to a left looking scheme employing fp32 buffers of
controlled size to accumulate the updates (Algorithm 4.1). This is however not suffi-
cient, because carrying out the panel factorizations in fpl6 arithmetic introduces an
error that dominates the overall error for practical matrix sizes. A possible solution is
to carry out the panel factorizations in fp32 arithmetic instead (Algorithm 5.1), but
this can significantly hinder the performance. To overcome this issue, we propose a
doubly partitioned factorization that also exploits the tensor cores in the panel fac-
torizations (Algorithm 5.2). This is our final algorithm, and we show that it achieves
the best performance—accuracy tradeoff of all the variants considered.

Throughout the article, we have assessed the performance and accuracy of all
algorithms both theoretically and experimentally, by performig their rounding error
analyses in Theorems 4.2, 5.1, and 5.2, and by providing numerical experiments on
both random dense matrices and real life ones. Overall, we have shown on a number
of different matrices that, compared with the state of the art, our new Algorithm 5.2
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can be of similar accuracy, up to twice faster (exceeding the 50 TeraFLOPS mark
for large matrices) thanks to reduced data movement, and requiring only half the
memory footprint.

We expect our algorithms and analysis to be applicable to other block FMA units
similar to GPU tensor cores, such as Google’s TPUs or Intel’s forthcoming Cooper
Lake CPUs. Moreover, while we have focused here on using a single GPU unit, we
expect our conclusions to remain relevant in a distributed environment with multiple
GPUs.

In future work, we would like to investigate how the different algorithms ana-
lyzed in this article impact the convergence of iterative refinement [4, 5] or other
similar iterative methods preconditioned by LU factorization. It would also be worth
investigating the extension of this work to other matrix factorization algorithms, in
particular QR factorization. Indeed, to our knowledge, existing mixed precision QR
algorithms [15], [17] also assume the matrix to be stored in fp32 precision; the ideas
proposed here could be extended so as to store them in fpl6.
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