ty
er

The Universi
of Manchest

MANCHESTER
1824

Mixed Precision Block Fused Multiply-Add: Error
Analysis and Application to GPU Tensor Cores

Blanchard, Pierre and Higham, Nicholas J. and Lopez,
Florent and Mary, Theo and Pranesh, Srikara

2019

MIMS EPrint: 2019.18

Manchester Institute for Mathematical Sciences

School of Mathematics

The University of Manchester

Reports available from: http://eprints.maths.manchester.ac.uk/

And by contacting: The MIMS Secretary
School of Mathematics
The University of Manchester
Manchester, M13 9PL, UK

ISSN 1749-9097


http://eprints.maths.manchester.ac.uk/

MIXED PRECISION BLOCK FUSED MULTIPLY-ADD: ERROR
ANALYSIS AND APPLICATION TO GPU TENSOR CORES*

PIERRE BLANCHARD, NICHOLAS J. HIGHAM?, FLORENT LOPEZ$, THEO MARYY,
AND SRIKARA PRANESHI

Abstract. Computing units that carry out a fused multiply-add (FMA) operation with matrix
arguments, referred to as tensor units by some vendors, have great potential for use in scientific
computing. However, these units are inherently mixed precision and existing rounding error analyses
do not support them. We consider a mixed precision block FMA that generalizes both the usual
scalar FMA and existing tensor units. We describe how to exploit such a block FMA in the numerical
linear algebra kernels of matrix multiplication and LU factorization and give rounding error analyses
of both kernels. An important application is to GMRES-based iterative refinement with block FMAs,
for which our analysis provides new insight. Our framework is applicable to the tensor core units
in the NVIDIA Volta and Turing GPUs. For these we compare matrix multiplication and LU
factorization with TC16 and TC32 forms of FMA, which differ in the precision used for the output
of the tensor cores. Our experiments on an NVDIA V100 GPU confirm the predictions of the analysis
that the TC32 variant is much more accurate than the TC16 one, while achieving almost the same
performance.

Key words. fused multiply-add, tensor cores, floating-point arithmetic, rounding error analysis,
NVIDIA GPU, matrix multiplication, LU factorization

AMS subject classifications. 65F05, 65G50

1. Introduction. A new development in high performance computing is the
emergence of hardware supporting low precision floating-point formats such as the
16-bit IEEE half precision format (fp16) and the 16-bit bfloat16' [14]. Examples
of such hardware include the NVIDIA P100 and V100 GPUs, the AMD Radeon
Instinct MI25 GPU, Google’s Tensor Processing Units (TPUs), and the ARM NEON
architecture [2]. Expected to join them in the near future are the Fujitsu A64FX
ARM processor [6] (supporting fp16), IBM’s next generation Al chips [7] (supporting
an 8-bit floating-point format in addition to fp16), and Intel’s upcoming Xeon Cooper
Lake [18] and Nervana Neural Network processors [17].

These new computing units execute low precision arithmetic faster than single
precision (fp32), typically by a factor 2. But in the NVIDIA V100 GPU, thanks to
special computing units called tensor cores, fpl6 arithmetic executes up to 8 times
faster than fp32 arithmetic.

This faster low precision arithmetic can be exploited in numerical algorithms.
In [8], [9], [10] it is shown how on an NVIDIA V100, fpl6 arithmetic can be used
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with mixed precision iterative refinement to solve a linear system Ax = b up to
4 times faster and with 80 percent less energy usage than by an optimized double
precision solver, with no loss of accuracy or stability. Moreover, the same iterative
refinement approach running on Summit [16], [19], the machine with 4608 nodes with
6 NVIDIA V100 GPUs per node that leads the June 2019 TOP 500 list,? has achieved
a performance of 445 petaflops [3].

The tensor cores in the NVIDIA Volta and Turing architectures are able to carry
out the operation D = C' + AB, where all matrices are 4 x 4, in only one clock cycle
and with just one rounding error per element of the result [1]. Moreover, while they
require the matrices A and B to be in the fpl6 format, C' and the result can be in
fp16 or fp32. Pictorially, we have

D = C + A B.
X X X X X X X X X X X X X X X X
XXX X[ XX X XXX XX X X X X
X X X X | | X x x X X X X X X X X X
X X X X X X X X X X X X X X X X
fpl6 or fp32 fpl6 or fp32 fpl6 fpl6

Tensor cores can therefore be seen as a generalization of a fused multiply-add (FMA)
unit to 4 X 4 matrices, and they are an instance of what we call a “block FMA.”

Multiprecision computing units called matrix units (MXU) are available on Google
TPUs [20]. They use bfloat16 rather than fpl6 as the low precision format and they
operate on 128 x 128 matrices. However, Google TPUs are not commercially available,
and details of computation in MXUs has not been made publicly available.

Tensor cores are inherently mixed precision units. Existing rounding error analy-
ses will be pessimistic when applied to computations with tensor cores, as they reflect
neither the single rounding error per element nor the potential mixed precision nature
of the computation.

In this work we define a mixed precision block FMA that includes NVIDIA tensor
cores as a special case and should be general enough to include future units. We
present algorithms for matrix multiplication and LU factorization with a block FMA
and give detailed rounding error analyses of them. Our analysis provides more realistic
error bounds than standard analysis and can be used to determine the optimal tradeoff
between performance and accuracy. In particular, in the case of NVIDIA tensor cores
our analysis and experiments show that performing the block FMA with C' and D
in fp32 rather than fpl6 can significantly improve the accuracy and stability of the
algorithms, while not hindering too much their performance.

We define a block FMA in section 2. In section 3 we show how to exploit it
in matrix multiplication and give a rounding error analysis. We then test accuracy
and performance on an NVIDIA V100 for several matrix multiplication variants. In
section 4 we present an algorithm for LU factorization based on a block FMA and give
a rounding error analysis for the factorization and the solution of Az = b. We show
that the analysis gives new insights into GMRES-based iterative refinement. Then
we give numerical experiments on an NVIDIA V100 to illustrate the error analysis
and test the performance of four LU factorization variants. Concluding remarks are
given in section 5.

2https://www.top500.org/lists/2019/06/
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We will denote by fl; and fl3, the operations of rounding to the fpl16 and fp32
formats, and note that u;q = 2711 and uz, = 272 are the respective unit roundoffs.
The absolute value of a matrix is defined componentwise: |A| = (|a;;]).

2. Block fused multiply-add.

2.1. General framework for mixed-precision block FMA. Let A € Rb*?,
B € R and C € RP*P2. We assume that A and B are provided in a given
precision oy, Whereas C' can be provided either in precision wjoy or in a higher
precision upigh. A block FMA computes

D =fl ( C + A B )
~~ FMA ~—~ ~— ’
Ulow OF Uhigh Ulow O Uhigh Ulow  Ulow

where flppma = fliow or flpma = flhign, where fligw and flpign round their arguments
to arithmetics with precisions wiow and upigh, respectively. Thus D is the correctly
rounded matrix at precision ujow O Unigh-

For b = b; = by we will refer to the block FMA as a b x b FMA. For b =1 and
just one precision, Uigw = Unigh, & block FMA is the usual scalar FMA found on a
number of processors dating back to the 1990s.

2.2. GPU tensor cores. The tensor cores in the NVIDIA Volta and Turing
architectures perform a b x b FMA for b = 4. As noted in section 1, while they require
A and B to be fpl6 matrices (that is, ujew = ), C and D can be either fpl6 or
fp32 (that is, unigh = u35). The FMA can return its outputs at precision fp16 or fp32.
Therefore there are four cases:

fl16(C1% + AB), case 1, TC16,
(2.1) 5 ) e(C®) + AB), case 2, TC16,
fl3o(CG2) + AB), case 3, TC32,
f132(c(16) + AB)7 case 47 r‘[10327

where C(lﬁl and C?) denote an fpl6 matrix and an fp32 matrix, respectively. The
computed D satisfies

(2.2) |D — D| < upypal Dl

where upyp = Uy in cases 1 and 2 and upyp = Usy in cases 3 and 4. For error
analysis purposes it is irrelevant whether C is an fpl6 or fp32 matrix, in the sense
that it does not affect the constant upy;, in the error bound (2.2). It is therefore
useful to denote cases 1 and 2 as TC16 and cases 3 and 4 as TC32, as in (2.1).

3. Matrix multiplication with block FMA. In this section we describe an
algorithm to exploit a block FMA in matrix multiplication. We perform the rounding
error analysis of this algorithm and compare our error bounds with the results of
numerical experiments using tensor cores on an NVIDIA V100.

3.1. Description of the algorithm. Consider matrices A € R™*™ and B €
R™*? partitioned into b; x b and b x by blocks, respectively, where for simplicity
we assume that p = m/by, ¢ = n/b, and r = t/by are integers. We describe in
Algorithm 3.1 how to multiply A and B in a way that can exploit a block FMA.

Note that the algorithm does not assume that A and B are given in precision ey, -
In the context of mixed precision LU factorization [9], for example, they may be given
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Algorithm 3.1 Let A = (4;;) € R™*"™ and B = (B;;) € R"*! be partitioned into
by x b and b x by blocks, respectively, where p = m/by, ¢ = n/b, and r = t/by are
assumed to be integers. This algorithm performs the matrix multiplication C' = AB
using a block FMA. The output C' is in precision unigh or uiow depending on the type
of FMA.

1: Convert A and B to precision uy.y if necessary.

2: fori=1:pdo

3: for j=1:rdo

4 Cij =0

5 for {=1:qdo

6: Compute C;; = Cj; + A Byj using a block FMA.
7 end for

8 end for

9: end for

in unignh. We use the term “convert” on line 1 rather than “round” because in practice
it might be necessary to do some kind of scaling to avoid overflow or underflow; see
[13] for such considerations. However, in our analysis we will assume that underflow
and overflow do not occur.

3.2. Rounding error analysis. We now give a rounding error analysis for Algo-
rithm 3.1. Our strategy is to start with an existing analysis for matrix multiplication
and observe that many of the rounding errors are zero because of the block FMA.

We will use the standard model of floating-point arithmetic [11, sec. 2.2]

(3.1) fllaopb) = (aopb)(1+9), [6]|<wu, ope{+,—,x%,/}

and the alternative form

aopb

(3.2) fl(aopb) = T

0] <u, ope{+,—,x,/}.

Suppose we compute the inner product s,, = 27y of 2,y € R" by left to right evalua-
tion of x1y1 + -+ - + ZpYn. The computed value §,, satisfies [11, eq. (3.2)]

(33)  Sp=ayn(140)" + 2ay2(1+6)" +a3ys(1+6)" "+ -+ + zpyn (1 + 6)%,

where each occurrence of 1 + § denotes a possibly different 1 + §; with |0;] < w.
Assuming that nu < 1, this leads to the error bound [11, eq. (3.5)]

(3.4) (50 = Bl < ale| [y,
where
nu
3.5 = .
(3.5) Tn 1—nu

Thinking of x as a row al of A and y a column b; of B, and writing s,, = aZTbj as

Sp = (z1y1+- -+ xpYp) + (Tot1Ypt1+- -+ Tay2) + -+ (Tn—pr1Yn—bt1+ +TnYn),

we see that the block FMA in Algorithm 3.1 ensures that each term in parentheses
is computed exactly and added to the previous partial sum exactly before a final
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rounding. Therefore by (3.3) we have

(3.6) Bn=(z1yr+ -+ apyp)(1+0)7+ (@pp1ypsr + -+ 2opyep) (1 + )7 + -
+ (mn7b+lynfb+1 +---+ mnyn)(l + 6)7
where ¢ = n/b and |6;| < upys- Instead of a product of up to n 1+ § terms, as in

(3.3), we have up to ¢ such terms, which means that (3.4) holds with n replaced by
q. Hence

(37) |5n_§n| SV?MA‘ai|T‘bj|7
where
qUp\MA
(3.8) ,yFMA _ _YrmA
e 1 — qugya

If the input matrices A and B are given in precision ujoy then we can directly
apply the above analysis to obtain the following bound for Algorithm 3.1.

THEOREM 3.1. Let the product C = AB of A € R™*" and B € R™*! given in
Precision ey be evaluated by Algorithm 3.1, where p = m/by, g =n/b, and r =t/by
are assumed to be integers. The computed C' satisfies

(3.9) |C = C| < ;M4 AllB].

If A and B are not given in precision ujy, then we must account for the initial
conversion to precision uw. Assuming rounding with no underflow or overflow, we
have

A=1flow(A) = A+ AA, |AA| < tiow|Al,
B =fliow(B) = B+ AB, |AB| < uioy|B.

Applying (3.7) to the computation of C' = AB vyields
C=AB+AC,  |AC| <~fMMA|B,

SO
C = AB + AAB + AAB + AAAB + AC =: AB + E.

Bounding F yields the following result.

THEOREM 3.2. Let the product C = AB of A € R™*" and B € R™*? (not nec-
essarily given in precision ujey) be evaluated by Algorithm 3.1, where p = m/by,
g=n/b, and r = t/by are assumed to be integers. The computed C satisfies

(3.10) C = C| < (210w + uyy +7EMAQ + wion)?) |4 |BI.
The bounds (3.9) and (3.10) should be compared with [11, eq. (3.13)]
(3.11) |C = C| < 7, |AllB]

for a standard matrix product that does not use a block FMA.

We gather in Table 3.1 the dominant terms in the error bounds for four matrix
multiplication implementations, with A and B given in precisions tnigh Or Uiew: stan-
dard multiplication in precision unigh Or Uiow (error bound (3.11)) and multiplication
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Table 3.1: Dominant terms in the error constant multiplying |A||B| for standard
matrix multiplication and for Algorithm 3.1, from (3.9) and (3.10). Here, ¢ = n/b.

Precision Standard in Block FMA Block FMA Standard in

of A and B | precision tiow  Uppa = Ulow  Uppa = Uhigh  PIecision Unigh
Ulow NUlow qUlow qUhigh NUhigh
Uhigh (n =+ 2)Uiow (@+2)wow  2Ulow + qUnigh NUnigh

Table 3.2: Specialization of the bounds in Table 3.1 for NVIDIA tensor cores, for
which b = 4 and where uiow = 5 (TC16) or unigh = uz, (TC32).

Precision Standard Tensor core Tensor core Standard
of A and B fpl6 TC16 TC32 fp32
Uig nuyg nuyg/4 Mg /4 nuzg
Uso (n+2)ug (n/44+2)ug  2uyg + nugy/4 NUgy

with a block FMA with wpys = Unigh OF Upya = Uiow (error bounds (3.9) and (3.10),
respectively). For the sake of readability, in the bounds in Table 3.1 we have assumed
that unigh < Ulow-

Compared with the standard multiplication in precision ujoy, the block FMA
multiplication with %py;4 = Ulow has a smaller error bound by a factor approximately
b. Importantly, the bound in (3.9) is about a factor iow /Unigh smaller when the block
FMA is returned at the higher precision rather than the lower precision. Moreover,
when tgy;p = Unigh the bound (3.10) does not grow with n as long as n < 2bu10w/uhigh
and, for larger n, the bound remains roughly a factor b smaller than the bound for
standard multiplication in precision unigh.

The bounds above are worst-case and so may be pessimistic, especially for large
dimensions (see the numerical results in the next subsection). To derive more realistic
bounds, we can use a probabilistic model of the rounding errors [12]. A probabilistic
analogue of Theorem 3.2 directly follows from [12, Thm. 3.1]. Tt contains a modified

version of (3.10) with 75 ™A replaced by a relaxed constant 75 ™4 ()) proportional to

Mg ?upign, and it holds with a probability at least a given quantity that is very close
to 1 for A of order 10 or so. In particular, this means that the block FMA bound with
Uppma = Uhigh May only start growing with n for much larger n than the worst-case
bound suggests (perhaps for n larger than 4b(ujoy / uhigh)2).

We now apply these bounds to NVIDIA tensor cores. This amounts to taking
b = 4, Unigh = U3y, and Ujew = Uy in the bounds of Table 3.1. We gather the
resulting bounds in Table 3.2, where we consider standard half and single precision
multiplication (fp16 and fp32), and tensor core multiplication in either TC16 (upya =
Uyg) or TC32 (upyp = Usy) mode. We see clearly that the tensor cores bring two
benefits: TC16 reduces the constant n multiplying w4 to n/4, while TC32 remove n
entirely from the u,4 term and relegates it to the usy term. Perhaps surprisingly, for
n 2 8uqs/3ugy = 21845 the analysis suggests that TC32 may be more accurate than
fp32.
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Fig. 3.1: Forward errors for four matrix multiplication variants on NVIDIA V100
GPU (fpl6, TC16, TC32, and fp32) where matrix entries are sampled uniformly in
[0,1073]. Solid lines represent errors while dashed lines represent error bounds.

3.3. Numerical experiments with tensor core matrix multiplication. We
now present numerical experiments to investigate whether the error bounds correctly
predict the relative accuracy of the different methods and to assess the performance
of the methods. We use the implementation of the four matrix multiplication variants
provided in the cuBLAS library v10.1. The matrices A and B are random, with
entries sampled uniformly from [0,1073] or [~1,1]. We set the upper bound to 1073
in the former case to avoid overflow in the multiplication for large sizes. Matrices
are generated in single precision in order to compare the accuracy of the fp16, TC16,
and TC32 computations with those for fp32. As a result, for the first three methods
matrices A and B will be converted to half precision prior to multiplication. To
assess the sharpness of the bounds we consider A € R™*" and B € R™*? with n
varying from 1024 to approximately 2 x 10°, and in order that the matrices fit on a
single GPU we take m =t = 8. Figures 3.1 and 3.2 plot the forward error measure
IC = Cllr/(|A||r||B||#) for increasing values of n, where C' is an approximation of
the exact result obtained with a standard double precision multiplication computed
with cuBLAS. This error measure is not the true relative forward error but is what
the analysis bounds when norms are taken in the bounds. Bounds associated with
each variant are represented in dashed lines. Once a bound reaches the value 1, we
set it to 1 as it provides no useful information.

As expected almost all errors are relatively far from their worst-case bounds.
Moreover, the errors in Figure 3.2 are generally much smaller than their counterparts
in Figure 3.1. For matrices with positive entries (Figure 3.1) the errors for fp16 and
TC16 range from 1073 to 1 and exceed 0.1 for n ~ 10%. By contrast, the errors for
TC32 and fp32 are much smaller: between 107° and 1072 for TC32 and between
10~7 and 107 for fp32. We observe that the error bound for TC32 is rather loose (a
constant two orders of magnitude gap) but still insightful, as it captures the growth
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Fig. 3.2: Forward errors for four matrix multiplication variants on NVIDIA V100
GPU (fpl6, TC16, TC32, and fp32) where matrix entries are sampled uniformly in
[—1,1]. Solid lines represent errors while dashed lines represent error bounds.

of the error with n. On the other hand, error growth is not observed before n = 10°
with fp32. Consequently, the possibility suggested by the analysis that at n ~ 2 x 10*
TC32 could become more accurate than fp32 is not realized with this dataset. A
probabilistic bound, as mentioned in the previous section, would predict crossover at
the square of this value of n, which is beyond our range of n.

In order to give a baseline for the performance of each matrix multiplication
method we run additional simulations for square matrices. Figure 3.3 shows the
maximum flop rate out of five runs (in TFlops/s) for each multiplication method and
each matrix size. We see that although the TC16 variant performs slightly better
than the TC32 variant for matrix sizes up to n = 8000, the two variants have similar
asymptotic performance for n > 8000. In that range of sizes the flop rates associated
with tensor core-enabled multiplication are about 3.5x larger than fp16 multiplication
(3.3 to 3.6) and about 7x larger than single precision multiplication (6.8 to 7.3), both
executed on CUDA cores. The flop rate of TC16 multiplication reaches a maximum
of 101.2 TFlops/s (about 90% of the theoretical performance, namely 112.7TFlops/s)
for n = 8000. Our performance results are in good agreement with other existing
benchmarks, e.g., [15].

4. Solution of linear systems with block FMA. Now we consider the solu-
tion of linear systems Az = b by LU factorization, where A is a dense n x n matrix.
Since LU factorization can be formulated to exploit matrix multiplication it can ben-
efit from using a block FMA.

Algorithm 4.1 computes an LU factorization using a block FMA. The algorithm
employs three precisions: the working precision u and the precisions uiow and upign
used by the block FMA employed within the call to Algorithm 3.1 on line 9. We
assume that A is given in precision u and that precision u is used on lines 2 and 4.
Other versions of the algorithm can be defined by varying these precisions.

8
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Fig. 3.3: Performance results (in TFlops/s) for matrix multiplication variants on
NVIDIA V100 GPU (fpl6, TC16, TC32 and {p32) with square matrices.

Algorithm 4.1 Let A = (4;;) € R™*" be given in precision u and partitioned into
b x b blocks, where ¢ = n/b is assumed to be an integer. This algorithm performs the
right-looking LU factorization A = LU (with L and U partitioned into b x b blocks)
exploiting a b x b FMA.

1: for k=1:¢gdo

2 Factorize LppUkr = Agk.

3 fori=k+1:qdo

4: Solve L; Uk = A and Ly Ui = Ap; for L, and Uy,.
5: end for
6

7

8

9

fori=k+1:qdo
for j=k+1:qdo _
Lik < fliow(Lix) and Ug; < fligw (Ugs)-
: Aij — A” — Eikﬁkj using Algorlthm 3.1.
10: end for

11: end for
12: end for

4.1. Rounding error analysis. We now perform a rounding error analysis of
Algorithm 4.1. and its use to solve linear systems Ax = b. We begin with a simple
application of Theorem 3.1.

COROLLARY 4.1. Let B = A — Zgzl X,Y;, where A, B, X;,Y; € RY*? are given
in precision Unigh, be computed with a b x b FMA. The computed B satisfies

q
B-B|< ﬁMA(m +Z|Xk|m|>).
k=1



Proof. Write B = A—[X; X5 ... X J[Y/" Y5" ... Y|", and apply Theorem 3.1,
noting that A partakes in the first block FMA and so has no effect on the constant
in the bound. ]

THEOREM 4.2. Let A € R™ ™ be partitioned in b x b blocks, with q = n/b an
integer. If Algorithm 4.1 runs to completion then the computed LU factors L and U

satisfy A+ AA = LU, where
AA] < (20w + iy, + max(9F, 7) (1 + wow)?) (14] + |I[T).

Proof. The (i, k) block of the L factor is computed by solving

k-1
LinUkk = Rik,  Rix = Ax — > _ LijUj, i >k,
j=1

where L and U denote the computed factors that have been converted to precision
Ulow (line 8 of Algorithm 4.1) and batlbfy i = Lza + E;; and U]k = U]k + Fji, where
|Eij| < u10w|Ll]| and |Fj| < u10w|UJk|. By Corollary 4.1, the computed R;; satisfies

k—1

|Rix — Rix| <’YFMA (|Azk|+2|zw||fjjk|>
i=1
and by [11, Thm. 8.5] we have
(4.1) \LinUni — Rir| < Y| Liw|| Uk

Combining these two inequalities gives

—
g Uji — Lir Uk

Replacing LZJ by LZJ + E;; and UJk by Ujk + Fjj1, we obtain

k—1
< max(y7MA, 5,) (Am 3 Eoll ] + |Lik||Ukk|).
j=1

k
‘Aik > LiUj — G‘ < max(74 1%, 75) (1 + thiow)? (IAz'kl +y |Lz'j|Ujk|>7
j=1

Jj=1

where

>
|
—

G = (EUU]’C +L2JFJI€ "‘Eijk)
1

and thus |G| < (2ulow + u120w) Z

<.
I

k—

e | 2J||UJ;€\ We conclude that for ¢ > k,

k

A = D7 Li Uil < (2t + af, +max(1fM,3) (1 + i) ?)
Jj=1 k
(4.2) % (Am Py Lijwja).

Jj=1

For i = k, Ly is determined with Uy, on line 2 of Algorithm 4.1, and by [11, Thm. 9.3]

we have |Ekkﬁkk—}§kk| < 7b|fkk|\(7kk.|. Therefore (4.1) holds for ¢ = k, too, and hence
so does (4.2). In a similar way, the inequality (4.2) can be shown to hold for ¢ > k.0
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Table 4.1: Dominant terms in the error constant c¢(n, u,4, t35) in the backward error
bound |AA| < ¢(n, uyg, use)(JA| + |L||U]) in (4.3) for the solution of Az = b using
tensor cores. We have taken u = u4 for fpl6 and TC16, and u = us, for fp32 and
TC32.

| fp16 TC16 TC32 fp32
c(n, uqg, Ussg) ‘ (Bn+1Dug (/44 1Duyg  2ug+ (In/4 — Dugy  3nusg,

THEOREM 4.3. Let A € R™ ™ be partitioned in b x b blocks, with ¢ = n/b an

integer. If Algorithm 4.1 produces computed LU factors L and U and substitution
yields a computed solution T to Ax = b then (A+ AA)x = b, where

(4.3) |AA| < (2tow + iy, + max(7;214, ) (1 + wiow)® + 27, +72) (|4] + [L|T)).

Proof. The result is obtained by combining Theorem 4.2 with the error analysis
for the solution of triangular systems [11, Thm. 8.5] and is analogous to the proof of
[11, Thm. 9.4]. O

We gather in Table 4.1 the dominant terms in the error bound for the solution of
linear systems using NVIDIA tensor cores. We distinguish the same four variants of
matrix multiplication as in Table 3.2. In the fp16 and fp32 cases, we naturally take
the working precision to be u = u,4 and u = us,, respectively. In the TC16 case, both
u = u,4 and u = ug, are possible, but since the FMA uses u,4 precision, we might as
well take the working precision to be u = u;4. Finally, in the TC32 case, in order to
preserve the accuracy benefit of using an FMA and avoid the error growing with n to
first order, we must take u = us,.

Overall, these bounds lead to the same conclusions as in the matrix multiplication
case: the TC16 bound is smaller than the fp16 one by about a factor /3 = 4/3, while
the TC32 variant leads to a much smaller bound, which only starts growing with n
when n 2 U16/U32 ~ 7.3 x 103 (at which point it is slightly smaller than the fp32
bound).

4.2. Application to GMRES-based iterative refinement. Our analysis is
applicable to the work in Haidar et al. [9], in which an implementation of Algorithm 4.1
on an NVIDIA V100 was used with single precision as the working precision and fp16
or TC32 for the matrix multiplications. The resulting LU factorization was used as
a preconditioner in GMRES-based iterative refinement [4], [5]. In the experiments
reported in [9], the total number of GMRES iterations (a good measure of the cost
of refinement) for TC32 was at most half that for fp16 (with a significant increase in
performance too). This is what would be expected from Table 4.1, where the error
constant for TC32 is a factor ranging from 2.9 x 10 to 3.5 x 10* smaller than that
for fp16 for the matrix sizes n € [2000, 34000] used in those experiments.

4.3. Numerical experiments with tensor core LU factorization. We now
present experiments testing the accuracy and performance of the LU factorization
computed by Algorithm 4.1 for solving Az = b on an NVIDIA V100 GPU. Our
implementation does not use pivoting in the LU factorization and it performs all the
operations (factor, solve, and update) solely on the GPU. We use our own CUDA
kernels for the factor and solve operations and use the cublasGemmEx routine from
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Fig. 4.1: Performance in Tflop/s of the LU factorization computed by Algorithm 4.1
on an NVIDIA V100 GPU for the four variants fp16, TC16, TC32, and fp32.

the cuBLAS library, which is the same as the routine tested in Section 3 for the matrix
multiplication, for performing the update operation. In the following experiments, we
use fp32 as working precision and compare the four variants fp16, TC16, TC32, and
fp32 listed in Table 4.1.

The test matrices are randomly generated as Q1 D@2, where Q7 and (o are
random orthogonal matrices and D is diagonal, with d;; = 10~¢(—D/(»=1)  The
resulting matrix has singular values lying between 1 and 107¢ and thus a condition
number equal to 10°. In our experiments we set ¢ = 3.

In Figure 4.1 we show the performance for the fp16, TC16, TC32, and fp32 vari-
ants for square matrices with n ranging between 1000 and 45000. Note that we do not
include the times for the forward and backward substitution in these results because
the cost of the factorization largely dominates the total cost for solving the linear sys-
tem. In this figure we see that the fp32 variant asymptotically reaches 10 TFlop/s and
that, as expected, the fpl6 variant achieves twice the performance of that variant with
around 20 TFlop/s. Note that the cuSOLVER library, as part of the CUDA toolkit,
provides a single-precision LU factorization routine called cusolverDnSgetrf corre-
sponding to our fp32 variant. For the sake of clarity, we do not include experimental
results for the cusolverDnSgetrf routine but we observed that our implementation
achieves similar performance to this routine. The TC16 and TC32 variants achieve
much higher asymptotic performance, respectively around 36 and 32 TFlop/s, due to
the use of the tensor cores. Although the TC16 and TC32 variants show similar per-
formance behavior, the TC16 variant is slightly less efficient on the smaller matrices.
On the largest matrix, though, the TC16 variants offer slightly better performance
than TC32 which is consistent with the performance results obtained with the matrix
multiply operation shown in Figure 3.3.
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Fig. 4.2: Componentwise backward error for the solution of Az = b using an LU
factorization on an NVIDIA V100 GPU for the four variants fp16, TC16, TC32, and
fp32.

A comparison of the componentwise backward errors

|AZ — b|;
max ==
© (A LU |])s

is given in Figure 4.2. The TC16 variant gives a smaller backward error than the
fp16 one. This is due to the use of a block FMA operation in the tensor cores and
is consistent with the error bounds shown in Table 4.1. The TC32 variant gives a
backward error between one and two orders of magnitude smaller than the fp16 and
TC16 variants. The fp32 variant gives the smallest backward error but it is up to 3
times slower than the TC32 variant, as shown by Figure 4.1.

We conclude from these results that the TC32 variant offers the best performance
versus accuracy tradeoff, as it exploits the performance capabilities of the tensor cores
and has similar performance to TC16 variant, while giving much smaller backward
errors than the fp16 and TC16 variants and backward errors only 1 to 1.5 orders of
magnitude larger than for fp32.

5. Conclusion. We have considered a general mixed precision block FMA unit
that carries out a mixed-precision fused multiply-add operation D «+ C + AB on
b x b matrices. This block FMA generalizes the usual scalar FMA in two ways.
First, it works on matrices (for b > 1) instead of scalars. Second, it takes A and B
stored in precision uioy and C' stored in precision Uiy OT Unigh, computes D with a
single rounding error per element, and returns D in precision uiow Or Unigh. Here,
Uhigh < Ulow -

We have proposed matrix multiplication and LU factorization algorithms that
exploit such units and given detailed rounding error analyses of the algorithms, dis-
tinguishing several variants depending on which precisions are used to store each
matrix.
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If only one precision, uiow = Unignh is used, a b x b block FMA leads to error
bounds a factor b smaller than those for conventional algorithms. More significantly,
by storing C and D in precision unigh, the error bounds are reduced from O(nuigw) to
Cllow + O(nunigh), where ¢ is independent of the problem size n. Assuming unigh <
Ulow, We obtain bounds that are independent of n to first order, which suggests we
can obtain more accurate results than for algorithms with only one precision, oy -

We applied our analysis to the tensor core units available in the NVIDIA Volta and
Turing GPUs, which are specific block FMA units with b = 4 and with fp16 and fp32
precisions. We compared two variants, TC16 and TC32, which differ in the precision
used by the FMA to accumulate the operations. Our analysis predicts the TC32
variant to be much more accurate than the TC16 one; our numerical experiments
confirm this prediction and moreover show that the accuracy boost is achieved with
almost no performance loss.
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