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1. INTRODUCTION

Let X be a complex affine variety and k its coordinate algebra. Equiva-
lently, k is a unital algebra over the complex numbers which is commutative,
finitely generated, and nilpotent-free. A k-algebra is an algebra A over the
complex numbers C which is a k-module (with an evident compatibility be-
tween the algebra structure of A and the k-module structure of A). A is not
required to have a unit. A is not required to be commutative. A k-algebra
A is of finite type if as a k-module A is finitely generated. This paper will re-
view Morita equivalence for k-algebras and will then review — for finite type
k-algebras — a weakening of Morita equivalence called spectral equivalence.

The spectrum of A is, by definition, the set of equivalence classes of irre-
ducible A-modules. For any finite type k-algebra A, the spectrum of A is
in bijection with the set of primitive ideals of A. The spectral equivalence
relation preserves the spectrum of A and also preserves the periodic cyclic
homology of A. However, the spectral equivalence relation permits a tearing
apart of strata in the primitive ideal space which is not allowed by Morita
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equivalence.

A key example illustrating the distinction between Morita equivalence and
spectral equivalence relation is provided by affine Hecke algebras associated
to affine Weyl groups. Let A be the group algebra, with coefficients C,
of of an affine Weyl group. For each non-zero complex number ¢ there is
the affine Hecke algebra (with equal parameters) Ac. Here Ay = A and
A¢ = Ayje. Except for ¢ in a finite set of roots of unity, none of which is
1, the algebras A, are spectrally equivalent. In §10, we give examples of
affine Hecke algebras A; which are spectrally equivalent, but not Morita
equivalent, to Aj.

The ABPS (Aubert-Baum-Plymen-Solleveld) conjecture asserts that if G
is a connected split reductive p-adic group, then the finite type algebra which
Bernstein assigns to any given Bernstein component is spectrally equivalent
to the coordinate algebra of the associated extended quotient — and that the
spectral equivalence can be chosen so that the resulting bijection between
the Bernstein component and the extended quotient has properties as in the
statement of ABPS.

2. AN EXAMPLE

If X,Y,Z, ... are affine algebraic varieties over the complex numbers C,
then O(X),0(Y),0(Z), ... will denote the coordinate algebrasof X, Y, Z, ...

Let X be a complex affine variety. Set k= O(X) . Let Y be a sub-variety
of X.

Zy denotes the ideal in O(X) determined by Y.
Iy ={weO(X) |w(p)=0 VpeY}

Let A be the algebra of all 2x2 matrices whose diagonal entries are in O(X)
and whose off-diagonal entries are in Zy. Addition and multiplication in A
are matrix addition and matrix multiplication. As a k-module, A is the
direct sum of O(X) & O(X) with Zy & Zy.

A< ( O(X) Iy )
Iy  O(X)

Set B=0(X)®O(Y), so that B is the coordinate algebra of the disjoint
union X uY. We have O(Y) = O(X)/Zy. As a k = O(X)-module, B is
the direct sum O(X) @ (O(X)/Zy). The algebras A and B are not Morita
equivalent, but are equivalent in the new equivalence relation.

A~B A + B

Morita
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3. k-ALGEBRAS
k denotes the coordinate algebra of a complex affine variety X.
k=0(X)

Equivalently, £ is a unital algebra over the complex numbers which is unital,
commutative, finitely generated, and nilpotent-free. The Hilbert Nullstel-
lensatz implies that there is an equivalence of categories

finitely generated
nilpotent-free C-algebras

O(X) > X

unital commutative op
( affine complex al- )

gebraic varieties

Here op denotes the opposite category.

Definition 3.1. A k-algebra is a C-algebra A such that A is a unital (left)
k-module with:

Mwa) =w(Aa) = (Aw)a V(A w,a)eCxkxA

and
w(araz) = (way)ag = a1(waz) V(w,ar,az) €k x Ax A.

Remark 3.2. A is not required to have a unit.

Notation. Z(A) is the center of A. Z(A):={ceA|ca=acVaeA}.

Remark 3.3. Let A be a unital k-algebra. Denote the unit of A by 14.
wr (w)ly wek is then a unital morphism of C-algebras

k—)Z(A)

i.e. unital k-algebra = unital C-algebra A with a given unital morphism of
C-algebras

k— Z(A)

Definition 3.4. Let A, B be two k-algebras. A morphism of k-algebras is
a morphism of C-algebras

ffA->B
which is also a morphism of (left) k-modules,

flwa)=wf(a) VY(w,a)ekxA.
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Definition 3.5. Let A be a k-algebra. A representation of A [or a (left)
A-module] is a C-vector space V with given morphisms of C-algebras

A — Homg(V,V)
k — Hom¢(V, V)
such that
(1) kK — Homg(V,V) is unital.
(2) (wa)v =w(av) =a(wv) Y(w,a,v)ekx AxV.

From now on in this article, A will denote a k-algebra.

A representation of A

A — Hom¢(V,V)

k — Homg(V, V)
will often be denoted

A - Hom¢(V,V)
it being understood that the action of £ on V

k - Homc(V,V)
is part of the given structure.
Definition 3.6. A representation ¢: A — Homc(V, V) is non-degenerate iff
AV =V.ie. foranyveV, Jvy,vg,...,v. €V and a1,a9,...,a, € A with

V=a1V1 +a202 + 0+ QpUp.

Definition 3.7. A representation ¢: A - Homc (V, V) is irreducible if AV +
{0} and 7 a sub-C-vector space W of V' with:

{0}+W , W=V
and
wweW V(w,w)ekxW
and
aweW V(a,w)e AxW
Definition 3.8. Two representations of the k-algebra A
(pliA g Hom@(Vl, Vl)
p2: A > Homg (Va, V2)
are equivalent if 3 an isomorphism of C-vector spaces
T:Vi—>V
with
T(av) =aT(v) V(a,v)eAxV
and
T(wv) =wT(v) V(w,v)ekxV
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The spectrum of A, also denoted Irr(A), is the set of equivalence classes of
irreducible representations of A.
Irr(A) := {Irreducible representations of A}/ ~ .

4. THE “k-ACTION FOR FREE” LEMMA

For a k-algebra A, Ac denotes the underlying C algebra of A.
Ac is obtained from A by forgetting the action of k on A.

For Ac there are the usual definitions :
A representation of Ac [or a (left) Ac-module] is a C-vector space V' with a
given morphism of C-algebras

A(C — HOm(c(V, V)

An Ac-module V is irreducible if AcV # {0} and # a sub-C-vector space W
of V with:

{0}+W , W=V
and
aweW V(a,w)eAcxW

Two representations of Ac

p1: A > Home (V4, V7)
p2: A - Homg (Va, V2)
are equivalent if 3 an isomorphism of C-vector spaces
T:Vi -V,
with
T(av) =aT(v) V(a,v)e AxV

Irr(Ag):={Irreducible representations of Ac}/~.

An Ac-module V for which the following two properties are valid is strictly
non-degenerate

o AcV =V

e [fveV hasav=0 Yae Ac, then v =0.

Lemma 4.1. Any irreducible Ac-module is strictly non-degenerate.

Proof. Let V be an irreducible Ac-module. First, consider AcV c V. AcV
is preserved by the action of Ac on V. Cannot have AcV = {0} since this
would contradict the irreducibility of V. Therefore AcV =V.

Next, set

W={veVl]av=0 Va e Ac}
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W is preserved by the action of Ac on V. W cannot be equal to V since this
would imply AcV = {0}. Hence W = {0}.
O

Lemma 4.2. Let A be a k-algebra, and let V' be a strictly non-degenerate
Ac-module. Then 3 a unique unital morphism of C algebras

k - Homg(V,V)
which makes V' an A-module.

Proof. Given v € V, choose vy,vs,...,v, €V and ay,a2,...,a, € A with
V=a1vV1 +agv9 + -+ QpUy
For w € k, define wv by :
wv = (wap)vy + (wag)ve + -+ + (way vy
The second condition in the definition of strictly non-degenerate implies that
wv is well-defined. O

Lemma 4.2 will be referred to as the “k-action for free lemma”.

Notation. If V' is an A-module, V¢ will denote the underlying Ac-module.
Ve is obtained from V by forgetting the action of k£ on V.

Lemma 4.3. If V is any irreducible A-module, then V¢ is an irreducible
Ac-module.

Proof. Suppose that V¢ is not an irreducible Ac-module. Then 3 a sub-C-
vector space W of V with:
0xW, W=V
and
aweW  VY(a,w)e AxW

Consider AW c W. AW is preserved by both the A-action on V and the
k-action on V. Thus if AW # {0}, then V is not an irreducible A-module.
Hence AW = {0}. Consider kW > W. kW is preserved by the k-action
on V and is also preserved by the A-action on V because A annihilates
EW. Since A annihilates kW, cannot have kW = V. Therefore {0} # kW,
kW £V, which contradicts the irreducibility of the A-module V. O

A corollary of Lemma 4.2 is :

Corollary 4.4. For any k-algebra A, the map
Irr(A) - Irr(Ac)
V=1
s a bijection.
Proof. Surjectivity follows from lemmas 4.1 and 4.2. For injectivity, let
V,W be two irreducible A-modules such that V¢ and W are equivalent

Ac-modules. Let T:V — W be an isomorphism of C vector spaces with
T(av) =aT(v) V(a,v)eAxV
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Given v € V and w € k, choose v1,v9,...,v, €V and a1, a9,...,a, € A with
V= a1 + agU + -+ + ApUy
Then
T(wv) = T((way)vy + (wag)ve + - + (way, ) vy)

= (way1)Tvy + (wag)Tvg + -+ + (wa, ) To,

=w(a1Tvy + asTve + -+ + a,; Tv,)

=w(Tv).

Hence T:V — W intertwines the k-actions on V,W and thus V,W are

equivalent A-modules. O

5. CENTRAL CHARACTER

An ideal I in a k-algebra A is primitive if I is the null-space of an ir-
reducible representation of A, i.e. 3 an irreducible representation of A
¢: A - Home (V, V) with

I-{acA|p(a)-0}
Prim(A) denotes the set of all primitive ideals in A. The evident map

Irr(A) — Prim(A)

sends an irreducible representation to its null-space. On Prim(A) there is
the Jacobson topology. If S is any subset of Prim(A), S c Prim(A), then
the closure S of S is :

S :={I e Prim(A) | I > npesL}

A k-algebra A is of finite type if, as a k-module, A is finitely generated. For
any finite type k-algebra A, the following three statements are valid :

o If p: A - Homc(V,V) is any irreducible representation of A, then
V is a finite dimensional C vector space and ¢: A - Homc(V, V) is
surjective.

e The evident map Irr(A) - Prim(A) is a bijection.

e Any primitive ideal in A is a maximal ideal.

Since Irr(A) - Prim(A) is a bijection, the Jacobson topology on Prim(A)
can be transferred to Irr(A) and thus Irr(A) is topologized. Equivalently,
Irr(A) is topologized by requiring that Irr(A) - Prim(A) be a homeomor-
phism.
For a finite type k-algebra A (k = O(X)), the central character is a map
Irr(A) — X

defined as follows. Let ¢

A — Homg(V,V)

k — Home(V,V)

be an irreducible representation of A. I, denotes the identity operator of V'
Iy(v)=v VYveV.
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For w e k = O(X), define
T,V -V
by
T,(v)=wv YveV.
T, is an intertwining operator for A — Homg(V, V). According to Lemma
4.3 plus Schur’s Lemma T, is a scalar multiple of Iy .
T,=XIy A, €C
The map
W Ay
is a unital morphism of C algebras O(X) - C and thus is given by evaluation
at a unique (C rational) point p, of X.
Ao = w(py) Ywe O(X)
The central character Irr(A) — X is
® = Py

Remark. Corollary 4.4 states that Irr(A) depends only on the underlying C
algebra Ac. The central character Irr(A)— X, however, does depend on the
structure of A as a k-module. A change in the action of k on Ac¢ will change
the central character.

The central character Irr(A) - X is continuous where Irr(A) is topologized
as above and X has the Zariski topology. For a proof of this assertion see [11,
Lemma 1, p.326]. From a somewhat heuristic non-commutative geometry
point of view, Ac is a non-commutative complex affine variety, and a given
action of k on Ac, making Ac into a finite type k-algebra A, determines a
morphism of algebraic varieties Ac > X.

6. MORITA EQUIVALENCE FOR k-ALGEBRAS

Definition 6.1. Let B be a k-algebra. A right B-module is a C-vector space
V with given morphisms of C-algebras
B — Hom¢(V,V)
k — Hom¢(V, V)

such that:

(1) k- Homg(V,V) is unital

(2) v(wdb) = (vw)b = (vb)w V(v,w,b) eV xkxB.
B°P is the opposite algebra of B. V is non-degenerate if VB =V.

Remark. “Right B-module” = “Left B°’-module.”

With k fixed, let A, B be two k-algebras. An A- B bimodule, denoted 4Vp,
is a C vector space V such that :

(1) V is a left A-module.
(2) V is a right B-module.
(3) a(vb) = (av)b V(a,v,b) e AxV x B.
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(4) wv=vw V(w,v)ekxV.

An A - B bimodule 4Vp is non-degenerate if AV =V = VB. [y is the
identity map of V. (Iy(v) =v Vv eV.) Ais an A- A bimodule in the
evident way.

Definition 6.2. A k-algebra A has local units if given any finite set a1, as, . .., a,
of elements of A, 3 an idempotent Q € A (Q? = Q) with
Qaj:anzaj j=1,2,...,r.

An algebra with local units is referred to in | | as an “idempotented algebra”.

Definition 6.3. Let A, B be two k-algebras with local units. A Morita
equivalence (between A and B) is given by a pair of non-degenerate bimod-
ules
AV BWa

together with isomorphisms of bimodules

aVegW A

BWeaV > B
such that there is commutativity in the diagrams:

Iy®p
VepWeV——VepB

| |

A®,V — Vv

WeiVesW—"2" (e, A

lmzw l

BegV — w

The linking algebra. Let A, B two k-algebras with local units, and suppose

given a Morita equivalence
AVB BWa aVegW > A W,V - B

The linking algebra is

AV
L(AVBaBWA) ‘_( W B )

i.e. L(4Vp, pW4) consists of all 2 x 2 matrices having (1, 1) entry in A,
(2, 2) entry in B, (2, 1) entry in W, and (1, 2) entry in V. Addition and
multiplication are matrix addition and matrix multiplication. Note that «
and S are used in the matrix multiplication.
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L(aVp,W4) is a k-algebra. With w € k, the action of k on L(4VE, gWa)

is given by
a v\ [ wa wv
“Vw o)\ ww wb

Remark. A Morita equivalence between A and B determines an equiva-
lence of categories between the category of non-degenerate left A-modules
and the category of non-degenerate left B-modules. Similarly for right mod-
ules. Also, a Morita equivalence determines isomorphisms (between A and
B) of Hochschild homology, cyclic homology, and periodic cyclic homology.

A Morita equivalence between two finite type k-algebras A, B preserves

the central character i.e. there is commutativity in the diagram
Irr(A) —— Trr(B)

| |

X
where the upper horizontal arrow is the bijection determined by the given

Morita equivalence, the two vertical arrows are the two central characters,
and Ix is the identity map of X.

Example. For n a positive integer, let M, (A) be the k-algebra of all n xn
matrices with entries in A. If A has local units, A and M,,(A) are Morita
equivalent as follows. For m,n positive integers, denote by M,, ,,(A) the set
of all m xn (i.e. m rows and n columns) matrices with entries in A. Matrix

multiplication then gives a map
Mipn(A) x My (A) — M, (A)

With this notation, M, ,(A) = M,(A) and M;1(A) = M;(A) = A. Hence

matrix multiplication gives maps

Ml,n(A) X Mn(A) — Ml,n(A) Mn(A) X Mn71 — anl(A)

Thus M ,(A) is a right M, (A)-module and M, (A) is a left M,(A)-
module.
Similarly, M ,(A) is a left A-module and M, 1(A) is a right A-module.
With A = A and B = M, (A), the bimodules of the Morita equivalence are
V=M ,(A) and W = M, 1(A).
Note that the required isomorphisms of bimodules

aVepW-—A

BWeaV - B
are obtained by observing that the matrix multiplication maps
Ml,n(A) X Mn,l(A) d A
Mn,l(A) X Ml,n(A) - Mn(A)
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factor through the quotients M17n(A)®Mn(A)Mn71(A), My 1(A)®aMy n(A)
and so give bimodule isomorphisms
o: My (A) ®np,(4) Mna(A) > A
B: Mn,l(A) ®4 Ml,n(A) - Mn(A)
If A has local units, then o and S are isomorphisms. Therefore A and
M,,(A) are Morita equivalent.

If A does not have local units, then o and 8 can fail to be isomorphisms,
and there is no way to prove that A and M, (A) are Morita equivalent. In
examples, this already happens with n = 1, and there is then no way to
prove (when A does not have local units) that A is Morita equivalent to A.
For more details on this issue see below where the proof is given that in the
new equivalence relation A and M,,(A) are equivalent even when A does not
have local units.

A finite type k-algebra A has local units iff A is unital.

7. SPECTRUM PRESERVING MORPHISMS

Let A, B two finite type k-algebras, and let f: A — B be a morphism of
k-algebras.
Definition 7.1. f is spectrum preserving if
(1) Given any primitive ideal J ¢ B, 3 a unique primitive ideal I c A
with I o f=1(.J)
and
(2) The resulting map
Prim(B) — Prim(A)
is a bijection.
Example 7.2. Let A, B two unital finite type k-algebras, and suppose given
a Morita equivalence

AVB BWa aVegW - A BWesV - B
With the linking algebra L(aVp, gWa) as above, the inclusions

Ao L(AVp,vWa) < B

N 0 0 0 b
0 0 0 b
are spectrum preserving morphisms of finite type k-algebras. The bijection

Prim(B) <— Prim(A)
so obtained is the bijection determined by the given Morita equivalence.

Remark. If f:A - B is a spectrum preserving morphism of finite type k-
algebras, then the resulting bijection
Prim(B) <— Prim(A)
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is a homeomorphism. For a proof of this assertion see [6, Theorem 3, p.342].
Consequently, if A, B are two unital finite type k-algebras, and
AVB BWa aVegW->A BW®sV - B

is a Morita equivalence, then the resulting bijection
Prim(B) <— Prim(A)
is a homeomorphism.

Definition 7.3. An ideal [ in a k-algebra A is a k-ideal if wa eI V (w,a) €
kx1.

Remark. Any primitive ideal in a k-algebra A is a k-ideal.

Given A, B two finite type k-algebras, let f: A - B be a morphism of k-
algebras.

Definition 7.4. f is spectrum preserving with respect to filtrations if 3 k-
ideals

O0=Ipcljc-—-cl,_icl,=A in A
and k ideals
O0=JpcJyccJ..1cJ. =B in B
with f(I;) c J;, (j =1,2,...,r) and I;/I;-1 - Jj/Jj-1, (= 1,2,...,7) is

spectrum preserving.

8. ALGEBRAIC VARIATION OF k-STRUCTURE

Let A be a unital C-algebra, and let
Uk > Z (A[t,t7'])
be a unital morphism of C-algebras. Here ¢ is an indeterminate,so A[t,17!]
is the algebra of Laurent polynomials with coefficients in A. As above Z
denotes “center”. For ( € C* =C - {0}, ev(¢) denotes the “evaluation at ¢”
map:
ev(Q):A[t,t7 '] - A
D a;t! = Y a;¢!
kL z (Al 1) L 2(4).
Denote the unital k-algebra so obtained by Ac. V( e C* = C - {0}, the
underlying C-algebra of A¢ is A.

Consider the composition

(Ac)(c =A VC eC”

Such a family {A¢}, ¢ € C*, of unital k-algebras, will be referred to as an
algebraic variation of k-structure with parameter space C*.
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9. SPECTRAL EQUIVALENCE

With k fixed, consider the collection of all finite type k-algebras. On this
collection, spectral equivalence is, by definition, the equivalence relation gen-
erated by the two elementary steps :

Elementary Step 1. If 3 a morphism of k-algebras f: A - B which is spec-
trum preserving with respect to filtrations, then A ~ B.

Elementary Step 2. If 3 {A¢}, ¢ € C*, an algebraic variation of k-structure
with parameter space C*, such that each A¢ is a unital finite type k-algebra,
then for any ¢,n e C*, A¢ ~ A,

Thus, two finite type k-algebras A, B are equivalent iff 3 a finite sequence
Ag, A1, Ao, ..., A, of finite type k-algebras with Ag = A, A, = B, and for each
7=0,1,...,7—1 one of the following three possibilities is valid :

e a morphism of k-algebras A; - A;,1 is given which is spectrum pre-
serving with respect to filtrations.

e a morphism of k-algebras A; < A;,q is given which is spectrum pre-
serving with respect to filtrations.

o {A¢}, ¢ € C¥, an algebraic variation of k-structure with parameter
space C*, is given such that each A. is a unital finite type k-algebra,
and 7,7 € C* have been chosen with A; = A,, Aj,1 = A;.

To give a spectral equivalence relating A and B, the finite sequence of ele-
mentary steps (including the filtrations) must be given. Once this has been
done, a bijection of the primitive ideal spaces and an isomorphism of periodic
cyclic homology [5, 6] are determined:

Prim(A) «— Prim(B) HP.(A) 2HP.(B)

Proposition 9.1. If two unital finite type k-algebras A, B are Morita equiv-
alent (as k-algebras) then they are spectrally equivalent.

A ~ B=A~B

Morita

Proof. Let A, B two unital finite type k-algebras, and suppose given a Morita
equivalence
aVp BW4 aVegW-A B:WesV - B
The linking algebra is
AV
L(AVBuBWA) ‘_( W B )

The inclusions

A L(4AV,vWa) < B
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(a0 00)_,
a 0 0 0 b

are spectrum preserving morphisms of finite type k-algebras. Hence A and
B are spectrally equivalent. ([l

According to the above, a Morita equivalence of A and B gives a homeo-
morphism
Prim(A) ~ Prim(B)
However, the bijection
Prim(A) «— Prim(B)
obtained from a spectral equivalence might not be a homeomorphism, as in
the following example — which is the example in §2 revisited.
ExaMPLE. We recall the example in §2.

A_( OX) Iy )
Iy o)
B=0(X)®0O(Y).

Let M>3(O(X) denote the algebra of all 2 x 2 matrices with entries in
O(X). Consider the algebra morphisms

A— My(O(X)® O(Y)) — O(X) & O(Y)

T o (T, tss]Y) (T,0) <t (w,6)

_ tll tlg _ w 0
The filtration of A is given by

O(X) Iy
O I L

and the filtration of My(O(X)) @ O(Y) is given by

where

{0} ¢ Mz(O(X) @ {0}) c Ma(O(X)) ® O(Y).

The rightward pointing arrow is spectrum preserving with respect to the
indicated filtrations. The leftward pointing arrow is spectrum preserving
(no filtrations needed). We infer that

A~ B.

Note that

Prim(A) =

= X with each point of Y replaced by two points



ON THE SPECTRA OF FINITE TYPE ALGEBRAS 15

and
Prim(B) = Prim(O(X) ® O(Y))
=XuY
The spaces Prim(A) and Prim(B) are not homeomorphic, and so we have
A + B

Morita
Remark. Unlike Morita equivalence, spectral equivalence works well for

finite type k-algebras whether or not the algebras are unital, e.g. A and
M,,(A) are spectrally equivalent even when A is not unital. See Proposition
9.3 below.

Remark. For any k-algebra A there is the evident isomorphism of k-algebras
M, (A) 2 A®c M, (C). Hence, using this isomorphism, if W is a representa-
tion of A and U is a representation of M,,(C), then W®cU is a representation
of M, (A).

Notation. As in 6 above M,, 1(C) denotes the nx 1 (i.e. n rows, 1 column)
matrices with entries in C. Matrix multiplication gives the usual action of
M, (C) on M, ;(C).

My (C) x My 1 (C) — My (C)
This is the unique irreducible representation of M, (C). For any k-algebra
A, if W is a representation of A, then W ®c M,, 1(C) is a representation of
M, (A).

Lemma 9.2. Let A be a finite type k-algebra and let n be a positive integer.
Then:

(1) If W is an irreducible representation of A, W®c My 1(C) is an irreducible
representation of My (A).

(ii) The resulting map Irr(A) — Irr(M,(A)) is a bijection.

Proof. For (i), suppose given an irreducible representation W of A. Let J be
the primitive ideal in A which is the null space of W. Then the null space
of W&c My, 1(C) is J ®c M,,(C).Consider the quotient algebra
AecM,(C)/Jec M, (C) = (A/J)®c M,(C). This is isomorphic to M,,(C)
where A/J = M,(C), and so W &c M, 1(C) is irreducible.

Proposition 9.3. Let A be a finite type k-algebra and let n be a positive
integer, then A and M, (A) are spectrally equivalent.

Proof. Let f: A — M, (A) be the morphism of k-algebras which maps a € A
to the diagonal matrix

a 0 . 0
0 a . 0
0 O a

It will suffice to prove that f: A — M, (A) is spectrum preserving.

Let J be an ideal in A. Denote by J< the ideal in M,,(A) consisting of all
[a;j] € M, (A) such that each a;; is in J. Equivalently, M, (A) is A®c M, (C)
and J¢ = J ®c M, (C). Tt will suffice to prove
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(1) If J is a primitive ideal in A, then J< is a primitive ideal in M, (A).
(2) If L is any primitive ideal in M, (A), then 3 a primitive ideal J in
A with L = J©.
For (1), J primitive == J< primitive, because the quotient algebra M,,(A)/J®
is (A/J) ®c M, (C) which is (isomorphic to) M,,(C) where A/J =z M,(C).

For (2), since C is commutative, the action of C on A can be viewed as both
a left and right action. Matrix multiplication then gives a left and a right
action of M, (C) on M, (A)

M, (C) x M, (A) > M,(A)
M, (A) x M,(C) > M,(A)
for which the associativity rule
(ab)B = a(65) a,BeMp(A)  0eMy(C)
is valid.
If V is any representation of M,,(A), the associativity rule
(ad)(Bv) = a[(05)v] a,BeM,(A) 0eMy(C) wveV

is valid.

Now let V' be an irreducible representation of M, (A), with L as its null-
space. Define a (left) action

M,(C)xV -V
of M,,(C) on V by proceeding as in the proof of Lemma 4.2 (the “k-action for
free” lemma) i.e. given v € V, choose v1,v9,...,v, € V and aj,aq,...,q, €

M, (A) with
V=010U1 + U9 + -+ + O Uy
For 6 € M,,(C), define 6v by :
Ov = (Bag)vy + (Bag)vy + - + (o ) vy
The strict non-degeneracy, Lemmas 4.1 and 4.3, of V' implies that fv is well-
defined as follows. Suppose that uy, ug,...,us € V and p1, 52, ..., Br € My(A)
are chosen with
V=0101 + U9 + -+ + QU = Blul + ﬁQUg + et ,BS’U,S
If « is any element of M, (A), then

al(far)vy + (Bag)ve + - + (B )v, — (081)ur — (0B2)ug — - — (08s)us] =
(af)[a1v1 + aguy + -+ + apvy = Brug = Baug — -+ = Bsus] = (ad)[v - v] =0
Use f: A - M,(A) to make V into an A-module

av = f(a)v aeA wveV

The actions of A and M,,(C) on V commute. Thus for each 0 € M, (C),0V

is a sub-A-module of V, where 0V is the image of v + fv. Denote by E;;

the matrix in M,,(C) which has 1 for its (7, j) entry and zero for all its other

entries. Then, as an A-module, V is the direct sum
V=FEnWweFExVe---oFE,,V

Moreover, the action of E;; on V maps E;;V isomorphically (as an A-

module) onto E;V. Hence as an My(A) = A ®c M,(C) module, V is
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isomorphic to (E11V) ®c C" — where C" is the standard representation
of M,(C) i.e. is the unique irreducible representation of M, (C).

Ve (ELV)ecC"
E11V is an irreducible A-module since if not V' = (E11V) ®c C" would not
be an irreducible A ®¢ M, (C)-module.
If J is the null space (in A) of E11V, then J¢ = J®c M, (C) is the null space
of V = (E11V) ®c C" and this completes the proof. O

10. AFFINE HECKE ALGEBRAS

Let G be a connected reductive complex Lie group with maximal torus
T. W denotes the Weyl group
W = Ng(T)|T
and X*(T) is the character group of T. N¢(T') is the normalizer (in G) of
T. The semi-direct product X*(7T') x W is the affine Weyl group of G. For
each non-zero complex number ¢, there is the affine Hecke algebra H,(G).
This is an affine Hecke algebra with equal parameters and #H;(G) is the
group algebra of the affine Weyl group:
H1(G)=C[X*(T)xW]=0(T) = W.
M, is the algebra generated by Ty, x € X*(T') » W, with relations
T,Ty =Ty, ifl(xy)=4~0(z)+L(y), and
(Ts—q)(Ts+1) =0, ifseS.
¢ is the length function on X*(7T") x W.
S is the set of order 2 generators of the finite Coxeter group W.
Using the action of W on T, form the quotient variety T/W and let k be its
coordinate algebra,
k=0O(T|W)
For all ¢ e C*, H,(G) is a unital finite type k-algebra.

Theorem 10.1 (Lusztig). Except for q in a finite set of roots of unity, none
of which is 1, Hq(G) is spectrally equivalent to H1(G) :
Hq(G) ~ Hi(G).

Proof. Let J be Lusztig’s asymptotic algebra [16, 2.7]. As a C-vector space,
J has a basis {T, : x € X*(T) » W}, and there is a canonical structure of
associative C-algebra on J. Except for ¢ in a finite set of roots of unity
(none of which is 1) Lusztig constructs a morphism of k-algebras
bq: He(G) — J
which is spectrum preserving with respect to filtrations. The algebra H,(G)
is viewed as a k-algebra via the canonical isomorphism
O(T/W) = Z(H,(G)).
Lusztig’s map ¢, maps Z(Hq(G)) to Z(J) and thus determines a unique
k-structure for J such that the map ¢, is a morphism of k-algebras. J with
this k-structure will be denoted J,. H,(G) is then spectrally equivalent to
H1(G) by the three elementary steps
Hy(G) ~ Jy ~ Ji ~ Hi(G).
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The second elementary step (i.e. passing from J, to J;) is an algebraic
variation of k-structure with parameter space C*. The first elementary step
uses Lusztig’s map ¢4, and the third elementary step uses Lusztig’s map ¢1.
Hence (provided ¢ is not in the exceptional set of roots of unity—none of
which is 1) H,(G) is spectrally equivalent to
H1(G)=C[X* (T)=W]=0(T) = W.
O

As observed in section 11 below, Irr(H;1(G)) = T//W. Thus the spectral
equivalence of H4(G) to Hi(G) determines a bijection
TJW > Tre(Hy(G))
Here T'//W is the extended quotient for the action of W on T'. See section
11 below.

With ¢ = 1, there is commutativity in the diagram

T/W —— Trr(H1(G))

1 |

T/W —— T/W
It w
where the left vertical arrow is the projection of the extended quotient on

the ordinary quotient and the right vertical arrow is the central character
for H1(G) =C[X*(T)xW]=0(T)xW.

Theorem 10.2. Consider the affine Hecke algebra Hq = Hq(SL3(C)). For
lg| # 1, Hq is not Morita equivalent to H.

Proof. We consider Hochschild homology HH,.. We note that HH, is Morita
invariant. We have the isomorphism of Solleveld [14, Theorem 2(a)] onto

the W-invariant algebraic forms on T:~
(1) HH. (H,) = (1),

T:={(w,t) e WxT:w(t) =t}
The right-hand-side is independent of q.

For every ¢ under consideration there is a canonical isomorphism Z(H,) =
O(T)W, and the resulting action of O(T)" on (1) does depend on gq. To be
precise, the action on Q(7}”) is the same as the action via the embedding

Ty > Tt ¢yt
where T} is a connected component of 7% = (w,T") c T and
Cwi X(T) > {¢":nel}
is defined in [14, Theorem 1(c)].

Since any Morita equivalence preserves the center of an algebra, its Hochschild
homology and the action of the center on that, we can deduce a necessary
condition for Morita equivalence H (R, q) and H(R,q"). Namely, there must
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exist an automorphism of T'/W that sends every sub-variety c,, ;1" /Zw (w)
to a sub-variety cwgiﬂy“,”’/ZW(w').

For the affine Hecke algebra with (X, R) of type As it was shown in [17,
§3] that this condition is only fulfilled if ¢’ =g or ¢’ =1/q . O

It appears that the above condition on subvarieties of T/W is rather
strong, at least when R is not a direct product of root systems A;. On this
basis we conjecture that Theorem 10.2 holds for any affine Hecke algebra
whose root system contains non-perpendicular roots.

11. EXTENDED QUOTIENT

Let I" be a finite group acting as automorphisms of a complex affine variety
X.
I'x X > X.

For x € X, I, denotes the stabilizer group of z:

Iy={yel:vx=x}.
Let Irr(I';) be the set of (equivalence classes of) irreducible representations
of I';. These representations are on finite dimensional vector spaces over
the complex numbers C.

The extended quotient, denoted X //T', is constructed by replacing the orbit
of x (for the given action of I' on X) by Irr(I';). This is done as follows :

Set X = {(z,7) |z € X and 7 € Irr(I';)}. Endowed with the topology that
sees only the first coordinate, this is an algebraic variety (in the sense of e.g.
[9]), although it is usually not separated. Then I' acts on X by

I'xX > X ,

7(‘%’7 T) = (7‘%.7’7*7-)7
where v,:Irr(I';) - Irr(T'y;). X//T' is defined by :
X/II:= XT,
i.e. X//T is the usual quotient for the action of ' on X.
The projection X > X (z,7) » x is I'-equivariant and so passes to
quotient spaces to give the projection of X //T" onto X /T
m: X[/ — X/T
Denote by triv, the trivial one-dimensional representation of I';,. The inclu-
sion
XX
x> (z,trivy)
is I'-equivariant and so passes to quotient spaces to give an inclusion
X/T - X/IT
This will be referred to as the inclusion of the ordinary quotient in the
extended quotient.
Let O(X) be the coordinate algebra of the complex affine variety X and
let O(X) xTI' be the crossed-product algebra for the action of I" on O(X).
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There are canonical bijections

Irr(O(X) »I') «— Prim(O(X) xI') «— (X//T")
where Prim(O(X ) xI') is the set of primitive ideals in O(X )xI" and Irr(O (X )x
I') is the set of (equivalence classes of) irreducible representations of O(X) »
I'. The irreducible representation of O(X) = I" associated to z,7) € (X //I" is

O(X)xI'
IndOEX;NFI (CroT).

Here C,: O(X) — C is the irreducible representation of O(X) given by eval-

uation at x € X. Indgg;:i is induction from O(X) xT, to O(X) =T .
Prim(O(X) xTI') is endowed with the Jacobson topology, which makes it a
(not necessarily separated) algebraic variety. This structure can be trans-
ferred via the canonical bijection Prim(O(X)xI") «— X //T" to X //T'. Hence
X//T is a complex algebraic variety. In many examples X //T" is not sepa-
rated, and is not an affine variety.

12. A CONJECTURAL REFINEMENT OF THE BERNSTEIN PROGRAM

Let F be a non-archimedean local field, and let G be a connected reductive
algebraic group over F. Let s be a point in the Bernstein spectrum B(G)
of G. Attached to s there is a complex torus T and a finite group W acting
on T5.

We denote the space of (equivalence classes of) irreducible smooth com-
plex G-representations by Irr(G). We have the Bernstein decomposition

Irr(G) = || Irr®(G)
5¢B(G)
and the (restriction of) the cuspidal support map
Sc:Irr*(G) - T/ W
see [13, VI.7.1.1]. The map Sc is finite-to-one and the quotient T,/W; has
the structure of a complex affine algebraic variety.

Bernstein constructs a finite type k*-algebra A® with the property that
Irr(A®) is in bijection with the Bernstein component Irr®(G). Here k° is
the coordinate algebra of T°/W*:

K =O(T°|W?)

The classical theory leaves open the geometric structure of each compo-
nent Irr®(G). Here is a conjectural refinement of the Bernstein program.
The set Irr®(G) has the structure of a scheme (possibly non-separated),
and there is an algebraic family of finite morphisms {7¢ : ( € C*} such that
mq =S¢, m = p:

Irr® (G) Irr* (G) Irr* (G)

o
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This, for split groups, will follow from the following

Conjecture 12.1. Let G be a connected reductive split algebraic group over
F. For each Bernstein component in the smooth dual of G, Bernstein’s
finite type k*-algebra A® is spectrally equivalent to the crossed-product algebra
O(T#)xW?=. In addition, the spectral equivalence between A® and O(T®)xW?*
can be chosen such that the resulting bijection

Irr®(G) «— T°J/W*
satisfies a number of conditions itemized in [2].

Moussaoui [12], building on the work of many mathematicians e.g. [4],
[7], [8], [10], has verified the ABPS conjecture (without the spectral equiva-
lence) for all the split classical p-adic groups. A different proof of the ABPS
conjecture (without the spectral equivalence) for split classical groups was
first obtained by Solleveld [15]. Solleveld’s approach is more general since it
works as soon as we know that the algebra A; is an extended affine Hecke
algebra. The spectral equivalence is established for GL,(F') in [7], and for
the principal series of the exceptional group Ga, see [1]. A more involved
version of the spectral equivalence is proved in our paper on the inner forms
of SL,,(F), see [3].

An essential feature of Moussaoui’s work is the compatibility of the ex-
tended quotient structure (for each Bernstein component) with the local
Langlands correspondence (LLC). Moussaoui proves that, independently of
what is happening in the smooth dual, an extended quotient structure is
present in the enhanced Langlands parameters — and that the LLC con-
sists of isomorphisms of extended quotients. This phenomenon was first
observed in the special case of GL,, in [7].

A foundational issue in local Langlands is to make precise the properties
that uniquely determine the correspondence. It appears, at the present time,
that one of these properties should be (using enhanced Langlands param-
eters) that the correspondence should consist of isomorphisms of extended
quotients.

Part of this is (as in [12] et al.) that the extended quotient structure
should appear independently on the Galois side and the representation the-
ory side.
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